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Abstract

Computational Stochastic Morphogenesis

Yakup Saygun

Self-organizing patterns arise in a variety of ways in nature, the complex patterning
observed on animal coats is such an example. It is already known that the mechanisms
responsible for pattern formation starts at the developmental stage of an embryo.
However, the actual process determining cell fate has been, and still is, unknown. The
mathematical interest for pattern formation emerged from the theories formulated by
the mathematician and computer scientist Alan Turing in 1952. He attempted to
explain the mechanisms behind morphogenesis and how the process of spatial cell
differentiation from homogeneous cells lead to organisms with different complexities
and shapes. Turing formulated a mathematical theory and proposed a
reaction-diffusion system where morphogens, a postulated chemically active
substance, moderated the whole mechanism. He concluded that this process was
stable as long as diffusion was neglected; otherwise this would lead to a
diffusion-driven instability, which is the fundamental part of pattern formation. The
mathematical theory describing this process consists of solving partial differential
equations and Turing considered deterministic reaction-diffusion systems.

This thesis will start with introducing the reader to the problem and then gradually
build up the mathematical theory needed to get an understanding of the stochastic
reaction-diffusion systems that is the focus of the thesis. This study will to a large
extent simulate stochastic systems using numerical computations and in order to be
computationally feasible a compartment-based model will be used. Noise is an
inherent part of such systems, so the study will also discuss the effects of noise and
morphogen kinetics on different geometries with boundaries of different complexities
from one-dimensional cases up to three-dimensions.
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Sammanfattning på svenska

I naturen finns många fenomen som uppvisar självorganiserande form-
bildning, från de regelbundna komplexa strukturer som observeras hos sand-
dyner i ökenlandskap, formation av floder, bildandet av mänskliga blodkärl
till former inom djurriket. Att djur får sina säregna mönster utformade re-
dan på cellnivå i embryostadiet har varit känt sedan länge, däremot vilka
processer som styr den rumsliga utbredningen av denna ”information” har
varit en gåta och är till stor del fortfarande så än idag. Matematikern och
datorvetaren Alan Turing tog sig an detta problem, att försöka lösa livets
gåta, efter att ha lyckats dechiffrera Enigmakoden under andra världskriget.
I sin berömda och klassiska artikel ”The Chemical Basis of Morphogenesis”
från 1952 formulerade Turing en banbrytande teori om hur olika kemiska
substanser, morfogener, genomgick reaktions -och diffusionsprocesser. Diffu-
sion som i regel är en stabil process har förmågan att skapa instabilitet i ett
system där reaktioner sker. Denna instabilitet leder till förstärkningar och
utsläckningar av morfogener, som ett resultat av att morfogener agerar som
aktivatorer och hämmare. Mekanismer som styr dessa fenomen formulerades
av Turing som partiella differentialekvationer med en diffusionsterm och en
reaktionsterm, som är specifikt för varje beskrivet system. Dessa system är
ickelinjära och nästintill omöjliga att lösa analytiskt, därför är numeriska
beräkningar naturliga.

De deterministiska modellerna är fullt tillräckliga för att beskriva pro-
cesser när antalet morfogener är stort, svårigheter uppstår emellertid när
processer ska beskrivas på cellnivå, där det ofta handlar om mycket låga
molekylantal, t ex genuttryck i reglerade cellprocesser. Detta leder till stör-
ningar i form av brus. Modellering genom stokastiska beräkningar ger därför
bäst förutsättningar för att på ett korrekt sätt simulera sådana system. Teo-
retiskt bygger molekylernas kinetik i dessa system på Brownska rörelser och
på Markovprocesser. Övergångstätheten mellan olika molekylstadier för var-
je möjligt utfall ges då av Chapman-Kolmogorovs ekvation. Utgående från
dessa grundläggande antaganden härleds modellen för stokastiska reaktion-
diffusions ekvationer ur den kemiska masterekvationen, som ger övergångs-
densiteter för molekylreaktioner. När termen för diffusion läggs till erhålls
den kompletta stokastiska reaktions-diffusions masterekvationen (RDME).

I flera studier har egenskaper hos stokastiska modeller för kemiska re-
aktioner undersökts genom beräkningar baserade på Gillespies algoritm. En
betydande svårighet är att dessa varit baserade på cartesiska beräkningsnät
och svåra att tillämpa på ostrukturerade former, speciellt på tredimensio-
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nella geometrier. Som ett försök att kringgå dessa svårigheter har mjukva-
rugränssnittet URDME utvecklats inom divisionen för beräkningsvetenskap,
Uppsala universitet. URDME löser stokastiska system i komplexa geometri-
er genom att uppdela beräkningsnätet i triangulära och tetraedriska beräk-
ningsnät. Detta tillsammans med hög anpassningsbarhet gör URDME till
ett idealiskt verktyg för stokastiska simuleringar i komplexa geometrier.

I de stokastiska modellerna delas geometrin in i beräkningsnät som de-
finierar antalet element. I varje element tillåts reaktioner ske med en viss
sannolikhet medan diffusion beskrivs av utbytet av molekyler mellan ele-
menten. Det som studeras i detta examensarbete är hur utbredningen av
morfogener och stokastiska Turingmönster förhåller sig till de deterministis-
ka modellerna på geometrier av varierande komplexitet. Hur molekyltätheten
påverkar kinetiken, känsligheten för störningar och brus samt vilken inverkan
geometrin har på olika system.

Forskningen inom beräkningsbiologi är fortfarande i ett tidigt stadium
där fokus ligger på enskilda molekylers kinematik. Det är viktigt att utveckla
beräkningseffektiva tekniker som beaktar molekylernas stokastiska natur för
att beskriva dessa processer. Förhoppningen är att på sikt få bättre kun-
skap och förståelse för cellernas rumsliga utbredning genom att studera de
mekanismer som styr utbredningen av morfogener.
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Abstract

Self-organizing patterns arise in a variety of ways in nature, the complex pat-
terning observed on animal coats is such an example. It is already known that the
mechanisms responsible for pattern formation starts at the developmental stage of
an embryo. However, the actual process determining cell fate has been, and still
is, unknown. The mathematical interest for pattern formation emerged from the
theories formulated by the mathematician and computer scientist Alan Turing in
1952. He attempted to explain the mechanisms behind morphogenesis and how
the process of spatial cell differentiation from homogeneous cells lead to organisms
with different complexities and shapes. Turing formulated a mathematical theory
and proposed a reaction-diffusion system where morphogens, a postulated chemi-
cally active substance, moderated the whole mechanism. He concluded that this
process was stable as long as diffusion was neglected; otherwise this would lead to
a diffusion-driven instability, which is the fundamental part of pattern formation.
The mathematical theory describing this process consists of solving partial differ-
ential equations and Turing considered deterministic reaction-diffusion systems.

This thesis will start with introducing the reader to the problem and then
gradually build up the mathematical theory needed to get an understanding of the
stochastic reaction-diffusion systems that is the focus of the thesis. This study will
to a large extent simulate stochastic systems using numerical computations and
in order to be computationally feasible a compartment-based model will be used.
Noise is an inherent part of such systems, so the study will also discuss the effects of
noise and morphogen kinetics on different geometries with boundaries of different
complexities from one-dimensional cases up to three-dimensions.
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1 Introduction

Organized patterns can be observed in many different parts of nature, from
the structures of sand dunes in deserts and complex river formations to
patterning in human veins. The patterning mechanisms are also a recurring
phenomenon in the plant and animal kingdoms. How forms on animal coats
are created and what mechanisms regulate pattern formation in nature are
some questions still relevant and discussed even today [1].

Until recently much of the understanding of all the living organisms on
earth and how they develop to complex organisms have remained unsolved
and to a large extent still is. The same goes for the enormous amount of di-
versity that exists in pattern and forms which can be observed on plants and
animals. The first stages of the development of an embryo where processes
occurs that determine the shape of the organism and the mechanisms that
are involved in creating the spatial patterns forming different organs are un-
known. In spite of different explanations there has been little to no progress
until some decades ago for studying developmental biology experimentally.
Before the beginning of the 20th century there were only descriptive theories
and none of these could be verified experimentally. At around 1960s new
ideas arised and with the aid of newly developed computers, scientists were
able to shed new light into this subject. In some sense it was now possible
to study naturally occurring phenomena experimentally.

Pattern formation has been proposed as an important subject for explain-
ing those mechanisms and is considered as the stepping stone for getting full
understanding to how complex shapes are developed from homogeneous di-
vision of cells [2]. Obviously do genes have an important part in this process
and they do indeed clarify some questions regarding the mechanisms that
occur in the developmental stage of an organism. However, they do not
explain how the spatial distribution is physically formed. The genome acts
primarily as a roadmap telling how the shapes or forms should look like but
it can never accomplish the actual creation of the patterns itself. It is clear
that some other mechanisms must undergo the pattern formation process. In
a survey made among developmental biologists [3], a great majority referred
to the molecular mechanisms of morphogenesis and how patterns are estab-
lished in the early embryo as one of the most challenging problems unsolved
in biological sciences.

This thesis will begin with the theoretical aspect of the main concepts
and a brief historical review of developmental biology. This builds up the
background governing pattern formation processes and relate its connection
to reaction-diffusion equations. The idea of chemical substances reacting
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and diffusing was first proposed by the mathematician and computer scien-
tist Alan Turing. He published the mathematical theory in his seminal paper
“The Chemical Basis of Morphogenesis” [4] in 1952. The mathematical the-
ory and the stability conditions for deterministic reaction-diffusion systems
will be analyzed and its relation to stochastic models will be made clear. The
formulation of the stochastic theory of reaction-diffusion will lead to the main
study of this thesis, numerical simulations on stochastic morphogenesis and
the simulations will be performed using the software framework URDME for
different geometries with boundaries with different complexities. The aim of
this thesis is to analyze and investigate the impact of noise and sensitivity of
such systems but also the effect of kinetics for different morphogen densities
on unstructured meshes. The expectancy is that when the volume size is var-
ied morphogen densities will also vary showing a different pattern behavior.
The main question is then, in what sense does this affect stochastic pattern
formation on different geometries, especially considering domains with un-
structured meshes which approximate curved spaces more accurately. How
do the morphogen kinetics distribute and organize themselves on the chosen
geometry whether on a one-dimensional or a three-dimensional domain and
in which way are their characteristic properties defined are some of the main
concerns. The importance of morphogen densities and how they relate to
deterministic pattern formation mechanisms are also a highly relevant ques-
tion. Theoretically, as the volume container size is increased the amount of
morphogens, and thus the number of probable reactions, will also increase
which is predicted to yield similar results as for the deterministic solutions,
similarly a noisy behavior is expected for low copy number of morphogens.
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2 Theoretical Background

In this section the theoretical background to the study of morphogenesis will
be given, §2.1 will start with a brief historical summary of the field of devel-
opmental biology and its evolution during the 20th century. In §2.2 a short
introduction to pattern formation mechanisms and the study of phyllotaxis
is given. §2.3 is devoted to the concepts of morphogenesis as proposed by
Turing in his classical paper. The mathematical theory of reaction-diffusion
models which are described by partial differential equations is reviewed in
§2.4. There are various reaction-diffusion models proposed with different
reaction kinetics and some of them are described in §2.5. In §2.6 and §2.7
reaction-diffusion systems are analyzed from a mathematical point of view
where stability conditions and properties that define the Turing space are
investigated.

2.1 Morphogenesis and developmental biology

The development process of cells had already been studied during the late
19th century and even though the limited possibilities, scientists of the time
detected an important property, a single cell could undergo proliferation1.
The German biologist and philosopher Hans Driesch (1867-1941) was one of
the most central and important researchers in biology during the turn of the
century. He was known to perform simple experimental tests on different
kind of mammals and invertebrates. Driesch suggested that cells were not
independent, in fact they could only cooperate with each other to form an
organism. To prove this statement he used blastomeres, a type of cells result-
ing from the division in the early stages of cell formation, from a sea urchin
and cut them into two halves. The result were two half-sized blastulas, the
initial stage of embryogenesis.

Around the 1930s Swedish embryologist Sven Hörstadius (1898-1996)
studied the evolutional stage of sea urchins, a popular organism to study
because of its specific developmental properties. His research was based on
pattern forms but he also manipulated cells observing how these changed the
development of the organisms. The theory of morphogenesis, developmental
biology, was introduced in its modern form by the German embryologists
Hilde Mangold (1898-1924) and Hans Spemann (1869-1941), Spemann was
also awarded with the nobel prize in 1935. They discovered that clusters of
cells in an embryo would lead to development of the central nervous system
in vertebrates. They also suggested that some kind of reactions, morphogen

1
Proliferation – In biology, the reproduction of cells.
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gradients, needed to be involved in the process of differentiation that deter-
mined the structure of cells nearby.

Alan Turing, maybe best known for decoding the Enigma machine during
the second world war and for his contributions in computer science, also
studied the mechanisms that form patterns in nature. He based his ideas
on the theory of morphogenesis, which actually means “the formation of
the body’s shape”, and sought an explanation of the underlying mechanisms
where homogeneous division of cells could build up structures. The main idea
was to seek for an understanding of how cells in embryos, before dividing,
“feels” in which direction the differentiation will follow and what procedures
determine the shaping of different organs in an organism. Actually the theory
Turing presented in his seminal paper [4] was simple, when cells divide they
react to a specific chemical pattern. When a symmetrical cell undergoes
a change in shape its symmetry is broken, Turing stated that this must
be governed by some kind of substances creating a new branch. Meaning
that there must be an abundance of this particular substance for starting
the procedure of creating a new branch. He proposed this substance to be
represented by a chemical, which he called a morphogen [4], regulating cell
differentiation.

The underlying theory of the existence of morphogens is that they de-
termine gene disposition. Depending on the source of the morphogens and
the position of cells this targets genes in a slightly different manner. Every
chemical reaction is a local process and can not alone describe spatial pat-
terning. Turing expected non-local reactions to influence the process and
suggested chemical substances to travel randomly by impact of thermal ef-
fects (Brownian motion). This could then explain the non-local process that
affects pattern formation. Turing also pointed out that effects of elasticity
and mechanics should have a crucial part in morphogenesis and that it con-
sisted of both a chemical and a mechanical part, meaning that both parts
had to be considered to gain a complete understanding of the procedure.
Introducing the mechanical part would describe the physical properties, e.g.
positions, velocities etc., of the motions and forces acting in and between
cells. Turing emphasized that these properties of course should follow al-
ready known physical laws, referring to Newton’s laws of motion and elastic-
ity. This would be sufficient, without introducing any unknown components,
to explain morphogenesis. However, he noted that introducing the mechan-
ical part produced complexities which were hard to overcome and for that
reason he simply omitted the mechanical part. But he also stated that this
complexity was able to be overcome with the use of a more advanced compu-
tational technology. It is remarkable that Turing suggested a mechanical part

8



in morphogenesis, although he could not consider it due to the complexities
it would bring computationally. He was certainly well ahead of the time with
these ideas. The understanding of muscle contraction and force generation
in muscles were actually explained a few years later. The transportation pro-
teins Dynein and Kinesin in eukaryotic cells, which are crucial in the process
of cell differentiation, were discovered many years later. Turing was revolu-
tionary in putting morphogens as a central concept in developmental biology
and the following decades almost every developmental biologist based their
further researches on these theories formulated by Turing.

The Drosophila melanogaster (fruit fly) is the most common organism
used for biological research and particular in developmental biology [2]. This
is mostly because of its short regeneration time but also thanks to the process
of development, as it takes approximately 8-7 days for the embryo to grow
into an adult depending on the temperature. In the D. melanogaster the
transcription factor Bicoid, which turns on and off specific genes, is acting
like a morphogen determining the patterning of anterior-posterior, head to
tail axis, thus expanding the morphogen gradients through the fertilized egg.
This is a crucial process in forming different parts of the D. melanogaster,
like the head and abdomen. Bicoid was discovered as the first morphogen
[5] and its importance in pattern formation can not be ignored.

2.2 Pattern formation mechanisms

Reaction kinetics which exhibit patterns have been studied for several years
in systems driven by chemical substances. One of the more popular ex-
periments is the production of self organizing oscillatory patterns in the
Belousov-Zhabotinsky reaction, named after the Russian chemists Boris Be-
lousov (1893-1970) and Anatoly Zhabotinsky (1938-2008). This is the result
from a series of complicated reactions driven by chemical substances which
give rise to these effects. This phenomenon was however poorly understood
by the time Belousov discovered it and he could not explain the oscillatory
patterns. Belousov’s experimental results seemed to contradict the second
law of thermodynamics and because of that he was not able to publish his
findings in any journal. Although different mathematical models had been
proposed, like the autocatalytic reactional model Brusselator, it still lacked
an explanation of why these patterns form.

The enormous diversity in shapes and forms needed to emerge from basic
principles. The intriguing patterns observed everywhere in nature, from the
beautiful shapes in plants to the amazing patterns in animal coats. Turing’s
fascination for this mystery lead him to study the mechanisms of patterns
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formation based on the theory of morphogens. He applied his thoughts at-
tempting to understand this phenomenon by studying phyllotaxis, regularly
shaped leaves on plant stems. Phyllotaxis had already puzzled botanists for
many years but Turing attacked this problem differently. While botanists
often investigated the cross section of a stem Turing viewed it as a cylinder
with lattice points. He then repeated the lattice points by converting the
cylinder to a planar surface. Interestingly this formation has been shown
to obey the mathematical Fibonacci sequence F

n

= 0, 1, 1, 2, 3, 5, 8, 13, 21, ...
with different arrangements like helical and spiral forms. Even if there are
exceptions the mathematical sequences are still similar, differing just by the
order of numbers e.g. 1, 3, 4, 7, 11, ... etc. An interesting point here is that
although different plants have different shapes, there is still a relationship
that is common for almost all plants. When a stem is observed from a point
of the viewer the angle formed by adjacent leaves is always nearly 137.5� and
the arrangement of petals and branches follows the Fibonacci sequence [6].

Another theory based on Turing’s idea of morphogenesis was developed
by the British development biologist Lewis Wolpert in the late 1960s. He
proposed a concentration gradient based on morphogens such that different
concentration levels activated different type of genes. In the early stages
of embryological development a pre-pattern was formed by the morphogens
and Wolpert’s idea was based on positional information [7] meaning that cells
were programmed to follow a particular pre-pattern formed by morphogens.
The concentration levels belonged to specific colors which he chose to call
blue, white and red, just like the colors of the French flag, hence its name
the French flag model.

2.3 The chemical basis of morphogenesis

Reaction-diffusion systems are often found in chemistry but they could also
be applied to other fields as well such as ecology and biology and especially
in developmental biology [8]. When these systems reach a state of equilib-
rium wave like patterns can be observed by the process of counter interacting
reactions. The wave patterns can thus be explained by spatial formations
resulting from a spontaneous break of symmetry. The dynamics of reaction-
diffusion systems are often complex and numerical computations are needed
to study reaction kinetics at the macroscopic and microscopic level. There
are a couple of different methods for deriving the reaction-diffusion equation
and a commonly used strategy is to consider reaction and diffusion separated
from each other. Beginning with the diffusion equation, a popular and often
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used derivation consists of using Ficks’s law2 and the conservation of mass.
An alternative derivation is based on the assumption that particles take steps
in random directions, a random walk. The main principle of Turing’s the-
ory is the ability for different substances, in certain conditions, to react and
diffuse accordingly to generate heterogeneous spatial patterns. The gener-
ated patterns can then describe the distribution of morphogens e.g. in the
early developmental process of an organism. However, in a system with two
substances the morphogens are assumed to have slightly different properties,
where one of them is acting like an activator and the other like a suppressor
[4]. In his paper Turing adopted the theory of reaction-diffusion models in
organisms which have a geometrical form of a ring of cells and defined the re-
action rates to be linearly dependent on the concentrations. He also treated
homogeneity breakdown on a sphere where he considered a hollow sphere of
continuous tissue, e.g. a blastula, as the anatomical structure. Turing stated
that the procedure is similar to the case of a ring and performed the calcu-
lations by using spherical harmonics. Turing then proposed morphogenesis
to be some kind of an autocatalytic process where morphogens are expected
to be found in the growing parts of an embryo or any other living organism.

Turing hypothesized the procedure as follows, assume that there exists
two morphogens X and Y . A particular factor controlling the morphogenesis
in the early stages of cell development is also needed, which is a form of a
catalyst called C. It acts like an evocator3 in the morphogensis. There is
also need for making some further assumptions, firstly the two morphogens,
X and Y , have to be diffusible at different rates. Secondly, X, Y and C are
required to take part in the reaction where the concentration of C is initially
low. Turing then made it clear that when the pre-conditions were set the
process of pattern formation could be explained as follows. Assume that at
some starting point of the reaction-diffusion process X and Y are uniformly
distributed in space. When C begins to increase fluctuations occur which
smoothens the concentration. When a specific point in time is reached these
fluctuations become unstable, resulting in an irregular morphogen pattern.
This generates irregular waves and creates a highly disordered pattern where
morphogens are unevenly distributed. However, after sufficiently long time
when equilibrium has been reached uniformly distributed stationary waves
are created. The creation of wave-patterns depends largely on the initial
concentrations of X and Y . The activator X produces itself, by some specific

2
Fick’s law – The flux goes from a region with high concentration to a region with

low concentration, if the system initially is assumed to be at steady state following holds

J = �D(@�/@x).

3
A substance that induces morphogensis.
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Figure 1: Reaction-di↵usion model with two interacting morphogens X and Y ,
where X is assumed to di↵use slower than Y . (a) Scheme showing the activation
and inhibition procedure. The activator X produces itself through autocatalysis
but also produces its inhibitor Y where Y di↵uses faster and inhibits X. (b) After
su�ciently long time this procedure lead to peaks which exhibits patterns, here a
single peak is shown.

input signals through autocatalysis, but also its inhibitor Y . Since X diffuses
slowly the concentrations of Y will after some point of time peak. The
standing wave formation is then created by generation of multiple peaks. As
a result this procedure is called local activation and long-range inhibition,
this is shown schematically in Fig. 1.

When instability occurs concentrations of morphogen patterns will be
formed, which was described by Turing as waves. This wave formation proce-
dure is a complex mechanism where patterns arise from homogeneous states
without a predefined pattern. Turing predicted that six possibilities were
able to be formed.

i) All cells behave like a single process, if an isolated cell is perturbed from
its equilibrium point to a specific direction all the other neighboring
cells will sense and follow its motion in the same manner. The outer-
most cells, in the boundary ends, could behave slightly differently. This
uniformly stationary state was according to Turing the least interesting
of all possibilities.

ii) This case is similar to i) with the only difference that cells oscillates
uniformly around their equilibrium points. Like the preceding case, the
outermost cells at long distances could behave differently. Turing con-
cluded that this metabolic oscillation most likely had biological examples
but without a known example to him at that time.
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iii) Cells could drift from its equilibrium point in opposite directions than
neighboring cells. This can also be called noise or salt and pepper for-
mation.

iv) A highly interesting case formulated by Turing in his studies of a ring
of continuous tissue. Slow variations occur in amplitude on stationary
wave patterns, in this case a sinusoidal pattern with peaks are expected.
Those peaks will be uniformly distributed across the ring. This will
create noise and can also be called an oscillatory form of the salt and
pepper formation.

v) Compared to iv) this case requires three or more morphogens to be
involved in the process and instead of two morphogens which create
stationary waves, three morphogens lead to traveling wave formations.
In Turing’s studies of a ring two waves were expected to be formed, one
traveling clockwise and the other traveling anticlockwise. Turing stated
also that this case could be applied not only on a ring of tissue but also
on any anatomical form.

vi) Morphogens react and diffuses but there are no significant effects to
the current state of stationary wave formations. Compared to case iii)
there are no effects of noise as the state has reached equilibrium and
a wave pattern is observed, also called Turing patterns. The rate at
which reaction and diffusion occurs is determined by the wave peaks.
Turing concludes that the complexity most likely will increase when
more than one dimension is added to the process. This is maybe the
most interesting case which this thesis is based on.

2.4 Reaction-di↵usion models

Analysis of the diffusion equation is fundamental for understanding the gen-
eral model. The reaction-diffusion equation consists of two parts, a diffusion
term and a reaction term. The general equation is formed by simply adding
the reaction function to an already known diffusion term. Different kind
of dynamical reaction models exist in chemistry and nature, particularly in
ecology like the widely known Predator-prey model (Lotka-Volterra). Oth-
ers, which describes growth, are e.g. Logistic growth and Exponential growth
models. There are also dynamical models for organism habitats describing
competition and symbiosis which are all, in absence of diffusion, ordinary
differential equations (order n) in the form

F (x, y, y0, ..., y(n)) = 0.
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As already mentioned there are several methods for deriving the diffusion
equation and in this thesis the derivation will be performed by using the
concept of random walk. This is a mathematical formalism often used in
different fields, like economics, chemistry and physics where the principles
are similar. In biology and chemistry a common way is to consider particles
moving irregularly at the microscopic level. Macroscopic movements are then
achieved by taking into account the sum of particles as a group.

A one-dimensional random walk procedure will be performed, Fig. 2
where particles take random steps, beginning with the discrete model of the
Brownian motion and proceeding with the continuous form. Assume that

pq

x x+ 1x� 1

Figure 2: One-dimensional random walk procedure. The probability for the particle
to take a step either to the right or to the left is p = q = 1/2.

an infinitely long one-dimensional line is present and the starting point for
the particle is called x. Every particle is able to move, after a time unit ⌧
either to the right or to the left with equal probability. The particle moves
a distance �x with a probability indicated by p and q respectively equal to
1/2. Originating from the starting point the total time shift is after some
time n�t = t so that x

n

=
P

n

k=1 ⇠k, where n indicates number of steps and
⇠
k

2 [��x,�x] the time shift between the intervals with k steps so that
[(k�1)�t, k�t], 1  k  n. The position when the particle has moved some
number of steps, h, could be treated as a random variable. So if it is assumed
that the particle takes steps of h with length �x each time, the time and
steps needed for every time unit is �t = 1/h and n�t = n/h accordingly.
With respect to the number of steps taken in each direction, following could
be stated

n = n
r

+ n
l

, (2.1)

and after n steps the particle will be at some point m which is determined
randomly, so that

m = n
r

� n
l

, (2.2)

combining (2.1) with (2.2) and then solving for n
r

gives

n
r

=
n+m

2
. (2.3)
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The probability for the particle to be at point x can be calculated using the
binomial distribution, assumed that u(x, t) = P (x

n

= x),

P (x
n

= m�x) =

✓
n

n
r

◆✓
1

2

◆
nr
✓
1

2

◆
n�nr

, (2.4)

where x = m�x has been used because of equal probability for the particle
to move right or left. Using exponential rules and the expression given by
(2.3) gives

P (x
n

= m�x) =

✓
n

n+m

2

◆✓
1

2n

◆
, (2.5)

because the probability is equal independent of the choice of direction, the
mean value µ is zero and the particle is guaranteed to be at the starting
point at t = 0. This can be shown by

µ(x
n

) =
nX

k=1

�
(��x)P (⇠

k

= ��x) + (�x)P (⇠
k

= �x)
�
= 0

,

µ(x
n

) =
nX

k=1

�
(��x)

1

2
+ (�x)

1

2

�
= 0,

(2.6)

as time increases the probability to find the particle at the starting point
decreases, as can be shown by the variance �2,

�2(x
n

) =
nX

k=1

�
(��x)2P (⇠

k

= ��x) + (�x)2P (⇠
k

= �x)
�

,
�2(x

n

) = (�x)2n = (�x)2
⇣n
t

⌘
t = (�x)2ht,

(2.7)

so the standard deviation could be approximated by
p
�2(x

n

) ⇡ p
t.

In the continuous case of the Brownian motion, since x and t are contin-
uous space and time variables, the limit of the number of steps approaches
infinity as the limit of the step size goes to zero

lim
�x!0

= lim
h!1

= (�x)2h = 2D,

where D 6= 0 is a constant. An expression for the number of particles at
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time t is given by
u(x, t+�t) = u(x, t)

+ pu(x��x, t)

� pu(x, t)

+ qu(x+�x, t)

� qu(x, t),

(2.8)

which is the discrete function corresponding to u(x, t)�x with the number
of particles in [x, x + �x]. Taylor expansion of (2.6) is given by using the
following Taylor series

u(x, t+�t) = u(x, t) +
@u

@t
�t+

1

2

@2u

@t2
�t2 + ..., (2.9)

u(x±�x, t) = u(x, t) +
@u

@x
�x+

1

2

@2u

@x2
�x2 + ..., (2.10)

the probability for movement in each direction is p = q = 1/2, so using (2.7)
and (2.8) in (2.6) gives

u(x, t) +
@u

@t
�t+

1

2

@2u

@t2
�t2 + ... =

=
1

2


u(x, t)� @u

@x
�x+

1

2

@2u

@x2
�x2 + ...

�

+
1

2


u(x, t) +

@u

@x
�x+

1

2

@2u

@x2
�x2 + ...

�
,

so that

@u

@t
�t+

1

2

@2u

@t2
�t2 + ... =

1

2

@2u

@x2
�x2 +

1

4

@4u

@x4
�x4 + ...,

letting �t ! 0, �x ! 0 and dividing by �t gives

(�x)2

2�t
= D 6= 0, (2.11)

finally this leads to the diffusion equation

@u

@t
=

(�x)2

2�t

@2u

@x2
= D

@2u

@x2
, (2.12)

where D denotes the diffusion coefficient. It is an indication of the efficiency
of particles to dissolve from high to low concentrations, the diffusivity. The
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diffusion coefficient has dimensions length2/time. A more compact and gen-
eral way of writing (2.12) in scalar form together with a simple reaction
function f(u) is

u

t

= D�u+ f(u), (2.13)

where � is the Laplacian operator and the vector u the chemical concen-
trations, in this case morphogen concentrations. f(u) denotes an often non-
linear function, specifying the reaction kinetics which is dependent on the
reaction type. It could also depend on other variables, such as derivatives of
u. Suitable initial and boundary conditions are applied to (2.13) to obtain
a closed system.

2.5 Di↵erent reaction models

It is nowadays widely accepted that the majority of biological systems form-
ing spatial patterns can be modeled by reaction-diffusion models. How these
are modeled is to large extent dependent on the studied biological system.
The fact that most systems have some kind of a built-in feedback control
to regulate themselves makes it important to understand this process [7].
The feedback defines the different steps of a reaction sequence, where one
step affects another step. Usually the feedback leads to either an activation
or an inhibition and those are often non-linear. A simple feedback control
system is when a single chemical substance produces itself, as discussed in
§2.3, through autocatalysis. The process of a chemical substance X reacting
with a substance at a constant concentration A could be written

A+X
k1��*)��
k�1

2X, (2.14)

which produces two substances of X. The rate of reaction is then given by
applying the law of mass action

dx

dt
= k1ax� k�1x

2, (2.15)

where a denotes the concentration of the substance A. This represents an
autocatalytic reaction with feedback where the product inhibits the reaction
rate.

When only the diffusion term is present in a process instability will never
occur as long as a single chemical participates in the process [9], i.e. a sin-
gle chemical reaction will always be stable. However, when two chemicals
react instability occurs through the impact of diffusion and as proposed by
[10], acts like a short-range activator and a long-range inhibitor. The most
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significant part Turing proposed in his paper was the reaction term which
actually produces the morphogens. Reaction-diffusion equations often share
similar aspects mostly differing by the reaction type [11]. Depending on the
reaction type involved these equations have been named commonly after the
scientist who described it first. There is a great variety of different reaction
models in both chemistry, ecology and biology but what will be presented
here are the most basic and common models which appear in the theory of
morphogenesis. What will be considered are two-component models, given
by (2.13), but with different non-linear reaction kinetics. However, the fo-
cus will lie on the two reaction-diffusion models, the Schnakenberg and the
Brusselator model, to be simulated in this thesis.

The reaction part in the reaction-diffusion models often takes the form
of ordinary differential equations. It could broadly be said that reactions
could either be reversible or irreversible. In every stochiometric reaction
the substances involved gains or loses some number of molecules which is
given by their respective coefficients. With some number of molecules U

i

and species s where i = 1, ..., s and r chemical reactions the interactions
take the form

sX

i=1

l
i,j

U
i

kj�!
sX

i=1

r
i,j

U
i

, j = 1, ..., r, (2.16)

where j is the reaction and l
i,j

, r
i,j

are the reaction coefficients. The time
dependent reaction rate is denoted by k

j

. The rate function is then given by

f
j

(t, u) = k
j

(t)
fY

n=1

(u
n

)ln,j , (2.17)

which can be translated into an ordinary differential equation where the
concentration is

du

dt
=

rX

j=1

(r
i,j

� l
i,j

)f
j

(t, u(t)). (2.18)

Schnakenberg model

One of the most simplest and widely known reaction models is the
Schnakenberg model with two morphogen concentrations. It is simple
and chemically feasible because it leads to periodic solutions. The
non-linear reaction kinetics are given by F (X,Y ) and G(X,Y ) where
X and Y are the chemical substances. The Schnakenberg model is
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described by the following set of reactions

X
K4��*)��
K1

A, B
K2��! Y, 2X + Y

K3��! 3X, (2.19)

where A and B are chemical substances at a constant concentration.
Similar to (2.15) the law of mass action will be used here because the
concentrations of substances involved in the reactions are dependent
on the reaction rate. The reaction rates can be formulated by

k1 = K4A, k2 = K1, k3 = K3, k4 = K2B,

which gives the reaction kinetics

F (X,Y ) = k1 � k2X + k3X
2Y, G(X,Y ) = k4 � k3X

2Y. (2.20)

Using the reaction kinetics and non-dimensionalising leads to

X =

✓
k2
k3

◆1/2

u, Y =

✓
k2
k3

◆1/2

v, t =
L2

D
A

t⇤, x = Lx⇤

a =

✓
k1
k2

◆✓
k3
k2

◆1/2

, b =

✓
k4
k2

◆✓
k3
k2

◆1/2

, d =
D

B

D
A

, � =
L2k2
D

A

,

where L is a variable for length. This gives the following reaction-
diffusion equation

u
t

= �(a� u+ u2v) +�u

v
t

= �(b� u2v) +�v,
(2.21)

from (2.21) the Schnakenberg reaction kinetics are recognized as

f(u, v) = (a� u+ u2v), g(u, v) = (b� u2v). (2.22)

Brusselator model

A model similar to the Schnakenberg yet more advanced is the Brusse-
lator model which is based on the chemical oscillations of the Belousov-
Zhabotinsky system. The model was first proposed in Brussels by R.
Lefever and I. Prigogine in 1967 and has gained popularity for study-
ing the dynamics of oscillations. The reaction describing this model is
given by

A
K1��! X, B+X

K2��! Y +C, 2X +Y
K3��! 3X, X

K4��! D, (2.23)
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where A, B, C and D are chemical substances at constant concentra-
tions. This system has reaction kinetics in the form

u
t

= a� (b+ 1)u+ u2v

v
t

= bu� u2v,
(2.24)

and it can directly be seen that the steady-state solution is (u
s

, v
s

) =
(a, b/a). Linear stability analysis is given by the Jacobian matrix which
gives the characteristic equation and its eigenvalues

J =

✓
f
u

f
v

g
u

g
v

◆

(us,vs)

=

✓
b� 1 a2

�b �a2

◆
, (2.25)

which gives
Tr A = b� 1� a2, Det A = a2 > 0. (2.26)

This means that the steady-state is stable for perturbations if the fol-
lowing holds

Tr A = b� 1� a2 < 0 ) b < 1 + a2. (2.27)

The system is asymptotically stable when these conditions are fulfilled.

Gierer-Meinhardt model

A type of reaction model analyzed by Alfred Gierer and Hans Mein-
hardt in 1972, closely related to the Schnakenberg model, is the Gierer-
Meinhardt model. This system is given by

F (X,Y ) = k1 � k2X +
k3X

2

Y
, G(X,Y ) = k4X

2 � k5Y, (2.28)

and proper non-dimensionalising of the reaction kinetics using the same
technique as for the Schnakenberg model gives

f(u, v) = a� bu+
u2

v(1 + ku2)
, g(u, v) = u2 � v. (2.29)

This kind of autocatalytic systems are particularly based on substrate-
depletion processes instead of activation-inhibition and are usually ob-
served in non-organic pattern formations in nature e.g. sand dunes
etc. The main difference is that a substrate acts like an activator so
that feedback is governed by an increase in its own concentration. The
autocatalytic reaction leads to depletion of the substrate and thus bal-
ancing the process.
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Thomas model

The Thomas model is a type of substrate-inhibition model which covers
the reaction of substrates oxygen and uric acid involving the enzyme
uricase. This model is described by

F (X,Y ) = k1 � k2X �H(X,Y )

G(X,Y ) = k3 � k4Y �H(X,Y )

H(X,Y ) =
k5XY

k6 + k7X + k8X2
,

(2.30)

which yields, after non-dimensionalising

f(u, v) = a� u� h(u, v), g(u, v) = ↵(b� v)� h(u, v),

h(u, v) =
⇢uv

1 + u+Ku2
,

(2.31)

where ↵, b and ⇢ are positive parameters. The rate at which u and v
are expended is determined by h(u, v).

2.6 Turing instability, stability criteria

According to Turing patterns are developed by morphogen interactions, in a
homogeneous system, without perturbations affecting the spatially uniform
steady-state of the system. In absence of diffusion this system would continue
to be stable. Diffusion is generally known to be a stabilizing process and a
highly interesting idea, albeit being counterintuitive, proposed by Turing
was that under certain conditions spatially inhomogeneous patterns could
be formed by diffusion-driven instabilities, also called Turing instability [7].
In his paper Turing explains these phenomena, two stable processes could
lead to instability and result in self-organizing patterns.

In the mathematical analysis of diffusion driven instabilities some specific
conditions must be fulfilled when diffusion is present [7]. Assume two reaction
kinetics f(u, v) and g(u, v). To begin with initial and boundary conditions
should be formulated. If small perturbations are assumed to exist, zero flux
and given initial conditions applied for the general system gives the definition

u
t

= �f(u, v) +�u, v
t

= �g(u, v) + d�v

(n ·r)

✓
u

v

◆
= 0, r on @B, u(r, 0), v(r, 0) given,

(2.32)
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where B is the reaction-diffusion domain bounded by @B and n denotes the
unit outward the boundary. The dimensionless constant � denotes a scaling
factor which determines the quantity of patterns. Zero flux is chosen so
that any external input is disregarded, because creation of self-organizing
patterns are desired. The diffusion term generates instability, as mentioned
earlier, and in absence of diffusion the homogeneous steady-state must be
linearly stable. So no diffusion term gives

u
t

= �f(u, v), v
t

= �g(u, v). (2.33)

The steady state (u0, v0) of the system when diffusion is neglected and when
f(u, v) = 0 and g(u, v) = 0 is given, as a first step, by linearizing about the
steady-state

w =

✓
u� u0
v � v0

◆
. (2.34)

For small |w|, equation (2.33) gives

w

t

= �Aw, A =

✓
f
u

f
v

g
u

g
v

◆

u0,v0

, (2.35)

where A is the stability matrix. Consider solutions on the form w / e�t

with eigenvalues �. Also let the perturbation w ! 0 and t ! 0 so that the
steady-state is linearly stable when < < 0, so that w = 0. The solutions of
the eigenvalues could be determined by substituting w / e�t into (2.34)

|�A� �I| =
����
�f

u

� � �f
v

�g
u

�g
v

� �

���� = 0, (2.36)

and evaluating the determinant gives

�2 � �(f
u

+ g
v

)�+ �2(f
u

g
v

� f
v

g
u

) = 0. (2.37)

The solutions is then given by

�1,�2 =
1

2
�
h
(f

u

+ g
v

)± ⇥(f
u

+ g
v

)2 � 4(f
u

g
v

� f
v

g
u

)
⇤1/2i

, (2.38)

which means that the following conditions must hold for linear stability

Tr A = f
u

+ g
v

< 0, |A| = f
u

g
v

� f
v

g
u

> 0. (2.39)

Now the full reaction-diffusion system will be considered, as given by
(2.32). Using (2.32) and linearizing about the steady-state as shown previ-
ously gives

w

t

= �Aw +D�2
w, A =

✓
f
u

f
v

g
u

g
v

◆
, D =

✓
1 0
0 d

◆
. (2.40)
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The solution to this system of equations with respect to the boundary
conditions formulated above could be performed by introducing a time-
independent solution W(r) to the eigenvalue problem, where k now defines
the eigenvalues

�W + k2W = 0, (n ·r)W = 0, for r on @B, (2.41)

however, based on the nature of our analysis of wave-like patterns it would be
more appropriate to call the eigenvalues k for the wavenumber. In this case
where the domain is finite the wavenumbers are not continuous so the linear
problem could be solved by, if W

k

(r) is considered to be the eigenfunctions
corresponding to the wavenumber

w(r, t) =
X

k

c
k

e�tW
k

(r). (2.42)

According to the given initial conditions the constant c
k

could be decided by
a Fourier expansion in terms of W

k

(r). The eigenvalue � leads to instability
of the steady-state and depending on its sign � either tends to zero or grow
exponentially. Substitution of (2.42) into (2.40) and then using (2.41), after
cancelling e�t gives an expression showing that � is a function of k

�W
k

= �AW
k

+D�W

k

= �AW
k

�Dk2W
k

, (2.43)

from the non-trivial solutions of W
k

, the corresponding eigenvalues � could
be determined. Notice that (2.43) is on the form Bx = �x

|�A�Dk2 � �I| = 0,

using A and D as given from (2.40) gives

�2 + �[k2(1 + d)� �(f
u

+ g
v

)] + h(k2) = 0, (2.44)

where h(k2) is
h(k2) = dk4��(df

u

+ g
v

)k2 + �2|A|,
|A| = f

u

g
v

� f
v

g
u

,
(2.45)

for k, except for when k = 0 which would yield the diffusion-less system, to
grow exponentially and become unstable for the steady-state the real part
of � should be greater than zero, such that <�(k) > 0. This condition can
only be fulfilled if the coefficient of � < 0 or if h(k2) < 0 where k 6= 0.
Considering conditions from (2.39) together with k2(1 + d) > 0 gives

[k2(1 + d)� �(f
u

+ g
v

)] > 0,
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From the solution of (2.44) it can be shown that for h(k2) < 0, <�(k2) must
be positive

2� = �[k2(1 + d)� �(f
u

+ g
v

)]

± ([k2(1 + d)� �(f
u

+ g
u

)]2 � 4h(k2))1/2,

h(k2) will be negative when (df
u

+ g
v

) > 0 according to the requirements
given in (2.39). Also f

u

and g
v

must have opposite signs and d 6= 1 because
(f

u

+ g
v

) < 0. This reasoning will lead to an additional requirement

df
u

+ g
v

> 0 ) d 6= 1, (2.46)

the two chemicals participating in the reaction-diffusion process must have
different speeds of diffusion, D

A

6= D
B

. The ratio of diffusion for both
chemicals are given by d. Finally a last condition must be stated, because
the condition given in (2.46) is not enough. It is required that the minimum
of h(k2) is negative, which in turn implies that the discriminant of (2.45) to
be positive

[�(df
u

+ g
v

)]2 � 4�4d|A| > 0 ) (df
u

+ g
v

)2 > 4d|A|, (2.47)

where 4d|A| > 0. Minimizing h(k2) so that h
min

= 0 when the discriminant
is zero yields a bifurcation which is stable. A critical diffusion coefficient
ratio d

c

can be introduced when the kinetic parameters are fixed

[�(d
c

f
u

+ g
v

)]2 � 4�2d
c

|A| = 0,

so that
(d

c

f
u

+ g
v

)2 � 4d
c

(f
u

g
v

� f
v

g
u

) = 0,

evaluation gives

d2
c

f2
u

+ 2d
c

(2f
v

g
u

� f
u

g
v

) + g2
v

= 0. (2.48)

When d > d
c

values for k could be found for which h(k2) < 0 when <(�) > 0.

2.7 Turing space and initialization of patterns

Focusing on the Schnakenberg model the eigenfunctions and the necessary
conditions on the parameters will be determined. This analysis is important
because it describes the basic properties and conditions needed for the cre-
ation of patterns in natural phenomena. Based on our model, as given by
(2.21), the uniform positive steady-state is when f(u, v) = 0 and g(u, v) = 0

u0 = a+ b, v0 =
b

(a+ b)2
, (2.49)
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for (a+ b) > 0 and b > 0. That gives us the following

f
u

=
b� a

a+ b
, f

v

= (a+ b)2

g
u

=
�2b

a+ b
, g

v

= �(a+ b)2 < 0

f
u

g
v

� f
v

g
u

= (a+ b)2 > 0,

(2.50)

also b > a as a result from f
u

and f
v

having different signs. The reasonings
from (2.46) and (2.47) leads to

f
u

+ g
v

< 0, ) 0 < b� a < (a+ b)2

f
u

g
v

� f
v

g
u

> 0, ) (a+ b)2 > 0

df
u

+ g
v

> 0, ) d(b� a) > (a+ b)3

(df
u

+ g
v

)2 � 4d|A| > 0, ) �
d(b� a)� (a+ b)3

�2
> 4d(a+ b)4.

(2.51)

The parameters a, b and d together with the inequalities given above are used
for defining the domain space, also called the Turing space where pattern
formation is formed. Select a domain where x 2 (0, p), p > 0 and using
(2.32) gives

W

xx

+ k2W = 0, (2.52)

with the following boundary condition W

x

= 0 when x = [0, p]. This leads
to solutions of the form

W

n

(x) = A

n

cos

✓
n⇡x

p

◆
, n = ±1,±2,±3, ..., (2.53)

where A is a constant and k = (n⇡/p) describing the eigenfunctions. The
corresponding eigenfunctions W

n

with wavelengths ! = (2⇡/k) are linearly
unstable under the above conditions. Initially those eigenfunctions have the
following growth rate

W

n

= e�(n⇡/p)
2
t, (2.54)

the critical wave number, k2
c

, is given by (2.48) as

k2
c

= �
d
c

f
u

+ g
v

2d
c

= �

✓ |A|
d
c

◆1/2

. (2.55)

The solutions for � are positive for k ! h < 0 in the same range. This
requires, from (2.45), that h(k2) < 0. The unstable wavenumbers when
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h(k2) = 0 are given by

k21 =
�

2d
⇤ < k2 <

�

2d
⇤ = k22

⇤ =
⇣
(df

u

+ g
v

)� �(df
u

+ g
v

)2 � 4d|A|�1/2
⌘
.

(2.56)

When the time t increases the range k21 < k2 < k22 when h(k2) < 0 could be
determined. So (2.42) yields

w(r) ⇠
k2X

k1

c
k

e�(k
2)t

W

k

(r), (2.57)

the band of wavenumbers with the Schnakenberg parameters are

�L1(a, b, d) <

✓
n⇡

p

◆2

< �L2(a, b, d), (2.58)

where

L1,2 =

�
d(b� a)� (a+ b)3

�
+
⇣�

d(b� a)� (a+ b)3
�2 � 4d(a+ b)4

⌘1/2

2d(a+ b)
.

(2.59)

The range of the unstable modes are bounded by the wavelengths so that,
!2
1 > !2 > !2

2

4⇡2

�L1(a, b, d)
>

✓
2p

n

◆2

>
4⇡2

�L2(a, b, d)
, (2.60)

as can be observed from the equations the choice of proper parameters are
crucial for the solution. The scale factor � is important; for small values it
is obvious that L1 and L2 leads to no modes W

n

and hence no allowable
diffusion-driven instabilities for k. Steady-state is achieved when all modes
goes exponentially to zero in (2.57), so the unstable modes are given by

w(x, t) ⇠
n2X

n1

C

n

e�
�
(n2

⇡

2)/p2
�
cos

✓
n⇡x

p

◆
, (2.61)

where C

n

is determined by Fourier series and is, particularly in biologi-
cal problems, non-zero. The analysis studied in this case is based on one-
dimension but could easily be extended to two-dimensions, however the prin-
ciple is similar, just add another domain coordinate y so that e.g. 0 < y < q.
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Initial conditions on the parameters and the type of instability initiated can
often determine if a pattern is going to be formed or not. Especially the
scale factor � is a key element for almost all reaction-diffusion models and
evolution of patterns depend to a high degree on selection of modes. Some
critical domain length L

c

must be overridden for patterns to evolve so that
at least a minimum wavelength ! can hold in the domain. Smaller lengths
than L

c

does not allow any wavelengths in the unstable band. Pattern for-
mation could thus lead to traveling waves. Pattern initiation could take some
different approaches but have in common that a dominating wavelength de-
termines the shape of the final wave formation. The wavelengths in the final
pattern are expected to be somewhere within the unstable band. The wave
number for a traveling wave could be calculated and for a general linear
system the following can be stated

Jw = 0, w(x, t) ) � = �(k), (2.62)

where we have used the linear operator J = ((@/@t) � �A � D�). If the
dispersion relation is given by �(k) the solution for w is

w(x, t) =

Z
A(k)eikx+�(k)t dk, (2.63)

with the initial condition w(x, 0), A(k) is not necessarily to be determined,
otherwise a Fourier transform should be used. Consider some point at the
front of the wave, the longest possible distance from origin, where the prop-
agating speed is c = x/t. The general form of (2.63) could then be rewritten
as

w(x, t) =

Z
A(k)e�(k)t dk, (2.64)

where �(k) = ikc+�(k). To find the integral when t ! 1 steepest descents
method is used, which gives

w(x, t) ⇠ J(k0)

 
2⇡�

�00(k0)
�
t

!
e

�
ik0c+�(k0)

�
t, (2.65)

with the constant J. The complex number k0 is then

�0(k0) = ic+ �0(k0) = 0. (2.66)

When t ! 1 the point of interest is the asymptotical behavior which has
solutions of the form

w(x, t) ⇠ K

t1/2
e

�
ik0c+�(k0)

�
t, (2.67)
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where K is a constant. In front of the wave propagation for t � 0 there
is no growth or decay for the unstable mode. So the wavenumber k could
be determined from (2.66), and from the real and imaginary parts of the
solution

<�ik0c+ �(k0)
� ⇡ 0, ! = =�ik0c+ �(k0)

�
= k⇤c, (2.68)

where c is the propagation speed which creates the pattern and k⇤ the steady-
state pattern wavenumber.
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3 Numerical Methods and Algorithms

This section is devoted to numerical techniques for simulation of reaction-
diffusion models. §3.1 describes methods for solving Turing’s deterministic
models numerically with two different computational techniques, by perform-
ing a finite difference method using Matlab and a finite element method using
Comsol Multiphysics. Studying stochastic models requires a new theoreti-
cal approach and this is presented in §3.2 with a derivation of the reaction
diffusion master equation. How this can be used and implemented is de-
scribed in §3.3 along with a formulation of the compartment-based model.
§3.4 gives a detailed description of the software framework URDME, which
our stochastic computations are based on.

3.1 Turing’s original deterministic reaction-di↵usion models

Most studies in this field of computational biology are based on theories
and calculations from Turing’s original work [4]. He studied a special type
of reaction-diffusion equation, given by (2.13), where two morphogens were
present and with two separate diffusion constants together with some reac-
tion kinetics. In our analysis of the deterministic reaction-diffusion models
the Schnakenberg model will be used. Most time dependent partial dif-
ferential equations of this type are described by either elliptic or parabolic
equations with some boundary and initial conditions specific for the prob-
lem. Firstly a quick analysis will be performed using Matlab for solving
the reaction-diffusion equation, which is a parabolic equation, using a Fi-
nite Difference Method (FDM). This simulation will describe the basics of
solving coupled Partial Differential Equations (PDE), as they consists of
both reaction and diffusion terms before moving into solving those by us-
ing Finite Element Methods (FEM). For this purpose the FEM simulation
software Comsol Multiphysics will be used. These simulations then lay the
groundwork and show the importance of selecting suitable parameters for our
further studies on stochastic reaction-diffusion systems. Before our intended
analysis a quick review of FDM will follow.

Usually a well defined geometry e.g. a bounded domain is divided into
a grid with some adequate mesh size in both space and time dimensions.
It is also equally distributed across the geometry. Evenly ordered points
in space �x and time �t, so called mesh points, are organized so that an
expression can be formulated for every step size. Different stencils are used to
approximate PDE’s depending on the desired accuracy and speed. For most
problems, however, one of the three methods, implicit, explicit or central
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Figure 3: Di↵erent approximation schemes: (a) Second-order di↵erence in space
and central di↵erence in time, Crank-Nicolson method. (b) Second-order central
di↵erence in space and forward di↵erence in time, explicit scheme. (c) Second-
order central di↵erence in space and backward di↵erence in time, implicit scheme.

difference schemes are sufficient. This is illustrated in Fig. 3. Given the
diffusion equation without a reaction term, e.g. the heat equation, in the
form u

t

= u
xx

and dividing the space x0, ..., xj and time t0, ..., tn coordinates
uniformly distributed on the mesh so that un

j

= u(x
j

, t
n

). Using an implicit
method, with second-order central difference in space and forward difference
in time gives

u
xx

(x
j

, t
n

) =
(x

j�1, tn)� 2u(x
j

, t
n

) + u(x
j+1, tn)

2�x

u
t

(x
j

, t
n

) =
u(x

j

, t
n+1)� u(x

j

, t
n

)

�t
,

(3.1)

which gives the following approximation

un+1
j

= un
j

+ r(un
j�1 � 2un

j

+ un
j+1), r =

�t

�x2
. (3.2)

This numerical solution is unconditionally stable. The accuracy of the dis-
cretized scheme should, nevertheless, also be taken into consideration and to
determine its accuracy the truncation error must be specified. This is done
by expanding the solutions around the mesh points using Taylor series. The
truncation error ⌧ is given by

⌧(x, t) =
u(x, t+�t)� u(x, t)

�t

� 1

h2
�
u(x� h, t)� 2u(x, t) + u(x+ h, t)

�
,

(3.3)
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and expanding using Taylor series gives

⌧(x, t) =

✓
u
t

+
1

2
�tu

tt

+
1

6
�t2u

ttt

+ ...

◆

�
✓
u
x

x+
1

12
h2u

xxxx

+ ...

◆
,

(3.4)

where h denotes the step size in space so that h = �x. Observing the
derivatives it is noted that u

t

= u
xx

and u
tt

= u
xxxx

so that

⌧(x, t) =

✓
1

2
�t� 1

12
h2
◆
u
xxxx

+O(�t2 + h4). (3.5)

This means that the order of accuracy for the diffusion equation is O(�h2)
in space and O(�t) in time using an implicit method.

In order to simulate the Schnakenberg reaction-diffusion equation in a
one-dimensional domain the Matlab function pdepe will be used. pdepe is
a PDE solver for parabolic or elliptic equations where the boundary and
initial conditions are specified. Discretization in space lead to Ordinary
Differential Equations (ODE) which is solved by approximating solutions
after some interval of time, defined by a starting time an an ending time.
This is called tspan in Matlab’s internal routines. A geometry should also
be chosen by selecting a value for m. The PDE solver uses a particular form
with the following type

c

✓
x, t, u,

@u

@c

◆
@u

@t
= x�m

@

@x

✓
xmf

✓
x, t, u,

@u

@x

◆◆

+ s

✓
x, t, u,

@u

@x

◆
.

(3.6)

This system of PDE is not limited to a particular number of systems but
can be extended to any number of n PDE’s. Initial conditions must have
the following form

u(x, t0) = u0(x), (3.7)

and for boundary conditions variables p and q must be defined for each
boundary such that

p(x, t, u) + q(x, t)f

✓
x, t, u,

@u

@x

◆
= 0. (3.8)

It is important that p and q cover both sides, i.e. both left and right. For a
given reaction-diffusion model, the following initial conditions will be used

u1(x, 0) = 0, u2(x, 0) = 0, (3.9)
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Schnakenberg

(a) (b)

(c) (d)

Figure 4: Simulations for the Schnakenberg reaction kinetics performed with the
Matlab function pdepe on a one-dimensional domain for (a) morphogen u (b) mor-
phogen v. The surface plots show periodic waves for (c) morphogen u (d) morphogen
v. The z-axis indicates morphogen concentrations after t = 1000 simulated time
units. The domain consists of N = 100 cartesian mesh grids.
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that is, the concentrations of both morphogens are assumed to be zero at
some starting point. The boundary conditions are given by no flux, or Neu-
mann boundary, which means that the boundaries of a domain ⌦ are not
permeable

@u(0, t)

@x
= c

@u(L, t)

@x
= c,

(3.10)

where c = 0. In the simulation of the Schnakenberg reaction-diffusion model,
(2.21), the morphogen concentration of u is called u1 and the concentration
of v is u2. The actual PDE is defined in an m-file and could in our problem
be written as, where the Matlab function have the form

c =

✓
c1
c2

◆
=

✓
1

1

◆
, f =

✓
f1
f2

◆
=

✓
@u1/@x

d(@u2/@x)

◆
,

and the reaction kinetics is defined as

s =

✓
s1
s2

◆
=

✓
�(a� u1 + u21u2)

�(b� u21u2)

◆
.

The boundary conditions are, following the notion from (3.8)

p(0, t, u) =

✓
0

0

◆
, q(0, t) =

✓
1

1

◆

p(1, t, u) =

✓
0

0

◆
, q(0, t) =

✓
1

1

◆
,

where both sides have been treated. Simulation of the Schnakenberg reaction-
diffusion equation with the conditions above give the results illustrated in
Fig. 4.

On our analysis of coupled PDE’s it is much more efficient to use FEM
to approximate solutions to the equations. The advantages are that any
geometrical form and a high number of PDE’s can be solved with greater
accuracy and bypasses the limitation of FDM, which only uses cubical points
through Taylor expansions for making approximations. It also an adaptive
method refining the mesh according to the gradient by using interpolation.
Obviously a better result is achieved if the geometrical form is optimized
for a specific problem, like choosing triangular elements instead of cubes. In
order to solve the PDE a discretization is made to create the mesh consisting
of points. However, to formulate the problem a weak formulation must be
stated. For this purpose a test function is introduced and formulating the
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Schnakenberg

(a) (b)

Figure 5: Simulations for the Schnakenberg reaction kinetics performed with Com-
sol Multiphysics on a finite element discretized two-dimensional domain ⌦ 2
[0, 50] ⇥ [0, 50] with triangular mesh points. (a) The mesh for a two-dimensional
domain. (b) Spatial distribution of morphogen u shows small fluctuations which
exhibit patterns after t = 100 s. The z-axis indicates the concentration of mor-
phogens.

weak formulation is crucial for a numerical simulation. What will follow is
thus a short analysis of the Schnakenberg reaction-diffusion equation in finite
dimensional space aiming to introduce for the coming FEM simulations.

Formulating the weak formulation is done by simplifying a second or-
der, or an order of n, PDE and converting it to an integral form with lower
derivatives than the original PDE and solving the integral using integra-
tion by parts. Next step is to discretize the problem with proper number
of basis functions where approximations are made for the solutions. The
continuous problem has thus been divided into a number of discrete points
where interpolation must be made to form the functions given by every sets.
The approximations are then used with the integral form and the solutions
are given by applying a test function, which gives linear systems. The final
computation is made by considering the boundary conditions for the linear
system and finding an approximative solution for the equation. There are no
constrictions on the number of equations with unknowns. A numerical anal-
ysis of the reaction-diffusion model, with generic reactions kinetics as given
by (2.32), will be given next. To find the weak formulation a test function
! is multiplied with each term and integrated over a domain ⌦ with spatial
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coordinates, so that ⌦ 2 [a, b]. This will give the following
Z

b

a

@u

@t
! �D

u

Z
b
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@2u

@x2
! �

Z
b

a

�f(u, v)! = 0

Z
b

a

@v

@t
! �D

v

Z
b

a

@2v

@x2
! �

Z
b

a

�g(u, v)! = 0.

(3.11)

The test function ! 2 W , where W defines a Sobolev space. Zero flux
boundary conditions gives

@u(a, t)

@x
=

@u(b, t)

@x
= 0

@v(a, t)

@x
=

@v(b, t)

@x
= 0,

(3.12)

together with the boundary conditions given above and integrating by parts
(3.11) gives
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(3.13)

so the weak formulation for the reaction kinetics given by (2.32) are
Z
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@u

@t
! +D

u

Z
b
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Z
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(3.14)

The next step is to discretize the domain into a mesh and in order to perform
the discretization grid points have to be set with a step size both in space
h and time t. The mesh size in space could be written in terms of basis
functions �

i

(x), considering a n+1 dimensional subspace V
h

in a subinterval
I
i

= [x
i

, x
i+1]

V
h

= span{�
i

: i = 1, 2, ..., n+ 1},
then the functions can be defined for the i-th basis function

�
i

(x) =

8
><

>:

x�xi�1

h

, x 2 I
i�1

xi+1�x

h

, x 2 I
i

0 , otherwise.
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From the subspace the finite element approximations for u and v are then
computed. The final step is to approximate the solutions and this part is
highly dependent on the problem size, performance and accuracy needed. In
Fig. 5(a) a FE discretized two-dimensional domain is shown and a simulation
with FEM using Comsol Multiphysics is shown in Fig. 5(b).

3.2 Stochastic pattern formation and noise

The mathematical modeling for chemical reaction-diffusion systems presented
so far relies on solving deterministic models. Although it is sufficient to study
different chemical networks in macroscopic scale it is inadequate for describ-
ing reaction processes in systems with small number of molecules, such as in
cell biology. The mechanisms underlying cell division and various metabolic
signaling processes often consists processes at molecular-based levels. This
generates noise and makes the behavior of molecules unpredictable. Stochas-
tic simulations are thus necessary for addressing those complexities and to
make accurate predictions [12]. Stochasticity is fundamental for almost all
biological processes, the small time and space scales are an important con-
tributor for random events. Small unpredictable changes in chemical states,
particularly in the genetic diversity, also impact macroscopic scales. In some
sense the whole evolutional biology is a consequence of those processes. The
progress made in detecting different behavior in biochemical systems, such as
gene expression where random intrinsic noise are common, and solving com-
putationally intensive stochastic problems with advanced algorithms has lead
to increased popularity among scientists to study stochastic processes. It is
also worth mentioning that nearly all non-linear equations describing molecu-
lar dynamics becomes manageable as the amount of molecules increases over
time making reaction-diffusion events in those scales fully deterministic. In
cell biology molecules are often present in low concentrations, e.g. in the
regulation of proteins responsible for cellular growth and development. As a
consequence, the dynamics inside cells could thus only be fully understood by
considering stochastic effects where noise is an important factor and where
robustness is a great issue [13]. Here the reaction processes are assumed to
interact in a well-stirred system and this thesis will cover continuous-time
discrete-space Markov processes for describing stochastic reaction-diffusion
effects in mesoscopic scales.

The Gillespie’s method [14] is a widely used algorithm for stochastic simu-
lations. It is based on probabilities for single reactions instead of continuous
computations using ODE. The reactions occur randomly at some random
time intervals. When exploring reaction rates in numerical computations
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in biochemical networks propensity functions are used to describe molecular
reactions. A propensity function, which is a part of the model, computes the
change of concentration for a substance in stochastic systems during the nu-
merical simulations. This is best observed in the following reversible reaction
process, where the diffusion part has been omitted

X + Y
k1�*)�
k2

Z, (3.15)

where X,Y and Z are reacting substances together with the reaction rates
k1 and k2. The reaction rate equations are then described by

d

dt
X = �k1XY + k2Z

d

dt
Y = �k1XY + k2Z

d

dt
Z = k1XY � k2Z.

(3.16)

If the concentration is denoted, for simplicity with C
n

where n = X,Y, Z so
that the two functions a1C(t) and a2C(t) describe the reaction rates then

a1C(t) = k1(CX

C
Y

)

a2C(t) = k2(CZ

),
(3.17)

these are the propensity functions describing the reactions in equation (3.15).
However, in every reaction a substance is produced, degraded or converted
into a new substance. This is given by the reaction stoichiometry and is
denoted by a positive or negative term in the equation. In simulations,
the state of a reaction is determined by the elements ⌫

ij

of a matrix, the
stoichiometric matrix. So the general reaction rate equation could be written

d

dt
C
n

(t) =
MX

i=1

⌫
ij

a
i

C(t), (3.18)

where M represents the number of reactions in a cellular network.
In order to predict different possible outcomes and to compute the tra-

jectories a probabilistic model must be introduced. Every possible outcome
among reacting, or diffusing, substances in a particular time and state are
based on a probability distribution which is given by the Chemical Master
Equation (CME). In the particular stochastic process the values are integers
and non-negative. Thus, it is preferable to use a continuous-time Markov
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process. Consider a stochastic process X
n

at some time t
n

then the condi-
tional Probability Density Function (PDF) could be written

P1|n�1 = (X
n

, t
n

;X1, t1;X2, t2;Xn�1, tn�1), (3.19)

however, a Markov process is a process with no “memory”, i.e. it only depends
on the present time and not on previous states. If the following is given for
X1, X2, X3 at t1, t2, t3 then

P3(X1, t1;X2, t2;X3, t3) =

P2(X1, t1;X2, t2)P1|2(X3, t3|X1, t1;X2, t2) =

P1(X1, t1)P1|1(X2, t2|X1, t1)P1|1(X3, t3|X2, t2),

(3.20)

P
n

could be found for a given n where n = 1, 2, ..., n. The dependent prob-
ability functions for a Markov process will be, in this case, P1(X1, t1) and
P1|1(X2, t2|X1, t1). All possible combinations of the probability functions
must be considered for this particular stochastic process, so that a process
starting from X1 at time t1 and passing through X2 at time t2 must take one
of all the possible states X2 until the last step X3 is reached. An expression
for this is given by dividing (3.20) with P1 and integrating over X2 so that

P1|1(X3, t3|X1, t1) =

Z
P1|1(X3, t3|X2, t2)P1|1(X2, t2|X1, t1) dX2, (3.21)

which defines the Chapman-Kolmogorov equation and is the evolution of a
Markov process. For a stationary Markov process the Chapman-Kolmogorov
equation with ⌧ = t2 � t1 could be written

T
⌧+⌧

0(X3|X1) =

Z
T
⌧

0(X3|X2)T⌧

(X2|X1) dX2, (3.22)

where T is the set containing all the states, so that T 2 {X
i

, t
i

}. The CME
can be derived by taking the limit ⌧ 0 ! 0, which is the time interval, of the
transitional probability. For a homogenous process this is given by

T
⌧

0(X2|X1) = (1� a0⌧
0)�(X2 �X1) + ⌧ 0W (X2|X1), (3.23)

where (1 � a0⌧
0) is the probability for no transitions in the interval ⌧ 0 and

⌧ 0W (X2|X1) is an approximation of the transition probability in a small time
interval. In (3.21) a0 is given by

a0(X1) =

Z
W (X2|X1) dX2 =

@

@⌧

Z
T
⌧

(X2|X1) dX2. (3.24)
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Substituting the definition of T
⌧

0(X2|X1) with a0 into (3.20) gives

T
⌧+⌧

0(X3|X1) =

= (1� a0(X3)⌧
0)T

⌧

(X3|X1)

+ ⌧ 0
Z

W (X3|X2)T⌧

(X2|X1) dX2,

(3.25)

dividing by ⌧ 0 and taking the limit ⌧ 0 ! 0 leads to

@T
⌧

(X3|X1)

@⌧
=

=

Z �
W (X3|X2)T⌧

(X2|X1)

�W (X2|X3)T⌧

(X3|X1)
�
dX2.

(3.26)

This is the differential form of the Chapman-Kolmogorov equation. Disre-
garding redundant terms and considering that all transitional probabilities
are for X1 at t1 yields

@P (X, t)

@t
=

Z �
W (X|X 0)P (X 0|t)�W (X 0|X)P (X|t)� dX 0, (3.27)

which is the master equation. It is a form of a balance equation where the
terms W (X|X 0) and W (X 0|X) represents the rate of gain and loss respec-
tively. The master equation has applications in various fields like physics,
biology and economics, however in this thesis it will be applied on chemical
processes, hence why it is called the chemical master equation. (3.25) could
be rewritten, if the transition of a state is denoted by n and the transition
to the next state with n0, so that the CME is given in the form

dp(n|t)
dt

=
X

n

0

W (n|n0)p(n0|t)�
X

n

0

W (n0|n)p(n|t), n0 6= n. (3.28)

This general formulation is sufficient for describing the probability for vari-
ous types of state transitions. The intention now is to make a formulation
and apply (3.28) for chemical species present in a well-stirred biochemical
system. Inside cells state transitions could be described by reactions among
substances and depend on a state vector n

r

. The spatial domain ⌦ is divided
into computational cells C

j

, j = 1, ...,K. Reactions are assumed to occur
in each cell and diffusion is accounted for as an exchange of substances be-
tween cells. For every participating reaction in a cell there is a probability,
the propensity !

r

, for a reaction to occur in some state x

j

. If diffusion is
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omitted the CME, as given by (3.28), could directly be used. Assume that
N species exists in K cells, where both are integer numbers, then the prob-
ability describing chemical reactions between different states will be given
by

@p(x, t)

@t
= Mp(x, t) =

=
KX

j=1

RX

r=1

!
r

(x
j

+ n

r
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+ n

r

, ...,x
K

, t)

�
KX

j=1

RX

r=1

!
r

(x
j

)p(x, t),

(3.29)

where M
i

describes the evolution of the conditional probability function. If
the reaction part is omitted and considering only diffusion as exchange of
species between cells, e.g. X

i

diffusing to an adjacent cell could be written

X
ik

! X
ij

, v
kj

(x
i

) = q
kj

x
ik

, q
kj

= �
q̂
kj

h2
kj

. (3.30)

The diffusion coefficient q
kj

and the propensity v
kj

has the same form for
all species. The diffusion coefficient is expressed in terms of the macro-
scopic diffusion coefficient � proportional to the relation between q̂

kj

, which
is dependent on the shape of the cells, and the length scale h

kj

. The state
transition for diffusion is denoted by m

kj

. Similar to (3.29) the diffusion
component could be written
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(3.31)

Combining both parts the Reaction Diffusion Master Equation (RDME) is

@p(x, t)

@t
= Mp(x, t) +Dp(x, t). (3.32)

This equation is the counterpart part of the deterministic PDE’s governing
stochastic reaction-diffusion processes and is valid, in particular, when there
are low amount of chemical substances where pattern formation mechanisms
includes stochastic effects. When the amount increases the mean value leads
to the classical PDE.
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3.3 Stochastic reaction-di↵usion models

The basics of modeling reaction-diffusion models for deterministic systems
were given in §2.5. Describing stochastic reaction-diffusion models is some-
what different and what will follow is an explanation of the basic principles
of a compartment-based model [15]. Gillespie’s algorithm [14] is an example
of a compartment-based model widely used in stochastic simulations. This is
based on the assumption of a spatial domain, which contains some amount
of molecules, divided into compartments. Further it is assumed that the
compartments are sufficiently small so that conditions for a well-mixed sys-
tem applies. In every compartment reactions occur with some probability
and the effects of diffusion is by molecular jumps between adjacent compart-
ments. The behavior of these molecular interactions depend on the diffusion
coefficient and the reaction propensities. In our FEM simulations the com-
partments will be defined by the computational grid and they can practically
take any geometrical shape. However, for simplicity only the one-dimensional
form will be considered and in this case the boundaries of a compartment
is just given by its length. In this framework the corresponding system to
the deterministic PDE, given by (2.13), is modelled by dividing a compu-
tational domain ⌦ 2 [0, L] into compartments. The compartment length is
then given by h = L/K

i

, where K
i

denotes the number of compartments
and where i = 1, 2, ...,K. The number of molecules in each compartment
((i � 1)h, ih) is given by U

i

and V
i

which could represent e.g. morphogens.
A stochastic reaction describing production and degradation of a molecular
substance in the i-th compartment could be written

U
i

k1�! ;, ; k2�! U
i

, (3.33)

for molecule U . The diffusion for U
i

could then be described by

U1
du�*)�
du

U2
du�*)�
du

...
du�*)�
du

U
K

, (3.34)

and the corresponding diffusion event for V
i

V1
dv�*)�
dv

V2
dv�*)�
dv

...
dv�*)�
dv

V
K

, (3.35)

where the rate constants of the diffusion term is given by

d
u

= D
u

/h2, d
v

= D
v

/h2. (3.36)
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If p
n

(t) denotes the probability so that U(t) = n where n = 0, 1, 2, ... the
CME for (3.33) could be written

dp
n

dt
= k1(n+ 1)p

n+1 � k1npn + k2pn�1 � k2pn. (3.37)

The main topic of this thesis concerns stochastic numerical computa-
tions on geometries discretized with unstructured meshes. Therefore a short
overview will now follow on reaction-diffusion processes of molecular kinetics
at the mesoscopic-level and how they can be modeled. Compared to the
description above a three-dimensional domain is considered.

Reactions in a well-stirred system are described by the change of the
transition states. The probability for transitions from a state x to x+N

r

is
described by the propensity function !

r

x
!r�! x+N

r

, (3.38)

where N
r

denotes the transition step. In the stochastic numerical simulations
the domain ⌦ will be scaled by some factor, and the following scaling law
holds true for the propensities

!
r

= ⌦u
r

(x/⌦), (3.39)

where u
r

is some function.
In deterministic models it is straightforward to find the rate constants.

However, this is somewhat more complicated on unstructured meshes. The
diffusion of some number of molecules x

ik

are modeled by moving X
i

species
from a subvolume ⇣

k

to an adjacent subvolume ⇣
j

. As shown in (3.30) this
process could be written

X
ik

qkjxik����! X
ij

, (3.40)

with i species in a subvolume k and where q
kj

is the rate constant given
in (3.30). In an unstructured mesh which is discretized with tetrahedra the
expected value of the concentration converges to the solution from a FEM
discretization of the diffusion term

u
t

= ��u, (3.41)

from this the expression for the discrete problem could be obtained by ap-
plying mass lumping [16]

u
t

= M�1Ku, (3.42)
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with the lumped mass matrix M and the stiffness matrix K. From (3.42)
the rate constants could be obtained with the diagonal elements of M

q
kj

=
1

⌦
k

a
kj

. (3.43)

The theoretical background for modeling stochastic reaction-diffusion
models given above is used by the software framework URDME which im-
plements an extended form of the Next Subvolume Method (NSM) [17]. This
algorithm is based on the Next Reaction Method (NRM) [18] and the Direct
Method (DM) [14].

3.4 Stochastic simulation software framework URDME

In numerical simulations of stochastic reaction-diffusion processes some soft-
wares simulates the microscopic level, nevertheless, simulations using the
RDME is by far the most efficient. But some difficulties are still hard to
overcome and a major problem is to solve complexities in mesh types which
emerges particularly when considering three-dimensional geometries. To tar-
get these challenges and in order to simulate stochastic reaction-diffusion
mechanisms in cellular networks realistically a new modular software frame-
work URDME has been developed by S. Engblom and A. Hellander in joint
collaboration with B. Drawert (University of California, Santa Barbara) [19].
The greatest advantage compared to other softwares is its capabilities of dis-
cretizing complex geometries with use of triangular and tetrahedral meshes
to efficiently solve Unstructured meshes implementing the Reaction-Diffusion
Master Equation, hence its name URDME. URDME aims to increase the
flexibility and achieve better results compared to meshes relying on cartesian-
coordinates. A particular virtue of URDME is its efficiency in simulating
complex domains, which is often the case in cellular networks. In order to
get a better insight into the URDME framework and how it is structured a
description will follow, which is important for getting a full understanding
of how the simulations were performed.

URDME relies on three layers closely connected to each other, the top
level consists of Comsol Multiphysics were the geometry, diffusion rates and
a triangular or a tetrahedral discretization of the domain is defined. De-
pending on the problem different subdomains, e.g. membrane or cytosol in
a cell, could be created but it is optional. It can also be used as pre- and
post-processing tool. The Second or middle layer uses Matlab as the main in-
terface, where solvers are executed and model specific reaction conditions are
defined. In the model file the stochiometry matrix, dependency graph, initial
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distribution and simulation interval are defined. The dependency graph is a
matrix that resolves which reaction rates that have to be updated whenever
a reaction or a diffusion event has occurred. If subvolumes have been created
in Comsol then these must also be defined in the model file. The core solver
then calls for a C-file to perform the computations in each volume element,
this file includes the reaction propensity functions for each reaction. Mat-
lab communicates with URDME and compiles the C-file, which is written
in ANSI C and highly optimized because it benefits from compiled reaction
rates instead of interpreted. Matlab serves as a link between the Comsol
geometry file, including the domain mesh, and the core solver. Matlab could
also be used as a post-processing tool for the computed trajectories. The
third or bottom level include the core solvers with implemented algorithms,
the default algorithm uses an optimized version of the NSM [17] but could
be extended with custom made solvers. If this is the intention the middle
layer must be modified and equally if another third party software is used
on the top layer. A description of the internal routines of URDME and how
it performs simulations will follow next.

URDME uses two arguments for its solver, an input file which includes
all the relevant data structures stored in a Matlab file and an output file
with the computed trajectories. In Comsol the FEM-structure is created
and the model stored in a .mph file. The Matlab interface integrates with
Comsol by using LiveLink in order to get the advanced functions of Matlab.
By invoking the routine comsol2urdme to initialize the main structure umod,
the model file is exported to Matlab with the following command,

>> fem = mphload(’model.mph’)

were model is the name of the FEM-structure created in Comsol. A new
structure with the geometry from the original model will be stored in umod.comsol

which includes the data structures. Now the data structures defining the
properties of the reaction-diffusion system, which are stored in a Matlab file,
must be invoked. The routine urdme_validate checks for errors in the UR-
DME structure and ensures that all data structures are in the correct form. If
the routine finishes sucessfully umod is converted, by urdme2mat, sequentially
into a Matlab input file. From the Matlab interface the solver is launched
and the compilation of the C-file is made by urdme_compile. The procedure
of reading the solver is handled by read_model which does the allocation
and initializations before urdme_model is returned. The urdme_model struc-
ture is now ready to be solved by the core solver routine nsm which takes
the model structure as an input and unpacks it calling the main simula-
tion routine nsm_core which starts the final stochastic simulation. When
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the simulation is finished the computed trajectory is written into an output
Matlab file and urdme2comsol ensures that the output file is loaded back
to Matlab and added to the FEM-structure. In general this procedure is
performed by invoking the urdme function in the Matlab interface,

>> model = urdme(model,@model_file

{’Propensities’,’propensity_file’});

here the default core solver nsm has been used, however if a custom made
solver will be used it is just added as a new entry in the last line,

>> model = urdme(model,@model_file)

{’Propensities’,’propensity file’,...

’Solver’,’core-solver’});

The output model structure will now include the trajectory of the stochastic
process and the post-processing could be used by Comsol’s plot functionality
through commands in Matlab’s interface. For a one-dimensional plot,

>> umod.comsol.result.create(’pg1’,’PlotGroup1D’);

>> umod.comsol.result(’pg1’).set(’t’,’50’);

the second row determines visualization at time 50 s. To plot,

>> mphplot(umod.comsol,’pg1’);

where plot group is directly connected to Comsol’s plot options. Based on a
3D geometry e.g. surface or slice plots can be specified and visualized,

>> umod.comsol.result(’pg2’).feature.create(’surf1’,’Surface’);

>> umod.comsol.result(’pg2’).feature(’surf1’).set(’expr’,’name’);

>> mphplot(umod.comsol,’pg2’);

to plot a slice view of a volume,

>> umod.comsol.result(’pg3’).feature.create(’slc1’,’Slice’);

>> umod.comsol.result(’pg3’).feature(’slc1’).set(’expr’,’name’);

>> mphplot(umod.comsol,’pg3’);

where ’expr’ could be the label of a morphogen. The computed stochastic
trajectories in the FEM-structure could also be imported back to Comsol for
visualization,

>> mphsave(umod.comsol,’model_out.mph’)

now Comsol’s plot functionalities could be used when the output file is
opened in Comsol GUI.
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4 Numerical Experiments

In this section stochastic numerical simulations are performed and presented
based on the formulation and methods described in the previous sections.
§4.1 covers numerical computations on the Schnakenberg model in different
dimensions and geometries with varying complexities. §4.2 treats computa-
tions on the Brusselator model. The simulations for both models are done for
different conditions and distribution of morphogens, and are also analyzed
for different morphogen densities by scaling the domain ⌦. The kinetics
affecting pattern formation is simulated in several different cases, from one-
dimensions up to three-dimensional geometries.

4.1 The Schnakenberg reaction-di↵usion model

A chemical system with two species, u(x, t) and v(x, t), which defines the two
morphogens, undergoes reaction and diffusion accordingly and the determin-
istic PDE describing this process is given by (2.13). The Schnakenberg model
in a one-dimensional domain ⌦ 2 [0, L], has been studied in [20] using Gille-
spie’s algorithm for stochastic reaction-diffusion processes and extensively
in other mathematical biology papers, mostly for deterministic processes.
Although these reaction-diffusion systems have some number of stable non-
homogenous solutions they are generally very sensitive to perturbations and
not robust. It is thus interesting to study them in the presence of noise in
the morphogenesis. The simulations are performed by sampling from the
RDME. Depending on the dimensions of the geometry the compartments
have different form, however in this section they are denoted as voxels irre-
spective of the chosen dimension. The formulation of this methodology and
how it is applied on stochastic reaction-diffusion models was described in
§3.3. The chemical reactions governing the Schnakenberg model were given
by (2.19). They can, in a slightly different form, be written

; k1�! U
i

U
i

k2�! ;
; k3�! V i

2U
i

+ V
i

k4�! 3U
i

,

(4.1)

where uppcase letters denote number of species and lower case letters the
concentration of species. According to (4.1) there are two species which
could undergo four types of reactions in each voxel. Furthermore, the PDE
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can be written as
@u

@t
= D

u

�x+ k1 � k2u+ k4u
2v

@v

@t
= D

v

�x+ k3 � k4u
2v,

(4.2)

with diffusion coefficients D
u

and D
v

for morphogen u and morphogen v
respectively. If the diffusion is omitted the reaction rates are given by

f(u, v) =
du

dt
= k1 � k2u+ k4u

2v

g(u, v) =
dv

dt
= k3 � k4u

2v.

(4.3)

The stable-steady state is given by setting f(u, v) = 0 and g(u, v) = 0, which
leads to

u
s

=
k4 + k2

k3
, v

s

=
k4

k1 + u2
s

, (4.4)

where u
s

and v
s

denotes the steady-states. Deterministic simulations for
the Schnakenberg model were performed using Comsol Multiphysics. The
simulations were done for t = 500 s for both the one-dimensional and two
dimensional domain. When the system reaches steady-state after t = 500 s
clearly visible Turing patterns are observed, as illustrated in Fig. 6. When
bifurcation occurs periodic waves are slowly formed until fully developed pat-
terns are observed. In Fig. 6 the one-dimensional distribution of morphogen
u and morphogen v are shown where periodic waves have been created.
In the two-dimensional domain deterministic simulations show spot-like pat-
terns for both morphogens, Fig. 7(a) and Fig. 7(b). Also, to make it clear
how the periodic waves are distributed across the domain the distribution for
both morphogens are shown in Fig. 7(c) and Fig. 7(d). In deterministic sim-
ulations, as a result of computing the averages of high number of molecules,
an ordered periodic solution is obtained. It is also seen from Fig. 6 how
morphogen u acts like an activator and morphogen v as an inhibitor, be-
cause of the lower diffusion coefficient of morphogen u. The two morphogens
extinguishes each other periodically, as discussed in §2.3.

Our further numerical computations will now focus on stochastic pattern
formation mechanisms for the Schnakenberg reaction-diffusion model. The
compartment-based approach has been studied in [20] where the effect of
stochastic patterns has been analyzed by differing the compartment size for
one of the morphogens while the compartment size was held fixed for the
other morphogen. In §3.3 the compartment-based model has been formu-
lated, however, our study will cover the behavior of reaction kinetics when

47



Schnakenberg

Figure 6: Deterministic simulations performed with Comsol Multiphysics for a FE
discretized one-dimensional domain. Spatial morphogen distribution shows, when
steady-state has been reached after t = 500 s, ordered waves where morphogen u
acts like an activator and morphogen v like an inhibitor.

the density of morphogens is varied. This is done by scaling the domain ⌦
with different scaling factors. Dividing the domain into compartments will
define the RDME and in our stochastic simulations for the Schnakenberg
model the domain will be given by ⌦ 2 [0, 50]. Depending on the geometry
and the dimension of the problem the domain will consist of different number
of mesh grids, compartments. However, a good balance must be found when
assigning the mesh size on the FE discretized domain as the computational
times tend to increase rapidly. This practically means that some kind of
compromise is needed between performance and accuracy. For the stochas-
tic simulations of the Schnakenberg model, given by (4.2), the model must
be interpreted to a form which URDME handles. In order to convert the
Schnakenberg model to the correct form reconsider the reaction term from
(4.2) in the following form

du

dt
= ⌫1 � ⌫2u+ ⌫4u

2v

dv

dt
= ⌫3 � ⌫4u

2v,

(4.5)

where ⌫
i

, (i = 1, 2, ..., n) defines the propensities corresponding to the de-
terministic PDE. The stochastic effects are most obvious when the amount
of morphogens is very low. Because URDME simulates stochastic reaction
trajectories at the molecular-level the amount of morphogens will be given
in numbers rather than concentrations, which usually in chemical contexts
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Schnakenberg

(a) (b)

(c) (d)

Figure 7: Deterministic simulations performed with Comsol Multiphysics for a FE
discretized two-dimensional domain ⌦ 2 [0, 50]⇥ [0, 50]. Spatial distribution for (a)
morphogen u and (b) morphogen v exhibits spot-like patterns after a simulation
time of t = 500 s. How the morphogen peaks are distributed across the domain,
corresponding to Fig. 6, are shown for (c) morphogen u (d) morphogen v. The
z-axis indicates the concentration of morphogens in mol/m3.
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are given as mol/m3. It is thus possible to adjust the number of morphogens
by scaling the domain ⌦ with different scaling factors to either increase or
decrease the amount of morphogens.

In general the propensities for the Schnakenberg model corresponding to
the deterministic reaction rates k

i

are given by

⌫1 = k1⌦

⌫2 = k2Ui

⌫3 = k3⌦

⌫4 =
k4
⌦2

U
i

(U
i

� 1)V
i

.

(4.6)

The parameter values for our stochastic simulations are based on [13] where
the set of values D

u

= 1, D
v

= 40, k1 = 0.1, k2 = 1, k3 = 0.9 and k4 = 1 are
used. For all the stochastic simulations the computational domain, with its
geometrical properties and mesh grids, is generated in Comsol Multiphysics
where the diffusion coefficients are defined.

The stochastic simulations for a one-dimensional domain were performed
for a FE discretized domain ⌦ 2 [0, 50] divided into 100 cells for a time of
t = 300 s with the time step �t = 1 s. For the first simulation this gave,
at the last time step, the sum of the total number of morphogens to 92
morphogens, Fig. 8(a), and 84 morphogens, Fig. 8(b), for the domain size
⌦ = 1. In Fig. 8(a) initial values were set to u0 = 0 and v0 = 0 i.e. no
morphogens were assumed to exist in the voxels at time t = 0 s. The initial
values in Fig. 8(b) were u0 = 10 and v0 = 5. In addition, Neumann boundary
conditions were applied for this simulation and will be so for all the coming
simulations as well. The computed trajectories generated from URDME
simulations, Fig. 8 shows that differing the the initial conditions leads to a
perturbed system. The diffusion ratio between the two morphogens are also
important for pattern formation and conditions for developing patterns are
in deterministic models subject to the higher diffusion rate of the inhibitor.
Same effects could also be observed in stochastic models when differing the
diffusion ratio between the two morphogens. The impact of the diffusion ratio
for pattern formation in stochastic models is simulated and shown in Fig. 9.
When the number of morphogens are low it can be seen in Fig. 9(a), where
D

v

= 5, that the difference in the diffusion coefficient of morphogen v yields
no patterns even when the diffusion coefficient is increased to D

v

= 100, Fig.
9(b). Both situations are shown for ⌦ = 1. On the contrary, if the domain
size is scaled by a factor 10 so that ⌦ = 10 the influence of the diffusion ratio
for pattern formation is much more prominent. When D

v

= 5 no patterns
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Schnakenberg

(a) (b)

Figure 8: Stochastic simulations performed with URDME for two di↵erent initial
conditions. (a) The simulation was performed by setting initial conditions to u0 = 0
and v0 = 0. (b) Initial conditions were set to u0 = 10 and v0 = 5. The simulation
time for both cases were t = 300 s with a time step �t = 1 s.

are exhibited, Fig. 9(c), but as expected when the diffusion coefficient is
increased D

v

= 100 patterns begin to emerge where two distinct peaks for
morphogen u are observed, Fig. 9(d). Obviously the diffusion coefficient has
an impact on stochastic morphogenesis even at molecular-based levels.

When considering stochastic reaction-diffusion systems each reaction event
occurs in a voxel, where low copy number of morphogens participate in the
chemical reactions. The density of morphogens in the domain affects stochas-
tic pattern formation in such a manner that when the amount of morphogens
are low intrinsic noise and random fluctuations govern the system, but as
the number of morphogens is increased, although noise still is present, they
organize themselves into ordered patterns. To observe this effect the num-
ber of morphogens is regulated by scaling the domain size in our simulations
with URDME. Stochastic pattern formation is simulated under these cir-
cumstances in Fig. 10 where the spatial distribution of both morphogens
are simulated with different domain size ⌦. In Fig. 10(a) the domain size is
⌦ = 1 and random fluctuations are seen with no visible pattern formation.
When the domain size is increased to ⌦ = 10, Fig. 10(b), the system still
shows a noisy behavior but peaks for morphogen u are distinguished, mor-
phogen v is essentially unchanged compared with Fig. 10(a). If the domain
size is increased to ⌦ = 100, Fig. 10(c), both morphogen u and morphogen
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Schnakenberg

(a) (b)

(c) (d)

Figure 9: Stochastic simulations performed using URDME for two di↵erent di↵usion
ratios Du/Dv = 5 and Du/Dv = 100 for both domain size ⌦ = 1 and ⌦ = 10. (a)
Du = 1, Dv = 5,⌦ = 1. (b) Du = 1, Dv = 100,⌦ = 1. (c) Du = 1, Dv = 5,⌦ = 10.
(d) Du = 1, Dv = 100,⌦ = 10. The simulation time for both cases was t = 300 s
with a time step �t = 1 s.
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v begin to organize themselves into an ordered form. Now a clear pattern
is visible and intrinsic noise has less effect on the system. Further increase
in the domain size to ⌦ = 1000, Fig. 10(d), consolidates this fact, noise
and fluctuations have minimal impact on the system and almost fully devel-
oped patterns are observed, as can also be compared with the deterministic
simulation in Fig. 6.

Stochastic simulations for the Schnakenberg model were performed on
a two-dimensional domain for two different geometries, a square and a cir-
cle. The square geometry was simulated on a FE discretized domain ⌦ 2
[0, 50]⇥ [0, 50] with triangular mesh points, which define the compartments.
Simulation time was t = 300 s with a time step �t = 1 s and model specific
parameter values were set the same as for the one-dimensional stochastic
simulations. This will ensure optimal conditions when comparing the results
between different geometries and dimensions. In Fig. 11 the simulation re-
sults for both morphogens are presented for different scaling factors of the
domain size. When the domain size is set to ⌦ = 1 the system is dominated
by irregular spatial distribution of morphogens and intrinsic noise. There are
no obvious peaks for both morphogen u, Fig. 11(a), and morphogen v, Fig.
11(b). Just like for the stochastic one-dimensional simulations increasing the
domain size to ⌦ = 10 reveals the start of patterning, although no sharp con-
tours are yet visible for morphogen u, Fig. 11(c), clearly defined boundaries
are formed. The conditions for morphogen v, Fig. 11(d), still lacks visible
patterns at this stage, which is also well predicted by Fig. 10(b). Increasing
the domain size further to ⌦ = 100 exhibits pattern formation much like the
deterministic simulations. In this stage well-defined boundaries are observed
for morphogen u, Fig. 11(e), where spot-like patterns have been created.
Although the formation of patterns for morphogen v, Fig. 11(f), still are not
very obvious, organized formations have been created.

The importance of the diffusion ratio between morphogen u and mor-
phogen v is also shown for the two-dimensional square geometry in Fig.
12, where only the spatial distribution for morphogen u is simulated. The
stochastic one-dimensional simulations under same conditions, with the do-
main size ⌦ = 10, yield results showing patterns when D

v

= 100 but not for
D

v

= 5. The same result can also be seen in Fig. 12(a), when the diffusion
coefficient is set to D

v

= 5 no organized patterns are recognizable. However,
when the diffusion coefficient is increased to D

v

= 100, Fig. 12(b), patterns
form even for stochastic models.

Stochastic simulations for the second two-dimensional geometry were per-
formed for a FE discretized circle with radius r = 25. The domain was
discretized with triangular mesh points and the domain size was chosen to
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Schnakenberg

(a) (b)

(c) (d)

Figure 10: Stochastic simulations performed using URDME for t = 300 s. The
domain ⌦ was scaled with di↵erent scaling factors. The spatial distribution of
morphogens on a one-dimensional domain (a) Domain size ⌦ = 1. (b) The domain
size scaled to ⌦ = 10. (c) The domain size scaled to ⌦ = 100. (d) The domain size
scaled to ⌦ = 1000.
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(a) (b)

(c) (d)

(e) (f)

Figure 11: Stochastic simulations performed using URDME for a two-dimensional
domain ⌦ 2 [0, 50]⇥[0, 50] for t = 300 s. Di↵usion coe�cients were chosen toDu = 1
and Dv = 40 with reaction rates k1 = 0.1, k2 = 1, k3 = 0.9, k4 = 1 converted to
propensities in URDME. Initial conditions were set to u0 = 0 and v0 = 0. The
spatial distribution of morphogens for the domain size ⌦ = 1, (a) morphogen u (b)
morphogen v. The domain size scaled to ⌦ = 10, (c) morphogen u (d) morphogen
v. The domain size scaled to ⌦ = 100, (e) morphogen u (f) morphogen v.
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Schnakenberg

(a) (b)

Figure 12: Stochastic simulations performed using URDME for the domain size
⌦ = 10 but di↵erent di↵usion ratios. Only the distribution of morphogen u is
shown in the figure. (a) Di↵usion coe�cient Du = 1 and Dv = 5. (b) Di↵usion
coe�cient Du = 1 and Dv = 100.

⌦ = 10 with initial conditions u0 = 0 and v0 = 0. Under these conditions
explicit patterns are once again most evident for morphogen u with rela-
tively definite boundaries, Fig. 13(a). For morphogen v, Fig. 13(b), noise is
present but spot-like areas with lower concentrations can be distinguished.
The distribution of peaks for both morphogens are presented in Fig. 13(c)
and Fig. 13(d) where peaks, which define the patterns, for morphogen u is
shown whereas morphogen v mostly is dominated by random fluctuations.

Stochastic simulations for the Schnakenberg model on a three-dimensional
geometry were performed with URDME for a sphere and a torus with sim-
ulation time t = 300 s and a time step �t = 1 s. The sphere with radius
r = 25 was FE discretized with tetrahedral mesh points and simulated with
the domain size ⌦ = 10 in order to achieve conditions were patterns are
visible. In Fig. 14(a) the distribution of morphogen u inside the domain
is shown with spot-like patterns in areas where the concentration is high.
The distribution for morphogen v inside the domain is shown in Fig. 14(b).
On the volume surface the start of patterning with quite distinct spots are
visible for both morphogens in Fig. 14(c) and Fig. 14(d) respectively. It can
be seen that patterning mechanisms also exhibit patterns in curved spaces
in stochastic models but the nature of the patterns are fairly unordered with
unequal distancing between spots.

Stochastic simulations for a torus were performed on FE discretized do-
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Schnakenberg

(a) (b)

(c) (d)

Figure 13: Stochastic simulations performed using URDME for a circular geometry
with radius r = 25 for t = 300 s. Same parameter values as given by Fig. 11
were chosen and the domain size was set to ⌦ = 10 together with initial values
u0 = 0 and v0 = 0. Spatial distribution for (a) morphogen u (b) morphogen v. The
distribution of morphogen peaks are shown for (c) morphogen u (d) morphogen v.
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main with tetrahedral mesh points. The geometrical properties for the torus
were r1 = 10 for the minor radius and r2 = 25 defining the major radius with
height h = 20. Parameter values and other simulation conditions were the
same as for the sphere. Domain size was set to ⌦ = 10. Same kind of pat-
terns are exhibited inside the domain as for the sphere where the distribution
of morphogen u is shown in Fig. 15(a). Also, areas where the concentration
of morphogen v is low inside the domain, Fig. 15(b), can clearly be observed.
The distribution of both morphogens on the volume surface is presented in
Fig. 15(c) and Fig. 15(d) respectively.
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Schnakenberg

(a) (b)

(c) (d)

Figure 14: Simulations performed using URDME on a sphere with radius r = 25
with a simulation time of t = 300 s. The spatial morphogen distribution inside the
domain for (a) morphogen u (b) morphogen v. The concentration of morphogens
on the volume surface for (c) morphogen u (d) morphogen v.
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Schnakenberg

(a) (b)

(c) (d)

Figure 15: Simulations performed using URDME on a torus with height h = 20,
minor radius r = 10 and major radius r = 25 with a simulation time of t = 300 s.
The spatial morphogen distribution inside the domain for (a) morphogen u (b)
morphogen v. The concentration of morphogens on the volume surface for (c)
morphogen u (d) morphogen v.
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4.2 The Brusselator reaction-di↵usion model

The reaction-diffusion model to be studied numerically in this section is
the Brusselator model which is similar to the Schnakenberg model. It is
based on the Belousov-Zhabotinsky chemical reaction and has been used
in some extent to study the dynamical behavior of noisy systems but also
deterministic pattern formation [21]. The chemical reactions are given by,
as shown in §2.5

; k1�! U
i

U
i

k2�! V
i

2U
i

+ V
i

k3�! 3U
i

2U
i

k4�! ;,

(4.7)

which describes the creation and degradation of morphogens u and v ac-
cordingly. The model involves two species interacting with four types of
reactions. The deterministic reaction diffusion model is given by

@u

@t
= D

u

�x+ k1a� k2bu+ k3u
2v � k4u

@v

@t
= D

v

�x+ k2bu� k3u
2v,

(4.8)

and when the diffusion term is omitted the temporal evolution for the reac-
tion rates are given by

du

dt
= k1a� k2bu+ k3u

2v � k4u

dv

dt
= k2bu� k3u

2v,

(4.9)

where a and b are dimensionless constants. In order to simulate this sys-
tem stochastically and describe the chemical transitions in a compartment-
based model in URDME the deterministic reaction rates are converted into
propensities. Similar to (4.5) the reaction terms for the Brusselator model
are rewritten in the form

du

dt
= ⌫1a� ⌫2bu+ ⌫3u

2v � ⌫4u

dv

dt
= ⌫2bu� ⌫3u

2v,

(4.10)
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where ⌫
i

defines the propensities which could be expressed as

⌫1 = k1a⌦

⌫2 = k2bUi

⌫3 =
k3
⌦2

U
i

(U
i

� 1)V
i

⌫4 = k4Ui

,

(4.11)

where reactions occur in each voxel in the domain ⌦.
Deterministic simulations for the Brusselator model were performed with

Comsol Multiphysics on FE discretized one-dimensional and two-dimensional
domains. Simulations were performed for t = 300 s with a time step �t = 1 s.
The deterministic one-dimensional simulation was performed on the domain
⌦ 2 [0, 150] and at the last time step oscillating peaks for both morphogens
could be observed, Fig. 16. Similar to the Schnakenberg model, the Brussela-
tor model is able to form organized patterns for some certain conditions and
set of parameter values when diffusion-driven stability has been achieved.
Even though this model generally is sensitive and unstable it can be made
stable for certain choice of parameter values where the Brusselator model
could exhibit e.g. stripe and hexagonal-like patterns, not far from those
observed for the chemicals in the Belousov-Zhabotinsky reaction. Two of
the possible patterns are presented in Fig. 17 for a two-dimensional square
domain ⌦ 2 [0, 150]⇥ [0, 150] simulated deterministically with Comsol Mul-
tiphysics. For our stochastic simulations the diffusion coefficients are given
by D

u

= 2 and D
v

= 16 with the reaction rates k1 = 1, k2 = 1, k3 = 1 and
k4 = 1. The values for the dimensionless constants are a = 4.5 and b = 7.5.
With these set of parameter values the Brusselator model yield patterns ob-
served in Fig. 17(c) and Fig. 17(d), which will be studied stochastically with
URDME.

One-dimensional stochastic simulations for the Brusselator model were
performed with URDME on a FE discretized domain ⌦ 2 [0, 150] divided
into 100 voxels. The model was simulated for t = 300 s with a time step
�t = 1 s. The output trajectories for the stochastic simulations are shown
in Fig. 18 with same initial conditions but for increasing domain size. When
considering the distribution of morphogens at the molecular level random
fluctuations could be seen, Fig. 18(a), where the total number is 180 mor-
phogens at the last time step. Under these circumstances stochastic simula-
tions yield, in contrast to deterministic models, unordered formation of peaks
for both morphogen u and morphogen v and any sign of pattern formation
is thus not evident at this particular stage. If the domain size is increased
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Brusselator

Figure 16: Deterministic simulation performed for the Brusselator model with Com-
sol Multiphysics. Spatial distribution of morphogens exhibits pattern formation
after a simulation time of t = 300 s for a one-dimensional FE discretized domain.

moderately to ⌦ = 10, Fig. 18(b), intrinsic noise is still present but indi-
cations for pattern formation starts to emerge. Even if the system mostly
consist of stochastic patterns morphogens seem to organize in some ordered
manner. However, when the domain size is increased further to ⌦ = 100,
Fig. 18(c), morphogens have almost, despite the oscillating nature, aligned
themselves in their respective steady-state level. At this stage the patterning
has been created and, even though slightly affected by noise, the essential
shapes could be observed. The stochastic Brusselator model exhibits nearly
full pattern formation when the domain size is ⌦ = 1000.

The choice of initial conditions have much greater impact in stochastic
models on the distribution of morphogens and small variations lead to sig-
nificantly different dynamical behavior. This effect becomes most evident
when comparing deterministic systems to stochastic systems subject to per-
turbations. In order to compare how perturbations change the dynamics in
the Brusselator model a system with ⌦ = 1 and ⌦ = 1000 were initiated
with, in every voxel, u0 = 5 and v0 = 2 morphogens at the time t = 0 s.
Initial values for ⌦ = 1000 were scaled accordingly. The results of the out-
put trajectories from URDME are presented in Fig. 19. As can be seen in
Fig. 19(a) the dynamical behavior of morphogens has changed considerably
compared with Fig. 18(a). On the other hand, changing the initial condi-
tion for the scaled domain size, Fig. 19(b), results in minimal difference if
compared with Fig. 18(d). This shows that when the density of morphogens
are increased, thus approaching the deterministic limit, the possibility to
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Brusselator

(a) (b)

(c) (d)

Figure 17: Deterministic simulations performed with Comsol Multiphysics for the
Brusselator model. There are some number of patterns that could be achieved using
this model and two of them are presented in the figure. The spatial distribution of
morphogens show hexagonal-like patterns (a) morphogen u (b) morphogen v. The
Brusselator model can also exhibit stripe patterns (a) morphogen u (b) morphogen
v. Both simulations were done for a simulation time of t = 300 s on a FE discretized
two-dimensional domain ⌦ 2 [0, 150] ⇥ [0, 150]. The concentration of morphogens,
given in mol/m3, is indicated on the z-axis.
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Brusselator

(a) (b)

(c) (d)

Figure 18: Stochastic simulations performed using URDME for the Brusselator
model on a FE discretized one-dimensional domain ⌦ 2 [0, 150] for di↵erent scaling
factors of the domain size. The spatial distribution for both morphogens is illus-
trated at the last time step t = 300 s. (a) Domain size ⌦ = 1. (b) Domain size
⌦ = 10. (c) Domain size ⌦ = 100. (d) Domain size ⌦ = 1000.
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Brusselator

(a) (b)

Figure 19: Stochastic simulation performed using URDME on a one-dimensional
domain for the Brusselator model. The e↵ect of perturbations are shown on a
domain ⌦ 2 [0, 150] with di↵erent number of morphogens. (a) Domain size ⌦ =
1 with initial conditions u0 = 5 and v0 = 2. (b) Domain size ⌦ = 1000 with
initial conditions u0 = 500 and v0 = 200. Notice how (b) is more robust against
perturbations.

withstand perturbations is also increased.
Stochastic simulations for the Brusselator model on a FE discretized two-

dimensional domain were performed for two different geomtries, a square
and a punctured circle. The simulation time was t = 300 s with a time
step �t = 1 s and the domain for the square geometry was set to ⌦ 2
[0, 150] ⇥ [0, 150]. The simulations were done for increasing domain size to
study the effect of stochastic patterns for different densities of morphogens
in the Brusselator model and the results are shown in Fig. 20(a). When
the number of morphogens are low the random distribution of morphogen
u, Fig. 20(a), can clearly be seen. Athough while no patterns are visible
for morphogen v, Fig. 20(b), there are some tendencies for different kind of
patterns, even at this level, if compared with simulations of the stochastic
Schnakenberg model for both morphogens. The higher peaks for morphogen
u are also visible. When the domain size is increased to ⌦ = 10 the patterns
for the Brusselator model becomes apparent, stripes with sharp edges and
contours for morphogen u, Fig. 20(c). This is not so evident for morphogen
v, Fig. 20(d), at this stage. Further increase in the domain size to ⌦ = 100
yield patterns for both morphogens, Fig. 20(e) and Fig. 20(f), where sharp
edges clearly can be seen.
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Brusselator

(a) (b)

(c) (d)

(e) (f)

Figure 20: Stochastic simulations performed using URDME for the Brusselator
model in a FE discretized two-dimensional domain ⌦ 2 [0, 150] ⇥ [0, 150] with the
simulation time t = 300 s. Model specific parameters were Du = 2 and Dv = 16 for
the di↵usion coe�cients and k1 = 1, k2 = 1, k3 = 1 and k4 = 1 for the reaction
rates. Domain size ⌦ = 1 (a) morphogen u (b) morphogen v. Domain size ⌦ = 10
(c) morphogen u (d) morphogen v. Domain size ⌦ = 100 (e) morphogen u (f)
morphogen v. The z-axis indicates the concentration in mol/m3.
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Stochastic simulations for the punctured circle, with inner radius r1 = 50
and outer radius r2 = 50, were simulated for t = 300 s with the time step
t = 1 s. This simulation was performed for conditions making the determin-
istic model unstable, according to the stability analysis given in (2.27). The
dimensionless constants were chosen to a = 3.0 and b = 3.0. In Fig. 21 cur-
rent distribution of morphogens can be observed on the punctured circle at
the time t = 3 s. These conditions do not exhibit patterns for the determin-
istic model and especially not after a simulation time of t = 3 s. However, as
can be seen from Fig. 21(a) and Fig. 21(b) for morphogen u and morphogen
v respectively formation of patterns, although not very clear, are visible for
the stochastic model. This shows that the parameter regime for pattern for-
mation is considerably larger in the stochastic morphogenesis. Even though
the created patterns do not resemble of the original deterministic patterns
the morphogens obviously align themselves according to the geometry even
when influenced by intrinsic noise and random fluctuations.

Stochastic simulations for the Brusselator model were performed with
URDME for three-dimensional domains with different geometrical proper-
ties. The study was done for an ellipsoid, a small torus and a bigger torus.
For all the simulations the domain was FE discretized with a tetrahedral
mesh.

The ellipsoid was generated with semi-axes a = 25, b = 25 and 50. The
domain size was scaled to ⌦ = 100 and simulated for t = 100 s with a time
step �t = 1 s. The distribution of morphogens are shown inside the domain
for morphogen u, Fig. 22(a), and morphogen v, Fig. 22(b). However, the
sharp contours of the patterns are more obvious on the surface of the domain,
Fig. 22(c) and Fig. 22(d) for morphogen u and morphogen v respectively.
On the ellipsoid it can be seen that the stochastic patterns are more sparsely
distributed if compared with the same scaling factor of the domain in Fig.
20.

Stochastic simulations for the torus were made for two different geomet-
rical properties, a smaller torus with minor radius r1 = 10, major radius
r2 = 50 and height h = 10 and for a bigger torus with the following proper-
ties, minor radius r1 = 25, major radius r2 = 100 and height h = 40. The
simulations were performed for t = 300 s with a time step �t = 1 s for the
domain size ⌦ = 1. The purpose of simulating toruses with two different sizes
is for studying stochastic pattern formation on the same geometry but for
different geometrical boundaries. In both toruses, Fig. 23, the morphogens
have aligned themselves relative to the geometry but the torus with smaller
radius exhibits slightly different kind of patterns. For both morphogens,
Fig. 23(a) and Fig. 23(b), it can be observed on the volume surface that
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Brusselator

(a) (b)

(c) (d)

Figure 21: Stochastic simulations performed using URDME for a punctured cir-
cle with outer radius r1 = 50 and inner radius r2 = 25. Parameter values were
intentionally chosen for circumstances making the deterministic system unstable.
The stochastic model exhibit patterns even when the unstable deterministic system
does not after a simulation time of t = 3 s. The spatial distribution on the domain
for (a) morphogen u (b) morphogen v. The distribution of morphogen peaks are
shown for (c) morphogen u (d) morphogen v.

69



patterns begin to be formed although they are not clearly recognizable. It
can also be seen that the distribution of morphogens are sparse and does not
cover the domain compared to the torus with the increased radius. In Fig.
23(c) and Fig. 23(d) evenly distributed stochastic patterns are much more
clear and densely formed contours are visible. This shows that the choice
of the domain size and the boundary complexity affects pattern formation,
although not as evident as for the deterministic models, even in stochastic
models. Pattern formation in stochastic models show that patterns begin to
be formed even for small number of molecules. The exhibited patterns are
not clear as their deterministic counterparts but their contours and shapes
can be outlined. This indicates similar behavior also in other geometrical
forms with different properties and domain size. This does not only apply
for three-dimensional domains but for other dimensional geometries as well.
This was explicitly observed in simulations for the two and three-dimensional
geometries, although some tendencies were already observed for this when
performing one-dimensional simulations.
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Brusselator

(a) (b)

(c) (d)

Figure 22: Stochastic simulations performed using URDME for an ellipsoid with
the semi-axes, a = 25, b = 25 and c = 50 for a simulation time of t = 100 s.
The domain size was set to ⌦ = 100. The distributions of both morphogens are
illustrated for both inside and on the surface of the ellipsoid. Inside the domain
(a) morphogen u (b) morphogen v. On the volume surface (c) morphogen u (d)
morphogen v.
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(a) (b)

(c) (d)

Figure 23: Stochastic simulations performed using URDME for a torus with dif-
ferent geometrical size. Simulation time was t = 300 s with the domain size set
to ⌦ = 1. The morphogen distribution on the volume surface of a torus with
minor radius r1 = 10, major radius r2 = 50 and height h = 10 is shown for (a)
morphogen u (b) morphogen v. Torus with minor radius r1 = 25, major radius
r2 = 100 and height 40, the distribution on the volume surface for (c) morphogen
u (d) morphogen v.
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5 Conclusions

Describing pattern formation mechanisms mathematically in deterministic
systems are well understood, yet hard to quantify and apply to chemical and
biological applications in nature. In order to fully describe reaction-diffusion
processes in molecular biology and chemical networks, probabilistic meth-
ods have to be applied when studying the stochastic nature of interacting
species. An efficient method to solve interacting chemical systems is to set up
and simulate stochastically using the RDME, which solves reaction-diffusion
models by applying a compartment-based model.

Our study shows that this approach changes pattern formation dramat-
ically, when compared to deterministic models, influenced by fluctuations
as a result of intrinsic noise. The effects of noise greatly affects stochas-
tic systems, making patterns unpredictable and generating form of patterns
not observed deterministically. The higher sensitivity for perturbations due
to varied initial conditions makes stochastic systems clearly not robust and
their ability to exhibit patterns even for unstable systems are a property def-
initely not seen in deterministic systems. Different reaction-diffusion models
yield different patterns and give rise to characteristic pattern formation.

In the study of the Schnakenberg and Brusselator model it is observed
that there are differences in pattern formation between both models in
stochastic systems but the differences in shape are more pronounced in de-
terministic systems, our prediction is that this phenomenon applies to other
models as well. Our study also shows that the morphogen distribution is
affected by the chosen geometry and its size, this is most evident when ana-
lyzing three-dimensional geometries. Patterns formed on curved spaces are
more sparsely distributed and the effects of pattern formation is spread out
across the whole domain showing different kind of patterns. From our re-
sults it can be concluded that the kinetics of morphogens are dependent
on the molecular density, in deterministic models longer simulation times
are required for patterns to be formed and they are observed at much later
simulation times compared with stochastic models. Simulations show, as
predicted, that the solution approaches to the deterministic solutions as the
domain size ⌦ is increased and leads to fluctuations and noise when the do-
main size is decreased. The importance of the diffusion ratio between the
two morphogens for pattern formation is also observed in stochastic models
where the possibility to exhibit patterns increases with increasing diffusion
ratio. In some sense it can be said that the dynamics of morphogens are
higher in stochastic systems, this can be seen by considering a simulation
time short enough giving no patterns for deterministic systems but move-
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ments for stochastic systems. Our results show that fluctuations give rise to
a situation where the movements of morphogens are distinguished and makes
it somewhat possible to follow morphogen trajectories at an individual-based
level. This is impossible if deterministic kinetics are considered. Some of the
important properties of stochastic models could be concluded as follows:

i) Stochastic models are dominated by noise and they are not robust to
perturbations. This could be observed in Fig. 19 (a) and Fig. 19 (b).
As the number of morphogens increases also their ability to withstand
perturbations increase.

ii) The impact of the diffusion ratio between the activator and inhibitor
applies also for stochastic models. Its significance for pattern formation
could be seen for two different diffusion coefficients for the inhibitor in
Fig. 9 (c) and Fig. 9 (d).

iii) Increasing the density of morphogen kinetics leads to pattern formation
with the same kind of patterns observed in deterministic models. For a
two-dimensional domain this was shown in Fig. 11 for the Schnakenberg
model and in Fig. 20 for the Brusselator model. This applies to one-
dimensional and three-dimensional domains as well.

iv) Stochastic pattern formation is dependent on the chosen geometry where
slightly different patterning could be observed. For the Brusselator
model this was shown for a torus with different geometrical properties
in Fig. 23 (a) and Fig. 23 (c).

Although Turing patterns are able to describe morphogenesis it obviously
have its weaknesses which needs further investigation in order to fully explain
how chemical signaling processes work in biochemical networks. However, it
is important to appreciate that the study of stochastic morphogensis is still
at an early stage where studies concern molecules at an individual-based
level. In order to deepen our knowledge and get insight into the complex
mechanisms that determines cell fate further studies are required. The study
of stochastic morphogenesis will hopefully lead to a better understanding of
the mechanisms behind spatial distribution of cells. Nevertheless, it is truly
fascinating that Alan Turing without the aid of advanced computational
power was able to come up with such a novel theory which even today puzzles
scientists.
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