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Abstract

Testing and Tuning of Optimization Algorithms

Ola Söderström

When treating cancer patients using 
radiotherapy, careful planning is essential
to ensure that the tumour region is treated while 
surrounding healthy tissue is not
injured in the process. The radiation dose
in the tumour along with the dose
limitations to healthy tissue can be
expressed as a constrained optimization 
problem. The goal of this project has been
to create prototype environments in C++ for 
both testing and parameter tuning of 
optimization algorithms intended to solve 
radiotherapy problems. A library of test 
problems has been implemented on which the 
optimization algorithms can be tested. For the 
sake of simplicity, the problem solving
and parameter tuning has only been carried out 
with the interior point solver IPOPT.
The results of a parameter tuning process
are displayed in tables where the effect of
the tuning can be analysed. By using the 
implemented parameter tuning process, some 
settings have been found that are better
than the default values when solving the 
implemented test problems.
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Testing and Tuning Of Optimization Algorithms

Sammanfattning På Svenska

När cancerpatienter behandlas med hjälp av strålterapi är noggrann planering
väsentlig för att försäkra att endast tumören blir behandlad och att intillig-
gande frisk vävnad inte skadas i processen. Planeringen utförs av onkologer och
fysiker på behandlingskliniker med hjälp av olika dosplaneringsapplikationer.
I sådana applikationer används ofta ickelinjära funktioner för att beskriva dos-
fördelningen i tumören och dosbegränsningar i intilliggande organ. Dessa funk-
tioner, som beskrivs av användaren, bygger upp ett begränsat optimeringsprob-
lem med vilket en godkänd behandlingsplan kan bestämmas. De optimeringsal-
goritmer som löser de beskrivna problemen måste vara väl testade och noggrant
utvärderade för att kunna användas vid strålbehandling. Denna testning kan
vara mycket tidskrävande om den utförs manuellt och samma testning måste
dessutom utföras på nytt varje gång en ny utgåva av dosplaneringsapplikatio-
nen ska släppas. För användaren av applikationen är det dessutom viktigt att
en godkänd behandlingsplan hittas så snabbt som möjligt. Genom att justera
parametrar i optimeringsalgoritmen kan det vara möjligt att hitta en inställ-
ning som löser de beskrivna optimeringsproblem på ett så effektivt sätt som
möjligt. Finjustering av parametrar kan dock vara mycket tidskrävande och
om detta kunde ske automatiskt, skulle det spara mycket tid från en utveck-
larsynpunkt.

Målet med det här projektet har varit att designa och implementera pro-
totypmiljöer för både testning och parameterjustering av optimeringsalgorit-
mer. Ett testbibliotek som innehåller ett större antal optimeringsproblem,
ursprungligen publicerade av W. Hock och K. Schittkowski (1981) [15] och K.
Schittkowski (1987) [28], har implemeterats på vilket algoritmerna kan testas.
För enkelhetens skull har endast en algoritm valts ut för parameterjustering
i det här projektet. Den valda algoritmen kallas för IPOPT och är utveck-
lad och designad av A. Wächter (2002) [31] för att lösa storskaliga ickelinjära
optimeringsproblem. Den skapade testmiljön är implementerad i C++ och in-
tegrerad med ett befintligt optimeringsbibliotek skapat av Elekta Instrument
AB. Slutprodukten är en applikation till det befintliga optimeringsbiblioteket
där en optimeringsalgoritm kan testas och automatiskt lösa de implementerade
problemen med varierande parameterinställningar. Applikationen producerar
en textfil med tabelldata som beskriver resultatet av alla gjorda körningar med
de olika parameterinställningarna. Genom att analysera dessa tabeller är det
möjligt att dra slutsatser om hur de varierade parametrarna bör ställas in för
att optimera algoritmen.

Med hjälp av den skapade testmiljön för parameterjustering har det varit
möjligt att hitta inställning för IPOPT som lämpar sig bättre än grundinställ-
ningarna för att lösa de implementerade testproblemen. Detta är ingenting som
säger att dessa inställningar är optimala, utan visar endast att det kan vara
möjligt att, med den valda metoden, hitta parametervärden som förbättrar en
optimeringsalgoritms lösning av en viss typ av optimeringsproblem.
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1 Introduction

In late 1895 Wilhelm Röntgen communicated his discovery of x-ray radiation,
and although the origins and effects of these new rays were still relatively un-
known, it did not take long before they were used by physicians for examination
of fractures and foreign bodies [5, 21]. Before long, several experimenters be-
gan to notice side effects from x-ray examinations and the use of x-rays as a
treatment of diseases were soon proposed. Only a year after its discovery, a
man named Leopold Freund used x-rays to successfully treat a girl from hairy
moles, and this is often considered the birth of modern radiotherapy [5]. In
the early years of radiotherapy many physicians believed that cancerous cells
were affected by radiation to a much greater extent than healthy cells, and
treatments were often done with little to no consideration to the exposition of
x-rays on healthy tissue. Henri Coutard was one of the first to assume that
cancerous and healthy cells were affected equally by radiation, and in 1934 he
developed a process, inspired by the works of Claudius Regaud [7], that were
designed to administer the dose in fractions and thus leave healthy tissue in
a recoverable state [25]. The treatment of cancer with x-ray radiation today
generally follows the fragmented process of Courtard, although it has been
much improved over the years.

Today, it is understood that the fundamental predicament of radiotherapy
is that it does affect both diseased and healthy tissue in a similar way. When
treating cancer patients using radiotherapy, careful planning is thus essential
to ensure that the tumour region is treated while surrounding healthy tissue is
not injured in the process. This planning is done by oncologists, dosimetrists
and physicians at the clinic using treatment planning applications. In can-
cer treatment planning applications, such as intensity modulated radiotherapy
planning, the use of non-linear functions describing the biological effects has
become a major goal [3]. These functions, described by the user as the wanted
dose distribution in the target along with the dose limitations on healthy tissue,
form a constrained optimization problem by which, with the use of optimiza-
tion algorithms, a good treatment plan can be determined. The treatment plan
is then always manually evaluated by the oncologist using a simulation of the
dose distribution, and if the treatment goals are reached the plan is approved.
High quality testing of the optimization algorithms are very important dur-
ing the development of the treatment planning applications. The algorithms
should be tested using both standard sets of test problems, and using clinical
test cases from the problem domain. If this testing is done manually it can
be very time consuming and the testing must also be repeated for each new
release of the application. For the users it is also important that the appli-
cation finds a treatment plan as fast as possible. This can be achieved using
parameter tuning of the optimization algorithm for a large set of clinical test
cases. This work is very time consuming, and an automatic environment for
parameter tuning would save a lot of development effort.
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1.1 Purpose

The goal of this project is to implement and design prototypes for both test-
ing and parameter tuning of optimization algorithms intended to solve ra-
diotherapy problems. A library of test problems, originally published by K.
Schittkowski et.al. in 1981 [15] and 1987 [28], will be implemented as a the
standard set of test problems on which the optimization algorithms can be
tested. This collection of test problems has been chosen because of its rela-
tively simple structure which makes it easy to implement in this project. The
idea is to be able to test many types of optimization algorithms, but for the
sake of simplicity, only one will be implemented in this project. The interior
point solver IPOPT, developed by A.Wächter (2002) [31] will be used as the
optimization algorithm and parameter tuning will only be executed on this
solver. By using parameter tuning, some better values than the default set-
tings will be sought for the tunable parameters of the IPOPT algorithm. This
project is not intended to find some optimal settings for the solver, but merely
to examine the possibility of using a parameter tuning environment to find
these for a specific set problems. The result from solving the test problems
with different settings on the solver will be presented in tables and the results
are then analysed and discussed.

2 Theory

Treatment planning for radiotherapy was originally based on a forward ap-
proach where a trial and error procedure was used to determine the dose dis-
tributions with respect to the anatomy of the patient [3, 14]. Inverse dose
planning on the other hand, along with intensity modulated radiation ther-
apy (IMRT), which are based on different optimization methods, allows for
better tumour control and reduction of side effects. There are a number of
ways to solve optimization problems and depending on the characteristics of
the problem, a certain type of solver might be best suited for the problem at
hand.

The theory section will begin by briefly describing the basics of IMRT and
then move on to general optimization problems. After a terminology have been
established an example of an inverse dose radiotherapy optimization problem
is presented to give a better understanding of the structure of these kind of
problems. The later part of the theory section will focus on the solving of
optimization problems, and more specifically on the IPOPT solver. Most of
the setting parameters that are tuned in this project are here explained in
more detail to give a better understanding of their effects. At the end of the
section, a brief description of the C++ library in which the test problems are
to be included and solved is situated.
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2.1 Optimization Problems In Radiation Therapy

One way of treating certain types of cancer is by external beam conformal
radiation therapy. This is generally done by using a radiation source generating
high-energy photons (x-rays or γ-rays depending on the source). The source
has a constant output intensity and the beams of radiation passes through
the patient, killing both cancerous and normal cells. A treatment plan for
each individual patient, based on computer tomography (CT) or magnetic
resonance imaging (MRI), is thus vital for optimizing the delivered radiation
dose. By letting the photon beams enter the patient from different direction
it is possible to minimize the dose on the organs at risk (OARs) while keeping
the radiation high enough on the planning target volumes (PTVs), i.e. the
tumours. Further, by using multi-leaf collimators (MLCs), that are shaped
as the projection of the PTVs on the radiation fields, it is possible to control
the intensity of the radiation. The multiple radiation fields together with the
MLCs allows for the creation of complex dose distributions and this is what
forms the basics of IMRT. Each of the radiation fields are further partitioned
into smaller field elements like pixels and accordingly the beams are divided
into a corresponding number of beamlets or bixels. The treatment goals and
the dose deposition in the patient’s body can be converted into an optimization
problem which will be further described in Section 2.1.2, after a more general
terminology of optimization problems have been established in Section 2.1.1.

2.1.1 Optimization Problems

Mathematical programming, more commonly referred to as mathematical op-
timization or just optimization, deal with selections of elements from a set of
available alternatives with regard to some pre-set criteria. Optimization prob-
lems arises in not only, as in this case, computer science and physics, but in
biology, chemistry, economics and many other fields as well. Depending on the
type of problem that is going to be solved, there exists a numerous ways of
solving optimization problems. In general, an optimization problem takes the
form

minimize
x∈F

f (x) (1a)

subject to gi(x) ≤ ai, i = 1, . . . ,m (1b)

where f : Rn → R is an objective function that is, in this case, to be minimized
by choosing an optimal vector x = (x1, . . . , xn) called the optimization variable.
The functions gi : Rn → R, i = 1, . . . ,m, are the constraints of the problem.
There exists both equality and inequality constraints where the difference is
seen in the relation symbol between gi and the constant ai. Each element
xk in x, with k = 1, . . . , n, may have lower and upper bounds, xL and xU
respectively, which set bound constraints on f . These can be seen as special
cases of the constraints;

xk ≤ xU (2a)
−xk ≤ −xL . (2b)
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All vectors x that satisfy the constraints are said to be feasible, and the set of
all feasible vectors comprises a feasible set F to problem (1),

F = {x ∈ Rn|gi(x) ≤ ai, i = 1, ...,m} . (3)

Any vector x? in F that has the smallest objective value is called the optimal
or solution to problem (1). It is important to note that x? is not necessarily
unique and that there might exist several local minima where the function val-
ues around x? are greater or equal to the value at that point. If the objective
function is strictly convex, i.e. its graph does not contain any line segments,
and the feasible set is convex, it can be proven that if there exists a local
minimum at some point, this point is also the unique global minimum. Prob-
lem (1) is a minimization problem and it can be turned into a maximization
problem by treating the negative of f . Since the objective function f in prob-
lem (1) is subject to the constraint functions gi it is a so called constrained
problem. Sometimes, for example when the constraints are approaching infin-
ity, the constraints can be treated as if they were not there (m = 0) and in
this case, problem (1) would be reduced to an unconstrained problem. There
exists many kinds of optimization problems, and it is often convenient to talk
about linear programming (LP) and non-linear programming (NLP). For an
optimization problem to be linear, that is LP, both its objective function and
constraints have to be linear, i.e they must all satisfy the condition

hj(αx+ βy) = αhj(x) + βhj(y), j = 1, . . . ,m+ 1 (4)

for all x, y ∈ Rn and all α, β ∈ R where h = (f, g1, . . . , gm). For NLP it suffices
that either the objective function or any of its constraints are non-linear. LPs
are in general easier to solve and it is often simpler to formulate a linear problem
than a non-linear one [19]. Convex optimization is sometimes considered as a
separate category since these problems can have qualities that the optimization
procedure may benefit from. For the NLPs of convex optimization, all functions
in h must satisfy

hj(αx+ βy) ≤ αhj(x) + βhj(y), j = 1, . . . ,m+ 1 (5)

with the extra conditions that α ≥ 0, β ≥ 0 and α + β = 1. Comparing
(4) with (5) it can be seen that the more restrictive equality has been replaced
with an inequality and since this inequality must hold only for certain values of
α and β, convex optimization can be considered as a generalization of LP [6].
In many applications, including IMRT, it is often beneficial to express the
problem as a convex optimization problem.

2.1.2 Radiation Therapy Problem Formulation

With the terminology from Section 2.1.1 it is possible to fully express the
IMRT as an optimization problem. The goals of an inverse planning IMRT
can be expressed with an objective function along with some constraints. The
objective function takes the treatment plan and reduces it to a single numerical
value that can be used to evaluate the quality of the plan, while the constraints
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define what is an acceptable solution. Conflicting constraints can arise that
may result in no feasible solution.

The number of radiation fields (fluence distributions) as well as the number
of angles for the positions of the fields is normally determined by experience
or by trial and error. This number is here denoted p (usually p < 12 [3])
and the optimization with respect to p would be desirable. This is however
impeded by the combinatorial nature of the problem and the computational
expensive dependence of the dose absorption in the patients body due to the
orientation of the radiation fields [11]. Each of the p fields is a 2D region
of the PTVs projected onto a plane, acquired by CT or MRI images. The
fields can further be divided into n rectangular field elements of equal size and
consequently, each beam is divided into n number of beamlets. Hence, the
total number of beamlets over all fields would equal n =

∑p
j=1 nj . A weight

wk ≥ 0 (k = 1, . . . , n) that defines the radiation intensity of each beamlet can
now be determined. The n weights wk are the optimization variables of an
IMRT optimization problem that are to be determined. The part in the body
exposed to the radiation (both PTVs and OARs) is considered to be a 3D
volume divided into q regions, one region per PTV and OAR. The jth volume
is, in similar way as the 2D fields, divided into νj cubic elements of equal size
so that ν =

∑q
j=1 νj . All volumes considered are numbered from 1 to q and

Vj is here defined as the index set of all elements belonging to the jth volume.
The typical scale of these kind of problems are n = 103 and ν = 106 [3, 14].
Now, an expression for the total dose in the ith volume element di(w) can be
defined [3, 13,14,27] where w = (w1, . . . , wn)T as

di(w) =

n∑
k=1

tikwk = T Ti w ≥ 0 . (6)

Here tik ≥ 0 denotes the dose deposition in the ith volume by the kth beamlet
at unit intensity, and T Ti is a line vector containing the coefficients of the ith
line of the ν × n dose matrix T .

If it is assumed that the dose model, defined by the matrix T , describes
the wanted radiation in the PTVs it can be understood that the delivered dose
d is controlled by the settings M on the accelerator delivering the radiation.

M
T−−−→ d (7)

M might include for example field size, beam orientation, wedge type and more.
This means that T depends on M so that equation (6) becomes di(M,w) =
T Ti (M)w. Because of limitations in the machine settings, the accelerator might
not be able to create all dose values that are appropriate for the problem at
hand, resulting in no feasible solutions. The objective function f can now be
realized as consisting of two parts, one part f1 that depends on the machine
settings and another part f2 that uses the dose model to convert the settings
into a delivered dose. The problem formulation would then be something like

minimize
M,w

f (M,w) = f1(M) + f2 (d(M,w)) (8a)

subject to gi(M,w) ≤ 0, i = 1, . . . ,m (8b)
wk ≥ 0, k = 1, . . . , n (8c)
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For some objective function f subject to m number of constraints g where the
bound constraint assures that the weight wk is non-negative. This optimiza-
tion problem includes parameter coupling and is not, in general, neither linear
nor convex and is thus quite difficult to handle. The machine settings are
often disregarded when optimising IMRT problems because of these difficul-
ties. When M is not considered, equation (6) is left as it is, and the problem
formulation (8) is reduced to

minimize
w

f (d(w)) (9a)

subject to gi(d(w)) ≤ 0, i = 1, . . . ,m (9b)
wk ≥ 0, k = 1, . . . , n (9c)

This way, the objective function only handles the part describing the fluence
distribution of the dose in the tumour into consideration. This relation is
linear [3,13,14,27] and hence, if the fluence is rising, the delivered dose in the
tumour is increasing with the same amount. This serves as a further motivation
to why only this part is considered in IMRT optimization problems. Examples
of objective and constraint functions are shown in Section 2.1.3.

The objective function is here describing the amount of radiation in the
PTVs. It would of course be better if the objective function would express
the result after the radiation has been delivered, i.e the tumour response to
the radiation, but this is generally much more difficult since it is very hard to
monitor microscopical changes and the result may vary between patients [1,2].

2.1.3 Radiation Therapy Problem Example

This section is describing an example of a IMRT optimization problem formu-
lation. The intention with this part is to show what kind of equations that
are solved and how they can be expressed to acquire a convex optimization
problem. This section can be skipped without any loss in understanding of the
rest of the project. The following expressions are, for consistency, more or less
described as by Alber and Reemsten (2007) in [3], although similar expressions
can be found in e.g. [1, 13,14].

Considering the radiation in the PTV volume Vj , the goal is to maximize
the dose in Vj and an equation for this is given in [2, 3, 26,27] as∏

i∈Vj

exp
{
− 1

|Vj |
exp[−α(di(w)−∆)]

}
(10)

where α > 0 is the rate of cell kill per unit dose and ∆ > 0 is the total
dose that is ideally administered to Vj . It can be understood that maximize
(10) is the same as maximizing the natural logarithm of the same function.
This can further be turned into a minimizing problem by multiplying with −1
and thus acquiring an equation for our objective function f(w), describing the
logarithmic tumour control probability (LTCP);

f(w;Vj ,∆, α) =
1

|Vj |
∑
i∈Vj

exp[−α(di(w)−∆)] . (11)
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Note that (11) is strictly convex if all tik 6= 0. In conjunction to the maximum
dose, it is necessary to assure that the PTVs do not get an excessively high
dose. This can be done by introducing a first constraint, g1, called quadratic
overdosage penalty (QOP) [2, 3, 26];

g1(w;Vj ,∆, δ) =
1

|Vj |
∑
i∈Vj

(
max{0, di(w)−∆}

)2 − δ2 ≤ 0 (12)

where the violation to ∆ can be controlled by the parameter δ > 0. The
constraint (12) is necessary due to the fact that the dose drop at the edge of
the PTVs can not be realizable physically and hence, a certain over dosage
needs to be accepted around the target volume [3]. Other constraints that are
preferably defined are the maximum dose in the OARs and critical parallel
organs. The first of these (see [3]), g2, can be realized as an equivalent uniform
dose (EUD) constraint;

g2(w;Vj ,∆, ρ, ε) =
1

|Vj |
∑
i∈Vj

(
di(w)

∆

)ρ
− ερ ≤ 0 (13)

where ∆ > 0 is some critical dose, ρ > 1 is an organ specific power and ε > 0
is a given constant. By choosing values of ε it is possible to control the excess
dose over ∆ that is allowed in parts of the organ. Finally, as also explained
in [3], it is possible to apply a partial volume (PV) constraint g3 for each critical
parallel organ;

g3(w;Vj ,∆, ρ, ξ) =
1

|Vj |
∑
i∈Vj

(di(w)/∆)ρ

1 + (di(w)/∆)ρ
− ξ ≤ 0 (14)

where ξ ∈ (0, 1). (14) refers to the fact that parallel organs (lung, kidney, etc.)
can have functional reserves [3]. This means that at a dose ∆, the volume
element Vj loses some percent of its functionality where it can be afforded that
ξ · 100 percent of the total functionality may be lost. Note that f , g1 and g2
are convex functions with respect to w while g3 is generally not. In fact, g3 is
convex only if

di(w)

∆
<

(
ρ− 1

ρ+ 1

)1/ρ

(15)

and it is concave if the opposite inequality holds. Hence, if g3 is not considered,
these equations form a convex optimization problem. On the other hand if g3
is considered, this is, according to [3], a nonconvex problem with sufficiently
smooth functions in n variables. The full optimization problem can in this
case be expressed as problem (9) with f and gi, i = 1, . . . , 3, as in equations
(11), (12), (13) and (14) respectively. It is problems of this sort that need
to be solved to ensure that the safety of the patients is maintained while the
radiotherapy kills the tumorous cells. Some of the test problems used in this
project are in a sense simpler than described in this section, but this should not
be an issue when they can still be used for testing and tuning of an optimization
algorithm.
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2.1.4 The Test Problems

Real life non-linear problems are often quite difficult to use as test problems.
They might be too complex, contain round-off and truncation errors or they
might not be programmed in a standard way [29]. For this reason a set of
test problems are implemented to be used instead of real life problems when
the parameters are tuned and the solvers are tested. The set of test problems
that will serve as a ground for the testing of the optimization algorithms was
originally published by Hock and Schittkowski in 1981 [15]1 and Schittkowski
in 1987 [28] and consists of a total of 306 different problems.2 This set of test
problems is widely used and contained in other test problem collections [29]
such as, for example the CUTEst library [23], see Section 5.3.5. The problems
are implemented in Fortran and are of variable sizes (n ≤ 100 and m ≤ 50,
using the notation from problem (1)) and difficulty. The test problems are of
smaller dimensions than the common real life problems (see Section 2.1.2) but,
as stated by Schittkowski in [29], the problems does not need to be large to be
difficult to solve. The fact that real life problems often have higher dimensions
than those in the problem set does not limit their potency as test problems.
In fact, it is possible to represent most of the numerical difficulties observed in
practice with problems with few dimensions. Some of the difficulties that are
implemented in the problem collection are listed in [29];

1. Badly scaled objective and constraint functions

2. Badly scaled variables

3. Non-smooth model functions

4. Ill-conditioned optimization problems

5. Non-regular solutions at points where the constraint qualification is not
satisfied

6. Different local solutions

7. Infinitely many solutions

Because of the implementation of these difficulties, the test problems can be
considered valid "approximations" of the real life problems.

The Fortran subroutines are built in such a way that it is possible to call
each test problem independently to acquire the desired information such as
problem dimensions, solution points, solution value etc. Each problem sub-
routine is divided into five independent branches controlled by an integer i,
where different information is stored. This can be illustrated in a similar way
as Meza and Oliva [22] by a C-like pseudo-code;

1The problems from [15] can also be found in [18].
2As of November 20, 2014, the problems are available for download at
http://www.ai7.uni-bayreuth.de/tpnp.htm
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TPnr(int i) {
switch (i)

case 1: // common block initialization
case 2: // objective function evaluation
case 3: // objective function gradient evaluation
case 4: // constraint functions evaluation
case 5: // constraint functions gradient evaluations

}

where nr in TPnr indicates which test problem is considered. Branch 1 con-
sists of common block variables with values particular for that test problem
while branch 2-5 evaluates the functions at the current point, stored in a global
array. This means that each function have to be called five times, one time
for each branch, to acquire all information about the problem, but that all
information is not necessarily acquired when calling a problem. Although the
problems in the Fortran file are numbered from 1 to 394 all numbers in this
interval does not correspond to a problem, which is something that must be
considered when using this set of test problems. For more information about
the structure of the problem set see [29] or [18].

2.2 Solving Optimization problems

Until now, only optimization problems have been described, but nothing has
been said about how to solve these problems. Because of the large number of
different kinds of optimization problems, there exists many methods of solving
them depending on their individual structure. Many books have been written
in the subject [9,19], and it would be both impractical and inconsistent to cover
everything here. In this regard, the only solving method that will be briefly
explained here is the barrier method which is based on the work by Fiacco and
McCormick in the 1960’s [9]. This is the method used by the IPOPT solver
which is applied in this project.

2.2.1 Barrier Methods

Assume that an NLP of has the form

minimize
x

f (x) (16a)

subject to g(x) = 0 (16b)
xk ≥ 0, k ∈ I (16c)

where f : Rn → R and g : Rn → Rm and I ⊆ {1, . . . , n} denotes the set of
indices of bounded variables. As described by Wächter in [31], it is possible to
introduce a Lagrangian function L associated with (16), defined as

L(x, λ, ζ) = f(x) + g(x)Tλ−
∑
k∈I

xkζk . (17)

With the Lagrangian multipliers λ ∈ Rm and ζ ∈ Rη (where η denotes the
number of bound constraints), associated with the equality constraints (16b)
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and the bound constraints (16c) respectively. It can further be shown, as done
in [24], that by using (17) there exists some optimality conditions assuring a
strict local solution to problem (16). This includes the introduction of so called
Karush-Kuhn-Tucker (KKT) conditions, but will not be discussed further here,
see [24, 31] for more information about this.

Problems like (16) can be solved by a class of algorithms called Sequential
Quadratic Programming (SQP) methods. One step in these methods usually
involves finding an active set of bounded variables to solve a quadratic problem
(QP) interpreted as a local model of the original NLP [31]. These variables
are usually found iteratively which can take a very long time for large scale
problems. For a more in depth explanation of this, see [6, 31]. Barrier meth-
ods work around this by introducing a barrier term in the objective function.
Problem (18) is the same as problem (16) but with a logarithmic barrier term
that handles the bound variables xk.

minimize
x

βµ (x) = f(x)− µ
∑
k∈I

ln (xk) (18a)

subject to g(x) = 0 (18b)

Here, µ > 0 is a barrier parameter that controls the degree of influence of
the second term in the barrier function βµ. When the boundary variables are
included in this way, βµ will become large as x approaches its boundary and
thus, any local solution x?µ will always be in the interior of the set, that is
(x?µ)k > 0. By solving a sequence of barrier problems (18) with µl converging
to 0, where l is a counter for the sub problems, a solution to the original NLP
problem can be found. For large µl, an exact solution x?µl is not of interest and
hence, the corresponding barrier problem is only solved to a relaxed accuracy
εl. This approximate solution is then used as a starting point for the next
barrier problem until a satisfying solution point is found. This method can
of course also be applied to an NLP with both upper and lower bounds in xk
such as problem (1).

2.2.2 The IPOPT Solver

The open source software package IPOPT is an interior point optimizer, de-
veloped by Andreas Wächter (2002) [31] that is designed to solve large scale
NLPs and is available for download from the COIN-OR website3. See the tu-
torial paper by Wächter et.al (2010) [33] for information about the installing
and using of IPOPT. IPOPT is a primal-dual barrier method that solves a
sequence of barrier problems to find an optimal solution [30, 31, 33]. As de-
scribed in [33], IPOPT has an input class called settings which, as the name
implies, defines the settings for the solver. There are a number of parameters
that can be varied in settings and by doing this, the algorithm might solve
optimization problems with varying accuracy and speed. The most common
options for the IPOPT solver can be found in [33] and only a subset of these
will be chosen and tuned in this project. One goal of this project is to examine

3As of November 20, 2014, the IPOPT solver can be downloaded from
https://projects.coin-or.org/Ipopt
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if it is possible to find some settings for these parameters that are better than
the default values by applying the IPOPT solver with different settings on the
implemented test problems. Below follows a brief description of the IPOPT
solver, where the most important features for this project are explained. The
rest of this section is more or less a short recap of the IPOPT implementation
paper by Wächter and Biegler (2006) [30].

As stated earlier, IPOPT solves a sequence of barrier problems (18) with
a decreasing µ to find an optimal solution. It is described in [30], that this is
equivalent to applying a homotopy method to the primal-dual (or perturbed
KKT) equation;

∇f(x) +G(x)λ− ζ = 0 (19a)
g(x) = 0 (19b)

XZe− µe = 0 (19c)

with the homotopy parameter µ. Here, G is the transpose of the Jacobian of the
constraint functions. X and Z denotes diag(xk) and diag(ζk) respectively and
e is a vector of ones in the appropriate dimension. Equation (19c) is referred
to in [30] as the complementarity condition and ensures that the dual variables
ζ satisfies the condition ζk = µ/xk, ∀k ∈ I. In [30] it is further explained that
IPOPT defines an optimality error Eµ for the barrier problem by using (19);

Eµ(x, λ, ζ) = max
{
||∇f(x) +G(x)λ− ζ||∞

sd
, ||g(x)||∞,

||XZe− µe||∞
sc

}
(20)

where sd, sc ≥ 1 are scaling parameters chosen so that the algorithm will not
experience numerical difficulties when solving unscaled primal-dual equations.
If an approximate solution (x̃, λ̃, ζ̃) is found to satisfy

E0(x̃, λ̃, ζ̃) ≤ εtol , (21)

the overall algorithm terminates and a solution is considered to be found. εtol is
the desired convergence tolerance and can be modified by the user. Its default
value is found in [33] to be εtol = 1 · 10−8. It is also explained in [33] that, for
IPOPT to successfully terminate, it requires that the max-norm of the dual
infeasibility (19a), constraint violation (19b) and complementarity conditions
(19c) is less than some threshold values. These thresholds are by default

||∇f(x) +G(x)λ− ζ||∞ < 1 (22a)

||g(x)||∞ < 1 · 10−4 (22b)

||XZe− µe||∞ < 1 · 10−4 (22c)

but can be set to any desired value (greater than 0) in the IPOPT settings.
In order to solve problem (18) for a given µl, a damped Newton’s method

is applied to the primal dual equations (19). This is explained in more detail in
[30,31]. If c denotes a counter, given an iterate (xc, λc, ζc) the search directions
(dxc , d

λ
c , d

ζ
c) to the next iterate are found by linearising (19) at (xc, λc, ζc). When
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this is done, the step sizes αc are determined by a, as it is called in [30, 31],
fraction-to-the-boundary rule in order to obtain the next iterate;

xc+1 = xc + αcd
x
c (23)

and equivalently for the next iterates of λ and ζ. A line search filter method,
originally proposed by Fletcher and Leyffer (2002) [10] and further described
in context of IPOPT in [30,31], is implemented to ensure that, for example, the
algorithm cannot cycle between two points. This includes defining a constraint
violation θ = ||g(x)|| that is to be minimized together with β as a bi-objective
of the original problem. In [30, 31] it is explained how the algorithm contains
a filter set Fc,

Fc ⊆ {(θ, β) ∈ R2| θ ≥ 0} (24)

for each iteration c, which includes those combinations of θ and β that are
not valid for a successful trial point in iterate c. The next trial point xc(αc,j)
(j = 1, 2, ...) is then rejected if

(θ(xc(αc,j)), β(xc(αc,j))) ∈ Fc . (25)

At the beginning
F0 = {(θ, β) ∈ R2| θ ≥ θmax} (26)

so that IPOPT will never allow trial points if they have a constraint violation
greater than θmax. The filter is then updated after every iteration in which
certain conditions of the new bi-objective, described in [30], does not hold. If
it is not possible to find a valid iterate with a step size larger than the smallest
acceptable value, it is explained in [30, 31] how the algorithm reverts to a
feasibility restoration phase. The constraint violation is then reduced by an
iterative method until a satisfactory value is found. It is also noted in [30, 31]
that it might not be possible to find a satisfactory value, and in that case
the algorithm tries to find a local minimizer for the constraint violation and
indicate that the solution is infeasible.

Barrier methods relies on the existence of a strict relative interior of the
feasible region; xL < x < xU and g(x) = 0. In [30] it is explained that if,
for example, it happens that x = xL the algorithm might end up with empty
relative interior which in turn might lead to numerical difficulties. IPOPT
avoids this problem by relaxing the bounds as

xL ← xL − εtolmax{1, |xL|} (27)

and similarly for xU . εtol is by default the same as the termination tolerance
(21), but can be varied as a parameter setting [33].

To ensure that the iterates strictly satisfy the bound constraints, IPOPT
modify the provided initial point so that it is sufficiently far away from the
boundary, see [30]. This is done by, for each component of the initial point,
modify the point by

x0 ← max {x0, xL + κ max{1, |xL|}} (28)
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(similarly for xU ) where κ > 0 is a constant that can be varied in the IPOPT
settings with a default value of κ = 1 · 10−2 [33]. The dual variables of the
bound constraints are by default initialized to 1 component-wise, but can be
changed if desired [30,33].

In [30] it is explained that if the problem have parameters to be optimized
that differs greatly in magnitude, the IPOPT algorithm contains an auto-
matic scaling parameter that at default scales the problem by a gradient based
method. This makes it so x, f and g are replaced by

x̃ = Ix (29a)

f̃(x) = δff(x) (29b)
g̃(x) = ∆gg(x) (29c)

for the unity matrix I and the diagonal matrix ∆g = diag(δ1g , . . . , δ
m
g ). The

gradient comes into the scaling factors, which are chosen in [30] according to

δf = min
{

1,
τmax

||∇xf(x0)||∞

}
(30a)

δjg = min
{

1,
τmax

||∇xgj(x0)||∞

}
, j = (1, . . . ,m) (30b)

for a threshold value τmax = 100. Note that the scaling factors are only com-
puted at the beginning of the optimization using the starting point x0. This
scaling procedure is only "seen" internally and the unscaled values are reported
in the output. In [33] it is explained how it is possible to change this scaling
method along with for example τmax in the IPOPT settings.

2.3 Parameter Tuning

One of the main goals with this project is to see if it might be possible to find
a way of effectively tune parameter settings for the IPOPT solver so that its
efficiency is increased. This can include finding the correct solution to the test
problems from [15] and [28] within a short time with few iterates and low mem-
ory usage. Because of the huge amount of different settings, all parameters can
not be optimized at the same time and it is thus necessarily to systematically
try different settings so that an understanding of the solvers behavior can be
acquired. A way of evaluating the results of the tuned parameters must be
addressed and a clear definition of good parameters is also necessary. As a
subset of the problems might benefit from certain settings while other sets are
greatly limited by the same settings, it could be possible to create subsets of
problems with certain characteristics and tune parameters that are believed to
particularly affect these subsets. When some optimal parameters have been
found for the subset they can be implemented on the whole set. By doing this
it might be possible to recognize an optimal setting for the whole set that can
work as a ground for the real life problems.

An easy way of varying the parameters is by a grid search or parameter
sweep method to manually search through a set of problems with different
parameters to find some optimal settings. If the smallest and largest values of
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a parameter differs with some power, it might be beneficial to begin the search
with a coarse or logarithmic grid and then move on to a finer grid when the
region of the best parameters is found. Other ways of tuning the parameters
could be by some learning algorithms, this is discussed more in Section 5.3.3.
A time limit, or iteration limit, could be set so that obviously bad settings
will not take up a great part of the computations. Also, as shown by both
Baz et.al (2007) and Yang et.al. (2013) in [20] and [32] respectively, if some
critical parameters take on good values, then other "non-critical" parameters
may take on any value and the resulting settings may still be relatively good.

It is understood that a distinctive way of measuring the performance of
optimization algorithms is crucial to evaluate their performance. Both Eiben
and Smit (2011) [8] and Yang et.al [32] mention that both the computational
effort it takes to solve the problem and how well the algorithm finds the correct
solution is of interest when evaluating the performance.

2.4 The Optimization Library

The Optimization Library is a static C++ library previously created by Elekta
Instrument AB. This library will serve as a basis when implementing and
solving the test problems and it will thus be briefly described in this section.
The Optimization Library consists of several parts, where the main part is
called optimization. In Figure 1, optimization has been expanded to show
the folders within. The library is organized following mathematical concepts,
and folders are divided into logical components in dependency order;

1. Utility

2. Vectorspace

3. Mapping

4. Functional

5. Operators

6. Constraint

7. Problem

8. Solution

9. Solver

Thus, the files in Vectorspace can only depend on Utility (and of course
C++ built-in functions) while Mapping can depend on both Utility and
Vectorspace and so on. This way of using a collection of C++ classes to
represent mathematical concepts, permits algorithms to be coded at a natural
level of abstraction, without reference to internal details of data structures and
simulators. This classification is inspired by the Hilbert Class Library (HCL),
and an extended discussion about this library by its developers Gockenbach
and Symescan be found in [12].
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Figure 1: An overview of the Optimization Library. The expanded folder at the bottom is the
main part called optimization, which contains the components briefly described in Section
2.4. The expanded folder at the top named SolverTesting contains the files written specif-
ically for this project. The Fortran part SchittkowskiProblems contains the implemented
test problems from [15] and [28], while SolverTestProblems includes the files that takes
the test problems from SchittkowskiProblems and creates and solves them with IPOPT.
TestIpopt_SolverTests includes the .cpp files that is run to acquire the solution and other
data about the problems.
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The component Utility contains basic C++ support for types, traits and
logging etc. Vectorspace describes discrete vector spaces where the inten-
tion is that optimization problems are described using the original problem
types (fluence distribution can be a 0th order 2D spline and dose distribution
can be a 1st order 3D spline etc.). The Mapping component contains defini-
tions of mathematical properties of mappings like the Gradient and Hessian.
Functionals are the basic building blocks of the optimization problems and
defines mappings from elements in the vector space to scalars such as, for ex-
ample, the inner product. The Operators components simply contains the
definition of interface for operators. Because of the HCL structure, these com-
ponents are not specific for the use of optimization, and this abstraction is one
of the greater benefits of this library design.

The rest of the components of the Optimization Library though, are specific
for optimization problems. Constraints defines the interface for optimization
constraints, and the Problem component contains the optimization problems
that are to be solved, while Solution contains the solutions to these problems.
In Solver, the interfaces and implementations of the solvers such as IPOPT
that will be used in this project are found. The files for this project will use the
Optimization Library as a basis and are designed to make use of the problem
structures and solvers from its respective folders.

3 Method

By implementing a test environment containing a large number of test prob-
lems, multiple optimization algorithms could possibly be analyzed to find their
optimal settings. When a specific solver has been chosen for analysis (in this
project, the focus is on the IPOPT solver described in Section 2.2.2) its opti-
mal settings might be found by tuning a set of parameters that influence the
solving algorithm. This is sometimes called hyper-optimization [32] and, since
different problems might benefit from different settings, is very important in
many cases when implementing optimization algorithms.

The problems and test environment are implemented by the use of In-
tel Fortran 90 and Microsoft C++ in Microsoft Visual Studio (MVSC) 2012
(64-bit OS). A prototype test environment based on the library of test prob-
lems found in [15] and [28] and described in Section 2.1.4 is implemented in
the already existing C++ Optimization Library, briefly described in Section
2.4. This environment is then used for testing of the IPOPT algorithm and a
prototype parameter tuning environment is created by using a subset of the
problems in the test environment. It is of interest to keep the HCL structure of
the Optimization Library so that the level of abstraction, described in Section
2.4, is maintained. It is also important that all code is thread safe so that noth-
ing is dependent on previous calculations, one should be able to run the same
code more than once at the same time without any consequences besides per-
haps slower calculations. The C++ project SolverTestProblems consists of
header files that, together with the SchittkowskiProblems and optimization
projects, creates and solves the test problems with IPOPT. These files are sit-
uated in the folder called SolverTesting, see Figure 1.
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3.1 Implementing The Test Problems

A new folder called SolverTesting is created in the already existing Optimiza-
tion Library in which the test problems from [15] and [28] are implemented.
Since the Fortran code for the implemented problems consists of a set of sub-
routines, see Section 2.1.4, it becomes natural to create a C++ application that
takes the problem number as input and gives the desired problem parameters
as output. As also explained in Section 2.1.4, each subroutine consists of five
branches, where for example branch 1 contains problem specific information
and branch 2 includes the objective function. Five different Fortran 90 files
are created for calling each branch which, in turn, can be called from C++.
The new application is then merged with the already existing optimization
part of the library by inheriting some of its components described in Section
2.4.

3.1.1 The Fortran Subroutines

All Fortran files are stored in SchittkowskiProblems located in the Solver-
Testing folder, see Figure 2. The test problems from [15] and [28], described
in Section 2.1.4, are stored in PROB.FOR, where all problems are defined in
numerical order and can be called by using their specific number. Each problem
can be called with five different modes as input, which each enters a certain
branch of the problem. Five more subroutines are created in Fortran that each
represent one of the possible branches of the implemented problem set.

The subroutine PROBLEM_INFO.f90 calls MODE 1 and gives specific in-
formation of the desired problem. It can, for example, be used to acquire
knowledge of the upper and lower bounds of the objective function (xU and
xL respectively), the total number of the constraints m and their individual
type, as well as solution point x? and solution value f(x?). If no upper or
lower boundary exists these are set to the highest or lowest double precision
value possible in C++, thus transforming unbounded problems to bounded
problems that can be solved by IPOPT.

OBJECTIVE_VALUE.f90 calls MODE 2 and, as the name suggests, calcu-
lates the value of the objective function f(x) at the input iterate x. The
gradient ∇f(x) of the objective function at the actual iterate x is calculated
in OBJECTIVE_GRADIENT.f90 by calling MODE 3.

By calling MODE 4 in CONSTRAINT_VALUES.f90 the predetermined sub-
set of constraints g1(x), . . . , gm(x) are evaluated at the current iterate x. The
gradients of the non-linear constraints are computed by calling MODE 5, but
the derivatives of the linear constraints are stored in MODE 1. CONSTRAINT_-
GRADIENTS.f90 calls both MODE 1 and MODE 5 to give all constraint deriva-
tives ∇g1(x), . . . ,∇gm(x) in the same subroutine. The derivatives are, in
PROBLEM_INFO.f90, given in a matrix format GGm,n where m is the num-
ber of constraints and n is the number of problem dimensions. To make the
output and export to C++ easier, the elements of the matrix are rearranged
into a one-dimensional array of the form GG(j + m(i − 1)) where 0 < i ≤ n
and 0 < j ≤ m.
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Figure 2: The part SchittkowskiProblems of the SolverTesting folder has been expanded
to show the Fortran files inside. PROB.FOR includes the test problems from [15] and [28].
By calling PROBLEM_INFO.f90 it possible to acquire information about the test problems
such as number of dimensions n, number of constraints m etc. OBJECTIVE_VALUES.f90
and OBJECTIVE_GRADIENT.f90 can be used to get the objective function value f(x)
and gradient ∇f(x) at a specific iterate x respectively. CONSTRAINT_VALUES.f90 and
CONSTRAINT_GRADIENT.f90 can be used to get the constraint function values gi(x) and gra-
dient ∇gi(x) at a specific iterate x respectively. All these files are described more thoroughly
in Section 3.1.1.

3.1.2 Constructing The Problems

The problems are created and solved in SolverTestProblems, also located
in the SolverTesting folder. To call the Fortran subroutines from C++ a
file containing an external linkage is created called SchittkowskiProblems.h.
Each of the new .f90 files described in Section 3.1.1 have a corresponding
header file in SolverTestProblems that calls their respective Fortran rou-
tine via the extern "C" linkage. For example, ShittkowskiProblemInfo calls
PROBLEM_INFO.f90, while ShittkowskiObjectiveValue.h calls OBJECTIVE_-
VALUE.f90 and so on. Most of these are implemented in the two headers
SchittkowskiObjective.h and SchittkowskiConstraints.h which are used
to create new functionals of the objective and constraint functions of the prob-
lems from PROB.FOR. The functionals uses the already existing interface in
FunctionalInterface.h in optimization and can thus easily be implemented
with previously created classes from optimization. Both the objective and
the constraint functionals have the problem number as input and the latter
does also have an input defining which constraint that are to be evaluated.
After the functionals are created it is possible to create the problems with the
class ConstrainedProblem from the problem component of optimization.
By using the components of optimization, the aim is to implement the test
problems from [15] and [28] in such a way so that they can be solved with the
existing solvers in the same library.
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Figure 3: SolverTestProblems has been expanded to show the files inside. All headers are
explained in Section 3.1.2 and 3.2. Most of the headers are used to call the Fortran files
in SchittkowskiProblems to get the information needed to solve the problems with IPOPT.
TestSuite.h create a suite of all problems to be solved (described by a flowchart in Figure
6) while TestRunner.h calls IPOPT to actually solve the problem (described by a flowchart
in Figure 7). TableOutput.h creates a text file with all important information after the
problems are solved.
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3.2 Solving The Test Problems

The IPOPT solver has already been implemented in the Optimization Library
and is used to solve the problems in PROB.FOR. Since the new test problems have
been implemented in such a way that they correspond to the HCL structure
of optimization, it is straight forward to solve them with the implemented
IPOPT solver. The two header files TestSuite.h and TestRunner.h, see Fig-
ure 3, creates a suite of the specified test problems and solves them with the
IPOPT solver respectively. The header file OutputTable.h then creates a table
with relevant information so that all problems can be evaluated. TestSuite.h,
takes a predefined vector of problem numbers as input, and creates a vector
containing the constrained problems for output, see Figure 3. By using the Op-
timization Library, it is possible to create these constrained problems in a way
so that they are solvable with the implemented solvers. If the problem dimen-
sion is zero, that is n = 0, the test suite will not contain this problem, assuring
that only existing problems will be called and solved by TestRunner.h. In
TestRunner.h the problems are solved with the desired solver, here IPOPT,
and the C++ function GetProcessTimes() is used to determine the time it
takes to solve each problem, see Figure 7. GetProcessTimes() is chosen before
other timing functions because of its accuracy and ability to measure the user
CPU time. The time t it takes to solve each problem might in some cases be to
short for a good accuracy and the same problem can differ by some milliseconds
between each run. To work around this, each problem is solved p times and a
mean value of the solving time t̄ is calculated. The sample standard deviation,
s, of the time is then acquired by implementing the standard formulae;

s =

√√√√ 1

p− 1

p∑
i=1

(ti − t̄ )2 . (31)

By using p = 10 and calculating t̄ as well as s it is believed that it might be
possible to draw some conclusions about the solvers performance based on the
solving time. To get information about the number of objective and constraint
function evaluations, two classes called ObjectiveData.h and Constraints-
Data.h are created. These count and store the number of times the solver have
called each problem to get information about the objective function value at
a point f(x) and its derivative ∇f(x) as well as the constraint value at a
point g(x) and its derivative ∇g(x). Since the functional interfaces used in
SchittkowskiObjective.h and SchittkowskiConstraints.h cannot be mod-
ified, the iteration classes are included as shared pointers. In a few cases, the
problems in PROB.FOR have no defined partial derivatives, and since this is
necessary information to be able to solve the problems with IPOPT, these
problems are excluded from the suite of test problems. The problems with no
defined derivatives is further discussed in Section 5.2.5. TestRunner.h also
checks if a valid solution is found. If xf is the found solution point by IPOPT,
this solution is considered correct in cases when
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|f(xf )− f(x?)| < ε|f(x?)| , if f(x?) 6= 0 (32)

or
|f(xf )| < ε , if f(x?) = 0 . (33)

For the tests in this project, ε = 1 · 10−5 is used. This can be interpreted as
the requirement that the solution to have an accuracy of 0.01%� to be deemed
successful.

3.2.1 Output

A table containing relevant data is generated as a text file when the test prob-
lems are solved with the selected settings. It should be easy to get an overview
of the result from the optimization algorithms so that the evaluation process
becomes as simple as possible. The table shows all solved problems in the order
they are solved. All problems are presented so that each setting is paired to a
number and the same setting for different problems thus have the same num-
ber. This way it becomes easy to refer to a certain setting when discussing the
results. It is also possible do identify the number of dimensions and constraints
for each problem within the table to get a feeling of what kind of problem is
solved. In the table, the expected solution value of the solved problem as well
as the solution value that the solver proposes are shown, and to simplify the
evaluation process, two parameters that directly tells us if the found solution
is correct and feasible respectively are included. To be able to evaluate the
solution it is interesting to see the time it takes to solve each problem and the
number of iterations that was needed, so these parameters are shown as well.
IterationCounter.cpp is used to acquire the iterations needed by IPOPT to
solve each problem. These are the same iterations which maximum number
can be set by the maxIteration setting, see Appendix A, and should not be
confused with the number of calls to the objective and constraint functions.
All varying parameters that are tuned are of course presented, and if a certain
parameter is not shown it is set to its default value. Inspiration to these tables
is taken from i.e. [17] and [29]. The header TableOutput.h creates this text file
and presents all the above specified parameters. It acquires this information
by having vector data, generated in both TestSuite.h and TestRunner.h, as
input parameters. For simplicity, short-hand notations of all parameters are
used in the tables and these are described in Appendix B.1.

A logging function called SettingLogger.cpp which print output informa-
tion directly from IPOPT in the output window in MSVC is included in the
TestIpopt_SolverTests project. This function will mainly be used for debug-
ging and ensuring that the output data is correct. SettingLogger.cpp will
thus not be used to acquire any information, and can be excluded if everything
is working correctly.
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Figure 4: TestIpopt_SolverTests has been expanded to show the files inside.
SolveProblemsWithSettingsTest.cpp is the test environment where all tunable parameters
can be set and that is run to produce the results. This is described by a flowshart in Figure 5.
The SettingLogger.cpp file creates a logger that gives output from the underlying IPOPT
algorithm. IterationCounter.cpp is used to count the number of iterations that IPOPT
needs to solve each problem. These files are described in Section 3.2.

3.3 Tuning The Parameters

A number of the tunable parameters described in [33] are implemented in
the optimization library under the solver folder, see Figure 1, in the Ipopt-
Settings class. A short description of all implemented tunable parameters can
be found in Appendix A. The setting parameters which can take on integer
values (mostly for choosing different methods for solving the problems) can
easily be varied by trying all settings within a for-loop. The other parameters
which can take on floating point values can not as efficiently be looped through
since it would require a lot of iterations with a suitable step size. Instead these
values will be tried successively, first on a large scale with a logarithmic step
size to get a feeling in which area the optimal parameters are situated, and then
on smaller scale with a linear step size if it is found necessary. The CPU time
to solve each problem and the number of iterations required will be evaluated
for runs where the correct solution is found. If no satisfying solution is found
however, the runs where the found solution is feasible are considered instead. If
no significant difference is found between different settings, the default settings
is considered best.
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Figure 5: Conceptual flow chart of SolveProblemsWithSettingsTest.cpp. The file
IpoptSolver.cpp is contained in the solver folder of optimization and the whole pro-
cess is explained in Section 3.2. Flow charts of TestSuite.h and TestRunner.h are shown
in Figure 6 and Figure 7 respectively. TableOutput.h is described in Section 3.2.1.
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Figure 6: Conceptual flow chart of TestSuite.h. This header is called in
SolveProblemsWithSettingsTest.cpp and creates the test problems that are to be solved.
SchittkowskiObjective.h and SchittkowskiConstraints.h creates functionals of the ob-
jective and constraint functions respectively with the help of FunctionalInterface.h in the
functionals folder of optimization. It is also in these two headers that calls to the Fortran
subroutines are made to acquire most of the information needed. The problem is created as a
constrained problem with ConstrainedProblem.h in the problem folder. The whole process
is described in Section 3.2.
*This information includes for example number of dimensions, expected solution values etc.
It is used for easy access to problem specific information originally stored in the Fortran files.
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Figure 7: Conceptual flow chart of TestRunner.h. This header is called in
SolveProblemsWithSettingsTest.cpp and solves the problems in the test suite with the help
of IpoptSolver.cpp, located in the solver folder of optimization. This process is described
in Section 3.2.
*This information includes found solution value, the time it took to solve the problem, number
of calls to the objective and constraint functions etc.
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The test problems will be divided into subspaces where a selected few
parameters are tuned depending on the characteristics of each subspace. The
subspaces are chosen so that they have a significant feature that separates
them from the rest of the problems. After the tests on the subspaces have been
made, the found optimal parameters are tried on the remaining problems to see
if these settings turns out to be significantly better or worse than the default
settings. All parameters might not be tuned at the same time for a certain
type of problem. When there are many possible settings, some parameters are
chosen to be tuned simultaneously while some are tuned by themselves. This
is purely to simplify the solution evaluation, and if a setting is found to be
particularly good it can be used when tuning the other parameters. Below is
a list of the subspaces together with the parameters selected for tuning.

1. Problems with linear and nonlinear constraints
- constantJacEq, constantJacIneq

2. Bounded and unbounded problems
- boundDistance, boundRelaxFactor

3. Small and large problems
- tolerance, dualInfTolerance, constrViolTolerance,
complInfTolerance, muStrategy, muOracle,

For the problems with linear constraints, it is required that the constraint
functions gi, i = 1, 2, 3 . . ., satisfy equation (4). The linear constrained prob-
lems will be solved with the four possible combinations of constantJacEq and
constantJacIneq to see if there is a greater benefit from assuming linear con-
straints. The nonlinear constrained problems will then be solved with the same
settings to see if it might possible to solve these with the assumption of linear
constraints.

For bounded problems the requirement is that either xL or xU (or both) are
defined. These are solved while varying boundDistance and boundRelaxFactor
which are directly associated with the bounds. boundDistance will be tuned
in the interval 10−4 ≤ κ ≤ 1 (see (28)) while boundRelaxFactor is tuned in
the interval 10−8 ≤ εtol < 10−1 (see (27)), both with logarithmic step size to
begin with.

The small and large problems are divided by using the scatterplot in Figure
8. Problems are considered small if their dimensions and number of constraints
are smaller than or equal to 8 (n ≤ 8 and 0 < m ≤ 8) and the problems are
considered large if its dimension and number of constraints are larger than or
equal to 10 (n ≥ 10 andm ≥ 10). The problems that do not fall into any of the
above criteria are not considered in these tests. Even though there are a lot
more problems that are considered small than large, since they are only used
to get a feeling of the behaviour of the tunable parameters, it is still a valid
division for our purpose. Since real life radiotherapy problems have many di-
mensions and constraints, the subset of large problems are most likely the most
interesting subset. Because of this, many setting parameters are first tuned on
the large problems and then, for completeness, also tuned on the small prob-
lems. The parameters tolerance, dualInfTolerance, constrViolTolerance
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Figure 8: Scatterplot over problem dimensions, n, and problem constraints, m, for all imple-
mented problems. One circle corresponds to one type of problem, and many problems may
thus be included under one circle.

and complInfTolerance are interesting to tune together with each other be-
cause of their connection as seen in equation (20) and (21). To begin with,
constrViolTolerance and complInfTolerance will be tuned in the intervals
10−4 ≤ ||g(x)||∞ ≤ 1 (see (22b)) and 10−4 ≤ ||XZe − µe||∞ ≤ 1 (see (22c))
with logarithmic step sizes, to see if increasing these tolerances makes any
difference. Then, these will be tuned together with decreasing tolerance if
it thought to make a difference. Since dualInfTolerance already have a rel-
atively large threshold of 1, this parameter will get prioritized. The update
strategy of the barrier parameter µ, muStrategy, will be tried with both of its
settings. The muOracle parameter will then also be tuned when muStrategy
is set to "adaptive" to see if any difference can be made to the solutions. For
information about the update strategies, see [16].

4 Result

A new folder, called SolverTesting, has been created in the already existing
C++ Optimization Library, see Figure 1, where all new files created for this
project are located. A set of test problems from [15] and [28] have been suc-
cessfully implemented and can be found in the Fortran project Schittkowski-
Problems. These problems are further integrated with the optimization part
of the library, described in Section 2.4, so that they are solvable with the
already existing solvers like IPOPT. New parameter settings for the IPOPT
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solver have been enabled and a prototype test environment where these can be
varied when solving the test problems has been designed. The end result is a
number of text files supplying tabular information about the solutions of the
test problems when solving them with different settings of the IPOPT solver.
Parts of these text files are shown in Appendix B.2 and they are further dis-
cussed in Section 5.2. From these tables it is possible to determine the effects
of varying different settings, and some better settings has been found (for the
implemented set of test problems), based on number of calls to the problem
functions, number of iterations in IPOPT and the solving time. In Table 12
some problems are solved first with the default settings and then with the
settings found to be better. This is also discussed in Section 5.2.4. It is not
said that these settings are optimal for IPOPT, but it clearly shows that it is
possible to tune the parameters of IPOPT to improve the algorithm.

5 Discussion

This section will focus on discussing the results acquired by the method de-
scribed in Section 3 and presented in Section 4. It will also discuss changes
that can be made to improve the parameter tuning process. However, it will
begin by analyzing the performance of the code that has been written to ac-
quire the results. The discussion of the parameter tuning process is divided
into subsections where each type of the sub problems, defined in Section 3.3,
are analyzed and discussed separately.

5.1 Analysing the code

The results acquired when solving the implemented test problems (with the
default settings of IPOPT) conform with what is written about the problems
in [15] and [28]; the output tables shows the correct number of dimensions n,
number of constraints m and expected solution value f(x?) etc. The Fortran
files in SchittkowskiProblems, described in Section 3.1.1, are used to acquire
information about each specified problem and since the output correlate with
what is stated in the problem collection, these files can be considered to work
as expected. For the same reason, it is believed that the rest of the header
files in SolverTestProblems are working. Their main purpose is to call the
correct Fortran files and gather the data in a suitable way for solving the prob-
lems. If these files were not working, no parameter tuning could have been
made since there would be no test problems to work with. Since data about
all test problems is successfully acquired with the proposed method, it can
be concluded that the code works to a degree where it can gather the correct
information about each problem and present it in the output tables. The im-
plemented IPOPT solver have proved to work before this project started, and
by constructing functionals of the test problems in SchittkowskiObjective.h
and SchittkowskiConstraints, solutions to over 91% of the problems are ac-
quired. For more information about the unsolved problems, see Section 5.3.2.
The solutions are correct for most of the problems, and since they are solvable
with IPOPT, they must have been implemented in a correct way. By increas-
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ing the tolerance parameter, εtol in (21), it is expected that the solution will
deviate from f(x?) to a greater degree, and according to Table 5 and Table
6 this is in fact the case. Changing parameters that have a predictable ef-
fect on the solution can be used to make sure that the implementation of new
parameter settings in IPOPT, and the possibility to vary those, are working
as expected. The Optimization Library, see Section 2.4, has been constructed
in such a way that if the problems work for one of the solvers in the solver
folder, they should work for the other implemented solvers as well (although,
this has not been tested). Thus, much of the work for tuning different solvers
is already made. The only thing that should be needed to be done is to use
another solver in TestRunner.h with its corresponding settings.

When first analysing the results, acquired by the method described in Sec-
tion 3, it was noted that the solving time required for each test problem varied
depending on the order the problems were solved (all other data constant). At
a closer inspection, it seemed that the first couple of times TestRunner.h was
initialized, the time to solve each test problem was longer than if the same
problem was solved at the end of the run. This is considered as a problem
since the time to solve each test problem should, naturally, not depend of the
order that they are solved. With the idea that this time difference occurred
because of some initialization time required by IPOPT, a first attempt to work
around this discrepancy was made. By solving the first problem with the same
setting a number of times with IpoptSolver.cpp inside TestRunner.h before
any data was acquired, it was thought that the initialization time would wear
off and the correct times would be acquired. This proved not to work as ex-
pected as the discrepancy still persisted. It was also tried to put the loop
outside TestRunner.h so the header was initialized a couple of times before
any data was gathered. But this turned out to not work either. What finally
solved the time discrepancy problem was to put a loop outside the "setting-
loops" in SolveProblemsWithSettingsTest.cpp, see Figure 9. This causes
all problems to be solved more than one time with each setting, and data is
only collected in within the last loop. Why this loop solves the problem is
still uncertain, and it is encouraged to examine this further. Possible reasons
behind this problem could possibly include cache memory allocations, multi-
threading or even power saving settings on the computer. The main drawback
of the implemented loop is the increased time it takes to solve a test suite of
problems. In fact, it almost doubles the solving time compared to when the
loop is not used and it could greatly speed up the data acquisition process if
the problem was more thoroughly understood and could be solved in another
way.
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Figure 9: The same flowshart as in Figure 5. Everything inside the dashed lines are run at
least once before any data is acquired. This is to get time measurements that are consistent
and not dependant on the order the problems are solved. The reason behind why this is
necessary is still unclear, and this is discussed more thoroughly in Section 5.1.
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5.2 Parameter Tuning Results

In many cases the default settings of IPOPT are very good. This is not unex-
pected since, as explained in [33], its settings have already been adjusted to fit
a wide range of optimization problems. Before any tests were made, the max-
imum number of iterations defined by the maxIterations setting is decreased
from its default value of 3000 to 500. Having this limit prevents IPOPT to
work with obviously bad settings, and 500 iterations were found to be enough
for most of the implemented problems.

In radiotherapy it is very important that the solutions found to the op-
timization problems do not violate the constraints. Hence, it can be argued
that a feasible solution is more important than an optimal solution. Feasible
solutions were found to almost all problems, with only a few exceptions. The
unfeasible solutions were mostly found when the starting point itself was un-
feasible, and changing this point was found to increase the probability to find
a feasible solution.

When evaluating the results in this project, the number of calls to the
objective and constraint functions along with their respective derivatives are
considered the most crucial parameters to keep low. For the end user of a
program that optimizes radiotherapy problems, the time to solve each problem
is of course the most important (assuming that a feasible solution can be
found). But since the test problems that have been implemented here, are
in most cases a lot simpler than the real life problems, it is not possible to
relate the number of iterations and function calls to the solving time in the
same way. For the simpler problems implemented, a greater part of the time it
takes to solve the problems is probably within the solver itself, but with more
complex problems, the function evaluations can be a lot more time consuming
and take up a greater part of the solution process. Because of this, a greater
emphasis has been on acquiring low function calls than number of iterations.
Although these two almost always correlate, they may vary independently of
each other because of the restoration phase described in Section 2.2.2. If in one
iteration, the next step falls outside the feasible set, new calls to the problem
functions are made. This also explains why the number of iterations are, for
the most part, fewer than the calls to the problem functions. If it is possible to
decrease the number of iterations and function evaluations for some problems,
it might allow radiotherapy problems to be solved faster. Even if this difference
in solving time is small, it could have a great impact when solving more than
one problem. A radiotherapy optimization problem might take over an hour
to solve, and if this time is decreased by a few percent, it could result in a lot
of time saved for the end user, who is solving many problems a day.

It is also noticed that the time to solve each problem decreases greatly if an
empty session is used as input to IpoptSolver.cpp in TestRunner.h. At the
moment, a non-empty session is necessary to acquire the number of iterations
used by IPOPT, and since it is only the relative times between the different
settings that are of interest, it is of no concern in this project.
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5.2.1 Problems With Linear Constraints

The subset of problems with linear constraint were solved with all possible
combinations of the setting parameters constantJaqEq and constantJacIneq,
see Appendix A and/or [30]. Some of the problems are seen in Table 1 in
Appendix B.2. The first thing that is noted is that no setting is better than
the other when considering the found solution value f(x?). All solutions are the
same with any setting, and though all solutions are feasible, not all problems
have a solution that have an error margin smaller than 0.01%�. Further, it can
be seen that there is no difference in the number of iterations or number of
calls to the problem functions f and gj , j = 1, . . . ,m. Since these iterations
are unchanged, there is no surprise that the solving time for each problem is
also relatively constant. It is possible to notice a small decrease in solving
time when only linear constraints are assumed (constantJacEq = "yes" and
constantJacIneq = "yes"), but since the difference for the most part is only a
few milliseconds it is very difficult to say for sure. Though it would be natural
that IPOPT solves the problems a bit faster if the Jacobians are calculated
only once for each problem. On the other hand, varying the same settings
on the rest of the problems, that is, the problems with non linear constraints,
results in difficulties with the solver. This is not surprising since it is not
correct to assume a constant Jacobian when it is not. Since no greater benefit
can be found when using the assumption of linear constraints, it is concluded
that it is best leave the constantJacEq and constantJacIneq parameters in
their default values.

5.2.2 Bounded And Unbounded Problems

All problems with defined bound constraints (one or both of xU and xL) have
been solved with different values on boundDistance and boundRelaxFactor,
see Appendix A and/or [30]. The same settings have then been varied on
the unbounded problems only to verify that these settings does not affect the
unbounded problems.

The setting parameter boundDistance has a default value of κ = 1 · 10−2,
see (28), and is varied in the interval 10−4 ≤ κ ≤ 1 in 5 steps with a log-
arithmic step size. These values are chosen so that the effect of having a κ
both larger and smaller than the default value can be examined. Some results
for bounded problems can be seen in Table 2 and for unbounded problems
in Table 3, both in Appendix B.2. When tuning boundDistance it is noted
that for bounded problems like, for example, 36 in Table 2, the number of
iterations is constant and the execution time vary little between the different
settings. Examining these problems closer, it is found that the starting point
x0 already lies sufficiently far away from the bounds and since, according to
(28), this leaves x0 unchanged, it is thus no surprise that the solution does not
vary as well. However when x0 is changed, as in problem 45, it is often a clear
difference in the number of iterations and execution time. It is not obvious
if it becomes easier or harder for IPOPT to solve these problems when x0 is
changed. This is thought to depend on if x0 is moved closer or further away
from x? when changed according to (28) or if it is moved to a point which

Ola Söderström 32 June 15, 2015



Testing and Tuning Of Optimization Algorithms 5 Discussion

is easier or more difficult to start from. The solution values f(x?) found by
IPOPT is for almost all cases within the error margin of 0.01%�. κ = 1 · 10−3

or κ = 1 ·10−2 are always resulting in a valid solution. Knowing in what range
the "best" solution is found, a linear step size could be used in the interval
10−3 ≤ κ ≤ 10−2, to find an optimal κ. But since the difference is not that
big and quite dependent on the specific problem, it is concluded that the de-
fault setting κ = 1 · 10−2 is a suitable choice for this parameter. In Table 3
the unbounded problems have been solved while varying the same parameter.
The first three problems in the table represents the typical solutions for these,
and it can be seen that, as expected, varying boundDistance for unbounded
problems makes no difference whatsoever. Problem 245, turned out to not be
an unbounded problem and is discussed more in Section 5.2.5.

Tuning boundRelaxFactor in the interval 10−8 ≤ εtol < 10−1 reveals that
the greater εtol is in (27) the worse the solution becomes, see Table 4. It
is understood that the less the bounds are modified, the less the problems
statements themselves are modified and it is therefore recommended to leave
this parameter at its default value εtol = 10−8.

5.2.3 Large And Small Problems

The subset of problems defined as large in Section 3.3 are perhaps the most
interesting ones. Mainly because the real life radiotherapy problems will have
many dimensions and constraints, and it is thus important that these problems
are solvable. The tolerance parameter (εtol in equation (21)) is varied for both
large and small problems and the results are seen in Table 5 and Table 6. It
comes as no surprise that, for all solvable problems, the number of iterations
and calls to the problem functions decrease with increasing tolerance, and the
same goes for the solving time. It is thus interesting to see if the three threshold
values in (22) (that is dualInfTolerance (22a), constrViolTolerance (22b)
and complInfTolerance (22c) in Appendix A) are affecting the solution as
well.

Varying only constrViolTolerance and complInfTolerance while keep-
ing tolerance at its default value does little to the overall results. But if at
the same time tolerance is varied it is seen in Table 7 that the when the
tolerance becomes large enough complInfTolerance is of decisive impor-
tance for the outcome. From this result, it is possible to draw the conclusion
that, as expected, tolerance is one of the more crucial parameters and that
the values of constrViolTolerance and complInfTolerance does not mat-
ter if the tolerance is low enough. This is not surprising if when looking at
equation (20) but is nice to see realized. If the tolerance is set to a large
value, it seems that the solution is more sensitive to complInfTolerance than
constrViolTolerance which can be useful information if, for some reason,
tolerance cannot be brought down low enough.

The strategy used to update the barrier parameter µ can be varied with the
muStrategy setting, see Appendix A. Both small and large problems are first
tried with the two options for the update strategy and the results are seen in
Table 8 and Table 9. In these tables, the default settings on the muOracle and
fixedMuOracle are used. By analyzing these settings, the solution value f(x?)
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is found to vary a bit between the settings, but that they are always within the
set tolerance independent of the setting. Fewer iterations and calls are almost
always needed when the "adaptive" strategy is used. This is not surprising,
since this method minimizes a quality function to determine the next barrier
parameter. Since this method is, in sense "smarter", it also require a bit more
time to find the solution with this method. This is the reason why the solving
time for the "adaptive" method often is longer even though the iterations and
calls to the problem functions are fewer. Since this setting uses fewer iterations
and calls in most of the cases, it is interesting to see if changing the muOracle
setting to any of its other options can further improve the result. In Table 10
and Table 11 the problems have been solved while varying muOracle. From
this table it can be seen that, for example, problem 355 is only solved with the
use of a "quality-function", and since this setting is almost always considered
one of the better when counting iterations and calls to the problem functions,
we conclude that this is the setting of choice, at least when solving the test
problems from [15] and [28].

5.2.4 Improved Settings

By analyzing the results from Tables 1-11, discussed in Sections 5.2.1-5.2.3 it
is possible to improve the overall settings of IPOPT for the implemented test
problems. Table 1-4 tells us that the parameters constantJacEq, constant-
JacIneq, boundDistance and boundRelaxFactor are best left at their default
values. From the three Tables 5-7 discussed in 5.2.3, it can bee seen that
if tolerance have a small enough value, the two parameters constrViol-
Tolerance and dualInfTolerance is not as important as if the tolerance were
large. Since the number of calls to the problem functions as well as the number
of iterations used are obviously decreasing when increasing the tolerance, it
would be beneficial if this value could be increased as much as possible. Since
the problems are considered to be solved when the found solution is within
0.01%�, see (32) and (33), the tolerance is set to the same value, εtol = 10−5.
This value is still considered relatively small and constrViolTolerance and
dualInfTolerance parameters are thus increased from their default values so
that ||g(x)||∞ < 10−1 and ||XZe− µe||∞ < 10−1 respectively.

Changing the muStrategy parameter to the "adaptive" mode and using the
default setting on muOracle turned out to have a great impact on decreasing
the number of calls to the problem functions and the iterations needed to
find a solution, this is shown in Table 8-11. By combining these results it
is assumed that some settings for the IPOPT solver has been found that is
better, for this problem class, than the default settings. Table 12 shows a
handful of problems that are first solved with the default settings and then
with the improved parameters found by analyzing the data in the previous
tables. As is clearly seen, in most of the cases, the number of iterations and
calls to the problem functions have been decreased. This is mostly due to
the use of a quality function when updating the barrier parameter, but also
an effect of the increased tolerance. The increase in constrViolTolerance
and dualInfTolerance is believed to only decrease the solving time a bit.
Interesting to see is that with the improved settings, a feasible solution is found
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to, for example, problem 109 and 372 where the default settings fail. This is
also most likely to the use of a smarter update strategy of the barrier parameter.
On some occasions though, these setting do not turn out to be better than the
default. This is often for the simpler problems where a solution to the problems
are easily found without the help of a quality function. Also important to note
is that the time to solve each problem is not necessarily decreasing only because
the number of iterations and calls are decreasing. This is for the same reason
as described in Section 5.2.3 that the "adaptive" strategy takes more time than
the "monotone". For more complex problems though, it is believed that these
fewer iterations and function calls are vital for decreasing the solving time.

5.2.5 Problem Inconsistencies

It is noted that some problems in PROB.FOR are not consistent with what is
written in [15] and [28]. For example, TP 245 is written as an unbounded
problem in [28], but when tuning boundDistance it was noted that its solu-
tion varied with the same parameter, see Table 3. This was considered strange,
and after a closer inspection in PROB.FOR it was found that this problem actu-
ally had defined bounds. Another example of an inconsistency was found when
trying to solve TP 114. IPOPT then returns a message that says RESTORA-
TION_FAILED, see Section 5.3.1, and because of this, the PROB.FOR file were
examined so that it could be verified that ∇f114 and ∇g114j (j = 1, . . . , 11)
exists and contain the correct information. A quick examination concludes
that the derivatives exists. But, after calculating the derivative analytically
for each function it was found that both ∇f114 and ∇g11410 are incorrect. The
constant parts of ∇f114 are multiplied with an unclear factor 1 · 10−4 and in
∇g11410 it seems that x3 is confused with x9.

These inconsistencies should not be apparent in too many of the test prob-
lems, but it is recommended that all test problems are examined if they should
be used for any exact measurements.

5.3 Improvements

Even though the implementation of the test problems went without any greater
difficulties, the parameter tuning process and some other sequences can be im-
proved upon. The following subsection will discuss some of the more prominent
changes that could be made to improve the result of this project.

It is possible to improve the code and make it even more unified with
the already existing Optimization Library. For example, templates could be
implemented to a greater extent in the created header files. This should not
be overly difficult and will make it easier to implement SchittkowskiProblem
further.

In Section 3.3 it is mentioned that the memory used when solving the test
problems could be used to evaluate the effect of the parameter settings. This is
however not implemented since no suitable way of doing this was found. The
solving time and number of iterations is considered enough to tune the setting
parameters of IPOPT, but it could be interesting to see the memory usage in
the output tables as well.
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5.3.1 Exception Interruptions

When solving some of the test problems with certain settings it happens that
the solving session gets interrupted by an exception message. This is what
happened for example to problem 114, described in section 5.2.5. Since the
solving process is interrupted when this happens, it can have some impact
on the solving time. It would be beneficial if this could be worked around
when solving the problems so that the exceptions are only noted in the output
tables. The possible exceptions that IPOPT may indicate can be found at the
COIN-OR website4 and the most commonly seen messages are briefly described
below.

For one of the most common exceptions, the message RESTORATION_-
FAILED is shown. This means that the restoration phase (described in Sec-
tion 2.2.2) failed to find a feasible point that was acceptable to the filter line
search for the original problem. This could happen if the problem is highly
degenerate, does not satisfy the constraint qualification, or if the NLP code
provides incorrect derivative information. Since this is an indication of that
IPOPT was unable to solve the problem, it would make sense if it was included
in the output somehow.

LOCALLY_INFEASIBLE is another quite common exception encountered
when tuning the parameters. This indicates that the restoration phase con-
verged to a point that is a minimizer for the constraint violation but is infea-
sible for the original problem. Since all implemented problems should have a
feasible solution, it might help to begin these problems from another starting
point.

It also happens that the message ACCEPTABLE_POINT_REACHED is
shown. This is an indication that the algorithm did not converge to the desired
tolerance εtol, but that it was able to obtain a point satisfying the acceptable
tolerance level as specified by the acceptable_* options, see [33]. This may
happen if the desired tolerances are too small for the current problem. Since
no acceptable_* option is implemented in the optimization library, it is not
possible to change their values and see if it solves the problems.

5.3.2 Unsolved Test Problems

A few of the test problems do not have any defined derivative, either of the
objective function ∇f or the constraints ∇g, and these are not possible to solve
with the current implementation of IPOPT. ∇f is undefined in problem num-
ber 236 - 239, 332, 348, 349, 356, 357, 362 - 366, 369 - 371 and 390 - 393 (a total
of 21 problems). In problems that actually have constraints, ∇g is undefined in
problem number 332, 348, 349, 356, 362 - 366, 369, 390, 392, and 393 (a total
of 13 problems). It is often the same problems that lacks a defined ∇f and
∇g. In fact, all problems that lacks defined ∇g also lacks a defined ∇f . These
problems together make up less than 7% of the total number of test prob-
lems. As briefly discussed by Meza et.al in [22] it could be possible to acquire
an approximation of the derivative for these test problems by implementing
a finite difference method. Meza et. al. also points out that all derivatives

4http://www.coin-or.org/Ipopt/documentation/node35.html
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in the problems collections [15] and [28] are not well defined. By comparing
the gradients acquired by a finite different method with the value given from
the problem collection (up to a tolerance) could tell if the gradients are well
defined. If the finite difference method was implemented the if-statements
in SchittkowskiObjectiveGradient.h and SchittkowskiConstraintGrad-
ient.h could be removed to possibly improve the code.

There also exists some test problems that IPOPT are not able to solve
with the default settings even though they have defined derivatives of all their
functions. These are problems number 25, 105, 303 - 306 and 313 (a to-
tal of 7 problems). When trying to solve these IPOPT delivers the message
"IpoptNLP:Eval_Error" and this is not examined any further. Since these
problems are only a small set of all problems, no greater effort has been de-
voted to examine why this is the case. Although, if the reason behind the
difficulty of solving these problems was found it could increase the reliabil-
ity of the IPOPT solver when solving radiotherapy problems. To be able to
solve these problems, implementation of more tunable settings in IpoptSolver
might be necessary. Adding these unsolvable problems to the excluded ones
results in a total of 28 problems that are not included in the tests. This is
about 9% of the total number of problems, and since none of these problems
are not, for our purposes, unique in any way, they can be excluded from the
test without any greater loss of validity.

5.3.3 Improved Parameter Tuning

A parameter sweeping process has been used in this project to vary the spec-
ified parameters for finding some improved settings. Although it works, the
time it takes to solve all problems is for the most part very long (much because
of the problem with the solving times described in the beginning of Section 5)
and some effort must be put into analyzing the effects of the parameter tuning
process. Because of this it would be beneficial to find a different way of going
through the settings. Baz et. al. (2007) [20] are proposing a machine learn-
ing algorithm for finding some optimal settings. The idea behind the machine
learning method is that it should be able to extract useful information from
the default settings to guide the choice of additional settings by building some
probabilistic model. By doing this, the need for analyzing each parameters
effect on the solver can be reduced. Eiben and Smit (2011) [8] are describ-
ing different tuning algorithms and ways to distinguish and classify tuning
methods. These articles can be studied further for ideas how to improve the
parameter tuning process. Yang et.al. (2013) [32], are describing a self tuning
algorithm based on the specific problem that are to be solved. If it is clear that
only a specific type of problem is to be solved, or that a certain problem type
is much more important, this could be an interesting inspiration for a method
of tuning the solver parameters.

5.3.4 Tuning Multiple Solvers

The Optimization Library includes more solvers than just IPOPT. This project
has been carried out by tuning parameters for just one solver, but the idea is
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that it should be possible to tune parameters for any solver implemented. A
natural continuation of this project is thus to use the same test problems to
tune more solvers. The solvers implemented in the Optimization Library might
excel on solving different problems, which is a motivation to why many kinds of
solvers should be tested. It should not be too difficult to use the same header
files created in this project to test different solvers. SchittkowskiProblems,
where the problems are stored, should not have any need of modification. Also,
TestSuite.h can probably stay the same as well. TestRunner.h have to be
modified to be able to solve each problem with other solvers, which should be
rather easy. SolveProblemsWithSettingsTest.cpp, on the other hand, have
all the parameter settings which are varied. If another solver is implemented
these settings must be modified so that they correspond to the chosen solver.
TableOutput.h only have to be modified so that it can handle and print the
correct settings.

5.3.5 Include More Problems

In this project a total number of 306 test problems have been implemented
from [15] and [28]. For a larger set of test problems, the CUTEst library is a
justified alternative. CUTEst is a Constrained and Unconstrained Testing En-
vironment with safe threads and contains (as of today) a test set of optimization
problems with over 1150 examples, among them the problems implemented in
this project [23]. CUTEst and its predecessors CUTEr and CUTE are open
source libraries that are available at the CCPForge website5. The problems
are written in a standard input format (SIF) for non-linear programming prob-
lems [4]. The SIF files need to be decoded with a separate SIF decoder also
available at the same CCPForge web page. (The SIF is a superset of the MPS
modelling language and the SIF decoder can therefore decode any linear pro-
gram coded in MPS format.) Because of the structure of the CUTEst library,
it would not be necessary to acquire all of its components. The IPOPT solver,
Section 2.2.2, is already implemented in the optimization library, Section 2.4,
and only the problems themselves are thus of interest. Since all parameters
that the CUTEst library provides for the problems are not needed, some of
the Fortran files that calculate these unnecessary parameters could also be
disregarded. If more problems were implemented a more thoroughly study
of the solver settings could be made. Especially if the CUTEst library con-
tains problems with other properties than those implemented so far it could
be worthwhile to implement them.

When the solver has been tuned with the test problems, it is still not
granted that the solver is optimized for the real life problems of radiotherapy.
Thus, implementing real problems for at least testing the solver is vital before
any valid conclusions can be drawn about its performance in solving radiother-
apy problems. As explained in 2.1.4, real radiotherapy problems can be quite
difficult to implement and these might therefore not be suited for the hyper
optimization of the solver, but merely testing its performance after the tuning
process is completed.

5http://ccpforge.cse.rl.ac.uk/gf/project/cutest/wiki/
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6 Conclusions

Prototypes for testing and tuning optimization algorithms have successfully
been implemented in the Optimization Library. Although some improvements
can be made, it is possible to solve the implemented test problems with the
IPOPT solver. By varying some parameter settings of IPOPT it is possible to
manually tune these parameters so that the algorithm solves the test problems
more efficiently than with the default settings. A text file is generated when
the problems are solved which shows tabular information for each setting along
with solution data. By solving a sequence of problems with different settings,
it has been concluded that the tolerance for accepting a solution in IPOPT
along with the method used for updating the barrier parameter are two im-
portant settings. The threshold values for the constraint violation and the
complementary infeasibility have proven to be quite insensitive if the tolerance
is kept low. Although, if the tolerance becomes large, the complimentary in-
feasibility is found more sensitive then the constraints violation for finding a
solution. Other parameters, like the relaxations of the bounds and the distance
from the starting point to the bounds, have proven to have some importance
to certain types of problems, but are considered best left unchanged if generic
problems are to be solved. No optimal settings are considered to be found, but
it is certainly possible to find better parameter values than the default settings
for a specific problem class with the help of the method used in this project.
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Appendices

A Tunable Parameters

Below is a list with brief descriptions of all tunable parameter that are imple-
mented in IPOPT in the Optimization Library. The names of the parameters
are as in SolveProblemsWithSettingsTest.cpp. Many of the settings are ex-
plained in Section 2.2.2, and more information about each parameters can be
found in the IPOPT tutorial paper [33]. All of these settings are not used
in this project but have still been enabled for tuning and are thus described
below.

maxIterations
The maximum number of iterations the algorithm will use. Default value
is 103.

tolerance
The numerical tolerance for accepting an optimal solution, see (21). De-
fault value is εtol = 10−8.

dualInfTolerance
The desired threshold for the dual infeasibility, see (22a). Default value
is 1.

constrViolTolerance
The desired threshold for the constraint violation, see (22b). Default
value is 10−4.

complInfTolerance
The desired threshold for the complimentary infeasibility, see (22c). De-
fault value is 10−4.

nlpScalingMethod
String option which initialize the technique used when scaling the NLP.

"none": No scaling performed
"user-scaling": Scaling parameters come from the user
"gradient-based": If the maximum gradient is above τmax = 100 the
scaling parameters are calculated to scale the gradient back to this
value, see (30) (default)
"equilibrium-based" :Scale the problem so that first derivatives are
of order 1 at random points (only available when Harwell routine
MC19 is used for the linear system scaling, see [33])
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boundRelaxFactor
Factor for the initial relaxation of the bounds, see (27). If set to zero,
the bounds relaxation is disabled. Default value is εtol = 10−8.

constantJacEq
String option which indicates whether all equality constraints are linear.
This causes IPOPT to ask for the Jacobian of the equality constraints
only once and then reuse this information later.

"no": Do not assume that all equality constraints are linear
(default)
"yes": Assume that all equality constraints are linear

constantJacIneq
String option which indicates whether all inequality constraints are lin-
ear. This causes IPOPT to ask for the Jacobian of the inequality con-
straints only once and then reuse this information later.

"no": Do not assume that all inequality constraints are linear
(default)
"yes": Assume that all inequality constraints are linear

constantHessian
String option which indicates whether the problem is a quadratic prob-
lem. This causes IPOPT to ask for the Hessian of the Lagrangian func-
tion only once and then reuse this information later.

"no": Assume that Hessian changes (default)
"yes": Do not assume that Hessian changes

boundDistance
The desired minimum distance from the initial point to the bound for
the point to be considered inside the bound, see (28). Default value is
κ = 10−2.

boundMultInitVal
All dual variables corresponding to bound constraints are initialized to
this value. Default value is 1.

boundMultInitMethod
String option which indicates the initialization method used for bound
multipliers.

"constant": Set all bound multipliers to the value of boundMiltInitVal
(default)
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"mu-based": Each value is initialized to the value of muInitial de-
vided by the corresponding slack variable

muStrategy
String option which indicates the strategy for updating the barrier pa-
rameter.

"monotone": Use the monotone Fiacco-MacCormick strategy (de-
fault)

"adaptive": Use an adaptive update strategy

muOracle
String option which indicates how a new barrier parameter is computed
in each "free-mode" iteration if the adaptive update strategy is chosen
in muStrategy.

"probing": Use Mehrotra’s probing procedure

"loqo": Use LOQO’s centrality rule

"quality-function": Minimize a quality function (default)

fixedMuOracle
String option which indicates how the first value of the barrier parameter
should be computed when switching to monotone mode. Only considered
if the adaptive update strategy is chosen in muStrategy.

"probing": Use Mehrotra’s probing procedure

"loqo": Use LOQO’s centrality rule

"quality-function": Minimize a quality function (default)

"average_compl": Base the value on current average complemen-
tarity (default).

muInitial
Initial value for the barrier parameter µ. Only relevant if the monotone
stategy is chosen in muStrategy (or if µ-based is chosen as initialization
method for the bound multipliers in boundMultInitMethod). Default
value is µ0 = 0.1.

constrMultStepMethod
String option which indicates the method to determine the step size for
constraint multipliers.

"primal":Use primal step size (default)

"bound-mult": Use step size for the bound multipliers, good for
LPs
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"min": Use the minimum of primal and bound variables

"max": Use the maximum of primal and bound variables

"full": Take a full step size of one

"min-dual-infeas": Take a new step size minimizing new dual infea-
sibility

"safer-min-dual-infeas": Like "min-dual-infeas" but safeguarded by
"min" and "max"

"primal-and-full": Use the primal step size, and full step if the max-
norm of the primal step is less than 10

"dual-and-full": Use the dual step size, and full step if the max-
norm of the primal step is less than 10

"acceptor": Call LSAcceptor to get the step size

warmStartInitPoint
String option which indicates whether a warm start with primal and dual
variables are give should be used.

"no": Do not use the warm start initialization

"yes": Use the warm start initialization
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B Tables

B.1 Table Notations

Below is a description of the short-hand notations of all parameters used in the
tables. All parameters that refer to the IPOPT settings are referenced to their
respective description in Appendix A. Note that all of the below described
notations do not appear in the tables in Appendix B.2, but could possibly be
included if those parameters were tuned.

NR - Setting number, only used for reference.

TP - Test problem ID number, same as in PROB.FOR.

N - Problem dimension, n.

M - Number of constraints, m.

F - Found solution value, f(x?).

XF - Expected solution value.

S - Shows 1 if the found solution is within the set tolerance in (32) and
(33). Shows 0 otherwise.

FS - Shows 1 if solution is feasible, 0 if infeasible and 2 if indeterminate.

T(STD) - Time for the solver to find a solution, sample standard deviation s
inside the parenthesis. Displayed in milliseconds.

I - Number of iterations used by IPOPT to find a solution.

OI - Number of calls to evaluate the objective function f(x).

OGI - Number of calls to evaluate the objective function gradient ∇f(x).

CI - Number of calls to evaluate the constraints gi(x).

CGI - Number of calls to evaluate the constraints gradients ∇gi(x).

IMAX - Maximum number of iterations that can be used to find a solution
(see maxIterations).

STOL - Tolerance for accepting a solution (see tolerance).

DTOL - Dual infeasibility tolerance (see dualInfTolerance).

CVTOL - Constraint violation tolerance (see constrViolTolerance).

CTOL - Complimentary infeasibility tolerance (see complInfTolerance).

SCALE - Scaling method used (see nlpScalingMethod).

RELAX - factor for initial relaxation of bounds (see boundRelaxFactor).

LEQ - Indicates whether all equality constraints are linear (see constantJacEq).
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LINEQ - Indicates whether all inequality constraints are linear (see constantJacIneq).

QUAD - Indicates whether all problems are quadratic problems (see constantHessian).

BDIST - The minimum distance from the initial point to bound (see boundDistance).

BMVAL - Initial value for bound multipliers (see boundMultInitVal).

BMMET - Initialization method for bound multipliers (see boundMultInitMethod).

MUS - Update strategy for the barrier parameter µ (see muStrategy).

MUO - Oracle for a new barrier parameter µ in the adaptive strategy
(see muOracle).

FMUO - Oracle for a new barrier parameter µ when switching to fixed mode
(see fixedMuOracle).

MUIN - Initial value for barrier parameter µ (see muInitial).

AY - Method to determine the step size for constrained multipliers
(see constrMultStepMethod).

WS - Indicates whether a warm start initialization is used (see warmStartInitPoint).

B.2 Output Tables

Below follows parts of significant output tables from the parameter tuning
tests. The settings not displayed in the tables are set to their default values,
see Appendix A. The tables are discussed in Section 5.
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Table 1: Table over 5 problems with linear constraints. The parameters LEQ and LINEQ have been varied and the problems have been solved with all possible
combinations for these parameters. Discussed in Section 5.2.1

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX LEQ LINEQ
------------------------------------------------------------------------------------------------------------------------------

1 41 4 1 1.92592593e+000 1.92592593e+000 1 1 1475(393) 13 15 15 15 15 500 no no
2 41 4 1 1.92592593e+000 1.92592593e+000 1 1 1204(124) 13 15 15 15 15 500 no yes
3 41 4 1 1.92592593e+000 1.92592593e+000 1 1 1155(72) 13 15 15 15 15 500 yes no
4 41 4 1 1.92592593e+000 1.92592593e+000 1 1 1104(93) 13 15 15 15 15 500 yes yes

1 55 6 6 6.70503818e+000 6.33333333e+000 0 1 487(94) 2 4 4 24 24 500 no no
2 55 6 6 6.70503818e+000 6.33333333e+000 0 1 326(51) 2 4 4 24 24 500 no yes
3 55 6 6 6.70503818e+000 6.33333333e+000 0 1 323(41) 2 4 4 24 24 500 yes no
4 55 6 6 6.70503818e+000 6.33333333e+000 0 1 293(37) 2 4 4 24 24 500 yes yes

1 119 16 8 2.44899698e+002 2.44899698e+002 1 1 4817(346) 17 19 19 152 152 500 no no
2 119 16 8 2.44899698e+002 2.44899698e+002 1 1 4581(409) 17 19 19 152 152 500 no yes
3 119 16 8 2.44899698e+002 2.44899698e+002 1 1 4193(168) 17 19 19 152 152 500 yes no
4 119 16 8 2.44899698e+002 2.44899698e+002 1 1 4416(357) 17 19 19 152 152 500 yes yes

1 232 2 3 -1.00000001e+000 -1.00000000e+000 1 1 1225(191) 14 19 19 57 57 500 no no
2 232 2 3 -1.00000001e+000 -1.00000000e+000 1 1 1168(189) 14 19 19 57 57 500 no yes
3 232 2 3 -1.00000001e+000 -1.00000000e+000 1 1 1044(103) 14 19 19 57 57 500 yes no
4 232 2 3 -1.00000001e+000 -1.00000000e+000 1 1 972(77) 14 19 19 57 57 500 yes yes

1 354 4 1 1.13783853e-001 1.13783850e-001 1 1 3142(121) 23 37 37 37 37 500 no no
2 354 4 1 1.13783853e-001 1.13783850e-001 1 1 3112(194) 23 37 37 37 37 500 no yes
3 354 4 1 1.13783853e-001 1.13783850e-001 1 1 3004(164) 23 37 37 37 37 500 yes no
4 354 4 1 1.13783853e-001 1.13783850e-001 1 1 3018(150) 23 37 37 37 37 500 yes yes
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Table 2: Table over problems with defined bound constraints xL and/or xU . The parameter BDIST corresponding to κ in (28) have been varied in 5 steps in the
interval 1 · 10−4 ≤ κ ≤ 1. Discussed in Section 5.2.2.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX BDIST
-----------------------------------------------------------------------------------------------------------------------------

1 36 3 1 -3.30000002e+003 -3.30000000e+003 1 1 1253(50) 9 11 11 11 11 500 1.0e-004
2 36 3 1 -3.30000002e+003 -3.30000000e+003 1 1 1371(77) 9 11 11 11 11 500 1.0e-003
3 36 3 1 -3.30000002e+003 -3.30000000e+003 1 1 1418(81) 9 11 11 11 11 500 1.0e-002
4 36 3 1 -3.30000002e+003 -3.30000000e+003 1 1 2406(123) 9 11 11 11 11 500 1.0e-001
5 36 3 1 -3.30000002e+003 -3.30000000e+003 1 1 2264(94) 9 11 11 11 11 500 1.0e+000

1 45 5 0 9.99999963e-001 1.00000000e+000 1 1 1151(319) 17 27 27 0 0 500 1.0e-004
2 45 5 0 9.99999963e-001 1.00000000e+000 1 1 1284(230) 17 26 26 0 0 500 1.0e-003
3 45 5 0 9.99999963e-001 1.00000000e+000 1 1 557(309) 28 35 35 0 0 500 1.0e-002
4 45 5 0 9.99999963e-001 1.00000000e+000 1 1 534(164) 28 35 35 0 0 500 1.0e-001
5 45 5 0 9.99999963e-001 1.00000000e+000 1 1 1172(148) 36 43 43 0 0 500 1.0e+000

1 59 2 3 -6.75456602e+000 -7.80422632e+000 0 1 5309(308) 30 32 32 96 96 500 1.0e-004
2 59 2 3 -7.80423595e+000 -7.80422632e+000 1 1 4551(252) 19 21 21 63 63 500 1.0e-003
3 59 2 3 -7.80423595e+000 -7.80422632e+000 1 1 4025(183) 21 23 23 69 69 500 1.0e-002
4 59 2 3 -6.75456602e+000 -7.80422632e+000 0 1 5468(218) 39 41 41 123 123 500 1.0e-001
5 59 2 3 -7.80423595e+000 -7.80422632e+000 1 1 5237(660) 16 18 18 54 54 500 1.0e+000

1 215 2 1 -8.63680610e-009 0.00000000e+000 1 1 4746(181) 14 16 16 16 16 500 1.0e-004
2 215 2 1 -8.63680609e-009 0.00000000e+000 1 1 4627(98) 14 16 16 16 16 500 1.0e-003
3 215 2 1 -8.63680598e-009 0.00000000e+000 1 1 4688(172) 14 16 16 16 16 500 1.0e-002
4 215 2 1 -8.63682172e-009 0.00000000e+000 1 1 3212(126) 15 17 17 17 17 500 1.0e-001
5 215 2 1 -8.63681753e-009 0.00000000e+000 1 1 4619(212) 15 17 17 17 17 500 1.0e+000
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Table 3: Table over problems with no defined bound constraints xL and/or xU . The parameter BDIST corresponding to κ in (28) have been varied in 5 steps in
the interval 1 · 10−4 ≤ κ ≤ 1. Discussed in Section 5.2.2 and Section 5.2.5.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX BDIST
-------------------------------------------------------------------------------------------------------------------------------

1 6 2 1 4.60846787e-021 0.00000000e+000 1 1 1619(146) 9 13 13 13 13 500 1.0e-004
2 6 2 1 4.60846787e-021 0.00000000e+000 1 1 1666(83) 9 13 13 13 13 500 1.0e-003
3 6 2 1 4.60846787e-021 0.00000000e+000 1 1 1638(125) 9 13 13 13 13 500 1.0e-002
4 6 2 1 4.60846787e-021 0.00000000e+000 1 1 1626(202) 9 13 13 13 13 500 1.0e-001
5 6 2 1 4.60846787e-021 0.00000000e+000 1 1 1691(50) 9 13 13 13 13 500 1.0e+000

1 29 3 1 -2.26274170e+001 -2.26274170e+001 1 1 2126(103) 13 15 15 15 15 500 1.0e-004
2 29 3 1 -2.26274170e+001 -2.26274170e+001 1 1 2140(79) 13 15 15 15 15 500 1.0e-003
3 29 3 1 -2.26274170e+001 -2.26274170e+001 1 1 1969(58) 13 15 15 15 15 500 1.0e-002
4 29 3 1 -2.26274170e+001 -2.26274170e+001 1 1 2262(143) 13 15 15 15 15 500 1.0e-001
5 29 3 1 -2.26274170e+001 -2.26274170e+001 1 1 2382(116) 13 15 15 15 15 500 1.0e+000

1 209 2 0 1.27384077e-018 0.00000000e+000 1 1 4672(75) 127 354 354 0 0 500 1.0e-004
2 209 2 0 1.27384077e-018 0.00000000e+000 1 1 4658(73) 127 354 354 0 0 500 1.0e-003
3 209 2 0 1.27384077e-018 0.00000000e+000 1 1 4661(31) 127 354 354 0 0 500 1.0e-002
4 209 2 0 1.27384077e-018 0.00000000e+000 1 1 4738(68) 127 354 354 0 0 500 1.0e-001
5 209 2 0 1.27384077e-018 0.00000000e+000 1 1 4700(40) 127 354 354 0 0 500 1.0e+000

1 245 3 0 1.40801940e-009 0.00000000e+000 1 1 1860(31) 44 147 147 0 0 500 1.0e-004
2 245 3 0 7.50958449e-016 0.00000000e+000 1 1 852(13) 21 54 54 0 0 500 1.0e-003
3 245 3 0 7.48610893e-016 0.00000000e+000 1 1 983(45) 20 51 51 0 0 500 1.0e-002
4 245 3 0 7.33493518e-016 0.00000000e+000 1 1 1276(22) 27 79 79 0 0 500 1.0e-001
5 245 3 0 7.63486353e-016 0.00000000e+000 1 1 1563(47) 28 78 78 0 0 500 1.0e+000
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Table 4: Table over problems with defined bound constraints xL and/or xU . The parameter RELAX corresponding to εtol in (27) have been varied in 9 steps in the
interval 1 · 10−8 ≤ εtol < 1 · 10−1. Discussed in 5.2.2.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX RELAX
----------------------------------------------------------------------------------------------------------------------------

1 15 2 2 3.06499976e+000 3.06500000e+000 1 1 3902(122) 13 16 16 32 32 500 1.0e-008
2 15 2 2 3.06499811e+000 3.06500000e+000 1 1 4866(149) 13 16 16 32 32 500 7.7e-008
3 15 2 2 3.06498531e+000 3.06500000e+000 1 1 5179(320) 13 16 16 32 32 500 6.0e-007
4 15 2 2 3.06488624e+000 3.06500000e+000 0 1 5072(155) 13 16 16 32 32 500 4.6e-006
5 15 2 2 3.06411928e+000 3.06500000e+000 0 1 4647(172) 13 16 16 32 32 500 3.6e-005
6 15 2 2 3.05818672e+000 3.06500000e+000 0 1 5346(150) 13 16 16 32 32 500 2.8e-004
7 15 2 2 3.01259874e+000 3.06500000e+000 0 1 4332(223) 13 16 16 32 32 500 2.2e-003
8 15 2 2 2.67944064e+000 3.06500000e+000 0 1 5363(183) 12 15 15 30 30 500 1.7e-002
9 15 2 2 9.78140137e-001 3.06500000e+000 0 1 3875(285) 12 18 18 36 36 500 1.3e-001

1 57 2 1 2.84596716e-002 2.84596697e-002 1 1 4810(238) 21 25 25 25 25 500 1.0e-008
2 57 2 1 2.84596671e-002 2.84596697e-002 1 1 4636(141) 21 25 25 25 25 500 7.7e-008
3 57 2 1 2.84596322e-002 2.84596697e-002 1 1 5097(311) 21 24 24 24 24 500 6.0e-007
4 57 2 1 2.84593625e-002 2.84596697e-002 0 1 5912(225) 30 39 39 39 39 500 4.6e-006
5 57 2 1 2.84572733e-002 2.84596697e-002 0 1 6426(153) 30 53 53 53 53 500 3.6e-005
6 57 2 1 2.84410262e-002 2.84596697e-002 0 1 4285(112) 22 24 24 24 24 500 2.8e-004
7 57 2 1 2.83110104e-002 2.84596697e-002 0 1 7029(610) 32 39 39 39 39 500 2.2e-003
8 57 2 1 2.69983509e-002 2.84596697e-002 0 1 6062(276) 39 61 61 61 61 500 1.7e-002
9 57 2 1 5.00167960e-003 2.84596697e-002 0 1 11762(345) 32 50 50 50 50 500 1.3e-001

1 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4574(103) 12 15 15 15 15 500 1.0e-008
2 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4861(139) 12 15 15 15 15 500 7.7e-008
3 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4934(223) 12 15 15 15 15 500 6.0e-007
4 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4518(121) 12 15 15 15 15 500 4.6e-006
5 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4989(139) 12 15 15 15 15 500 3.6e-005
6 60 3 1 3.25682003e-002 3.25682003e-002 1 1 3781(67) 12 15 15 15 15 500 2.8e-004
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7 60 3 1 3.25682003e-002 3.25682003e-002 1 1 4906(148) 12 15 15 15 15 500 2.2e-003
8 60 3 1 3.25682003e-002 3.25682003e-002 1 1 3845(147) 12 15 15 15 15 500 1.7e-002
9 60 3 1 3.25682003e-002 3.25682003e-002 1 1 9326(360) 12 15 15 15 15 500 1.3e-001

1 215 2 1 -8.63680598e-009 0.00000000e+000 1 1 2775(79) 14 16 16 16 16 500 1.0e-008
2 215 2 1 -7.36290786e-008 0.00000000e+000 1 1 2853(140) 14 16 16 16 16 500 7.5e-008
3 215 2 1 -5.61002086e-007 0.00000000e+000 1 1 3279(233) 14 16 16 16 16 500 5.6e-007
4 215 2 1 -4.21578420e-006 0.00000000e+000 1 1 2978(129) 14 16 16 16 16 500 4.2e-006
5 215 2 1 -3.16223981e-005 0.00000000e+000 0 1 3051(95) 14 16 16 16 16 500 3.2e-005
6 215 2 1 -2.37137016e-004 0.00000000e+000 0 1 3031(190) 13 15 15 15 15 500 2.4e-004
7 215 2 1 -1.77827772e-003 0.00000000e+000 0 1 2806(108) 12 14 14 14 14 500 1.8e-003
8 215 2 1 -1.33351975e-002 0.00000000e+000 0 1 2299(141) 10 12 12 12 12 500 1.3e-002
9 215 2 1 -9.99999975e-002 0.00000000e+000 0 1 2237(173) 9 11 11 11 11 500 1.0e-001

1 343 3 2 -5.68478263e+000 -5.68478250e+000 1 1 3154(125) 12 18 18 36 36 500 1.0e-008
2 343 3 2 -5.68478351e+000 -5.68478250e+000 1 1 3059(130) 12 18 18 36 36 500 7.5e-008
3 343 3 2 -5.68479013e+000 -5.68478250e+000 1 1 3172(144) 12 18 18 36 36 500 5.6e-007
4 343 3 2 -5.68483974e+000 -5.68478250e+000 0 1 3143(84) 12 18 18 36 36 500 4.2e-006
5 343 3 2 -5.68521180e+000 -5.68478250e+000 0 1 3114(75) 12 18 18 36 36 500 3.2e-005
6 343 3 2 -5.68800185e+000 -5.68478250e+000 0 1 3154(131) 12 18 18 36 36 500 2.4e-004
7 343 3 2 -5.70892435e+000 -5.68478250e+000 0 1 2978(130) 12 18 18 36 36 500 1.8e-003
8 343 3 2 -5.86582370e+000 -5.68478250e+000 0 1 3148(108) 12 18 18 36 36 500 1.3e-002
9 343 3 2 -7.04257568e+000 -5.68478250e+000 0 1 3597(255) 12 17 17 34 34 500 1.0e-001
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Table 5: Table over large problems with the parameter STOL, corresponding to εtol in (21), varied in 8 steps in the interval 1 · 10−8 ≤ εtol ≤ 1. Discussed in
Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX STOL
------------------------------------------------------------------------------------------------------------------------------

1 280 10 10 1.33754280e+001 1.33754281e+001 1 1 5730(226) 22 25 25 250 250 500 1.0e-008
2 280 10 10 1.33754281e+001 1.33754281e+001 1 1 4783(263) 19 21 21 210 210 500 1.0e-007
3 280 10 10 1.33754291e+001 1.33754281e+001 1 1 4990(309) 19 24 24 240 240 500 1.0e-006
4 280 10 10 1.33754427e+001 1.33754281e+001 1 1 3602(112) 12 14 14 140 140 500 1.0e-005
5 280 10 10 1.33756107e+001 1.33754281e+001 0 1 3072(140) 10 12 12 120 120 500 1.0e-004
6 280 10 10 1.33756107e+001 1.33754281e+001 0 1 2948(175) 10 12 12 120 120 500 1.0e-003
7 280 10 10 1.33756107e+001 1.33754281e+001 0 1 2877(164) 10 12 12 120 120 500 1.0e-002
8 280 10 10 1.33756107e+001 1.33754281e+001 0 1 2813(139) 10 12 12 120 120 500 1.0e-001

1 374 10 35 2.33263468e-001 2.33264000e-001 1 1 38816(531) 78 80 80 2800 2800 500 1.0e-008
2 374 10 35 2.33263507e-001 2.33264000e-001 1 1 47147(756) 95 103 103 3605 3605 500 1.0e-007
3 374 10 35 2.33263998e-001 2.33264000e-001 1 1 43028(698) 89 95 95 3325 3325 500 1.0e-006
4 374 10 35 2.91073257e-001 2.33264000e-001 0 1 17257(893) 32 34 34 1190 1190 500 1.0e-005
5 374 10 35 2.91117011e-001 2.33264000e-001 0 1 16584(462) 31 33 33 1155 1155 500 1.0e-004
6 374 10 35 2.91114689e-001 2.33264000e-001 0 1 15297(358) 29 31 31 1085 1085 500 1.0e-003
7 374 10 35 2.91215612e-001 2.33264000e-001 0 1 14655(261) 28 30 30 1050 1050 500 1.0e-002
8 374 10 35 2.91215612e-001 2.33264000e-001 0 1 14472(348) 28 30 30 1050 1050 500 1.0e-001

1 385 15 10 -8.31528594e+003 -8.31528590e+003 1 1 9455(311) 27 39 39 390 390 500 1.0e-008
2 385 15 10 -8.31528594e+003 -8.31528590e+003 1 1 8758(169) 25 37 37 370 370 500 1.0e-007
3 385 15 10 -8.31528594e+003 -8.31528590e+003 1 1 9223(413) 24 36 36 360 360 500 1.0e-006
4 385 15 10 -8.31528583e+003 -8.31528590e+003 1 1 8265(252) 22 34 34 340 340 500 1.0e-005
5 385 15 10 -8.31528583e+003 -8.31528590e+003 1 1 7142(228) 20 32 32 320 320 500 1.0e-004
6 385 15 10 -8.31528583e+003 -8.31528590e+003 1 1 6844(239) 19 31 31 310 310 500 1.0e-003
7 385 15 10 -8.31528582e+003 -8.31528590e+003 1 1 7139(347) 18 30 30 300 300 500 1.0e-002
8 385 15 10 -8.31528582e+003 -8.31528590e+003 1 1 7588(480) 18 30 30 300 300 500 1.0e-001
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1 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 10114(290) 29 32 32 352 352 500 1.0e-008
2 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 9820(336) 28 31 31 341 341 500 1.0e-007
3 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 9781(208) 28 31 31 341 341 500 1.0e-006
4 386 15 11 -8.16436873e+003 -8.16436880e+003 1 1 8265(238) 24 27 27 297 297 500 1.0e-005
5 386 15 11 -8.16436873e+003 -8.16436880e+003 1 1 8273(324) 24 27 27 297 297 500 1.0e-004
6 386 15 11 -8.16436873e+003 -8.16436880e+003 1 1 7719(158) 22 25 25 275 275 500 1.0e-003
7 386 15 11 -8.16436873e+003 -8.16436880e+003 1 1 8057(156) 22 25 25 275 275 500 1.0e-002
8 386 15 11 -8.16436873e+003 -8.16436880e+003 1 1 8360(264) 22 25 25 275 275 500 1.0e-001

1 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 8500(313) 23 28 28 308 308 500 1.0e-008
2 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 8101(181) 22 27 27 297 297 500 1.0e-007
3 387 15 11 -8.25014168e+003 -8.25014170e+003 1 1 7911(239) 21 26 26 286 286 500 1.0e-006
4 387 15 11 -8.25014155e+003 -8.25014170e+003 1 1 6887(157) 18 23 23 253 253 500 1.0e-005
5 387 15 11 -8.25014155e+003 -8.25014170e+003 1 1 6540(163) 17 22 22 242 242 500 1.0e-004
6 387 15 11 -8.25014155e+003 -8.25014170e+003 1 1 6657(341) 17 22 22 242 242 500 1.0e-003
7 387 15 11 -8.25014155e+003 -8.25014170e+003 1 1 6926(159) 17 22 22 242 242 500 1.0e-002
8 387 15 11 -8.25014155e+003 -8.25014170e+003 1 1 7262(208) 17 22 22 242 242 500 1.0e-001

1 389 15 15 -5.80971972e+003 -5.80971970e+003 1 1 8950(275) 20 28 28 420 420 500 1.0e-008
2 389 15 15 -5.80971972e+003 -5.80971970e+003 1 1 8674(239) 18 26 26 390 390 500 1.0e-007
3 389 15 15 -5.80971971e+003 -5.80971970e+003 1 1 7798(243) 17 25 25 375 375 500 1.0e-006
4 389 15 15 -5.80971958e+003 -5.80971970e+003 1 1 6992(218) 15 23 23 345 345 500 1.0e-005
5 389 15 15 -5.80971958e+003 -5.80971970e+003 1 1 7139(601) 15 23 23 345 345 500 1.0e-004
6 389 15 15 -5.80971958e+003 -5.80971970e+003 1 1 7352(189) 15 23 23 345 345 500 1.0e-003
7 389 15 15 -5.80971958e+003 -5.80971970e+003 1 1 7296(462) 15 23 23 345 345 500 1.0e-002
8 389 15 15 -5.80971958e+003 -5.80971970e+003 1 1 7842(328) 15 23 23 345 345 500 1.0e-001
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Table 6: Table over the small problems with the parameter STOL, corresponding to εtol in (21), varied in 8 steps in the interval 1 · 10−8 ≤ εtol ≤ 1. Discussed in
Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX STOL
------------------------------------------------------------------------------------------------------------------------------

1 68 4 2 -9.20425004e-001 -9.20425021e-001 1 1 3969(222) 23 29 29 58 58 500 1.0e-008
2 68 4 2 -9.20425004e-001 -9.20425021e-001 1 1 3797(194) 23 29 29 58 58 500 1.0e-007
3 68 4 2 -9.20425004e-001 -9.20425021e-001 1 1 3326(156) 23 29 29 58 58 500 1.0e-006
4 68 4 2 -9.20425086e-001 -9.20425021e-001 1 1 3234(134) 20 26 26 52 52 500 1.0e-005
5 68 4 2 -9.20425067e-001 -9.20425021e-001 1 1 3363(210) 20 26 26 52 52 500 1.0e-004
6 68 4 2 -9.20425067e-001 -9.20425021e-001 1 1 3733(216) 20 26 26 52 52 500 1.0e-003
7 68 4 2 -9.20426681e-001 -9.20425021e-001 1 1 3875(152) 19 25 25 50 50 500 1.0e-002
8 68 4 2 -9.20426681e-001 -9.20425021e-001 1 1 4292(143) 19 25 25 50 50 500 1.0e-001

1 77 5 2 2.41505129e-001 2.41505129e-001 1 1 6198(159) 34 52 52 104 104 500 1.0e-008
2 77 5 2 2.41505129e-001 2.41505129e-001 1 1 5385(110) 33 51 51 102 102 500 1.0e-007
3 77 5 2 2.41505129e-001 2.41505129e-001 1 1 5107(136) 32 50 50 100 100 500 1.0e-006
4 77 5 2 2.41505129e-001 2.41505129e-001 1 1 5251(134) 31 49 49 98 98 500 1.0e-005
5 77 5 2 2.41505128e-001 2.41505129e-001 1 1 5407(236) 30 48 48 96 96 500 1.0e-004
6 77 5 2 2.41505128e-001 2.41505129e-001 1 1 5538(156) 30 48 48 96 96 500 1.0e-003
7 77 5 2 2.41504721e-001 2.41505129e-001 1 1 6019(284) 29 47 47 94 94 500 1.0e-002
8 77 5 2 2.42822282e-001 2.41505129e-001 0 1 5452(80) 25 43 43 86 86 500 1.0e-001

1 215 2 1 -8.63680598e-009 0.00000000e+000 1 1 2586(149) 14 16 16 16 16 500 1.0e-008
2 215 2 1 3.63471045e-009 0.00000000e+000 1 1 2579(143) 12 14 14 14 14 500 1.0e-007
3 215 2 1 1.26357123e-007 0.00000000e+000 1 1 2541(122) 10 12 12 12 12 500 1.0e-006
4 215 2 1 1.35362116e-006 0.00000000e+000 1 1 2933(164) 9 11 11 11 11 500 1.0e-005
5 215 2 1 1.36073242e-005 0.00000000e+000 0 1 1989(82) 7 9 9 9 9 500 1.0e-004
6 215 2 1 1.36073242e-005 0.00000000e+000 0 1 1914(64) 7 9 9 9 9 500 1.0e-003
7 215 2 1 1.36073242e-005 0.00000000e+000 0 1 1771(126) 7 9 9 9 9 500 1.0e-002
8 215 2 1 1.36073242e-005 0.00000000e+000 0 1 2148(88) 7 9 9 9 9 500 1.0e-001
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1 222 2 1 -1.50000002e+000 -1.50000000e+000 1 1 1669(72) 8 10 10 10 10 500 1.0e-008
2 222 2 1 -1.50000001e+000 -1.50000000e+000 1 1 2040(83) 8 10 10 10 10 500 1.0e-007
3 222 2 1 -1.49999984e+000 -1.50000000e+000 1 1 2040(152) 7 9 9 9 9 500 1.0e-006
4 222 2 1 -1.49999821e+000 -1.50000000e+000 1 1 1674(77) 7 9 9 9 9 500 1.0e-005
5 222 2 1 -1.49998162e+000 -1.50000000e+000 0 1 1597(67) 6 8 8 8 8 500 1.0e-004
6 222 2 1 -1.49998162e+000 -1.50000000e+000 0 1 1354(78) 6 8 8 8 8 500 1.0e-003
7 222 2 1 -1.49998162e+000 -1.50000000e+000 0 1 1593(94) 6 8 8 8 8 500 1.0e-002
8 222 2 1 -1.49998162e+000 -1.50000000e+000 0 1 1749(135) 6 8 8 8 8 500 1.0e-001

1 235 3 1 4.00000000e-002 4.00000000e-002 1 1 3326(141) 23 26 26 26 26 500 1.0e-008
2 235 3 1 4.00000000e-002 4.00000000e-002 1 1 3966(154) 22 25 25 25 25 500 1.0e-007
3 235 3 1 4.00000000e-002 4.00000000e-002 1 1 4423(169) 22 25 25 25 25 500 1.0e-006
4 235 3 1 4.00000000e-002 4.00000000e-002 1 1 3476(195) 21 24 24 24 24 500 1.0e-005
5 235 3 1 4.00000018e-002 4.00000000e-002 1 1 3164(86) 19 22 22 22 22 500 1.0e-004
6 235 3 1 4.00000018e-002 4.00000000e-002 1 1 3365(187) 19 22 22 22 22 500 1.0e-003
7 235 3 1 4.00000018e-002 4.00000000e-002 1 1 3435(105) 19 22 22 22 22 500 1.0e-002
8 235 3 1 4.19432067e-002 4.00000000e-002 0 1 2757(235) 13 16 16 16 16 500 1.0e-001

1 254 3 2 -1.73205082e+000 -1.73205081e+000 1 1 2880(138) 15 17 17 34 34 500 1.0e-008
2 254 3 2 -1.73205081e+000 -1.73205081e+000 1 1 3170(187) 13 15 15 30 30 500 1.0e-007
3 254 3 2 -1.73205073e+000 -1.73205081e+000 1 1 3435(268) 11 13 13 26 26 500 1.0e-006
4 254 3 2 -1.73204991e+000 -1.73205081e+000 1 1 2370(124) 10 12 12 24 24 500 1.0e-005
5 254 3 2 -1.73204172e+000 -1.73205081e+000 1 1 2014(93) 8 10 10 20 20 500 1.0e-004
6 254 3 2 -1.73204172e+000 -1.73205081e+000 1 1 2076(98) 8 10 10 20 20 500 1.0e-003
7 254 3 2 -1.73204172e+000 -1.73205081e+000 1 1 2441(139) 8 10 10 20 20 500 1.0e-002
8 254 3 2 -1.73204172e+000 -1.73205081e+000 1 1 2187(87) 8 10 10 20 20 500 1.0e-001
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Table 7: Table over test problem 116 (n = 13,m = 15) one of the large problems, with the parameters STOL, CVTOL and CTOL varied. Discussed in Section 5.2.3.

NR F XF S FS T(STD) I OI OGI CI CGI IMAX STOL CVTOL CTOL
---------------------------------------------------------------------------------------------------------------------------------

1 9.75875895e+001 9.75884090e+001 1 1 15524(395) 33 35 35 525 525 500 1.0e-003 1.0e-004 1.0e-004
2 9.75886602e+001 9.75884090e+001 1 1 15778(251) 33 35 35 525 525 500 1.0e-003 1.0e-004 1.0e-003
3 9.75886602e+001 9.75884090e+001 1 1 15113(526) 33 35 35 525 525 500 1.0e-003 1.0e-004 1.0e-002
4 9.75886602e+001 9.75884090e+001 1 1 15614(486) 33 35 35 525 525 500 1.0e-003 1.0e-004 1.0e-001
5 9.75875895e+001 9.75884090e+001 1 1 15530(597) 33 35 35 525 525 500 1.0e-003 1.0e-003 1.0e-004
6 9.75886602e+001 9.75884090e+001 1 1 15555(375) 33 35 35 525 525 500 1.0e-003 1.0e-003 1.0e-003
7 9.75886602e+001 9.75884090e+001 1 1 15311(547) 33 35 35 525 525 500 1.0e-003 1.0e-003 1.0e-002
8 9.75886602e+001 9.75884090e+001 1 1 14960(448) 33 35 35 525 525 500 1.0e-003 1.0e-003 1.0e-001
9 9.75875895e+001 9.75884090e+001 1 1 15040(328) 33 35 35 525 525 500 1.0e-003 1.0e-002 1.0e-004

10 9.75886602e+001 9.75884090e+001 1 1 14636(719) 33 35 35 525 525 500 1.0e-003 1.0e-002 1.0e-003
11 9.75886602e+001 9.75884090e+001 1 1 14951(500) 33 35 35 525 525 500 1.0e-003 1.0e-002 1.0e-002
12 9.75886602e+001 9.75884090e+001 1 1 14681(393) 33 35 35 525 525 500 1.0e-003 1.0e-002 1.0e-001
13 9.75875895e+001 9.75884090e+001 1 1 14502(335) 33 35 35 525 525 500 1.0e-003 1.0e-001 1.0e-004
14 9.75886602e+001 9.75884090e+001 1 1 14697(441) 33 35 35 525 525 500 1.0e-003 1.0e-001 1.0e-003
15 9.75886602e+001 9.75884090e+001 1 1 14993(320) 33 35 35 525 525 500 1.0e-003 1.0e-001 1.0e-002
16 9.75886602e+001 9.75884090e+001 1 1 14755(318) 33 35 35 525 525 500 1.0e-003 1.0e-001 1.0e-001
17 9.75875895e+001 9.75884090e+001 1 1 14644(302) 33 35 35 525 525 500 1.0e-003 1.0e+000 1.0e-004
18 9.75886602e+001 9.75884090e+001 1 1 14803(287) 33 35 35 525 525 500 1.0e-003 1.0e+000 1.0e-003
19 9.75886602e+001 9.75884090e+001 1 1 15441(866) 33 35 35 525 525 500 1.0e-003 1.0e+000 1.0e-002
20 9.75886602e+001 9.75884090e+001 1 1 15659(917) 33 35 35 525 525 500 1.0e-003 1.0e+000 1.0e-001
21 9.75875865e+001 9.75884090e+001 1 1 14895(306) 32 34 34 510 510 500 1.0e-002 1.0e-004 1.0e-004
22 9.75894733e+001 9.75884090e+001 0 1 14368(320) 29 31 31 465 465 500 1.0e-002 1.0e-004 1.0e-003
23 9.76260299e+001 9.75884090e+001 0 1 14633(924) 24 26 26 390 390 500 1.0e-002 1.0e-004 1.0e-002
24 9.76260299e+001 9.75884090e+001 0 1 14538(439) 24 26 26 390 390 500 1.0e-002 1.0e-004 1.0e-001
25 9.75875865e+001 9.75884090e+001 1 1 16379(542) 32 34 34 510 510 500 1.0e-002 1.0e-003 1.0e-004
26 9.75894733e+001 9.75884090e+001 0 1 15591(513) 29 31 31 465 465 500 1.0e-002 1.0e-003 1.0e-003
27 9.76260299e+001 9.75884090e+001 0 1 14310(327) 24 26 26 390 390 500 1.0e-002 1.0e-003 1.0e-002
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28 9.76260299e+001 9.75884090e+001 0 1 14141(371) 24 26 26 390 390 500 1.0e-002 1.0e-003 1.0e-001
29 9.75875865e+001 9.75884090e+001 1 1 16207(390) 32 34 34 510 510 500 1.0e-002 1.0e-002 1.0e-004
30 9.75894733e+001 9.75884090e+001 0 1 15372(322) 29 31 31 465 465 500 1.0e-002 1.0e-002 1.0e-003
31 9.76260299e+001 9.75884090e+001 0 1 14753(287) 24 26 26 390 390 500 1.0e-002 1.0e-002 1.0e-002
32 9.76260299e+001 9.75884090e+001 0 1 14567(444) 24 26 26 390 390 500 1.0e-002 1.0e-002 1.0e-001
33 9.75875865e+001 9.75884090e+001 1 1 16547(700) 32 34 34 510 510 500 1.0e-002 1.0e-001 1.0e-004
34 9.75894733e+001 9.75884090e+001 0 1 16087(527) 29 31 31 465 465 500 1.0e-002 1.0e-001 1.0e-003
35 9.76260299e+001 9.75884090e+001 0 1 15143(512) 24 26 26 390 390 500 1.0e-002 1.0e-001 1.0e-002
36 9.76260299e+001 9.75884090e+001 0 1 15482(651) 24 26 26 390 390 500 1.0e-002 1.0e-001 1.0e-001
37 9.75875865e+001 9.75884090e+001 1 1 16920(459) 32 34 34 510 510 500 1.0e-002 1.0e+000 1.0e-004
38 9.75894733e+001 9.75884090e+001 0 1 16371(469) 29 31 31 465 465 500 1.0e-002 1.0e+000 1.0e-003
39 9.76260299e+001 9.75884090e+001 0 1 15503(833) 24 26 26 390 390 500 1.0e-002 1.0e+000 1.0e-002
40 9.76260299e+001 9.75884090e+001 0 1 15012(346) 24 26 26 390 390 500 1.0e-002 1.0e+000 1.0e-001
41 9.75875865e+001 9.75884090e+001 1 1 17861(771) 32 34 34 510 510 500 1.0e-001 1.0e-004 1.0e-004
42 9.75894733e+001 9.75884090e+001 0 1 16123(398) 29 31 31 465 465 500 1.0e-001 1.0e-004 1.0e-003
43 9.76261595e+001 9.75884090e+001 0 1 17268(1072) 22 24 24 360 360 500 1.0e-001 1.0e-004 1.0e-002
44 9.77123477e+001 9.75884090e+001 0 1 17013(801) 21 23 23 345 345 500 1.0e-001 1.0e-004 1.0e-001
45 9.75875865e+001 9.75884090e+001 1 1 19731(596) 32 34 34 510 510 500 1.0e-001 1.0e-003 1.0e-004
46 9.75894926e+001 9.75884090e+001 0 1 18343(655) 28 30 30 450 450 500 1.0e-001 1.0e-003 1.0e-003
47 9.76261595e+001 9.75884090e+001 0 1 17413(939) 22 24 24 360 360 500 1.0e-001 1.0e-003 1.0e-002
48 9.77123477e+001 9.75884090e+001 0 1 16544(346) 21 23 23 345 345 500 1.0e-001 1.0e-003 1.0e-001
49 9.75875865e+001 9.75884090e+001 1 1 20737(1211) 32 34 34 510 510 500 1.0e-001 1.0e-002 1.0e-004
50 9.75894926e+001 9.75884090e+001 0 1 18191(583) 28 30 30 450 450 500 1.0e-001 1.0e-002 1.0e-003
51 9.76261595e+001 9.75884090e+001 0 1 16614(2057) 22 24 24 360 360 500 1.0e-001 1.0e-002 1.0e-002
52 9.77123477e+001 9.75884090e+001 0 1 16683(574) 21 23 23 345 345 500 1.0e-001 1.0e-002 1.0e-001
53 9.75875865e+001 9.75884090e+001 1 1 19408(362) 32 34 34 510 510 500 1.0e-001 1.0e-001 1.0e-004
54 9.75894926e+001 9.75884090e+001 0 1 19450(340) 28 30 30 450 450 500 1.0e-001 1.0e-001 1.0e-003
55 9.76261595e+001 9.75884090e+001 0 1 19864(443) 22 24 24 360 360 500 1.0e-001 1.0e-001 1.0e-002
56 9.77123477e+001 9.75884090e+001 0 1 18826(2406) 21 23 23 345 345 500 1.0e-001 1.0e-001 1.0e-001
57 9.75875865e+001 9.75884090e+001 1 1 23112(608) 32 34 34 510 510 500 1.0e-001 1.0e+000 1.0e-004
58 9.75894926e+001 9.75884090e+001 0 1 22431(375) 28 30 30 450 450 500 1.0e-001 1.0e+000 1.0e-003
59 9.76261595e+001 9.75884090e+001 0 1 21661(570) 22 24 24 360 360 500 1.0e-001 1.0e+000 1.0e-002
60 9.77123477e+001 9.75884090e+001 0 1 22700(1077) 21 23 23 345 345 500 1.0e-001 1.0e+000 1.0e-001

O
la

Söderström
X
V
II

June
15,2015



T
est

in
g

a
n
d

T
u
n
in

g
O

f
O

pt
im

izat
io

n
A

lg
o
r
it

h
m
s

B
T
a
bles

Table 8: Table over large problems with the parameter MUS varied between the two possible settings "monotone" and "adaptive". Discussed in Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX MUS
-----------------------------------------------------------------------------------------------------------------------------

1 116 13 15 9.75874732e+001 9.75884090e+001 1 1 16904(990) 40 42 42 630 630 500 monotone
2 116 13 15 9.75874731e+001 9.75884090e+001 1 1 12212(234) 24 26 26 390 390 500 adaptive

1 118 15 29 6.64820450e+002 6.64820450e+002 1 1 8972(1015) 11 13 13 377 377 500 monotone
2 118 15 29 6.64820450e+002 6.64820450e+002 1 1 11193(765) 11 13 13 377 377 500 adaptive

1 280 10 10 1.33754280e+001 1.33754281e+001 1 1 4739(117) 22 25 25 250 250 500 monotone
2 280 10 10 1.33754280e+001 1.33754281e+001 1 1 4808(155) 15 17 17 170 170 500 adaptive

1 284 15 10 -1.84000000e+003 -1.84000000e+003 1 1 24151(623) 69 80 80 800 800 500 monotone
2 284 15 10 -1.84000000e+003 -1.84000000e+003 1 1 17842(517) 48 57 57 570 570 500 adaptive

1 374 10 35 2.33263468e-001 2.33264000e-001 1 1 42805(1151) 78 80 80 2800 2800 500 monotone
2 374 10 35 2.33263453e-001 2.33264000e-001 1 1 38333(431) 62 64 64 2240 2240 500 adaptive

1 376 10 15 -4.43008795e+003 -4.43008790e+003 1 1 14065(348) 40 42 42 630 630 500 monotone
2 376 10 15 -4.43008797e+003 -4.43008790e+003 1 1 16311(467) 32 34 34 510 510 500 adaptive

1 384 15 10 -8.31025897e+003 -8.31025900e+003 1 1 8281(246) 19 30 30 300 300 500 monotone
2 384 15 10 -8.31025897e+003 -8.31025900e+003 1 1 9630(422) 17 28 28 280 280 500 adaptive

1 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 11270(268) 29 32 32 352 352 500 monotone
2 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 12159(276) 24 29 29 319 319 500 adaptive

1 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 9624(326) 23 28 28 308 308 500 monotone
2 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 10734(194) 20 25 25 275 275 500 adaptive

O
la

Söderström
X
V
III

June
15,2015



T
est

in
g

a
n
d

T
u
n
in

g
O

f
O

pt
im

izat
io

n
A

lg
o
r
it

h
m
s

B
T
a
bles

Table 9: Table over small problems with the parameter MUS varied between the two possible settings "monotone" and "adaptive". Discussed in Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX MUS
-------------------------------------------------------------------------------------------------------------------------------

1 16 2 2 2.50000050e-001 2.50000000e-001 1 1 4381(130) 22 24 24 48 48 500 monotone
2 16 2 2 2.49999990e-001 2.50000000e-001 1 1 4012(134) 15 18 18 36 36 500 adaptive

1 44 4 6 -1.50000001e+001 -1.50000000e+001 1 1 2502(125) 16 21 21 126 126 500 monotone
2 44 4 6 -1.50000001e+001 -1.50000000e+001 1 1 3694(111) 16 18 18 108 108 500 adaptive

1 69 4 2 -9.56712887e+002 -9.56712887e+002 1 1 8635(363) 58 69 69 138 138 500 monotone
2 69 4 2 -9.56712887e+002 -9.56712887e+002 1 1 11770(723) 92 109 109 218 218 500 adaptive

1 221 2 1 -1.00000001e+000 -1.00000000e+000 1 1 3435(109) 32 40 40 40 40 500 monotone
2 221 2 1 -1.00000001e+000 -1.00000000e+000 1 1 5089(107) 25 27 27 27 27 500 adaptive

1 262 4 4 -1.00000000e+001 -1.00000000e+001 1 1 1727(77) 12 14 14 56 56 500 monotone
2 262 4 4 -1.00000000e+001 -1.00000000e+001 1 1 2906(54) 7 9 9 36 36 500 adaptive

1 263 4 4 -1.00000000e+000 -1.00000000e+000 1 1 6285(103) 33 55 55 220 220 500 monotone
2 263 4 4 -1.00000000e+000 -1.00000000e+000 1 1 8212(222) 34 53 53 212 212 500 adaptive

1 264 4 3 -4.40000000e+001 -4.40000000e+001 1 1 4816(251) 22 24 24 72 72 500 monotone
2 264 4 3 -4.40000000e+001 -4.40000000e+001 1 1 5363(374) 16 18 18 54 54 500 adaptive

1 270 5 1 8.67661498e-010 -1.00000000e+000 0 1 7006(362) 41 44 44 44 44 500 monotone
2 270 5 1 -1.10450315e-010 -1.00000000e+000 0 1 5146(269) 18 29 29 29 29 500 adaptive

1 367 7 5 -3.74129596e+001 -3.74129600e+001 1 1 6515(240) 16 18 18 90 90 500 monotone
2 367 7 5 -3.74129596e+001 -3.74129600e+001 1 1 6412(165) 13 15 15 75 75 500 adaptive
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Table 10: Table over large problems with the parameter MUS set to "adaptive" and MUO varied between the three possible settings "probing", "loqo" and "quality-
function". Discussed in Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX MUS MUO
------------------------------------------------------------------------------------------------------------------------------------------

1 116 13 15 9.75874731e+001 9.75884090e+001 1 1 15452(537) 30 32 32 480 480 500 adaptive probing
2 116 13 15 9.75874731e+001 9.75884090e+001 1 1 11062(412) 28 30 30 450 450 500 adaptive loqo
3 116 13 15 9.75874731e+001 9.75884090e+001 1 1 11162(342) 24 26 26 390 390 500 adaptive quality-function

1 284 15 10 -1.84000000e+003 -1.84000000e+003 1 1 16705(330) 47 68 68 680 680 500 adaptive probing
2 284 15 10 -1.84000000e+003 -1.84000000e+003 1 1 28456(1989) 95 326 326 3260 3260 500 adaptive loqo
3 284 15 10 -1.84000000e+003 -1.84000000e+003 1 1 16396(399) 48 57 57 570 570 500 adaptive quality-function

1 376 10 15 -4.43008797e+003 -4.43008790e+003 1 1 13825(300) 36 50 50 750 750 500 adaptive probing
2 376 10 15 -4.43008797e+003 -4.43008790e+003 1 1 14246(703) 45 48 48 720 720 500 adaptive loqo
3 376 10 15 -4.43008797e+003 -4.43008790e+003 1 1 14826(882) 32 34 34 510 510 500 adaptive quality-function

1 384 15 10 -8.31025897e+003 -8.31025900e+003 1 1 8515(509) 17 28 28 280 280 500 adaptive probing
2 384 15 10 -8.31025897e+003 -8.31025900e+003 1 1 18208(546) 66 330 330 3300 3300 500 adaptive loqo
3 384 15 10 -8.31025897e+003 -8.31025900e+003 1 1 7819(470) 17 28 28 280 280 500 adaptive quality-function

1 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 12567(431) 31 47 47 517 517 500 adaptive probing
2 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 11235(303) 29 44 44 484 484 500 adaptive loqo
3 386 15 11 -8.16436884e+003 -8.16436880e+003 1 1 9983(453) 24 29 29 319 319 500 adaptive quality-function

1 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 8646(244) 17 22 22 242 242 500 adaptive probing
2 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 8533(243) 22 27 27 297 297 500 adaptive loqo
3 387 15 11 -8.25014169e+003 -8.25014170e+003 1 1 9007(339) 20 25 25 275 275 500 adaptive quality-function
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Table 11: Table over small problems with the parameter MUS set to "adaptive" and MUO varied between the three possible settings "probing", "loqo" and "quality-
function". Discussed in Section 5.2.3.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX MUS MUO
-------------------------------------------------------------------------------------------------------------------------------------------

1 16 2 2 2.49999990e-001 2.50000000e-001 1 1 10170(785) 20 26 26 52 52 500 adaptive probing
2 16 2 2 2.49999990e-001 2.50000000e-001 1 1 10179(264) 15 17 17 34 34 500 adaptive loqo
3 16 2 2 2.49999990e-001 2.50000000e-001 1 1 11541(500) 15 18 18 36 36 500 adaptive quality-function

1 44 4 6 -1.50000001e+001 -1.50000000e+001 1 1 5410(157) 13 15 15 90 90 500 adaptive probing
2 44 4 6 -1.50000001e+001 -1.50000000e+001 1 1 8700(220) 16 19 19 114 114 500 adaptive loqo
3 44 4 6 -1.50000001e+001 -1.50000000e+001 1 1 9312(293) 16 18 18 108 108 500 adaptive quality-function

1 221 2 1 -1.00000001e+000 -1.00000000e+000 1 1 2981(128) 25 27 27 27 27 500 adaptive probing
2 221 2 1 -1.00000001e+000 -1.00000000e+000 1 1 1975(145) 24 26 26 26 26 500 adaptive loqo
3 221 2 1 -1.00000001e+000 -1.00000000e+000 1 1 3390(138) 25 27 27 27 27 500 adaptive quality-function

1 262 4 4 -1.00000000e+001 -1.00000000e+001 1 1 1610(95) 9 11 11 44 44 500 adaptive probing
2 262 4 4 -1.00000000e+001 -1.00000000e+001 1 1 2073(113) 12 14 14 56 56 500 adaptive loqo
3 262 4 4 -1.00000000e+001 -1.00000000e+001 1 1 2001(118) 7 9 9 36 36 500 adaptive quality-function

1 355 4 1 1.22209999e+002 6.96754630e+001 0 1 19768(768) 96 280 280 280 280 500 adaptive probing
2 355 4 1 1.22209999e+002 6.96754630e+001 0 1 11734(378) 77 157 157 157 157 500 adaptive loqo
3 355 4 1 6.96754628e+001 6.96754630e+001 1 1 4014(190) 13 17 17 17 17 500 adaptive quality-function

1 367 7 5 -3.74129596e+001 -3.74129600e+001 1 1 8619(341) 17 19 19 95 95 500 adaptive probing
2 367 7 5 -3.74129596e+001 -3.74129600e+001 1 1 4937(348) 14 16 16 80 80 500 adaptive loqo
3 367 7 5 -3.74129596e+001 -3.74129600e+001 1 1 6692(412) 13 15 15 75 75 500 adaptive quality-function
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Table 12: Table of problems first solved with IPOPT’s default settings and then with what is thought to be better settings based on the result from Tables 1-11.
Discussed in Section 5.2.4.

NR TP N M F XF S FS T(STD) I OI OGI CI CGI IMAX STOL CVTOL CTOL MUS
---------------------------------------------------------------------------------------------------------------------------------------------
1 2 2 0 5.04262454e-002 5.04261879e-002 1 1 1314(16) 17 39 39 0 0 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 2 2 0 5.04261854e-002 5.04261879e-002 1 1 1310(15) 12 28 28 0 0 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 65 3 1 9.53528858e-001 9.53528857e-001 1 1 1523(60) 11 13 13 13 13 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 65 3 1 9.53528859e-001 9.53528857e-001 1 1 1978(141) 10 12 12 12 12 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 109 9 10 3.30912062e+002 5.36206928e+003 0 0 247583(6511) 500 5824 5824 58245 58240 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 109 9 10 5.36206916e+003 5.36206928e+003 1 1 17237(848) 18 24 24 240 240 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 210 2 0 4.45629411e-010 0.00000000e+000 1 1 17396(160) 500 1608 1608 0 0 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 210 2 0 4.12593292e-006 0.00000000e+000 1 1 201(9) 5 14 14 0 0 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 229 2 0 2.92078891e-017 0.00000000e+000 1 1 1473(278) 42 100 100 0 0 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 229 2 0 6.65863650e-017 0.00000000e+000 1 1 934(319) 20 37 37 0 0 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 261 4 0 1.77275898e-010 0.00000000e+000 1 1 3045(325) 56 210 210 0 0 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 261 4 0 1.79305115e-008 0.00000000e+000 1 1 1329(192) 27 72 72 0 0 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 292 30 0 3.22680499e-011 0.00000000e+000 1 1 2309(45) 32 44 44 0 0 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 292 30 0 2.95458808e-005 0.00000000e+000 0 1 1663(17) 21 33 33 0 0 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 372 9 12 1.10089249e+005 1.33900930e+004 0 0 121086(1715) 282 534 534 6408 6408 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 372 9 12 1.10005344e+005 1.33900930e+004 0 1 18967(670) 31 90 90 1080 1080 500 1.0e-005 1.0e-001 1.0e-001 adaptive

1 395 50 1 1.91666667e+000 1.91666680e+000 1 1 31940(465) 87 260 260 260 260 500 1.0e-008 1.0e-004 1.0e-004 monotone
2 395 50 1 1.91666667e+000 1.91666680e+000 1 1 27576(1559) 57 145 145 145 145 500 1.0e-005 1.0e-001 1.0e-001 adaptive
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