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Abstract 
Electron vortex beams (EVBs) are electron beams with a doughnut-like intensity profile, carrying 

orbital angular momentum due to their helical phase shift distribution. When employed in an 

electron microscope, they are expected to be efficient for the detection of magnetic signals. In this 

report I have investigated high angle annular dark field (HAADF) images obtained using EVBs. This 

was done for 300 K and 5K. For 5 K,  I also compared HAADF images from an ordinary electron beam 

with HAADF images from an electron vortex beam. 

What was found was that EVBs produced doughnuts around the atomic columns. However, when 

taking the size of the electron source into account, this phenomena could no longer  be observed. 

When comparing images from EVBs with images from ordinary electron beams, I found that the 

intensity of scattered electrons around atomic columns was broader for EVBs. This was persistent 

even after taking the source size into account. 

Sammanfattning 
Elektronvirvelstrålar (EVS) är elektronstrålar med en munk-liknande intensitetsprofil. Dessa bär på 

rörelsemängdsmoment på grund av sin fasdistribution. När de används i ett elektronmikroskop 

förväntas de vara effektiva för detektering av magnetiska signaler. I denna uppsats har jag undersökt 

high angle annular dark field (HAADF) bilder som erhållits med hjälp av EVS. Detta gjordes för 300 K 

och 5K. För 5 K, jämförde jag även HAADF bilder från en vanlig elektronstråle med HAADF bilder från 

en elektronvirvelstråle. 

Vad jag fann var att EVS producerade en munkformad intensitetsfördelning runt atomerna. Men när 

hänsyn till storleken på elektronkällan togs i beaktande kunde inte detta fenomen observeras längre. 

När bilder från EVS jämfördes med bilder från vanliga elektronstrålar, fann jag att intensiteten av 

spridda elektroner runt atomkolumnerna var bredare för EVS. Detta kunde observeras även efter att 

jag tagit hänsyn till elektronkällans storlek. 
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1. Introduction 
Nanoscience is the study of phenomena in objects of sizes in the range 1-100 nm, this is usually 

referred to as the nanoscopic range or the nanometric regime. One important branch of nanoscience 

is nanomagnetism, which is the study of magnetic properties of objects with at least one dimension 

in the nanoscopic regime. This include nanoparticles, quantum wires, thin films and also materials 

that contains structures in the nanometric scale, so called nanostructured materials. Nanomagnetism 

has applications in a wide range of  research fields[1], including drug delivery in medicine, 

determination of the evolution of the Earth's magnetic field due to the alignment of magnetic 

moments of nanoparticles found in rocks and soils. Perhaps the most well known application of 

nanomagnetism is data storage in computer hard drives. Due to the wide range of applications of 

nanomagnetism, there is a high demand on the development of effective methods to measure 

magnetic properties of nanostructures. A candidate experimental technique that is now under 

development utilizes electron vortex beams (EVBs).[2] 

Electron vortex beams are propagating electron waves with a doughnut-like intensity profile and a 

helical phase distribution. These waves carry intrinsic orbital angular momentum, and it is for this 

reason they are believed to be of importance when examining magnetic properties of crystal 

structures.[2] Theory supports this idea, however EVBs have to be of atomic size[3], which remains a 

technological challenge.[4] 

 
Figure 1.1: The top figure shows how an electron vortex beam is produced from a plane wave. The 

plane wave enters a hologram, which is known as a fork aperture, three different wave are then 

produced: two vortex beams with different angular momentum and one plane wave. A lens is then 

used to separate the three different waves. In the bottom figure the intensity profile of the three 

beams are shown. 
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It is expected that when EVBs are employed in scanning transmission electron microscopes (STEM), 

in high angle annular dark field (HAADF) images they will produce doughnut shapes at the positions 

of the atoms in the crystal under examination. Localization of this central intensity minimum very 

close to an atomic column was suggested to be important for detection of magnetic signals.[5] 

However, thermal vibrations slightly distort the lattice and this could manifest itself through 

disappearance of doughnuts in STEM images.  Simulations of this kind are lacking in the literature, 

and the goal of this thesis has therefore been to investigate whether or not this is what is seen in 

simulations. This study can be considered as a precursor study for evaluating the influence thermal 

lattice vibrations have on the strength of magnetic signals. I also tried to see how a STEM image 

obtained using EVBs differed from a STEM image obtained using an ordinary electron beam, in order 

to find ways to detect EVBs. 

2. Theory 

2.1. The crystal structure 
Crystals are produced by an infinite repetition of identical structures. These structures may be a 

single atom or a group of atoms, and it is called the basis of the crystal. For example, in the case of a 

gold-, copper- or an aluminum crystal, a single atom would form the basis. While in the case of 

sodium chloride (NaCl), the basis would be formed by two atoms. 

The crystal structure is described by a lattice, defined as an equally spaced array of points in space. 

The sites of the bases are called lattice points. The lattice in three dimensions is defined by three 

translation vectors ��, ��, �� and the position of a lattice point p is given by 

�� = ���� + ���� + ���� 

 

(2.1.1) 

The translation vectors are chosen such that the crystal looks the same when viewed from point � 

and � + �� . Here �� , ��  and ��  are integers. Lattices of this form are called Bravais lattices (after 

Auguste Bravais). 

If the coefficients in relation (2.1.1) are integers for the point �� = �� − ��, where �� and �� are 

any two points such that the crystal looks the same when viewed from each of them, then the 

translation vectors are said to be primitive. From this definition, one can conclude that the 

parallelepiped spanned by the primitive translational vectors is the smallest cell that can serve as a 

building block of the crystal. This is in contrast with the unit cell, which is the simplest repeating cell 

in the crystal. A repetition of the unit cell is referred to as a supercell. 

Certain geometrical transformations can be performed on the crystal which transforms the crystal 

into itself. Such an operation is called a symmetry operation. These include translational-, rotational- 

and reflection operation, where the latter two are referred to as point operations. A common 

rotation operation is that of a rotation around a lattice point. It can be shown that a crystal can only 

posses one-, two-, three-, four- and six fold rotational symmetry, corresponding to a rotation of 2π, 

π, 2π/3, π/2, π/3 radians respectively. 

The cubic system 
The simplest crystal system is the cubic system, for which the unit cells are cubic. The length of the 

sides of the unit cells are called lattice constants. There are three types of these crystals: the 

primitive cubic structure or the simple cubic (SC), the body centered cubic structure (BCC) and the 

face centered cubic structure (FCC). 
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In the SC structure the lattice points are only located at the corners of the unit cell. If a basis consists 

of only one atom at the origin, it is shared between eight cells and since there are eight lattice points 

in the unit cell, the number of atoms in the cell is one. 

In the BCC structure there are lattice points in the corners of the unit cell as well as an additional 

lattice point in the middle, and hence the total number of atoms in the unit cell is two. 

For the FCC structure there are an additional six lattice points, one in the middle of each face of the 

unit cell. Since each of these atoms are shared between two unit cells, there are additional three 

atoms in the cell, and the number of atoms in the unit cell is thereby four. 

Reciprocal space 
The periodicity and translational invariance of the crystal, stated as eq. (2.1.1), implies that any 

property �(�) of the crystal, such as the electron density, should satisfy �(�)=  �(� + ��). This is 

an ideal situation for Fourier analysis. 

For a one dimensional crystal, all lattice points are located along a straight line. Assuming the 

distance between the lattice points is a, the condition the electron density should satisfy is 

�(�)=  �(� + ��), where n is an integer. The function � can then be expanded into a Fourier series 

�(�)= ����
 
����

�
�

�

 

 

(2.1.2) 

where n runs over all integers. The Fourier coefficients, ��, are given by 

�� =
1

�
� �(�)�� 

����

�
���

�/�

��/�

 

 

(2.1.3) 

The points 
���

�
 are said to be lattice points in the reciprocal space of the crystal lattice, and the 

vectors �� =
���

�
�� are called reciprocal lattice vectors. The lattice points in the reciprocal space are 

the allowed points in the Fourier expansion (2.1.2). 

(2.1.2) and (2.1.3) can be generalized to be valid for an arbitrary three dimensional Bravais lattice. In 

the generalization, the problem is to find a set of vectors �  such that 

�(�)= ����
��⋅�

�

 

 

(2.1.4) 

Where ��  are the Fourier coefficients of �, given by 

�� =
1

��
� �(�)

��

����⋅��� 

 

 
(2.1.5) 

Here �� is the volume of the cell spanned by an appropriate choice of translation vectors. 

In order to preserve the translational invariance of � w.r.t. the vectors � , (2.1.4) implies that they 

must satisfy 

� ⋅�� = 2�� 

 

(2.1.6) 
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where m is an integer and ��  is given by (2.1.1) . Decomposing �  into basis vectors ��,�� ��� ��, �  

takes the form 

� = ℎ�� + ��� + ��� (2.1.7) 
 

where ℎ, � and � are integers. A vector of the form (2.1.7) and satisfying (2.1.6) is called a reciprocal 

lattice vector.  

Condition (2.1.6) can be shown to be satisfied if, and only if  

�� ⋅�� = 2����  

 

(2.1.8) 

where ���  is the Kronecker delta. The basis vectors ��,�� ��� �� can be obtained from the lattice 

vectors ��, ��, �� via the following relation 

�� =
2�

��
�� × ��            �� =

2�

��
�� × ��            �� =

2�

��
�� × �� 

 
From this discussion we can conclude that every crystal has two lattices associated with it, 
the real space lattice and the reciprocal space lattice. 

(2.1.9) 

 

2.2 Elastic electron scattering  
Consider an electron beam with an incident wave vector �, which is being scattered elastically on a 

crystal and emerges with an outgoing wave with wave vector �′. This means that the incoming wave 

has the phase ���⋅� and the outgoing wave ����⋅� , and hence the difference in the phase factor 

between the two waves are ��∆�⋅� , where ∆� = �′− �. From scattering theory, it can be shown that 

the scattered wave amplitude is proportional to the Fourier transformed electron density � in the 

volume element the electron is being scattered from. Hence the total amplitude of the scattered 

wave is proportional to the integral of the electron concentration times the phase factor ��∆�⋅� . The 

scattering amplitude, F, can then be defined as follows 

� =  � �(�)

��

���∆�⋅��� 

 
(2.2.1) 

 

By expressing � in terms of its Fourier series (2.1.4), the scattering amplitude becomes 

� = ���
�

 � ��(��∆�)⋅�

��

��  

 
(2.2.2) 

 

It can then be shown that when ∆� differs from all reciprocal lattice vectors � , the scattering 

amplitude becomes negligible. Thus the following scattering condition is obtained 

∆� = �  (2.2.3) 
 

This is the Laue equation, and it says that the difference between the scattered wave vector and the 

incoming wave vector is a reciprocal lattice vector of the crystal.  
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For elastic scattering, the magnitude of the incoming wave vector must be equal to the magnitude of 

the scattered wave vector in order for the energy to be conserved. Hence 

� = �′= |� + �| (2.2.4) 
 

Squaring both sides of (2.2.4) yields the following scattering condition 

2� ⋅� = �� (2.2.5) 
 

This condition states that the electrons will only be scattered for specific values of the incoming wave 

vector �, which implies that the electrons can only be scattered in certain direction. This is what 

gives rise to the diffraction pattern shown in figure (2.2.1) below. 

 

Figure 2.2.1: Diffraction pattern from electrons scattering from a 28.7 nm thick BCC iron crystal, 

oriented along the 001 zone axis, simulated at 5 K. The bright spots are the reciprocal lattices of the 

crystal. 

A diffraction pattern can be thought of as a mapping of the reciprocal lattice of the crystal, and a 

microscope image a mapping of the real space lattice. 

One of many possible applications of electron scattering is utilized in transmission electron 

microscopy. Here electrons are propagated through a sample and the number of electrons scattered 

between two angles is measured. The number of electrons scattered within this region will depend 

on how close the electron beam is to an atom, and hence it is possible to obtain a mapping of the 

crystal with an atomic resolution. There are mainly two ways electron detecting is done, the bright 

field detection (BF) and high angle annular dark field detection (HAADF). In the BF detection, only 

electrons scattering into small angles are detected (less than a few tens of mrad), while in HAADF 



 

imaging electrons scattered into larger 

hundred),[8] see also Fig 2.2.2. 

Figure 2.2.2: An electron beam is incident on the specimen under examination, as the electrons exits 

the specimen they are scattered in different direction and detectors placed underneath can then 

detect how many electrons are scattered between cert

dark field (HAADF) detector, the annular dark field

If the scattering is elastic, it is a simple task to relate

vector. Consider Figure 2.2.3, where an electron is scattered an angle 

to the conservation of energy, �′

�′�
�
. If the scattering angle is assumed

By performing a Fourier transform on the exiting wave f

�′� of the scattered electron and hence the scattering angle

above. 

Figure 2.2.3: An electron with wave vector 

incident on a crystal specimen. The electron is scattered by

vector �′. Here �′� is the z component of the scattered electron wave vector and 

imaging electrons scattered into larger angles are measured (greater than a few ten

 
An electron beam is incident on the specimen under examination, as the electrons exits 

specimen they are scattered in different direction and detectors placed underneath can then 

detect how many electrons are scattered between certain angles. Shown is the high angle annular 

, the annular dark field (ADF) detector and the bright field

it is a simple task to relate the scattering angle � to the outgoing 

, where an electron is scattered an angle � after leaving the crystal

′= � and from trigonometry sin� =
���

��
=

���

�
, where 

If the scattering angle is assumed to be small, then sin� ≈ � and thus 

� =
�′�
�

 

By performing a Fourier transform on the exiting wave function, it is defined as a 

of the scattered electron and hence the scattering angle can be obtained using

with wave vector �  from an electron beam with convergence angle 

crystal specimen. The electron is scattered by an angle � and emerges with a wave 

is the z component of the scattered electron wave vector and 

component. 

6 

(greater than a few ten mrad up to a few 

An electron beam is incident on the specimen under examination, as the electrons exits 

specimen they are scattered in different direction and detectors placed underneath can then 

is the high angle annular 

and the bright field (BF) detector 

to the outgoing �′ wave 

after leaving the crystal. Due 

, where �′�
�
= �′�

�
+

(2.2.6) 

a function of �′� and 

using formula (2.2.6) 

 
beam with convergence angle � is 

and emerges with a wave 

is the z component of the scattered electron wave vector and �′� the radial 
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2.3 Lattice vibrations 

Lattice vibrations comes about when atoms vibrate around their equilibrium position. These lattice 

vibrations can be thought of as particles called phonons with energy ℏ� , where ω is the angular 

frequency of vibration. As an electron propagates through the crystal, the electron will scatter on the 

phonons and they might be scattered in directions different from where they would be scattered if 

the phonons were not present and therefore change the diffraction pattern. In figure 2.3.1 a 

diffraction pattern from electrons scattered on a BCC iron crystal simulated at 300 K is shown. 

 
Figure 2.3.1: Diffraction pattern from electrons scattering on a BCC iron crystal simulated at 300 K. 

By comparing Figure 2.3.1. at 300 K to 2.2.1 at 5 K, it is seen that for the 300 K case, due to the 

phonon scattering, the electrons are scattered into bands rather than just bright spots. Thus there is 

a temperature dependence on the lattice vibrations, and a posing question is how the temperature 

will affect the proposed doughnuts at the atomic columns in the HAADF image.  

To get an estimate of the frequency of vibration, and hence the vibrational energy, it is useful to 

consider a simple model where the force is proportional to the displacements (Hooke's law), and the 

atoms only interact with their nearest neighbors. If one also only consider waves propagating in 

specific directions, such as along the diagonal, or the sides of a cube, whole planes of atoms are 

displaced and the problem is reduced to one dimension and the crystal can be modeled as a chain of 

atoms.  

Consider an atom s, with mass m, surrounded by identical atoms s+1 and s-1, separated by springs 

with spring constants �, the force on atom s is 

�� = �
����
���

= �(���� + ���� − 2��) 
(2.3.1) 
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where uj is the displacement of atom j. 

Assuming that all of the atoms have the same time dependence ���� , where ω is the angular 

frequency, (2.3.1) can be written as 

−�� ��� = �(���� + ���� − 2��) (2.3.2) 
This difference equation has the plane wave solution 

��±� = �����(�±�) 
 

(2.3.3) 

where u is the amplitude of the oscillations, k the wave vector and d the distance between two 

neighboring atoms. The length of d will depend on the direction of the wave. 

Inserting (2.3.3) into (2.3.2) gives 

−�� � = 2�(cos(��)− 1) (2.3.4) 

This result was obtained using the relation 2cos�� = ���� + ����� . Solving (2.3.4) for the angular 

frequency yields 

� = �
2�

�
(1 − cos (��)) 

 
(2.3.5) 

2.4 The frozen phonon approximation 
In the frozen phonon approximation it is assumed that the time it takes for the electron to propagate 

through the crystal is much smaller than the time it takes for the atoms to vibrate about their 

equilibrium positions. In other words, the crystal will appear frozen to the electrons. This means that 

when the electrons are simulated propagating through the crystal, the changes in position of the 

atoms due to lattice vibrations are so small that they can be neglected, and we can simulate the 

electrons one by one for different snapshots of the vibrating crystal structure, and then average over 

all diffraction patterns. 

The frozen phonon approach can be justified using eq. (2.3.5), by estimating the period of the lattice 

vibration and comparing it to the time it takes for an electron to move through the crystal. The lattice 

constant for BCC iron is about 2.87 Å.[9] For 100 keV electrons the speed can be found from the 

relativistic formula for the kinetic energy 

�� = (� − 1)�� (2.4.1) 

Here �� is the kinetic energy of the electron, � the Lorentz factor 
�

���(� �⁄ )�
 and �� the rest mass of 

the electron, which is 511 keV.  Solving for the speed � in the Lorentz factor gives 

� = � 1 −
1

�1 +
��

��
�
� � = 0.548� ≈ 1.6 ∙10��Å/� 

 
(2.4.2) 

here c is the speed of light in vacuum. The length of the iron supercell is 287 Å, which means the time 

it takes for the electron to propagate through the crystal is �=
��� Å

�.�∙����Å/�
≈ 1.7∙10����.  

To get an estimate of the time it takes for a vibrating atom to complete one period, we assume that 

the wave vector � =  
�

�
 , so that (2.3.5) becomes 
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� = 2�
2�

�
 

 
(2.4.3) 

If the displacements are small, such that Hooke's law is valid, the force constant, �, can be shown to 

be given by[10] 

� = ��� (2.4.4) 
Where Y is Young's modulus and �� is the interatomic separation. For iron, Young's modulus is 

211 ���.[9] If only waves propagating along the sides of the unit cells are considered, then the 

interatomic separation is equal to the lattice constant a. From (2.4.4) a spring constant of � = �� =

60.6 ��/�� is then obtained. The mass of an Fe-56 atom is 56 u, corresponding to about 9.3 ∙

10��� ��. This gives, using (2.4.3), an angular frequency � = 7.2 ∙10��� ���/�, corresponding to a 

period of � =  
��

�
= 8.7∙10��� �. Dividing t by T yields  

�

�
=

�.�∙����� �

�.�∙����� �
= 0.002, which means that 

the atoms only perform 0.2 % of a complete period by the time the electron has travelled through 

the crystal. This justifies the frozen phonon approximation. 

2.5 The real space multislice method 
The real space multislice method (RSMS), is a numerical, dual iterative, procedure to calculate the 

propagation of an electron wave function through a supercell by dividing it into thin slices with 

thickness �, where each slice is in turn divided into a grid of desired dimensions.[11] See figure 2.5.1. 

 
Figure 2.5.1: The division of the supercell into thin slices with thickness �. 

The wave function in slice j+1 can then be obtained from slice j by solving the time independent 

Schrödinger equation 

−
ℏ�

2�
∇�ψ(�)+ U(�)ψ(�)= Eψ(�) 

 
(2.5.1) 

If the wave is propagating in the z-direction through the specimen, the wave function can be 

expressed as[11] 

ψ(�)= Φ(�)e��� (2.5.2) 
Inserting (2.5.2) into the Schrödinger equation (2.5.1), gives 

−
ℏ�

2�
�∇�Φ + 2ik

∂Φ

∂z
− k�Φ�e��� = EΦe��� 

(2.5.3) 

Now we can get rid of the common factor e���, and solve for 
��

��
 to obtain the following PDE for Φ 

∂Φ(�)

∂z
=

i

2k
(∇� + V(�)) Φ(�) 

(2.5.4) 
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Where V(�)= −
���(�)

ℏ�
. It is assumed that in a high energy approximation, Φ is a slowly varying 

function in the z direction, and hence the second derivative w.r.t. z in the Laplacian can be 

ignored.[12] 

If the slices are thin enough, V(�) can be approximated as the average potential between two slices, 

i.e. 

V��(�)=
1

�
� V(�)
��

(���)�

�� 
(2.5.5) 

Where � is a vector in the xy-plane. Therefore there is no z-dependence in the factor in front of 

Φ(�), and thus (2.5.4) is reduced to a first order differential equation, w.r.t. z, with the formal 

solution 

Φ(�,j�)= exp �i
εj

2k
�∇� + V��(�)��Φ(�,(j− 1)ε) 

(2.5.6) 

Hence it's possible to obtain the wave function in slice j if the wave function in slice j-1 is known. If 

there are a total of N slices, one can conclude that the exiting wave function must be given by 

Φ(�,N�)= �exp �i
λεj

4π
�∇� + V��(�)��Φ(�,0)

�

���

 
 
(2.5.7) 

where Φ(�,0) is the initial wave function. Here it was also used that λ =
�

��
. Expression (2.5.7) has 

no closed form[12], but it can be estimated by expanding the factors by their Taylor series[11] 

exp�i
λεj

4π
�∇� + V�(�)�� = �

1

�!
�
����

4�
�
�

�∇� + V��(�)�
�

�

���

Φ(�,(j− 1)ε) 
 
(2.5.8) 

If the n:th term in the series is denoted ��, we can see that for the j:th slice we have the recursion  

����(�,(j− 1)ε)=
1

n + 1
�i
λεj

4π
� �∇� + V��(�)���(�,(j− 1)ε) 

 

 
(2.5.9) 

Therefore we can use expression (2.5.9) to generate as many terms as we would like from the Taylor 

series in (2.5.8). This is an iterative process, where enough terms are taken until a given convergence 

condition is fulfilled. This means that the RSMS method is a dual iterative procedure, first there is an 

iteration process in the slices to get a good approximation of the wave function. Then there is a 

second iteration for the propagation of the wave function through the specimen. 

3. Computational aspects 
The size of the BCC iron supercell was 45.9x45.9x287 Å, with each slice in the RSMS calculation 

having the dimensions 45.9x45.9x0.280 Å. Each slice was in turn divided into a numerical grid of size 

1024x1024, corresponding to a division of the unit cell into a 64x64 grid.  

To determine the appropriate grid size of the slices in the RSMS calculation, I first tried a grid size of 

512x512 and then obtained the diffraction pattern in figure 3.1, for a 5 K simulation. Because the first 

Laue ring, the yellow circle in figure 3.1, is more or less deformed into a square, I concluded that a 

finer grid was required. By increasing the grid size to 1024x1024 I obtained the diffraction pattern in 

figure 3.2, where its seen that both the first and second Laue ring are circles. From which I concluded 

that a 1024x1024 grid is sufficient to avoid large integration errors. The same conclusion was drawn 

for 300 K. 
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Figure 3.1: Diffraction pattern for electrons scattered from a BCC iron crystal at 5 K. This diffraction 

patterns was obtained by averaging over 50 snapshots. The grid size used in the RSMS calculation 

was 512x512. 

  
Figure 3.2: Intensity, in Fourier space, of electrons scattered on a BCC iron crystal modeled at 5 K. The two red 

circles encloses the area of integration. This diffraction pattern was obtained by averaging over 50 snapshots. 

The grid size used in the RSMS calculation was 1024x1024 
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Because of the four fold rotational symmetry of BCC iron, only a quarter of the unit cell had to be 

considered since the rest of the cell can be filled in by rotational symmetry operations. Since the unit 

cell was divided into a 64x64 grid, a quarter of it will be divided into 32x32 grid. To reduce the 

number of calculations further, the electron beam was only positioned at every fourth grid point, 

including the boundary and the center of rotation. This reduced the number of beam positions from 

32x32 to 8x9+1 or 73. The rotational procedure can be visualized from figure 3.3, here the scanned 

quarter of the unit cell is represented by the non-zero elements, and the zero elements are filled out 

by performing a rotation four times around the matrix element (9,9). 

 

Figure 3.3: Matrix of the scanned unit cell. The non-zero elements represents the scanned quarter of 

the unit cell. 

The electron vortex beam was set to have an orbital angular momentum of +1 and a convergence 

angle of 35 mrad. The kinetic energy of the electrons were 100 keV. The calculation was also done for 

an ordinary electron beam, which is obtained by setting the angular momentum to 0. 

For an electron vortex beam, the initial wave function in Fourier space is given by 

����,��� = ����Θ(���� − ��) (3.1) 

where m is the angular momentum, Θ the Heaviside step function, �� = ���
� + ��

�, tan� =
��

��
 

and ���� is determined by the convergence angle � and the wavelength � of the electrons via 

���� =
�

�
.[9] For 100 keV electrons, � ≈ 37 ��. The real space initial wave function for the multislice 

calculation could thereby be determined by a 2D inverse Fourier transform of the wave function 

given by eq. (3.1). 

The electrons were simulated propagating through the crystal using the RSMS method, and a Fourier 

transform was then performed on the exiting wave functions. The algorithm for this procedure was 

based on Cai et al. (2008).[10] The diffraction pattern could then be obtained by squaring the wave 

function in Fourier space. For each beam position, multiple electron propagations were simulated, in 

accordance with the frozen phonon approximation (see section 2.4), and the intensity diffraction 

pattern was calculated as the average intensity from all simulations for individual snapshots.  

A diffraction pattern like figure 3.2 was then obtained by plotting the average intensity against the 

scattering angle.  
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A radial integration of the scattering intensity between the angles 100 mrad and 250 mrad was then 

performed. The integration angles are shown as red circles in Figure 3.2, where the inner circle 

corresponds to the angle 100 mrad, and the outer circle to 250 mrad. 

The beam was then shifted to a new position in the quarter unit cell and the same procedure was 

repeated until the matrix in figure 3.3 was obtained. Once the whole unit cell was filled in, 

translational operations could be performed to get a mapping of a supercell of the crystal. 

Individual snapshots of the vibrating lattice were generated using classical molecular dynamics code 

LAMMPS[13], assuming a 16x16x100 supercell of BCC iron. The lattice vibrations were calculated with 

a 0.01 ps time step, and snapshots were taken every 1 ps. 

The number of snapshots needed was estimated by calculating the relative error of the intensity 

integration between the angles 100 mrad and 250 mrad for  1, 5, 10, 20 and 30 numbers of 

snapshots. The exact integration value was estimated by 50 snapshots. The diffraction pattern for 

which the integration comparison was carried out over was calculated at pixel (9,9) in the unit cell. 

 
Figure 3.4: Integration error for 1, 5, 10, 20 and 30 number of snapshots at 5 K.  

In Figure 3.4 it is seen that for even one snapshot the largest relative error is only about 0.2 %, from 

this it was concluded that averaging over three snapshots should give a sufficient accuracy. 
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Figure 3.5: Integration error for 1, 5, 10, 20 and 30 number of snapshots at 300 K. 

By comparing Figure 3.5 to 3.4, it is seen that the errors in the integration are greater for 300 K than 

in the 5 K case for the same number of snapshots. To obtain roughly the same accuracy as with 5 K, I 

choose to average over 30 snapshots.  

4. Results and discussion 

4.1 Scattering of an ordinary beam at 5 K 
To have something to compare our images obtained by using an EVB, I first calculated the images 

using an ordinary electron beam, i.e. an electron beam carrying zero angular momentum. To save 

computation time, this was only done for a crystal modeled at 5 K. By extrapolating from figure 3.4, I 

decided that for an ordinary beam averaging over three snapshots should give a sufficient accuracy. 

 
Figure 4.1.1: Scanned unit cell of an BCC iron crystal, modeled at 5 K, using an ordinary electron beam 
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By performing the translational operation discussed in section 3, an image over 4x4 unit cells was 

obtained 

 
Figure 4.1.2: Ordinary electron beam HAADF image of 4x4 unit cells of a 5 K BCC iron crystal. 

To see how sharp the intensity peaks are, we can plot the upper row of figure 4.1.2. against the 

distance x. 

 
Figure 4.1.3: Intensity profile of the row y = 0 in figure 4.1.2 
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4.2 Scattering of a vortex beam at 5 K 
For a vortex beam incident on a crystal modeled at 5 K, the scanned unit cell of Figure 4.2.1 was 
obtained 

 
Figure 4.2.1: Scanned unit cell, using an electron vortex beam, of a 28.7 nm thick BCC iron crystal 

modeled at 5 K. The color bar shows the scattered intensity between angles 100 mrad and 250 mrad. 

Here each pixel was obtained by averaging over three snapshots. 

By performing translational operations on the unit cell, an image of a supercell in the crystal was also 

obtained 
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Figure 4.2.2: HAADF image of 4x4 unit cells of BCC iron scanned with an electron vortex beam, 

calculated at 5 K. 

From Figure 4.2.1 and 4.2.2, we can conclude that there are indeed doughnuts at the atomic 

positions. To see how deep the intensity minima are, we can plot an intensity profile across the 

atomic columns constructed from the upper row of Figure 4.2.2.  

 
Figure 4.2.3: Scattered intensity of the row y = 0 in figure 4.2.2. 
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What we can see by comparing figure 4.2.3 and 4.1.3, is first that the scanned atomic columns are 

wider when an EVB is employed. This might be something that can be used as an indirect indication 

of successful generation of EVBs. We can also observe that the scattered intensity is much larger for 

an ordinary beam when close to atom, around 45 %, compared to 15 % for an EVB. This absolute 

intensity difference might be harder to detect than the width of the atomic columns, because it 

depends on the knowledge of the beam current hitting it. This information might get lost due to the 

various apertures along the beam path in an electron microscope.  

4.3 Scattering of a vortex beam at 300 K 
The scanned unit cell of an BCC iron crystal as 300 K using an electron vortex beam is shown in figure 

4.3.1. 

 
Figure 4.3.1: BCC iron crystal modeled at 300 K, scanned with an electron vortex beam 

By once again performing translational operations on the unit cell, a HAADF image of a 4x4 unit cells 

could be obtained 
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Figure 4.3.2: HAADF image of 4x4 unit cells of BCC iron scanned with an electron vortex beam, 

calculated at 300 K. 

In figure 4.3.2 we can observe a difference in the atomic rows, where one row is slightly brighter 

than the other. By plotting the profile of the first row of atoms along y = 0 and the second row of 

atoms along y = 1.435 Å, we can compare their profiles.  

 
Figure 4.3.3: Intensity profiles of row y = 0 and row y = 1.435 Å in figure 4.3.2. 
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From figure 4.3.3 we can see that for 300 K, we also see a doughnut-like intensity profile, but with a 

much more shallow intensity minima compared to 5 K, see figure 4.2.3. By comparing figure 4.3.3 

with 4.1.3, we can draw the same conclusions as stated in section 4.2. To see whether or not these 

atomic rows are converging towards each other, we compare them in figure 4.3.4 for 10, 20 and 30 

snapshots. From which we can see that there at least seems to be a convergence. To confirm this, 

more snapshots should be used. The convergence is expected since both rows consist of the same 

type of atoms. 

Figure 4.3.4: Comparison of the intensity profile of row y = 0 with row y = 1.435 Å of figure 4.3.2, for 

the cases of 10 snapshots, 20 snapshot and 30 snapshots 

4.4 Incoherency of the electron source 
In the simulations done so far, I have assumed that all the electrons emanated from a single point, a 

so called point source. But this is just an idealization, for electron sources used in electron 

microscopes the size of the source plays an important role, leading to a blurring of the HAADF 

image.[14] To take this into account, the electron source can be modeled as a set of incoherent point 

sources, situated according to some spatial distribution, each one emitting a coherent wave.[15] The 

spatial distribution of the electron sources is referred to as the spatial coherence function, or the 

effective source distribution. The final wave incident on the specimen is the incoherent sum of these 

waves, weighted by the source distribution[15], see figure 4.4.1. Therefore, by convolving the image 

obtained from one coherent point source ����  with the effective source distribution �, the spatial 

coherence can be accounted for 
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�(�)=  (���� ∗ �)(�) (4.4.1) 
  
 

 
Figure 4.4.1: The wave function incident on the specimen plane is determined by the effective source 

and a condenser lens system. Where the latter serves to concentrate the intensity on the specimen 

The spatial coherence function was assumed to be given by a Gaussian, using this distribution has 

been shown to greatly improve the agreement between experiment and theory[14] 

�(�,�)=  
1

2���
�
� 

(����)
��(����)

�

���  
(4.4.2) 

Here the maximum occur at � = ��,� = �� and � is the standard deviation, which is related to the 

full width half max (FWHM) via ���� = 2�2ln (2)�. The Gaussian blurring was done for a FWHM 

of 0.2, 0.4 and 0.7 Å. By convolving figure 4.1.2, 4.2.2 and 4.3.2 with the Gaussian given by eq. 4.4.2, 

in accordance with eq. 4.4.1, for the FWHM mentioned, the following figures were obtained 
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Ordinary electron beam at 5K 
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Figure 4.4.2: Figure 4.1.2 blurred with a Gaussian with a FWHM of 0.2 Å (top), 0.4 Å (center) and 0.7 

Å (bottom) 

From figure 4.4.2 we can observe that, as the FWHM of the Gaussian increases, i.e. the source 

broadening increases, the atomic columns becomes broader. Therefore the difference in the width of 

the atomic columns obtained from an HAADF image using an EVB and the width of the atomic 

columns in an HAADF image using an ordinary beam may become harder to detect in a microscope 

experiment by comparing the two cases. 
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Electron vortex beam at 5 K 
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Figure 4.4.3: Figure 4.2.2 blurred with a Gaussian with a FWHM of 0.2 Å (top), 0.4 Å (center) and 0.7 

Å (bottom) 

Here we can see that the doughnuts become dimmer with increasing source broadness. The 

doughnuts seems to have disappeared completely for 0.7 Å FWHM. To investigate whether or not 

the wider intensity profile of the atomic columns can be detected for EVBs, we can compare the 

intensity profiles, for 0.7 Å FWHM, of figure 4.4.2 with 4.4.3.  

 
Figure 4.4.4: Profile of HAADF images convolved with Gaussian with a FWHM of 0.7 Å. The blue graph 

shows the profile of an image from an ordinary electron beam, and the red the profile from an EVB  
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From figure 4.4.4, we can conclude that after taking into account the source broadness, the intensity 

profile of the HAADF image produced by an EVB is broader than the intensity profile produced by an 

ordinary beam.  

Electron vortex beam at 300 K 
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Figure 4.4.5: Figure 4.3.2 blurred with a Gaussian with a FWHM of 0.2 Å (top), 0.4 Å (center) and 0.7 

Å (bottom) 

In figure 4.4.5 we can see that for 0.2 Å the doughnuts remains, while they seem to have disappeared 

for 0.4 Å and 0.7 Å. Currently available EVB electron sources have a FWHM of about 0.7 Å[16], we 

therefore don't expect to see doughnuts at the atomic sites when using EVBs at 300 K. To investigate 

if the profile of the intensity becomes wider when also using EVBs at 300 K, simulations of an 

ordinary beam at 300 K should be done. 

 

5. Conclusions 
I have demonstrated that EVBs indeed produce a doughnut-like intensity profile around atomic sites 

in HAADF imaging. This was shown to be the case for BCC iron crystals modeled at 5 K and 300 K,  

with a deep minima for the former case and a very shallow minima for the latter. However, due to 

the finite size of the electron source it's not expected that we will see them for the available FWHM 

of electron source of 0.7 Å, neither at 300 K nor at 5 K, since the doughnuts had disappeared already 

at 0.4 Å and 0.7 Å FWHM respectively. It was shown for 5 K, that it might be possible to detect the 

successful generation of EVBs by comparing the width of the intensity profile of an HAADF image 

obtained by using an EVB and one where an ordinary beam had been employed. For 300 K, it still 

remains to compare the HAADF image of an EVB with an ordinary beam HAADF image. 
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