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Abstract

Investigations of domain-wall motion using atomistic
spin dynamics

Magnus Andersson

In this thesis, current driven domain-wall motion is studied using atomistic simulations
with the exchange coupling modeled by the Heisenberg Hamiltonian under the
nearest-neighbor approximation. The investigations may be divided into two parts,
each concerned with how different aspects of the systems affect the domain-wall
motion. The first part deals with domain-wall width dependence of the velocity in a
three dimensional geometry with simple cubic crystal structure and uniaxial
anisotropy. Results from this part showed that the velocity has a minor domain-wall
width dependence. For a fixed current density, the velocity increased with
domain-wall width, though only from 61.5 a/ns to 64.5 a/ns as the domain-wall width
was increased from 3 to 25 atoms.

The second part of the investigations deals with phenomena involving mixed cubic and
uniaxial anisotropy, the non-adiabaticity parameter as well as the geometry of the
system. The discussion includes an account of how the spin-transfer and cubic
anisotropy torques contribute to the motion for different values of the
non-adiabaticity parameter. In comparing a one dimensional atomic chain and a three
dimensional system with simple cubic crystal structure, but otherwise with the same
material properties, results showed a difference in how the two systems responded
to currents. This difference is not accounted for by the micromagnetic theory, and its
origin was unable to be determined. 
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Sammanfattning

Datalagringsenheter består i allmänhet av tre olika komponenter, ett medium i vilket datan lagras, 
en enhet för avläsning och en enhet för skrivning. I konventionella hårddiskar består mediet av en 
disk med ferromagnetisk regioner ordnade i cirkulära spår på skivans yta. Var och en av dessa 
regioner är magnetiserade i en av två riktningar. Låt oss kalla den ena riktningen upp och den andra 
ner. Varje par av intilliggande regioner utgör en binär enhet, antingen '1' eller '0'. Två intilliggande 
regioner med mottsatt riktining av magnetiseringen tolkas som '1' och två intilliggande med 
magnetisering i samma riktning tolkas som '0'. Exempelvis så läses en sekvens av tre regioner med 
riktningarna på magnetiseringen upp, ner, ner som '1 0'. Riktningen hos regionernas magnetisering, 
eller snarare förekomsten eller frånvaron förändringar av riktningen mellan två regioner, detekteras 
av läsenheten genom exemplvis induktion. Avläsningen sker genom att läsenheten placeras över 
önskat spår, strax ovanför diskens yta. Sedan roteras disken och om två regioner med magnetisering
i motsatta riktningar passerar läsenheten induceras en ström på grund av förändringen hos den 
magnetiska flödestäthen ovanför disken, och utsignalen tolkas som '1'. 

Forskare på IBM är i utvecklingsstadiet av ny typ av magnetisk datalagringsenhet som de 
kallar för racetrack memory. Potentiellt sett kommer racetrack memory blanda annat kunna öka 
lagringskapaciteten, läs- och skrivhastigheten samt minska energiförbrukningen jämfört med 
konventionella hårddiskar. Dess underliggande principer är demsamma som in konventionella 
hårddiskar, men istället för att lagra bitarna i magnetiserade regioner på en disk så lagras dem i en 
nanowire. Mellan två regioner med magnetisering i motsatta riktningar finns ett tunt 
övergångsområde som kallas domänvägg. Dessa domänväggar kan förflyttas genom allt leda en 
elektrisk ström genom nanowiren. Skrivning och läsning av datan sker genom att regionerna förs till
läs-/skriv-stationer som är placerade längs nanowiren. Designmässigt ligger fördelarna i att går 
snabbare och är mer energieffektivt att flytta regionerna med en ström istället för att rotera en skiva.

I examensarbetet studerades strömdriven domänväggsförflyttning i simuleringar som bygger
på en atomistisk modell. Den grundläggande enheten i den atomistiska modellen är individuella 
atomers magnetiska moment, istället för magnetiseringsfältet som de ger upphov till. Atomernas 
magnetiska moment kan reducera till dess elektroners spinn och orbitalmoment. Spinnet hos 
elektronerna kan inta en av två ömesidigt motsatta riktningar, antingen upp eller ner, där upp tas 
som riktningen hos ett externt magnetiskt fält i elektronens närhet. Kring atomer i ferromagnetiska 
material finns fler elektroner med spinn upp än ner, vilket ger atomerna sitt nettomoment. I dessa 
typer av material kan även elektronerna som delar i strömledning ha ett nettomoment och det är 
genom växelverkan spinnen hos de bunda elektronerna och de fria ledningselektronerna som 
domänväggsförflyttning möjliggörs. I dem magnetiserade regionarna är atomernas moment i stort 
sett likriktade, vilket innebär att ledningselektronerna kan röra sig där utan någon effekt på sitt 
nettomoment. Om en strömmen leds över en domänvägg, där atomernas moment inte är likriktade 
utan varierar i strömmens riktning, så överförs spinn från ledningselektronerna till atomernas 
moment. Ungefärligt uttryck så försöker nettomoment hos strömmen likrikta sig med atomernas 
moment, samtidigt som atomernas moment försöker likrikta sig med strömmens nettomoment. 
Detta resulterar i en rotation av atomernas momenten vilket får domänväggen att förflyttas.

Modellen som användes i simuleringarna skiljer på två typer av spinnöverföringen, 
adiabatisk och icke-adiabatisk. Adiabatisk spinnöverföring är relaterad till ledningselektroner vars 
spinn förblir likriktat med det lokala magnetiska fältet under överföringen. Den icke-adiabatiska 
spinnöverföringen asver överföring från övriga elektroner. Examensarbetets syfte var att undersöka 
hur olika egenskaper påverkar strömdrivna domänvaggars hastighet. En av dessa egenskaper var 
den fenomenologiska icke-adibatisitetsparameter, som är relaterad till andelen spinn som överförs 
via icke-adiabatiska mekanismer. Ytterligare egenskaper som undersöktes med avseende på 
domänväggshastigen var domväggens bredd, systemets anisotropi och antal atomer i systemets 
tvärsnitt. Alla system som studerades hade så kallad uniaxial anisotropy, vilket innebär att systems 



magnetiska moment föredrar att vara parallella med en viss, så kallad, lätt axel. Vissa system hade 
en blandad uniaxial och kubisk anisotropi, vilket innebär att de magnetiska momenten har tre  
ömesidigt vinkelräta lätta axlar. Två olika systemgeometrier användes, en endimensionell och en 
tredimensionell, där den tredimensionella geometrin hade ett enkelt kubiskt kristallgitter med fem 
gånger fem atomer i tvärsnitt.

Resultaten visade att domänväggens bredd har förhållandevis liten inverkan på hastigheten i 
system med endast uniaxial anisotropi. Hastigheten ökade med 5% då den domväggensbredden 
ökades från 3 till 25 atomer, givet en fix strömtäthet. Enligt den tillgängliga teroien för 
domänväggar så ska domänväggens bredd inte påverka dess hastighet. Dock vilar denna teori på 
antaganden om magnetiseringen som blir mindre giltiga ju kortare de intressanta längdskalorna blir.

System med blandad anisotropi uppvisade stabil alternativt instabil rörelsen för låga 
respektive höga strömtätheter, till skillnad från system med endast uniaxial anisotropi där 
domänväggsrörelsen var stabil oberoende av strömtätheten. I stabil rörelse förflyttades 
domänväggen med en konstant hastighet som ökade linjärt med strömtätheten, där lutningen hos det
linjära sambandet förändras med icke-adibatisitetsparametern. För fullständigt adiabatisk 
spinnöverföring förblev domänväggen stillastående i simuleringarna med lägre strömtätheter. I 
simuleringar med högre strömtätheter uppvisade domänväggen ett ryckigt, instabilt rörelsemönster. 
Även den strömtäthet kring vilken rörelsen gick från stabil till instabil förändrades med icke-
adibatisitetsparametern. 

Resultat från två system med blandad anisotropi som endast skiljde sig i att det ena var 
endimensionellt och det andra var tredimensionellt jämfördes. Båda system uppvisade det linjära 
sambandet mellan hastighet och strömtäthet och båda system uppnåde ungefär samma maximala 
hastighet i stabil rörelse. Dock var lutningen lägre och den maximala strömtätheten för stabil rörelse
högre i det tredimensionella systemet jämfört med det endimensionella. Den tillgängliga teorin 
tycks inte kunna redogöra för denna skillnad och ingen tillfredsställande förklaring hittades.
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Introduction

Ferromagnetic materials play an important role in today's technology. They are central to storing 
and reading data in magnetic storage devices. Hard drives inevitably have three main components, a
medium in which the data is stored, a component for reading and a component for writing the data. 
The basic idea is to have the medium divided into magnetized regions, also known as domains, 

where the information is stored in binary unit 
(bits). 

In regular hard disk drives, the reading and 
writing component are grouped together into a 
single unit called a read/write-head which is 
placed at the edge of a movable arm. The medium 
used to store the bits is a disk shaped ferromagnet 
with regions distributed in concentric circles. To 
detect whether there is a difference in direction of 
magnetization between regions the arm moves 
along the radius of the disk and is placed over the 
circle of desired sequence of bits. The disk is then 
rotated at a constant frequency creating 
electromagnetic induction in the read-head. Each 
bit corresponds to pair of magnetized regions, in 
Fig. I.1 the general relationship between a 

sequence of regions and its corresponding bits is shown. The function of the reading component is 
to detect changes in magnetization over a sequence of regions. A '0' is read if two adjacent regions 
are magnetized in the same direction and a '1' is read if they are magnetized in opposite directions. 
The function of the write-head is to alter the direction of magnetization in the regions according to 
input. From a physics point of view, the bits are written, for instance, by applying magnetic fields to
the magnetized regions through the write-head. 

Researchers at IBM [1] have proposed a new 
design for magnetic data storage that they call 
racetrack memory. It relies on utilizing spin 
polarized conduction electrons in ferromagnetic 
materials to move domain walls separating 
magnetized regions of opposite direction. Currents 
are usually thought of as merely charges moving 
through a medium, though when a magnetized 
medium is subject to a current, the spin of the 
electrons that partake in the conduction becomes 
important. The conduction electrons with spin 
parallel to the magnetization move more easily 
through the medium. As such there is a net spin of 
all the electrons in the current, i.e. it becomes 
polarized. The polarization of currents have 
remarkable effects when moved over magnetic 
disuniformities in the medium such as domain 
walls. Consider Fig. I.2, from the view of the 
conduction electrons the spin angular momentum is
rotated in a clockwise direction in order to align 
with the local moments, when moving from left to 

Figure I.2: A part of a ferromagnet subject to 
a current around the beginning of a domain 
wall, shown in terms of conduction electrons 
moving in the right direction (above) and 
direction of magnetization (below).

Domain wall

Conduction electrons

v

Figure I.1: A sequence of magnetized regions 
and its corresponding bits in hard disk drive.

1 0 0 1 0 1 0

Magnetized regions

Bits
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right. This is done by a torque applied from the localized electrons and conversely an equal and 
opposite torque is applied to the local moments from the conduction electrons to preserve angular 
momentum. The effect is called spin transfer torque (STT) and its result is that the local moments 
are turned in a anticlockwise direction and the first local moment in the domain wall will eventually
be a part of the domain to the left, effectively moving the domain wall in the direction of the 
current. 

Racetrack memory consist of the same three main components, but their internal 
relationships are different than those in the hard disk drive. The bits are stored in thin folded 
nanowires with read/write-units placed at the bottom of each fold. In Fig. I.2 the profile of one unit 

of the repeating pattern of folded nanowires is 
shown. The two blocks at the bottom represent the 
read and write units placed at the base of the hard 
drive case away from which the wires bend. Bits are
stored in magnetic domains whose walls are 
indicated by the the lines across the wire and are 
moved to the closest read/write-unit by pulses of 
current. 

If successfully manufactured, this design is 
believed to be an improvement in practically every 
aspect of data storage compared with hard disk 
drives. It is also believed to potentially be 
competitive with flash memories such as solid state 
drives. Some of this construction's greatest benefits 
are that it is faster and more energy efficient to 
move the bits with the help of currents instead of 
rotating the mass of the disk and moving an arm. 
There are also benefits of increased information 
density, the capacity of bits that can be stored per 

unit volume. Regular hard drive's storage capacities can be increased in two ways, by decreasing the
area of the magnetized regions or by increasing the area of the disk. The governing measurement 
for this type of hard drive is the surface area of the disk. Racetrack memory utilize the area as well, 
but opens another degree of freedom since the nanowires are not restricted to a flat surface but can 
be formed in three dimensions which allows for a more efficient use of volume. 

Currently there are no satisfying ways of treating domain-wall motion analytically, partly 
because of the non-linearity of the problems involved. Instead simulations or experiments are used 
to investigate the dynamics of magnetization. Simulations are used to determine the validity of a 
model or the effects of individual material parameters. They may also be used in conjunction with 
experimental research, either as a guide to suitable materials or to elucidate results. Though 
simulations sometimes lack in numerical accuracy, trends are typically well described.

There are two common approaches to simulating dynamics of magnetization, 
micromagnetics or atomistic magnetism. Micromagnetics operates under the assumption that the 
magnetization of a body takes the form of a continuous field. Its validity depends on the length and  
time scale of the phenomena sought to study. Some report that the lower boundary of 
micromagnetics lies above tens of nanometers for ferromagnetic monolayers or atomic chains [2]. 
Atomistic magnetism on the other hand treat the magnetization as a distribution of discrete 
magnetic moments. It is valid for length scales down to the interatomic spacing, which is generally 
on the order of nanometers. Since the domain walls and  related phenomena may vary on length 
scales below the limit of micromagnetics, an atomistic approach is suitable.

The aim of this project is to investigate how the domain-wall motion is affected by different 
properties, such as the domain-wall width, when driven by a current. Atomistic simulations were 

Figure I.2: Profile of a fold in the nanowire 
of a racetrack memory with read and write 
units at the base of the fold.
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carried out for systems with two kinds of geometry. A five atoms thick ferromagnetic layer was 
used to explore the relation between the width of the domain wall and its velocity. A long one 
dimensional atomic chain, in addition to shorter three dimensional systems, was modeled to 
investigate the long term behavior of the domain-wall motion for different material parameters and 
current strengths. 
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1. Theory

In the atomistic approach to magnetism, a system is taken to be constituted by local magnetic 
moments with constant magnitude centered on lattice sites of a crystal. Consider the magnetic 

system illustrated in Fig. 1.1. It consists of four 
equal magnetic moments in a square lattice 
where each moment, mi is given a label to denote 
its position within the lattice. The state of the 
system is given by the direction of moments,

m1=m x̂
m2=m ŷ
m3=−m ŷ
m4=−m x̂ ,

where m is the magnitude of the local moments.
From a theoretical point of view the dynamics of 

magnetization is understood from system's energy and a differential equation that describe the 
rotations of the local moments. In section 1.1 an account of the different contributions to the energy 
in the atomistic approach is given. An account of  the dynamics of an atomistic magnetic system is 
given in section 1.2. In section 1.3, domain walls are treated, following the micromagnetic approach
used in Ref. [3], wherein a more detail account is given. 

1.1 Energy of a magnetic system

In the atomistic approach, the energy of a system of local magnetic moments is given by the terms 
in the Hamiltonian that include magnetic moments. It is analogous to the generalized Gibbs free 
energy which is the thermodynamic potential used in micromagnetism, and can be thought of as the 
quantity of a system that is decreased to a local minimum when left undisturbed. In Ref. [4], a 
detailed micromagnetic account of both the thermodynamics and dynamics of magnetization is 
given. The Hamiltonian of a single magnetic moment mi within a system can be divided into four 
terms and is given by the expression,

H i=H Z+H ex+H ani+H M , (1.1)

where HZ is called the Zeeman energy, Hex is the exchange energy, Hani is the anisotropy energy and 
HM is the magnetostatic energy. The expression of the Hamiltonian may also include additional 
terms that capture other effects, but these four are the only ones that will be considered here, and for
the study of domain walls in this thesis, the exchange and anisotropy terms are the most important 
ones. The total energy of the system is simply the sum of the energy of the individual local 
moments,

H=∑
i

N

H i ,

where N is the number of local moments in the system.

Figure 1.1: Left: a square lattice with lattice 
sites indicated by dots. Right: a magnetic 
system of four local moments placed within the 
lattice.

1 2

43

x

y

m1

m2

m4

m3
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Each term in (1.1) is associated with an effect and a kind of stable arrangement of the moments. Let
us examine the different terms in order. Zeeman effect is the name of the interaction between a 
magnetic moment and an external field and its energy HZ is written,

H Z=−mi⋅Bext , i ,

where Bext,i is the external field at the position of mi. The Zeeman effect has two important features.
Firstly, the only spatial dependency is on the angle between the moment and the external field. This 
means that the moment is free to rotate at a fixed angle with respect to the external field without 
change to the energy. Secondly, its minimum is when the moment is parallel with the external field. 
In systems where the Zeeman effect is the dominating effect all local moments will thus tend to 
align with the external field.

The second term, Hex is the energy of the exchange coupling, called the Heisenberg 
exchange Hamiltonian and is written

H ex=−∑
〈i , j〉

J i jmi⋅m j  , (1.2)

where Jij is material parameter called  the exchange coupling constant and the sum is over unique 
pairs of i and j. Exchange coupling is fundamentally reducible a quantum mechanical effect 
involving the spin of electrons and electrostatic forces. The most simple example is of two atoms, 
each having one unpaired electron. If the atoms are close enough to each other, so that the spatial 
parts of the unpaired electrons' wave functions of the overlap, there will be a difference in 
electrostatic energy depending on if the spin of the unpaired electrons are parallel or anti-parallel. 
Which of the two relative orientations that is favored depends on the atoms involved and the 
distance between them. Though the numerical value of the difference in energy may vary depending
on the particularities of the system, a defining characteristic of ferromagnetic materials is that there 
are unpaired electrons which favorably have their spin parallel to those around neighboring lattice 
sites. This means that for ferromagnets, in terms of the exchange coupling constant, Jij>0 where mi 
and mj are neighboring moments. Usually, the sum in (1.2) is over nearest-neighbors only since 
typically |Ji j| decrease rapidly with distance between mi and mj. In the atomistic model, it is mainly 
due to the exchange coupling that the different local moments affect each other. It is by this 
mechanism that the change in energy of one local moment affects the energy of other local 
moments. In systems where ferromagnetic exchange coupling is the dominating contribution to the 
energy, the local moments tend to stay parallel with each other, as that relative orientation 
minimizes (1.2).

The expression of the anisotropy energy is arrived at from reasons of symmetry. Firstly, the 
anisotropy has its origin in the spin-orbit coupling, which is given by the following expression for 
an electron around a heavy free atom [5],

H so=−
2

c2

1
r

dV
dr
l⋅s ,

where c is the speed of light in vacuum, r is the distance between the electron and the nucleus, V is 
the potential and l and s are the orbital and spin angular momentum respectively. Note that because 
of the dependence of 1/r and the gradient of the potential, the spin-orbit coupling is strongest for 
electrons close to the nucleus and weak for electrons such as conduction electrons that are far away 
from the nucleus. 

It is not immediately obvious how to give an expression for the total anisotropy energy of a 
crystal. The type structure of a crystal, such as cubic or face-centered cubic, tell us something about 
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the orbitals involved in the metallic bonding and thus give us a frame of reference with respect to 
the orbital angular momentum. Expressed differently, this means that the direction of the orbital 
angular momentum of the electrons close to the nuclei in the crystal is fixed with respect to the 
crystal lattice. The spin however is free to rotate in any direction. By taking mi to be parallel to the 
spin, an expression can be reached by approximating the total anisotropy energy with a series of 
combinations of the vector components of mi , that have the same spatial symmetries as the crystal 
structure. For example in a cubic crystal structure, each term in the series needs to satisfy the 
condition that all three components should be interchangeable. The first few terms in the cubic 
series are given by,

H ani (mi)=K0+K1(mx
2 m y

2
+my

2 m z
2
+mx

2 m z
2
)+K 2 mx

2 m y
2 mz

2
+K 3(m x

2 my
2
+m y

2 mz
2
+m x

2 mz
2
)

2
+... ,

where the factors Ki are called anisotropy constants. Usually the expression is truncated after the 
first term because the anisotropy constants decrease quickly, i.e. |Ki|>>|Ki+1| [5]. The most common 
type of anisotropy called uniaxial is written as,

H ani (mi)=−K U (mi⋅êU)
2 , 

where KU is the uniaxial anisotropy constant and corresponds to a material with largest anisotropy 
on one axis in the crystal with unit vector êU. For positive KU, the êU-axis is attractive and the local 
moment will tend to be pointing either in positive or negative êU. 

The magnetostatic term is the energy of the dipole-dipole interaction and for the single 
moment mi it is given by the expression

H M (mi)=−
µ0

4π
∑
j≠i

3(mi⋅r̂ i j)(m j⋅r̂ i j)−mi⋅m j

ri j
3 , 

where rij is the vector from mi to mj and µ0 is the vacuum permeability. Effects of the magnetostatic 
energy depends both on the shape and size of magnetized body. It is a long distance effect compared
to the exchange coupling, so it is typically considered weak in a atomistic approach. Roughly 
speaking, the favorable magnetostatic arrangements tend to have local moments pointing normal to 
the smallest cross section of the body. This approximate effect of dipole-dipole interactions is called
shape anisotropy to differentiate between the intrinsic or magnetocrystalline anisotropy mentioned 
above. For simple shapes it can be modeled by an anisotropy energy term. As a first approximation, 
the shape anisotropy long thin wire can be modeled by a uniaxial anisotropy term with easy-axis 
parallel to the wire.

To interpret the energy terms, especially the anisotropy, it is sometimes instructive to 
represent them visually in what are called energy surfaces. They are constructed by making a 
spherical plot of,

r=H x(mi)m̂i ,

where the vector r from the origin to the surface has magnitude proportional to a energy term Hx 
and direction parallel to that of the moment mi corresponding to the energy.
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As an example, a local moment with the cubic anisotropy represented in Fig. 1.2 can be 
arranged to be directed along the space diagonal corresponding the dark red region in the first 
octant. However, since it is close to a local maxium of the anisotropy, i.e. a hard-axis, the local 
moment will spontaneously fall towards one of the easy-axes x,y or z. Energy surfaces can be made 
for the other energy terms as well, for instance the Zeeman energy surface would have a form 
similar to that of the uniaxial surface in Fig. 1.2, but instead of an easy-axis it would have a ”easy-
direction” in the direction of external field and a ”hard-direction” in the opposite direction of the 
field.

Figure 1.2: Energy surfaces of uniaxial anisotropy (left) and cubic anisotropy (right) with 
the magnitude of the energy indicated in decreasing order from red (dark) to yellow (light)

ê
U

z

y

x
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1.2  Dynamics of a magnetic system

The dynamics of a single local moment within a ferromagnetic body is generally modeled by a 
differential equation called the Landau-Lifshitz-Gilbert (LLG) equation [6],

∂mi

∂ t
=−γmi×Beff+

α
∣mi∣

mi×
∂mi

∂ t
, (1.3)

where γ is the gyromagnetic ratio, α is a phenomenological parameter called the Gilbert damping 
and Beff is the effective field at mi related to the Hamiltonian by,

Beff=−
∂ H
∂mi , x

x̂−
∂ H
∂mi , y

ŷ−
∂ H
∂mi , z

ẑ=−
∂H
∂mi

. (1.4)

Furthermore, the effective field at the local moment mi in a system of uniaxial anisotropy and 
negligible magnetostatic energy can explicitly be written as,

−
∂ H
∂mi

=Bext , i+∑
j≠i

J i jm j−2KU (mi⋅êU ) êU ,

where the first term is the external field, the second term is the exchange field and the third term is 
the anisotropy field. The exchange and anisotropy fields are not actual fields but are field-
equivalents to model the effects exchange and anisotropy.

Equation (1.4) offers a clue as to how the effective field is to be interpreted. It depends on 
the derivative of the Hamiltonian which was taken to be the quantity that is spontaneous decreasing 
to a local minima when the system is kept at constant temperature and external field. Under such 
conditions, the local moment will rotate in the direction that allows for the greatest decrease in 
energy. In other words the derivative on the left hand side in the expression above is negative for 
spontaneous changes in mi. In terms of effective field this means that local moments will rotate 
towards a local maximum of their effective field. The magnitude of the effective field can as such 
be thought of as a measurement of the relative stability of a local moments direction. If the 
magnitude of the effective field is large, then the moment is expected to stay close to parallel with 
it. If it is small, the local moment is more sensitive to changes in the effective field or effects due to 
elevated temperature. The most extreme state is if Bext, mj and mi are all parallel with the easy-axis 
of the anisotropy, effectively minimizing the total energy. This state corresponds to a system 
wherein all local moments are pointing in a direction that coincide with the external field and the 
easy-axis. 

Both of the terms in the right hand side of (1.3) are perpendicular mi, since 

mi⋅(mi×V )=0 ,

for any vector V. This means that the dynamics described by (1.3) is a rotation of mi where |mi| is 
kept constant. Due to the orthogonality with respect to mi and (1.3)

mi×mi×
∂mi

∂ t
=−∣mi∣

2 ∂mi

∂ t
.

By taking the cross product of (1.3) and mi from the right and using the above expression,



9

mi×
∂mi

∂ t
=−γmi×mi×Beff−α∣mi∣

∂mi

∂ t
.

To understand the motion of individual local moments the LLG equation may be rewritten in a 
explicit form,

∂mi

∂ t
=−

γ

1+α
2 mi×Beff−

γα

(1+α2
)∣mi∣

mi×(mi×B eff ) , (1.5)

by replacing the cross product in the second term of (1.3) with the expression at the beginning of 
the page and solve for the time derivative. The two terms on the right hand side of (1.5) correspond 
to two different types of rotation. They are called torques in reference to the angular moment nature 
of magnetic moments. The first term,

τ p=−
γ

1+α2 mi×Beff ,

is called the precession torque and corresponds to rotation around the effective field (Fig 1.3). 
Recalling the Zeeman energy term, this kind of motion does not affect the energy of the system 
since the local moment's direction is kept at an constant angle to the effective field. It can be 
thought of as following a trajectory similar to the latitudinal lines of the uniaxial anisotropy energy 
surface in Fig. 1.2. The second term,

τd=−
γα

(1+α2
)∣mi∣

mi×(mi×Beff ) ,

is called the damping torque and corresponds to rotation towards the effective field (Fig 1.3). The 
Gilbert damping, α, can be interpreted from this torque. Since rotation towards the effective field is 
equivalent to a decrease in the energy of the local moment, α can then be taken to model the rate of 
energy dissipation of the magnetic system. Ultimately, if the local moment become parallel with the 
effective field, both of the torques vanish since the cross product of two parallel vectors is zero. The
Gilbert damping can also be viewed as that which controls the time it takes for the local moment to 
align with the effective field, that is the time to reach equilibrium. 

Figure 1.3: The precession (left) and damping (right) torque and their trajectories.

Beff

mi

Beff

mi

τdτp
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To account for the effects of spin-polarized currents, the LLG equation has to be modified to 
include two additional terms [7],

∂mi

∂ t
=−γmi×Beff+

α
∣mi∣

mi×
∂mi

∂ t
−(u⋅∇)mi+

β

∣mi∣
mi×[(u⋅∇)mi ] , (1.6)

where β is a parameter called the non-adiabaticity parameter and u is a vector proportional to the 
electron current density je given by the expression,

u=
PgµB

2 e M s

j e ,

where P is the polarization factor, µB is the Bohr magneton, Ms is the saturation magnetization and g
is the Landé factor. It is meant to capture the effects of the net spin angular momentum of an 
electron current. The polarization factor is the ratio of conduction electrons with spin parallel to the 
local moment. It can be estimated from a material's density of states by

P=
G↑−G ↓

G↑+G ↓

,

where G↑ is the number of up states (states parallel to the local moment) and G↓ is the number of 
down states of the conduction electrons. Though not strictly a current, u will henceforth be referred 
to as such.

The two new terms in (1.6) corresponds to adiabatic and non-adiabatic spin transfer torques 
respectively and insofar as the magnitude of mi does not change, these torques are perpendicular to 
mi as well. In general STT refer to mechanisms by which spin angular momentum is transferred 
from conduction electrons to local moments. Adiabatic STT corresponds to the type of interaction 
wherein a large number of conduction electron with spin parallel to the local magnetic field only 
transfers spin angular momentum to the localized electrons, without any change to their linear 
momentum as they pass by. The non-adiabatic STT is phenomenological to capture the effects of 
conduction electrons with spin misaligned with the local field [7].  The spin transfer torques are 
highly contingent on the state of the system, but in general it can be though of as affecting 
disuniformities of the magnetization, since uniformly magnetized regions are unaffected by the 
STTs because they satisfy the condition m∇ i = 0. Domain walls in particular will be treated in the 
next section.

Finally, the LLG equation with spin polarized currents can be expressed in explicit form,

        
∂mi

∂ t
=τ p+τd−

α−β

1+α2
∣mi∣

mi×[(u⋅∇)mi]+
1+βα

1+α2
∣mi∣

2 mi×{mi×[(u⋅∇)mi] } , (1.7)

by a manipulation similar to the one done in going from (1.3) to (1.5). According to the values 
mentioned in Ref. [7], both α and β are on the order of 0.01 for common ferromagnets such as Ni, 
Co or Fe.
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1.3 Micromagnetic model of a domain wall

The following micromagnetic treatment of domain walls largely follows that is found in Ref. [3]. In 
the micromagnetic approach, the basic unit is taken to be the magnetization field M, which can be 
related to the atomistic approach by,

M (r )=
1
V
∑

i

N

mi≈
∂mV
∂V ∣r ,

where V is a small volume centered at position r containing N local moments, mV is the net 
magnetic moment in the small volume. The condition on V is that it is chosen small enough so that 
M varies smoothly in space.

The system subject to analysis here has a uniaxial anisotropy with easy-axis in the z-
direction and a domain wall centered at y0 between two domains magnetized in positive and 
negative z-direction respectively (see Fig. 1.4). Results from micromagnetics yield the following 
relationships for the system in equilibrium:

θ( y )=2arctan(e
y− y0

Δ ) , (1.8)

Δ=√ A
KU+2πM s

2
(N x cos2φ+N Y sin2φ−N z)

, (1.9)

where Δ is the characteristic domain-wall width, A is the exchange stiffness, KU is the anisotropy 
constant, Ms is the saturation magnetization and Nx, Ny and Nz are demagnetization factors, the 
angle θ will called the out-of-plane angle and φ will be called the in-plane angle (see Fig. 1.4). The 
exchange stiffness is the micromagnetic measurement of the strength of the exchange coupling and 
proportional to the nearest neighbor approximation of the exchange coupling constant. The 

Figure 1.4: The coordinate system (left) and domain wall (right) with the direction of 
magnetization indicated by the arrows within the rectangular prism.
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saturation magnetization is the magnitude of the magnetization at zero Kelvin. The demagnetizing 
factors have to do with the relative thickness of the system in x,y and z-direction. They are used to 
model the magnetostatic energy for a given shape. Disregarding effects due to elevated temperature,
the components of the magnetization at r=(x,y,z), are given by,

M x( y )=M S sin(θ( y))cos(φ )
M y ( y)=M S sin (θ( y ))sin(φ )

M z( y)=M S cos (θ( y)) .

In expression of the domain wall width, the square root is taken of the ratio of the exchange 
and the net out-of-plane anisotropy, which is the sum of the intrinsic and shape anisotropy in z-
direction. It is obtained by the following line of argument. Let a domain wall be defined by the 
magnetization M(y) that solves

                 

M ( y)=M S sin(θ( y ))cos(φ ) x̂+M S sin(θ( y))sin (φ ) ŷ+M S cos(θ( y)) ẑ

θ( y )={0, y=0
π , y=L

∫
0

L

E tot ( y)dy=min(∫
0

L

[E ex( y)+E ani( y )]dy)

(1.10)

for a system with anisotropy and exchange energy at point y given by,

E ex(θ( y))=A( 1
M s

∂M ( y)
∂ y )

2

=A( ∂θ∂ y)
2

Eani (θ( y ))=−K U cos2
(θ( y ))

. (1.11)

The last condition in problem (1.10) states that the total energy of the magnetization in the 
domain wall is at a minimum. To see the effects of the different energy contributions clearly, they 
are examined separately, starting with the exchange energy

∫
0

L

Eex dy=A∫
0

L

( ∂ θ∂ y )
2

dy ,

which is minimized under the condition 
∂θ
∂ y

→0 . If the derivative of θ is going to zero, then

L→∞ is implied due to the restriction on θ(y) in (1.10). This means that if the anisotropy in the 
system is very weak compared to the exchange, then the domain wall will be as wide as possible.

The energy of the anisotropy in the domain wall,

∫
0

L

Eani dy=−K U∫
0

L

cos2
(θ( y))dy=−KU∫

0

π

cos2
(θ)(∂ y

∂θ )d θ

is minimized under the condition ∂ y
∂θ

→+∞ , which means that θ goes from 0 to π in one point, 

i.e. when L=0. In systems where the anisotropy is much stronger than the exchange, the domain 
wall will be thin. However, it should be mentioned that the anisotropy is usually weaker than the 
exchange. Also, for the sake of simplicity, the magnetostatic energy contribution has been excluded 
in this problem, though if it was not, it would function in a way similar to the anisotropy.



13

The width of a domain wall is thus an effect of the competition between the exchange, that 
functions to extend the domain wall, and the anisotropy, that functions to contract it. Its total energy

is minimized when the first order variation is zero, δ
δθ∫

0

L

E tot dy=0 , or equivalently in Euler-

Lagrange form

 
∂E tot

∂θ
−

d
dy (

∂ E tot

∂θ ' )=0 , y∈[0, L] , (1.12)

where θ' is the derivative of θ with respect to y. By substituting the total energy with the sum of the 
expressions for the exchange and anisotropy energy (1.11) and differentiating, one obtains the 
following differential equation,

∂
∂θ

[−K U cos2
(θ)]−2 A ∂

2
θ

∂ y 2
=0 , y∈[0, L] ,

which has a solution with the same form as (1.8) with Δ=√A /KU . Note that the the first term will
only contain the anisotropy energy since the exchange energy is a function of θ', and that the second
term will only contain derivatives of the exchange energy since the anisotropy is not a function of 
θ'.

Returning to the system described by (1.8) and (1.9), to simply the calculations let us 
assume that φ = 0 in ground state, corresponding to a domain wall where the magnetization always 
lie in the x-z-plane. The domain wall width is then given by,

 Δ=√ A
KU+K S

,

Figure 1.5: The z- (black) and x-component (gray) of the magnetization of 
system with a domain wall, centered at y=50 as function of y in arbitrary 
units.
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 where KS is the strength of the shape anisotropy, in this case given by,

K S=2πM s
2
(N x−N z) .

Under these conditions the magnetization is given by

M ( y)=M S [cos (θ( y)) ẑ+sin(θ( y)) x̂ ] .

The overall shape of a domain wall is shown in Fig. 1.5, where the z-component is called a 
domain-wall profile and the x-component is the in-plane magnetization. The center of the domain 
wall satisfy the following conditions:

θ( y0)=
π
2

M z=0

∂M x

∂ y
=0 .

If a current is applied in the y-direction, the adiabatic spin transfer torque is expressed by

τaST=−u y
∂M
∂ y

,

and can be grasped from the slope of the lines. Since the derivative of the x-component is zero at 
the center of the domain wall, the torque can further be rewritten as,

τaST ( y0)=−u y

∂M z

∂ y
ẑ ,

and as can be seen in Fig. 1.5, the derivative of the z-component is negative which leads to a torque 
applied in the positive z-direction. A positive torque will increase the z-component of the 
magnetization at the domain wall center, effectively shifting it in the direction of the current. Note 
that if the domains were reversed so that the current was going from a negative to a positive 
domain, the slope of the domain-wall profile would be positive, but the domain wall would still 
move in the direction of the current. Before the domain wall center, the x-component has a positive 
derivative, corresponding to rotation towards the z-axis and after the domain wall center it is 
negative corresponding to rotation towards the x-y-plane, which also contribute to its motion. The 
non-adiabatic is perpendicular to the adiabatic. At the center of the domain wall it is applied in the 
negative y-direction, and does not directly move the domain wall, but rotates the in-plane 
component of the magnetization in the x-y-plane.

Including the contributions from the STT for an arbitrary in-plane angle φ, the components 
of the total torque are written [3]

τθ=4πM s
2
(N y−N x)sinθsinφ cosφ+

αM s
γ φ̇ sinθ+

M s u y
γ

sinθ
Δ

τφ=4πM s
2 sinθcosθ(N z−N y sin2φ−N x cos2φ )−

αM s
γ θ̇−β

u y M s
γ

sin θ
Δ

,
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where  θ̇=∂ θ
∂ t

=−
γ

M s

τθ  and φ̇=
∂φ

∂ t
=−

γ

M s

τφ . The first terms in the expressions of the 

torques are the effects of the shape anisotropy, the second terms are damping effects and the last 
terms are the adiabatic and non-adiabatic STT for the out-of-plane and in-plane torque respectively. 
Domain wall motion is steady under the condition: φ̇=0 , which also mean that the total in-plane 
torque, τφ, is zero. Setting the in-plane torque to zero at the center of the domain wall yields,

τφ=
−αM s

γ θ̇−β
u y M s
γ

1
Δ
=0 ,  (1.13)

and by substituting 
θ̇=−

γ

Ms

τθ the following relationship is ultimately obtained,

sin 2φ=
(β−α)

u y

γΔ

2πM s(N y−N x)
, 

which is only valid for ∣(β−α) uy

γΔ∣≤2πM s∣N y−N x∣ . The critical current uW called the Walker 

current [8,9,7] is given by,

uW=
γΔ

∣(β−α)∣
2πM s∣N y−N x∣=

γΔ

∣(β−α)∣
∣K S∣ ,

above which the condition of steady motion is no longer satisfied, where |KS| is the magnitude of the
in-plane shape anisotropy. As can be seen in expression (1.13), the domain-wall motion is kept 
steady due to the non-adiabatic STT counteracting the damping of out-of-plane rotation. The 
velocity v of the domain wall is related to how quickly they rotate in the θ-direction. If φ is constant
throughout the domain wall, the velocity is related to θ̇ by,

v=− Δ
sinθ

θ̇ ,

yielding v=u yβα
−1

at the center of the domain wall.
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2. Method

The domain-wall dynamics was investigated for different anisotropy and exchange energies, non-
adiabaticity parameter β and geometries, by using a numerical method to time-evolve the LLG 
equation. In section 2.1 an account of the significant features of the modeled systems is given. In 
section 2.2, an account of the numerical method is given. Lastly, section 2.3 contains an account of 
the procedure used to create and drive the domain walls, as well as how different quantities were 
calculated.

2.1 Details of the model

The simulations were done on a system (Fig. 2.1) of local moments placed in a cubic lattice with 
sites at

r=a (x−1) x̂+a (x−1) ŷ+a (z−1) ẑ ∀ x , y , z∈{1,2 , .. , N x , y , z} ,

where Nx,Ny and Nz are the number of atomistic moments in x-,y- and z-direction respectively, and 
a is the lattice parameter. Each of the N local moment have the magnitude,

∣mi∣=1 ∀ i∈[1, N ] , N=N x N y N z ,

corresponding to a homogeneous system composed of a single atom type. The energy of a single 
moment in system is given by the Hamiltonian,

H i(mi)=H ani (mi)− J ∑
∣ri−r j∣=a

mi⋅m j ,

where the exchange energy is approximated by nearest neighbor interaction only, i.e. the sum is 
over the nearest neighbors of mi. The magnitude of the moments is kept at unity for the practical 
purposes, partly because the investigation is aimed at how other properties affect the dynamics of 

Figure 2.1: The coordinates of the model (left) and the system that is to be modeled (right).

mi
θi

φi
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the moments, but also since it will allow the analytic expressions to be less cluttered. 
Two different types of anisotropy were used in the simulations. All of the systems had a 

uniaxial term,

H U (mi)=−KU (mi⋅ŷ )
2
=−KU cos2

θi ,

with the easy-axis in the y-direction. To model in-plane anisotropy effects, a cubic term, 

H C(mi)=K C(m x
2 m y

2
+m y

2 mz
2
+mx

2 mz
2
) ,

was added to some of the systems, where mx,my and mz are the Cartesian components of mi. The 
effects on the total anisotropy by adding the cubic term can be understood from the maxima and 
minima in the x-y- and x-z-plane.

In the x-y-plane, the uniaxial anisotropy has minima of -KU at out-of-plane angles θ = 0, π. 
The cubic term has minima of 0 at θ = 0, π/2, π and maxima of KC/4 at π/4 and 3π /4. Disregarding 
the uniaxial anisotropy for the present, a rotation of a moment in θ-direction from π/4 to 0 would 
decrease the anisotropy energy by KC/4. Adding the uniaxial contribution, which is -KU/2 at θ = π/4, 
yields a total decrease in anisotropy energy of KC/4+KU/2 during the rotation. An equal decrease in 
energy is obtain for a uniaxial term with anisotropy constant Ky=KU+KC/2 during the same rotation. 
Thus, the strength of the totalt out-of-plane anisotropy is similar to an uniaxial anisotropy with 
constant Ky>KU for moments in the x-y-plane close to the y-axis. For KC=KU, it is reasonable to 
approximate the mixed anisotropy energy with a single uniaxial term for moments constrained by 
θ<π/4 as can be seen in Fig. 2.2, where the distance from the origin to curve, ρ=H ani(mi(θ)) ,φi=0 ,
is drawn in the left section.  

Since the unaxial term only depends on θ, it is constant in the x-z-plane where θ=π/2 by 
definition. Recalling that at the center of the domain wall, the out-of-plane component (y-

 Figure 2.2: Left: The total anisotropy HU+HC and a approximate pure uniaxial anisotropy
H y(mi)=−(KU+KC/2)(mi⋅ŷ)2

drawn as a function of θ in the x-y-plane, with KC=KU. The wider 
lobes correspond to Hy and the smaller lobes correspond to HU+HC. 

 Right: The total anisotropy as a function of φ in the x-z-plane.

θ = π / 4

x

y

φ = π / 4

z

x
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component) of the magnetization is zero, meaning that the local moments close to it will more or 
less lie in the x-z-plane. Their anisotropy energy depends on the orientation in the plane and is 
given by the cubic term. As can be seen in Fig. 2.2 (right), where ρ=H ani(mi(φ)) ,θ=π/2  is 
drawn, the diagonals are hard-axes and the x-axis and y-axis are easy-axes. Using the same kind of 
argument as for the out-of-plane components, local moments in the x-z-plane at an in-plane angle 
-π/4<φ< π/4 behave much like a local moments with a uniaxial anisotropy energy given by

Hxz(mi)=−KC /2(mi⋅x̂)2 . If the angle is increased so that π/4 <φ< 3π/4, the easy axis is changed 
from the x- to the z-direction, and so on. The addition of the cubic term can therefore be said to alter
the total anisotropy in two ways. Firstly, it increases the strength of the local moments close to the 
y-axis and secondly it adds an in-plane anisotropy, which is the more important effect in this case 
since an in-plane anisotropy is required to study the critical behavior of domain-wall motion.

In order to obtain a estimate expression of the domain-wall width, like the one in section 1.3,
for a system with both uniaxial and cubic anisotropy with an arbitrary in-plane angle φ, the 
anisotropy is only allowed to contain terms of sine or cosine of θ to the power of two. Excluding the
higher order terms of θ, the total anisotropy is approximated to be

H ani (mi)≈−(K U+KC / 2)(mi⋅ŷ)
2
−KC /2(mi⋅x̂)

2
=−cos2φ K C /2−(K U+KC sin2

(φ )/2)cos2
θ .

In Fig. 2.3, the anisotropy energy calculated using the expression above is compared with the 
correct total anisotropy, with KC=KU. It is clear that the approximation underestimates the energy 
for most out-of-plane angles, and that it also fails to capture the sharper changes of the true mixed 
term (outer lobes). Since high anisotropy corresponds to thinner domain walls, this approximation is
expected to overestimate the domain-wall width. 

The micromagnetic analogy of a system with the approximated anisotropy has a equilibrium 
state determined by (1.12),

∂
∂θ

[−(KU+K C sin2
(φ )/ 2)cos2

(θ)]−2 A ∂
2
θ

∂ z2
=0 ,

Figure 2.3: The total anisotropy energy (including the higher order terms of theta) and the 
approximated anisotropy energy, for φ = 0 (left) and φ = π/8 (right). The inner lobes correspond to 
the approximated anisotropy in both plots.
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yielding domain-wall width

Δ=√ A
KU+KC sin2

(φ )/2
∝√ J

K U+KC sin2
(φ )/2

. (2.1)

Note that the maxima of Δ is at φ=0 and that it decreases as |φ| increases on the interval |φ|< π/4.
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2.2 Numerical method

This section outlines the method presented in Ref. [10], applied to a problem where spin transfer 
torques are involved. The simulations were done using a code [11], developed at the Division of 
Materials Theory at Uppsala University, that integrates the explicit LLG equation (1.7) with spin 
transfer torques,

∂mi

∂ t
=−

γ

1+α2mi×B eff−
γα

(1+α2
)∣mi∣

mi×(mi×Beff )

−
α−β

(1+α2
)∣mi∣

mi×[(u⋅∇)mi]+
1+βα

(1+α2
)∣mi∣

2 mi×{mi×[(u⋅∇)mi]}

with Beff in this case is given by

Beff=−
∂H
∂mi

+bi (t) ,

where bi(t) is a time-varying stochastic magnetic field with a Gaussian distribution to model the 
effects of elevated temperatures. From a computational point of view it is favorable to solve the 
LLG equation in this form since it can be rewritten with u=uû,

∂mi

∂ t
=

γ

1+α2mi×Ρ i , (2.2)

which corresponds to a rotation of mi around the vector Pi, which is given by

P i=−Beff−
α
∣mi∣

mi×B eff−
(α−β)u
∣mi∣γ

(û⋅∇)mi+
(1+βα)u

∣mi∣
2
γ

mi×((û⋅∇)mi) .

Through discretization of time with step size δt, one obtains the following expression for the 
direction of the moment after one step of the integration,

mi (t+δ t)=mi( t)+
∂mi

∂ t ∣tδ t+O(δ t2
)=mi(t )R i(P i ,δt ) , (2.3)

where Ri is the rotation matrix corresponding to (2.2), where in the last step O(δt2)=0 is assumed. 
Using Rodrigues' rotation formula, the rotation matrix can be expressed

Ri (Ρ i ,δ t)=[
ρx

2 d+cos ω ρxρy d−ρz sinω ρxρ z d+ρy sin ω

ρxρy d+ρz sinω ρy
2 d+cos ω ρyρz d−ρx sin ω

ρxρz d−ρy sinω ρyρz d+ρx sinω ρ z
2 d+cos ω ] ,

where ω=∣Ρ i∣
γ

1+α
2 δ t is the angle mi is rotated around Pi  during time δt, d=1−cos(ω) and

Ρ i

∣Ρ i∣
=ρx x̂+ρy ŷ+ρz ẑ .
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Updating the states by solving (2.3) is only valid for O(δt2)≈0. This condition is met if the 
vector Pi remains constant in time, which means that the dynamics is simply that of pure precession.
In cases where Pi changes during time, the time step is required to be small enough such that it does
not change during δt, that is |Pi(t)-Pi(t+δt)|≈0, which usually means that the time step has to be 
extremely small. A more efficient method, called Heun's method, for solving the same problem can 
be used if the second order term in the expansion of mi is included. To derive the equations used in 
this method, let us employ the more compact notation for the time derivatives

∂mi

∂ t ∣t=ṁi( t) ,
∂

2mi

∂ t 2 ∣
t
=m̈i( t) ,

then the second order expansion of mi is written

mi (t+δ t)=mi( t)+ṁ(t )δ t+m̈i( t)
δ t 2

2
+O(δ t 3

) . (2.4)

At this stage of the derivation, the aim is to rewrite the above equation to the same form as (2.3), 
that is rewrite it in terms of ṁi  and mi  only, while keeping the error term as a function of δt3. To 
eliminate the term with the second time derivative m̈i , note that the first order expansion of ṁi

ṁ(t+δt )=ṁ(t )+m̈( t)δ t+O (δ t2) ,

can be rewritten as

m̈(t )=
ṁ (t+δ t)−ṁ (t )

δ t
+O(δ t) , (2.5)

by solving for m̈i (t) . Substituting (2.5) into the third term in the right-hand side of (2.4) yields

m̈i (t)
δ t 2

2
=[ṁ(t+δ t)−ṁ(t)]

δ t
2
+O(δ t 3

) .

The second order expansion can then be written

mi (t+δ t)=mi( t)+
[ ṁ(t )+ṁ( t+δ t)]

2
δ t+O(δ t3

) .

In this form, the second order expansion resembles (2.3) and the only step remaining is to find the 

“corrected” rotation vector Ρ i
C

 such that 

γ

1+α2mi (t)×Ρi
C
+O(δ t 2

)=
[ṁ(t)+ṁ(t+δ t)]

2
. (2.6)

Though excluded here in the interest of brevity, it can be shown that if ṁi (t+δ t)  is estimated by 

first solving (2.3) to obtain mi
P
=mi (t+δ t)=mi (t)+ṁi(t )δ t+O (δ t 2

)  then 

ṁi (t+δ t )=
γ

1+α2 mi
P
×Ρi

P
=

γ

1+α2mi (t)×Ρi
P
+O(δt 2

) ,
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where Ρ i
P

 is called the predicted rotation vector at time t+δt calculated using the predicted states
mi
P

 at time t+δt obtained by solving (2.3). By substituting the derivatives in (2.6) one obtains

[ṁ(t)+ṁ(t+δ t)]
2

=
γ

1+α2 mi(t )×
[Ρ i+Ρi

P
]

2
+O(δ t 2

) ,

which implies

Ρ i
C
=
Ρ i+Ρ i

P

2
.

Finally,

mi (t+δ t )=mi( t)+
[ ṁ(t )+ṁ( t+δ t)]

2
δ t+O(δ t3

)=mi (t)Ri
C
(Ρ i

C ,δ t) ,

where Ri
C

 is the “corrected” rotation matrix. This method has two sets of computations per step of 
integration, first all moments are updated to find the “predicted” states and “predicted” rotation 
vectors, then the initial states are updated using the “corrected” rotation vectors to obtain the final 
states of the step. 
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2.3 Details of the procedure

The procedure of the simulations may be divided into three stages, in each some specifics of the 
system are determined. Throughout all of the simulations, the temperature is kept at zero Kelvin. 

In the first stage, an initial state of the local moments is created by determining geometry of 
the system and the direction of the local moments. Two different geometries specified by the 
different Nx, Ny, Nz given in Table 2.1, were used. 

Table 2.1: The number of atoms in respective direction of the two geometries used.

Nx Ny Nz

Geometry 1 (3D) 5 5 884

Geometry 2 (1D) 1 1 2984

These specific numbers were chosen with respect to simulated and computation time. To ensure that
the error in the code was kept small, a maximum time step of 1 fs was used. On the other hand, 
many of the phenomena studied here had a characteristic time scale on the order of 0.1-1 ns, so 
therefore the length (Nz) and cross section (Nx,Ny) had to be made as small as possible to keep to 
computation times within reasonable limits. Especially in the case of the 3D geometry.
The initial directions of the local moments were specified by

mi={mi=− ŷ , r i⋅ẑ≤N d a
mi= ŷ , r i⋅ẑ>N d a

meaning that all the moments between z=0 and z=Nd are directed in the negative y-direction, and 
the rest of the moments are directed in the positive y-direction, in order to create a domain wall 
centered somewhere between z=Nd and z=Nd+1. The systems with (Nx,Ny)=(5,5) were given 
periodic boundary conditions in the x-direction, meaning that the moments at x=0 were treated as 
neighbors to the moments at x=5. This was done in order to remove any effects from the lateral 
surfaces since applications involving domain walls often consists of thin films, which are much 
wider than thick.

In the second stage, the anisotropy and exchange coupling constants was specified and the 
initial state was allowed to evolve in time without any current in order to equilibrate.

Lastly, in the third stage, the equilibrated system obtained in the second stage was run for a 
given β and current u', with damping α=0.02. The current u' specified in the input to the code is 
given by 

u '=
u
γ a

. 

During different times throughout the simulations the an average moment <m>,

〈m〉=
∑

N

mi

N
=〈m x 〉 x̂+〈m y 〉 ŷ+〈m z〉 ẑ ,

 was calculated. The average y-component, <my> tell us something about the domain wall's 
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position. For instance if <my>=0, there is an equal number of moments directed in the postivie y-
direction as in the negative, meaning that the domain wall is located somewhere around the center 
of the system. If <my> decreases over time, in other words the number of moments pointing in the 
negative y-direction is growing, meaning that the domain wall is moving in the positive z-direction. 
In this sense, <my> can be interpreted as the position of the domain wall where <my>=1, 0, -1 
correspond to positions z=0, Nz/2, Nz respectively. The average x- and y-components tell us 
something about the in-plane angle of the moments in the domain, since all other moments are 
expected to be close to parallel with the y-axis. 

By comparing the location of the center of the domain wall in equilibrated state with the 
state at the completion of the third stage, the displacement zd of the domain wall was obtained. In 
the atom chain systems, the center of the domain wall was calculated by first finding the location of 
the two local moments where the y-components goes from being negative to positive, then 
interpolation between those two points to find the location where y-component of a local moment 
would be zero. In the other systems with (Nx,Ny)=(5,5), the center of the domain wall was 
calculated using the same procedure for every chain of atoms extending in the z-direction and then 
averaging. The displacement was simply calculated using,

zd=z f− z0 ,
 
where zf and z0 are the final and initial locations of the center of the domain wall in the third stage. 
The domain-wall velocity v was calculated using,

v=
z d

T
,

where T is the simulated time in the third stage.

Table 2.2: The different systems used in the simulation and the ranges of parameters in each 
system.

System Nx Ny Nz Nd J / mRy KU / mRy KC  / mRy β u/γa / T-1

1 5 5 884 442 0.5, 0.7, 1 0.003-0.1 0 0.1 1

2 5 5 884 100 0.5 0.005 0.005 0.1 0.4-11.75

3 1 1 2983 400 0.5 0.005 0.005 0, 0.01, 0.1 0.1-6

The different combinations of parameters used in the simulations are tabulated in Table 2.2. 
Unless stated otherwise, a time step δt=1 fs was used. System 1 was used to study how the velocity 
was affected by the domain wall's width which was taken to be the width (in the z-direction) of the 
region where ∣mi⋅ŷ∣≤0.6 . 

The second system was used to investigate how the domain-wall width and velocity are 
affected by the strength of the current for a given combination of J, KU, KC and β. In the third stage, 
the system was subject to currents on the range of 0.4-11.75 T-1 for a duration of 0.75 ns. This 
system was also used to examine how the domain-wall motion was affected by a removal of the 
current after being in motion for some time. System 2, with β=0.1 and 0, was investigated in this 
way by first subjecting the domain wall to a current for 1 and 0.25 ns respectively, then continuing 
the simulations for an equal amount of time without any current. This was done in order to replicate
some of the micromagnetic results presented in Ref. [12], wherein a domain wall driven by a 
completely adiabatic STT (β=0) changed direction of motion when the current was removed. 
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Lastly, the System 3 was primarily used to study how β affects the relationship between the 
velocity and current using T = 3-4 ns, but also used to compare systems with different cross sections
as both System 2 and 3 with β=0.1 are identical, save for Nx,Ny,Nz. The results from this system are 
expected to be similar to those presented in Ref. [13], wherein the domain-wall velocity of a atomic 
chain, like Geometry 2, with shape anisotropy approximated by a uniaxial instead of a cubic 
anisotropy was tested with different β and u.
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3. Results

The results of the simulations are organized according to the systems outlined in section 2.3. 
Section 3.1, 3.2 and 3.3 contain the results of System 1,2 and 3 respectively.

3.1 System 1: three dimensional wire with uniaxial anisotropy

In Fig. 3.1, the velocity is drawn as a function of the domain-wall width. With the time step of 1 fs 
(left), there is a distinct difference in velocity depending on the exchange coupling constant. The 
results of the simulations with the time step of 0.5 fs (right) has less of a difference in velocity 
depending on the exchange coupling constant. The figure on the right has a sharp increase in 
velocity on  Δ=3-8 a, and a change in velocity of about 3 a/ns for a change in domain-wall width 
from 3 to 25 a.  

Figure 3.1: The domain-wall velocity as a function of domain-wall width using time steps δt=1 
fs (left) and  δt=0.5 fs (right), with exchange coupling constant J=1, 0.7, 0.5 mRy.
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Figure 3.2: The domain-wall width as a 
function of the uniaxial anisotropy constant 
for J=1,0.7 and 0.5 mRy. The solid line is the
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In Fig. 3.2, the domain-wall width in equilibrium is drawn as a function of KU together with a solid 
line representing the expression 

Δr=√ J
K U

 ,

with J=0.6 mRy for reference. The width of the domain walls in this system range from about 25 
(J,KU)=(1,0.003) to 3 (J,KU)=(0.5,0.1) lattice spaces.

In Fig. 3.3, the domain-profiles in equilibrium with (J,KU)=(1,0.003) and (J,KU)=(0.5,0.05), 
corresponding to Δ=25 a and  Δ=5 a, respectively are drawn. The solid line represents the 
micromagnetic analytic expression 

M y (z )=cos (θ( z)) ,

where θ(z) has the form of (1.8) shifted by π, with z0=442 a and  Δ=10 a.
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3.2 System 2: three dimensional wire with mixed cubic and uniaxial anisotropy

In Figure 3.4, the domain-wall width and velocity are drawn as a function of the current u'. The 
velocity increases linearly up to around u'=3.7 T-1 where it flatten out and then decreases between 
u'=3.7 T-1 and u'=4.7 T-1. At the currents larger than u'=4.7 T-1, the velocity become close to linear 
with u' again. On the right hand side, the ratio of domain-wall width Δ/Δ0 is drawn as a function of 
u', where  Δ0 and  Δ are the domain-wall widths measured at equilibrium and at the end of the 
simulation, respectively. Starting close to Δ/Δ0=1 at the lower currents, it decrease to a minimum of 
slight less than Δ/Δ0=0.92 at u'=3.7 T-1, beyond which it fluctuates.

The y-component and in-plane angle of the average moment for the current u'=1.6 T-1, which
is around the middle of the linear region in the velocity-u' plot, are draw as a function of time in 
Fig. 3.5. After period of acceleration, the rate of change in <φ> and the slope of <my> diminish. 
There is apparent noise in the <φ>-curve, due to two reasons. Firstly, on a given line of moments in 
z, about 20 of these are in the domain wall, meaning that there are about 860 moments per line in z 
that are not in the domain wall. Although the moments not in the wall are expected to be close to 
parallel to the y-axis, since there are so many of them compare to the number of moments in the 
domain wall, small fluctuations in these affect <mx> and <mz>. Secondly, the overall change of 

/T-1 /T-1

Figure 3.4: Left: The domain-wall velocity in lattice parameters per ns as a function of u'. Right:
The relative width of the domain width after 0.75 ns as a function of u'.

Current, u' [T-1]Current, u' [T-1]

V
e

lo
ci

ty
, v

 [
a

/n
s]

R
e

la
tiv

e
 w

id
th

, Δ
/Δ

0

Figure 3.5: The y-component (left) and the in-plane angle (right) of the average moment as 
functions of time, for current u'=1.6.

A
n

g
le

, 
<

φ
>

 [r
ad

]

Time, t [ns]Time, t [ns]



29

about π/18 in <φ> during the simulation is small making the influence of the moments not in the 
domain wall apparent.

In the Fig. 3.6, the y-component and in-plane angle of the average moment for the current 
u'=4.7 T-1, which is at the minimum of the non-linear region of velocity-u' plot, are drawn as 
functions of time. The y-component (left) has a steady decrease until about 0.5 ns where the domain
wall slows down, move slowly in the negative z-direction for a brief time and the return to a steady 
decrease between 0.8 to 1 ns. 

The plot of the in-plane angle (right) can be divided into three regions, 0-π/4, π/4-π/2 and 
π/2-3π/4. In the region 0-π/4 the in-plane rotation is slower than in the region π/4-π/2 where the rate 
of change grows faster. The shape of <φ> in the third region is the same as that found in the first. 
The regions of slower rotation of the in-plane components correspond to the regions where <my> is 
steadily decreased, and the region of quicker rotation correspond to the region where the change in 
<my> is small.

The y-component and in-plane angle of the average local moment of the simulation where 
System 2 was driven by a current u'=4.7 T-1 for 1 ns then allowed to relax without a current for 1 ns 
are shown in Fig. 3.7. After the current was removed, the in-plane component of the average 
moment was rotated toward π/2. During the same period, the change in y-component decreased and 

Figure 3.6: The y-component (left) and the in-plane angle (right) of the average moment as 
functions of time, for current u'=4.7.
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Figure 3.7:The y-component (left) and the in-plane angle (right) of the average local moment as
functions of time, for β=0.1 and current u'=4.7 up to t=1 ns where the current is removed.
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reached a value of about -0.9 at the end of the simulation.

The domain-wall profiles at the start of the simulation, at the time when the current is 
removed and at the end of the simulation, are shown in Fig. 3.8. When driven by the current, the 
domain wall moves more than 500 lattice spaces. After the current is removed, the domain wall 
continues to move roughly 170 lattice spaces, ending up at around z=835 a.

Fig. 3.9, show the y-component and in-plane angle of the average moment of System 2 
driven by a current u'=4.7 T-1 for 0.25 ns then allowed to relax for 0.25 ns, with β=0 instead of 0.1 
as in the previous simulations of this system. When the current is removed, both y-component and 
in-plane angle move back towards the initial state. 

Figure 3.8: The domain-wall profile at times 
t=0, t=1 ns and t=2 ns, from left to right.

Position, z [a]

Figure 3.9: The y-component (left) and the in-plane angle (right) of the average moment as 
functions of time, for β=0 and current u'=4.7 up to t=0.25 ns where the current is removed.
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3.3 System 3: one dimensional chain with mixed cubic and uniaxial anisotropy

The domain-wall velocity as a function of u' for different β is shown in Fig. 3.10. For β=0.1, the 
velocity increase linearly with current up to v≈600 a/ns at u'≈1.1 T-1. The linear increase is followed 
by a region of decrease in velocity up to u'=2.5 T-1 where it resumes a linear dependence on u', but 
with a more gentle slope than before. 

For β=0.01, the velocity is steadily increased with current. Finally, in the case of β=0, the 
velocity is slowly increased to v=43 a/ns as the current is increased to u'=4.8 T-1. At the larger 
currents, the velocity is increased in two jumps of about 140 a/ns, one between the data points for 
u'=4.8 and 5 T-1, and one between u'=5.3 and 5.6 T-1.

Figures pertaining to the simulations of the filled data points in Fig. 3.10 are shown on the 
following page.

Figure 3.10: The domain-wall velocity as a function of 
u', for J=0.5 mRy and β=0.1, 0.01, 0.
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The dynamics of the average moment for different β are shown in Fig. 3.11. In the linear region for 
β=0.1 (gray curves in the upper row), the system reaches a steady in-plane angle and <my> 
decreases linearly. The first data point after the peak in velocity is at u'=1.5 T-1 (black curves in the 
upper row), where the system no longer reaches a steady in-plane angle, but oscillates like in Fig. 
3.6. For β=0.01 (middle row) with current u'=5 T-1, the slope in <my> is steeper and in-plane angle is
larger than for u'=1 T-1. Though the domain-wall motion appears steady with larger currents than for
β=0.1, at u'=5 T-1 the domain-wall velocity is about 296 a/ns which is comparable with the velocity 
for u'=0.5 T-1 in the system with β=0.1.  Lastly, in the case of β=0 (lower row), both <my> and <φ> 
are approximately stationary for u'=3 T-1 (gray curves) after 0.5 ns. For u'=5.3 T-1 (black curves), 
both <my> and <φ> show variations with similar forms. 

Figure 3.11: The y-component and in-plane angle of the average moment, for different currents 
and β.
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4. Discussion

The discussion is divided into four part. In the first part, section 4.1, some of the particular aspects 
of torques are discussed. The last three parts, sections 4.2, 4.3 and 4.4, contain discussions of the 
results from System 1, 2 and 3 respectively. 

4.1 Preparatory discussion of the torques

This section is primarily concerned with the direction of the different torques in the domain wall, 
and ultimately how they affect the domain-wall motion. First, let us recall the LLG equation 
including the STT terms for a current in the z-direction,

∂mi

∂ t
=τ p+τd+τST1+τST2 ,

where,

τ p=−
γ

1+α2 mi×B eff

τd=−
γα

(1+α2
)
mi×(mi×Beff )

τST1=−
α−β

1+α2 mi×[u ∂mi

∂ z ]

τST2=
1+βα

1+α2 mi×{mi×[u ∂mi

∂ z ]} .

To further narrow our analysis, let mi be at the exact center of the domain wall such that, 

mi=cos(φ ) x̂+sin(φ ) ẑ
mi⋅ŷ=0

.

The effective field of the in-plane part of the anisotropy on mi is,

Bani (mi)=−2KC [cos(φ )sin2
(φ ) x̂+sin(φ )cos2

(φ ) ẑ ] ,

yielding precession and damping torques, 

τ p=
γ

1+α
2

K C

2
sin (4φ )θ̂

τd=−
γα

1+α2

K C

2
sin (4φ )φ̂ .

Due to the sin(4φ) factor, both of the torques are invariant under the transformation φ → φ±π/2, 
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meaning that any segment of π/2 can be repeated four times to cover all angles in one revolution. 
Subjecting the in-plane angle φ to the constraint |φ|≤π/4, the torques vanish at φ = 0, ±π/4, where φ 
= 0 is a stable fixed point and φ = ±π/4 are an unstable fixed points, since they correspond to a local
minimum (easy-axis) and maximum (hard-axis) of the anisotropy energy respectively. The maxima 
of the torques' magnitudes are found at |φ| = π/8, where |sin(4φ)| is maximized. Also, since the 
sin(4φ) factor is odd around φ = 0, the direction of the torques are odd with respect to φ, leaving us 
with two cases:

τ p ∥ {θ̂ , 0<φ<π /4
−θ̂ , 0>φ>−π/ 4

τd ∥ {−φ̂ , 0<φ<π/ 4
φ̂ , 0>φ>−π/4

.

The meaning of the direction of the damping torque is simply taken to be that in-plane anisotropy 
affect the moment in such a way as to apply a torque in the direction towards the closest easy-axis. 
If the moment is at an positive angle with respect to the easy-axis, the precession torque is applied 
in positive θ-direction. Alternatively, if the moment is at an negative angle with respect to the easy-
axis, the precession torque is applied in negative θ-direction. The directions of the anisotropy 
torques are summarized in the figure below.

Insofar as the out-of-plane angle of mi, θi=θ(zi), i.e. that the domain-wall profile in the atomistic 
model has the same form as in the micromagnetic theory (1.8), the gradient term in the expressions 

Figure 4.1: The directions of the anisotropy torques of a moment at the center of the domain-wall. 
The symbols in the outer section represent the direction of the precession torque, where the 
negative θ-direction is out of the plane. The arrows in the inner circle represent the direction of the 
damping torques and the curve represent the anisotropy energy.

φ = π/4

x

z
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of the spin-transfer torques at the center of the domain wall is,

u
∂mi

∂ z
=

u
Δ
ŷ .

Using the expression above, the spin-transfer torques are written

τST1=−
α−β

1+α2

u
Δ
φ̂

τST2=
1+βα

1+α2

u
Δ
θ̂

.

Since both α and β are non-negative, the second term is always applied in the positive θ-direction 
for a current in the positive z-direction. On the other hand, the direction of the first torque term 
depends on the difference of α and β leaving us with three cases, β < α, α = β and β > α. If α = β the 
first torque vanish and in the other two cases

τST1 ∥ {−φ̂ , β<α
φ̂ , β>α

.

To summarize, the components of the total torque are written

τθ=
1+βα

1+α2

u
Δ
+

γ

1+α2

KC

2
sin(4φ ) ,

τφ=
β−α

1+α
2

u
Δ
−

γα

1+α2

KC

2
sin (4φ ) .

Under the condition of steady motion given in 1.3, the total in-plane torque should vanish 

τφ=−
γα

1+α2

KC

2
sin(4φ )−

α−β

1+α2

u
Δ
=0 ,

or equivalently expressed as a condition on u,

u=
γαΔ
β−α

KC

2
sin(4φ ) . (4.1)

The Walker current of the system is given by the maximum of the above expression

uW=
γαΔ

∣β−α∣

KC

2 . (4.2)

Furthermore, the velocity of the domain-wall center, v=
∂ z0

∂ t
is related to the torques by the chain 

rule,
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v=
∂ z0

∂ t
=
∂ z0

∂θ
τθ+

∂ z0

∂φ τφ ,

where τθ=∂θ/∂ t and τφ=∂φ /∂ t . In steady motion, the torque in φ-direction is zero leaving us 
with only the first term which is related to the out-of-plane torque by,

 v=Δτθ(z0)=
γΔ

1+α2

KC

2
sin(4φ )+

1+βα

1+α
2 u . (4.3)

Note that the direction of torque is related to the direction of the velocity. A torque in positive θ-
direction moves the domain wall in the positive z-direction and a torque in the negative θ-direction 
moves the domain wall in the negative z-direction. By substituting the sin(4φ) factor in the 
expression above, using (4.1), the following expression is obtained for domain walls in steady 
motion

v=
β
α u .

To this point in the discussion, the out-of-plane anisotropy and exchange torques have been 
omitted from the discussion. In equilibrium, the net torque in the domain wall vanish, i.e. the 
domain wall is stationary, meaning that the torque due to the out-of-plane anisotropy is canceled by 
the torque due to the exchange coupling. Insofar as the domain wall retain its shape (domain-wall 
profile), the two torques are expected to cancel during motion as well. For the sake of explicitness, 
let us find the θ-components of the torques due to a uniaxial anisotropy and nearest neighbor 
exchange coupling in an atomic chain. 

The effective fields of the out-of-plane anisotropy and exchange coupling for a moment in a 
one dimensional atomic chain are

BU=2 K U cos(θi) ŷ

Bex= J (ml+mr)

where, θi is the out-of-plane angle of mi and, ml and mr are the nearest neighbors of mi. For φ=0, 
the moments may be written explicitly as,

ml=cos(θl) ŷ+sin(θl) x̂

mi=cos (θi) ŷ+sin (θi) x̂

mr=cos (θr) ŷ+sin(θr) x̂

where θl and θr are the out-of-plane angles of ml and mr. The damping torques due to BU and Bex are,

τd
U
=−

γα

(1+α2
)

KU sin (2θi) θ̂

τd
ex
=−

γα

(1+α2
)

J [sin(θi−θl)+sin(θi−θr)] θ̂ .

These torques on the moment mi at the center of the domain wall is zero, since by definition, θi=π/2 
at the center of the domain wall and θi-θl=-(θi-θr) due to the symmetry of the system. 
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4.2 System 1: three dimensional wire with uniaxial anisotropy

The results presented in the plot on left side of Fig. 3.1 show that the velocity changes with both 
domain-wall width and exchange coupling constant. Most of the differences resulting from the 
exchange coupling constants disappears for a lowered time step, as is seen in the plot on the right 
hand side of the same figure. This is disappearance suggest that most, if not all, of the difference in 
velocity of the different between the curves are due errors from using a too wide time step. 
Although, the domain-wall width dependence remain more or less unchanged as the time step is 
lowered, which suggests that it is not due to the same sort of error. 

From (4.3), the velocity of the domain-wall center is expected to follow

v=
∂ z0

∂θ
τθ+

∂ z 0

∂φ τφ .

Since there is no in-plane anisotropy in this system, the analytic expression of θ depends on z0 and 
is independent of φ, meaning the derivative of z0 in φ is zero leaving us with,

 v=
∂ z0

∂θ
τθ .

If the torques due to the exchange coupling and the out-of-plane anisotropy cancel each other 
during motion, the velocity of the domain-wall center is expressed:

v=
1+βα

1+α2 u .

The above expression is independent of the domain-wall width which is in contradiction with the 
results presented in Fig. 3.1. This contradiction is somewhat problematic to resolve since the effect 
is relatively small with a change in velocity from 61.5 to 64.5 a/ns as the domain-wall width 
increases from 3 to 25 a. Also, the domain-wall width dependence becomes more prominent as the 
domain-wall width is decreased which brings about further complications. As the domain walls get 
thinner, the continuum hypothesis upon which the micromagnetic theory is based becomes less 
decent as an approximation of the atomic system.

Although still questionable, let us assume that the out-of-plane angle, even for the very thin 
domain walls, follows the analytic expression from the micromagnetic theory

θi=θ(z i , z0)=π−2arctan (e
zi− z0

Δ ) ,

where θi is the out-of-plane angle of moment mi at zi in a system with a domain wall centered at 
z0. Under this assumption, the STT contribution to the velocity is still independent of the domain-
wall width, suggesting that the domain-wall width dependence in Fig. 3.1 is due to some other 
torque in the system. Since the only alternatives are the exchange and out-of-plane anisotropy 
torques, let us examine how they affect the velocity as the domain wall is moved. Excluding the 
STT, the velocity at zi is given by

             v=
∂ z0

∂θ
τθ=−

γα

(1+α2
)

Δ
sin (θi)

{KU sin(2θi)+J [sin(θi−θl)+sin(θi−θr)]} , (4.4)
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where θl=θ(z i−a , z 0) and θr=θ(z i+a , z0) are the out-of-plane angles of the neighbors of mi. For 
zi=z0, θi=π/2 and θi−θl=−(θi−θr) , the exchange and anisotropy torques cancel. In 
micromagnetics, the energy of a domain wall is independent of the exact location of the domain-
wall center in the system, as long as it is not too close to one of the edges. This means that there is 
no net change in total energy for any uniform displacement of the domain wall, i.e. the anisotropy 
and exchange torques cancel during motion as well as in equilibrium insofar as the domain wall 
does not change its shape. However, using the atomistic expression for the exchange energy, there is
a change in velocity at zi for a small displacement of the domain-wall.

On the left hand side of Fig. 4.2, numerical calculations of (4.4) with different Δ for a 
displacement of one hundredth of a lattice space using the micromangetic expression for θi, are 
presented. Let us call this relationship v'(Δ), which is taken to be the only domain-wall width 
dependent part of the expression for domain-wall velocity. This dependence can be interpreted in at 
least two ways with respect to its validity. Either v'(Δ) suggests that the exchange and anisotropy 
torques act as restoring forces when the domain wall is perturbed, or it is due to a failure of the 
continuum hypothesis as the domain-wall width is decreased, i.e. an error due to the inclusion of the
micromagnetic theory via the out-of-plane angle. If the former interpretation is correct, the “total” 
velocity may be taken to be

v=vSTT (u )+v (Δ)=k u+cv ' (Δ) ,

where vSTT is the velocity due to the STT, and k and c are constants. On the right hand side of Fig. 
4.2, k+cv'(Δ) is fitted to the results presented in Fig. 3.1 for exchange coupling constants J=1 and 
0.7 mRy. If the domain-wall width dependence of the velocity is due to the anisotropy and exchange
torques partially counteracting the STT, an time averaged torque that affect the velocity according 
to v'(Δ) is correct. This interpretation has a number of implications. In terms of energy, since v'(Δ) 
is negative when the domain wall is moved slightly in the positive z-direction, the Hamiltonian in 
the latter state is greater than when zi=z0. As a consequence, the stable equilibria of the system in 
the atomistic model corresponds to a set of isolated fixed points for z0, whereas in the 
micromagnetic case the stable equilibria corresponds to a continuous set of points for z0. 
Furthermore, the Hamiltonian is expected to have a local maxima (unstable fixed point) at z'0 

Figure 4.2: Left: the velocity v'(Δ) (in arbitrary units) due to the exchange and anisotropy 
torque for a displacement of a/100 of the domain-wall center out of equilibrium. Right: 
k+cv'(Δ) fitted to data from Fig. 3.1.
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somewhere on the region between two of the stable fixed points. In terms of current driven domain-
wall motion, a minimum threshold current u0 for sustained motion is expected such that

v STT(u0)={−v (Δ)}max ,

where the right hand side is the maximum of the velocity due to the exchange and anisotropy 
torques on the region between a stable and an unstable fixed point. For u<u0, the domain wall may 
move a short distance (fraction of a lattice parameter) away from the stable fixed point then stop as 
the STT is canceled by the exchange and anisotropy torques or deform and in doing so change the 
non-STT contribution to the velocity. 

Suppose that a current u'=1/60 T-1 was used in the simulations instead of u'=1 T-1, the 
velocity of the widest domain wall on the J=0.7-curve would be around 1 a/ns. At the widest 
domain wall for J=0.7 mRy, the effect of v(Δ) is expected to be negligible, i.e. the total velocity is 
vSTT≈1 a/ns. But, the three thinnest domain walls on the J=0.7-curve in Fig. 4.2 all move at 
velocities of at least 1 a/ns less than that of the widest, meaning that the weaker current is 
insufficient to maintain motion insofar as the domain-wall profile remains rigid. 

It is entirely possible that the difference in velocity depends on small changes in the domain-
wall profile during its motion, that become increasingly more important as the domin-wall width 
decreases. However, since the effect on the velocity is so small, it is difficult to separate effects due 
to the model from effects due to noise, without first establishing the level of noise.   
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4.3 System 2: three dimensional wire with mixed cubic and uniaxial anisotropy

Let us consider the results presented in Fig. 3.4. Up to u'=3.7 T-1, the velocity increases linearly with
current u', and the ratio of the domain-wall width Δ/Δ0 decrease from 1 to 0.9165. Using the 
approximate expression of the domain-wall width (2.1), the ratio Δ/Δ0 is written

Δ
Δ0
=√

KU

KU+
KC

2
sin2

(φ )
.

In System 2, the anisotropy constants KU and KC are of equal magnitude, yielding a ratio

Δ
Δ0
=√

1

1+
1
2

sin2
(φ )

, (4.5)

which has a minimum of 0.8944 at |φ|=π/4. The relation between domain-wall width and rotation of 
the in-plane component of the moments can be stated as follow, the domain wall contracts for a 
rotation toward the closest hard-axis, and expands for rotations away from the closest hard-axis.  

At the end the simulations for u'≤3.7 T-1, the in-plane angles of the average moments were less than 
π/4. The equilibrated system had <φ>=0, suggesting that the in-plane component of moments in the 
simulations for u'≤3.7 T-1 stayed within the basin of attraction to the positive x-direction. In order to 
get a sense of the validity of (4.5), the data in Fig. 3.4 is plotted in Fig. 4.3, together with a dashed 
line corresponding to (4.5) which was calculated using the in-plane angles of the average moments 
at the end of the simulations. Calculated using (4.5) in this way, the ratio is slightly overestimated 
for the lower currents, but underestimated for u'=3.7 T-1. There are at least two ways of accounting 
for these differences. Firstly, the expression (4.5) was arrived at by excluding the higher order terms
in the cubic anisotropy. Secondly, the domain-wall width was measured as the width of the region 
where ∣mi⋅ŷ∣≤0.6 , whereas the characteristic domain-wall width in the micromagnetic expressions 

Figure 4.3: The ratio of the domain-wall widths 
as measured (blue line with circular markers) 
and as calculated (dashed line) using <φ> at 
the end of the simulation, as functions of u'.
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(see (1.8) for instance) corresponds to the width of region where ∣mi⋅ŷ∣≤0.46 . 
For u'>3.7 T-1, the domain-wall width fluctuates with respect to current, suggesting that the 

in-plane component of the moments are rotated through the hard-axis at φ=π/4 during the 
simulation, at which point the the domain wall begins to expand. The rate of change in the domain-
wall width is expected to differ for the two regions 0<φ<π/4 and π/4<φ<π/2, since the damping 
torque of the in-plane anisotropy is anti-parallel and parallel with in-plane component of the STT on
those intervals.

Furthermore, the consequences of rotation through the hard-axis are should be most notable 
for currents close to the Walker current, which can be understood by comparing the two terms in the
expression of the total in-plane component of the torque on the moment in the domain-wall center,

τφ=
β−α

1+α
2

u
Δ
−

γα

1+α2

KC

2
sin (4φ ) .

The first term in the above expression is the in-plane component of the STT and the second term is 
the damping term of the cubic anisotropy. For a current slightly greater than the Walker current, the 
rotation of the in-plane component will be very slow when the moment approaches the hard-axis, 
since at that point, the in-plane component of the STT is almost entirely canceled by the damping 
torque. However, once the hard-axis is traversed, the sign of the sine term changes and rate of 
rotation is increased. On the other hand, if the STT is much greater than the maximum of the 
damping term of the anisotropy, the second term can be neglected and the domain-wall expand and 
contract rapidly without much change in the rate of in-plane rotation. 

In Fig. 4.4, the domain-wall width ratio, calculated using the in-plane angle of the average 
moment with (4.5) is drawn as a function of time for the simulation with current u'=4.7 T-1. As can 
be seen the time it takes for the domain wall to contract to its minimum width is about 0.48 ns and 
the time it takes for the domain wall to fully expand is about 0.2 ns. In cases where the current is 
much larger than the Walker current, the difference in rate of change in the domain-wall width is 
expected to be less noticeable because we can neglect the damping torque. That is, the time it takes 
for the domain wall to contract will be roughly the same as the time it takes to expand since the in-
plane component rotates with an approximately constant rate.

The dynamics in the linear region of the weaker currents can be understood from Fig. 3.5. At
the start of the simulation, the domain wall is accelerated and the in-plane components are rotated 
from the x-axis clockwise in the x-z-plane. As the domain wall approaches the condition for stable 

Figure 4.4: Domain-wall width ratio calculated 
throughout the simulation with u'=4.7 T -1, using the 
in-plane angle of the average moment with (4.5).
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motion, that is the in-plane angle at which τST1 = -τd, the velocity of the domain wall approaches a 
constant value. 

In the non-linear region immediately above u'=3.7 T-1, the velocity changes both in 
magnitude and direction (Fig 3.6). This dynamic can be understood from Fig. 4.1. In the region 0-
π/4, the precession torque of the in-plane anisotropy torque works in unison with the out-of-plane  
component of the STT to move the domain wall in the positive z-direction. While on the other hand,
the damping torque of the in-plane anisotropy is opposed to the in-plane component of the STT. 
When the in-plane component of the average moment is rotated through π/8, the net torque in the 
in-plane direction begins to increase. At the same time, the domain wall velocity decreases because 
of the decrease in the in-plane anisotropy's precession torque. In the region π/4-π/2, the relative 
directions of the in-plane anisotropy torques and STTs are reversed. Here, the precession torque is 
opposing the out-of-plane component of the STT, ultimately reversing the direction of the domain-
wall motion. It may also be noted that the reversal of the direction of motion suggests that the 
precession torque is the main contribution to the velocity for u'=4.7 T-1, since the condition for 
motion in the negative z-direction is,

−τ p>τST2 .

When the in-plane angle is increased above π/4, the damping torque and in-plane component
of the STT work in unison, meaning that the in-plane components of the moments in the domain 
wall rotate more quickly than for 0<φ<π/4. Therefore, the duration of motion in the negative z-
direction is much shorter than that of motion in the positive direction. Lastly, the dynamics in the 
regions π/2-3π/4 and 0-π/4 are equivalent as is expected due to the square symmetry of the in-plane 
anisotropy.

The dynamics for the larger currents can be understood by recalling (4.3),

v=Δτθ(z0)=
γΔ

1+α2

KC

2
sin(4φ )+

1+βα

1+α
2 u .

The largest possible contribution from the precession torque is,

v=∣Δ τ p( z0)∣max=
γΔ

1+α2

K C

2
.

Thus, for large enough currents the velocity can be approximated by

v≈
1+βα

1+α2 u≫
γΔ

1+α2

KC

2
.

In other words, for large currents, the velocity is expected to be linear with respect to the current 
and with a slope of (1+βα)/(1+α2). Using β=0.1 and α=0.02, v≈u for large currents and v=5u for 
steady motion. The velocity is linear with respect to u' with a slope of the 48.5 a/ns per u' between 
the data points of the three largest currents in Fig. 3.4, and with a slope of 223 a/ns per u' in steady 
motion. That is, the slope in the steady motion region is about 4.6 greater than that between the 
three largest currents, suggesting that there is some influence from the anisotropy even at the largest
currents used in the simulations. 

When the current is removed (left plot in Fig. 3.7), the domain wall continues to move in the
positive z-direction for some time. Since there are no STTs, this motion is presumably only due to 
the in-plane anisotropy. As is seen in plot on the right in Fig. 3.7, the in-plane angle of the average 
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moment decreases towards π/2, which correspods to an counter-clockwise rotation of the in-plane 
component towards the closest easy-axis. This rotation is due to the damping torque of the in-plane 
anisotropy and it is its corresponding precession torque that contributes to the continued motion of 
the domain wall. Both the damping torque and the precession decrease in magnitude as the easy-
axis is approached, thus the decrease in velocity and rate of rotation over time. 

In the simulation for β=0 (Fig. 3.9), the domain-wall motion changes direction and the 
domain wall is moved in the negative z-direction when the current is removed. During the first 0.25 
ns when the domain wall is driven by a current, the in-plane component is rotated counter-
clockwise and when the current is removed it is being rotated clockwise back towards the initial 
easy-axis. In this short simulation, the in-plane component stays within the first section to the left of
the x-axis in Fig. 4.1, within which the precession torque is in opposition with the out-of-plane 
component of the STT. Therefore, when the current is removed, the precession torque moves the 
domain wall in the negative z-direction. One of the differences between the system with β=0.1 and 
β=0 is that the former has a increased net displacement if the effects after the current is removed are
taken into account, while the reverse holds for the latter.  

Finally, some notes about the Walker current are warranted. In Fig. 3.4, the velocity appears 
linear with respect to u' for u'<3.7 T-1 where the domain-wall width is close to a minimum. 
However, the maximum in-plane angle allowed by the condition of steady motion (4.1) is π/8. 
Using (4.5), the minimum ratio Δ/Δ0 for steady motion is 0.9653. For u'=2.8 T-1 and 3.25 T-1, 
Δ/Δ0=0.9664 and 0.9475 at the end of the simulations, suggestion the Walker current is somewhere 
between u'=2.8 T-1 and 3.25 T-1. However, judging by the in-plane angle curve in Fig. 3.5, it is not 
clear that the in-plane angle of the average moment have reached its maximum as it still has a gentle
increasing trend at the end of the simulation. If the in-plane angle was allowed to increase further by
having a longer simulated time, the domain-wall width of the data points for the currents u'≤2.8 T-1 
is expected to decrease slightly until the angle either begins to accelerate or remain stationary. 
Although not much can be said about the precise value of the Walker current without a more 
extensive investigation, the results support the claim that for u'≥3.25 T-1 the domain-wall motion is 
unsteady.
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4.4 System 3: one dimensional chain with mixed cubic and uniaxial anisotropy

The discussion of the results from System 3 is divided into three parts. In subsection 4.4.1, steady 
domain-wall motion is discussed. In subsection 4.4.2, unsteady motion and the Walker current is 
discussed. In subsection 4.4.3, the differences with the results of System 2 are discussed.

4.4.1 Discussion of the steady motion

In order to understand how the non-adiabaticity parameter β affects the steady motion of the 
domain, let us start by noting that in general

∣τd∣

∣τ p∣
=α ,

∣τ ST1∣

∣τST2∣
=
∣β−α∣

1+βα
.

Under the condition for steady motion there is no net torque in the in-plane direction implying that 
τd = -τST1. By substituting |τd| in the expression above the following ratio of the magnitudes of the 
two out-of-plane torques is obtained

 
∣τST2∣

∣τ p∣
=α

1+βα
∣β−α∣

,

which can loosely be interpreted as the degree to which the domain wall is driven by the STT, 
granted that both torques are applied in the same direction.

Table 4.1: The ratio of the out-of-plane components of the torque for the different values of β used 
in System 3 where the Gilbert damping α=0.02.

β ∣τST2∣/∣τ p∣

                      0.1                               0.2505

                      0.01                               2.0004

                      0                               1

The ratios for the values of β used in System 3 are listed in Table 4.1. For β=0.1, the rotation
of the in-plane components of the moments are in the clockwise direction, since β>α, indicating that
for steady motion, the in-plane angle is constrained by 0<φ<π/8 if the in-plane component is 
initially aligned with x-direction. For in-plane angles on that interval, τST1 and τp are parallel and 
sum to a net out-of-plane torque

τθ=∣τST2∣+∣τ p∣≈5∣τ ST2∣ .

Roughly speaking then, the steady velocity for β=0.1 and a given current is about five times 
greater than for a system with the same exchange and out-of-plane anisotropy energy but without 
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in-plane anisotropy (i.e. compared with systems where |τp|=0). As mentioned in the previous 
section, for large current the precession torque becomes negligible, meaning that domain wall is 
mostly driven by the STT. The ratio of velocities for two currents ul<uW and uh>>uW is

v (u l)

v (uh)
=
τθ(ul)

τθ(uh)
≈5

ul

uh
,

implying that  

uhv (ul)

ul v (uh)
≈5 .

Using the results for β=0.1, the ratio u ' hv (u ' l)/u ' l v (u ' h) is presented in Table 4.2 below where 
u'l=0.5 T-1 and u'h=3,4,5 and 6 T-1.

Table 4.2: the ratio
u ' h v (u ' l)

u ' l v (u ' h)
with u'l=0.5 T-1 for different currents above the Walker current.

u ' h /T−1 u ' h v (u ' l)

u ' l v (u ' h)

3 3.22

4 3.68

5 3.98

6 4.17

As u'h is increased, the change in the ratio in the second column in Table 4.2 becomes 
smaller, indicating the ratio is converging, though whether or not it converges to 5 remains 
inconclusive. 

For β=0.01,  β<α, which means the in-plane component of moment is rotated counter-
clockwise with the in-plane angle constrained by -8/π<φ<0 in steady motion. On this range of in-
plane angles φ, the precession torque of the in-plane anisotropy is opposed to that of the STT 
yielding a net out-of-plane torque,

τθ=∣τST2∣−∣τ p∣≈0.5∣τST2∣ . 

In this case, the velocity is about one half that of a similar system without the cubic term and one 
tenth of that of the system with β=0.01. The slopes of the cruves in Fig. 3.10 that correspond to 
β=0.1 and 0.01 are 547.4 and 58.6 a/ns per u', which is in decent agreement with the above analysis.
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However, ratio of the velocities for u'=1 and 0.5 T-1 for β=0.1 and 0.01 are 8.245 and 8.384. 
To investigate this discrepancy, the derivative of <my> for different currents was approximated 
using a five-point stencil. The approximated derivatives, smoothed by a robust local regression 
method to remove high frequency noise, are shown in Fig. 4.5. The curves corresponding to (u'=0.5 
T-1, β=0.1) and (u'=5 T-1, β=0.01) stay in proximity of each other after about 0.5 ns, indicating that 
both domain walls travel at roughly the same speed. The curve corresponding to (u'=1 T-1, β=0.01) 
stay around -0.2 a.u and the curve corresponding to (u'=1 T-1,  β=0.1) stay slightly above -2 a.u, 
indicating that the domain wall in the system with β=0.1 travels at a speed about ten times greater 
than that with β=0.01. It can therefore be concluded that the discrepancy between the ratios is for 
the most part due to the way in which the velocities in Fig. 3.10 are calculated. 

Because the velocities are calculated as the total displacement of the domain wall during the 
simulation, divided by the simulated time, the transient effect at the start of simulations increased 
the “velocity” for β=0.01 and reduce it for β=0.1. If instead the velocity was calculated as the 
displacement of the domain wall between t=1.5 ns and 3 ns divided by 1.5 ns, the results presented 
in Fig. 3.10 would be in closer agreement with the expectations.

The analysis of the torques for β=0 showed that the in-plane components of the moments are
rotated in counter-clockwise direction and that when the steady motion angle is reached, the net out-
of-plane torque vanishes. This means that once the steady motion angle is reached, the domain wall 
stops. The gray curves in the lower row of Fig. 3.11 corresponds to u'=3 T-1, which is taken to be 
below the Walker current, support this claim. At the begin the domain wall moves slightly in the z-
direction as the in-plane component is rotated counter-clockwise, but once the steady in-plane angle
is reached, the domain wall remains stationary.

In the β=0-curve of Fig. 3.10, there is an moderate increase in velocity for currents up to 4.4 
T-1. According to the analysis there should be no net motion once the steady angle is reached for β=0
as is supported by the gray curves in the bottom row of Fig. 3.11. The velocities for the currents 
below u'=4.4 T-1 are therefore slightly misleading since they are to be interpreted as the distance 
travel until steady angle is reached divided by the simulated time. Also, since α>β for β=0 once the 
current is removed, the in-plane components of the moments will rotate clockwise towards the 
initial easy axis. In doing so the domain wall will move in the negative z-direction due to the 
precession torque of the in-plane anisotropy and thus have a net displacement less than the distance 
travelled while being subject to a current. 

Figure 4.5: Approximation of the velocity as the time derivative of 
<my> in arbitrary units, as functions of time for different currents in 
units T -1 and β.
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4.4.2 Discussion of the unsteady motion and the Walker current

From the results presented here, no certain way to obtain a lower limit of the Walker was found. An 
upper limit is more simple, since there are clear cases when the conditions for steady motion are 
violated, such as the in-plane angle deviating more than π/8 from the initial easy-axis or that the 
motion is exhibiting oscillations. The domain walls are driven for 3-4 ns in this system, thus giving 
reliable results as to whether the motion is smooth or jerky for current pulses lasting up to 3-4 ns. 
Although the motion may be smooth for a given current in such time frame, it remains possible that 
the motion become jerky if the simulated time is extended. The following analysis is done under the
assumption that the domain-wall is at an steady in-plane angle at the end of the simulations where 
oscillations are absent, unless stated otherwise. The support for this assumption is that the in-plane 
angle of the average moment in these simulation stay within a sector of π/8 of the initial easy-axis 
during most of the simulations that did not clearly exhibit oscillations. Examples of this can be seen 
in the right column of Fig. 3.11, where the gray lines show the characteristic dynamics of the in-
plane angle below the Walker current save for noise brought on by moments not in the domain wall.

Using expression (4.2), the ratio of Walker currents of two systems with different non-
adiabaticity parameter β, but otherwise identical is written 

uW (β1)

uW (β2)
=
∣α−β2∣

∣α−β1∣
,

yielding uW (β=0.01)/uW (β=0.1)=8 and uW (β=0)/uW (β=0.1)=4 . The β=0.1 curve in Fig. 
3.10 has a peak at u'=1.1 with domain-wall width ratio Δ/Δ0=0.9679. Although it should be 
mentioned here that for a finer set of data points, the peak is expected to be found somewhere 
between 1.1 and 1.5 T-1 where data points of u'=1.2 T-1 and u'=1.3 T-1 had to be removed because the 
domain wall was moved, without any sign of oscillating, to and destroyed at the edge of the system. 
As a comparison to the results for u'=1.1 T-1, the domain-wall width ratio was 0.9667 for u'=1 T-1, 
which is unexpected since the domain-wall width is expected to decrease for increased current in 
the steady motion region below the Walker current. Further investigation found that the in-plane 
angle of the average moment stayed well within π/8 of the initial easy-axis for both u'=1 T-1 and 1.1 
T-1, suggesting that the domain wall is indeed in steady motion in both cases. The unexpected 
increase in Δ/Δ0 is most easily explained by small fluctuations around the steady in-plane angle. 
However, it is unclear whether this is only due to noise in the calculations or due to the exclusion of
the higher order terms in the derivation of the expression for the domain-wall width. To get a sense 
of the scale of the difference, the width of the domain wall in equilibrium was 13.21 a and at the 
end of the simulations for u'=1.1 and u'=1 the widths were 12.79 a and 12.77 a respectively, 
suggesting that the fluctuations are on the order of 0.01 a. By restating the minimum of ratio for 
steady motion, Δ/Δ0= 0.9653 in terms of a domain-wall width, a minimum width of 12.75 a is 
obtained. Though both domain walls are indeed wider than the minimum width, the small 
differences required to get a good measurement of how the domain-wall width is affected by 
changes in the currnet u' of 0.1 T-1 will be considered to be blurred by noise.

Treating u'=1.1 T-1 as the Walker current for β=0.1, the Walker currents for β=0 and 0.01 are 
expected to be around u'=4.4 and 8.8 T-1 respectively. The β=0.01-curve in Fig. 3.10 is close to 
linear for all currents, indicating that the estimation u'W>6 T-1 is valid. Also, judging by the curves in
the middle row of Fig. 3.11, the motion appears steady both u'=1 T-1 and 5 T-1. For β=0, u'=4.4 T-1 is 
below the sharp increase in velocity at u'=5 T-1. However, at the end of the simulations for currents 
between 4.4 and 5 T-1, the in-plane angles of the average moments rotated more than π/8, meaning 
that they are at the outset of an oscillation and would as such exhibit jerky motion in a longer time 
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frame. In conclusion, the estimation of the Walker currents are 1.1, 4.4 and >6 T-1 for β=0.1,0 and 
0.01 respectively.

Let us now turn towards the regions above the Walker currents in Fig. 3.10. The overall 
shape of the β=0.1-curve is the same for System 2. The β=0-curve, however, has an increase in 
velocity, as opposed to an decrease as is seen in the β=0.1-curve. It has two large steplike increases, 
one between u'=4.8 and 5 T-1 and one between u'=5.3 and 5.6 T-1. 

The dynamics of the domain wall in this region can be understood from the two plots in the 
bottom row of Fig. 3.11. Both in steady and unsteady motion the domain only appears to move 
insofar as in-plane components are rotating. During unsteady motion, the damping torque of the in-
plane anisotropy is never able to cancel that of the STT, allowing the domain wall to remain in 
motion. Since β<α, the rotation is counter-clockwise and as the in-plane components are rotated 
towards the first hard axis, both the in-plane and out-of-plane components of the in-plane 
anisotropy torque work in opposition with the components of the STT. This result in a slow 
movement of the domain-wall center in the z-direction and also a slow rotation of the in-plane 
component. When the in-plane component is rotated through the hard-axis at φ = π/4 (after roughly 
2 ns), both components of the anisotropy torque work in unison with the STTs, resulting in a 
quicker rotation of the in-plane components and also an increased velocity of the domain-wall 
center. The simulations from which the data points for u'=5-5.3 T-1 were calculated, were all stopped
in the slow region after the first oscillation. 

The jump in velocity after u'=5.3 T-1 is due to the in-plane component rotating through the 
second hard-axis at φ = -π/4 during the simulation. Since there is only one full oscillation during the
simulations with currents between 5 and 5.3 T-1, the average velocity depends on the state of motion
at the end of the simulation. For instance, if the simulations would have been stopped just as the in-
plane angle reached π/4, the average velocity would be much lower than if the same system with 
same current reached φ = 0 at the end. If the simulations were done in a way that allowed a large 
number of oscillations for every current, the shape of the β=0-curve in Fig. 3.10 would have a 
smoother shape instead of the step-like increases. Alternatively, the average velocity could also 
more appropriately be calculated as the displacement during one full oscillation divided by the 
oscillation's period. 

Lastly, the most significant differences in domain-wall motion with β=0 and β=0.1 can be 
seen by comparing the upper and bottom row in Fig. 3.10. The motion of the domain-wall center is 
most easily understood on the basis of the in-plane angle φ, since the differences in motion are due 
to the precession torque of the in-plane anisotropy, which both depends on φ. The in-plane angle 
curves in both rows and have similar shapes in both steady and unsteady motion, but are differ in 
sign. With β=0, the in-plane angle is always decreasing, that is the in-plane components are rotated 
counter-clockwise, whereas with β=0.1 the in-plane components are rotated clockwise. Compared 
to systems without any in-plane anisotropy, the increase in velocity for with β=0.1 can be 
understood as resulting from the clockwise rotation of the in-plane components in combination with
the precession torque due to the cubic anisotropy term, and vice versa compared to systems with 
β=0.
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4.4.3 Geometric effects: comparison with System 2

Save for the simulated time and number of moments in the y-x cross section, the simulations done 
with System 2 are identical to those done with System 3 with β=0.1. The Walker current in System 
2 was estimated to be around 2.8 T-1 and in System 3 it was estimated to be around 1.1 T-1. The slope
in the steady motion region in System 2 is about 222.4 a/ns per u' and in System 3 it is about 547.4 
a/ns per u'. Taken strictly, the results and analysis of System 2 only support the conclusion that the 

motion is steady for pulses of currents u'≤2.8 T-1 
lasting up to 0.75 ns. On the other hand, the 
results of System 3 support the conclusion that 
the motion is steady for pulses of currents u'≤1.1 
T-1 lasting up to 4 ns. Under the assumption that 
the current dependency of the velocity is purely 
determined by the different material properties, 
the most simple explanation would be that the 
discrepancy between the results of System 2 and 
3 is solely due to the difference in simulated time.
However, the rotation of the in-plane component 
of the average moment is markedly different in 
the two systems for current u'=2 T-1 during the 
first 0.75 ns of the simulations (Fig 4.6). If the 
two systems had the same dynamics, the two 
curves in Fig. 4.6 would overlap. The difference 
in rate of rotation suggest that the Walker current 
in System 2 is indeed greater than that in System 

3. As the only significant difference between the systems is that System 2 has 25 moments in the y-
x cross section and System 3 is one dimensional, the difference in current-dependency is expected 
to be explainable by it. In terms of energy, the only difference is in the exchange Hamiltonian,

H ex
2
(mi)=−J mi⋅(m+ x+m− x+m+ y+m− y+m+ z+m− z) ,

H ex
3
(mi)=−J mi⋅(m+ z+m− z) ,

where H ex
2 and H ex

3 are the exchange Hamiltonian for System 2 and 3 respectively, and m+k and 
m-k are the nearest neighbors of mi in positive and negative k-direction respectively. In equilibrium, 
since the exchange coupling functions in a way so as to keep neighboring moments parallel with 
eachother m± x∣∣m ± y∣∣mi , the exchange fields may be written

Bex
2
(mi)=J (4mi+m+ z+m− z) ,

Bex
3
(mi)=J (m+ z+m− z) .

In System 2, the effective field is stronger in the mi-direction suggesting that the moments are held 
more firmly in their directions than in System 3, making them more resistant to change. On the 
other hand, if all moments are rotated simultaneous, that is if m± x ,m± y , mi  remain parallel during 
rotation, the 4Jmi term in the three dimensional system should not affect the motion. Therefore, the 
difference can not be explained by analysis of the exchange torques alone. Ultimately, no 
satisfactory explanation for the difference between the two geometries was found.

Figure 4.6: The deviation of the in-plane angle 
of the average moment from the initial easy-
axis for simulations of System 3 (above) and 2 
(below) with current u'=2 T -1. 
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5. Conclusion
The investigation involved three systems, System 1, 2 and 3, and two geometries, a one dimensional
atomic chain and a three dimensional simple cubic wire with 5 by 5 atoms in the cross section. 
System 1 had the three dimensional geometry and uniaxial anisotropy, and was used to study the 
domain-wall width dependence of the velocity. Systems 2 and 3 had the three dimensional and one 
dimensional geometry respectively, and both with a mixed cubic and uniaxial anisotropy. They were
both used to study the effects of having an in-plane anisotropy term and the geometry dependence 
of the velocity. System 3 was also used to study the the long term behavior of the domain-wall 
motion for different values of the non-adiabaticity parameter and served as a comparison with other 
simulations of current driven domain-wall motion.

The results of System 1 showed a small differences in velocity with domain-wall width, with
most notable differences for very thin domain walls. The widest domain wall with a width of 25 a 
moved at a velocity of 64.5 a/ns and the thinnest domain wall with a width of 3 a, moved at a 
velocity of 61.5 a/ns. According to the micromagnetic analysis, the domain-wall velocity should not
depend on the width. However, one of micromagetic's weaknesses lies in accurately capturing 
effects on small length scales. Therefore it is not all too surprising that the results of an atomistic 
approach deviates from the predictions of micromagnetics, especially for the thin domain walls. 
Two possible effects that could contribute to the difference were considered. Firstly, the derivation 
of the expression for the domain-wall velocity in the micromagnetic approach relies on the 
derivative of the magnetization. From the atomistic point of view, the derivative is good 
approximation when the difference in direction of two neighboring moments is small, such as in a 
wide domain wall. Conversely, it may be an unreliable approximation if the difference in direction 
of two neighboring moments is large, such as in the thin domain walls. Secondly, insofar as the 
energy of the system depends on the exact location z0 of the domain-wall center, the STT may be 
slightly counteracted by the damping torques of the exchange and anisotropy. Although the 
atomistic model indicates that the domain-wall velocity decreases with the domain-wall width, the 
effect is still a minor one.

In systems with in-plane anisotropy (Systems 2 and 3), the domain-wall velocity can be 
separated into two terms. One term which is proportional to the current and another one that is 
related the angle of the in-plane component of the moments in the domain wall. The second term 
has its origin in the cubic anisotropy which gives rise to additional precession and damping torques 
that depend on the in-plane angle. The precession torque on the moment at the center of the domain 
wall is applied in a direction either parallel or anti-parallel to the out-of-plane component of the 
STT which drives the domain wall. The damping torque on the moment at the center of the domain 
wall acts in such a way as to rotate the moment towards the closest easy-axis. When a current is 
applied, the in-plane component is either rotated clockwise (β>α) or anti-clockwise (α>β) 
depending on the specific values of the Gilbert damping α and the non-adiabaticity parameter β. If 
the maximum of the damping torque is greater than the in-plane component STT, the domain-wall 
reaches a steady in-plane angle and moves with a constant velocity. Compared to a system without 
in-plane anisotropy, the velocity is increased in systems with cubic anisotropy if β>α, since the 
precession torque of in-plane anisotropy is applied in the same direction as the component of the 
STT that drives the domain wall. If instead α>β, the velocity is decreased since the precession 
torque of in-plane anisotropy is applied in the opposite direction of the STT. 

With purely adiabatic STT (β=0), the domain wall is stopped when the steady angle is 
reached, since both the in-plane and out-of-plane components of the STT are canceled by the 
anisotropy torques. When the current is removed, the in-plane component rotates back towards the 
closest easy-axis and in doing the precession torques drives the domain wall forward if β>α or 
backwards if α>β, compared with the direction of motion under current, until the moments are 
aligned with an easy-axis.



51

With currents that produces in-plane torques greater than the maximum damping torque, the 
domain-wall eventually suffers a Walker breakdown. The breakdowns consist of a repeating pattern 
of alternating velocity associated with two regions of the in-plane angle φ, one in which the in-plane
components are rotated towards the closest hard-axis and one in which they are rotated away it. The
duration spent in the first region is longer than the time spent in the second region, since the 
damping torque of the in-plane anisotropy and  in-plane component of the STT are applied in 
opposite directions in the first region and in the same direction in the second region. 

If β>α, the velocity is greater in the first region than in the second, since the precession 
torque and the out-of-plane STT are applied in the same direction in the first regio, and in opposite 
directions in the second region. Thus, if β>α, the unsteady motion alternates between a longer 
period of greater velocity followed by a shorter period of lesser velocity. 

If α>β, the velocity is lesser in the first region than in the second, since the precession torque
and the out-of-plane STT are applied in opposite directions in the first region and in the same 
direction in the second region. In this case, the unsteady motion alternates between a longer period 
of lesser velocity followed by a shorter period of greater velocity. Though a lower boundary for the 
value of the Walker current was not obtained, it is expected to increase as β → α. 

A comparison of the results from Systems 2 and 3 suggest that the domain-wall velocity 
depends on the thickness of the system, though the origin of this dependence was unable to be 
located.
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6. Outlook

This investigation can be furthered in serveral ways. Below are some of the most proximate 
continuations to this thesis, though there are other, more loosely related topics that may be 
interesting to pursue, such as evaluating different materials or attempt to emulate experimentally 
studied system.

The Walker current could be estimated in another way by investigating how the period of the
oscillations changes with current, for currents that produce a in-plane torque with magnitude 
comparable with the maximum of damping torque. This period, T, with cubic anisotropy would be 
measured as the time it takes for the in-plane moments in the domain wall to rotate π/2, i.e. 
|<φ(T)>-< φ0>|=π/2. With a general anisotropy term, it would be measured as the time it takes for 
the in-plane moments to realign with an easy-axis. At the Walker current, T is expected approach a 
maximum in the one-sided limit u → uW

+, and as u → ∞,  T → 0. Thus by finding an expression for 
T(u), a better estimation of the Walker current could be obtained. If an efficient way of finding the 
Walker current is obtained, one can investigate how uW changes with other properties, such as the 
domain-wall width.

As indicated in subsection 4.4.3, there is a difference between the 3D-system and the 1D-
system, namely that the two systems with the same domain-wall width, but different number of 
moments in the cross section have different responses to the same current. Investigations as to 
whether there is a relationship between the number of moments in the cross section, the domain-
wall velocity and the current u', given a fixed domain-wall width could aid in understanding this 
difference. Supposing that the response to the current u' of the 3D-system approach that of the 1D-
system as the number of moments in the cross section is decreased, the difference could be studied 
by examining the domain-wall velocity in systems, starting from a one dimensional atomic chain, 
then increase the number of moments in the cross section incrementally while keeping the exchange
coupling constant, anisotropy and current u' fixed.

With respect to applications and experiments, it is rare to have a sample that is perfectly 
regular and kept at zero Kelvin, as the one studied here. Therefore, it may be of interest to study 
how domain-wall velocity is affected by disorder in the lattice and elevated temperature. Disorder 
can be introduced by removing moments at random lattice sites in the system. Elevated temperature 
can be modelled by adding a stochastic time-varying variable to the effective field as outlined in 
Ref. [10]. 
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