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Abstract

System Identification of  Active Magnetic Bearing for 
Commissioning

Shahbaz Abdul Khader

Active magnetic bearing (AMB) is an ideal bearing solution for high performance and
energy efficient applications. Proper operation of AMB can be achieved only with
advanced feedback control techniques. An identified system model is required for
synthesizing high performance model based controllers. System identification is the
preferred method for obtaining an accurate model. Therefore, it becomes a
prerequisite for the commissioning of AMB. System identification for commissioning
poses some challenges and special requirements. In this thesis, system identification of
AMB is approached within the context of commissioning. A procedure for
identification is developed and applied to experimental data from a prototype AMB
system. The identification procedure is based on the so called prediction error
method, and it has been performed in the frequency domain. A linear state-space
model, along with the required parameters, is successfully identified.
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Chapter 1  

Introduction 

This chapter presents the background and motivation for the thesis. An overview of active 

magnetic bearing (AMB) system, their principle of operation and their typical applications are 

mentioned. System identification of AMB, its importance to system commissioning, and some 

earlier works, are discussed. Finally, the goal and scope of the thesis are stated. 

1.1 AMB system 

1.1.1 AMB overview 

Magnetic bearings operate based on the phenomenon of magnetic levitation. Levitation 

eliminates mechanical contact between the bearing and the rotating shaft, and thereby achieves 

zeros friction. Magnetic bearings are available in two types, namely, passive magnetic bearing 

(PMB) and active magnetic bearing (AMB). Unlike AMBs, PMBs use permanent magnets and 

therefore do not require any controlling power inputs. But these systems are difficult to 

construct and offers no possibility to actively control their performance [1]. On the other hand, 

AMBs offer the possibility to actively control the rotor levitation by means of a pair of 

electromagnets. The possibility of active control allows a more relaxed construction 

specification for AMBs. For this reason, AMBs are widely preferred over PMBs. A 

comprehensive account of theory, operation and construction of AMB systems can be found in 

[1]. 

1.1.2 Operating principle 

The basic operating principle of AMB systems can be explained with the help of Fig. 1.1. The 

current in the electromagnet produces a magnetic force which counteracts the force of gravity 

and enables the ferromagnetic ball to levitate. If the ball moves upwards from the equilibrium 

position and the current remains unchanged, the magnetic force increases and causes it to move 

up until it hits the top. Conversely, if the ball moves down, the magnetic force weakens and 

causes it to fall down. To avoid this unstable behavior an active closed loop control is necessary 

to maintain levitation. The controller regulates the position of the ball based on the measured 

position.  

In practice, two counteracting electromagnets operating in differential driving mode are 

employed to control the rotor. Additionally, another pair of differential electromagnets is 

present to control the motion in horizontal direction. Such an arrangement constitutes a single 

AMB. In a typical AMB application the rotating shaft is supported by two AMBs at opposite 

ends of the rotor. Figure 1.2 shows a typical AMB system. The electromagnets are actuators of 
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the system, and there are four of them in total. Each of the actuators has a corresponding 

position sensor which feeds back the positions of the rotor, in their respective planes (vertical 

or horizontal), back to the position controller. A closed loop control system is implemented in 

a microprocessor-based controller to regulate the positions of the rotor ends and thereby 

maintain levitation. The motor delivers mechanical power to the load through the rotor shaft. 

 

 

1.1.3 Applications of AMB 

The advantages of AMB are numerous: high speed, maintenance free (no wear and tear), energy 

efficiency (no friction), clean environment friendly (no lubricants), vibration-free (no 

mechanical contact) and active control of damping or stiffness. Not surprisingly there has been 

increasing application of AMB technology, especially for high speed applications such as gas 

turbines and centrifuges. Other common applications include compressors, pumps and tooling 

machines. 

Figure 1.1 One degree-of-freedom AMB [6] 

Figure 1.2 A typical AMB system. x and y represents the two orthogonal planes of 

motion. 
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1.1.4 Control of AMB 

From a control perspective, the plant consists of the rotor, the load, the AMB actuator, and the 

power amplifier. AMBs are unstable, nonlinear and multiple-input multiple-output (4 × 4 

MIMO) systems. As mentioned earlier, closed loop control is a necessity for their operation. 

This has implications for system identification because the identification procedure can only 

be performed in the presence of a stabilizing closed loop. The goal of the controller is to sustain 

levitation and maintain the rotor position at the center of the stator (for each AMB). Controller 

synthesis for such a system is difficult and this constitutes the primary challenge in the 

operation of AMB. Several methods ranging from classical PID [2] to modern methods of LQG 

[3], 𝐻∞ [4] and 𝜇-synthesis [5] have been applied to AMB. Other significant works include 

[6] and [7]. 

Modern methods are model based methods which require a model of the control plant. 

The higher the performance specifications, the more accurate the plant model must be.  

1.2 Commissioning of AMB 

1.2.1 Complexities of AMB system 

A general characteristic of an AMB system is that it is a complex mechatronic system. 

Commissioning of such a system requires a fusion of multiple disciplines such as mechanical, 

control, electronics and software engineering. A recent work which dealt with commissioning 

is [8]. Commissioning of AMB systems involves some complex activities such as 

sensor/actuator tuning, controller synthesis, identification experiments, unbalance tuning and 

fault detection [8]. It requires highly skilled labor. All of these affect significantly the time and 

cost of commissioning. 

1.2.2 Robustness of control 

Achieving robust control of AMB systems is the key requirement of commissioning. Controller 

performance and robustness usually contradict each other, and the only way to improve both 

of them simultaneously is by synthesizing advanced model based controller based on an 

accurate plant model. 

1.2.3 Automated commissioning 

Automating the different steps of commissioning is an attractive and promising vision for the 

future of AMB. Automation can mitigate the requirement of highly skilled labor and 

significantly cut down on the commissioning time. This could open up the market for AMB in 

several application domains. Lösch presented a comprehensive method for automating 

controller synthesis in [6]. Smirnov looked at automating all aspects of commissioning in [8].    

1.2.4 System diagnostics 



6 

 

Capability for system diagnosis during and after commissioning is an important requirement. 

Step by step verification during start up and regular health checkup of the system can save time 

and cost. It could also prevent potential accidents. Two related works are [9] and [10]. 

1.3 Motivation 

1.3.1 Analytical vs Experimental model 

Most high performance control systems utilize a plant model for controller synthesis. One way 

to obtain the required model is through analytical modeling, where the system is modelled 

mathematically using the laws of physics. Such a model would suffer from shortcomings such 

as unverified system parameters, linearization errors and various other approximations. An 

alternative to obtain the plant model is by system identification. In system identification the 

model is identified experimentally. A good identification procedure would provide a more 

accurate model compared to the analytical model. Therefore, system identification becomes a 

necessary and crucial part of AMB operation. 

1.3.2 Identification for commissioning 

Several methods have been researched and experimented for identification of AMB rotor 

systems over the years. Most of these works were for purely academic research, using 

experimental systems in the laboratory. Identification for commissioning could have some 

special considerations, of which some are discussed below. 

Some identification methods require analytical models. An analytical model of a 

flexible rotor can be developed with the help of Finite Element Modeling (FEM). However, 

from a commissioning point of view, FEM is a time consuming and expensive proposition 

which involves highly skilled labor. Identification for commissioning should be independent 

of FEM. 

The identification process itself must be robust against the relatively high noise in the 

commissioning site. This could be achieved by designing excitation signals to be of high signal 

to noise ratio (SNR). 

Finally, the identification procedure should be able to identify certain system 

parameters for diagnostics or verification purposes. This should also mean that the procedure 

must be more or less automated, and should be independent of any external equipment or 

devices. The latter is usually the case with most AMB systems, since the same controller, 

sensors and actuators which are used for the normal operation of AMB can also be used for 

identification. 

To summarize, identification of AMB should have the following requirements: 

1. Identify an accurate system model. 

2. Identify a set of special system parameters. 

3. The process should be robust against noise. 
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4. The procedure should be independent of FEM. 

5. The procedure should be automated as well as possible. 

If these requirements are met, it would significantly reduce the time and cost for the 

commissioning of AMB systems. 

1.4 Objective and scope of the thesis 

1.4.1 Background 

This thesis is a part of AMB research & development activity by Asea Brown Boveri (ABB) 

in their Corporate Research facility (CRC) in Västerås, Sweden. The AMB development team 

in ABB has already developed an experimental AMB system. An analytical model of the 

system has been completed and a PID based controller has been synthesized using a novel 

optimization procedure [11]. A successful levitation has been achieved. The broad objective of 

the project is to develop affordable and efficient commissioning. Hence, system identification 

is the next logical step for this project. 

1.4.2 Problem statement 

• Goal: To develop and verify an identification procedure that meets the requirements for 

commissioning. 

• Scope: Limited to nonrotating rotor only. Rotating rotor could introduce gyroscopic 

effects, but this thesis does not aim to consider it. 

1.5 Literature review 

System identification of AMB system stretches back to early nineties. System identification, 

in general, includes both nonparametric (frequency response) and parametric (state-space or 

transfer function models) identification. It could be done in either time domain or frequency 

domain. However, most of the work done towards identification of AMB systems is in 

frequency domain. For time-domain identification, nonparametric models are not really 

necessary but are usually a useful starting point. The most important works for AMB 

identification are reviewed in this section.  

Identification in frequency domain is usually done in two steps: Firstly, a nonparametric 

model (or frequency response function - FRF) is obtained by performing an appropriate 

experiment. The most common nonparametric methods are reviewed and compared in [12] and 

[13]. Secondly, a frequency domain fit between a parameterized model structure (obtained 

from the analytical model) and the nonparametric model is performed. PEM, for most model 

structures, leads to a nonlinear optimization problem. The result of the fit will be the unknown 

parameters in the model structure. A detailed analysis of existing methods for this approach is 

given in [13]. 
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One of the earliest works in frequency domain was done by Gähler et al. [14], in which the 

authors invented a unique method for identifying poles of the transfer function. The poles of 

the system were first estimated from the determinant of the measured frequency response 

functions, and then the remaining parameters are estimated by a sequence of linear least squares 

problems. This method was later used successfully by Lösch [6] and with limited success by 

Hynynen [12]. All three of them used a MIMO adaptation of Sanathanan-Koerner’s (SK) 

algorithm [15], which is an iterative weighted linear square estimation method for transfer 

function models, for solving the resulting nonlinear optimization problem. Hynynen also tried 

a more general method based on Matrix Fraction Description (MFD) representation. A similar 

approach, but based on instrumental variable (IV) method, was presented by Blom et al. [16]. 

The authors claim that, unlike SK, convergence implies a stationary point of the cost function. 

Another way to solve the nonlinear optimization problem is to directly solve it in MATLAB 

with one of the standard algorithms. This was done by Ahn et al. [17] and Balini et al. [18]. 

This approach can only work if a good initial estimate of the parameters is already known (to 

avoid local minima). This is usually achieved by a preliminary identification step such as time 

domain subspace method (Balini et al.) or SK algorithm (Ahn et al). Ahn et al. also developed 

‘control relevant identification’ which involves iterative design of controller and updating the 

model parameters. A frequency domain subspace method was developed by Mokhtar et al. in 

[19]. 

Identification of AMB systems in the time domain is almost exclusively based on 

subspace methods.  Balini et al. in [18] used a recent advancement known as predictor based 

subspace identification (PBSIDOPT) [20], which is specially geared for identification in closed 

loop. However, subspace identification is not guaranteed to be optimal and therefore they used 

the result from subspace method as an initial estimate for the subsequent frequency-domain 

identification. Such a cascading of subspace method with PEM is a recommended strategy [21]. 

Another work which uses a subspace method is presented in [22] by Cho et al., in which the 

plant is considered as a set of uncoupled SISO systems, but the authors fail to highlight the 

challenges of subspace identification in closed loop. 

Most of these works are not focused on commissioning. Only Lösch provided an 

automated procedure for identification (and controller synthesis), but did not identify AMB 

stiffness constants. Smirnov, in [8], presented a procedure for commissioning, but did not 

provide details of the identification method.   
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Chapter 2  

Analytical Modeling of AMB 

systems 

In this chapter, an analytical model of the AMB system is presented. The approach which is 

taken is to model each individual component of the system, namely, the amplifier, the 

electromagnetic actuator and the rotor. These models can then be combined to form a complete 

model of the plant. During this process the system is linearized and, therefore, a linear state-

space model is the end result. The model obtained in this chapter will be used as the model 

structure for system identification. 

2.1 The AMB control system 

The operating principle of AMB has been presented in Sec. 1.1.2. Figure 2.1 shows a more 

detailed schematic of a single AMB. As shown in the figure, the controller senses the 

displacement in both x and y planes. This constitutes the feedback to the control system. The 

controller generates a control signal, 𝑢, based on the control law. This signal is 

added/subtracted to a bias current, 𝑢𝑏, and supplied to the top/bottom amplifier of the 

corresponding plane (x or y). Such a configuration of a pair of electromagnets is called a 

differential driving mode, and together constitutes a single actuator. The constant bias current 

𝑢𝑏 is required to magnetize the electromagnet. Each of the amplifier unit is a closed-loop 

current controller. Their function is to develop current in the electromagnetic coil to match the 

control signal. The two orthogonal planes x and y are both inclined by 450 to the horizontal 

direction in order to distribute the effect of gravity equally between them. 

In practice, two AMBs are required to levitate a rotor (Fig.1.2). The x/y directions of 

the two AMBs are aligned perfectly. In each plane there are two actuators, one at side A and 

the other at side B. The AMBs will be referred to as AMB A and AMB B, hereafter. Each of 

the electromagnetic actuator has a corresponding position sensor which senses the 

displacement of the rotor. These will be referred to as sensor A and sensor B. In addition to the 

four actuator-sensor pairs, there is another actuator-sensor pair for the control of the rotor in 

axial direction. This is treated separately and will not be considered in this thesis. The system 

consists of four inputs and four outputs, rendering it a 4 × 4 MIMO system. If only one of the 

planes were to be considered, then the system will be a 2 × 2 MIMO system. Fig 2.2 illustrates 

the overall control system of AMB. 
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2.2 The AMB plant 

From a control perspective, the plant consists of three components, viz. amplifier, AMB 

actuator, and rotor. Figure 2.2 illustrates the overall control system. This implies that the signals 

r, u, i and f in Fig. 2.2 are defined as follows. 

r = [𝑟𝑥𝐴  𝑟𝑥𝐵  𝑟𝑦𝐴  𝑟𝑦𝐵]
𝑇
 reference input (ampere, A) 

u = [𝑢𝑥𝐴  𝑢𝑥𝐵  𝑢𝑦𝐴  𝑢𝑦𝐵]
𝑇
 input to the plant, control current signal (ampere, A) 

y = [𝑦𝑥𝐴  𝑦𝑥𝐵  𝑦𝑦𝐴  𝑦𝑦𝐵]
𝑇
 displacement of the rotor ends, output of the system  (meter, 𝑚) 

i = [𝑖𝑥𝐴  𝑖𝑥𝐵  𝑖𝑦𝐴  𝑖𝑦𝐵]
𝑇
  current formed in the AMB coil (ampere, A) 

f = [𝑓𝑥𝐴  𝑓𝑥𝐵  𝑓𝑦𝐴  𝑓𝑦𝐵]
𝑇
  force generated by the AMB (Newton, N) 

where the subscript x/y refers to the plane of motion, and A/B refers to the rotor end. 

It is a known fact that the dynamics of motion in planes x and y are completely 

decoupled, if gyroscopic effects are ignored [1]. Since this is the case for the thesis, modeling 

and identification of the system in individual planes can be carried out independently. 

Therefore, the modeling and identification problem is reduced to a 2 × 2 MIMO system. 

Hereafter, only one plane will be discussed and for rest of the report the following definition 

of the control variables apply. 

r = [𝑟𝐴  𝑟𝐵]𝑇 

Figure 2.1 Operational principle of an AMB. The figure illustrates a cross-sectional view of the AMB-rotor 

assembly. x and y are the two orthogonal planes of motion. 𝒖𝒙/𝒖𝒚 is the current control signal, 𝒖𝒃 is the bias 

current and 𝒊𝒙/𝒊𝒚 is the coil current developed by the amplifier in the coil. 𝒖 is applied to the top and bottom 

electromagnets in differential mode (Adapted from [6]). 
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u = [𝑢𝐴  𝑢𝐵]𝑇 

y = [𝑦𝐴  𝑦𝐵]𝑇 

i = [𝑖𝐴  𝑖𝐵]𝑇 

f = [𝑓𝐴  𝑓𝐵]𝑇 

 

2.3 Modeling of the amplifier 

The amplifier model accepts the voltage signal from the controller and outputs the current 

signal to the actuator coil. It does so by employing a closed loop control of its own. The current 

control is usually a pure proportional control. Under the assumption that the coil resistance is 

small and the inductance is constant, the following transfer function is obtained [1]  

 
𝐺𝐴(𝑠) =

𝐾𝑝

𝑠𝐿 + 𝐾𝑝
 =

𝜔𝑏𝑤

𝑠 + 𝜔𝑏𝑤
 

(2.1) 

where 𝐾𝑝 is the proportional gain of the P control and 𝐿 is the coil inductance. The quantity 

𝜔𝑏𝑤 is the bandwidth of the first order system. More details about amplifier modeling can be 

found in [1] and [6]. 

The above mentioned transfer function is for a single amplifier. While considering a 

single plane, the 2 × 2 MIMO model for the amplifier can be expressed in state space from as 

follows. 

 ẋa = Aaxa + 𝐵𝑎u 

i = Caxa + Dau 

(2.2) 

xa = [
𝑖𝐴
𝑖𝐵

] , u = [
𝑢𝐴

𝑢𝐵
] , Aa = [

−𝜔𝑏𝑤 0
0 −𝜔𝑏𝑤

] , Ba = [
𝜔𝑏𝑤 0
0 𝜔𝑏𝑤

] , Ca = [
1 0
0 1

] , Da = [0] 

The amplifier model can be identified independently if the current signal ‘i’ is measured. 

Figure 2.2 A block diagram of AMB control system. The plant consists of power amplifier, 

AMB actuator and rotor. Vectors r, u, i, f and y represent four dimensional reference input, plant 

input (control current), coil current, magnetic force, and plant output (rotor displacement), 

respectively. The additive noise is represented by v. 
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2.4 Modeling of the AMB actuator 

Referring to the block diagram in Fig. 2.2, the AMB actuator accepts the coil current signal 

and outputs magnetic force. Electromagnetism introduces nonlinearity into the system at this 

stage. However, it has been found that the system can be linearized around an operation point 

using the following model [1], [6] 

 𝑓 = 𝑘𝑖𝑖 + 𝑘𝑠𝑥 (2.3) 

where 𝑥 is the rotor displacement, and 𝑘𝑖, 𝑘𝑠 are two constants called current stiffness and 

position stiffness constants, respectively. 𝑖 and 𝑓 are coil current and force respectively. 

The stiffness constants are defined as: 

 
𝑘𝑖 =

4𝑘𝑢𝑏

𝑠0
2 ,        𝑘𝑠

= −
4𝑘𝑢𝑏

2

𝑠0
3  

(2.4) 

where 𝑢𝑏 is a suitable bias current, 𝑠0 is the corresponding position of the rotor, preferably at 

the center of the air gap and 𝑘 is a constant derived from mechanical and magnetic construction. 

The pair 𝑠0, 𝑢𝑏 defines an appropriate operation point around where the model is assumed to 

be linear. Practical experience has shown that this linear model works very well [12]. This 

linear model also reveals the cause of the inherent instability of the system, namely the negative 

position stiffness, 𝑘𝑠. A small disturbance from the equilibrium position would cause an 

uncontrolled fall of the rotor to either the top or bottom magnets. Hence the AMB system is 

open-loop unstable and can be stabilized only with closed-loop control. 

The actuator model for the system can be written as 

 F = Kii + Ksx (2.5) 

where F = [
𝑓𝐴 0
0 𝑓𝐵

], Ks = [
𝑘𝑠𝐴 0
0 𝑘𝑠𝐵

] and Ki = [
𝑘𝑖𝐴 0
0 𝑘𝑖𝐵

] are the force, position stiffness 

and current stiffness matrices respectively. x = [
𝑥𝐴

𝑥𝐵
] is the rotor displacement. 

2.5 Modeling of the rigid-rotor 

In each of the planes, the rotor exhibits rotation about its center of gravity as well as a 

transversal movement. These are the two rigid modes of the rotor dynamics model. A 

subcritical AMB rotor system, one in which the range of operation speed does not cause 
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excitation of flexible eigenfrequencies, can be modelled with a rigid-rotor model [1]. A very 

detailed discussion of rigid-rotor modeling can be found in [6]. Each of the two rigid modes is 

a second order mode with real valued pole pair, located symmetrically about the imaginary 

axis. The positive pole indicates instability. 

The force balance equation of the actuator-rotor system can be written as 

 Mẍ = F (2.6) 

Combining (2.6) and (2.5),   

 Mẍ − Ksx = Kii (2.7) 

where, 

x = [
𝑥𝐴

𝑥𝐵
] is the rotor displacements at the bearing locations, 

M = [
𝑚1 𝑚3

𝑚3 𝑚2
] is the mass matrix. 

The parameters 𝑚1, 𝑚2 and 𝑚3 are functions of physical properties of the rotor, such as its 

mass (𝑚), transversal moment of inertia (𝐼𝑟), and distances 𝑑𝐴 and 𝑑𝐵 as defined in Fig. 2.3. 

 

The actuator-rotor model can be expressed in state-space form as 

 ẋr = Arxr + Bri 

y = Crxr + Dri 

(2.8) 

Figure 2.3. A drawing showing the physical dimensions of a rotor supported by two AMBs. 

The forces and displacements pertaining to the rotor are resolved along the two orthogonal 

planes 𝒙 and 𝒚. Bearings A and B are separated from the center of gravity of the rotor by 𝒅𝑨and 

𝒅𝑩. The sensors are separated from the same by 𝒅𝑨𝑨 and 𝒅𝑩𝑩. 
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Ar = [
0 I

M−1Ks 0
] , Br = [

0
M−1Ki

] , Cr = [Ts 0], Dr = [0] 

where xr = [
x
ẋ
] and Ts = [

𝑑𝐴𝐴/𝑑𝐴 0
0 𝑑𝐵𝐵/𝑑𝐵

] is the output matrix. The full derivation and 

modeling can found in [6]. 

2.6 Modeling of a flexible-rotor 

If the system operates above the critical frequency (first bending mode of the rotor), flexible 

modes of the rotor up to the operation frequency have to be modeled. Up to three flexible modes 

are not uncommon; however this depends on several factors such as mechanical characteristics, 

load on the rotor, observability and/or controllability of the modes etc. The system designer 

should decide the number of flexible modes before the modeling process. A flexible-rotor 

model is usually developed through finite element modeling (FEM). The number of flexible 

modes is controlled by the choice of number of nodes in FEM. 

The force equation of a flexible rotor is as follows [6] 

 Mq̈ + Dq̇ + Kq = f (2.9) 

where matrices M,D and K represent mass, internal damping and internal stiffness coefficients 

of the rotor, respectively, in modal coordinates. These are obtained from the finite element 

model (FEM). The variable q represents the nodal displacement vector. 

Combining (2.9) and (2.5), 

 Mq̈ + Dq̇ + (K + Ks)q = Kii (2.10) 

Ks and Ki, in this case, represent the AMB stiffness constants in modal coordinates. The size 

of the nodal displacement vector q, and hence all other matrices, depends on the number of 

nodes in FEM, which is usually limited to a number that is just enough to include the required 

number of eigenmodes. An overview of FEM for AMB systems can be found in [6]. 

The state-space model of the actuator-rotor (flexible) is as follows [6] 

 q̇f = Afqf + Bfi 

y = Cfqf + Dfi 

(2.11) 

Af = [
0 I

M−1(K − Ks) −M−1D
] , Bf = [

0
M−1Ki

] , Cf = [𝑇𝑚 0], Df = [0] 
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where qf = [
q
q̇] and 𝑇𝑚 is an appropriate output matrix. 

2.7 The complete plant model 

The complete plant model is obtained by combining the rigid or flexible rotor model with the 

amplifier model. The choice between a rigid or a flexible model depends on the application. 

2.7.1 The rigid-rotor model 

The complete plant model with rigid rotor is obtained by combining (2.8) and (2.2). 

 ẋ = Apx + Bpu 

y = Cpx + Dpu 

(2.12) 

Ap = [
Aa 0

BrCa Ar
] , Bp = [

Ba

0
] , Cp = [0 Cr], Dp = [0] 

x = [
xa

xr
] 

2.7.2 The flexible-rotor model 

The complete plant model with flexible rotor is obtained by combining (2.11) and (2.2). 

 ẋ = Apx + Bpu 

y = Cpx + Dpu 

(2.13) 

Ap = [
Aa 0

BfCa Af
] , Bp = [

Ba

0
] , Cp = [0 Cf], Dp = [0] 

x = [
xa

qf
] 
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Chapter 3  

System Identification 

This chapter reviews the basic theory of system identification. It begins with an intuitive 

explanation of system identification, proceeds with discussion of the steps involved, and 

explains the various methods of identification. This chapter also includes details of experiment 

design and concludes with model validation techniques. 

3.1 Introduction 

System identification is the problem of experimentally determining the mathematical model of 

a dynamic system using its measured input-output data. Consider the system in Fig. 3.1, where 

a linear time-invariant (LTI) plant 𝐺 is subjected to a control input 𝑢 and outputs the signal 𝑦. 

Let 𝑣 be the additive noise of the system. Further, 𝑣 can be represented as a stochastic process 

i.e. filtered white noise, where 𝐻 is the noise dynamics and 𝑒 is white noise. System 

identification, more specifically, is the problem of finding 𝐺 and 𝐻 given 𝑢 and 𝑦.  

 

System identification requires three things, viz. an input-output data set 𝑍𝑁 (𝑢 and 𝑦), 

a model structure M (for 𝐺 and 𝐻), and finally an identification method. The identification 

method tries to optimize the free parameters in M to achieve the best fit between the data set 

and the selected model structure. The steps involved in system identification are: 

1. Experiment design. 

2. Generate data set through experiments. 

3. Choose a suitable model structure. 

4. Obtain the best model in the model set using an appropriate identification method. 

5. Validate the model. 

Figure 3.1. A system with additive noise 
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A thorough treatment of the subject can be found in [21] and [23]. 

3.2 Model structures 

System identification involves a search for the best model among a set of models. The set of 

models is called the model structure and is denoted by M(𝜃). The model set is parameterized 

with a parameter vector, denoted by 𝜃. A particular model within the set is denoted by M(𝜃∗). 

Mathematically, the system in Fig. 3.1 can be written as 

 𝑦(𝑡) = 𝐺(𝑝, 𝜃)𝑢(𝑡) + 𝐻(𝑝, 𝜃)𝑒(𝑡). (3.1) 

where 𝑝 is the differential operator and 𝜃 is the parameter vector which parameterizes the 

transfer functions 𝐺 and 𝐻. 

For such a formulation, the model structure can be written formally as 

  M(𝜃) : DM ϶ 𝜃∗ → M(𝜃∗) = {𝐺(. , 𝜃∗), 𝐻(. , 𝜃∗)}, (3.2) 

meaning, a mapping from  𝜃∗, a member of some parameter set DM, to a particular model M(𝜃∗) 

within the model structure M(𝜃) [13]. 

One of the first choices to make is to decide between linear and nonlinear model 

structures. Since the AMB model is linearized, nonlinear models will not be considered in this 

thesis. Model structures are defined by the order of the system and a specific parameterization. 

Transfer function model structures can be specified by choosing the number of poles and zeros. 

For state-space model structures, this is done by fixing the number of state variables and the 

form of the model, namely, modal, observer or controller canonical forms. Completely free 

parameterization of all matrix elements is also possible. In all of these cases the parameters 

may not be physically meaningful. Such models are called black-box models. If, on the other 

hand, the parameterization is such that the parameters are physically meaningful, it is called a 

grey-box model [21]. 

The selection of model structure is the most important and the most difficult part in 

system identification [21]. It is the user’s responsibility to choose the model structure wisely. 

If the system can be modeled mathematically, using laws of physics, then such a model could 

give a good model structure. 

3.2.1 State-space model structures 

Equation (3.1) is in the form of a transfer function, but MIMO systems are best represented in 

state-space models (innovation form) 

 �̇�(𝑡) = 𝐴(𝜃)𝑥(𝑡) + 𝐵(𝜃)𝑢(𝑡) + 𝐾(𝜃)𝑒(𝑡) (3.3) 
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𝑦(𝑡) = 𝐶(𝜃)𝑥(𝑡) + 𝐷(𝜃)𝑢(𝑡) + 𝑒(𝑡) 

where the state-space matrices are parameterized with an appropriate parameter vector 𝜃. Both 

representations are equivalent and the relationship between them is 

 𝐺(𝑝, 𝜃) = 𝐶(𝜃)(𝑝𝐼 − 𝐴(𝜃))
−1

𝐵(𝜃) + 𝐷(𝜃) 

𝐻(𝑝, 𝜃) = 𝐶(𝜃)(𝑝𝐼 − 𝐴(𝜃))
−1

𝐾(𝜃) + 𝐼 

(3.4) 

where 𝐾 is the Kalman gain. 

3.2.2 Structural identifiablity 

While dealing with model structures, an important concept is structural identifiability. Let a 

parameterized model structure be represented by M(𝜃), where 𝜃 is the parameter vector. The 

model structure M(𝜃) is globally identifiable at 𝜃∗ if the equivalence M(𝜃) ≡ M(𝜃∗) implies 

𝜃 = 𝜃∗, ∀𝜃 ∈ DM. This concept is called structural identifiability. What it means, intuitively, is 

that the model cannot be reliably identified if the model is identical for more than one unique 

value of the parameter vector. If the structure is identifiable when 𝜃 is confined to a local 

neighborhood, then it is locally identifiable. More on identifiability can be found in [21] and 

[24]. 

3.3 Identification methods 

The purpose of identification methods is to identify the parameter vector 𝜃 such that the error 

between the model and the data is minimized. But a parameterized model is not always the 

goal. Nonparametric models, which are impulse response functions or frequency response 

functions (FRF) at a large number of points, could also be identified from the time sampled 

input-output data. This divides identification methods into two classes, nonparametric and 

parametric methods. Nonparametric models are not parameterized functions, but rather 

numerical values at large number of time or frequency points. They are often a good starting 

point to get insight into the system order or quality of measurements. For frequency-domain 

parametric identification methods, nonparametric model (FRF) could be used as the data set, 

in which case it becomes a necessary step. 

3.3.1 Time-domain versus Frequency-domain methods 

One of the main decisions to make in system identification is to choose between time-domain 

and frequency-domain identification. The choice is easy if the system to be identified is 

nonlinear, since only linear systems can be easily represented in the frequency domain. Time-

domain methods dominate the control and signal processing community, but frequency-domain 

methods continue to be used in measurement and instrumentation community [21]. A 

comprehensive literature on frequency-domain identification is Pintelon and Schoukens (2001) 

[23], while the most widely referred work for time-domain identification is Ljung (1999) [21]. 
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A comparison between the two domains can be found in Pintelon and Schoukens (2001, pp. 

368-373) and Ljung (1999, 227-233). 

Time and frequency domain data are equivalent and the duality between them have 

emerged recently [25]. The primary issue with frequency domain methods, and the reason it 

got a bad name, is spectral leakage while transforming time-domain data into frequency domain 

(Discrete Fourier Transform or DFT) [23]. Spectral leakage can be avoided by using periodic 

time-domain data, which is not always practical. The advantages with frequency-domain 

identification methods are the option to enhance signal to noise ratio (SNR), its data reduction 

nature and the possibility to merge several experiments. Another advantage is that an excitation 

signal applied at time 𝑡 = −∞ would guarantee the system to be at steady state, thus enabling 

the user to discard initial conditions [26]. On the other hand, most time-domain methods 

assume zero initial conditions [21]. 

3.3.2 Parametric time-domain methods 

The primary method for system identification in time domain is the prediction error method 

(PEM). The aim of PEM, like any other identification method, is to find the best estimate of 

the unknown parameter vector 𝜃 from the measurement data set 𝑍𝑁 =

{𝑢(1), 𝑦(1),… , 𝑢(𝑁), 𝑦(𝑁)}, for a chosen model structure M(𝜃). 

The main idea of PEM is minimization of prediction errors, 

 𝜖(𝑡, 𝜃) = 𝑦(𝑡) − �̂�(𝑡|𝜃), 𝑡 = 1, 2, … ,𝑁 (3.5) 

where �̂�(𝑡|𝜃) is the prediction of 𝑦(𝑡) based on the data 𝑍𝑡−1. 

The discrete-time version of (3.1) is 

 𝑦(𝑡) = 𝐺(𝑞, 𝜃)𝑢(𝑡) + 𝐻(𝑞, 𝜃)𝑒(𝑡) (3.6) 

with the differential operator 𝑝 is replaced with the difference operator 𝑞. 

The standard predictor of the system represented by (3.6) is 

 �̂�(𝑡|𝜃) = 𝐻−1(𝑞, 𝜃)𝐺(𝑞, 𝜃)𝑢(𝑡) + (1 − 𝐻−1(𝑞, 𝜃))𝑦(𝑡) (3.7) 

The quadratic criterion is commonly used for the minimization of prediction errors, which 

yields the estimated parameter vector as follows. 

 𝜃𝑁 = 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒  
𝜃

𝑉𝑁(𝜃, 𝑍𝑁), 

𝑉𝑁(𝜃, 𝑍𝑁) =
1

𝑁
∑

1

2
𝜖2(𝑡, 𝜃)

𝑁

𝑡=1

 

(3.8) 
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In general the optimization is nonlinear and requires numerical search process such as 

Gauss-Newton algorithm. Good initial values of 𝜃 will be required to avoid local minima. A 

complete account of PEM methods and its properties can be found in [21]. 

Subspace methods are popular for state-space models, especially multivariable ones 

[21]. It estimates the matrices of the state-space model by solving a series of least-squares 

problems. For this reason subspace methods are computationally efficient compared to PEM. 

It is also numerically reliable and does not depend on any iterative methods [21]. It does not 

have any convergence issues or local minimum problem. Subspace methods in general produce 

good quality estimates [21], though PEM may be optimal in term of model fit to the data. 

Subspace method does not require any initial values for the parameter, and therefore can be 

used as a preliminary stage to PEM method. 

3.3.3 Nonparametric frequency-domain methods 

Nonparametric models are almost always in the form of FRFs. Apart from providing valuable 

information about the underlying system, they could also be an intermediate step in the 

frequency-domain identification process. Nonparametric methods transform time-domain data 

into frequency-domain FRFs. They are represented as a table or an array containing complex 

valued numbers at a large number of frequency points, and are often plotted in a Bode-diagram. 

The basic nonparametric estimator is the empirical transfer function estimate (ETFE), defined 

as 

 
�̂�(𝑒𝑗𝜔𝑘) =

𝑌(𝜔𝑘)

𝑈(𝜔𝑘)
 

(3.9) 

where, 

 

𝑌(𝜔𝑘) =
1

√𝑁
∑ 𝑦(𝑛)𝑒−𝑗𝜔𝑘𝑛

𝑁

𝑛=1

 

(3.10) 

 

𝑈(𝜔𝑘) =
1

√𝑁
∑ 𝑢(𝑛)𝑒−𝑗𝜔𝑘𝑛

𝑁

𝑛=1

 

(3.11) 

are the DFTs of time-domain discrete-time signals 𝑦(𝑛) (output) and 𝑢(𝑛) (input), 

respectively. Here 𝜔𝑘 = 𝑘
2𝜋

𝑁
, 𝑘 = 1, 2, … , 𝑁 are discrete frequencies and 𝑁 is the number of 

time samples. The question is how different is the quantity �̂�(𝑒𝑗𝜔𝑘) from its continuous time 

equivalent 𝐺(𝑗𝜔𝑘). It turns out that the agreement between the two is good enough for 

frequencies less than one tenth of the sampling frequency [13]. 
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ETFE is unbiased and its variance approaches zero as 𝑁 tends to infinity, as long as the 

time-domain data is periodic with integer number of periods. If not periodic, it will be 

asymptotically unbiased but the variance approaches the signal to noise ratio (SNR) [21]. 

Some other estimators are the H1 estimator, the arithmetic mean (ARI) estimator, the 

joint input-output (JIO) estimator and the errors-in-variable (EIV) estimator. These estimators 

are studied in [27] and [12]. 

3.3.4 Parametric frequency-domain methods 

The system can be represented in the frequency domain as 

 𝑌(𝜔𝑘) = 𝐺(𝑒𝑗𝜔𝑘 , 𝜃)𝑈(𝜔𝑘) + 𝐻(𝑒𝑗𝜔𝑘 , 𝜃)𝐸(𝜔𝑘) (3.12) 

The frequency-domain data set may be available as the DFT of the input and output signals, 

𝑈(𝜔𝑘) and 𝑌(𝜔𝑘) respectively, but also as the ETFE, �̂�(𝑒𝑗𝜔𝑘).  

The most common criterion for parametric identification, the weighted least square criterion, 

is 

 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒  
𝜃

𝑉𝑁(𝜃, 𝑍𝑁) (3.13) 

where 

 

𝑉𝑁(𝜃, 𝑍𝑁) = ∑|𝑌(𝜔𝑘) − 𝐺(𝑒𝑗𝜔𝑘 , 𝜃)𝑈(𝜔𝑘)|
2
𝑊𝑘

𝑁

𝑘=1

 

(3.14) 

for data set 𝑍𝑁 = {𝑈(𝜔1), 𝑌(𝜔1),… , 𝑈(𝜔𝑁), 𝑌(𝜔𝑁)}, N being the number of discrete 

frequencies of the DFT, and 

 

𝑉𝑁(𝜃, 𝑍𝑁) = ∑|�̂�(𝑒𝑗𝜔𝑘) − 𝐺(𝑒𝑗𝜔𝑘 , 𝜃)|
2
𝑊𝑘

𝑁

𝑘=1

 

(3.15) 

for data set 𝑍𝑁 = {�̂�(𝑒𝑗𝜔1), �̂�(𝑒𝑗𝜔2), … , �̂�(𝑒𝑗𝜔𝑁)}. 

The weighting function 𝑊𝑘 can be based on the noise spectrum. This criterion, in the frequency 

domain, has duality with the PEM in the time domain [21]. 

The resulting optimization problem is its nonlinear in parameters and consequently it 

requires a numeric search algorithm. It also requires initial values for the parameter vector in 

order to avoid local minima. 
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Subspace methods are available for frequency domain also. Some references are [28] 

and [29]. 

3.3.5 Closed-loop identification 

Some systems have to be identified while they are operated in a stabilizing closed loop. This 

could be due to the inherent instability of the open-loop plant or the process cannot be stopped 

for economic or safety reasons. Figure 3.2 shows a system in closed loop. 𝐺0 is the system 

plant and 𝐹𝑦 is the controller. Closed-loop data in general contains less information about the 

system (closed loop is meant to suppress certain behavior) [21]. But the major problem is the 

correlation of noise signal v with the input signal u, due to feedback. This may cause standard 

nonparametric methods to produce biased estimates [21]. However, PEM works fine as long 

as the true system is contained in the model set (or model structure) [21]. For closed loop 

systems, the reference input r is considered as the system input rather than u. The excitation 

signal is applied to r. 

 

According to Ljung (1999) [21], there are three standard methods to identify closed-

loop systems. 

Direct method: Ignore the feedback and apply standard methods. 

Indirect method: Identify the system as an open loop system with the closed-loop transfer 

function from r to y. Then compute the open-loop model 𝐺0 from the identified model 

(algebraically) using the model of the controller 𝐹𝑦. Of course this is possible only if the 

controller model 𝐹𝑦 is known (and linear). 

Joint input-output method: Consider the system as MIMO with inputs r and v, and outputs u 

and y. Identify such a model after choosing a parameterized model structure for both 𝐺0 and 

𝐹𝑦. 

Standard identification methods can be used in all three cases. The direct method with 

PEM should be considered as the primary method [21]. A comprehensive analysis of closed-

loop identification can be found in [30]. 

Figure 3.2. A closed loop system 
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3.4 Experiment design 

The quality of identification will be as good as the input-output data set used in the process. It 

is important to generate informative data by performing an appropriately designed experiment. 

The design of excitation signal involves choosing the frequencies, amplitudes, sampling rates, 

and so on. 

3.4.1 Input spectrum 

The spectrum of the excitation signal is important because it influences the bias and variance 

of the estimated model. For example, the bias and variance of ETFE for an open-loop system 

is as shown below [21]. 

 
𝐸 (�̂�𝑁(𝑒𝑗𝜔𝑇𝑠)) = 𝐺0(𝑒

𝑗𝜔𝑇𝑠) +
𝜌(𝑁)

𝑈𝑁(𝜔)
 

(3.16) 

 
𝐶𝑜𝑣 (�̂�𝑁(𝑒𝑗𝜔𝑇𝑠)) =

1

|𝑈𝑁(𝜔)|2
(Φ𝑣(𝜔) + 𝜌2(𝑁)) 

(3.17) 

where |𝜌1| ≤ 𝐶1/√𝑁 and |𝜌2| ≤ 𝐶2/𝑁 for some constants 𝐶1and 𝐶2, and 𝐺0 is the true system. 

Both the expectation and covariance depends on 𝑈𝑁(𝜔). The excitation can be designed to 

achieve a desired accuracy based on some criterion, for example the relative accuracy [13], 

 
Φ𝑢(𝜔) = 𝑐𝑜𝑛𝑠𝑡 .

Φ𝑣(𝜔)

|𝐺0(𝑒𝑗𝜔𝑇𝑠)|2
 

(3.18) 

where Φ𝑢(𝜔) and Φ𝑣(𝜔) are the spectrum of input and noise respectively. Φ𝑢(𝜔) should be 

such that more power is injected into the system at frequencies which are more informative, 

for example, around the expected poles of the system. It could also be limited by practical 

constraints such as the maximum limit for the amplitude of u. 

3.4.2 Periodicity of input 

Periodic inputs have number of advantages. For nonparametric method such as ETFE, which 

relies on DFT of signals, periodic signals with integer number of periods can significantly 

improve the variance of the estimate. For periodic signals, ETFE is unbiased and its variance 

decays as 1/𝑁 [21]. If the data is non-periodic, ETFE will be asymptotically unbiased and the 

variance will be the same as its SNR [21]. 

3.4.3 Selection of excitation signal 

Once the desired spectrum is known the signal could be designed. A straightforward approach 

is to use stepped sine excitation, where the system is excited with a sequence of frequencies, 

one after the other. This is time consuming and is less preferred to other excitation strategies. 

However, stepped sine excitation would have the best SNR. The frequency points can be 
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spaced linearly or logarithmically. It may also be made denser around expected poles of the 

system. 

Other more commonly used excitation signals are multisine, filtered white noise, swept 

sine, and pseudo-random binary sequence (PRBS). Most of them contain multiple frequencies 

at a time, so that all frequencies of interest are applied to the system at once. More details can 

be found in [21] and [23]. 

3.5 Model validation 

System identification is not complete without model validation. In this section some common 

technique that are used for validating an identified model are introduced. The methods are 

described in detail in [21]. 

3.5.1 Cross-validation 

Cross-validation is validation through simulation. The model is validated against an 

independent data set of the true system. It could be done in either time domain or frequency 

domain. In the case of time domain, the time-domain outputs of the model and the true system, 

when excited with the same input, are compared. For frequency-domain validation, the 

frequency response function (bode plot) of the model and true system are compared and 

quantified with a well-defined fit. More details can be found in [21]. 

3.5.2 Residual analysis 

The basic idea of residual analysis is as follows. If the identification has been done properly, 

the residuals, or the error between true system response and model response, will be a 

completely random signal or white noise. Residuals are the perdition errors in (3.5). White 

residuals indicate two things; that the method has done a good job in extracting all the 

information present in the response data, and also that the true model was contained in the 

model structure. 

There are two tests to analyze the residuals [21]. One is the whiteness test where 

whiteness of the residuals at each output is tested. This can be done by inspecting the 

autocorrelation function (time-domain) of the residuals or its spectrum (frequency-domain). 

The second test is called the independence test, where the correlation between the residuals and 

the inputs are checked. A good model has residuals that are uncorrelated to past inputs. 

3.5.3 Model uncertainty 

The quality of the estimated model can be measured by its bias and variance. Correlation of 

noise to the input signals usually introduces bias in to the system. Variance is usually impacted 

by signal to noise (SNR) ratio of the input-output signals. Identification methods could 

calculate the covariance matrix for the parameter vector in the model. This information can be 

used to plot confidence intervals in various plots, such as the pole-zero map, bode plot etc. This 

is a good way to visualize the uncertainty in the model. 
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Chapter 4  

Identification of the AMB 

system 

In this chapter, the problem for identification of AMB is formulated with specific details. Some 

important issues with regard to identification of AMB are discussed and crucial decisions are 

taken. Based on these decisions, a procedure for identification for commissioning is developed. 

4.1  Problem specification 

4.1.1 Requirements 

The requirements for identification for commissioning were presented in Sec.1.3.2. Here they 

are discussed in more detail. 

1. Identify an accurate system model 

A linear state-space model, possibly of the model structures presented in Sec. 2.7 is the 

aim of identification. The AMB to be identified is to be considered as a flexible rotor 

with two flexible modes. The relevant model structure of the complete plant is Eqn. 

(2.13). 

2. Identify a set of special system parameters 

There are two sets of parameters considered to be relevant for verification and 

diagnostics. One is the stiffness parameters defined in (2.3), and the other is the rotor 

parameters, namely its eigenfrequency and damping ratio for each flexible mode. 

3. The process should be robust against noise 

Signal to noise ratio is crucial for the accuracy of the model estimate. The 

commissioning site is assumed to be noisy. The procedure used has to be based on 

methods which improves SNR. 

4. The procedure should be independent of the FEM 

PEM methods require initial models for their underlying nonlinear optimization 

routines. If it comes to that, nominal models for flexible-rotor model (Sec. 2.6), which 

can only be generated through a process of FEM, cannot be used in the procedure. 

5. The procedure should be automated as well as possible 

The primary challenge seems to be the automation of excitation experiment. It could be 

done based on the principles discussed in Sec. 3.4. 

4.1.2 Prerequisites 
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 The rotor has to be levitated and stabilized using a preliminary feedback controller. 

 System identification toolbox (IDENT) of MATLAB. 

4.2 Issues in identification of an AMB system 

In this section, various issues and challenges pertaining to system identification of AMB are 

discussed and crucial decisions are taken, with an eye on the requirements for commissioning. 

4.2.1 Time-domain vs. Frequency-domain identification 

Identification in the frequency domain appears to be the primary choice when dealing with 

resonant mechanical systems and vibration analysis. Some advantages of frequency domain 

identification were outlined in Sec. 3.3.1. In addition to that, it also has advantages in filtering 

(improve SNR) and for estimating the noise spectrum. For these reasons, frequency domain 

identification is selected for identification for commissioning. Identification in frequency 

domain is time consuming, but it is still preferable to relatively lower SNR of time-domain 

identification (compared to stepped sine excitation, for example). Frequency-domain 

identification is done in two steps. First, a nonparametric model (basically the frequency 

response data), of the open-loop plant, is identified. Second, a suitable identification method 

fits this data to a selected model structure. 

4.2.2 Closed loop identification 

An unstable system, such as an AMB system, can only be identified in closed loop. The basic 

principles were introduced in Sec. 3.3.5. Since frequency domain identification has been 

chosen, the closed-loop identification is going to be a nonparametric method. The standard 

method of ETFE is known to produce biased estimates, but can be acceptable if the SNR is 

large. According to Ljung [21], the ETFE estimate for closed loop (see Fig. 3.2) tends to 

 
Ĝ(𝑒𝑗𝜔𝑇𝑠) =

𝐺0(𝑒𝑗𝜔𝑇𝑠)Φ𝑟(𝜔)−𝐹𝑦(𝑒−𝑗𝜔𝑇𝑠)Φ𝑣(𝜔)

Φ𝑟(𝜔)+|𝐹𝑦(𝑒𝑗𝜔𝑇𝑆)|
2
Φ𝑣(𝜔)

  . 
(4.1) 

For cases of large SNR, i.e. large |Φ𝑟(𝜔)| compared to |Φ𝑣(𝜔)|, Ĝ(𝑒𝑗𝜔𝑇𝑠) tends to 𝐺0(𝑒
𝑗𝜔𝑇𝑠) 

which is the true model. 

ETFE for MIMO systems have the form,  

 �̂�0(𝑒
𝑗𝜔) = 𝑌𝑁(𝜔)𝑈𝑁(𝜔)−1. (4.2) 

where 
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𝑈𝑁(𝜔𝑘) =

[
 
 
 
 
 𝑈1

(1)(𝜔𝑘) 𝑈1
(2)(𝜔𝑘) …  𝑈1

(𝑁𝑒)(𝜔𝑘)

𝑈2
(1)(𝜔𝑘) 𝑈2

(2)(𝜔𝑘) …  𝑈2
(𝑁𝑒)(𝜔𝑘)

.

..
.
..

 .
..

𝑈𝑁𝑢

(1)(𝜔𝑘) 𝑈𝑁𝑢

(2)(𝜔𝑘) …  𝑈𝑁𝑢

(𝑁𝑒)(𝜔𝑘)]
 
 
 
 
 

. 

(4.3) 

 

𝑌𝑁(𝜔𝑘) =

[
 
 
 
 
 𝑌1

(1)(𝜔𝑘) 𝑌1
(2)(𝜔𝑘) …  𝑌1

(𝑁𝑒)(𝜔𝑘)

𝑌2
(1)(𝜔𝑘) 𝑌2

(2)(𝜔𝑘) …  𝑌2
(𝑁𝑒)(𝜔𝑘)

.

..
.
..

 .
..

𝑌𝑁𝑦

(1)(𝜔𝑘) 𝑌𝑁𝑦

(2)(𝜔𝑘) …  𝑌𝑁𝑦

(𝑁𝑒)(𝜔𝑘)]
 
 
 
 
 

. 

(4.4) 

𝑁𝑢: number of inputs of MIMO system 

𝑁𝑦: number of outputs of MIMO system 

𝑁𝑒: number of experiments, 𝑁𝑒 ≥ 𝑁𝑢 

𝑌𝑁(𝜔) and 𝑈𝑁(𝜔) are the discrete Fourier transform (DFT) of individual outputs and inputs 

of the MIMO system. As indicated above, as many independent experiments are required as 

there are inputs to the system. This is a specialty of MIMO systems. Full analysis and 

discussions are presented in [23]. 

4.2.3 Excitation experiment 

The general principles of experiment design were presented in Sec. 3.4. The modern approach 

to excitation for identification is broadband signals, either a multisine, band limited white noise 

or pseudorandom binary sequence (PRBS) [21]. Traditional methods are based on stepped sine 

or swept sine signals, in which the frequency is varied in discrete steps across the bandwidth 

of the system. Broadband signals are efficient in the sense that a single experiment would 

contain all the required frequencies. But stepped sine excitation is chosen for the following 

reasons. It has very high SNR, because the full power of the signal is concentrated at one 

frequency a time. It will always generate informative data since a large number of frequencies 

are included in the experiment. From the discussion for closed-loop identification, it is obvious 

that a high SNR is crucial for obtaining unbiased ETFE.  

4.2.4 Model structures 

The most important aspect of system identification is the choice of model structures. In the 

case of AMB, which is a mechanical system, analytical modeling is an acceptable way to 

finalize a particular model structure, even without testing it. Mainly because the motivation for 

such a model structure is very strong from the point of view of physics, and the user would 

want to enforce such a model structure to the data. Such an approach would ignore unexpected 

dynamics, and therefore, caution is advised here. If the user has sufficient confidence in the 

analytical model, this a good way forward. In this thesis, such an approach is adopted, and the 

model structures developed in Chapter 2 will be used. 

4.2.5 Identification methods 
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Frequency domain identification has two parts, namely: nonparametric and parametric 

identification. ETFE has been chosen for nonparametric identification. The output of the 

nonparametric step is the frequency response data (or Bode plot) of the open loop (unstable) 

plant. This constitutes the data set for the frequency-domain parametric identification step. The 

primary method for frequency (or time) domain parametric identification is PEM [21]. 

However, for MIMO state-space model structures, subspace methods are convenient and 

widely used. The system identification toolbox (IDENT) in MATLAB supports both PEM and 

subspace methods in the frequency domain. 

The basic principles of PEM and subspace methods can be found in [21]. Subspace 

method can at best identify models in canonical forms, but PEM has no such limitations. PEM 

supports identification of models in any arbitrary form but requires an initial model. The 

standard implementation of PEM in IDENT includes a preliminary subspace stage. This 

relieves the user from providing initial model parameters, but the form of the model is limited 

to standard canonical forms or fully free parameterization of all elements of the state-space 

matrices. IDENT also supports grey-box identification, which is based on PEM, to identify an 

arbitrarily parameterized grey-box model, but this would require an initial model parameter. 

This method does not have a preliminary subspace stage. PEM and subspace identification 

methods are available in IDENT as ssest() and n4sid() routine calls [31]. It is important 

to remember that ssest() first calls n4sid() and then computes the actual PEM on the 

preliminary results obtained from n4sid(). Therefore, ssest() will almost always give a  

refined version of n4sid(). 

To sum up, the options available in IDENT are: 

1. Subspace (n4sid()): Requires the model order and the form (canonical or free) of 

the state-space model from the user. Automatically identifies the modes of the system. 

2. PEM(ssest()): This can only refine the model estimate from n4sid(). Nothing 

more. Therefore, ssest() could be preferred over n4sid(), almost everywhere. 

3. Structured PEM (grey-box): Can identify model structures in any arbitrary form, not 

limited to the canonical forms. The state-space matrices can be parameterized with any 

arbitrary set of parameters, and those parameters can be estimated in addition to the 

model. The downside is that it requires an initial value for the parameter vector, from 

the user. n4sid() cannot estimate an initial model in arbitrary form. 

It has to be noted that IDENT allows for the identification of only output-error model 

structures in the frequency domain [31]. Output-error models structures are models with noise 

model equal to unity. 

4.3 Strategy for identification 

The objective is to identify a flexible-rotor model with a model structure as given in Eqn. 

(2.13). The nonparametric model will be identified for the complete plant. The main choices 

are between ssest() and grey-box methods. The complete plant could be identified using 
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ssest(), but that model could at best be of canonical form. Such a model can be used for 

controller synthesis, but will not be able to estimate the required parameters. On the other hand, 

grey-box will be able to estimate the parameters but will require an initial model. An initial 

model for a flexible-rotor AMB can be generated by using an FEM. This dilemma can be 

addressed by separate identification of rigid and flexible modes of the system. Another issue is 

that the amplifier modes may not be accurately identified if it is modeled as a part of the 

complete model. 

4.3.1 Separate identification of rigid and flexible modes 

The FRF is expected to have a resonance peak for each flexible mode in the system. These 

peaks are situated in the higher frequency region. This is because the rotor is a highly resonant 

structure with very low internal damping, and the modes representing the flexible eigenmodes 

will be of higher frequency. This is a known characteristic of flexible rotor and can be observed 

in the FEM model. This region of FRF, which contains all the resonance peaks, can be 

considered as the flexible region. The remaining low frequency region will contain the two 

rigid modes of the rotor and also the amplifier modes. This region can be considered as the 

rigid region. Section 2.5 explains what the two rigid modes are. The rigid and flexible regions 

can be easily distinguished by the user, once the nonparametric model is identified (see Fig. 

5.6). 

The above observation leads to the following idea. If the FRF is split into two regions, 

the rigid region can be used to identify the rigid-rotor model (2.12), the flexible region can be 

used to identify only the flexible modes, and the complete plant model can be obtained by 

combining the two models. This idea is interesting because it allows the rigid-rotor model to 

be identified using grey-box method and the flexible modes to be identified by the ssest() 

method. The analytical model of (2.12) can be used as the initial model for the grey-box 

identification while the flexible modes can be identified in a standard canonical form. The grey-

box model can be parameterized in terms of the stiffness constant, provided all other physical 

parameters in model (2.12) are known. Furthermore, the rotor parameters can be extracted from 

the identified flexible modes if it is expressed in modal canonical form (see (4.8)). This solves 

the original dilemma and allows the identification procedure to identify all the required 

parameters as well as be independent of the FEM model. The splitting of the complete plant 

model will not affect the accuracy of estimation since the informative parts of rigid and flexible 

regions are far apart in the FRF. 

4.3.2 Independent identification of amplifier 

Independent identification of the amplifier modes is possible if the coil currents in the 

electromagnets are measured. Independent identification is interesting because this will allow 

for the more accurate identification of the modes. The only price to pay is the sampling of an 

additional signal, the coil current, during the excitation experiment. This is certainly 

acceptable. 

4.4 Identification of AMB systems: A procedure 
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In this section a procedure for identification of AMB systems for commissioning is presented. 

The procedure is developed based on the decisions taken in Sec. 4.2 and the strategy outlined 

in Sec. 4.3. The procedure is strictly for a single plane (x-plane) of AMB system. It may be 

repeated to identify the other plane (y-plane). 

4.4.1 Step 1: Identification experiment 

The first step in an identification procedure is to design and perform an experiment. Stepped 

sine has been chosen as the excitation approach. The system is excited after the rotor has been 

levitated. Since the system under consideration is 2 × 2 MIMO, at least two experiments are 

required. This is in line with the theory discussed in Sec. 4.2.2. For identification of AMB in 

x-plane, 𝑁𝑢 = 𝑁𝑦 = 2. One experiment is done by exciting the system through the first input 

𝑟𝐴 only, and the second is done by exciting the second input 𝑟𝐵 only. 

The design of stepped sine is the same for both experiments. The amplitude profile is 

generated according to (3.18), but subject to the limits imposed by the linear region of AMB. 

The noise spectrum required in (3.18) is estimated in a preliminary step where an integer 

number of periods of output signal (for a single arbitrary frequency) is averaged and then 

subtracted from the original signal. More power is injected at around rigid poles of the system 

and not the flexible modes, since the latter would lead to excitation of eigenfrequencies. The 

frequency grid is logarithmically spaced but with denser regions around the flexible poles. The 

frequency range is selected to include the required number of eigenmodes and also the amplifier 

bandwidth. 

Once the design parameters are determined, the excitation process is automated. During 

the experiment signals u, i and y are sampled with a sampling rate which is at least ten times 

the bandwidth of the system. An integer number of periods of signals are recorded and used 

for future ETFE computation. This is important to reduce the variance of the estimate. 

4.4.2 Step 2: Generation of the nonparametric model 

Since it has been decided that the amplifier has to be identified independently, two 

nonparametric models, one for the amplifier and the other for the complete plant, are required 

for further steps of the procedure.  

For the 2 × 2 MIMO AMB system, ETFE is defined as: 

 �̂� (𝑒𝑖𝜔𝑘) = 𝑌𝑁(𝜔𝑘)𝑈𝑁(𝜔𝑘)
−1. (4.5) 

 
𝑈𝑁(𝜔𝑘) = [

𝑈𝐴
(𝐴)(𝜔𝑘) 𝑈𝐴

(𝐵)(𝜔𝑘)

𝑈𝐵
(𝐴)(𝜔𝑘) 𝑈𝐵

(𝐵)(𝜔𝑘)
] , 𝑌𝑁(𝜔𝑘) = [

𝑌𝐴
(𝐴)(𝜔𝑘) 𝑌𝐴

(𝐵)(𝜔𝑘)

𝑌𝐵
(𝐴)(𝜔𝑘) 𝑌𝐵

(𝐵)(𝜔𝑘)
] . 

 

where the subscript corresponds to the input/output, and the superscript corresponds to different 

experiments. For example, 𝑈𝐵
(𝐴)(𝜔) means the DFT of input 𝑢𝐵 in experiment A. While 

considering the 𝑥-plane of AMB, the system has two inputs (𝑢𝐴, 𝑢𝐵) and two outputs (𝑦𝐴, 𝑦𝐵) 
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(2 × 2 MIMO). In such cases a minimum of two experiments are required. Excitation applied 

to  𝑟𝐴/𝑟𝐵, reference signal at side A/B, constitutes experiment A/B. After obtaining DFT of 𝑢 

or 𝑦, only one frequency component is considered, the one which is used for excitation. This 

further isolates the model from noise. 

The two amplifier modes are decoupled and can be identified as two independent SISO 

systems. ETFE for the amplifiers are obtained by 

 �̂�𝑎𝐴(𝑒𝑖𝜔𝑘) = 𝐼𝐴
(𝐴)(𝜔𝑘)/𝑈𝐴

(𝐴)(𝜔𝑘) (4.6) 

 �̂�𝑎𝐵(𝑒𝑖𝜔𝑘) = 𝐼𝐴
(𝐴)(𝜔𝑘)/𝑈𝐵

(𝐵)(𝜔𝑘) (4.7) 

where the subscripts and superscripts are defined in a similar way, and �̂�𝑎𝐴 and �̂�𝑎𝐴 are models 

for amplifier A and B respectively. 

4.4.3 Step 3: Identification of the amplifier model 

The two independent amplifiers (A/B) are identified with ssest() using their respective 

nonparametric model obtained in the previous step. ssest()is configured to output a model 

in modal canonical form. They are then combined to form a 2 × 2 MIMO system to match the 

analytical model of (2.2). 

4.4.4 Step 4: Identification of the rigid-rotor model and the AMB stiffness constants  

The nonparametric model of the complete plant, which was obtained in Step 2, is split into 

rigid and flexible regions. The frequency at which this split is made is based on intuition. The 

split should be right before the influences of the flexible modes are seen in the FRF. 

The rigid region becomes the frequency-domain data set for the identification of the 

rigid-rotor model. Identification of rigid-rotor model is done with grey-box method. A grey-

box model is set up in IDENT using the model in (2.12) and parameterized with only the 

stiffness constants. Other parameters in model (2.12) are assumed to be available at the time of 

commissioning. The parameter set {𝑘𝑠𝐴, 𝑘𝑠𝐵, 𝑘𝑖𝐴, 𝑘𝑖𝐵} is the unknown parameter vector in the 

grey-box setting. The grey-box method estimates the parameter vector through an internal 

optimization process. The nominal values of the parameters are used as the initial parameter 

vector. The stiffness constants have to be proven to be structurally identifiable. This can be 

done with similarity transformation approach [24]. The proof can be found in Appendix B. 

This step outputs estimates for the rigid-rotor model as well as individual values for the AMB 

stiffness constants. 

4.4.5 Step 5: Identification of the flexible modes and the rotor parameters 

With the rigid modes of the system identified, what remain are the flexible modes. Since 

flexible modes of the rotor structure are expected to be highly resonant (prominent features in 
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the nonparametric model), there is little risk for the preliminary subspace method to identify 

spurious modes. Therefore, ssest()is used to fit the flexible region (resonance peaks) of the 

nonparametric model to a state-space model in modal form. 

The resulting system matrix contains one pair of complex conjugate poles, −𝜎𝑓 ± 𝑖𝜔𝑑𝑓, 

for each flexible mode present in the data, along its main diagonal. The flexible-rotor 

parameters, the undamped natural frequency (𝜔𝑛) and the damping ratio (𝜁), are obtained from 

the complex conjugate pole, which consists of damped natural frequency (𝜔𝑑𝑓) and attenuation 

(𝜎𝑓), using the well-known equation 

 𝜎𝑓 = 𝜁𝜔𝑛, 𝜔𝑑𝑓 = 𝜔𝑛√1 − 𝜁2 (4.8) 

4.4.6 Step 6: Combine the rigid and flexible modes 

In this step the rigid model obtained in Step 4 is diagonalized and then combined to the flexible 

mode model obtained in Step 5, which is already in modal form. This combination is just a 

matter of stacking the state-space matrices together, since, in modal form, all modes (rigid or 

flexible) are decoupled from each other. Thus the complete plant model, in state-space form, 

is obtained in this step. 

In modal canonical form, the eigenvalues (poles) of the system appear in the main 

diagonal of the system matrix. For example, for a system with one flexible mode for the rotor, 

it would look like, 

 
 

[
 
 
 
 
 
 
 
 
−𝜔𝑙𝐴 0 0 0 0 0 0 0

0 −𝜔𝑙𝐵 0 0 0 0 0 0
0 0 −𝜎𝑓 𝜔𝑑𝑓 0 0 0 0

0 0 −𝜔𝑑𝑓 −𝜎𝑓 0 0 0 0

0 0 0 0 ωr2 0 0 0
0 0 0 0 0 −ωr2 0 0
0 0 0 0 0 0 ωr1 0
0 0 0 0 0 0 0 −ωr1]

 
 
 
 
 
 
 
 

 

 

 

(4.9) 

where, 

𝜔𝑙𝐴, 𝜔𝑙𝐵: are amplifier bandwidths of AMB A, B. 

𝜎𝑓 , 𝜔𝑑𝑓: attenuation and damped natural frequency of the flexible mode. 

ωr1, ωr2: corner frequencies of the two rigid modes. 

The system matrix in (4.9) is the diagonalized version of the one in (2.13). 
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Chapter 5  

Experimental Results 

The procedure which has been developed in the preceding chapter was tested on a prototype 

AMB system. In this chapter the prototype system as wells as the experiment carried out is 

described in detail. The intermediate results are presented in the same order of steps of the 

procedure. Finally the identified models are validated. 

5.1 Test system 

The test system can be summarized by the block diagram in Fig. 5.1. It consists of a nonrotating 

rotor supported by two AMBs at opposite ends. The two sides are referred to as A and B. The 

motor is situated between the two AMBs. No load was attached to the rotor during the 

experiment. The plant, as defined earlier, is a combination of the amplifier, the two AMBs and 

the rotor. The main controller, which is a dSPACE based system, controls the positions of the 

rotor ends. The displacements of the rotor are measured by eddy-current sensors and fed back 

to the controller. Table 5-1 lists some parameters of the test system. 

 

5.1.1 Position controller 

A decentralized proportional-integral-derivative (PID) control algorithm is implemented in the 

dSPACE controller hardware unit. This is a preliminary controller which accomplishes 

satisfactory levitation for the purpose of the experiment. The controller outputs the desired 

control current signal ‘u’ as per the control law. The user can program and automate the 

Figure 5.1 Test system block diagram. Signals r, u, i, f and y represents reference,  

control current, coil current, force and output displacement signals, respectively. 
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experiment and then insert the excitation signal into the signal represented by ‘r’. The 

experimental data, i.e. the signals u, i and y, are sampled and sent to the host PC. 

5.1.2 Host PC 

This is a general purpose computer which runs a suitable application program by which the 

dSPACE controlled is programmed / monitored. It also collects the experimental data sent by 

the dSPACE controller. The current signals r, u and i are represented in units of Ampere (A), 

while the displacement signal y is in units of meter (m). The identification procedure, 

implemented in MATLAB, operates on this data and outputs the required plant model and its 

associated parameters. 

5.1.3 AMB 

Two AMBs support the rotor at its opposite ends. In each plane (𝑥 or 𝑦), each AMB (A or B) 

consists of a pair of electromagnets configured in differential driving mode, as described in 

Sec. 2.1. The position controller generates one control signal for each differential pair, resulting 

in a total of four current control signals. The AMBs are characterized by two stiffness constants, 

as shown in (2.3). The nominal values of these constants are included in Table 5-1. 

5.1.4 Amplifier 

Every electromagnet is energized by an amplifier unit. The amplifier block in Fig. 5.1 is in fact 

a closed-loop system by itself. Its design is shown in Fig. 5.2. There are as many independent 

such units as there are electromagnets. Consequently there are eight amplifier units in total. 

These units are custom made. 

 

5.1.5 Rotor 

A flexible rotor with up to two significant flexible modes is used in the experiment. Fig. 5.3 

shows the approximate structure of the rotor. It is nearly symmetric except for a small feature 

at side B. The various dimensions and physical parameters of the rotor are included in Table 

5-1. The moment of inertia (MOI) and center of gravity (COG) of the rotor are assumed to be 

known. 

 

Figure 5.2 Amplifier system (closed loop) 
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5.1.6 Position sensor 

The displacement of the two rotor ends (A or B) in each plane (𝑥 and 𝑦) are measured using 

eddy-current sensors. In total there are four such sensors. The dynamics of the sensors are 

assumed to be fast in comparison to other parts of the system, and hence it is neglected. 

Table 5-1 Test system parameters 

Parameter Value Units Description 

𝑚 280  𝐾𝑔 Mass of the rotor 

𝑑𝐴 0.418  𝑚 Distance of AMB A from COG 

𝑑𝐵 0.404  𝑚 Distance of AMB B from COG 

𝑑𝑠𝐴 0.484  𝑚 Distance of Sensor A from COG 

𝑑𝑠𝐵 0.470  𝑚 Distance of Sensor B from COG 

𝐼𝑟  10.87  𝐾𝑔 𝑚2 MOI of the rotor 

𝐾𝑠𝐴/𝐾𝑠𝐵  2.3 × 106  𝑁/𝑚 Displacement stiffness of AMB A/B 

𝐾𝑖𝐴/𝐾𝑖𝐵  340  𝑁/𝐴 Current stiffness of AMB A/B 

𝐼𝑏  2.75 𝐴 Bias current of electromagnet 

𝑦𝑙 ±80 𝜇𝑚 Linear region of rotor displacement 

5.2 Experiment details 

Stepped sine has been chosen as the excitation method for the identification experiment. The 

general principles of designing a stepped sine experiment were outlined in Sec. 3.4. In general 

the excitation signal is applied to the reference signal r, and the signals u, i, and y are recorded 

by the controller.  It must be pointed out that no fresh experiment was conducted as a part of 

this thesis because of inaccessibility of the system. But rather a couple of existing experimental 

data sets were used. Normally a single data set should have all the relevant signals, u, i, and y. 

In the absence of such a data set, two separate experimental data sets, one containing the signals 

u and i, and the second containing the signals u and y, where used for identification of the 

amplifier and the complete plant, respectively. The excitation experiment which generated the 

two data sets was not designed based on the principles discussed in Sec. 3.4, but were still 

acceptable. The experiments which generated the two data sets are discussed below. 

Figure 5.3 Rotor structure and dimensions. Bearings A and B are separated from the center of  

gravity of the rotor by 𝒅𝑨and 𝒅𝑩. The sensors are separated from the same by 𝒅𝑨𝑨 and 𝒅𝑩𝑩. 
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5.2.1 Amplifier data set 

This data set contains the signals u and i, meaning the input-output data of the amplifier. The 

signals u and i are defined in Sec. 2.2. The amplifier model structure is presented in Sec. 2.3. 

It can be seen from (2.2) that the amplifier model for a plane (𝑥 or y) is made up of two 

decoupled SISO systems, thereby facilitating their independent identification. The stepped sine 

experiment has the following design. 

1. The frequency range covers the amplifier bandwidth (10 to 3000 Hz). 

2. The frequency grid is in steps of 20 Hz throughout the range. 

3. For frequencies up to 1000 Hz the amplitude is chosen as 0.3 A, while for the range 

1000 to 3000 Hz it is 0.8 A. 

4. A time windows of 0.3 seconds is recorded, with a sampling rate of 100 𝜇𝑠, after the 

output has reached steady state. 

5. Each amplifier unit is excited independently one by one. 

5.2.2 Complete plant data set 

In this data set the signals u and y, the input-output data of the plant, is present. The signals are 

defined in Sec. 2.2. As explained in Sec. 2.2, the plant is 2 × 2 MIMO system in a single plane 

(𝑥 or y).  The methodology for conducting stepped sine experiment for such a system is 

explained in Sec. 4.4.1. It consists of two separate excitation process, one for each input. Then 

the same procedure is repeated for the other plane, which is another 2 × 2 MIMO system. A 

single excitation process is designed as follows. 

1. The frequency range is up to the second eigenfrequency of the rotor (10 to 1000 Hz). 

2. The frequency grid is logarithmically spaced over 200 points. 

3. The amplitude profile is varied appropriately such that the rotor displacement is kept 

within the linear region, and also to compensate for the amplifier roll-off. (The exact 

amplitudes at each frequency point were unrecoverable from the data set.) 

4. A time window of approximately 1 second is recorded, with a sampling rate of 100 𝜇𝑠, 

after the output has reached steady state. 

One important check to perform on the complete plant data set is to see if the rotor 

displacement is within the linear range. This can be confirmed by plotting the amplitudes of 

the output signal (rotor displacement) at all excitation frequencies. Figure 5.4 shows such a 

plot and it can be seen that the rotor displacement is within the linear range of 80𝜇𝑚. 
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5.3 Results 

In this section the results of the identification procedure which was applied to the experimental 

data is presented in the order of the procedural steps. Although PEM (ssest()) has been 

chosen for identification, subspace method (n4sid()) also has been tried and compared with 

the former.  The identified state-space models are listed in Appendix A. 

The PEM method such as ssest()involves an optimization algorithm. It requires 

search algorithms for searching in the parameter vector space. MATLAB provides the 

following choices for search algorithms: Gauss-Newton (gn), Adaptive Gauss-Newton (gna), 

Levenberg-Marquardt (lm), least square non-linear from the Optimization toolbox (lsqnonlin) 

and gradient descent (grad). It has been found that search algorithm ‘gn’ is usually sufficient 

to converge to the minimum. ‘gna’ and ‘lm’ converged to the same values. ‘lsqnonlin’ and 

‘grad’ sometimes required significantly more number of iterations to converge. For these 

reasons ‘gn’ was chosen as the search algorithm. The iterations continued until no further 

improvements were detected. All other settings for ssest() were left at default values. The 

different options can be found in [31]. 

5.3.1 Step 1: Identification experiment 

As mentioned earlier, an experiment was not conducted but rather existing data was used for 

the procedure. The details of the data were presented in Sec. 5.2. The data set was the time-

domain record of a stepped sine experiment which is very much what would have resulted had 

a new experiment been conducted. 

5.3.2 Step 2: Generation of the nonparametric model 

The goal of Step 2 was to generate frequency response data, resulting in a nonparametric model. 

The stepped sine experiment produced two sets of time domain data, one for the amplifier block 

and the other for the complete system. As discussed in Sec. 4.2.2, ETFE method was chosen to 

convert the time domain data into frequency domain data. 
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Figure 5.4 Rotor displacement at sides A and B  
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Fig. 5.5 shows the nonparametric model of the two amplifiers, pertaining to the x-plane. 

The two amplifiers at sides A and B were treated as independent SISO systems. The units of 

signals u and i is A (ampere). The frequency range of 0 to 3 Khz is sufficient since it captures 

the amplifier attenuation of up to -15 dB. 

 

The nonparametric model of the complete plant is shown in Fig. 5.6. The frequency 

response data covers a range which includes two resonance peaks. These peaks correspond to 

the two flexible modes. The first resonance peak appears to be split for some reason. The units 

of u and y are A (ampere) and m (meter) respectively. 

5.3.3 Step 3: Identification of the amplifier 

The amplifier was identified using ssest() function in IDENT. This function implements 

PEM method preceded by a preliminary subspace stage. For each amplifier, A and B, a first 

order state-space model in modal canonical form, was chosen. The nonparametric model for 

the amplifiers, presented in the previous subsection, was used as the data set. Fig. 5.7 shows 

the identified model with respect to the nonparametric model. The fit of the identified model 

is listed in Table 5-2. 

It can be observed that the fit of the model is not good for either of the amplifiers. With 

such poor fitness, a re-identification with an updated model, this time a second order system, 

was attempted. Fig. 5.8 shows the results. A much better fit can be observed for a second order 

model. Table 5-2 lists the fit–defined as normalized root mean square error [31]–of the new 

model. Further increase in the model order did not yield any improvement. 

-15

-10

-5

0

From: u
A
  To: i

A

M
a
g

n
it

u
d
e
 (

d
B

)

10
1

10
2

10
3

-225

-180

-135

-90

-45

0

P
h
a
se

 (
d
e
g
)

Amplifier A

Frequency  (Hz)

-15

-10

-5

0

From: u
B

  To: i
B

M
a
g
n
it

u
d
e
 (

d
B

)

10
1

10
2

10
3

-225

-180

-135

-90

-45

0
P

h
a
se

 (
d
e
g
)

Amplifier B

Frequency  (Hz)

Figure 5.5 Nonparametric model of amplifiers in x-plane. 𝐮 and 𝐢 represent control and coil 

current signals, respectively, of the amplifier. Subscripts A and B represent the two AMBs.  
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Table 5-2 Fit of amplifier models 

Amplifier First order Second order 

A 32% 60% 

B 33% 59% 
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Figure 5.6 Nonparametric model of full plant (x-plane). 𝒖 and 𝒚 represent control current and 

rotor displacement signals, respectively. Subscripts A and B represent the two AMBs. 
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Figure 5.7 Identified amplifier model (x-plane) with 99% confidence region. 

Amplifier A and B identified as independent first order SISO.  

Figure 5.8 Identified amplifier model (x-plane) with 99% confidence region. 

Amplifier A and B identified as independent second order SISO.  
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5.3.4 Step 4: Identification of the rigid-rotor model and the AMB stiffness constants 

Grey-box identification of the rigid body model was done in this step. The nonparametric 

model was adjusted to exclude all flexible modes. After removing the resonance peaks the 

effective frequency range was from 10 Hz to 250 Hz. Then, the model structure in (2.12) was 

setup in MATLAB and known/nominal values of various parameters (see Table 5-1) were used 

as the initial parameter vector. Gauss-Newton algorithm was used as the search algorithm. The 

fit of the identified model was [
91 61
62 90

]%. The frequency response of the identified model is 

shown in Fig. 5.9. It can be seen that the PEM method identified a better model compared to 

the analytical model.  

The grey-box identification process was configured to output estimated values of the 

stiffness constants. The values of these constants can be seen in Table 5-3. IDENT also 

provided the standard deviations of the parameter set. It was discovered that the nominal values 

of the constants contained large uncertainties. This was probably due to the linearization errors 

in the system. According to [7] the uncertainty in the current stiffness constants can be as high 

as 50%, while for the displacement stiffness it could be as high as 25% [1]. This, coincidently, 

matches with the current results. 

Table 5-3 Identified stiffness constants (x-plane) 

Parameter Units Nominal value Identified value Std. Dev. Error (%) 

𝐾𝑠𝐴 𝑁/𝑚 2.3 × 106 1.68 × 106 4 × 104 27 

𝐾𝑠𝐵 𝑁/𝑚 2.3 × 106 1.73 × 106 4 × 104 25 

𝐾𝑖𝐴 𝑁/𝐴 340 181 3.0 47 

𝐾𝑖𝐵  𝑁/𝐴 340 186 3.2 45 

5.3.5 Step 5: Identification of the flexible modes and the rotor parameters 

In this step the flexible modes of the system were identified using ssest() function. Since 

the rotor model had two flexible modes, the frequency response data consisted of only two 

resonant peaks in the nonparametric model. The effective frequnecy range was from 350 Hz to 

1000 Hz. A fourth order state-space model structure, in model form, was selected. The 

frequency response of the identified model is shown in Fig. 5.10.The flexible modes were 

successfully identified. The fit of the model was [
69 63
70 61

]%. 

The rotor parameters were extracted from the identified model as discussed in Sec. 

4.4.5. The values of these parameters are listed in Table 5-4. As expected the rotor structure 

was lightly damped, making the undamped and damped natural frequencies almost equal. The 

identified natrual frequencies matched well with the resonance peaks in the nonparametric 

model. 
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Table 5-4 Identified rotor parameters (x-plane) 

Parameter Units Identified value Std. Dev. 

𝜔𝑛1 𝑟𝑎𝑑/𝑠 3097 - 

𝜁1 - 0.001 - 

𝜔𝑛2 𝑟𝑎𝑑/𝑠 5708 - 

𝜁2 - 0.001 - 

 

Figure 5.9 Frequency response of rigid model (x-plane) with 99% confidence region.  
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5.3.6 Step 6: Combination of the rigid and flexible models 

The complete system model was obtained by combining the two models identified in Steps 4 

and 5. The rigid model obtained in Step 4 was converted to modal from before the combination. 

The flexible mode model obtained in Step 5 was already in modal form. Figure 5.11 shows the 

identified model in comparison to the nonparametric model. The fit of the complete system 

model with the nonparametric model was [
92 70
71 91

]%. 

Figure 5.10 Frequency response of flexible modes model (x-plane) with 99% confidence region.  
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5.3.7 Identification of the y-plane 

The y-plane of the system was identified by following exactly the same procedure. The 

identified model is listed in Appendix A. The amplifier model was assumed to be the same as 

the x-plane. The fit of the final model was [
94 74
67 92

]%. The identified parameters are presented 

in Table 5-5. The rotor parameters were expected to match with that of the x-plane and it did 

with very little variation (~0.002%). The stiffness constants were slightly different. This may 

be due to variations in mechanical systems or the electromagnets. 
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Table 5-5 Identified parameters constants for y-plane 

Parameter Units Nominal value Identified value Std. Dev. Error (%) 

𝐾𝑠𝐴 𝑁/𝑚 2.3 × 106 1.69 × 106 3 × 104 26 

𝐾𝑠𝐵 𝑁/𝑚 2.3 × 106 1.88 × 106 4 × 104 18 

𝐾𝑖𝐴 𝑁/𝐴 340 184 2.3 46 

𝐾𝑖𝐵  𝑁/𝐴 340 198 3.3 42 

𝜔𝑛1 𝑟𝑎𝑑/𝑠 - 3091 - - 

𝜁1 - - 0.001 - - 

𝜔𝑛2 𝑟𝑎𝑑/𝑠 - 5701 - - 

𝜁2 - - 0.001 - - 

5.3.8 Comparison of PEM and subspace methods 

The procedure was designed with PEM as the identification method. But subspace method was 

also tried for the sake of comparison. Table 5-6 summarizes the comparison between PEM and 

subspace methods when used to identify the various sub models. The comparison is in terms 

of fit to the frequency response data or the nonparametric model. It can be seen that with the 

exception of the amplifier modes PEM does a better job. Unstructured black-box identification 

of the complete plant model produces more or less the same fit, with PEM having a slight lead. 

It can also be noticed that the unstructured model is slightly better than the model identified by 

the procedure, but with the risk of identification of spurious modes and lack of proper structure. 

Table 5-6 Fitness comparison between PEM and subspace methods 

Model PEM 

(ssest()) 

Subspace 

(n4sid()) 

Amplifier [
60 0
0 59

] % [
60 0
0 59

] % 

Rigid modes 

(Grey-box) 

[
91 61
62 90

] % [
90 53
41 86

] % 

Flexible modes [
69 63
70 61

] % [
51 48
57 49

] % 

Complete plant 

(unstructured) 

[
93 76
74 91

] % [
93 75
72 91

] % 

Complete plant 

(procedure) 

[
92 70
71 91

] % - 

5.4 Model validation 

In this section the results of identification are validated by applying some basic validation 

methods. 

5.4.1 Residual analysis 
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Residual analysis in IDENT has two tests, the whiteness test and the independence test. 

Accordingly, IDENT generates estimated power spectrum of the residuals for each output and 

transfer-function amplitude from input to the residuals, for each input-output pair, respectively. 

According to [31], for frequency domain output-error models, whiteness test of the residual 

power spectrum is not so important, instead the independence test is more meaningful. 

Furthermore, both the tests are confirmed if the estimated value lies within a specific 

confidence interval. A confidence interval of 99% was selected. Fig. 5.12 shows the residual 

plots for the different identification tests. 

It can be seen from Fig. 5.12 that not only the residuals at outputs are almost white, but 

in general the plots are within 99% confidence interval that was set in IDENT. Here confidence 

interval corresponds to the range of residual values with a specific probability of being 

statistically insignificant for the system [31]. Residual analysis indicates good quality of 

identification. 
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Figure 5.12a Residual analysis of amplifier identification (logarithmic scale). 

The dotted line represents 99% confidence interval. 
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Figure 5.12b Residual analysis of rigid model identification (logarithmic 

scale). The dotted line represents 99% confidence interval. 
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5.4.2 Uncertainty of the identified models 

IDENT computes and stores covariance matrix of the parameter vector after an identification. 

The covariance matrix is used to compute the uncertainty for the frequency response plots that 

is generated by the bode() command. Assuming Gaussian distribution for the random 

variables, the uncertainty is specified as a confidence region with a specific probability 

measure. This allows the user to visually view the uncertainty for a specific confidence interval 

setting. This is one way to assess the quality of identification. 

Even with a 99% setting, the confidence regions of most of the frequency response plots 

(Fig. 5.7 – 5.10) were hard to distinguish from the estimate itself. With sufficient zooming in, 

the regions were visible. This indicated good quality of estimation. 

5.4.3 Frequency response 

Ideally, this should have been done with some kind of cross-validation, wherein the frequency 

responses (bode plots) of the identified model and the (independent) true system response are 

compared. Due to the inaccessibility of the test system, an independent validation data set was 

not available for this study. However, a look at Fig. 5.7 to Fig. 5.10 reveals that the identified 

models fit rather well to the measured frequency response data (or the nonparametric model). 

It can be seen that the model does capture the prominent features of the data, for example the 

resonance peaks. The fit of the complete plant model to the frequency response data obtained 

in Step 6 (Sec. 5.3.6) was quite good. 

5.5 Summary 

In this chapter the experimental system and the experimental results were described. The results 

presented in detail are only for the x-axis. Both x and y axis models that were identified are 

listed in Appendix A. PEM method, available as the function ssest()in IDENT, was used 

for identification. 

The identified models were validated primarily by residual analysis. The quality of 

identified models was found to be reasonably good. Separate identification of amplifiers led to 

model updating from first order to second order. The parameters identified were found to differ 

significantly from their nominal values. A comparison of PEM with subspace methods revealed 

that the former was better.  



49 

 

Chapter 6  

Discussion and Conclusion 

This chapter contains key discussions relevant to the work and the results presented in previous 

chapters. It further provides some conclusion and suggestions for future work. 

6.1 Discussion 

6.1.1 Separate identification of the system modes 

The strategy of identifying the underlying modes of the system rather that the whole system as 

a black-box is key to this work. This had multiple benefits, namely, it enabled structured 

identification, possibly improved the fit of the complete model, and finally allowed the 

identification of parameters without requiring FEM. A structured identification allows for the 

direct comparison of the identified model with its analytical model. Also, it has the potential 

of making the identification procedure somewhat modular, for example if the system needs to 

be operated only in subcritical mode, then the system model could be easily updated by 

removing the flexible modes. 

6.1.2 Cross-validation 

Lack of cross validation, in general, could lead to over-fitting [31]. This is because an increase 

in model order would usually increase the fit for a particular data set. However this is not a big 

danger for this work, since the model structure is chosen based on a priori knowledge of the 

system (analytical model) and not random guessing. The fact that the rotor parameters 

(resonance frequencies and damping ratios) were almost identical for both the planes is a good 

indication that the true system has been identified. This is because, unlike the stiffness 

constants, the rotor parameters should be the same in both the planes. 

6.1.3 Fitness of the model 

So far the fit of the identified model to the data has been expressed in percentage. IDENT 

defines the fit of the model to the data as normalized root mean square error (NRMSE): 

 
NRMSE = 100 (1 −

||𝑦 − �̂�||

||𝑦 − 𝑚𝑒𝑎𝑛(𝑦)||
) 

(6.1) 

where 𝑦 is the validation data and �̂� is the model output. For frequency-domain identification, 

NRMSE is calculated by comparing the complex frequency response. In addition to NRMSE, 
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IDENT also provides Akaike’s Final Prediction Error (FPE) and Mean Square Error (MSE) for 

relative comparison of models [31]. 

Since the system is MIMO (2 × 2) the fit is a 2 × 2 matrix with each element 

representing the corresponding transfer function. The rows and columns of the fitness matrix 

represent the outputs and inputs of the system, respectively. 

 
𝐹𝑖𝑡 = [

𝑓𝐴𝐴 𝑓𝐴𝐵

𝑓𝐵𝐴 𝑓𝐵𝐵
] 

(6.2) 

For example, bottom-left element represents the transfer function between output B and input 

A. It can be seen from the results in Chapter 5 that 𝑓𝐴𝐴 (or 𝑓𝐵𝐵) is higher than 𝑓𝐴𝐵 (or 𝑓𝐵𝐴). This 

is due to lower SNR of the latter. Intuitively this means that an input at side A primarily causes 

motion at side A itself. It also causes motion at side B, but to a much lesser extent.  

6.1.4 Model updating 

Amplifier modes turned out to be second order systems, and therefore required model updating. 

The reason for this is unknown and was not investigated. It is probably due to something other 

than a pure proportional control for the current controller, which could not be verified. 

However, this will not be a problem for a known system. For the rest of the system, the model 

structure selected from analytical model is sufficient and there is little risk of under modeling. 

The number of state variables was increased by two in the updated models, but otherwise had 

no impact on the procedure. 

6.1.5 Gyroscopic effect 

It is true that the thesis was limited to nonrotating rotor in order to simply the identification 

problem. A rotating rotor could introduce gyroscopic effects which would make the system 

linear time variant (LTV). However, as long as the gyroscopic effects are negligible, for 

example in the case of lighter loads, the procedure would still work. A comprehensive method 

for identification of gyroscopic matrix of the system can be found in [6]. 

6.1.6 Automated identification 

Automated identification is attractive for commissioning. The primary challenge with regard 

to automation is the implementation of the identification experiment. Design and execution of 

stepped sine experiment involves choosing the frequency range, frequency steps and the 

amplitude profile. Automation stepped sine could be based on the principles presented in Sec. 

3.4. Other issues where human intervention was required were the choice of number of flexible 

modes and choice of the frequency regions for rigid/flexible modes. These issues limit the 

automation of the procedure. Even so, once a system is commissioned and all necessary 

information is acquired, the procedure can be automated for future diagnostic purposes. 

6.1.7 Noise model 
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A simpler model structure (output-error) was chosen because of the limitation of IDENT. 

IDENT supports only output-error models for frequency domain identification. Residual 

analysis indicates good whiteness characteristics, and therefore it appears that output error 

model was sufficient. 

6.1.8 Identifiability of an extended parameter set 

The set of identifiable parameter set for the grey-box identification in Step 4 was limited to the 

stiffness constants and the rotor parameters. This was what the requirement of identification 

for commissioning was to begin with. However, the grey-box identification step is possible 

only if all the necessary system parameters in Table 5-1 are available at the time of 

commissioning. Two parameters are difficult to obtain, namely, the moment of inertia and 

center of gravity of the rotor. It would be great to include these parameters into the identifiable 

set and then let the grey-box step identify them. But then the new extended set of parameters 

has to be proven to be identifiable. An attempt to do so using similarity transformation approach 

was unsuccessful as the algebraic equations became too complex. Another method to prove 

structural identifiability is required, but was not pursued. Preliminary trials assuming the 

extended set to be identifiable showed good results, indicating that the extra parameters are at 

least locally identifiable. 

6.1.9 Controller synthesis 

As mentioned in Sec. 1.4, a decentralized PID controller, one based on the analytical model, is 

currently deployed on the AMB system. A new controller could be synthesized with the 

identified model and it’s performed measured. This was not done as a part of the thesis. But 

previous experience has revealed that a static gain equal to 2, when applied to the controller 

based on the analytical model, was able to stabilize the system which was otherwise oscillatory 

[32]. This correlates with the 45-50% error in the current stiffness constant, and provides good 

indication that the identified model would lead to a more accurate controller.  

6.2 Conclusion 

A procedure for identifying a linear state-space model of a flexible-rotor AMB (nonrotating), 

suitable for commissioning, has been developed. The planes x and y were identified 

independently. A frequency-domain approach was preferred over time-domain approaches, for 

noise reduction advantages. Structured identification in the light of an analytically derived 

model structure was preferred over unstructured black-box identification. A stepped sine 

experiment was chosen for its high SNR. The procedure is intentionally made independent of 

FEM in order to be suitable for commissioning.  

Various modes of the system viz., amplifier modes, rigid and flexible modes of the rotor 

were identified separately and then combined. The amplifier and flexible mode models were 

identified in modal canonical form using standard PEM method available in MATLAB without 

the need for an explicit model structure. On the other hand, the rigid model was identified using 

a grey-box identification function in MATLAB which required an explicit model structure 
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(analytical model). The frequency-domain data set, obtained through nonparametric 

identification, was split into two regions to be used for separate identification of rigid and 

flexible modes. 

Validation showed good quality of the identified models. PEM and subspace methods 

were tried and the former was proven to be better in terms of fit. Large errors, probably due to 

linearization, were discovered for the nominal values of AMB stiffness constants. This proves 

the importance of system identification for effective control of AMB systems. 

6.3 Future work suggestions 

6.3.1 Cross validation 

It is highly recommended to carry out fresh experiment on the system and perform cross-

validation. Although the results in this work are satisfactory, system identification with only 

one data set is not safe at all. 

6.3.2 Identification of a gyroscopic model 

The procedure developed in this work has to be augmented with identifying gyroscopic models. 

Without such extension it would not be fully suitable for commissioning. This requirement can 

be relaxed only if it is known in advance that gyroscopic effects are negligible for a particular 

application. 

6.3.3 Identification of MOI and COG 

As discussed in Sec. 6.1.8, extension of the set of identifiable parameters to include moment 

of inertia (MOI) and center of gravity (COG) of the rotor would be extremely useful for 

commissioning. 

6.3.4 Automation of the procedure 

An automated stepped sine excitation based on the principles discussed in Sec. 3.4 could be 

developed and verified. 
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Appendix A 

Identified Models 

A.1 Identification of x-plane 

The models identified in the experiment are listed below. The models presented here are 

continuous-times models. 

A.1.1 Amplifier model 

Aa = [

−7458 5462 0 0
−5462 −7458 0 0

0 0 −8008 5364
0 0 −5364 −8008

] 

Ba = [

160.8 0
1.908e + 04 0

0 651.7
0 1.851e + 04

] 

Ca = [
0.9013 −0.0933 1 1

1 1 0.9943 −0.1123
] 

Da = [
0 0
0 0

] 

A.1.2 Rigid-rotor model 

Ar =

[
 
 
 
 
 
 
 
−7458 5462 0 0 0 0 0 0
−5462 −7458 0 0 0 0 0 0

0 0 −8008 5364 0 0 0 0
0 0  −5364 −8008 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

3.206 −0.3319 −2.207 0.2493 3.311e + 04 −2.071e + 04 0 0
−1.953 0.2022 3.429 −0.3873 −2.016e + 04 3.218e + 04 0 0]

 
 
 
 
 
 
 

 

Br =

[
 
 
 
 
 
 
 

160.8 0
1.908e + 04 0

0 651.7
0 1.851e + 04
0 0
0 0
0 0
0 0 ]

 
 
 
 
 
 
 

 

Cr = [
0 0 0 0 1.158 0 0 0
0 0 0 0 0 1.163 0 0

] 

Dr = [
0 0
0 0

] 
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A.1.3 Flexible mode model 

Af = [

−6.071 5708 0 0
−5708 −6.071 0 0

0 0 −3.766 3097
0 0 −3097 −3.766

] 

Bf = [

1.952e − 05 −9.098e − 05
0.001838 0.0007207

−0.0008274 −0.0004676
−0.0001537 −0.0001169

] 

Cf = [
0.07917 −0.5903 0.3021 0.2827
0.009627 −0.0554 0.5053 0.528

] 

Df = [
0 0
0 0

] 

A.1.4 Complete plant model 

Ap =

[
 
 
 
 
 
 
 
 
 
 
 
−7458 5462 0 0 0 0 0 0 0 0 0 0
−5462 −7458 0 0 0 0 0 0 0 0 0 0

0 0 −230.4 0 0 0 0 0 0 0 0 0
0 0 0 −110.5 0 0 0 0 0 0 0 0
0 0 0 0 230.4 0 0 0 0 0 0 0
0 0 0 0 0 110.5 0 0 0 0 0 0
0 0 0 0 0 0 −8008 5364 0 0 0 0
0 0 0 0 0 0 −5364 −8008 0 0 0 0
0 0 0 0 0 0 0 0 −6.071 5708 0 0
0 0 0 0 0 0 0 0 −5708 −6.071 0 0
0 0 0 0 0 0 0 0 0 0 −3.766 3097
0 0 0 0 0 0 0 0 0 0 −3097 −3.766]

 
 
 
 
 
 
 
 
 
 
 

 

Bp =

[
 
 
 
 
 
 
 
 
 
 
 
1.639e + 04 0

−9778 0
2.029 −1.974
0.4452 0.4537
1.855 −1.810
0.4265 0.4352

0 −1.647e + 04
0 8490

1.952e − 05 −9.098e − 05
0.001838 0.0007207

−0.0008274 −0.0004676
−0.0001537 −0.0001169 ]

 
 
 
 
 
 
 
 
 
 
 

 

Cp

= [
2.5e − 8 −3.5e − 8 −3.6e − 3 −7.3e − 3 3.6e3 7.3e3 1.6e − 8 −2.2e − 8 7.9e2 −0.6 0.3 0.3

−1.6e − 8 2.1e − 8 3.5e − 3 −7.5e − 3 −3.5e − 3 7.5e − 3 −2.5e − 8 3.5e − 8 9.6e − 3 −5.5e − 2 0.5 0.6
] 

Dp = [
0 0
0 0

] 
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A.2 Identification of y-plane 

The complete plant model was 

Ap =

[
 
 
 
 
 
 
 
 
 
 
 
−7458 5462 0 0 0 0 0 0 0 0 0 0
−5462 −7458 0 0 0 0 0 0 0 0 0 0

0 0 −235.6 0 0 0 0 0 0 0 0 0
0 0 0 −112.9 0 0 0 0 0 0 0 0
0 0 0 0 235.6 0 0 0 0 0 0 0
0 0 0 0 0 112.9 0 0 0 0 0 0
0 0 0 0 0 0 −8008 5364 0 0 0 0
0 0 0 0 0 0 −5364 −8008 0 0 0 0
0 0 0 0 0 0 0 0 −2.839 5701 0 0
0 0 0 0 0 0 0 0 −5701 −2.839 0 0
0 0 0 0 0 0 0 0 0 0 −3.534 3091
0 0 0 0 0 0 0 0 0 0 −3091 −3.534]

 
 
 
 
 
 
 
 
 
 
 

 

Bp =

[
 
 
 
 
 
 
 
 
 
 
 
1.639e + 04 0

−9778 0
−2.034 2.134
−0.4767 −0.4603
−1.856 1.953
 0.4562 0.4411

0 −8854
0 1.627e + 04

0.0001265 −6.069e − 05
0.001998 0.0007642

−0.000781 −0.0004749
−0.0001744 −9.331e − 05]

 
 
 
 
 
 
 
 
 
 
 

 

Cp

= [
2.5e − 8 −3.5e − 8 3.5e − 3 7.6e − 3 −3.5e3 7.6e3 9.3e − 10 −3e − 8 0.08 −0.6 0.3 0.3

−1.6e − 8 2.1e − 8 −3.5e − 3 6.9e − 3 3.5e − 3 6.9e − 3 −1.4e − 9 4.6e − 8 0.01 −0.1 0.5 0.5
] 

Dp = [
0 0
0 0

] 
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Appendix B 

Structural Identifiability 

B.1 Similarity transformation method 

The basic idea of similarity transformation method, for proving structural identifiablity, is that 

if there are no similarity transformations possible for the given parameterization of a state-

space model, then the given model is unique and therefore identifiable. There will not be any 

danger of the identification method estimating parameters based on a similarity transformed 

model. The method is described in detail in [24]. 

Let the given parameterized model be 

 �̇� = 𝐴(𝜃)𝑥 + 𝐵(𝜃)𝑢 

𝑦 = 𝐶(𝜃)𝑥 + 𝐷(𝜃)𝑢 

(B.1) 

If the model is minimal, then there exists an invertible transformation matrix T such that 

 𝐴(�̅�) = 𝑇𝐴(𝜃)𝑇−1 𝑜𝑟 𝐴(�̅�)𝑇 = 𝑇𝐴(𝜃) (B.2) 

 𝐵(�̅�) = 𝑇𝐵(𝜃)  (B.3) 

 𝐶(�̅�) = 𝐶(𝜃)𝑇−1 𝑜𝑟 𝐶(�̅�)𝑇 = 𝐶(𝜃) (B.4) 

where the new model, with 𝑧 = 𝑇𝑥, 

 𝑇�̇� = 𝐴(�̅�)𝑧 + 𝐵(�̅�)𝑢 

𝑦 = 𝐶(�̅�)𝑧 + 𝐷(�̅�)𝑢 

(B.5) 

has the identical input-output behavior as the initial one. 

If the only solution for (B.2) – (B.4) is 𝑇 = 𝐼, the identity matrix, then the system is structurally 

globally identifiable. 

B.2 Identifiability of AMB-rotor model 

For grey-box identification in Step 4 of the procedure to work as intended, the parameter set 

{𝑘𝑠𝐴, 𝑘𝑠𝐵 , 𝑘𝑖𝐴, 𝑘𝑖𝐵} has to be proven to be structurally identifiable for the model structure 
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(2.12). The model in (2.12) includes both amplifier and AMB-rotor parts. Since the amplifier 

modes are identified separately and the parameter set in question does not have any connection 

to those modes, it is sufficient to prove identifiability for the AMB-rotor model (2.8). 

Let the initial model be represented with state-space matrices which are parameterized with 

stiffness parameters only. Other parameters are assumed to be known and the real values are 

used here. 

 

𝐴(𝜃) = [

0 0 1 0
0 0 0 1

0.02𝑘𝑠𝐴 −0.012𝑘𝑠𝐵 0 0
−0.012𝑘𝑠𝐴 0.019𝑘𝑠𝐵 0 0

] 

(B.6) 

 

𝐵(𝜃) = [

0 0
0 0

0.02𝑘𝑖𝐴 −0.012𝑘𝑖𝐵

−0.012𝑘𝑖𝐴 0.019𝑘𝑖𝐵

] 

(B.7) 

 𝐶(𝜃) = [
1.16 0 0 0
0 1.16 0 0

] (B.8) 

And the set of transformed model be represented by 

 

𝐴(𝜃) = [

0 0 1 0
0 0 0 1

0.02�̅�𝑠𝐴 −0.012�̅�𝑠𝐵 0 0

−0.012�̅�𝑠𝐴 0.019�̅�𝑠𝐵 0 0

] 

(B.9) 

 

𝐵(𝜃) = [

0 0
0 0

0.02�̅�𝑖𝐴 −0.012�̅�𝑖𝐵

−0.012�̅�𝑖𝐴 0.019�̅�𝑖𝐵

] 

(B.10) 

 𝐶(𝜃) = [
1.16 0 0 0
0 1.16 0 0

] (B.11) 

Also, let the transformation matrix 𝑇 be 

 

𝑇 = [

𝑡11 𝑡12 𝑡13 𝑡14

𝑡21 𝑡22 𝑡23 𝑡24

𝑡31 𝑡32 𝑡33 𝑡34

𝑡41 𝑡42 𝑡43 𝑡44

] 

(B.12) 

From (B.4), 

 
[
1.16 0 0 0
0 1.16 0 0

] =  [
1.16𝑡11 1.16𝑡12 1.16𝑡13 1.16𝑡14

1.16𝑡21 1.16𝑡22 1.16𝑡23 1.16𝑡24
] 

(B.13) 
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⇔ 𝑡11 = 𝑡22 = 1, 

𝑡12 = 𝑡13 = 𝑡14 = 𝑡21 = 𝑡23 = 𝑡24 = 0 

(B.14) 

Updating this result into 𝑇 and from (B.2), 

 

[

𝑡31 𝑡32 𝑡33 𝑡34
𝑡41 𝑡42 𝑡43 𝑡44

0.02�̅�𝑠𝐴 −0.012�̅�𝑠𝐵 0 0

−0.012�̅�𝑠𝐴 0.019�̅�𝑠𝐵 0 0

]

=  [

0 0 1 0
0 0 0 1

0.02𝑘𝑠𝐴𝑡33 − 0.012𝑘𝑠𝐴𝑡34 0.02𝑘𝑠𝐵𝑡34 − 0.012𝑘𝑠𝐵𝑡33 𝑡31 𝑡32

0.02𝑘𝑠𝐴𝑡43 − 0.012𝑘𝑠𝐴𝑡44 0.02𝑘𝑠𝐵𝑡44 − 0.012𝑘𝑠𝐵𝑡43 𝑡41 𝑡42

] 

(B.15) 

⇔  𝑡33 = 𝑡44 = 1, 

𝑡31 = 𝑡32 = 𝑡34 = 𝑡41 = 𝑡42 = 𝑡43 = 0 

(B.16) 

From (B.14) and (B.16), 

 

𝑇 =  [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

] 

(B.17) 

Therefore, the parameter set is structurally identifiable for model (2.8). 
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