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1 Introduction

In 1973 Fisher Black and Myron Scholes published the famous Black-Scholes
model for pricing options in the financial market [1]. Using this model one
can solve the problem of finding a fair price of certain financial derivatives,
for example options. Their model led to a large upswing in trading of op-
tions and ever since then the Black-Scholes model has been heavily used and
is still (with some improvements) the most common model when pricing op-
tions.

Empirical studies have shown that the Black-Scholes model gives poor esti-
mates of the observed option prices. Some of the problems with the Black-
Scholes model include the phenomenon called volatility smile and the dis-
crepancy between empirical and predicted return distributions in terms of
heavier tails and central peak.

Researches have been trying to come up with a model that can deal with
these problems and give better predictions of the observed option prices.
Some of the more successful models suggested are stochastic volatility mod-
els, diffusion models with a jump process added to it and models governed
by infinite activity pure jump processes. In this project a model introduced
by Carr, Geman, Madan and Yor [8] is investigated. The process governing
the model is known as the CGMY process and is an example of an infinite
activity pure jump process that has these heavier tails and higher peak.
The collective behavior of the stochastic process can be described in three
different ways, as a stochastic differential equation (SDE), a partial inte-
gro differential equation (PIDE) or a fractional partial differential equation
(FPDE). Different aproaches for handling the CGMY process in the case
of option pricing are investigated in for example [2], [4], [11], [15] and [18].
The possibility to describe the problem in different ways opens up some op-
portunities. One can choose the description that is best suited for the given
application. Perhaps it is the fastest, the most accurate or the description
that is easiest to implement. In this thesis the aim is to investigate what
methods can be useful for pricing options using the CGMY process as the
underlying. It is also investigated and discussed how one can extend the
methods used for option pricing in order to use them for estimation of the
parameters of the process.

The outline of this report is the following. In Section 2 some mathematical
and financial theory is presented. Some Black-Scholes theory is given as well
as some theory about the CGMY process. In Section 3 the numerical meth-
ods used in order to price the options are presented. Section 4 presents the
numerical results. In section 5 some theory about the Kolmogorov equations
are given and the forward PIDE and FPDE are derived.
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2 Theory

In this section the mathematical and financial background needed in order
to understand the problem of pricing options is presented. So is the math-
ematical models used in order to solve the problem. The theory will be
stated so that the reader not used to these kinds of problems may get a bet-
ter intuitive understanding of the theory. For a deeper and more rigorous
description see,[7, 6, 10, 20].

First, Brownian motion and SDEs are defined and explained. With this
background in mind the Black-Scholes model, which is the most common
model for option pricing, can be presented.

The presentation of the Black-Scholes theory is followed up by the theory
of Lévy processes and the CGMY process. After that, the mathematical
modeling of the CGMY process as an option pricing model is introduced.

2.1 Brownian Motion

One of the more famous stochastic processes is the Brownian motion, it is
heavily used in many applications and it is a part of the Black-Scholes model.

To intuitively understand what a Brownian motion is, imagine a fair game.
The game is constructed in the following way:

1. A coin is flipped every interval ∆t.

2. If the coin shows head, you win
√

∆t amount of money.

3. If the coin shows tail you lose
√

∆t amount of money.

Imagine this game as
√

∆t −→ 0 and you get a standard Brownian motion.
The standard Brownian motion is often known as a Wiener process, named
after Nobert Wiener who was the first to explain the process mathematically.
The mathematical definition of a standard Brownian motion (or Wiener
process) is the following, taken from [6].

Definition 1. The standard Brownian motion, or Wiener process W is a
stochastic process which satisfies the following conditions:

1. W (0) = 0.

2. The process W has independent increments, i.e. if r < s ≤ t < u then
W (u)−W (t) and W (s)−W (r) are independent stochastic variables.

3. For s < t the stochastic variable W (t) −W (s) has the Gaussian dis-
tribution N [0,

√
t− s].

4. W has continuous trajectories.
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2.2 Stochastic differential equations

Stochastic differential equations (SDE) are ordinary differential equations
with some randomness added to it. The most common form of an SDE is
the following

dXt = a(t,Xt)dt+ b(t,Xt)dWt, (1)

X0 = x0,

where Wt is a Wiener process, a is the drift function, b is the diffusion
tensor and x0 is the initial condition. The way of writing (1) is a shorthand
notation for

Xt = x0 +

∫ t

0
a(s,Xs)ds+

∫ t

0
b(s,Xs)dWs, (2)

X0 = x0.

In this form one can see that the SDE is a combination of two integrals, one
deterministic integral and one integral with respect to a random variable,
this stochastic integral can be solved using Itô calculus. For more infor-
mation about this see for example [10]. From this point and onward the
shorthand notation (1) is the one being used in this report.

2.3 Options

When talking about the financial market, often the objects one buy and sell
are different kinds of contracts, called options. There are several different
types of options but for the purpose of this project we will here present two
basic types that are often used. The two options are the European call option
and the European put option, defined in definition 2 and 3 respectively.

Definition 2. A European call option is a contract which gives the buyer
of the contract the right, but not the obligation to buy a certain risky asset
at a predetermined price, K, at a predetermined time in the future, T.

Definition 3. A European put option is a contract which gives the buyer of
the contract the right, but not the obligation to buy a certain risky asset at
a predetermined price, K, at a predetermined time in the future, T.

One of the ubiquitous problems when working with financial mathematics
is the problem of finding a suitable price for an option.

2.4 Black-Scholes market

Black and Scholes proposed a model that approximated the underlying as-
set as a geometric Brownian motion (GBM) [1]. They also showed that the
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problem could be solved by solving either an SDE or a PDE. Ever since
then this has been the model for option pricing. A good reference for this
subsection is [6].

The Black-Scholes model is built upon having two different kinds of as-
sets. One risk free asset, B, and one risky asset, S. In the Black-Scholes
market these are defined as

dBt = rBtdt (3)

dSt = rStdt+ σStdWt (4)

where, r is the risk free interest rate, σ is the volatility and W is a Wiener
process, see definition 1.

In finance the standard probability measure P is often changed into an equiv-
alent risk neutral measure Q. One way of understanding why it is simpler to
work under a risk neutral measure is that; if the market is complete, there
is no arbitrage opportunities and such a measure can be found, then the
pricing of options can be calculated by simply taking the expected value of
the payoff under the risk neutral measure and discount it back to today’s
value. If a risk neutral measure is not used; the expected value under the
P measure would have to be adjusted for the individual investor’s risk level.
For more information on measures see for example [10].

Using the risk neutral probability measure Q the pricing process P of an
option can be defined as

P (φ, t) = e−r(T−t)EQ[φ],

where φ is the value function for the option.

The Black-Scholes market model is based upon are the following assump-
tions:

• The risk free asset has the risk free interest rate as constant return.

• The log returns of the risky asset follows a random walk with constant
drift and volatility.

• There are no dividends in the market.

• Borrowing and lending of cash can be done in any amount, including
fractional. This is done at the risk free rate.

• Buying and selling of any amount of stocks, including fractional, is
allowed.
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• There is no arbitrage in the market.

• There are no transaction costs or fees in the market.

If the assumptions above are satisfied and if we set P (φ, t) = V (S, t) we get
the following Black-Scholes PDE for a European option

∂V (S, t)

∂t
+

1

2
σ2S2∂

2V (S, t)

∂S2
+ rS

∂V (S, t)

∂S
− rV (S, t) = 0 (5)

V (S, T ) = φ(S). (6)

This PDE can be derived from (3)-(4) using the Feynman-Kac theorem
[6]. One can note that when pricing options in the Black-Scholes market,
the problem can be posed as either a PDE or an SDE. Even though the
Black-Scholes market is the most used approximation of the market, it is
not perfect. It fails to catch some of the properties we can see in the market
dynamics. For example the real market has heavier tails and a higher peak,
when looking at the mean return rate of assets, than the Black-Scholes mar-
ket predicts. This is the reason for trying to find other market models that
are able to catch these dynamics better. One of the interesting models that
have these heavier tails and higher peak is the CGMY-process investigated
in this project. The CGMY-process is a Lévy process and in the next section
the theory for Lévy processes will be presented.

2.5 Lévy Processes

A Lévy process is a more general type of stochastic process of which the
Brownian motion is an example. The definition of a Lévy process is the
following, taken from [7].

Definition 4. Let (Xt)t≥0 be a stochastic process on a probability space
(Ω, F, P ) with values in Rd so that X0 = 0. It is a Lévy process if it has the
following properties:

1. Independent increments: For every increasing sequence of times t0, t1, . . . , tn,
the random variables Xt0 , Xt1 −Xt0 , . . . , Xtn −Xtn−1 are independent.

2. Stationary increments: The law of Xt+h −Xt does not depend on t.

3. It is stochastically continuous. That is ∀ε > 0, limh→0 P(|Xt+h−Xt| ≥
ε) = 0.

Lévy processes are interesting in financial modeling because in general they
consist of three terms, a drift term, a diffusion term and a jump term.
These three terms forms a good basis for building different market models.
The information about these three terms can be found in the characteristic
triplet(A, v, γ). Here A gives us the information about the diffusion term, v
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the information about the jump term and γ the information about the drift
term.

The Black-Scholes model is an example of a Lévy process with characteristic
triplet (A, 0, γ). A pure jump process is an example of a Lévy process with
characteristic triplet (0, v, γ). A diffusion model with a jump term added to
it corresponds to a Lévy process with the characteristic triplet (A, v, γ).

When working with Lévy processes there are some important properties
and notations that are useful. They are presented here below.

The Lévy measure is defined as below, taken from [7].

Definition 5. Let (Xt)t≥0 be a Lévy process on R. The measure v on R
defined by:

v(S) = E[#t ∈ [0, 1] : ∆Xt 6= 0,∆Xt ∈ S], S ∈ B(R)

is called the Lévy measure of X and v(S) is the expected number, per unit
time, of jumps whose size belong to S.

Two other sources of information is the characteristic function and the Lévy
Khintchine representation defined below in definition 6 and theorem 1. Both
are taken from [7].

Definition 6. Let (Xt)t≥0 be a Lévy process on R. There exists a continuous
function Ψ : R→ R called the characteristic exponent of X, such that:

E[eizXt ] = etΨ(z), z ∈ R

Theorem 1. Let (Xt)t≥0 be a Lévy process on R with characteristic triplet
(A, v, γ). Then

E[eizXt ] = etΨ(z), z ∈ R

with

Ψ(z) = −1/2zAz + iγz +

∫
R

(eizx− 1− izx1[|x|≤1])v(dx).

In the Lévy Khinchin representation, the Lévy measure must satisfy the
following condition ∫

min(1, x2)v(dx) <∞. (7)
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2.6 The CGMY process

There are some fundamental differences between the CGMY market model
and the Black-Scholes market model. One difference is that the CGMY
process contains large jumps as well as small, just as the real market does.
Another fundamental difference is that the random fluctuations in the Black-
Scholes model come from diffusion due to the Brownian motion. The CGMY
process on the other hand lacks a Brownian motion component and is a pure
jump process. The reason why it can be a good market model even though
it lacks the Brownian motion component is that if the parameters are chosen
so that Y > 0 the process has infinite activity. This basically means that it
consists of an infinite amount of jumps in any given time interval. The infi-
nite amount of small jumps can then capture the small market fluctuations
instead of the Brownian motion.

The process is determined by the four parameters C, G, M and Y . C
governs the overall level activity, G the rate of decay of the left tail, M the
rate of decay of the right tail and Y the fine structure of the process. The
process is sensitive with respect to Y . Because of the condition (7) we have
that Y < 2. We are interested in the case when 0 ≤ Y < 2 because we
then have infinite activity. We have two subcases of 0 ≤ Y < 2, one case is
0 ≤ Y ≤ 1 when we have finite variation and one case is 1 < Y < 2 where
we have infinite variation.

2.6.1 Properties of the CGMY process

Some important properties of the CGMY process are defined by the Lévy
measure, the characteristic function and the Lévy Khintchine representa-
tion. All these properties are described in this subsection.

The Lévy measure of the CGMY process is defined as

v =

{
C e−G|x|

|x|1+Y for x < 0,

C e−M|x|

|x|1+Y for x > 0.
(8)

The Lévy Khintchine representation for the CGMY process is given by

tΨ(ξ) = t
(
CΓ(Y )(M − iξ)Y −MY + (G+ iξ)Y −GY

)
(9)

where Γ is the gamma function.

The characteristic function is the following

E[eiuX(t)] = etCΓ(−Y )((G+iu)Y −GY +(M−iu)Y −MY ). (10)
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Mathematical modeling using the CGMY process differs from mathematical
modeling using the GBM. Just as in the Black-Scholes case the CGMY-
market model can be modeled by an SDE. The difference is that while in
the case of a GBM the SDE can be rewritten into an equivalent problem of
a PDE, while in the case of a CGMY process the SDE can be rewritten to
either a PIDE or an FPDE.

In figure 1 we have the Brownian motion defined in (1) with the CGMY
process and one can see that there is a large difference in the dynamics of
the two processes. One can see that the Brownian motion (in red) has the
random walk like movement that is characteristic for a Brownian motion.
The CGMY process (in blue) also exhibits this random walk like patterns
in clusters, but between the clusters there are larger jumps.

Figure 1: In red we can see the Brownian motion and its random walk like
pattern and in blue we can see the CGMY process and the larger jumps
contained in the model.

When using the CGMY process in financial modeling we will come across
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fractional derivatives. So before moving on to the mathematical modeling
of the market using the CGMY process we will first present some theory of
fractional derivatives.

2.7 Fractional derivatives

Fractional derivatives were first introduced because of curiosity. Mathe-
maticians wanted to know whether there existed an operator D1/2, so that
D1/2D1/2 = d

dx . Not only were they interested in finding an operator D1/2

they also wanted to find an operator Dα, where α is any rational number and
if possible any real number. In the beginning the theory of fractional deriva-
tives was only interesting to mathematicians. However fractional derivatives
are now used in several applied fields and can for example be used to model
sub- and super diffusions. For more information about fractional derivatives
see [20].

There are several different definitions of fractional derivatives. Three of
the more common definitions are the Riemann-Liouville fractional deriva-
tive, the Caputo fractional derivative and the Grünwald-Letnikov fractional
derivative. The Riemann-Liouville and the Caputo fractional derivative both
originate from the same line of thinking, which generalizes repeated integra-
tion by a convolution type representation.

The Riemann-Liouville fractional derivative is defined in the following way

Dγ
[a,x](f(x)) =

{
1

Γ(m−γ)
∂m

∂xm

∫ x
a

f(y)
(x−y)γ+1−mdy, 0 ≤ m− 1 ≤ γ ≤ m

1
Γ(−γ)

∫ x
a (x− y)−γ−1f(y)dy, γ < 0

(11)

where Γ is the gamma function and m is the smallest integer greater than
γ.

The Caputo fractional derivative is given by

Dγ
[a,x](f(x)) =

{
1

Γ(m−γ)

∫ x
a

∂m

∂xm
f(y)

(x−y)γ+1−mdy, 0 ≤ m− 1 ≤ γ ≤ m
1

Γ(−γ)

∫ x
a (x− y)−γ−1f(y)dy, γ < 0

(12)

where again, Γ is the gamma function and m is the smallest integer greater
then γ. In both (11) and (12) the case γ < 0 corresponds to fractional
integration. We can also note that fractional integration is the same in both
Riemann-Liouville and the Caputo case.

10



The Caputo fractional derivative has some advantages over the Riemann-
Liouville fractional derivative. The Caputo fractional derivative of a con-
stant is zero; while the Riemann-Liouville is not. The Caputo fractional
derivative also has nicer boundary conditions at zero.

The Grünwald-Letnikov representation of fractional derivatives originates
from an approach that generalizes differentiation and integration as lim-
its of finite differences. The definition of the Grünwald-Letnikov fractional
derivative is the following

Dγ
[a,x](f(x)) = lim

N→∞

(
x− a
N

)−γ 1

Γ(−γ)

N−1∑
k=0

Γ(−γ + k)

Γ(k + 1)
f(x− kx− a

N
).

(13)
where again Γ is the gamma function and γ is the smallest integer larger
then γ.

The definition of the Grünwald-Letnikov fractional derivative makes it suit-
able for discretization. In order for this to be useful, the following two
propositions that link the fractional derivatives together are useful [3].

Proposition 1. Let f(x) be n−1 times differentiable in some domain [a, b]
and that the nth derivative is integrable in [a, b]. Then we have

Dα
GL(f(x)) = Dα

RL(f(x)), a ≤ x ≤ b,

for every n− 1 < α < n.

Proposition 2. Let f(x) be a function and assume that both the Caputo
fractional derivative and the Riemann-Liouville fractional derivative exist in
some interval [a, b]. Then

Dα
C(f(x)) = Dα

RL(f(x))−
n−1∑
k=0

dkf

dxk
(a)

(
(x− a)−α+k

Γ(α+ k + 1)

)
, a ≤ x ≤ b,

Proposition 1 is useful since the FPDE that arises when using the CGMY
market model has Riemann-Liouville fractional derivatives in it and it is
therefore straight forward to use the Grünwald-Letnikov definition as dis-
cretization.

Proposition 2 is useful when solving the problem of parameter estimation.
As we will see in section 5 the Riemann-Liouville fractional derivative will
be modified to a Caputo fractional derivative in the parameter estimation
case. Proposition 2 then makes it possible to use the Grünwald-Letnikov
scheme with the sum in proposition 2 added to it.

Two results that are used in this thesis are the integration by parts results
presented in proposition 3 and 4, taken from [14].
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Proposition 3. Intgration by parts result for right sided fracional deriva-
tive:∫ b

a
f(t) RL

t Dv
b g(t)dt =

k−1∑
r=0

(−1)r[f r(t) RL
t Dv−1−r

b g(t)]t=bt=a + (−1)k
∫ b

a
g(t)CaD

v
t f(t)dt.

(14)

Proposition 4. Integration by parts for the left sided fractional Riemann-
Liouville fractional derivative is done in the following way∫ b

a
f(t) RL

a Dv
t g(t)dt =

k−1∑
r=0

(−1)r[f r(t) RL
a Dv−1−r

t g(t)]t=bt=a + (−1)k
∫ b

a
g(t)Ct D

v
bf(t)dt,

(15)

where in k − 1 < v < k in both cases.

2.8 The market under the CGMY process

As mentioned in the previous subsection the Black-Scholes model has a
GBM governing the underlying assets. If we instead use the CGMY process
in order to govern the underlying asset we end up with the following market
model

dBt = rBtdt, (16)

St = S0e
Lt , (17)

where
Lt = µt+ Zt,

and B is the risk free asset and S is the risky asset.

We can note that the difference from the GBM is the addition of the jump
component Zt which replaces σWt. The jump component Zt in the CGMY
case has the Lévy measure given in (8).

In the Black-Scholes model we saw that one could have an equivalent prob-
lem in the form of a PDE. In a similar way one can describe the CGMY
market model in three ways; as an SDE, a PIDE or an FPDE.

The integral term in the PIDE arises due to the jump component in the
CGMY process. The corresponding PIDE that one can solve in order to
find the value of a European option is the following

Vτ =
σ2

2
S2VSS + rSVS − rV +

∫
R
v(y)[V (sey, τ)− V (S, τ)−S(ey − 1)VS ]dy

(18)
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where τ = T − t is a change of variables which makes the numerical solving
of the problem easier, also note that usually σ = 0 when working with the
CGMY process as a market model.

One tricky thing with this PIDE is that it is singular close to zero. This
means that in order to solve this PIDE one needs to be careful when han-
dling the integral term. The PIDE has been solved in several different ways,
for example [18] where the integral is transformed into a weakly singular
Volterra equation.

Instead of describing the problem as a PIDE it can also be described as
an FPDE. This is because the dynamics of the process exhibit an anoma-
lous diffusion, which can be modeled with the use of fractional derivatives.
The FPDE that arises is the following, for a derivation see [2].

∂V (x, t)

∂t
+ (r − v)

∂V (x, t)

∂x
+ CΓ(−Y )eMx

x DY
∞(e−MxV (x, t))

+CΓ(−Y )e−Gx−∞ DY
x (eGxV (x, t)) = (r + CΓ(−Y )(MY +GY ))V (x, t), (19)

where
v = CΓ(Y )(M − 1)Y −MY + (G+ 1)Y −GY , (20)

and x = logSt.

In the following section the numerical methods used in order to price options
using the SDE (17), the PIDE (18) and the FPDE (19) are presented.

3 Numerical methods

In this section some numerical methods that can be used for option pricing
are presented. The FPDE in (19) is solved using a Grünwald-Letnikov dis-
cretization scheme [2, 3, 16]. Two suggestions of PIDE solvers are suggested
[18, 15] and a basic solution method based on ideas from [15] is suggested.
A Monte Carlo method using the FFT method in order to generate a cu-
mulative distribution function for the CGMY process is presented. Lastly
a COS-method is presented [11, 12], which uses a cosine series expansion in
order to approximate the cumulative distribution function integral.

3.1 Solving the FPDE

We here use the FPDE (19) to price a European put option. A Grünwald-
Letnikov discretization scheme is used in order to discretize the fractional
derivatives. The FPDE is solved using an equally spaced exponential grid
with xmin = log(smin) and xmax = log(smax), where [smin, smax] is the trun-
cated domain of the asset value. This means that the s-grid is exponentially

13



spaced according to sj = e(xj) ,where j = 1, . . . .Ns + 1, where Ns is the
number of space steps. For the time grid we use a uniform grid on the in-
terval [0, T ], where T is the time of maturity.

We now discretize the FPDE (19) with this grid. For the first order deriva-
tive we use a central finite difference approximation

∂V

∂x
≈
V n+1
j+1 − V

n+1
j−1

2∆x
. (21)

For the fractional derivatives we use the following Grünwald-Letnikov scheme

eMxDY
[x,∞](e

−MxV (x, t)) ≈
N−j+1∑
k=0

eMxje−Mxj+k−1V n+1
j+k−1, (22)

e−GxDY
[−∞,x](e

GxV (x, t)) ≈
j+1∑
k=0

e−GxjeGxj−k+1V n+1
j−k+1. (23)

The discretized FPDE (19) then becomes

V n+1
j − V n

j

dt
+ (r − v)

V n+1
j+1 − V

n+1
j−1

2dx
+CΓ(−Y )

N−j+1∑
k=0

eMxje−Mxj+k−1V n+1
j+k−1

+

j+1∑
k=0

e−GxjeGxj−k+1V n+1
j−k+1 = (r + CΓ(−Y )(MY +GY ))V n+1

j .

where we here used an Euler backward scheme as the time discretization.
From this discretization we get the coefficient matrix A. We can note that
the structure of A is full and not tridiagonal which it usually is when solving
one-dimensional PDEs with finite differences. This causes the FPDE to be
more computationally expensive to solve than for example the Black-Scholes
PDE.

Having discretized the FPDE, what is left to do is to handle the boundaries.
Here two different boundary treatment methods are suggested, depending
on if the option we are pricing is a European put or a European call.

Boundary treatment, European put:

The problem with the boundary that arises when pricing a Euopean put
option is the behavior of the Riemann-Liouville fractional derivative at 0.
This should be solved by using a shifted Grünwald-Letnikov discretization,
which is done here.
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We use the standard initial and Dirichlet boundary conditions for a Eu-
ropean put option,

V (S = 0, t) = Ke−rτ ,

V (S = Smax, t) = 0,

V (S, t = 0) = max(Ke−rτ − S(t), 0)

Note: This approach seems to give some error around the left boundary.

Boundary treatment, European call:

The problem that arises with the boundary when pricing a European call
is the global behaviour of the fractional derivatives. This makes it so that
the contribution from the fractional derivatives contribute to the solution
from outside of the boundary. Hence the boundary treatment is more com-
plex than it is when solving a PDE. What we get when solving a PDE is a
boundary vector. In this case however we get a boundary matrix.

The structure of the boundary matrix, B, can be illustrated as follows

B =


m1,1 + g1,1 m1,2 · · · m1,end

m2,1 m2,2 · · · m2,end
...

...
. . .

...
mend,1 + d+ gend,1 mend,2 · · · mend,end

 .

where the m′s are the contribution from the right fractional derivative, g is
the contribution from the left fractional derivative and d is the contribution
from the ordinary derivative.

The m′s in the boundary matrix get smaller and smaller further away from
the boundary. Because of this the boundary matrix can be truncated to be
for example of the same size as the coefficient matrix A. With the extended
boundary region comes the need of an extended grid. So instead of Ns grid
points, we have 2Ns grid points.

Having the coefficient matrix A and the boundary matrix B the procedure
is the following

1. We set the standard final condition V (ST ) = max(ST −K, 0).

2. The backwards stepping in time is done in the following way

V (:, Nt−k+1) = AV (:, Nt−k+1)+Bvboundary(:, Nt−k+2), for k = 1, ..., Nt.

where Vboundary is given by v(l, :) = SNS−1+l −Ke−r+(T−tn), for l =
1, ..., Ns, and tn = dt ∗ n for n = 0, ..., Nt,
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Remark 1:

There are some differences in the boundary treatment of a European put
and a European call. The Boundary treatment of the European call seems
to work fine, however it is slower than the boundary treatment of a Euro-
pean put. A useful link between the put and the call price that can be of
use here is the put call parity given in (24).

C(t) +Ke−r(T−t) = P (t) + S(t) (24)

where C is the call price, P is the put price, S is the price of the underlying
asset, K is the strike price, r is the interest rate and T is the time of matu-
rity. The call price can then be calculated by first calculating the put and
vice versa. This way the European put option can be solved (if there is no
problem with the boundary) and the call can be calulated using (24). This
way one get a faster European call option solver.

Remark 2:

The Grünwald-Letnikov discretization is at best first order accurate [3]. This
is of course not optimal. It is however possible to find a second order ap-
proximation for the Caputo fractional derivative defined in (12). It should
then be possible to use the relation in proposition 2 in order to get a second
order approximation for the Riemann-Liouville fractional derivatives in (19).

Remark 3:

When using the Grünwald-Letnikov discretization in space, the matrix be-
comes really large when x >> a, where a is the lower limit. One can make
the method more effective using the “Short-Memory” principle [20]. It ne-
glects information that is far enough back in history. This increases the
efficiency at the cost of accuracy.

3.2 Solving the PIDE

Solving the PIDE (18) proved to be more challenging than expected. The
problem lies in the fact that the CGMY process has infinite activity and
hence the Lévy measure (8) has infinite density in some region. Therefore
the integral needs to be treated carefully. The PIDE has been solved in
for example [18] and [15]. In [18] the integral is transformed into a weakly
singular Volterra equation by using an integration by part trick. In [15] the
integral was split into three different domains, an infinite density domain,
a singular domain and a nice domain. The three domains are then handled
separately. A solution method inspired by [15] was implemented and it is
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presented in this section. We should also note that there still are some prob-
lems with this method. In particular with the boundary treatment.

The PIDE we want to solve is the one defined in (18). Here we have
q = σ = 0. A subproblem is to compute the integral∫

R
v(y)[V (sey, τ)− V (S, τ)− S(ey − 1)VS ]dy (25)

which is tricky because the Lévy measure of the CGMY process, v, that is
defined in (8) has infinite density in some regions. In order to approximate
this integral we first truncate the domain to be finite so that we get∫ ymax

ymin

v(y)[V (sey, τ)− V (S, τ)− S(ey − 1)VS ]dy (26)

where ymax, and ymin are chosen so that the error becomes small enough.
We then divide the domain into the subintervals [yj − ∆y

2 , yj + ∆y
2 ] where

∆y = (ymax − ymin)/N and yj = ymin + (2j + 1)∆y
2 , for j = 0, . . . , N − 1.

Having discretized the integral we split it into three different domains, in-
spired by [15]. The domains are the following

Ω0 = {y; |y| ≤ ∆y

2
},

Ω1 = {y;
∆y

2
< |y| < 1},

Ω2 = {y; |y| > 1}.

Here Ω0 is the infinite density region, Ω1 is the singular region except for Ω0

and Ω2 is the nice region. The integral (26) is then solved over the domains,
Ω0, Ω1 and Ω2 seperatley.

We start with approximating the domain Ω0. If we note that Sey = S+dS,
the asset price directly after a jump and Taylor expand V (Sey) and get∫ ∆y/2

−∆y/2
[v(y)[V (Sey, τ)− V (S, τ)− S(ey − 1)VS ]dy,

=

∫ ∆y/2

−∆y/2
[v(y)[VSS(S, τ))(S2(ey − 1)2)/2 +O((dS)3)]dy

=
S2

2
VSS

∫ ∆y/2

−∆y/2
v(y)(ey − 1)2dy +O((dS)3−Y )
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=
σ̂

2
S2VSS +O((dS)3−Y ),

where the last step is motivated by the fact that v(y) behaves as O(1/|y|1+Y )
around zero and

σ̂ =

∫ ∆y/2

−∆y/2
v(y)(ey − 1)2dy.

So the integral over Ω0 is treated as a diffusion term, and the integral over
Ω2 is nice, so we can use a standard quadrature method, for example the
trapezoidal rule. Next we approximate the integral over Ω1. We denote this
as

I1 =
∑

j:yj∈(Ω1)

∫ yj+∆y/2

yj−∆y/2
v(y)[V (Sey)− V S − S(ey − 1)VS ]dy +O((∆y)3−Y )

=
∑

j:yj∈(Ω1)

∫ yj+∆y/2

yj−∆y/2
v(y)F (y)dy +O((∆y)3−Y ),

where F (y) = V (Sey)− V (S)− S(ey − 1)VS .

Noting that F (y) behaves like O(y2) we define f = F/y2, m(y) = v(y)y2

and we can write the integrand v(y)F (y) = v(y)y2f(y).

We can then compute the integral over Ω1 by∑
j:yj∈Ω1

m(y)
Sey − V (S)− S(ey − 1)VS

y2
dy

≈
∑

j:yj∈Ω1

V (Seyj )γ(yj)− V (S)
∑

j:yj∈Ω1

γ(yj)− SVS
∑

j:yj∈Ω1

(eyj − 1)γ(yj),

where

γ(yj) =
1

y2
j

∫ yj+∆y/2

yj−∆y/2
y2v(y)dy.

What we get is

I ≈ σ̂

2
S2VSS+

N−1∑
j=0

V (Seyj )γ(yj)+V

N−1∑
j=0

γ(yj)+SVS

N−1∑
j=0

(eyj−1)γ(yj), (27)

where

γ(yj) =


0, if yj ∈ Ω0

1
y2j

∫ yj+∆y/2

yj−∆y/2 y
2v(y)dy, if yj ∈ Ω1∫ yj+∆y/2

yj−∆y/2 v(y)dy, if yj ∈ Ω2

(28)
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Using the trapezoidal rule for calculating γ over ω2 what is left to do is to
solve for γ over Ω1. For this the Monte Carlo method was used.

Having the integral of the form (27) we now can write the PIDE (18) as

Vτ =
σ̂

2
S2VSS + (r − κ)SVS − (r + λ)V +

N−1∑
j=0

V (Seyjγ(yj). (29)

where

λ =

N−1∑
j=0

γ̂(yj),

κ =
N−1∑
j=0

(eyj − 1)γ̂(yj).

For the first and second derivatives the following discretizations are used

VS =
Vj+1 − Vj−1

2∆x
,

VSS =
Vj+1 − 2Vj + Vj−1

∆x2
.

What is left to treat is the sum in (29)

S n+1
i =

N−1∑
j=0

V (Sie
yj , τn+1)γ(yj).

Since we are using an exponential grid in S we can define an equally spaced
grid xj = log(Sj). We define

V̂ (xj , τ
n+1) = V (exj , τn+1),

the sum is then

Ŝ n+1
k =

N−1∑
j=0

V̂ n+1
k+j γ(yj). (30)

here we can note that (30) is a discrete correlation and can therefore be
computed using FFT. Finally we discretize the problem in time with for
example a Crank-Nicholson discretization.
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Remark 1:
There is a problem with the boundary treatment here. However the be-
haviour of the solution seems correct for the case when 0 < Y < 1. The
method can however not handle the case when 1 ≤ Y < 2. It seems as
though it is hard to handle the case when 1 ≤ Y < 2 because of the more
singular behavior of the Lévy measure. Problems with handling this case has
been mentioned. In for example [18] [15] the infinite activity case 1 ≤ Y < 2
is handled, however at a lower order of accuracy.

Remark 2:
As mentioned this solution method is not recommended because of the poor
treatment of the singular integral. For more sophisticated models see [15]
and [18].

3.3 Solving the SDE

The problem of pricing a European option in the form of the SDE (17) can
be solved using the Monte Carlo method. The Monte Carlo method is most
often easy and straight forward to use. The basic principle is that you sim-
ulate many different scenarios of what can happen and then take the mean
value of these. The simulations are often constructed using the CDF of the
processes. In the case treated here it is not as easy as in the Black-Scholes
case, because there is no CDF in closed form. This problem can be solved
by using the characteristic function, which is known in analytical form, in
order to generate an approximate CDF.

A method to approximate the cumulative distribution function using the
characteristic function is described in [4] and we follow that method here.

There are three different types of errors in this approximation, the regu-
larization error D, the truncation error L and the grid error h. How to
choose these parameters can be found in [4].

The approximative cumulative distribution function is known by its Fourier
transform so in order to get the approximated cumulative distribution func-
tion we need to use an inversion of the Fourier transform. We introduce the
grid

u =

{(
j − N

2

)
h

}N−1

j=0

,

x =

{(
l − N

2

)
η

}N−1

l=0

,

where η = D
N andN = [Lh ]. We define Fd = {Fd(xl)}N−1

l=0 and ϕr = {(uj)}N−1
l=0 ,
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where

φr(u) =

{ ∫
−1−cos(uD)

iu φ(u) for u 6= 0
0, for u = 0

,

and
φ(u) = E(eiuX).

We have that

Fd,l =
1

2π
h

N−1∑
j=0

e−iujxlϕr,j , (31)

and

F ≈ Fd +
1

2
,

where 1
2 is a vector of halves and F = F (xl)

N−1
l=0 is the approximate cumu-

lative distribution function, Fd is defined in (31).

When we have F we can use this to draw jump sizes from and carry out the
simulations. The jump sizes are then determined in each time step to be

x̂k,j =


x0, Uk,j < F0

Uk,jη + xlFl+1 − xl+1Fl, Fl ≤ Uk,j ≤ Fl+1, for 0 ≤ l < N − 1
xN−1, Uk,j ≥ FN−1

(32)

where {U(k, j)}, k = 1, . . . , N, j = 1, . . . ,M is a matrix with random uni-
formly distributed random numbers, N is the number of time steps and M is
the number of trajectories. The SDE we are modeling is (17) and when we
have the distribution of the jump sizes the procedure is the following. For
each trajectory the following is done

1. The asset value at time t = 0 is S(0) = S0.

2. For each time step the following calculation is done

S(k) = S(k − 1)e(r−v)dt+x(k), k = 1, 2, 3, ..., N − 1.

where v is defined in (20).

3. The option value at time of maturity T is calculated for the trajectory
using the value function

V = max(K − S(t = T ), 0).

When the three steps are done for each trajectory the mean of the option
values are taken and then discounted.
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3.4 Solving using the COS method

An alternative method that can be used for option pricing is the COS-
method [11]. The COS-method can be used in order to calculate the density
function

f(x) = 1/
√

2π

∫
R
e−iωxφ(x)dω

where φ(x) is the characteristic function. The COS-method is useful because
when pricing a European option one wants to solve the following equation

V (x, t = t0) = e−r∆tEQ[V (y, T )|x],

where

EQ[V (y, T )|x] =

∫
R
V (y, T )f(y|x)dx,

where f is the probability density function and x and y are state variables.

The idea is to solve the inverse Fourier integral by reconstructing the whole
integral using its Fourier–cosine series expansion. The Fourier-cosine expan-
sion on a finite interval [a, b] is given by

f(x) =
A0

2
cos(0π(x− a)/(b− x)) +

∞∑
k=1

Ak cos(kπ
x− a
b− a

),

where

Ak =
2

b− a

∫ b

a
f(x) cos

(
kπ
x− a
b− a

)
dx.

We know that the cosine expansion exist for any real function that has a
finite support. Therefore it is important to truncate the domain so that∫ b

a
integrand ≈

∫ ∞
−∞

integrand

We also need to truncate the coefficients so that

f̃ =
B0

2
+
N−1∑
k=1

Bk cos

(
kπ
x− a
b− a

)
.

where f̃ ≈ f and

Bk =
2

b− a
Re

(
φ(

kπ

b− a
)e−i

kaπ
b−a

)
. (33)

One reason why the COS-method is good for option pricing is that it achieves
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exponential convergence for functions without singularities [11]. It is also
well suited for pricing options using the CGMY process since it uses the
characteristic function, which is known for the process.

Using the COS-method for pricing European options is done by using the
Fourier-cosine series for the density function.

The first approximation is to truncate the domain

v1(x, t0) =
2

b− a

∫ b

a
v(y, T )(

A0

2
+
∞∑
k=0

Ak(x)cos(kπ
y − a
b− a

)dy,

now changing the order of summation and integration and inserting the
coefficients of v(y, T )

Vk =
2

b− a

∫ b

a
v(y, T )cos(kπ

y − a
b− a

)dy,

as well as truncating the series summation we get the following approxima-
tion

v2(x, t0) =
1

2
(b− a)e−r∆t(

A0

2
+

N−1)∑
k=1

Ak(x)Vk).

The truncation of the summation can be done because of the fast decay of
the coefficients. Finally replacing Ak with (33) we get the COS formula for
the CGMY-process.

v2(x, t0) = e−r∆t(
B0

2
+

N−1∑
k=1

2

b− a
Re(φ(

kπ

b− a
;x)e−i

kaπ
b−a )Vk). (34)

The characteristic function is known as a function of the logarithm of the
asset price. We want to use the log-asset price for the payoff as well. We
let x = logS0/K and y = logST /K, where St is the asset price at time t
and K is the strike price. For the CGMY process the equation (34) can be
simplified to

v(x, t0) ≈ e−(r∆t)
N−1∑
k=0

Re(ϕ(
kπ

b− a
)eikπ

x−a
b−a )Vk, (35)

where ϕ is defined as ϕ(ω) = φ(ω, 0) where φ(ω;x) is the characteristic
function represented as φ(ω, x) = ϕ(ω)eiωx.
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We here use the COS-method in order to price a European put option.
The payoff is given by

(y, T ) = max(K −Key, 0),

we then get the coefficients

Vk =
2

b− a
K(−χk(a, 0) + Ψk(a, 0)).

Here χk and Ψk comes from the following result, taken from [11].

Proposition 5. The cosine series coefficients, χk of g(y) = ey on [c, d] ⊂
[a, b],

χk(c, d) =

∫ d

c
eycos(kπ

y − a
b− a

)dy

and the cosine series coefficients Ψk of g(y) = 1 on [c, d] ⊂ [a, b],

Ψk(c, d) =

∫ d

c
cos(kπ

y − a
b− a

)dy,

are known analytically.

For proof see [11].

Remark 1: In [11] it is shown that it is possible to simplify the COS-method
for the CGMY process to be able to handle many values of K at the same
time.

4 Numerical results

In this section some numerical results are presented. We have implemented
four different methods for pricing a European option. Two of the meth-
ods, the FPDE- and the PIDE-approach, are based on solving a differential
equation where we get the solution on the whole grid at the same time. The
other two methods, the Monte Carlo method and the COS method give us
the value for a specific starting price. The COS method has been shown
to converge in [11] and hence the reference solutions used here is calculated
using the COS method with 500 cosine terms.

In figure 2 we can see the behavior of the relative pointwise error of the
different methods. We can note that the PIDE is poor in both cases, the
FPDE breaks down in the case Y ∈ (0, 1). The SDE on the other hand
has smaller relative error in the case when Y ∈ (0, 1) than in the case when
Y ∈ [1, 2). The parameters used are C = 0.5, G = 5, M = 5, K = 100
and T = 0.2 for the case when Y = 0.5. For the case when Y = 1.5 the
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parameters used are C = 0.5, G = 2, M = 3.5, K = 100 and T = 0.2. For
the FPDE the time step is ∆t = 0.002 and the number of space steps are
1200. For the PIDE the time step is 0.002 and the number of space steps is
500. For the SDE the time step is 0.001 and the number of trajectories are
10000.

Figure 2: In this figure one can see the relative pointwise error in the domain
[0.5K, 1.5K] for the FPDE the method, the PIDE method and the SDE
method.

The two parameter sets used in figure 2 are used many times throughout
this section. The parameter sets are

i : C = 0.5, G = 5, M = 5, Y = 0.5, K = 100 and T = 0.2.

ii : C = 0.1, G = 2, M = 3.5, Y = 1.5, K = 100 and T = 0.2.

4.1 Simulations with the FPDE

The FPDE was solved in subsection 3.1 where a Grünwald-Letnikov dis-
cretization was used in order to discretize the fractional derivatives. Using
this discretization one can expect at best first order accuracy. In figure 3 a
plot of the l2 error in the domain [0.5K, 2K] for the FPDE method can be
seen. We can see that the order of accuracy is 0.95. The parameters used are
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C = 0.1, G = 2,M = 3.5, Y = 1.5, T = 0.5,K = 10, dt = 0.005, Ns = 1200.

Figure 3: In this figure one can see the l2 error in the domain [0.5K, 2K]
of the FPDE method explained in subsection FPDE. One can note that the
error is approximately of order 1. The parameters used are C = 0.1, G = 2,
M = 3.5, Y = 1.5 and T = 0.5.

The price of a European put using the same parameters as in the error plot
can be seen in figure 4.
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Figure 4: Here we can see the solution of the FPDE using the parameter set
ii with ∆t = 0.005 and Ns = 1200.

The solution of the FPDE breaks down in the interval Y ∈ (0, 1). This
can be seen in figure 5 using the parameter set i with ∆t = 0.005 and
Ns = 1200. In figure 5 we can see that the solution is unstable for this
choice of parameters.
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Figure 5: Here we can see the solution for the FPDE using parameter set i
with ∆t = 0.005 and Ns = 1200.

In figure 5 we can see that the solution is unstable. This instability remains
with lower time stepping as well.

The FPDE gives us the solution for the whole domain S(0) ∈ (0, 4K] this
makes it suitable for calculating delta. In figure 6 we can see the delta
of a European put option using the parameter set ii with ∆t = 0.005 and
Ns = 1200.
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Figure 6: In this figure we can see the delta of a put option using the
parameter set ii with ∆t = 0.005 and Ns = 1200.

4.2 Simulations with the PIDE

The PIDE is solved using the method explained in subsection 3.2. As men-
tioned there the method is not very sophisticated and it is inefficient. There
is also a problem with the boundary treatment. For better PIDE solvers see
[18] and [15].

In figure 7 we can see the solution of a European put using the parame-
ter set i with ∆t = 0.005 and Ns = 500.
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Figure 7: In this figure we can see the solution of the European put option
using the PIDE method with parameter set i and ∆t = 0.005 and Ns = 500.

The PIDE solver used here brakes down when Y ∈ (1, 2). This can be seen
in figure 8. The parameters used are parameter set ii with ∆t = 0.005 and
Ns = 500.
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Figure 8: The solution of the PIDE with the parameter set ii with ∆t = 0.005
and Ns = 500.

4.3 Simulations with the SDE

The SDE was solved using the Monte Carlo method described in subsection
3.3.

In figure 9 we can see the simulated price of an asset using the SDE (17)
with the parameters C = 0.1, G = 2,M = 2, Y = 1.5, T = 0.5, S(0) = 11.75
dt = 0.001 and 1000 trajectories.
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Figure 9: The figure shows the price of an asset simulated using the SDE.
The parameters used are C = 0.1, G = 2,M = 2, Y = 1.5, T = 0.5, S(0) =
11.75, dt = 0.001 and 1000 trajectories

The value of a European put option calculated using the SDE can be seen
in figure 10. The parameters used are the parameter set ii with ∆t = 0.0005
and 10000 trajectories.
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Figure 10: Here we can see the price of a European put option as a function
of the starting price S(0). The parameters are the parameter set ii with
∆t = 0.0005 and 10000 trajectories

The SDE method used here seems to work better for the case when Y < 1. In
figure 11 we can see the price of a European put option using the parameter
set i with ∆t = 0.0005 and 10000 trajectories
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Figure 11: Here we can see the price of a European put option as a function
of the starting price S(0). The parameters are the parameter set i with

4.4 Simulations with the COS method

The COS-method explained in subsection 3.4 can also be used in order to
price options. This is a very effective method that is investigated in [11] and
[12] where convergence and spectral accuracy was achieved.

In figure 12 a plot of the accuracy of the model can be seen using the pa-
rameter set ii. Here we can see the exponential convergence of the method.
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Figure 12: In this figure we can see the l2 error of the COS method as
a function of the number of cosine terms. The parameters used are the
parameter set ii.

In figure 12 we can see that we get an error of < 10−4 with less than 100
cosine terms. We can note that the reference solution is calculated using the
COS method with 1024 modes.

The COS method works on the whole domain Y ∈ (0, 2). The price of
a European put option calculated using the COS method with parameter
parameter set ii and 256 cosine terms, can be seen in figure 13. The price
of a European put option with parameter set i and 256 cosine terms can be
seen in figure 14.
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Figure 13: Here we can see the price of a European put option calculated
using the COS method with the parameter set ii and 256 cosine terms.
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Figure 14: Here we can see the price of a European put option calculated
using the COS method with the parameter set i and 256 cosine terms.

Since the COS method is really fast it can be used in order to calculate for
example the delta of the option, even though it only calculates the value at
one point at the time. A plot of this can be seen in figure 15. The parameters
are the following: C = 0.1, G = 2, M = 3.5, Y = 1.5 and T = 0.5.

37



Figure 15: Here we can see the price of a European put option calculated
using the COS method with the parameters: C = 0.5, G = 2,M = 3.5, Y =
0.5, T = 0.5 and 256 cosine terms.

5 Parameter estimation

When starting this project, one goal was to estimate the parameters of the
CGMY process using different methods and then comparing the effective-
ness of these methods. However the lack of a forward Kolmogorov FPDE
and PIDE made the focus of the project shift towards the problem of pricing
options. In this section some of the theory and results found when research-
ing the parameter estimation problem is presented.

The parameters that are to be estimated are C, G, M and Y . The ap-
proach for this is to use a maximum likelihood estimation (MLE) method.
The MLE method tries to find the parameters so that the likelihood of some
observed data beeing generated by those parameters is maximized.

So mathematically speaking, the MLE method wants to maximize the likeli-
hood function L with respect to some parameters, θ, so that the probability

38



of some data, x, to occur is maximized.

The likelihood function L is defined as follows

L(θ|x1, x2, ..., xn) = Πn
i=1f(xi|θ)

where θ is the vector of the parameters, and x1, x2, ..., xn is a sample of
observations from the PDF we want to find and f is some unknown PDF
that is determined by θ.

Often the problem of maximizing L becomes easier when looking at the
logarithm of L

logL(θ|x1, ..., xn) =
n∑
i=1

log f(xi|θ),

since sums are convenient to work with.

Note here that the maximum of logL is the same as the maximum of L,
since

d log (L(θ))

dθ
=
L′(θ)

L(θ)
,

which is zero when L′ = 0.

One way of estimating the parameters is to use the approximate CDF derived
in 3.3. Another method that can be tested is using the forward Kolmogorov
equation. This can be done using either the forward Kolmogorov FPDE or
the forward Kolmogorov PIDE. The Kolmogorov forward equation is useful
because its solution is the probability distribution f , over which we want
to maximize. In this section the forward Kolmogorov PIDE and FPDE are
derived.

5.1 Kolmogorov equations

SDEs are useful tools for modeling problems from the real world. This is
because in reality, not many things are truly deterministic. The Kolmogorov
equations can be thought off as bridges between stochastic differential equa-
tions and ordinary and partial differential equations. Having this link means
that the two subjects can benefit from each other, one can use the knowledge
of PDEs in order to solve SDEs and vice versa.

There are two kind of Kolmogorov equations, the forward and the backward
Kolmogorov equations. In general the solution of the backward Kolmogorov
equation is the expected value of the payoff and the solution of the forward
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Kolmogorov equation is the probability density function. This makes the
Kolmogorov equations useful in financial modeling. The backward equation
is used for pricing options, since it is often the expected value you want to
find, and the forward can be used for calibration.

In this thesis the PIDE (18) and the FPDE (19) used to price options are
the Kolmogorov backward equations, for derivations of these, see appendix.
I was unable to find the forward Kolmogorov PIDE and FPDE in previous
litterature. However using the backward equations the Kolmogorov forward
FPDE and PIDE can be derived. The forward Kolmogorov PIDE is derived
in subsection 5.1.1 and the forward Kolmogorov FPDE is derived in subsec-
tion 5.1.2. For more information about Kolmogorov equations see [10] and
[6].

5.1.1 The forward Kolmogorov PIDE

In order to get the Kolmogorov forward equation for the PIDE we want to
find the adjoint operator to the backward operator, which is the one used
when pricing options.

The backward operator for the PIDE is the following

Lf =
σ2

2
fxx+(r−q− σ

2

2
)fx+

∫
R

[f(x+y, t)−f(x, t)−(ey−1)fx(x, t)]k(y)dy,

(36)

where r is the risk free interest rate, q is the continuous dividend, σ is the
volatility (0 in our case) and k(y)dy is the Lévy measure defined in equation
(8).

So what we are searching for is the adjoint operator L∗ to L so that

(Lf, u) = (f, L∗u).

where we define the inner product to be

(a, b) =

∫
abdx

To find L∗ we first multiply (36) by a test function u and focus on the integral
term since this is the thing that differs from the Kolmogorov forward PDE
that is connected to the Black-Scholes PDE. We get

uLf = u
σ2

2
fxx+u(r−q−σ

2

2
)fx+u

∫
R

[f(x+y, t)−f(x, t)−(ey−1)fx(x, t)]k(y)dy

(37)
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and we now focus on the integral part

IL = u

∫
R

[f(x+ y, t)− f(x, t)− (ey − 1)fx(x, t)]k(y)dy (38)

Now integrating this by parts we get∫
R
ILdx =

=

∫
R
u

∫
R

[f(x+ y)− f(x)− (ey − 1)fx(x, t)]k(y)dydx =

=

∫
R

∫
R

(u(x)f(x+y))kdydx−
∫
R

∫
R
u(x)f(x)dydx−

∫
R

∫
R

(ey−1)fxu(x)dxdy

(39)

We now treat the terms one by one,∫
R

∫
R

(u(x)f(x+ y))kdydx =

∫
R

∫
R
u(x̂− y)f(x̂)kdydx̂

where we used the change of variable x̂ = x + y. The second term of (39)
is trivial since it is already defined in the way the inner product is defined.
So we now look at the third term of (39)

−
∫
R

∫
R

(ey − 1)fxu(x)dxdy

= [−
∫
R

(ey − 1)u(x)f(x)kdy]∞−∞ +

∫
R

∫
R

(ey − 1)
∂u

∂x
f(x)kdxdy.

Note here that we are working with probability densities that vanishes at +
and –∞, we have

[−
∫
R

(ey − 1)u(x)f(x)kdy]∞−∞ = 0.

What we get is

−
∫
R

∫
R

(ey − 1)fxu(x)dxdy =∫
R

∫
R

(ey − 1)
∂u

∂x
f(x)kdxdy.

Collecting the terms we get that the integral term of L∗, L∗I is

L∗Iu =

∫
R

(u(x− y)− u(x) + (ey − 1)
∂u

∂x
)kdy.
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The rest of L∗ is the differential part L∗D. L∗D is derived the same way as
the integral part. Multiply (36) by a test function u and integrate by parts.
F we focus on the non-integral part of (37) and integrate we have∫

R
(u
σ2

2
fxx + u(r − q − σ2

2
)fx)dx

where we have that σ = 0 and q = 0. so we get∫
R

(urfx)dx

=

∫
R

(−frux)dx

Assembling the integral term and the derivative term we get the following
forward PIDE

L∗u =

∫
R

(u(x− y)− u(x) + (ey − 1)
∂u

∂x
)kdy − rux (40)

5.1.2 The forward Kolmogorov FPDE

In the same way as we found the forward Kolmogorov equation for the PIDE,
it is possible to find the forward Kolmogorov equation for the FPDE. The
Kolmogorov backward operator is used when pricing a European option in
(19) and is defined as:

Lv = CΓ(−Y )(MY +GY )V (x, t)− ((r − v)
∂V (x, t)

∂x
+ CΓ(−Y )eMx

DY
x,∞(e−MxV (x, t)) + CΓ(−Y )e−GxDY

−∞,x(eGxV (x, t))).

In order to find the forward equaton we are looking for the adjoint operator,
L∗, to the backward operator L so that

(Lv, u) = (v, L∗u),

Since it is trivial to find the adjoint of the non-fractional derivatives we first
start with looking at the fractional derivatives part

LFV = −(CΓ(−Y )eMxDY
x,∞(e−MxV (x, t)) + CΓ(−Y )e−Gx

DY
−∞,x(eGxV (x, t))) (41)

We start by multiplying the equation with a test function u and integrating∫
R
uLFV dy =

∫
R
u[−(CΓ(−Y )eMxDY

[x,∞](e
−MxV (x, t))
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+CΓ(−Y )e−GxDY
[−∞,x](e

GxV (x, t)))]dy.

For simplicity we also split this problem into two parts, one dealing with
the positive fractional derivative and the other dealing with the negative
fractional derivative. The two problems are the following

−CΓ(−Y )I+ =

∫
R
u[(CΓ(−Y )eMxDY

x,∞(e−MxV (x, t)))]dy,

and

−CΓ(−Y )I− =

∫
R
u[(CΓ(−Y )e−GxDY

−∞,x(eGxV (x, t)))]dy,

We start with investigating I+. If we follow through with the integration
we end up with

I+ = (−1)k
∫
R
e−MxV CDY

−∞,x(eMxu(x))dx+
k−1∑
r=0

(−1)reMxu CDY−1−r
x,∞ (e−MxV )∞−∞,

(42)
where k − 1 < Y < k. We now move forward with investigating the sum-
mation term of (42).

k−1∑
r=0

(−1)r[eMxuCxD
Y−1−r
∞ (e−MxV )]∞−∞,

and we see that this is best done by dividing the problem into two cases,
one where 0 < Y < 1, and one where 1 < Y < 2.

In order to solve the FPDE (19) numerically we need to truncate the domain
(−∞,∞) to (a, b), where a and b are chosen so that the following assump-
tion is fulfilled.

Assumption 1
The truncated domain (a, b) is chosen so that u(a) ≈ u(b) ≈ 0 and u′(a) ≈
u′(b) ≈ 0.

Case 1, 0 < Y < 1, k = 0

0∑
r=0

(−1)r[(eMxu)rDY−1
[x,∞](e

−Mxv)]ba (43)

= eMbu(b)[DY−1
[x,b] (e−Mxv)]x=b − eMau(a)[DY−1

[x,b] (e−Mxv)]x=b (44)

We can see that both the terms of (44) disappears since D[b,b] = 0 and

eMau(a) ≈ 0 by assumption 1.
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Case 2, 1 < Y < 2, (k = 1)

1∑
r=0

(−1)r[(eMxu)(r)DY−1−r
[x,b] (e−Mxv)]ba

= [((eMxu)DY−1
[x,b] (e−Mxv))]ba + (−1)1[(eMxu)′DY−2

[x,b] (e−Mxv)]ba

We note that the first term is the same as in case 1 and hence it equals 0.
We now investigate the second term. We have

(−1)1[(eMxu)(r)DY−2
[x,b] (e−Mxv)]ba

= −[(eMxu)′DY−2
[x,b] (e−Mxv)]x=b + [(eMx)′uDY−2

[x,b] (e−Mxv)]x=a = 0,

since DY−2
[b,b] (e−Mxv) = 0 and (MeMxu(x) + eMxu′(x))[x=a] = 0 by assump-

tion 1.

We end up with the following

I+ =

{
−
∫
R e
−Mxv CDY

a,x(eMxu(x))dx for 0 < Y < 1,∫
R e
−Mxv CDY

a,x(eMxu(x))dx, for 1 < Y < 2.

Now we investigate the I− term, we have

I− =

∫
R
u[−(e−GxDY

a,x(eGxV (x, t)))]dy =

= (−1)k
∫
R
eGxv(x) CDY

x,b(e
−Gxu(x))dx+

k−1∑
r=0

(−1)r[(e−Gxu)(r)DY−1−r
a,x (eGxv)]ba.

Again it would be nice if we could show that the second term disappears.
We therefore investigate the second term by dividing the problem into two
cases, as we did in the I+ case. The two cases are again when 0 < Y < 1
and 1 < Y < 2.

Case 1, 0 < Y < 1:

1−1∑
r=0

(−1)r[(e−Gxu)(r)DY−1−r
[a,x] (eGxv)]ba
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≈
0∑
r=0

(−1)r[(e−Gxu)(r)DY−1−r
[a,x] (eGxv)]ba

= [(e−Gxu)DY−1
a,x (eGxv)]x=b − [(e−Gxu)DY−1

a,x (eGxv)]x=a (45)

Again we can see that both terms of (45) disappears since e−Gbu(b) is 0,
due to assumption 1. The second term disappears because DY−1

[a,a] = 0.

Case 2, 1 < Y < 2

2−1∑
r=0

(−1)r[(e−Gxu)(r)DY−1−r
a,x (eGxv)]ba

≈
1∑
r=0

(−1)r[(e−Gxu)(r)DY−1−r
a,x (eGxv)]ba

= [(e−Gxu)DY−1
[−a,x](e

Gxv)]ba + [(−1)1[(e−Gxu)′DY−2
a,x (eGxv)]ba

= [(−1)1[(e−Gxu)′DY−2
a,x (eGxv)]ba (46)

Where we in the last step used [(e−Gxu)DY−1
[a,x] (eGxv)]ba = 0 as was shown in

case 1. What is left to investigate is the second term.

= [(−1)1(e−Gxu)′DY−2
a,x (eGxv)]ba

= [(−1)1(e−Gxu)′DY−2
a,x (eGxv)]x=b − [(−1)1(e−Gxu)′DY−2

a,x (eGxv)]x=a

We can here note that both terms are zero due to DY−2
[a,a] = 0 and

(−1)1(e−Gxu)′|x=b = 0.

What we get is that I−

I− =

{
−
∫
R e

Gxv CDY
x,b(e

−Gxu(x))dx for 0 < Y < 1,∫
R e

Gxv CDY
x,b(e

−Gxu(x))dx, for 1 < Y < 2.

Together with the adjoint of I+ we get the following integral term for the
parts with the fractional derivatives

I = I+ + I−,

and the adjoint of part for the fractional derivatives is then

L∗Fu = CΓ(−Y )A (u(x))

where
A (u(x)) = (47)
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{
e−Mx C

−∞D
Y
x (eMxu(x)) + eGx C

x DY
∞(e−Gxu(x)) for 0 < Y < 1,

−e−Mx C
−∞D

Y
x (eMxu(x))− eGx C

x DY
∞(e−Gxu(x)), for 1 < Y < 2.

Where we can note that the Riemann fractional derivatives are changed to
Caputo fractional derivatives.

What is left to do in order to find the adjoint of the backward operator
L is now to find the adjoint of the non fractional part, LNF

LNFV = (CΓ(−Y )(MY +GY ))V (x, t)− (r − v)
∂V (x, t)

∂x

The adjoint of the non fractional part, denoted L∗NF is obtained in the same
way that the fractional adjoint. We multiply by a test function u and try to
find LNF

∗ so that (u, LNF v) = (L∗NFu, v).∫
R
uLNFV dx

=

∫
R
uCΓ(−Y )(MY +GY )V (x, t)− (r − v)

∂V (x, t)

∂x
dx

=

∫
R
uCΓ(−Y )(MY +GY )V (x, t)dx+[−(r−v)uV ]∞−∞+

∫
R
V
∂((r − v)u)

∂x
dx

Which gives us that

L∗NFu = CΓ(−Y )(MY +GY )u+ (r − v)
∂u

∂x
.

We can now conclude that the adjoint of the fractional derivative is

L∗u = L∗NF + L∗F

= CΓ(−Y )(MY +GY )u+ (r − v)
∂u

∂x
+ CΓ(−Y )A (u(x))

where A (u(x)) is defined in (47).

6 Conclusion and discussion

In this section the solution methods and the results are discussed. First
each of the four methods are discussed individually starting with the FPDE
method, moving on to the PIDE method, the Monte Carlo method and
finally the COS method. Each method is discussed with the following ques-
tions in mind.
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• How well is the method suited for option pricing?

• How can the method be improved?

• Can one use the method for parameter estimation?

• Can one extend the problem to several dimensions?

6.1 Conclusion and discussion of the FPDE results

The FPDE was solved in subsection 3.1 where the fractional derivatives was
treated using the Grünwald-Letnikov definition of fractional derivatives (13).
Some results can be found under numerical experiments.

How well is the method suited for option pricing?

Using this discretization we can only achieve first order accuracy, this can
be seen in figure 3. It is of course not optimal to only have a first order
accurate model, however the model can treat the case when Y ∈ (1, 2). This
is also the hardest case to treat, since the process then has infinite variance.

When pricing the European Call option using the FPDE one needs to be
extra careful of the boundary. Since the contribution to the solution will
be large, even outside of the domain one needs to either use a really large
domain, or impose a boundary matrix instead of a boundary vector. This
problem can be solved in a simpler way. If one instead solves a European
put option (where the value is zero at the end of the domain) and then use
the put call parity one can go around this problem.

How can the method be improved?

One problem with the method is that it is only first order accurate. There
exist however a second order accurate discretization that can be used in order
to discretize the Caputo fractional derivative (12). Using this discretization
together with proposition 2 it is probably possible to find a second order
accurate discretization of the FPDE (19).

Another interesting approach that could be an improvement would be to
try and use radial basis functions (RBF) for discretization of the FPDE.
This seems like a good idea because of the global structure of both the
RBFs and the FPDE. For more info on RBF see [30] and for RBFs on frac-
tional derivatives see [29].

If the problem is speed, rather than accuracy one can use the short memory
principle [20]. This truncates the matrix in a way that makes it more sparse
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and hence faster to solve, at the cost of accuracy.

Can one use the method for parameter estimation?

The forward Kolmogorov FPDE derived in subsection 5.1.2 can be used in
order to estimate the parameters. The fractional derivatives in the forward
FPDE are Caputo fractional derivatives (12). Using proposition 2 together
with 1 the discretization used in section 3.1 can be directly applied to the
forward equation.

Can one extend the problem to several dimensions?

Extending the FPDE solver to several dimensions should be possible. How-
ever because of the full structure of the coefficient matrix as well as the
curse of dimensionality and only first order accurate, we may end up with
an inefficient solver.

6.2 Conclusion and discussion of the PIDE results

The PIDE (18) was solved in an inefficient way and cannot be compared to
the other methods in a fair way.

How well is the method suited for option pricing?

The method used here is not effective at all for pricing options. However [18]
constructed a second order accurate method for pricing options in the case
Y ∈ (0, 1), i.e. the finite variance case. In [15] second order accuracy was
achieved for the interval Y ∈ (0, 1) and first order accuracy for the domain
Y ∈ (1, 2).

How can the method be improved?

The method proposed in subsection 3.2 can be improved in many ways.
A more sofisticated PIDE solver can be found in for example [15].

Can one use the method for parameter estimation?

The forward PIDE derived in 5.1.1 can probably be used in order to esti-
mate the parameters. A problem with solving the PIDE is that the integral
is hard to solve due to the infinite density of the Lévy measure. Because of
this one needs to treat the integral in some smart way and hence it may not
be trivial to extend the PIDE solver in order to use for parameter estima-
tion. Can one extend the problem to several dimensions?
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Extending the PIDE solver to several dimensions should be possible, how-
ever because of the curse of dimensionality and the structure of the integral
we may end up with an inefficient solver for several dimensions.

6.3 Conclusion and discussion of the SDE results

The SDE is solved in subsection 3.3 using a Monte Carlo method.

How well is the method suited for option pricing?

The order of accuracy of the Monte Carlo method is 0.5. This together
with the fact that the approximate cumulative distribution function needs
to be calculated in each time step makes the method inefficient for option
pricing in one dimension. However, when the cumulative distribution func-
tion is approximated the method is easy to use for experimenting with option
pricing for different types of options. One can also note that the solver works
better in the case when Y ∈ (0, 1). This may be due to the fact that the
variance is finite in this case and less simulations are needed.

How can the method be improved?

The addition of antithetic variates is one improvement that can be imple-
mented. Another is that the problem is trivially parallel and the method
would benefit a lot from parallelization.

Can one use the method for parameter estimation?

The method can be used for parameter estimation. The idea is to binn
the approximate CDF and use it in the MLE method.

Can one extend the problem to several dimensions?

It is easy to expand the problem into several dimensions. The Monte Carlo
method keeps the half order of accuracy in several dimensions so there is no
additional cost like in the PIDE and FPDE case.

6.4 Conclusion and discussion of the COS method results

The COS method was used in subsection 3.4 in order to price options.

How well is the method suited for option pricing?

The COS method has spectral convergence, which can be seen in figure
12. The method is fast and accurate and out of the four methods investi-
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gated here it is the best method for European option pricing.

How can the method be improved?

I don’t know of any improvement to the model when it comes to option
pricing.

Can one use the method for parameter estimation?

Don’t know yet.

Can one extend the problem to several dimensions?

The COS method have been extended to two dimensions for some mod-
els in [13] .
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[26] Geman, H., Pure Jump Lévy Processes for Asset Price Modelling, Uni-
versity Paris IX Dauphine and ESSEC, Journal of Banking and Finance,
July 2002.

[27] Madan, D., Financial modelling with Discontinuous Price Processes,
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