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Abstract

This report will study the theory of renormalization group used on a ferromagnet to cal-
culate magnetic phase transitions. As the ferromagnet’s temperature changes, so does in-
teratomic interaction, causing either a lingering magnetization at low temperatures, or a
random state at high temperatures. At the phase transition, where the magnetization first
appears/disappears, depending from which side the critical temperature is approached, the
ferromagnet will behave in a certain way that causes some quantities to receive power law
behaviours, so called critical exponents. The theory of renormalization group is used to
find the critical point and these power units on two different two-dimensional lattices, the
square lattice and the triangular lattice. The first step is to study how atoms couple to each
other in one-dimension. It is possible to group atoms together into blocks. These blocks will
interact with each other through new couplings. It is possible to calculate the critical point
and critical exponents by comparing the block couplings with the former atomic couplings
and then find the exponents. The theory of renormalization does seem to work in general,
as the result will be able to explain experimentally observed relation between exponents.

Sammanfattning

Denna rapport behandlar teorin om renormeringsgruppen som sedan används p̊a en ferro-
magnet för att bestämma magnetiska fasöverg̊angar. Hur atomer i en ferromagnet reagerar
mot andra atomer kommer att bero p̊a ferromagnetens temperatur. I l̊ag temperatur kom-
mer det att finnas en kvarvarande magnetisering, men i höga temperaturer kommer det att
vara ett slumpmässigt tillst̊and. Vid fasöverg̊angen, den temperatur där det först eller sist,
beroende p̊a ät vilket h̊all temperaturen ändras, beter sig ferromagneten p̊a ett s̊adant vis
att vissa egenskaper kommer enbart vara beroende av exponenter. Teorin för renormer-
ingsgruppen används för att finna den kritiska temperaturen och även exponenterna i tv̊a
tv̊a-dimensionella gitter, ett kvadratiskt gitter och ett triangulärt gitter. Detta görs först
genom att studera hur atomer kopplar med varandra i en dimension. Därefter används
resultatet för att gruppera atomer i block. Genom att jämföra blockens kopplingar med
atomernas kopplingar g̊ar det att finna den kritiska punkten, och sedan exponenterna. Den
generella teorin bakom renormeringsgruppen verkar fungera eftersom den är kapabel att
förklara experimentellt funna relationer mellan exponenter.
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Chapter 1

Introduction

Ferromagnets have been studied for a long time. A crucial property of ferromagnets is their
magnetization. By applying a magnetic field, the ferromagnet will develop a magnetization.
After turning off the magnetic field, this magnetization remains. By heating up the ferro-
magnet the magnetization reduces such that it reaches a point where it disappears entirely.
This marks a magnetic phase transition. Near the phase transition, the ferromagnet also
starts to behave in such a way that some of the properies will have power law behaviour.
While experimentalist have been able to confirm these behaviours, there is of interest to be
able to explain this behaviour as a part of a greater theory.

The renormalization group is used in many areas of physics, such as solid-state physics
and fluid mechanics, to name a few. It was, however, first introduced in the context of
particle physics. Ernst Stueckelberg[1] and Andre Petermann wrote an article in 1953 that
suggested that scaling would work in quantum field theory. In 1954 Murray Gell-Mann[2] and
Francis E. Low considered renormalization group for scale transformations in QED, when
they were determining electromagnetic coupling variations. The idea of using a “block-spin”
renormalization in statistical models was introduced by Leo P. Kadanoff in 1966[3] and
further developed by Kenneth Wilson[5], for which Wilson won the nobel prize in 1982.

The goal of this thesis is to develop a mathematic understanding in how to perform scaling
transfomations on a ferromagnet with the help of the renormalization group theory, leading
to a prediction of phase transitions. I start by studying the one-dimensional Ising model,
which will show how atoms interact with each other on the atomic scale in a one-dimensional
system and also how the atomic couplings change with temperature. When applied to a
two-dimensional square lattice, the knowledge gained from the one-dimensional model will
be used to couple atoms together and form blocks, which is done through a renormalization
group transformation. These new blocks will be coupled with each other, and the coupling
constants will also be related to their old couplings. By studying the couplings at certain
points, it is possible to determine charactersitc behaviours of the system, like the magnetic
heat capacity for example. Once the concept of renormalization has been grasped, it will be
used to describe a triangular lattice.
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Chapter 2

Ising Model

Describing how atoms interact with each other is a complicated. The problem is how to set
up a realistic hamiltonian. Instead it is better to use approximated models similiar to the
original problem, but simplified enough to be solvable. One such model is Ising model and it
was given to the student Ernst Ising for his thesis work[5]. The model is used to determine
how the magnetization of a ferromagnet depends on the temperature.

Let us assume there are N atoms forming a structure and each atom has a discrete
position. Combined, they form a lattice and each atom occupies a lattice site. Each of these
sites can interact with one another. The structure of the lattice depends upon its dimension.
For example, in one dimension it is a straight line, two dimensions can be squares (there
could be other forms like triangles as well) and three dimensions can be cubes.

We assume each of these atoms has a spin σ, with value either +1 or −1, and in the
simplest form, they only interact with their closest neighbours. The hamiltonian of the
lattice is given by:

H = −
∑
〈i,j〉

Jσiσj (2.1)

J is an energy constant and the minus sign stands for which state is preferred (a minus sign
means that atoms prefer to have the same spin, while a positive sign means that the sum of
all atoms spins should be zero). But there can also be an external magnetic field, call it B
that wants to align the spin of the system, and if so it will affect each atom individually:

H = −
∑
〈i,j〉

Jσiσj −
∑
i

Bσi (2.2)

The lattice can be enlarged so that the corners and borderlines are unimportant in compari-
son to the total structure and that the loss of the non-connected sites has little effect on the
entire system.
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2.1 Ising model in one dimension

In the 1-dimensional case, each atom is only connected to two neighbouring sites. (See figure
2.1)

Figure 2.1: A 1-dimensional chain lattice.[6]

If we start calculating from one end and go through its neighbours to the other end, then
the hamiltonian can be written as:

H = −
∑
i

Jσiσi+1 −
∑
i

Bσi (2.3)

A simple case of (2.3) is to just have the external field:

H = −
∑
i

Bσi (2.4)

Since σ can only take two values and does not interact with its neighbours, the hamiltonian
acts independently on each site and the partition function factorizes:

Z =
∑
σi=±1

e−βH =
∑
σi=±1

e
∑

i βBσi = (eβB + e−βB)N = (2 cosh(βB))N (2.5)

and the energy of the system is

〈H〉 =
1

Z

∂Z

∂β
= −2NB sinh(βB)

2 cosh(βB)
= −NB tanh(βB) (2.6)

The average spin is seen as:

〈σ〉 = −〈H〉
NB

= tanh(βB) (2.7)

It can be seen from (2.7) that when β goes to zero (temperature goes to infinity), so does
tanh(βB). This corresponds to the case of high temperature, when the average spin is low
and the individual atoms are not aligned with the field. At low temperatures, the atoms will
align and when doing so, the lattice will have a magnetization, and at very low temperatures
almost all particles will have the same spin.
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Continuing onwards, (2.7) shows the average spin of a particle which is only affected by
an external field. For the part of the hamiltonian which is the interaction of atoms (corre-
sponding to (2.1)), instead of calculating the spins directly, it can be assumed that each site
connects to its neighbour through bonds. These bonds can be eiher parallel if the spins are
identical or anti-parallel if they are opposite. This gives:

H = −
∑
i

Jµi (2.8)

where µi = σi σi+1. It is similar to the external field case, but there is one less bond than
sites, so the partition function becomes:

Z = 2
∑
µi=±1

e
∑

i βJµi = 2
∑
µi=±1

∏
i

(eβJµi) = (2 cosh(βJ))N−1 · 2 (2.9)

Every bond is independent of each other so the average is given by:

〈µi〉 = 〈σiσi+1〉 = tanh(βJ) (2.10)

It could be viewed as if the spin correlate along the chain of sites. (2.10) is the average of
the spin from which the “signal” is sent to the reciever, and since σ2

i =1, the correlation can
be written as:

〈σiσi+n〉 = 〈σiσi+1σi+1...σi+n〉 = 〈µiµi+1...µi+n−1〉 = (tanh(βJ))n−1 (2.11)

From (2.11), it can be seen that the larger the distance, the smaller probability will be for
the spin at i to correlate with the spin at i+ n.

6



Chapter 3

Renormalization group
transformation

One major difference between a one-dimensional lattice and a two-dimensional one is that,
in one dimension, the average spin will only reach zero when the temperature is infinite.
This is not the case in two dimensions. Instead, there will be a finite temperature where
the magnetization becomes zero and stays zero for higher tempertures. So that, there are
two phases, high and low tempearture, and there has to exist a phase transition between
them. Let’s call the temperature where the phase transition occurs the critical temperature
or Tc. Depending on which side the critical temperature is approached, the magnetization
first appears or disappears. Any attempts to find this temperature in dimensions higher
than one is hard with exact methods, even if there is no magnetic field. Instead, it would be
simpler to use the concept of the renormalization group transformation.

3.1 The one-dimensional transformation

The idea of the renormalization group is to group atoms together into blocks using their
couplings[7], which will reduce the number of sites, but still keep the structure of the lattice.
The easiest way to approach this would be to use the Ising model hamiltonian. Each block
must have its own spin and should be related to the atomic spins. There are three different
ways to assign a spin to each block:

1. The majority rule. Let the most frequent spin be the spin of the block.

2. Decimation. Let one particular spin dictate which spin the block shall have. This
can be done with no problem in low temperatures as the spins tend to align anyway.

3. Average spin. Let the average spin be that of the block.

In order to denote which of the three methods is used to assign a spin to the block, let’s

7



create a function f(σi) for those σi inside the chosen block. After the transformation, the
new lattice must have its own hamiltonian and it can be written as H ′(σ′), where σ′ is the
block spin. The new partition function corresponding to the renormalized hamiltonian looks
like:

Z ′ = Trσ′e
−βH′(σ′) (3.1)

where Trσ′ has replaced the notation of summation over spins. The partition function of the
original system

Z = Trσe
−βH(σ) (3.2)

Using the function f(σi), a formal definition of H ′ is:

e−βH
′(σ′J ) = Trσ

∏
J

(δ(σ′J − f(σi)))e
−βH(σ) (3.3)

Since f(σi) is the method used to define σ′, there exist only one corresponding configuration
and by the definition of the delta function, the sum over the possible block spin should be
equal to one. By summing over the block spins in (3.3) leads to a relation between (3.1) and
(3.2):

Z ′ = Trσ′e
−βH′(σ′) = Trσe

−βH(σ) = Z (3.4)

So the partition function is invariant under renormalization group transformation. It would
be simpler to reduce the hamiltonian and let β meld into the constants of the hamiltonian,
so that K = βJ becomes the new reduced coupling constant and h = Bβ is the reduced
magnetic field. The hamiltonain in a one-dimensional system is:

−H = K
∑
〈i〉

σiσi+1 + h
∑
i

σi +
∑
i

A

where A is the on site energy constant, if one exists. In the following derivations we use the
decimation method. For this, we remove every second atom in the lattice. The remaining
atoms can then be seen as the new block. The contribution to the hamiltonian for one
removed atom, i, is:

−Hi = Kσi(σi−1 + σi+1) + hσi + h
σi−1 + σi+1

2
+ 2A (3.5)

The half magnetic field over the remaining atoms comes from the fact that each atom is
coupled to two removed atoms, but the total sum must be one. The partition function of
the hamiltonian from (3.5) summed over the removed atom i becomes:

Z = 2 cosh[K(σi−1 + σi+1) + h]exp

{
h
σi−1 + σi+1

2
+ 2A

}
(3.6)

after the summation over the possibilities for the spin σi. However, (3.6) is only dependent on
σi−1 and σi+1, which are the remaining atoms in the renormalized system. The renormalized
hamiltonian looks like:

−H ′ = K ′
∑
〈i〉

σi−1σi+1 + h′
∑
i

σi +
∑
i

g′(K)
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which looks like the old one, except for the new primed constants along with the constant
g′(K) and that there are now half as many atoms. The relation between the new couplings
and the old is found by using the invariance of the partition function over the same spins:

2 cosh[K(σi−1 + σi+1) + h] · exp{hσi−1 + σi+1

2
+ 2A}

= exp

{
K ′σi−1σi+1 + h′

σi−1 + σi+1

2
+ g′(K)

}
or more conveniently:

ln[cosh(K(σi−1 + σi+1) + h)] + h
σi−1 + σi+1

2
+ 2A+ ln 2

= K ′σi−1σi+1 + h′
σi−1 + σi+1

2
+ g′(K)

(3.7)

At this stage, to find the new constants requires the various possibilties of the spin directions
for the remaining atoms:

1. Both spins point in the postive direction:

ln[cosh(2K + h)] + h+ ln 2 + 2A = K ′ + h′ + g′(K) (3.8)

2. The spins point in opposite direction

ln[cosh(h)] + ln 2 + 2A = −K ′ + g′(K) (3.9)

3. Both spins point in the negative direction

ln[cosh(−2K + h)]− h+ ln 2 + 2A = K ′ − h′ + g′(K) (3.10)

Taking the difference between (3.8) and (3.10) leads to:

h′ =
1

2
ln

[
cosh(2K + h)

cosh(−2K + h)

]
+ h (3.11)

By adding (3.10) to (3.8) and then taking the difference with twice (3.9) yields:

K ′ =
1

4
ln

[
cosh(2K + h) cosh(−2K + h)

cosh2 h

]
(3.12)

And by adding (3.8), (3.10) and twice (3.9) results in:

g′(K) =
1

4
ln
[
cosh(2K + h) cosh(−2K + h) cosh2 h

]
+ ln 2 + 2A (3.13)

So these are the new renormalized constants.
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3.2 General theory

In this section we will describe the general concept and phenomena involved in the renor-
malization group theory without concentrating on the particular system. This section along
with section 3.3 is mainly influenced by the work of John Cardy[8].

So far, it has been assumed that the Ising model includes only interactions between nearest
neighbours. It can, however, interact in many ways, with each interaction having its own
coupling constant. Instead of writing the entire hamiltonian, one can shorten it down by
collecting all the coupling constants into one vector:

µ = (K1, K2, ...) (3.14)

and the same with the renormalized constants:

µ′ = (K ′1, K
′
2, ...) (3.15)

The relation between them is aquired by using an operator

µ′ = R{µ} (3.16)

where the operator R stands for renormalization group transform. In the previous section,
the sum over the spins were the operator.

If the system has temperature T < Tc, the system will have an alignment of spins. For
each renormalization group transformation, the alignments will become grouped together
and become bigger. So for each renormalization group transform, the system will go towards
a state as if it were T = 0 and with K being dependent on the inverse temperature, it
will make K infinitely large. This is the renormalization group constant flow, that after
a renormalization iteration it moves towards a fixed point. However, since there is no Tc
in one-dimension, this particular dimension will always flow towards T → ∞ unless the
temperature is at T = 0.

For the case T > Tc, there can exist small islands with aligned spin, but they will become
smaller under the renormalization group transformation as the bigger surroundings will look
more random and the system will move towards a state similiar to T →∞. Here, K will go
towards zero.

There do exist other points of interest. As the two cases T < Tc and T > Tc flow in
opposite directions, there must exist a point (if there is only one coupling) or a line (two
dimensions) or a surface (dimension > 2) that separates the flows. On this surface every
point will correspond to the parameters of the hamiltonian. Changing the parameters, in
other words, will move these points. The surface is called the critical surface.

The two trivial fixed points T = 0 and T →∞ are stable points as the flow will always
go towards them. Any points on the critical surface will, as long as the movement occurs on
the surface, move towards a fixed point on the surface. However, if one leaves the surface, it
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Figure 3.1: An example of the renormalization flow of coupling constants with A and B
being trivial fixed points, while C is the critical point.. [9]

would go towards one of the trivial points. So the critical fixed points are mixed fixed points.

Peforming a renormalization group transform will always make the system move towards
one of the fixed points and after a certain iteration, the fixed point is reached. When a fixed
point has been reached, then the following relation applies:

K ′a = K∗a = R{K∗B} (3.17)

So by taking a point somewhere infinitesimally close, the deviation between the fixed point’s
coupling constants and the approaching constants are very small and leads to a linearized
expression for the renormalization group transform:

(K ′a −K∗a) ∼
∑
b

Tab(Kb −K∗b ) (3.18)

where (K ′a−K∗a) is the deviation of the renormalized system, while (Kb−K∗b ) is the deviation

for the system before the iteration. Tab is a matrix with each element being ∂K′a
∂Kb

∣∣∣∣
K=K∗

. The

matrix will have eigenvalues λi and corresponding eigenvectors {ei}.∑
a

eiaTab = λieib (3.19)

In an attempt to create a linear combination of the deviations from the fixed point leads to
the introduction of ui ≡

∑
a e

i
a(Ka−K∗a), where ui is called a scaling variable. Using (3.18)

and (3.19) on u′i gives the following:

u′i ≡
∑
a

eia(K
′
a −K∗a) =

∑
a,b

eiaTab(Kb −K∗b ) =
∑
b

λieib(K
′
b −K∗b ) = λiui (3.20)
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It is convenient to put λi = byi , where b is the rescaling factor, which also means that
b > 1, and yi is the renormalization eigenvalue. The dependence of ui in the system depends
on the sign of yi:

• If yi > 0, ui grows bigger under the renormalization group transform and the system
moves away from the fixed point. So ui becomes a relevant variable.

• If instead yi < 0, ui grows smaller and the system moves toward the fixed point. Here,
ui is an irrelevant variable.

• Lastly, yi = 0, ui becomes a marginal variable. Not much can be said unless studying
higher order.

The Ising model is dependent on two parameters, the temperture and the magnetic field.
Since the magnetic field affects each spin individually it will be odd under the spin reverse
symmetry σ → −σ. The temperature will be even as it affects the pair coupling. Though
the temperature also affects the magnetic field, since the magnetic field is odd, the temper-
ature still comes out as even. Since the parameters occupy different subspaces and as they
don’t interact with each other, it is possible to separate them into their own relevant scaling
variables, along with other irrelevant variables that are of no interest. The parameters will
be divided into a thermal scaling variable ut with the eigenvalue λt and a magnetic scaling
variable uh with the eigenvalue λh. From here on, it will be more convenient to use the
reduced temperature t = (T − Tc)/Tc instead of the general temperature T .

Suppose there is a point on the critical surface that lie some distance away from the critical
point. With enough renormalization group tranformation iterations, they should be rela-
tively close to each other that the deviation lies within the range for linearization. The
variables (ut, uh) must also disappear at t = h = 0, so by symmetry the variables must have
the form:

ut =
t

t0
+O(t2, h2)

uh =
h

h0
+O(th)

where t0 and h0 are two scaling factors. ut along with uh will be useful with the free
energy per site: f({K}) ≡ −N−1 lnZ. Using the invariance of the partition function, the
transformation of the free energy becomes:

e−Nf({K}) = e−(Ng(K)+N ′f({K′})) (3.21)

or more conveniently
f({K}) = g({K}) + b−df({K ′}) (3.22)

The free energy per site transforms inhomogeneously. There does however exist a singular
behaviour of f , which can loose g({K}), resulting in the free energy becoming homogeneous:

fs({K}) = b−dfs({K ′}) (3.23)
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If within close distance to a fixed point, (3.23) can be written as:

fs(ut, uh) = b−dfs(b
ytut, b

yhuh) = b−ndfs(b
nytut, b

nyhuh) (3.24)

As relevant variables, ut and uh are assumed to grow after each iteration, which means there
must exist a certain number of iterations before the linearization breaks. Therefore, it would
be wise to make the iteration stop before reaching the limit. Let |bnytut| = ut0 mark this
point. Another way to look at this is that since atoms have a limited range in which they are
capable to interact with other atoms, there will exist a certain scaling length at which the
atoms are no longer capable of being observed as a microscopic system and instead becomes
macroscopic (this length is called the correlation length). Taking this limit into account,
(3.24) becomes:

fs(ut, uh) = |ut/ut0|
− d

yt fs(ut0 , uh |ut/ut0|
− yh

yt ) (3.25)

Rewriting the scaling variables ut and uh into the variables t and h and the term ut0 becomes
a scaling factor. (3.25) new form looks like:

fs(t, h) = |t/t0|−
d
yt Φ

(
h/h0

|t/t0|yh/yt

)
(3.26)

Here Φ is a scaling function.

3.3 Exponents

In a close vicinity to the critical point, a number of interesting quantities recieves a power
law behaviour. Because of this behaviour, these quantities will have pure number exponents.
The quantities of interest are:

1. The specific heat capacity, CB, and has the exponent α which is proportional to the
reduced temperature t:

CB =
∂2f

∂t2
∝ |t|−α (3.27)

2. The spontaneous magnetization, M , with β as exponent and is proportional to the
negative reduced temperature t:

M =
∂f

∂h
∝ − |t|β (3.28)

3. The magnetic susceptibility and its exponent γ that is proportional to the inverse reduced
temperature t:

χt =
∂2f

∂h2
∝ |t|−γ (3.29)

4. The magnetic field which have the exponent δ and is proportional to the inverse sponta-
neous magnetization:

h ∝ |M |−δ sgnM (3.30)
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By inserting (3.26) as the free energy in all four cases, the exponents becomes:

α = 2− d

yt
(3.31)

β =
d− yh
yt

(3.32)

γ =
2yh − d
yt

(3.33)

The last exponent, δ, is a little more trickier. First step is to take the derivative of (3.26)
with respect to the magnetic field:

M =
∂fs
∂h

= |t/t0|−
d−yh
yt Φ′

(
h/h0

|t/t0|yh/yt

)
(3.34)

The magnetic field is acquired by inversing (3.34) into a function depending on M . In order
to do this, M must have a finite limit when t→ 0, so that Φ′(x) behaves like xd/yh−1 under
the circumstance that x → ∞. At t = 0, M becomes proprtional to hd/yh−1. By inverting
this expression we find:

δ =
yh

d− yh
Each of these thermodynamical exponents are given by yt and yh. So they should be related
with each other as follows.:

α + 2β + γ = 2

α + β(1 + δ) = 2

which is the experimentally observed result. So renormalization group has proven to be quite
effective in finding these critical exponents.

3.4 The renormalization flow in one dimension

Let’s now apply this general theory for the one-dimensional case considered in section 3.1[7].
The renormalized coupling constant K ′ was calculated to be:

K ′ =
1

4
ln

[
cosh(2K + h) cosh(−2K + h)

cosh2 h

]
In order to find how K ′ change after each iteration, it would be helpful to set h = 0. This
leads to the relation:

e2K
′
=
e2K + e−2K

2

It is possible to see, unless K =∞, K ′ will decrease for all values on K. So there only exists
two fixed points, K = 0 and K =∞, which are the two trivial points. It means that there is
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no critical fixed point in a one-dimensional lattice. Since K is a reduced coupling constant,
it is proportional to the inverse temperature. As K ′ decreases, the system will flow towards
a state similiar to T = ∞. Should however K = ∞, then the system stays at T = 0. The
flow diagram then looks like:

Figure 3.2: The renormalization flow of coupling constants in a one-dimensional lattice. [9]

Unfortunatly, since there is no critical fixed point, it reduces the usefulness of one-dimensional
lattices as it is impossible to study critical exponents. Instead, we have to look into higher
dimensions to be able to find the exponents.

3.5 Two-dimensional square lattice

The easiest case of renormalization group transformation in two-dimension is the square
lattice and in this case, both the height and width of the blocks should have the same length
called ba, where b is the rescaling factor, and a is the lattice spacing[9]. The total number
of blocks are:

N ′ =
N

bd
(3.35)

where d stands for the spatial dimension in the lattice, and in this case should be d = 2.

Figure 3.3: Transforming a group of atoms into blocks. The blocks behave as if they were
atoms, but with a reduced number. [10]

The hamiltonian of the Ising model for a two-dimensional square lattice, with the next
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nearest neighbours coupling, in a zero field is given by:

−H =
∑
i

A+
∑
〈i,j〉

K1σiσj +
∑
〈〈i,j〉〉

K2σiσj (3.36)

where K1 is the coupling to the nearest neighbour and K2 the next nearest neighbour cou-
pling. In the case of decimation, one can eliminate every second spin, so that there is either
only even-number labelled spins or odd-number labelled spins. From the original partition
function then:

Z = Tr(e
∑

i A+
∑
〈i,j〉K1σiσj+

∑
〈〈i,j〉〉K2σiσj) (3.37)

and rewriting (3.37) for an atom labelled i that interacts with its neighbours:

Z = Tr(exp{
∑
i

A+
∑
〈i,j〉

K1σi,j(σi−1,j + σi+1,j + σi,j−1 + σi,j+1)

+
∑
〈〈i,j〉〉

K2(σi−1,jσi,j−1 + σi−1,jσi,j+1 + σi+1,jσi,j−1 + σi+1,jσi,j+1)})
(3.38)

Figure 3.4: The ith atom with its nearest neighbours. [9]

From (3.38) it is possible to see that the coupling constant K2 is not dependent on σi,j. So
summing over all possible spins for σi,j will yield:

Tr
∏
i

[2 cosh(K1(σi−1,j + σi+1,j + σi,j−1 + σi,j+1))exp{
∑
i

A+∑
〈〈i,j〉〉

K2(σi−1,jσi,j−1 + σi−1,jσi,j+1 + σi+1,jσi,j−1 + σi+1,jσi,j+1)}]
(3.39)

If one removes the ith atom from figure 3.4, then there would be four diagonal couplings,
which will correspond to the nearest neighbours, as well as the coupling between the atoms
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opposite each other. There will also be a coupling over the entire square between the re-
maining atoms. The decimated hamiltonian thus becomes:

−H ′ =
∑
i

g′(K) +K ′1
∑
〈i,j〉

σiσj +K ′2
∑
〈〈i,j〉〉

σiσj +K ′3
∑
〈i,j,k,l〉

σiσjσkσl (3.40)

where K ′1 stands for the nearest neighbour, K ′2 is the next nearest neighbours and K ′3 is the
square. g′(K) arrives as a constant transform. Even if the original constant A is zero, it
does not mean that the renormalized constant should be.

Figure 3.5: The new structure recieved after decimation, It is still a square structure, but
has been angled by 45◦. [10]

Since the partition function is invariant under transformation as seen by (3.4), it leads to
the following relation:

Tr
∏
i

[2 cosh(K1(σi−1,j + σi+1,j + σi,j−1 + σi,j+1))

· e
∑

i A+
∑
〈〈i,j〉〉K2(σi−1,jσi,j−1+σi−1,jσi,j+1+σi+1,jσi,j−1+σi+1,jσi,j+1)]

= Tr(e
∑

i g
′(K)+K′1

∑
〈i,j〉 σiσj+K

′
2

∑
〈〈i,j〉〉 σiσj+K

′
3

∑
〈i,j,k,l〉 σiσjσkσl)

(3.41)

From figure 3.5, it is possible to see that for each of the diagonal couplings, there are two
squares connected to it. Since both squares have a removed atom, K ′1 should be divided
by a half for each square so the sum over both squares becomes the whole coupling. This
coupling, on the other, hand also corresponds to the old coupling K2, and it too must be
halved for each square. So if one were to choose a specific atom at site i, then:

{(eA+
K2
2

(σi−1,jσi,j−1+σi−1,jσi,j+1+σi+1,jσi,j−1+σi+1,jσi,j+1)

· 2 cosh(K1(σi−1,j + σi+1,j + σi,j−1 + σi,j+1))}

= exp{g′(K) +
K ′1
2

(σi−1,jσi,j−1 + σi−1,jσi,j+1 + σi+1,jσi,j−1 + σi+1,jσi,j+1)

+K ′2(σi−1,jσi+1,j + σi,j−1σi,j+1) +K ′3(σiσjσkσl)}

(3.42)
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or for the primed constants:

g′(K) +
K ′1
2

(σi−1,jσi,j−1 + σi−1,jσi,j+1 + σi+1,jσi,j−1 + σi+1,jσi,j+1)

+K ′2(σi−1,jσi+1,j + σi,j−1σi,j+1) +K ′3(σiσjσkσl)

= A+
K2

2
(σi−1,jσi,j−1 + σi−1,jσi,j+1 + σi+1,jσi,j−1 + σi+1,jσi,j+1)

· ln[cosh(K1(σi−1,j + σi+1,j + σi,j−1 + σi,j+1))] + ln 2

(3.43)

There exists four cases depending on the remaining spins σ:

1. If all σ with the same spin ±1:

g′(K) + 2K ′1 + 2K ′2 +K ′3 = A+ 2K2 + ln[cosh(4K1)] + ln 2 (3.44)

2. Three of the σ have same spins ±1, while one has opposite ∓1:

g′(K)−K ′3 = A+ ln[cosh(2K1)] + ln 2 (3.45)

3. There are two positive spins and two negative, where the atoms opposite each other have
the same spin (say σi,j−1 and σi,j+1):

g′(K)− 2K ′1 + 2K ′2 +K ′3 = A− 2K2 + ln 2 (3.46)

4. Again, there are two positive and two negative, but this time the atoms opposite each
other have the different spin:

g′(K)− 2K ′2 +K ′3 = A+ ln 2 (3.47)

First step needed for the extraction of the renormalized constants is to take the difference
between (3.44) and (3.46), which results in:

K ′1 =
ln[cosh(4K1)]

4
+K2 (3.48)

K ′2 is given by the difference between (3.44) and (3.47) and then inserting (3.48):

K ′2 =
ln[cosh(4K1)]

8
(3.49)

As for K ′3, it comes from the difference between (3.44) and (3.45), along with (3.48) and
(3.49):

K ′3 =
ln[cosh(4K1)]

8
− ln[cosh(2K1)]

2
(3.50)

All that remain is the constant g′(K), and it is easy to solve from (3.45) with the help from
(3.50):

g′(K) = A+
ln[cosh(4K)]

8
+

ln[cosh(2K)]

2
+ ln 2 (3.51)
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If one expands the function ln[cosh(x)] to second order of x, one gets the following:

ln[cosh(x)] =
x2

2
+O(x4)

By using these, it will lead to the elimination of K ′3:

K ′3 =
ln[cosh(4K1)]

8
− ln[cosh(2K1)]

2
=

8

8
K2 − 2

2
K2 = K2 −K2 = 0

For the remaining constants, the recursion relation becomes:

K ′1 = 2K2
1 +K2

K ′2 = K2
1

g′(K) = A+ 2K2
1 + ln 2

It simplifies the notations if one makes the substitutions: K ′1 = K ′, K1 = K, K ′2 = L′ and
K2 = L, and the result is:

K ′ = 2K2 + L (3.52)

L′ = K2 (3.53)

g′(K) = A+ 2K2 + ln 2 (3.54)

For simplicity, let’s put g′(K) to zero while keeping K ′ and L′. From the general theory of
renormalization, the fixed points will occur as in (3.17), which leads to the relations:

K∗ = 2K∗2 + L∗ (3.55)

L∗ = K∗2 (3.56)

It is easy to see there are two trivial fixed points, (0,0) and (∞,∞), but there is also a third
point. By inserting L∗ from (3.56) into (3.55):

K∗ =
1

3
, L∗ =

1

9

so the third fixed point is (1/3,1/9). Next step is to set up the matrix Tab:

Tab =

(
4K 1
2K 0

)
(3.57)

So the eigenvalues at the fixed point is

det(Tab − λI) =

∣∣∣∣43 − λ 1
2
3

−λ

∣∣∣∣
→ λ =

2

3
±
√

10

9
=

1

3
(2±

√
10)
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Only positive numbers are desired and
√

10 is larger than 2, so the negative sign can be
dropped. From the definition λ = byi , the renormalized eigenvalue becomes:

yi =
lnλ

ln b
(3.58)

Because that the total number of spins have been halved and it is a two-dimensional square
lattice, then:

b2 = 2

b =
√

2

It is now possible to calculate (3.52):

yi ≈ 1.5661 (3.59)

If this yi is the same as yt, then the exponent α is:

α ≈ 0.72 (3.60)

3.6 Simulation

It is always of interest to find how reliable an answer is. So, to determine how trustworthy
the result in section 3.4 is, it will be compared with a simulation in a Matlab program from
the Royal Institute of Technology[11]. The simulation was performed to see how much the
atoms will align with a change of temperature. The simulation for a 50 site square lattice
led to the picture shown on fig 3.6, and 3.7:

Figure 3.6: A simulation from Matlab over how much the atoms align themselves in the
same direction with increasing temperature.
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The critical point will be found from figure 3.5 by taking derivatives until there is a
discontinuity. This happens already after the second derivation, leading to second order of
phase transition.

Figure 3.7: A simulation from Matlab over the second derivative of figure 3.5

The discontinuity seems to happen somewhere around 3.3 on the temperature axis in figure
3.6. By the definition of the reduced coupling constant, K is the inverse temperature, so the
critical point occurs at Kc = 1/3.3. It is in the same region as the recieved Kc from section
3.5 (Kc = 1/3).
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Chapter 4

Renormalization group transform of a
two-dimensional triangular lattice

Not all lattices in two-dimensions has to be a square. There are many different forms of
the lattice we can consider, and one of them is a triangular lattice. The main differences
between square lattices and triangular lattices are the numbers of atoms connected to each
other as well as how they are connected.

Figure 4.1: An example of a triangular lattice with its coupling constants. [12]

The approach to renormalization group transformation is however not that much different.
We reduce the number of sites by grouping the atoms into blocks and find an expression for
the new coupling constants as function of the old coupling constants. In this chapter we will
consider two different methods used on the triangular lattice.

4.1 First approach: Decimation transform

If the method to approach the triangular lattice is the decimation method then the goal is
to dividie the lattice into groups of six atoms, with four atoms creating a quadrilateral with
the remaining two atoms inside. The rescaling factor will be b =

√
3. The decimation will

be performed on the two atoms inside the quadrilateral.
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Figure 4.2: A group of atoms forming a block. The dashed lines are the nearest neighbours
couplings and the full lines corresponds to the next nearest neighbour coupling. The red
sites are those that will be removed.

It can be seen in figure 4.2, that there exists two triangles, so the triangular shape remains
after the transformation. The relation between the new and old coupling constants require
to set up the partition functions. So first the hamiltonian for the original system in a zero
external field is:

−H =
∑
〈i,j〉

K1σiσj +
∑
〈〈i,j〉〉

K2σiσj +
∑
i

A (4.1)

where K1 is the coupling over nearest neighbours and K2 is the coupling constant over next
nearest neighbour. Just as in the square lattice case, where each next nearest neighbour
coupling is connected to two figures, so is also the case in a triangular lattice. This will
result in half the strength for the next nearest neighbour coupling constant K2. The only
exception is the coupling between σ2 and σ4 in figure 4.2. For the figure 4.2, the partition
function will look like:

Z =
∑

σ5,σ6=±1

exp{K1σ5(σ1 + σ2 + σ4) +K1σ6(σ2 + σ3 + σ4) +K1σ5σ6

+
K2

2
(σ1σ2 + σ1σ4 + σ2σ3 + σ3σ4) +K2σ2σ4 + A}

or performing the sum over spins:

Z =(2 coshK1(σ1 + σ2 + σ4 + 1))exp{K1(σ2 + σ3 + σ4)}
(2 coshK1(σ2 + σ3 + σ4 − 1))exp{−K1(σ2 + σ3 + σ4)}

· exp{K2

2
(σ1σ2 + σ1σ4 + σ2σ3 + σ3σ4) +K2σ2σ4 + A}

(4.2)

For the renormalized couplings, the nearest couplings will correspond to the full lines in
figure 4.2 and the next nearest neighbour coupling will be between σ1 and σ3. There are also
a coupling for each of the two triangles and one for the entire quadrilateral as well. So the
renormalized partition function becomes:

Z = exp{K
′
1

2
(σ1σ2 + σ1σ4 + σ2σ3 + σ3σ4) +K ′1σ2σ4 +K ′2σ1σ3

+K ′3(σ1σ2σ4 + σ2σ3σ4) +K ′4σ1σ2σ3σ4 + g′(K)}
(4.3)
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where K ′3 is the coupling constant of the triangle and K ′4 is for the quadrilateral. The
invariance of the partition function results in the following relation:

ln[coshK1(σ1 + σ2 + σ4 + 1)exp{K1(σ2 + σ3 + σ4)}
+ coshK1(σ1 + σ2 + σ4 − 1)exp{−K1(σ2 + σ3 + σ4)}]

+
K2

2
(σ1σ2 + σ1σ4 + σ2σ3 + σ3σ4) +K2σ2σ4 + ln 2 + A

=
K ′1
2

(σ1σ2 + σ1σ4 + σ2σ3 + σ3σ4) +K ′1σ2σ4 +K ′2σ1σ3

+K ′3(σ1σ2σ4 + σ2σ3σ4) +K ′4σ1σ2σ3σ4 + g′(K)

(4.4)

To determine the renormalized constant, one must go through the various possibilities of the
remaining spins. As there are five unknown constants, there must be at least five different
cases:

1. All spins point in the positive direction:

3K ′1 +K ′2 + 2K ′3 +K ′4 + g′(K) = ln[cosh 4K1e
3K1 + cosh 2K1e

−3K1 ] + 3K2 +A+ ln 2 (4.5)

2. σ1 is negative while the rest are positive:

K ′1 −K ′2 −K ′4 + g′(K) = ln[cosh 2K1e
3K1 + e−3K1 ] +K2 + A+ ln 2 (4.6)

3. σ2 is negative while the rest are positive:

−K ′1 +K ′2 − 2K ′3 −K ′4 + g′(K) = ln[cosh 2K1e
K1 + e−K1 ]−K2 + A+ ln 2 (4.7)

4. σ1 and σ3 are positive while σ2 and σ4 are negative:

−K ′1 +K ′2 + 2K ′3 +K ′4 + g′(K) = ln[cosh 2K1e
K1 + e−K1 ]−K2 + A+ ln 2 (4.8)

5. All spins point in the negative direction:

3K ′1 +K ′2 − 2K ′3 +K ′4 + g′(K) = ln[cosh 4K1e
3K1 + cosh 2K1e

−3K1 ] + 3K2 +A+ ln 2 (4.9)

By comparing (4.5) with (4.9) it is easy to see that:

K ′3 = 0 (4.10)

Following up (4.10) with the difference between (4.8) and (4.7) leads to:

K ′4 = 0 (4.11)

The difference between (4.5) and (4.8) gives the following relation:

K ′1 =
1

4
ln

[
cosh 4K1e

3K1 + cosh 2K1e
−3K1

cosh 2K1eK1 + e−K1

]
+K2 (4.12)
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And from the difference of (4.5) with (4.6):

K ′2 =
1

4
ln

[
(cosh 4K1e

3K1 + cosh 2K1e
−3K1)(cosh 2K1e

K1 + e−K1)

(cosh 2K1e3K1 + e−3K1)2

]
(4.13)

and by inserting (4.10), (4.11), (4.12) and (4.13) into (4.5) leads to:

g′(K) =
1

2
ln[cosh2 2K1e

4K1 + 2 cosh2 2K1 + e−4K1 ] + A+ ln 2 (4.14)

To simplify, g′(K) is set to zero and (4.12) and (4.13) will be expanded to the second order:

K ′1 = 2K2
1 +K2 (4.15)

K ′2 = 0 (4.16)

So the fixed point is:

K∗1 =
1

2
K∗2 = 0

So the fixed points are (0, 0), (∞,∞) and (1/2, 0) where the last is the critical point. So the
matrix Tab becomes:

det(Tab − λI) =

∣∣∣∣2− λ 1
0 −λ

∣∣∣∣
λ = 0, 2

From equation (3.58), if λ is zero, the renormalized exponent yi would be infinite negative.
Therefore, the only valid option is λ = 2 and with the rescaling factor b =

√
3, the eigenvalue

exponent is:
yi ≈ 1.26 (4.17)

which eventually leads to:
α ≈ 0.42 (4.18)

4.2 Second approach: Majority rule transformation

To check whether the result of section 4.1 is reasonable, it will be compared to the work of
Thors Hans Hansson[13] from Stockholm University.

Lets take three atoms and group them into one block. It is important that the way the
atoms are grouped together does not change the lattice form. It is also important that there
is no free atoms around. To separate the blocks from each other, and avoid confusion with
atoms, the blocks are labelled I and J . The rescaling factor will be b =

√
3 here as well.

This transformation will look like figure 4.3:
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Figure 4.3: Grouping atoms together into blocks. The blue triangles are the ones counting
as blocks and the red triangle show the renormalized structure still are a triangle.[13]

In figure 4.3, even though there exists triangles between the newly formed blocks, all the
atoms that make up these triangles are bounded in one of the blocks.

Figure 4.4: The blocks are created so that even though there is space between them, there
are no free atoms.[13]

It would be easiest to use the majority rule to determine the spin of the block. So the spin
for block I is SI . The original hamiltonian will look like:

−H = H0 + V =
∑
I

[K
∑
i,j∈I

σiσj + h
∑
i

σi] +K
∑
〈I,J〉

∑
i∈I,j∈J

σiσj (4.19)

where H0 is the hamiltonian for the ground state of each block, independent of each other,
while V is the term in which the atoms affect atoms in other blocks. The invariance of the
partition function will lead to:

e−H
′
=
∑
SI

e−H =
∑
SI

eH0+V (4.20)

V can be viewed as perturbation and expanded:

eV = 1 + V +
1

2
V 2 + ... (4.21)
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Since there are three atoms in each block, there are 2 different cases to assign spin to the
block. The first case is that all point in the same direction and in the second case, there are
two atoms pointing in the same direction while the third one points in the opposite. The
opposite directed spin can be any of the three atoms, leading to the partition function for
H0 to be:

Z̃0[SI = +1] = e3K+3h + 3e−K+h ≡ A

Z̃0[SI = −1] = e3K−3h + 3e−K−h ≡ B
(4.22)

(4.22) can be written as a function of block spin SI :

Z̃0[SI ] =
1

2
(A+B) +

1

2
(A−B)SI =

1

2
(A+B)

[
1 +

(A−B)

(A+B)
SI

]
(4.23)

A helpful identity is:

ln(1 + σx) =
1

2
ln(1− x2) +

σ

2
ln

1 + x

1− x
leading to (4.23) becoming:

ln Z̃0 = ln 2 +
1

2
ln 4AB +

1

2
ln
A

B
SI (4.24)

Since Z̃0 is the ground state partition function for each individual block, the partition func-
tion for all blocks becomes:

Z0 = N ′ lnAB +
1

2
ln
A

B

∑
I

σI (4.25)

As (4.25) is only related to H0, we still need to solve for the term V :

V =
∑
<I,J>

VIJ

VIJ is typically KσJ3 (σI1 + σI2). In the ground state the spins are independent of each other
and the average spin of each site inside the same block is equally probable, so 〈σI1〉 = 〈σI2〉
so that:

〈VIJ〉0 = 2K〈σI1σJ3 〉0 = 2K〈σI1〉0〈σJ3 〉0 (4.26)

SI = +1 : 〈σIi 〉0 =
e3K+3h + e−K+h

e3K+3h + 3e−K+h
≡ C

A

SI = −1 : 〈σIi 〉0 = − e−3K−3h + e−K−h

e−3K−3h + 3e−K−h
≡ −D

B

(4.27)

〈σJi 〉 =
1

2

[
C

A
− D

B
+

(
C

A
+
D

B

)
SI

]
(4.28)
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So by inserting (4.28) into (4.26), the average of V is:

〈VIJ〉 = 2K
1

4

[
C

A
− D

B
+

(
C

A
+
D

B

)
SI

] [
C

A
− D

B
+

(
C

A
+
D

B

)
SJ

]
(4.29)

Using (4.25) together with (4.29), the renormalized hamiltonian becomes:

−H ′ = H0 + V

= const.+

(
1

2
ln
A

B
+ 3K

[(
C

A

)2

−
(
D

B

)2
])∑

I

SI

+
K

2

(
C

A
+
D

B

)2∑
〈IJ〉

SISJ

(4.30)

The coupling constant K ′ requires there to be at least two different spins interacting with
each other and that corresponds to the last sum in (4.30). The external field h′ affect each
atoms individually and it would be equal to the middle term. Thus, the recursion relations
becomes:

h′ =
1

2
ln
A

B
+ 3K

[(
C

A

)2

−
(
D

B

)2
]

(4.31)

K ′ =
K

2

(
C

A
+
D

B

)2

(4.32)

To determine the critical point, h′ is set to be zero and that leads to A = B and C = D.
This will simplify K ′:

K∗ = 2K∗
(
C

A

)2

(4.33)

So there are the two trivial cases where K∗c = 0 or K∗c =∞. As for the critical fixed point,
first divide both sides in (4.33) with K∗ and then take the square root. With the definition
of C/A from (4.26), (4.32) gives:

√
2
e3K

∗
c + e−K

∗
c

e3K∗c + 3e−K∗c
= 1

→Kc =
1

4
ln(1 + 2

√
2) ≈ 0.34

(4.34)

Since there is only one coupling constant, there is no need for a matrix. Instead λ is obtained
by:

λ =
∂K ′

∂K

∣∣∣∣
K=Kc

≈ 1, 62 (4.35)

In this case b =
√

3 so the eigenvalue becomes:

yi ≈ 0.88 (4.36)

The obtained value of α is:
α ≈ −.27 (4.37)
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Chapter 5

Discussion

The retrieved critical points from the sections 3.5, 3.6, 4.1 and 4.2 areKc(1/3, 1/3.3, 1/2, 1/2.94).
Of these four, the one from section 4.1 Kc = 1/2 is the one that differs as the rest appears to
be around Kc = 1/3. That does not mean to much, since the either lattice used is different or
the method used, so it is possible that the critical point in the decimation traingular lattice
should be different from the rest. One thing that can cause the difference is that, both the
deccimation in the square lattice and triangular lattice have been expanded to the second
order, which will cause some deviation from the actual value.

Another thing to take into account is the exponent α. In section 3.3, it was defined
as the second derivative of the free energy with respect to the reduced temperature t, but
in section 3.6, the second derivation of the magnetization with respect to the temperature
was discontinuoes at the critical point. Since the magnetization also is defined as the first
derivative of the free energy, α should change sign at the critical point, meaning α = 0. Of
all the obtained α’s, the closest one is from section 4.2, though it is still not zero. The square
lattice is the one furthest away.

There were two methods of renormalization group studied, the majority rule and decima-
tion. In the majority rule method, section 4.2, the atoms were collected into blocks, but
it also took into account that, in order to maintain the structure of the lattice, the atoms
has to interact with other atoms outside the blocks. It seems that the majority rule method
have one sort of perturbation forced upon it. In comparison, the decimation could only use
the couplings of the removed atoms. So the majority rule may at least be less sensitive to
information lost.

In general, the renormalization group does seems to work. It can be used not only on a
square lattice, but also on lattices with different geometries. In particular, we have consid-
ered in details triangular lattice. The theory of renormalization group proved to be very good
in explaining the experimentally observed relation between thermodynamical exponents be-
haviour near the critical temperature. The only drawback is the somewhat disappointment of
the obtained values, mainly the exponent α. There does, however, exist techinques involving
perturbation that can give better values, though that is not the focus of this thesis.
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Chapter 6

Conclusion

To sum up the work that has been done. I started by studying the Ising model in a one-
dimensional lattice, and how atoms spin couple with one another. It was learned that the
atoms prefer either to align with each other in low temperature, or be randomly directed
in high temperature. As there exists two phases, there must exist a phase transition at
the very edge between the two phases. This happens at a temperature which is called the
critical temperature. With the help of this knowledge, it is possible to use the couplings to
create blocks that reduces the number of lattice site. These new blocks will have their own
interactions, but these couplings, on the other hand, will depend on the old couplings. The
relation between new and old couplings can be used to examine where the critical temperture
will occur and more importantly, near the critical point, certain known properties like the
magnetic heat capacity will behave like power law.

The result seems to indicate that renormalization group does in general work. The
theory is capable of explaining the experimentally observed critical exponent behaviour from
thermodynamics, but the calculated numerical result is somewhat lacking. This may be due
to simplifications of the equations used to approach the problem. It is, however, possible to
correct the calculation by adding a perturbation. That is, however, not a part of this thesis.
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Appendix

Statistical mechanics

Every macrostate[14] of a system comprises a perfectly definite number of microstates. The
number of microstates is denoted Ω(E, V,N, α) (called the statistical weight) where V,N,α
is specified for a macrostate in a small energy interval E to E + δE. Ω is given by:

Ω(E, V,N, α) =
N !

n!(N − n)!

which say that of N particles (if they are indistinguishable), n of these exists in a certain
state. As a measure of disorder, introducing entropy:

S(E, V,N, α) = KB ln Ω(E, V,N, α)

One cannot directly measure the entropy, instead one usually focus on the change of it. The
entropy has the property that it cannot decrease, either it remains the same or increases.

For an isolated system consisting of two subsystems:

E = E1 + E2

V = V1 + V2

N = N1 +N2

This means that one of the subsystems can be written as dependent on the whole system
and the other subsystem(say subsystem 2 and focus mainly on energy).

E2 = E − E1

The two systems are statistically independent

Ω(E, V,N, α) = Ω1(E1, V1, N1, α1)Ω2(E2, V2, N2, α2)

S(E, V,N, α) = S1(E1, V1, N1, α1) + S2(E2, V2, N2, α2)

Second law implies that real processes maximizes Entropy. As an function of energy, maxi-
mizing entropy implies:

∂S(E, V,N, α)

∂E1

=
∂S1(E1, V1, N1, α1)

∂E1

+
∂S2(E2, V2, N2, α2)

∂E1

= 0
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∂S(E, V,N, α)

∂E1

=
∂S1(E1, V1, N1, α1)

∂E1

+
∂S2(E2, V2, N2, α2)

∂E2

∂E2

∂E1

= 0

∂S(E, V,N, α)

∂E1

=
∂S1(E1, V1, N1, α1)

∂E1

− ∂S2(E2, V2, N2, α2)

∂E2

= 0

∂S1(E1, V1, N1, α1)

∂E1

=
∂S2(E2, V2, N2, α2)

∂E2

No energy flow between systems in equilibrium, that means that it is a measurement of
temperature:

∂S

∂E
=

1

T

Heat bath

Let there be two systems, called 1 and 2, with a difference in size big enough so that the
bigger systems energy remains almost unchanged, when both approach thermal equilibrium.
The combined system is isolated so there is no energy or temperature losses to external
factors. The number of particles N and the total volume for the two systems V is consider
fixed.

By dividing the system into discrete set of microstates, which is labelled 1,2,..., and
these states will have a corresponding energy E1, E2, ..., the energy can be organised so
that each state can also be similar to another. An energy interval δE which is smaller than
the minimum spacing of the energy levels will contain only one energy level. Despite this,
it will correspond to several different states of the system. Since isolated, the system will
contain a constant energy E0, then for a state i, the heat bath has energy between E0 − Ei
to E0 −Ei + δE. There exists Ω2(E0 −Ei) (statistical weight of the heat bath) such states,
so the probability that the system is in this state is

pi = const.Ω2(E0 − Ei)

Since the total probability must be ptot =
∑

i pi = 1, then the probability pi should be
normalized

pi =
Ω2(E0 − Ei)∑

Ω2(E0 − Ei)
it can also be written as a function of entropy:

pi = const.e
(
S2(E0−Ei)

KB
)

The heat bath has a very large energy average in comparison to the other. Expanding the
exponent into a Taylor serie, it will look like this:

(
S2(E0 − Ei)

KB

) =
1

KB

S2(E0)−
Ei
KB

∂S2(E0)

∂E0

+
E2
i

KB

∂2S2(E0)

∂E2
0

+ ...
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But the derivation of entropy was defined as the inverse temperature and with T being the
temperature of the heat bath, it follows(

S2(E0 − Ei)
KB

)
=

1

KB

S2(E0)− Eiβ

So one can rewrite the probability distribution:

pi =
1

Z
e−βEi

which is called the Boltzmann distribution and Z is the partition function and where

β =
1

KBT

Z is called the partition function and

Z =
∑

g(Ei)e
−βEi

g(Ei) is the degeneracy of the state. The sum is over all microstates in the system.
The Boltzmann distribution predicts the probability that the system in a heat bath with

a given temperature should be in a particular state.

The mean energy of Boltzmann distribution is given by

〈E〉 =
∑

piEi =

∑
Eie

−βEi

Z
=

1

Z

∂Z

∂β
= −∂ lnZ

∂β
= −∂ lnZ

∂Z

∂Z

∂β
=

1

Z

∂Z

∂β

The energy eigenvalue Ei is held constant hence the partial derivative.
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