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Abstract

The soft color interaction of diffractive scattering

Andreas Ekstedt

Rapidity gap formation in soft diffractive scattering can be explained in terms of a
color singlet exchange. Previous work has explained the formation of soft gaps in
terms of a BFKL exchange, however due to soft phenomena this method fails to
predict the precise number of gaps. Previous soft color interaction implementations
has failed to provide an accurate description for gap destruction at 7 TeV
proton-proton collisions, due to increased amount of final state partons. To tackle
this problem a modified implementation of soft-color interaction was introduced,
relying on soft gluon exchanges between every final state color singlet system. The
model was implemented in conjunction with a numerical
solution of the BFKL equation in the event generator PYTHIA. The new soft-color
interaction model expands on the previous by providing more stability for high
transverse energy scales.
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p− p collisions at ŝ = 7TeV. Each curve corresponds to a specific transverse
energy region. The lowest curve corresponds to the region 50 > ET > 40GeV,
with the energy region increasing by 10 for each succesive curve, with the
highest in the region 100 > ET > 90GeV. 9

6.6 Numerical simulation of the gap ratio in p− p collisions at ŝ = 7TeV without
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Chapter 1

Populärvetenskaplig introduktion

1.1 Introduktion

Standardmodellen i partikelfysik beskriver hur de elementära partiklarna, som är byggstenar
i universum, interagerar med varandra. En viss klass av dessa byggstenar är kända som
partoner, och inkulderar familjer av partiklar kända som kvarkar. Kvarkar är de elementära
byggstenar som bygger upp protoner och neutroner som utgör kärnan i atomer. Kvarkar har
precis som elektroner en elektrisk laddning, och interagerar via elektromagnetism. Kvarkar
har upp till detta en annan sorts laddning känd som färgladdning, vilket gör att kvarkar
ocks̊a interagrerar via den starka kraften. Den starka kraften är den kraft som h̊aller ihop
atomkärnan och är ursprunget till den stora mängden energi som släpps ut vid kärnklyvning.

En proton byggs upp av tre stycken kvarkar som normalt sett inte g̊ar att observera,
emellertid i partikelacceleratorer s̊a kolliderar protoner ihop med s̊adan energi att kvarkarna i
b̊ada protonerna kan interagera med varandra, precis som om de var fira. I dessa v̊aldsamma
kollisioner s̊a observeras en hel skur av partiklar i hela detektorn. Det finns emellertid vissa
kollisioner där det i vissa regioner inte g̊ar att återfinna n̊agra partiklar alls.
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Chapter 2

Background

2.1 Introduction

The 20th century saw some truly great advances in physics, from the special and general
relativity to quantum mechanics. The pioneers of quantum mechanics sought to unify special
relativity with quantum mechanics culminating in the famous relativistic Dirac equation and
the discovery of the positron. It was however soon realized that the relativistic formulation
of quantum mechanics suffered from several problems, for instance in special relativity
it is possible to create particles from energy, while in quantum mechanics the number of
particles are conserved. It soon became evident that a field theoretical description could
solve many of these problems, thus signifying the birth of quantum field theory inspired
from electromagnetism.

Originally the only known forces were the electromagnetic and gravitational force. As
the century proceeded two new interactions emerged, namely the strong and the weak
interaction. The electric and weak interactions were unified in 1968 into the electroweak
interaction by the revolutionary work of Glashow, Salam and Weinberg. However for a long
time no proper description of the strong interaction could be found and it was popular to
use Regge phenomenology to predict cross section behavior for scattering processes. A field
theory description of the strong interaction was eventually found, and resulted in what is
know as quantum chromodynamics, or short as QCD.

The theory of QCD deal with the interaction of gluons and quarks that are known
collectively as partons, these partons carry a color charge, and the strong interaction is
mediated by gluons that couple to color. It has been observed that quarks can not exist as
free particles, but instead form bound states known as hadrons.

A characteristic QCD process is the production of jets, which are a collection of
particles within a narrow cone. It is also observed that in collisions there exists a continuous
distribution of particles throughout most of phase space.

It was thus a great surprise in the 90s when experiments colliding electrons and protons
in DIS observed events with so called rapidity gaps (an angular region with no particles),
since these kind of events had not been seen before.

Rapidity gap events in DIS could be explained by the exchange of a color neutral object
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know, as a pomeron[4], due to that no net color was transferred from the proton. Rapidity
gaps arise in diffractive scattering (scattering processes that leave the hadrons mostly intact)
between two hadrons (protons or anti- protons). It is the investigation of rapidity gaps for
diffractive scattering processes that is the subject of this thesis.

Just as for DIS, it is possible to describe the rapidity gaps for diffractive scattering in
terms of the exchange of a color singlet object in this case described by the exchange of two
gluons in a color singlet state. The scattering amplitude for the exchange of two gluons can
be described by the BFKL equation, and with the help of BFKL phenomenology it was
possible to describe rapidity gap events at the Tevatron[5]. Somewhat problematic is that
by only using BFKL formalism the ratio of gap events to non-gap events are too large. A
common solution to this problem is to introduce a measure of underlying soft phenomena
given by the gap survival probability fitted to data.[6]. In this thesis a different approach
will be used based on [4], namely using what is know as the soft color interaction model
simultaneously with BFKL formalism. This approach has previously been used to describe
rapidity gaps at the Tevatron[4]. This thesis will employ a similar method in order to study
7 TeV proton-proton collisions.

2.1.1 Outline of thesis

There are three main areas of topics that will be discussed in this thesis. The first part
deals with the general procedure for the hadronization of partons and gives an introduction
to QCD and Monte-Carlo event generators. The other two parts deal with the formation of
gaps through the BFKL equation and how gaps may be destroyed by multiple interactions
and soft-color interaction.1

• Chapter 1: A brief history of QCD, and the introduction of important concepts is
presented. A brief review of important aspects of Monte Carlo event generators is
included.

• Chapter 2: Introduction to creation of rapidity gaps through a BFKL exchange, and
under what conditions it is valid to apply the BFKL formalism.

• Chapter 3: Introduction of soft phenomena models, specifically introduction the SCI
and MPI models.

• Chapter 4: Methods for implementing the the models of earlier chapters is presented,
and the method for simulating jet-gap-jet events is discussed.

• Chapter 5: The result is presented for both the standard SCI implementation and the
alternative SCI implementation.

• Chapter 6: Conclusion and concluding remarks are presented.
1The convention for this entire thesis is the standard ~ = c = 1. Repeated indicies are also summed as

per Einstein summation convention.
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2.2 The Standard Model

2.2.1 Electroweak Model

The language of the small scales of our world is that of quantum mechanics. However due
to the high energy of particles in particle physics it is necessary to incorporate special
relativity to provide an accurate description of nature. Doing this naively introduces some
problems, since in special relativity particles can be created from energy while in quantum
mechanics the number of particles is conserved. These, among other problems, are removed
when quantum mechanics and special relativity are combined into quantum field theory
(QFT), in which particles are described as an excitation in a corresponding field. It is
precisely in the language of QFT that the world has been described so far by the Standard
Model of particle physics.

The birth of the standard model can perhaps be signaled by the work on quantum
electrodynamics in the first half of the 20th century. Subsequent phenomena such as beta
decays were described in terms of the Fermi interaction model, unfortunately the theory
itself predicted that it would not be valid for energies E ∼ 100GeV. In time quantum
electrodynamics and the Fermi interaction model were combined into the electroweak
theory in 1961 by Sheldon Glashow, where the limitations of Fermis interaction models
were explained by to the possibility to excite new particles, namely the W± bosons.
The electroweak theory was later expanded to account for the mass of the particles by
incorporating the Higgs mechanism.

2.3 Quantum Chromodynamics

In the middle of the 20th century the physics community saw the emergence of a new kind
of interaction, namely the strong interaction of particle physics. It was at this time that
new particles (baryons and mesons) were frequently being discovered and so at that time
no satisfactory explanation of any underlying phenomena had been proposed. However in
the early 1960s the physicists Murray Gell-Mann and Yuval Ne’eman independently of each
other proposed an elegant way of organizing these new particles, into what now is called the
eightfold way. This new idea provided a method of organizing mesons and spin-1/2 baryons
into octets and spin-3/2 baryons into decuplets. The particles are organized according to
their charge and ”strangeness” (see figure .2.1).

(a) Meson octet (b) Baryon octet (c) Baryon decuplet

Figure 2.1: The eightfold way[1–3]
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Using these ideas Gell-Mann was able to predict the existence of the Omega baryon in
1962, uncovering a deeper flavor symmetry of particle physics. It was during this decade
that the first DIS experiments were performed. This type of scattering involves a lepton
scattering off a hadron (in this case a proton). Measuring the angles of deflection physicists
realized that the proton seemed to consist of smaller fundamental objects (coined partons
by Richard Feynman), and these partons could be seen as sharing the total proton momenta.
Experiments such as these indicated that if the scattering energy was high enough it was
possible to resolve the partons and explore the underlying structure of the proton.2

In order to make the proton wave-function anti-symmetric (required by Fermi-Dirac
statistics) it turned out to be necessary to introduce an additional quantum number for the
partons, namely the color quantum number. From experimental comparisons of quark cross
sections with leptons it was realized that it was necessary that that the dimensionality of
the quarks and anti-quarks color representation to be 3. Experiments also showed that
it was not possible to observe any parton by themselves, they were confined to exist in
hadronic systems, this observation was incorporated by constraining hadrons to exist in
a color singlet representation (color confinement). Based on these observations the color
symmetry of QCD was based on the lie group SU(3)c, with (anti-) quarks existing in the
(3̄) fundamental representation, and the gluons existing in the adjoint 8 representation.

It was at first thought that applying a standard quantum field theory description of the
strong interaction was impossible.3 One of the reasons why quantizing a Yang-Mills theory
(non-abelian theory) experienced difficulties was that physicists at the time had no idea how
to calculate anything from the theory. In time however, a quantum field theory description
of the strong interaction emerged, and in turn it was possible to perform perturbative
calculation and compare these with experiment.

2.3.1 Non-Abelian gauge theories

The dynamics of a gauge theory or in particular a non-abelian gauge theory can be illustrated
by considering a simple theory of complex scalar fields. The action for this theory can be
put in the form

S =
∫
d4xL , (2.3.1)

L = ∂µφ
∗∂µφ−m2φ∗φ− V (φ∗φ), (2.3.2)

where m is the mass of the field and V is the potential. The action, S, and in particular the
lagrangian, L , is invariant under a global U(1) symmetry, realized as

φ→ eiαφ, (2.3.3)
φ∗ → e−iαφ∗. (2.3.4)

2Due to the Heisenberg uncertainty relation the resolution length scale is given by L ∼ 1
E

.
3It was at this time Regge trajectories were of great use, since they only relied on certain assumptions

of the scattering matrix, and they provided an alternative way to describe high energy behavior of cross
sections; see for instance [7] for an overview.
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A symmetry is called global if α 6= α(x) and otherwise called local. The symmetry for this
theory is a U(1) symmetry since the U(1) group is the group of complex phases. This is
also an abelian symmetry since all elements of the group commutes. Global symmetries
can be extended to include non-abelian symmetry groups, and of particular interest is the
SU(N) group consisting of N ×N unitary matrices with unit determinant.

A scalar lagrangian for the case of a SU(N) theory is given by

L = ∂µφ
+∂µφ−m2φ+φ− V (φ+φ), (2.3.5)

where φ now denotes a collection of fields φi that can be organized in a column

φ =


φ1
...
φN

 , (2.3.6)

and φ+ represents the transpose followed by a complex conjugation (hermitian conjugation).
This theory possess a global SU(N) symmetry, realized as

φi → Uijφj , (2.3.7)
U ∈ SU(N). (2.3.8)

Objects that transform as φ are said to be in the fundamental representations, while
objects that transform as g → UgU−1 are said to be in the adjoint representation. For SU(N)
the fundamental representation are denoted by N and the anti-fundamental representation
are denoted by N̄ (hermitian conjugate). A theory can possess a global SU(N) symmetry
(U 6= U(x)), and likewise a theory can be considered a SU(N)× SU(M) symmetry if it is
invariant under φiα → UijV αβφjβ , where i, j = 1, ..., N ;α, β = 1, ...,M, U ∈ SU(N), V ∈
SU(M). An example of such a symmetry will be considered in the next section.

2.3.2 Flavor symmetry

At first glance it might seem that the quark masses are quite different from each other (see
table 2.1), but compared to the heavier quarks the lightest quarks (u,d and s) have a similar
mass. Thus as an approximation it might be reasonable to consider the u,d and s quark
masses equal. This approximation leads to a theory with a global flavor symmetry SU(3)f
between the three quarks. This, together with color symmetry (which is a local symmetry),
forms a theory that is invariant under the action of the symmetry group SU(3)C × SU(3)f .
Where the fundamental representation given by

φ =

uidi
si

 . (2.3.9)

The index i signifies the internal color index. The eightfold way is reproduced by the
combination of two fields in the fundamental representation of this symmetry. For instance
the combination 3⊗ 3̄ = 1⊕ 8, thus reproducing the meson octet. It is important to note
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that this symmetry only applies to the three lightest quarks, and it gives a bad description
if heavier quarks are included.4

Flavor Mass
Up 1.8-3.0 MeV
Down 4.5-5.3 MeV
Strange 90-100 MeV
Charm 1.25-1.3 GeV
Top 173-174 GeV
Bottom 4.15-4.21 GeV

Table 2.1: Mass of the quarks[8]

2.3.3 QCD Lagrangian

The QCD lagrangian possess a local SU(3)c symmetry and is commonly represented as

L = ψ(i /D −m)ψ − 1
4G

aµνGaµν . (2.3.10)

The QCD lagrangian (equation (2.3.10)) is given in terms of the quark fields ψ. The
gluon field strength tensor is given in terms of the gluon fields (gluons exist in the adjoint
representation), Aaµ, as[9] Gaµν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν .5 The strong interaction is a

non-abelian SU(3) gauge theory, and the QCD part of the covariant derivative (introduced
for local symmetries) is given in terms of the Gell-Mann matrices, T a as[9–11]

Dµ = ∂µ − igAaµ(x)T a, (2.3.11)

where a = 1, ..., 8. When quantizing this theory it is necessary to introduce what is know as
Faddeev-Popov ghost particles in order to preserve unitarity. These ”ghost” particles are
only a theoretical tool introduced in Faddeev-Popov quantization, and do not correspond
to real particles (it can be shown from BRST symmetry that there are no external ghost
particles[9]).6 Adding ghosts to the theory results in adding an additional term to the QCD
lagrangian, namely[9, 11]

Lgh = ∂µc
a∂µca + gfabc(∂µca)Abµcb, (2.3.12)

where ca are Grassman scalar fields.
The fact that QCD is a non-abelian gauge theory has profound consequences, notably

the gluons can interact with themselves and this leads to asymptotic freedom (see section
2.4).

4Note that quarks are fermions and not scalars. The description above only meant to give a brief overview
of the eightfold way, and does not in any way imply that quarks are scalars.

5The structure constants fabc are defined by the relation [T aR, T bR] = ifabcT cR
6The ghosts only appear as internal particles in Feynman diagram, they do not appear as external

particles.
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2.4 Running coupling

A very important feature of the strong interaction is the phenomenon known as asymptotic
freedom, namely that quarks must exist in bound states for low energies, while for high
energies they become asymptotically free, i.e. they behave as free particles. Asymptotic
freedom is incorporated in QCD via the running of the strong coupling, meaning that the
coupling diverges for low energies while it becomes smaller as the energy scale increases.

This property of the strong coupling follow from that in pQCD one often encounters
divergent Feynman diagrams that has to be regulated in order to obtain finite answers,
i.e. the divergences have to be taken care of by renormalization. These divergences can
be absorbed by introducing a renormalization scale, µ2, on which theoretical parameters
depend. The renormalization scale is just a theoretical invention and it must be that any
physical observable, O, is independent of µ2. Hence it is necessary to demand

µ2 d

dµ2O = 0. (2.4.1)

However, since observables depend on the strong coupling, αs, the constraint above
equates to that dependence of µ2 in O exactly have to cancel out the coupling dependence
on µ2. So in effect the demand above is equivalent to

µ2 d

dµ2O(µ, αs) = µ2( ∂

∂µ2 + ∂αs
∂µ2

∂

∂αs
)O(µ, αs), (2.4.2)

which is known as a renormalization group equation. At this point it is convenient to define
the beta function as β(αs) = µ2 ∂αs

∂µ2 , that can be calculated from pertubation theory[9, 11],
the coupling αs may then be obtained as a function of the renormalization scale µ2. At
lowest order the beta function is given by[9, 11]

β(αs) = − b0g
3

(4π)2 . (2.4.3)

And thus the coupling can be determined as a function of the renormalization scale at
lowest order as

αs(Q) = 2π
b0 ln( Q

ΛQCD )
, (2.4.4)

where the QCD scale ΛQCD is defined as

ln ΛQCD = lnµ+ π

β1αs(µ2) . (2.4.5)

It is important to note that the coupling decreases for large energy scales, while it
blows up for low energies, and thus QCD reproduces the experimental phenomena of
asymptotic freedom and infrared confinement. The methods of renormalization also applies
to QED (quantum electrodynamics), but there the situation is reversed. The electromagnetic
coupling decreases at low energies and becomes asymptotically large as the energy scale
increase.
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2.5 Parton distribution functions

An important consequence of asymptotic freedom is that quarks and gluons behave as free
particles for high enough scales. In practice this feature of QCD leads to the possibility to
apply perturbative calculations for scattering processes at high energy scales. Processes for
which αs < 1 are referred to as hard processes and can be treated with pQCD (perturbative
QCD). It is important to note that, for bound systems like the proton, the relevant energy
scales are of the order ΛQCD ≈ 200 MeV, and due to the infrared divergence of the strong
coupling, these processes can not be treated with pQCD. The very same problems arise in
other areas of particle physics, specifically those involving collision of hadrons, where the
main difficulty arises from the fact that hadrons are composite objects, and the probability
of finding a specific parton in a hadron is governed by non-pQCD.

Though the distribution of partons in hadrons can not be calculated from first principles
it is possible to factorize the cross section into parts that depend on different energy
scales[7, 11–14]. For instance the distribution of quarks within the protons (and other
hadrons/mesons) are governed by non-pQCD at an energy scale E ∼ ΛQCD and can not be
determined from first principles, the hard processes is characterized by a hard momentum
transfer scale t̂ ∼ Q2 and can be calculated by pQCD. From the property that the scales
are largely separated it is possible to introduce parton distribution functions (PDFs),
ff/A(x,Q2)dx, defined as the probability of finding a parton of type f within a hadron A,
having a longitudinal momentum fraction, x, of the original hadron, pParton = xPProton,
when probed at the momentum scale Q2.7 The hard process can be calculated from pQCD,
and can be represented as

σij→Y (qi(x1P1), qj(x2P2), Q2). (2.5.1)

Once the PDFs are know, the cross section for a given process can be calculated through
the convolution[9, 11, 13]

σh1h2→X =
∑
i,j

∫
dx1dx2fi/h1(x1, Q

2)fj/h2(x2, Q
2)σij→Y , (2.5.2)

where the sum is performed over both particles and anti-particles. In order to understand
equation (2.5.2) it is advantageous to think in terms of the different energy scales. The
hard process occurs under such a small time span that it can be considered but a snapshot
within the hadron. The probability of finding a specific parton within the hadron occur
on a much larger time scale and the two different processes are thus decoupled, making it
possible to factorize the cross section into a hard and soft part.

Using the factorization scheme above it is possible to calculate cross sections from
PDFs, but if the PDFs have to be measured for every energy scale it would hardly be
worth the effort to use them in calculations. Luckily the PDFs turns out to be universal,
meaning that if they are measured for one specific process, they will look exactly the same

7From now on the subscript parton, proton will be left out, and the convention that small p stands for
parton momentum and big P stands for total hadron momentum will be used.
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for all other processes. Furthermore, it is only required to measure the PDFs for a specific
energy scale Q2, the energy scale evolution of the PDFs are then governed by the DGLAP
equations[11, 13] that can be obtained from pQCD. This important fact implies that once
the PDFs are known for any process at a specific energy, it is possible to obtain them for
any other energy through the DGLAP evolution, thus enabling physicists to obtain PDFs
for an arbitrary process.

2.5.1 DGLAP equations

The DGLAP formalism concerns branching of particles from one into two. For instance
with higher and higher energy probes it is possible to see more of the electron and photon
cloud surrounding the electrons, and the evolution of the probability of finding a particle
around the electron is governed by the DGLAP formalism. In its simplest form the DGLAP
evolution equations take the form[11, 15]

dfa/A(x, µ2)
dlnµ2 =

∑
c

∫ 1

x

dξ

ξ
Pac(ξ, αs(µ2))fc/A(x/ξ, µ2). (2.5.3)

Described in equation (2.5.3) is a set of coupled differential equations, whose solution
results in the PDFs as a function of the scale µ2, often taken as the center of mass energy or
the transverse momentum scale. The DGLAP evolution equations describe how the PDFs
scale with µ2, and the functions Pac are know as the Altarelli-Parisi splitting functions
and are related to the probability of a particle a to branch into a particle c. The splitting
functions may be calculated with the help of pQCD as an expansion in the strong coupling
constant as[16]

Pac(ξ, αs) =
∞∑
n=1

(
αs
2π

)n
P (n−1)
ac (ξ). (2.5.4)

In effect the splitting functions resums colinear logarithms (particle emission colinear
to the original parton), and they are expressed in different orders of accuracy as: Leading
logarithmic order (LLO), next-to leading logarithmic order (NLLO) etc. At LLO the
splitting functions take the form[11]

Pq→q = 4
3

[
1 + z2

(1− z)+
+ 3

2δ(1− z)
]

Pq→g = 4
3

[
1 + (1− z)2

z

]

Pg→q = 1
2
[
z2 + (1− z)2

]
Pg→g = 6

[(1− z)
z

+ z

(1− z)+
+ z(1− z) +

(11
12 −

nf
18

)
δ(1− z)

]
For a pedagogical and comprehensive derivation of the LLO Altarelli-Parisi splitting functions
see [11].
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2.5.2 Rapidity

The main area of interest in this thesis is rapidity gaps between jets in dijet events. In this
section a short review of concepts of rapidity and light-cone variables are presented. Both
of these concepts are of grave importance for the rest of this thesis.

Consider two frames oriented along the beam collision axis, the quantity known as
rapidity is then defined as

tanh y =
p‖
E
, (2.5.5)

where E, p‖ are the particle energy and longitudinal momentum respectively. Through the
definition of hyperbolic tangent this relation can be inverted, yielding

y = 1
2 ln

E + p‖
E − p‖

. (2.5.6)

To see why rapidity is an interesting quantity, it is illustrating to define the hyperbolic
angle as

ψ = 1
2 ln 1 + v

1− v , (2.5.7)

where v is the boost velocity between two frames of reference. The importance of the
hyperbolic angle defined in equation (2.5.7) comes from the property that under 2 separate
boosts with hyperbolic angles ψ1, ψ2, the combined boost is given by ψ = ψ1 + ψ2[17].
Furthermore, for a boost along the collision axis the rapidity transforms as[18]

y → y′ = y + ψ. (2.5.8)

Rapidity as defined so far has many areas of application, but the full power of the
concept can only be realized after introducing the concept of the light-cone representation
of 4-vectors used in many areas of high energy physics. The light-cone representation for a
vector V µ is defined as[18] (assuming the collision axis lies colinear to the z axis)

V + = V 0 + V 3
√

2
, V − = V 0 − V 3

√
2

, V T = (V 1, V 2). (2.5.9)

Vectors expressed in the light-cone representation have a big advantage when combined with
the definitions of rapidity and hyperbolic angle. Consider a boost along the collision axis
with hyperbolic angle ψ, then the transformation law for the vector V µ in the light-cone
representation has the compact form

V ′+ = V +eψ, V ′− = V −e−ψ, V ′T = V T . (2.5.10)

It is possible to streamline the notation further by introducing the transverse mass,
m⊥ =

√
m2 + p2

⊥; the 4-momentum then takes the compact form

pµ =
(
m⊥√

2
ey,

m⊥√
2
e−y,pT

)
. (2.5.11)

Light-cone variables turn out to be extremely helpful in QCD calculations due to that
they introduce a compact notation and enables complicated expressions to be simplified
considerably by factorizing momenta in a nice manner ( see for instance [16]).
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2.6 Lund string hadronization model

It is well documented that scattering events involving partons creates a large number of
final state hadrons, both continuously distributed in rapidity and in the form of jets. From
the point of view of pQCD, hard processes are well understood, and using Feynman rules
derived from first principles it is possible to calculate scattering cross sections explicitly.
However, due to the running of the strong coupling, αs, perturbative calculations can not
be used reliably for energies below the perturbative scale Q0 ∼ 1GeV. This consequence
of QCD is most unfortunate since hadronization occur at low energy scales and thus is a
non-pQCD process. Due to being non-pQCD in nature, the hadronization procedure can
not be calculated from first principles, instead physicists of the 20th century had to come up
with various models in order to give a phenomenological description of hadronization[19, 20].

Due to the observation partons can only exist in bound color neutral states there can
be no free color charge. Quarks are then connected by a color field which takes the form
of a narrow color flux tube due to gluon self interaction. The string hadronization model
is based on the idea that qq̄ pairs can be created from the string energy, resulting in the
string spiting up into additional strings and the resulting quark pairs creating hadrons.

2.6.1 Background

One of the commonly used hadronization models is the Lund string model, developed at
Lund university in the late 70s. The string model is based on the observation that two
separated quarks seem to be linked with a string-like potential V (r) = κr, (κ ≈ 1GeV fm−1)
and the color force field lines seem to be compressed into tube-like regions with a transverse
size of the same order as hadrons (∼ 1fm)[20–22].

To get a more intuitive feeling for why the strong force has to be governed by a potential
that increases linearly with the distance, consider the argument given in [23].8 In the mid
20th century it was popular to work with Regge trajectories in order to explain scattering
amplitudes of mesons. It was experimentally found that the these trajectories followed the
angular momentum relation J = α(0)− n+ α′ŝ, where ŝ is the center of momentum energy
squared. Consider a model of mesons where the quarks within a meson rotate around each
other at relativistic speeds, both with the same momentum p. The energy of the system,
ignoring the field energy is

ŝ = (2p)2. (2.6.1)

If it is assumed that the quarks move in a circular orbit around a common mass center, the
centripetal force and angular momentum are given by

J = pr, (2.6.2)

F = pc

r/2 . (2.6.3)

8Only a short summary will be given here, for a more complete and comprehensive understanding see
[23].
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Combining these expressions yields the force

F = ŝ

2J = [α(0) = 0] = 1
2α′ . (2.6.4)

Thus for the case of J = α′ŝ a constant force is obtained, resulting in a potential, linear
in the separation. Hence Regge trajectories suggest a simple and naive model with two
rotating quarks connected by a linear potential. In bosonic string theory the Regge relation
for J is obtained, implying a deeper connection with string theory and QCD.9

(a)

Figure 2.2: Model of a meason in terms of two rotating quarks connected by a string-like
force.

2.6.2 String hadronization model

The strings are modeled as a 1+1 dimensional Lorentz covariant object with no transverse
excitations. In terms of a Hamiltonian the color force between a quark and an anti-quark
can be described as[21]

H = |p1|+ |p2|+ κ|x1 − x2|. (2.6.5)

In this model the particles always move at the speed of light and the string potential will
result in a ”yo-yo” oscillating motion, this typical oscillatory motion is illustrated in fig.2.3.

q q t

x

(a)

Figure 2.3: Yo-yo like motion of a quark and an anti-quark connected by a linear color
force. Gray lines parallel to the x axis represents the color force lines.

9This connection is natural, since string theory was originally constructed in order to explain the strong
interaction.
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The string hadronization model works by considering triplet color charges (3, 3) as the
most fundamental object. A gluon is represented by a pair of triplet and anti-triplet charges
and appears as kink on the string between two triplet charges. Since triplet charges are
the fundamental building block it is natural to consider a diquark to be in an anti-triplet
state and an anti-diquark to be in a triplet state.10 In practice this leads to strings only
stretching from a triplet to an anti-triplet charge, and the string thus having an octet
charge. However, there exist no reason why strings could not stretch from octet charges for
example (this would result in a higher string energy density) but this possibility have not
been properly investigated to this date.

Particle production is achieved by letting a qq pair be produced with no net momentum
at the same space-time point through quantum tunneling, only to then start moving away
from each other in the opposite directions with increasing momenta. It is important to
note that the string only have a longitudinal extension but no transverse extension, thus
transverse momenta can only be created via tunneling. An important aspect of the Lund
model is that it does not matter at which end of the string that starts to hadronize, i.e.
starting the hadronization at the q end of the string should be equivalent with starting at the
q end of the string. This requirement is known as left-right symmetry and put constraints
on the fragmentation function, f(z), where z is the light-cone momentum fraction.11 From
the requirement of left hand symmetry the symmetric fragmentation function is of the
form[24]

fαβ = Nαβ
1
z
zaα

(1− z
z

)aβ
exp

(
−bm

2
⊥
z

)
, (2.6.6)

where the indices α, β label the different flavors and the a, b are constants. The fragmentation
function in equation (2.6.6) describes the creation of quark pairs with zero transverse
momentum since the strings zero transverse extension. However, it is possible through
tunneling to create a quark pair with non-zero transverse momentum given that the created
quarks have opposite transverse momentum. The tunneling probability can be described by
quantum mechanics, and is given by [20–22]

P ∝ exp
(
−
πp2
⊥q
κ

)
exp

(
−
πm2

q

κ

)
. (2.6.7)

It can be seen from equation (2.6.7) that large mass quark production is exponentially
suppressed, thus according to the model most quark pairs resulting from string breaking
will belong to the u or d (anti)flavor, while the heavier quark flavors are highly suppressed.

The importance of hadronization becomes apparent only after a hard interaction has
occurred. It is at this stage where (according to the model) color flux tubes attach at two
oppositely charged partons, and subsequently the string breaks into a shower of hadrons.

10See appendix A.2 for more thorough discussion.
11The fraction z will depend on the partons that is hadronizing. So z will be the fraction of the remaning

light-cone momentum E ± pz, where it is + for a q jet and - for a q jet.
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2.6.3 Color flow

e−
e−

γ∗

rg

Figure 2.4: DIS scattering event where the colored gluon and quark lines represent the
color flow of the process. Strings then stretch between the original charges in the singlet
singlet systems.

To illustrate how strings are created and how color flows in a process, consider the situation
illustrated in fig.2.4. A DIS scattering event is illustrated in which each interaction with a
gluon transfers color resulting in this case in a net zero color exchange. This exchange results
in what is known as a soft rapidity gap, due to that there is a small momentum transfer over
the gap region. It is important to note that the valence quarks are in the 3 representation of
the SU(3)c, and thus the remains of the hadron belong in the 3 representation, illustrated
here as a bar over the color. The exchanged gluons belong to the adjoint 8 representation
and carry two types of color in the fig.2.4. The color charge is conserved at every vertex,
and after the hard process has occurred, color strings attach from each color to the relevant
anti-color as illustrated in fig.2.4. The strings then proceed to break into quarks as described
in equation (2.6.7). Scattering processes such as that of fig.2.4 are the main area of interest
in this thesis due to the fact that no net color is transferred from the initial scattering quark
and the quark pair, resulting in a rapidity gap.

2.7 Monte Carlo Methods

Monte Carlo methods offer a way to simulate QCD processes without doing any experiments,
and is thereby invaluable for researches. In this section an overview of the most important
Monte Carlo techniques used in Pythia is presented. For a more in depth introduction to
Monte Carlo methods see [25].

The foundation of Monte Carlo methods are techniques that takes advantage of the
inherent structure of random numbers. Applications of Monte Carlo methods range from
calculating π to usage in high energy event generators. Below follows a short review of the
properties of random numbers.
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2.7.1 Random numbers

Random numbers are numbers that can not be predicted in advance, but it is possible to
know their distribution. If the distribution of a random number x is know, the probability
of the random number to be found in an interval dx around x′ is

P (x′ < x < x′ + dx) = f(x′)dx, (2.7.1)

where f(x) is know as the probability density function. Knowing the probability density
function it is possible to define the expectation value and variance for a function g(x) as

E[g] =
∫
f(x)g(x)dx, (2.7.2)

V [g] = E[g − E[g]2], (2.7.3)

where the integration is performed over the range of x. It is very important for Monte
Carlo simulations to minimize the variance. This can be achieved by for instance choosing
a clever random number distribution or dividing the interval into several pieces.

There exists two crucial theorems for random numbers, namely the ”law of big numbers”
and the ”central limit theorem”

Theorem 1 (Law of big numbers) 1. Let X1, X2, ..., Xn be independent trials of a
random variable x, with finite expectation value µ = E[X], and finite variance V [X]. Let
Sn = X1 + ...Xn. Then for any ε > 0,
P
(
|Snn − µ| ≥ ε|

)
→ 0

as n→∞.

The law of big numbers simply implies that the average of a measurement converges
towards the expectation value as the number of measurements goes towards infinity.

Theorem 2 (Central limit theorem) 1. Let X1, X2, ..., Xn be independent trials of a
random variable x, with finite expectation value µ = E[X] and variance σ2. By the the law
of big numbers the average of the sample converges smoothly to the expectation value µ.
Given n→∞ the distribution Sn

n tends towards a normal distribution N(µ, σ2

n ) with mean
µ, and variance σ2

n .

The power of the central limit theorem is that given enough trials the resulting
distribution will tend towards a normal distribution as the number of trials tends toward
infinity, regardless of the actual distribution of each random variable trial.

2.7.2 Random number generator

One of the most important and researched areas in Monte Carlo methods is how to generate
random numbers. True random numbers are truly unpredictable and can only originate
from physical processes, for instance radioactive decays. Even though it is possible to create
a random generator source based on radioactive decay measurements, these techniques are
quite slow and limited in their usefulness.
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Instead of using true random numbers, it is common practice to use pseudo-random
numbers. Pseudo-random numbers are numbers created from a set mathematical formula
and attempts to mimic the properties of truly random numbers. The numbers have to be
such that anyone whom does not know the original formula can not distinguish a sequence
of pseudo-random numbers from true random numbers. Effectively pseudo-random numbers
appears random but are in fact deterministic.

A commonly used method to generate pseudo-random numbers is the multiplicative
congruential method. This method generates successive pseudo-random numbers via the
formula[25]

ri = ari−1 + b mod m, (2.7.4)

where a ,b and m are given integer values. The integer m is normally choosen as 2t, where
t is the number of bits. The maximum period for given m is ∼ m

4 which means that
the pseudo-random number series begin all over after maximum of m

4 numbers. By using
equation (2.7.4) it is possible to both use the same sequence of numbers over and over again
by choosing the same a b or choose a random sequence by choosing a ,b for instance using
the computer time, giving a more random series.

2.7.3 Event generator

Event generators such as Pythia and Herwig takes advantage of the properties of random
numbers in order to simulate a scattering event. This works by knowing all the probabilities
for processes to happen and then simply using a ”hit or miss” method to determine which
processes that occur. The main idea of Monte Carlo methods is not to describe every event
perfectly, but to provide a good statistical description of a physical process over many
number of events. This outcome is ensured by the law of Big numbers and the central limit
theorem, making event generators a powerful tool when the number of simulated events
gets large. A very important procedure of scattering processes in high-energy physics is
initial and final state showering of particles. That is, particles have the possibility to emit
additional particles before and after they interact in a hard process, creating more final
state particles.

2.8 Initial and final state showering

Consider a standard QCD collision, the process is factorized into a part that occurs on
a hard scale where the matrix elements can be obtained explicitly; the soft part of the
process concern the quark distributions and occur on a soft scale, thus it has to be fitted
against data. This picture is far from complete however, and in order to obtain a correct
description of nature it is necessary to include corrections arising from particle branching of
the initial and final state partons.

Particle showering can be viewed as a sequence of 1→ 2 pertrubative processes, where
each ”daughter” is allowed to branch, thus creating a tree like structure of showered particles.
Branching of each particle is repeated until the particle reaches a transverse momentum
cutoff Q2

0 ≈ 1GeV[26], at which point the showering procedure is terminated. Iterative

16



processes, such as these, are well suited for implementing into Monte-Carlo generators due
to their streamlined procedure described below.

The probability of a particle to branch can be described by DGLAP splitting functions,
in which the differential probability for a particle, a, to branch via a→ bc12 is described
by[11, 15, 26]

dPa =
∑
b,c

αabc
2π Pa→bc(z)dtdz, (2.8.1)

where the sum run over all possible branches, and t is defined as dt = dQ2

Q2 , and the LLO
splitting functions, Pa→bc, are defined in section 2.5.1.13 The momentum scale variable
t can be seen as a sort of time for the particles in analogy with nuclear physics decays.
It is important to note that the variable t decreases as the shower evolves away from the
hard scattering point, and that every specific branching occurs at some fixed t value. The
probability of a parton, a, to branch in some small interval δt can naively be thought of as

dPa(t) =
∑
a,b

∫ z+

z−

αabc
2π Pbc←adzdt = f(t)dt, (2.8.2)

where z+, z− are the kinematically allowed ranges for the momentum fraction z, and f(t)
is the probability density function for the particle to branch at a specific t. It is also
possible to define the cumulative probability distribution function Fa(t, t0) = 1− PA(t, t0)
as the probability of the particle to not branch before a specific t, when starting at some
momentum scale t0.[11, 26]

From the definition of the cumulative probability function it is straightforward to obtain
the probability of a branch to occur at some specific t. Namely that it is not allowed to
branch in the interval t > t′ > t0, but it have to branch at the specific t. The probability
for the particle to branch at t is thus

p(t) = dPa
dt

(t0, t) = d (1−Fa)
dt

(t0, t) = f(t)Fa(t0, t). (2.8.3)

It is straightforward to solve equation (2.8.3), and the solution obtained yields

p(t) = dPa
dt

(t0, t) = f(t) exp
(
−
∫ t

t0
f(t′)dt′

)
︸ ︷︷ ︸

Sudakov form factor

. (2.8.4)

The exponent known as the Sudakov form factor represents that a particle can not branch
more than once, this is in complete analogy with radioactive decay, where a particle can not
decay once it has already decayed.14 Given the Sudakov factor, the branching procedure

12In this process b takes a momentum fraction z of a, and c thus takes the remaining momentum fraction
z − 1.

13In order to allow the partons (and leptons) to branch into photons and other leptons, the additional
splitting functions Pq,l→q,lγ = e2

q,l
1+z2

1−z have to be included. The index abc indicates the different interaction
couplings.

14In the case of radioactive decay f(t) would simply be equal to the decay constant λ.
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can be performed in a Monte-Carlo implementation by starting at some t set by the hard
process, and branch iteratively until the transverse momentum cutoff, Q2

0 is reached.
The iterative process proceeds by using random numbers distributed according to the

Sudakov form factor, and then for each branch the transverse momentum scale is decreased
to a new scale. Each time a particle branches, the splitting functions are used to determine
the specific branch that occurred.

Particle showers are especially important in the study of rapidity gap since strings form
for every particle that carry color, thus introducing additional ways for strings to stretch
over the gap region.
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Chapter 3

BFKL equation

3.1 Introduction

This chapter will deal with the properties of a two-gluon exchange, with the combination of
the gluons being in the singlet representation. This is to ensure that the gluons does not
transfer any color. The chapter will begin with a quick overview of diffractive scattering
and then provide a short overview of the relevant group theory. The remaining part of the
chapter will deal with the BFKL equation[27–30] explicitly, and present the solution for the
simplest case.

3.2 Diffractive scattering

Diffractive scattering processes are processes in which two protons interact but the protons
keep most of their original momentum. The three main types of diffractive scatterings are
illustrated in fig.3.1.

(a) Ellastic scattering in
which both protons are
intact after the scattering
process.

(b) Single diffractive scattering
in which one of the protons
are dissolved into a small mass
system, while the other proton
remain intact.

(c) Dobule diffractive scatter-
ing in which both protons dis-
solve into small mass system
after the scattering process.

Figure 3.1: Diffractive scattering types for two protons.

The exchange between the proton is an object usually described as a pomeron, and
carries the same quantum numbers as the vacuum. The BFKL equation describes the
exchange between two partons, and does not concern the whole diffractive scattering per
say, but the remains of the protons will play a big role for the formation of gaps.

– 1 –



3.3 SU(3) Representations

In this thesis the irreducible representations of the SU(3) are of particular interest, especially
the singlet representation of the 8⊗8 gluon gluon combination, since this gives a process with
no net color exchange. In this section the most essential material concerning representations
and in particular the irreducible representations will be presented. Furthermore, projection
operators and Clebsch-Gordan decomposition will be discussed with help of Young-tableaux.

At the most fundamental level1 the only fundamental particles in nature that carry
color charge are the (anti)quarks and the gluons. The (anti)quarks exist in the fundamental
(3)3 representation of SU(3), while the gluons exist in the adjoint 8 representation.

In analogy with usual spin combination from quantum-mechanics, it is possible to
combine fundamental color representations into new (not necessarily irreducible) represen-
tations. The decomposition into irreducible representations is most easily represented by a
CG decomposition, analogous to the combination of spin.

3.3.1 Color Projection Operators

In appendix A.1 the CG series for combination of two gluons is discussed, and it is shown
that this combination contains a singlet irreducible representation. In order to calculate
scattering amplitudes in QCD, it is advantageous (and standard) to use color flow Feynman
rules. When considering a QCD scattering, the resulting amplitude contains kinematic
terms and color factors resulting from the structure of the SU(3)C group. For many cases
it is favorable to sum over all possible color combinations, however if it is desirable to
investigate a specific color state, it is necessary to introduce color projection operators
to project out a specific color state.2 Using color projection operators it is possible to
decompose an amplitude into its individual color representations via[16, 31, 32]

Aaȧ
bḃ

=
∑
T

P aȧ
bḃ

(T )AT , (3.3.1)

where AT are color neutral amplitudes, and the color projection operators, P (T ) satisfy

P aȧ
bḃ

(T )P bḃcċ (T ′) = P aȧcċ (T ′)δTT ′ . (3.3.2)

For the case of 8⊗ 8, only the projection operators onto the singlet and the anti-symmetric
8 (8A) state will be of interest, since for the case of a BFKL ladder no other color state
contribute[16]. The singlet and 8A projection operators are given by

P aȧ
bḃ

(1) = 1
N2
c − 1δ

aȧδbḃ, (3.3.3)

P aȧ
bḃ

(8) = 1
Nc
facȧf bcḃ. (3.3.4)

1As of right now, quarks might very well be made up of more fundamental objects. Maybe string theory
will provide a more fundamental description of quarks in terms of vibration modes on strings[23].

2Analogous to specific color state, is the case when specific helicity states are of interest, which in the
massless QCD limit gives rise to the extremely important method of helicity amplitudes.
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It should be noted that color projection operators are closely related to the SU(3) CG
coefficients, analogous to the quantum mechanics case of spin combination (see [33]), and
for a diagrammatic derivation of the octet and singlet projection operators see appendix
A.3. Using the projection operators defined in equation (3.3.3) it is possible to single out
the singlet and octet (8A) states from the BFKL scattering amplitude (see section 3.4), and
investigate contributions to the scattering amplitude from both separately.3

3.4 The BFKL equation and the pomeron

Most relevant to this thesis is the phenomena known as rapidity gaps, these kinds of events
can be described by considering exchange of color singlet objects. As a starting point it is
instructive to consider the process of two quarks scattering, exchanging a gluon between
them. Since gluons are gauge bosons they belong to the adjoint octet representation of
SU(3)C , and thus carry color, resulting in a color exchange between the quarks. However a
two gluon exchange have a possibility to transfer no net color between the partons. Thus
the group properties of the gluons are very important when considering singlet scattering.

3.4.1 Double gluon exchange

Since the hadrons originally are color singlets, the gluon color exchange will result in a
color flow between the interacting quarks, and if one thinks in term of the Lund string
model (see section 2.6), color strings connect between the final state quarks. These strings
subsequently break up and result in a final state of hadrons distributed in the full rapidity
range. This property of the strings will be important if a string stretches over a potential
gap, since the gap will potentially be destroyed when the string hadronize. Illustrated in
fig.3.2 are two typical quark-quark scattering processes, where in (a) the quarks exchange
color and strings form over a potential gap. Whereas in (b) the exchange of an extra gluon
results in no net color flow, and the strings stretches such that there exist an area with no
final state particles i.e. a gap is formed.

3See appendix A.3 for a derivation of the projection operators.
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br

(a) Single gluon exchange between two quarks, resulting
in a net color flow and no rapidity gap.

br

(b) Double gluon exchange between two quarks, result-
ing in no net color flow, and the creation of a rapidity
gap.

Figure 3.2: Two different gluon exchange processes, where one results in a rapidity gap(b),
and the other does not(a).

In this thesis a rapidity gap will be defined as two final state jets having a separation
in rapidity where there exist a region in rapidity between these jets with no particles.4
Thus in order for a rapidity gap to form, there must be a region in phase space with no
color strings. It is then reasonable to expect color singlet exchange events to be a likely
candidate to explain the source for rapidity gap events since these events are characterized
by no net color flow across the interacting partons.

The color singlet exchange property of the double gluon exchange is not surprising
since the CG decomposition of the combination of two gluons yields (see appendix A.1)

8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 10⊕ 27. (3.4.1)

Note that the CG decomposition contain a color singlet representation. Thus if two gluons
are exchanged there is a possibility that the interaction have no net color flow between the
two scattering quarks, resulting in no color strings form between them (see figure.3.2(b)).

3.4.2 BFKL ladder

In order to study the process of a color-singlet exchange further it is useful to investigate
the most relevant part of the exchange, that is to focus only on the gluon exchange part,
and for the moment ignore the hadron remains.

4When analyzing the LHC data from CMS, this definition will be relaxed to only include charged particles
with ET > 0.2GeV .
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Figure 3.3: Two gluon exchange.

The exchange illustrated in fig.3.3 describes a two gluon exchange. However if the
kinematic region is right it is possible for the gluons to exchange intermediate gluons
between themselves, still preserving color, but resulting in a gluon ladder.

The idea of an intermediate gluon ladder between the two main gluons results in the
the BFKL equation. This equation describes the amplitude for a double gluon exchange
with a gluon ladder with an arbitrary number of intermediate exchanges. A typical gluon
ladder is illustrated in fig.3.4.

Figure 3.4: Two quarks interacting through a net two gluon exchange, the main gluons
themselves interact through multiple gluon exchanges forming a gluon ladder.
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3.4.3 Kinematics

The BFKL equation only works in a certain kinematic region known as the multi-regge
kinematic region. The requirement is that the momentum transfer, t̂, has to be much smaller
than the energy, ŝ. The rapidity difference between the two quarks (or other partons) can
then be written as ∆y = ln

(
− ŝ
t̂

)
. The multi-regge region for the case of n− 1 intermediate

gluons is

∆y � 1 (3.4.2)
y0 � y1 � ...� yn+1, (3.4.3)
ki ⊥ ' k⊥. (3.4.4)

The muti-regge kinematic region amounts to that all gluon exchanges have to be strongly
ordered in rapidity and that they should have comparable transverse momenta. In this
kinematic region the calculation of the scattering amplitude over all combinations of gluon
ladder exchanges, results in the BFKL equation.

The calculation of this amplitude gets considerably more practical if a Sudakov decom-
position for the i:th gluon momentum is performed

kµi = ρip
µ
0 + λip

µ
n+1 + kmi⊥u, (3.4.5)

where pµ0 and pµn+1 are the outermost gluon lightcone momenta. The multi-regge limit then
simply translates into

ρ1 � ...ρn+1, (3.4.6)
λ1 � ...λn+1. (3.4.7)

The power of these limits can be seen when the relevant scattering amplitudes are considered.
Normally gluon self interaction vertices are quite complicated to work with, but the Sudakov
decomposition onto light-cone vectors provides a way to discard most of the terms, resulting
in a simplified version of Feynman rules called Eikonal Feynman rules.

In order to obtain the amplitude it is advantageous to use dispersion relations, namely
the Cutkosky cutting rules can be used to relate the phase space integral of the cut BFKL
ladder amplitude to the imaginary part of the amplitude. Once the imaginary part of the
scattering amplitude is known the total amplitude can be obtained by using the relation

A = 1
π

ln
(
ŝ

t̂

)
Im(A). (3.4.8)

3.4.4 The BFKL equation

The BFKL equation can be written in more than one way, here it is written in terms of
partial waves as5

[l − 1− α(t̂1)− α(t̂′1)]f l(q1, k, t̂) = (3.4.9)

(2π)2δ2(q1 − k)− 2αsNc

∫
d2q2⊥
(2π)2

K (q1, q2)
q2

2⊥(q − q2)2
⊥
f l(q2, k, t̂), (3.4.10)

5For two excellent introductions to the BFKL formalism see [7, 16].
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where t̂i = −q2
i⊥, t̂

′
i = −(q − qi)2

⊥ and the BFKL kernel, K , and the virtual correction α

can be written as[7]

K (qi, qi+1) = q2
⊥ −

(q − qi)2
⊥q

2
i+1⊥ + (q − qi+1)2

⊥q
2
i⊥

(qi − q)i+1⊥
, (3.4.11)

α(t̂) = αsNct̂

∫
d2k⊥
(2π)2

1
k2
⊥(q − k)2

⊥
. (3.4.12)

The variables t̂i, defined above, represents the momentum transferred between the gluons,
and are related to the global momentum transfer q. The BFKL kernel, K follows from
gluon emission vertices, while the α factor arises in loop corrections.

The solution to the BFKL integral equation for a color singlet exchange with no net
momentum exchange directly relates to the scattering amplitude, A, for an arbitrarily large
gluon ladder, via the expression[16]

DiscA(ŝ, t̂) =
∫

dl

2πie
lyFl(t̂), (3.4.13)

where the BFKL laplace transform F can be written in terms of f l as6

fl(q1, t̂) =
∫
d2k⊥
(2π)2 f l(q1, k, t̂), (3.4.14)

Fl = 16 ik2
⊥α

2
sN

2
c

∫
d2ka⊥d

2kb⊥
1

ka⊥kb⊥
fl(ka, kb). (3.4.15)

The solution to the BFKL equation for a color singlet exchange with zero momentum
transfer, t̂, can be written in terms of a fourier series as

fl(q1, k) = 1
(2π)2

1
(k2
⊥q

2
1⊥)1/2

∞∑
n=−∞

∫ ∞
−∞

dν
1

l − 1− ω(ν, n)e
iν(λ1−λ)eın(φ1−φ), (3.4.16)

ω(ν, n) = −2αsNc

π
Re

[
ψ

( |n|+ 1
2 + iν

)
− ψ(1)

]
, (3.4.17)

where λ1 − λ = ln q2
1
k2 , ψ is the derivative of the gamma function, and φ1 − φ is the angle

between k⊥ and q1⊥[16]. It should be noted that a common representation of the the BFKL
equation above is in terms of an Mellin transformation, and instead of performing a Laplace
transform of the solution, an inverse Mellin transform has to be performed in order to
obtain the scattering amplitude[7]. These two representations are however equivalent and
closely related.

The solution to the BFKL equation for nonzero momentum transfer (q 6= 0), was
provided by Liapotov in 1986, 8 years after the zero momentum transfer equation was
solved. It is worth mentioning that the BFKL formalism has a larger area of application

6The solution to the BFKL equation for a color octet exchange turns out to be considerably eas-
ier than a color singlet exchange. The amplitude can be written in closed form as Aoct(ŝ, t̂) =

4πNcαs πα(t̂)
sinπα(t̂)

(
1 + eiπα(t̂)

)(
ŝ
−t̂

)αt̂
.
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than the calculation of scattering amplitudes, of particular importance is its applications to
evolution of the PDFs for small parton momentum fractions x[7].

The summation index n in the equations above is known as conformal spin, and for
situations where the rapidity difference, ∆y, is large it is often a good approximation to
ignore all but the n = 0 term, resulting in an expression where the amplitude can be
calculated explicitly[6].

The BFKL formalism can be further generalized for interactions other than quark-
quark scattering, by decomposing the amplitude into a pure BFKL part, and describing the
coupling of the interacting partons by impact factors, as is illustrated in fig.3.5.

Φaa′

Φbb′

BFKL

Figure 3.5: Decomposition of a general allowed interaction into couplings with the
interacting partons to the gluons, and a part described by the BFKL equation.

Using the decomposition schematically shown in figure.3.5 it is possible to describe the
scattering of qq, q̄q̄ and gg via a BFKL ladder exchange.
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Chapter 4

Soft QCD phenomena

The previous chapter dealt with the formation of rapidity gaps through a generalized two
gluon exchange. This chapter will be concerned with soft QCD phenomena that contribute
to the destruction of gaps, thus lowering the rate of gaps observed.

4.1 Soft color interaction

A general QCD scattering process is broken up into several pieces, the hard process is
normally considered separately and is calculated by using exact matrix elements. It is in
principle possible to implement parton showering by calculating exact matrix elements,
however, this approach runs into trouble due to the rapidly increasing number of diagrams as
more particles are emitted. Instead a commonly used method to describe particle showering
is based on the Altarelli-Parisi splitting functions in a Monte Carlo implementation (see
section 2.5.1).

The common denominator for these methods is that they are based on perturbative
calculations and as such they are only valid in specific energy regimes (E > ΛQCD).
Nevertheless, as the size of the strong coupling increases at low energies, there will be a
substantial amount of soft interactions that can not be treated by pQCD. Soft interactions
might still have a substantial effect on the final state configuration of the process.

Processes that occur on an energy scale below the cutoff (< Q2
0) are non-pQCD in nature,

but it is still possible to construct phenomenological models describing these phenomenas.
Processes at these low energy scales can be understood intuitively by considering the length
and time scales on which these processes occur, i.e. using standard quantum mechanics[33]

L ∼ 1
pT
, (4.1.1)

t ∼ 1
pT
. (4.1.2)

Since the energy scale of the hard process is typically much greater than the typical
hadron scale, it is reasonable to consider the hard process as but a snapshot inside the
proton, occurring on a length scale that is considerably smaller than the typical length
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scale of the proton.1 The observation that the hard process occurs within the proton have
profound consequences since after a hard process has occurred, the emerging particles have
to propagate through the remains of the proton. In other words, the hard interactions can
be thought of as being embedded in the proton color field. Thus the final state partons
have to propagate through the background proton color field before hadronzing. It is then
reasonable to consider the possibility that soft interaction might occur between the final
state partons and the proton remains as the particles propagate through the proton color
field, these interactions would transfer negligible momenta but can change the final state
color topology. This situation is illustrated in fig.4.1, where the partons emerging from the
hard process interact with the background proton color field.

Figure 4.1: Hard process seen as occuring within the proton, the resulting hard patrons
then have to propagate through the background proton color field.

Arguments such as those above lead to the soft color interaction model (SCI). The
main assumption of the phenomenological SCI model is that soft color interactions have
a small momentum transfer, below the kinematic region where pQCD is applicable. The
soft interactions do not have a significant effect on the final state momentum configuration.
However it is possible that the color topology will change through soft color interactions
with the final state partons, thus leading to a different string topology. Since this model
only comes into play at non-pQCD scales, it is reasonable to consider the strong coupling
αS as large, and the soft interactions can be thought of as only consisting of non-pQCD
gluons that change the parton color configuration.2

An illustration of a typical SCI color reconfiguration can be seen in fig.4.2(a), where
a final state with a gap results in a non-gap event after color re-connections through soft
color interaction. An example of this interaction, shown with the explicit gluon exchange,
is illustrated in figure.4.2(b), where initially the a two gluon exchange with no net color
flow have occurred, but following the soft exchange the potential gap is destroyed.

1The typical proton energy scale is Lproton ∼ 1
ΛQCD

∼ 1fm.
2Gluons will be the vessel of soft color interaction due to that the gluon PDF dominate at small momentum

transfers x, and also due to that the gluon propagator will dominate over quark propagators due to the low
momentum scale.
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(a)

br

(b)

Figure 4.2: Change of string configuration resulting from soft color exchange: (a) initial
string configuration, (b) string reconfiguration after soft color interaction

The phenomenological SCI model occurs on a non-pQCD energy scale, and as such it
can not be derived from first principles. Instead lacking proper understanding of non-pQCD
dynamics, it is reasonable to introduce a single phenomenological parameter, P , that
measures the probability of two partons to interact through SCI, with the condition that
one of the partons should belong to the proton remnants to represent the remnant proton
color field. Since SCI is a non-pQCD model the phenomenological parameter P can not
be calculated from first principles, but has to be fitted against experimental data. The
exchange probability, P , may be fitted against data in one process, and can then be used in
a completely different processes.3 The exchange probability, P , is directly related to the
likelihood of the partons making a soft color interaction, thus directly encoding into the
model that the number of soft color interactions vary from event to event.

Initially the SCI model was constructed in order to obtain a better understanding of
DIS rapidity gap events observed at the HERA accelerator[4, 34, 35]. Furthermore, the gap
event fraction was rather large (∼ 10%) with large ranges in rapidity with no final state
particles. It was possible to explain these events in terms of a color singlet exchange in a
Regge framework describing diffraction interactions[36]. In the case of DIS SCI create gaps
where there were none from the beginning, in contrast the SCI is responsible for destroying
gaps (usually soft gaps) in diffractive scattering. In this framework the diffraction events
are described by the exchange of a pomeron by introducing a PDF, P, for the pomeron
and a model for the pomeron interaction. However, there is no grand understanding of the
pomeron itself or its interaction mechanisms. Subsequently the SCI model was proposed
and implemented in the ep simulator LEPTO, and succeeded in describing the HERA data
without using pomeron phenomenology[4, 34]. In this setting the model created gaps rather
than destroying them. In the case of diffractive scattering with a color singlet exchange
the SCI model will destroy potential rapidity gaps, decreasing the overall amount of gaps
observed.

This method was applied in pp collisions at the Tevatron collider[37]. It was possible
to describe the amount of rapidity gaps by considering color singlet exchanges governed by

3For instance the SCI strength, P , may be determined from DIS and can then be used in soft diffractive
scatterings.
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the BFKL formalism (see section 3.4)[38, 39]. The BFKL dynamics succeeded in providing
a good description for these events, except that it predicts too many gaps for an adequate
explanation. In order to provide the correct predictions it was necessary to introduce a gap
survival probability, S, that was fitted against data, and was used in combination with the
BFKL description.

Although the introduction of the gap survival probability provided a good description
for the formation of gaps at the Tevatron, it still relied on introducing a parameter that
had to be fitted against data. An alternative approach is to not introduce the gap survival
probability at all, but instead use the SCI model in combination with the BFKL formalism
to obtain a more ”fundamental” explanation of rapidity gaps at the Tevatron.

4.1.1 Implementation

A simple model of SCI can be implemented in a Monte Carlo event generator by looping
through all final state patrons and introducing an exchange probability, P , for switching
the color labels between partons. In order to give a rough estimate of how many gaps that
will be destroyed by SCI it is necessary to introduce a couple of approximations. First
assume the system start with a gap and there is just one remaining parton in each hadron
remain on each side of the gap. The simplest model then allows each hadron remain to have
the possibility to swap color pointers with each parton, with a given probability P . For a
given amount of final state particles, n, it is assumed that half of the particles is distributed
in the above the gap, and half is distributed in below the gap. Start by considering all
the exchanges from the ”top” hadron remain parton to the partons below the gap, since
only exchanges over the gap region may destroy gap. The probability of the gap to not be
destroyed may schematically be written as

Pgap = Pno exchange + PexchangePsave + ... (4.1.3)

For simplicity it will be assumed that all higher corrections are negligible compared to the
first two terms, which represents the possibilities of no exchange over gap region to be made
and the possibility for an exchange to be made, but another exchange is performed such that
it undoes the first one. The probability for no exchange is simply Pno exchange = (1− P )n2 .

For the PexchangePsave term the gap first has to be destroyed and then restored. Thus
assuming that the gap is destroyed at the i:th switch, and that the gap is restored at the
j:th switch.4. The probability can then be written as

PexchangePsave =
n
2−1∑

i=1,j>i
P (1− P )i−1︸ ︷︷ ︸

Destroy gap at i:th switch

P
1
n︸︷︷︸

save gap at j:th switch

(1− P )
n
2−j︸ ︷︷ ︸

Do not destroy the gap after save

,

(4.1.4)

where it was assumed that all partons were distributed completely random, so that the
probability of finding a specific parton is 1

n . This will of course only give an average, but for
many events this simple combinatorical expression should serve as a good approximation.

4From the symmetry of the problem it can be seen that exactly one switch will restore the gap.
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Higher order saves and switches from the other remnant can be considered completely
analogous.

Expression 4.1.4 can be generalized to include higher order corrections if n is big enough.
Defining for convenience

m ≡ n

2 ,

A ≡ (1− P ), (4.1.5)

the probability to end up with a gap can be written as

Pgap = (1− P )
n
2

1 +
(
P 2

2n

)
(1− P )

n
2∑

i,j=0
(1− P )i−j + ...


= exp

[(
P 2

4m

)
A2
(

1−A2m

1− P 2

)]
+ (Am − 1). (4.1.6)

This expression resums contributions to the probability at all orders, and the approxi-
mation only applies when the number of final state particles, n, is reasonably large.5 Note
that the higher order terms will have the same schematic form, and the exponential form
follows from over-counting for each term. I.e. the the i:th term comes with an 1

n! , resulting
in an exponential series, as can be checked explicitly.6 The probability to destroy a gap is
given by the complement to Pgap, i.e Pno gap = 1− Pgap. Note that in this context Pgap can
be interpreted as a gap survival probability for the switches of one remnant.

(a) (b)

Figure 4.3: The probability to destroy a gap after SCI with the remnant of one side of
the gap. In (a) the dependence is shown for some small exchange probabilities, P . In
(b) the gap destruction probability is zoomed in and the dependence for large exchange
probabilities are shown.

5The (Am − 1) term in equation 4.1.6 is used to replace the lowest order exponential term, 1, with Am.
6Note that the resummation fails when more gaps are saved/killed than there are final state particles,

however, it can be assumed that the relevant contributions for these cases are small if n is large enough.
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The shape of Pno gap is illustrated figure.4.3 for various exchange probabilities P .7 Note
that the destruction probability increases rapidly as the exchange probability increases, and
converges towards unity as expected.

4.2 Alternative implementation

The SCI model described so far in this chapter concerns the possibility of the individual
color charges to exchange color. There is however more than one way to implement different
SCI class models. An alternative and a particulary interesting variation of the standard
SCI model is to allow for each color singlet subsystem (each string) a chance to exchange
color. This variation is interesting since the number of color switches increase slower when
the number of partons increase, as compared to the standard implementation. However, in
light of this new model the switch probability, P , has to be increased to compensate for
the lower amount of possible switches. The estimate of the probability for a gap to survive
(equation (4.1.6)) may still be used, but it is important to keep in mind that the number of
particles parameterized by n has to be re-scaled with a factor of two.

4.3 Multiple parton interactions

In a given hadron collision the most interesting aspect is usually the hard interaction. It
is important to remember that hadrons are composite objects, and as such, there will be
remnants of the hadrons ensuing the hard interaction.

With this in mind, it is reasonable to consider the possibility of interactions between
the proton remnants. Furthermore, these events might involve several pairs of partons that
might partake in scatterings ranging from hard to soft. Multiple parton interactions (MPI)
of the partons contribute to the underlying event structure of the hadron-hadron scattering
and will as a result effect the final state multiplicity and structure. Before discussing these
events further it is important to note that MPIs are of great importance for rapidity gap
studies, they result in additional particles that might destroy a potential gap from the hard
scattering they may create particles in the gap region and coupled with the fact that MPIs
also may have a big impact on the final state color topology.

4.3.1 Model

MPIs might be modeled as a sequence of QCD 2→ 2 scatterings occurring simultaneous
to the hard scattering. However important in a Monte-Carlo implementation is the fact
that events have to be considered in a particular order. This is often achived by considering
hard scatterings first, and moving on to softer phenomena afterwards[26, 40]. The QCD
2 → 2 differential cross section as a function of the transverse momentum scale, p2

⊥, is
given by[26]

dσ2→2
dp2
⊥

=
∑
ijk

∫
dx1

∫
dx2

∫
dt̂fi(x1, Q

2)fj(x2, Q
2)dσ̂ij

dt̂
σ

(
p2
⊥ −

t̂û

ŝ

)
. (4.3.1)

7Note that this is only meant to roughly illustrate the properties of the SCI model, and is not used in
simulations.
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Due to that the propagator in the t̂ channel will dominate for low p⊥, the propagator will
go on-shell and the cross section above will diverge as[26, 40]

dσ ∼ 1
p2
⊥
. (4.3.2)

In the light of the divergence of the differential cross section in equation (4.3.1) it follows
that the parton-parton cross section gets bigger than the total hadron-hadron cross section
(and break unitarity).

Figure 4.4: Example of a MPI in a proton-proton scattering event.

Even though the divergence of the cross section is nonphysical, it is possible to reinterpret
the meaning of the divergence of σhard as that the number of parton-parton scattering
events diverge for low transverse momenta, or in other words, that each hadron-hadron
collision contains several parton-parton cross sections. The divergence can be tamed by
introducing a cutoff momentum scale pmin[26]. The cross-section is thus only defined above
this scale as

σhard(p⊥min) =
∫ s/4

p⊥min

dσ2→2
dp2
⊥
dp2
⊥, (4.3.3)

The average number of parton-parton scattering is then the ratio of σhard to the inelastic
hadron-hadron cross section σtot[26, 40]. Working under the assumption that each parton-
parton scattering takes place independently of the others, the number of MPIs for a given
p⊥min is described by a Poisson distribution with an average number of events described by

〈n〉 (p⊥min) = σhard(p⊥min)
σtot

. (4.3.4)

In this form the limit of p⊥min → 0 is interpreted as that the number of parton-parton
interactions diverge not the overall cross section. Additionally, it is forbidden for the MPIs
to use more than the available energy, thus limiting the number of MPIs. The transverse
momentum cutoff can be interpreted in terms of color screening for low p⊥ interactions.
A process with transverse momentum p, occurs on a spatial scale of ∼ 1

pT
, it is then

reasonable to expect that the relevant length scale becomes too large to resolve the inner
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color structure of the constituents. Thus low transverse momentum partons only see a
color singlet state, and can thus not interact. The color screening effectively decreases the
value of the strong coupling, αs, so that it tends to zero, this is encoded in the transverse
momentum cutoff for which interactions with lower p⊥ will vanish.8 The optimal value of
p⊥min has to be determined from experimental data, and it will depend on both the PDFs
used and the collision energy since the parton-parton cross section depend on the PDFs
used (see equation (4.3.1)).

8The transverse momentum cutoff can be implemented both as an abrupt cutoff, or as a smoother
transition.
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Chapter 5

Method

For the better half of the last century the comparisons of data with theory in QCD physics
has been preformed with the help of Monte Carlo event generators such as Herwig and
Pythia. The work in this thesis is no exception, and the predictions and tests of the models
outlined in this thesis are implemented in the event generator Pythia 6.4[26], which is
subsequently used to study the validity of both the BFKL equation and the SCI model.
The code used for both simulation and analysis can be found in the appendix.

5.1 BFKL equation

The BFKL equation (see section 3.4) has in the past been solved by the leading conformal
spin approximation, also known as the Mueller-Tang approximation[6].1 This approximation
is however generally not valid, since other conformal spins contribution may significantly
affect the solution.

An alternative approach is to disregard the fourier solution and focus on a numerical
solution of the equation. This has been done in [42], where the result is tabulated and
translated into Pythia by the plugin HARDCOL[41, 42]. Unfortunately the numerical
solution is not tabulated for the entire phase space, and for high pt collisions the cross
section is taken as constant, corresponding to the highest tabulated pT value. It is important
to note that this limitation only affects the high pt collisions, while the effect on the low pt
collisions can be neglected. It should also be kept in mind that the absolute normalization
of the BFKL cross section is uncertain. Making the distribution of the gap ratios more
important than the absolute normalization.

5.2 Soft color interaction

The implementation of the SCI model is hard coded into Pythia by allowing for color
switches after parton showering and MPI but before hadronization. Several SCI models
have been compared in this thesis, and while the implementation of these models are similar
there exist key differences depending on the specific model.

1The leading conformal spin approximation only keeps the n = 0 term of the fourier soultion.
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5.3 Gap ratio

The gap ratio is defined as the ratio of the gap cross section to the no-gap cross section.
It is worth noting that gaps may arise from both background QCD processes and BFKL
processes. It is however observed that the QCD processes only contribute to ∼ 1% of all
gaps, and can be neglected without a large loss of accuracy.2 With these considerations in
mind the gap ratio may be calculated as

R = σBFKL-gap + σQCD-gap
σBFKL-nogap + σQCD-nogap

(5.3.1)

≈ σBFKL-gap
σQCD-nogap

. (5.3.2)

Both the QCD and the BFKL cross section are estimated using Pythia, and the kinematic
cuts described in section 6.1 are subsequently implemented in Matlab[43].

5.4 Initial and final showering

The showering of partons is modeled by DGLAP as described in section 2.5.1. The showering
of partons proceeds until a energy scale Qmin = 1GeV, at which the showering is terminated.

5.5 Multiple parton interaction

MPI can be implemented to various degrees of accuracy and in Pythia the most elaborate
implementation may be turned on by the switch MSTP(84)=4. From the implementation it
can be seen the the ”overlap” of the colliding hadrons saturate quite quickly and for higher
pt collisions the amount of MPI will change slowly.

5.6 Jet finding algorithm

A typical QCD process tends to involve the observation of jets. Experimentally jets are
identified by employing so called jet finding algorithms. In this thesis the iterative cone
algorithm has been used. This particular algorithm works by finding the most energetic
particle in the event, and put a cone of radius R around this seed particle.3 The momentum
of every particle within this cone are summed up, if the jet is accepted all particles belonging
to this jet will be removed from further consideration, and the process repeats.

5.7 Simulations

Due to that processes at higher pt has a lower cross section it can be hard to obtain sufficient
statistics at these areas of phase space if the entire phase space is simulated at the same time.

2This result is expected from theory since background processes result in color transfer between the
interacting partons. This is the same reason why BFKL exchanges were of particular interest. Since these
processes only involve color single exchanges.

3∆Rij = (yi − yj)2 + (φi − φj)2, with φ being the transverse angle.
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Fortunately this problem can be avoided all together if the phase space is separated into
different sections, and the processes is forced to take place in a specific region. The higher
pt regions then obtains sufficient statistics and the normalization is fixed by a weighting
constant, representing the lower cross section for such collisions. In Pythia, the phase space
can be separated by the CKIN switches, simulations are then performed for each area of
phase space. The cross sections for each simulations are then weighted and combined into a
single cross section for the entire phase space.

There exists various PDF’s available that could in principle be used. In this thesis
the PDF CT10[44] has been used in conjunction with PYTHIA by using the interface
LHAPDF[45, 46]. In light of this, parameters such as the transverse momentum cutoff of
MPI must be modified, since these parameters depend on the specific choice of PDF.
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Chapter 6

Results

6.1 Kinematics

The simulation for the energy scales relevant for the last run at LHC, was performed
with a center of momentum energy of 7 TeV. As outlined in 5 the result was obtained by
performing separate simulations for the QCD background and BFKL processes. Simulations
were performed with Pythia 6.4, supplemented by Hardcol[41, 42] which implements BFKL
processes, and the SCI model described in section 4 and in [4, 47].

The definition of a gap in jet-gap-jet events is not set in stone, and it varies depending
on the limitations of experiments. A jet-gap-jet event is here defined as:

• At least two jets reconstructed with the cone finding algorithm, R = 0.5,

• No charged particles with transverse momentum above pT > 0.2 GeV in the pseudo-
raidity region |η| < 1,

• The two leading ET jets should be in different hemispheres |η| > 1.5|.

The gap ratio is divided into bins depending on the transverse energy of the second highest
jet, ET2.1 The result is presented as gap ratio as a function of ET2, and the rapidity
dependence is presented as gap ratio as a function of the pseudorapidity separation of the
two highest transverse momentum jets, for the ET2 intervals:

• 60 > ET2 > 40GeV,

• 100 > ET2 > 60GeV,

• 200 > ET2 > 100GeV.

It is important to note that the simulations in this thesis are preformed with the built
in p⊥min scaling of the MPI (see section 4.3). This transverse momentum cutoff scaling
is in principle only valid with regards to the PDF CTEQ5. However, this effect can be
considered to be small.

1The jets have a small angular extension, and this is taken into account when applying the kinematic
cuts.
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6.2 Without SCI

It is worthwhile to investigate the gap ratio dependence on transverse energy without SCI.
The effect of SCI can be explicitly checked by comparing the result without any SCI with
the result employing various SCI implementations.

Gap fraction, R (%)
∆ηij 60 > ET2 > 40GeV 100 > ET2 > 60GeV

3.0-3.8 42.36 44.85
3.8-4.6 39.66 39.39
4.6-5.4 33.71 37.12
5.4-6.2 29.69 32.45
6.2-7.0 24.77 26.91

Table 6.1: Numerical result for simulation of p− p collision with ŝ = 7TeV, without any
SCI. Gap fraction is given as a function of pseudorapidity speration of the two highest ET
jets. The values are sorted according to the transverse energy of the second highest jet.

Gap fraction, R (%)
ET2 (GeV)

40-52 37.59
52-64 37.84
64-76 39.36
72-88 40.88
88-100 52.29

Table 6.2: Numerical result for simulation of gap fraction in p−p collisions with ŝ = 7TeV,
without any SCI. Gap fraction is presented as a function of the transverse energy of the
second highest jet, ET2.
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(a) 60 > ET 2 > 40GeV

(b) 100 > ET 2 > 60GeV

Figure 6.1: (a) Gap fraction in the region 60 > ET2 > 40GeV as a function of pseudorapid-
ity separation of two highest ET jets. (b) same as (a) but in the region 100 > ET2 > 60GeV.
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Figure 6.2: Numerical simulation of transverse energy dependence of gap fraction for p-p
collisions with ŝ = 7TeV, without any standard SCI model. Data points are taken from
table 6.2

As seen in fig.6.1a and fig.6.1b the gap fraction decreases as ∆η increases. From the
relation ∆y = ln

(
− ŝ
t̂

)
it can be seen that big ∆η events corresponds to small transverse

momentum scales t̂.2 Thus big ∆η events tend to have a smaller transverse momentum
scale and less final state particles than small ∆η events.3 It can thus be expected that SCI
will affect the big ∆η events more than the small ∆η events.

The dependence, of the gap ratio with respect to the transverse energy scale illustrated
in fig.6.2 shows that the gap ratio increase as the transverse energy scale increase. From
the study done in[5] it can be expected that SCI will effect the overall normalization but
the shape should stay the same.

6.3 Standard SCI

The SCI model is based on the idea of final state partons interacting by exchanging soft
gluons. These exchanges may change the color topology but will not result in any momentum
transfers. One way to implement this model is to allow for all color charges the possibility
to exchange gluons, with the previously used exchange probability P = 0.3. It is important

2Note that for the massless approximation y ∼ η.
3Larger transverse momentum scales allows for more showering of particles.
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to note that gluons carry two color charges, and thus the number of possible exchanges will
increase more significantly with additional gluons, as compared to triplet partons.

From the results in table 6.1 it can be expected that SCI may drastically change the
shape. This can be seen by noting that small rapidity separation events corresponds to
high transverse energy scales, and thus more final state particles. Due to the number of
possible re-connections increase as the number of particles increases, SCI will on average be
more likely to destroy a gap of a higher transverse energy event. Reasonably it can then
be expected that small separation events will be affected more bu SCI then big separation
events. From these considerations it may be expected that the curves illustrated in fig.6.1a,
6.1b might tend to become more flat after SCI has been implemented.

6.3.1 Rapidity dependence

Gap fraction, R (%)
∆ηij 60 > ET2 > 40GeV 100 > ET2 > 60GeV

3.0-3.8 0.2860 0.2574
3.8-4.6 0.4120 0.3967
4.6-5.4 0.5833 0.5169
5.4-6.2 0.6350 0.6873
6.2-7.0 0.7390 1.284

Table 6.3: Numerical result for simulation of p− p collision with ŝ = 7TeV, employing the
standard SCI model. Gap fraction is given as a function of pseudorapidity speration of the
two highest ET jets. The values are sorted according to the transverse energy of the second
highest jet.
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(a) 60 > ET 2 > 40GeV

s
(b) 100 > ET 2 > 60GeV

Figure 6.3: (a) Gap fraction in the region 60 > ET2 > 40GeV as a function of pseu-
dorapidity separation of the two highest ET jets. (b) same as (a) but in the region
100 > ET2 > 60GeV.

As seen in table 6.3 (and illustrated in fig.6.3) there seems to be a large effect on the rapidity
as the transverse energy scale increases. Comparing fig.6.3a with fig.6.3b it can be seen
that there is a large alteration to both the shape and the maximum obtained gap ratio as
the transverse energy scale increase.
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6.3.2 Transverse energy dependence

Gap fraction, R (%)
ET2 (GeV)

40-52 0.5145
52-64 0.4617
64-76 0.4076
72-88 0.3851
88-100 0.3380

Table 6.4: Numerical result for simulation of gap fraction in p−p collisions with ŝ = 7TeV,
employing the standard SCI model. Gap fraction is presented as a function of the transverse
energy of the second highest jet, ET2.

Figure 6.4: Numerical simulation of transverse energy dependence of gap fraction for p− p
collisions with ŝ = 7TeV, employing the standard SCI model. Data points are taken from
table 6.4.
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As seen in fig.6.4 the gap ratio decreases as the transverse energy scale increases. Comparing
this with the result for no SCI (fig.6.2) it can be concluded that SCI drastically changes
the ET2 distribution of the gap ratio. This is in complete contrast to the findings at the
Tevatron[42], where it was found that the SCI preserved the general transverse energy
behavior. This result might suggest that the standard SCI model runs into trouble as the
number of color charges becomes too large.4 It should be noted that the study in[42] was
performed with a gap definition that allowed for no final state particles in the gap area. It is
hard to pinpoint the exact effect of this gap definition for ŝ = 7 TeV, since it is problematic
to distinguish gap events from the background.

6.3.3 Effect of Parton shower

Initial state showering is performed by using the Sudakov form factor described in section
2.5.1. It can from the DGLAP formalism be expected that the amount of particles emitted
increase logarithmically with transverse energy. Furthermore, emitted partons tends to be
colliniear with the initial parton. In effect this results in that it can be expected that most
of the initial showered partons are situated in the central rapidity region.

4Note that big transverse energy scale events have more final state particles and thus more possible
exchanges.
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Figure 6.5: Average rapidity distribution of particles emitted in initial state showering in
p− p collisions at ŝ = 7TeV. Each curve corresponds to a specific transverse energy region.
The lowest curve corresponds to the region 50 > ET > 40GeV, with the energy region
increasing by 10 for each succesive curve, with the highest in the region 100 > ET > 90GeV.

As seen in fig.6.5, the majority of emitted particles are distributed in the central rapidity
region. As the energy scale increases the absolute size of the level curves increase, but the
general shape of the distribution remain unchanged. In the light of fig.6.5 it can be seen
that initial showering will contribute to gap destruction in two ways. Firstly it will destroy
gaps by straight up emitting particles in the central rapidity area, making the probability
for the gap to survive slim.5 Secondly the initial showering will contribute to an overall
increase of particles in both rapidity hemispheres, increasing the number of possible color
re-connections when used in parallel with SCI.

It is possible to see the general features of the interaction of SCI coupled with initial
and final state showering, by performing simulations with initial and final state showering
off.6

5It is possible for the gap to survive even though a particle is situated in the gap region. This follows
from the gap definition that allows uncharged particles in this region, as well as charged particles below the
threshold energy ET < 0.2GeV.

6In Pythia 6.4 initial and final state showering is turned off by the switch MSTP(61)=0 and MSTP(71)
respectively.
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Figure 6.6: Numerical simulation of the gap ratio in p− p collisions at ŝ = 7TeV without
initial DGLAP showering. The gap ratio is showed as a function of the transverse energy of
the second highest jet.

As shown in fig.6.6 the absence of initial state showering seem to result in a rise of the
gap ratio as the transverse energy scale is increased. This conclusion agrees with fig.6.5
from which it can be expected that more gaps will be destroyed with an increased transverse
energy scale.
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Figure 6.7: Numerical simulation of the gap ratio in p− p collisions at ŝ = 7TeV without
final DGLAP showering. The gap ratio is showed as a function of the transverse energy of
the second highest jet.

Fig.6.7 suggests that final state showering might have a big effect on the decreasing
number of gaps for small transverse energy scales. Furthermore, it can be noted that fig.6.7
suggests that final state showering has little or no effect on the decrease of the number of
gaps for large transverse energy scales.

The result presented in fig.6.6 and fig.6.7 suggests that final state radiation may have a
large impact on the behavior of the gap fraction for small transverse energy scales, while
the initial state showering have a large impact on large transverse energy scales.7

6.4 Alternative SCI

As discussed in section 4 there is no clear-cut way of how the SCI model should implemented.
An alternative implementation is based on the idea that the soft gluons can not resolve
every single color charge, but instead only ”see” the color/anti-color together. In practice
this leads to that every color singlet system is given a chance to exchange color between
each other.8 Noticeably this implementation will be more stable as the number of color

7Note that absence of initial or final showering introduces a normalization of the gap ratio for the entire
phase space.

8This implementation will reduce the number of possible connections as compared to when every color
charge can exchange color.
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charges increases, with the trade off that the previously used exchange probability can no
longer be used.

The new exchange probability, P , can be determined if it is assumed that the standard
implementation of SCI performs well for relatively small transverse energy scales, and
that the normalization for these energies is essentially correct.9 Under this premise it is
reasonable to fit the new exchange probability by matching the number of gaps in a low
transverse energy region. The exchange probability is only fitted to reproduce relatively
the same amount of gaps in this region, no consideration for shapes are considered, only
the absolute number of gaps fulfilling the kinematic constraints.

The new exchange probability was matched in the transverse energy region
50 > ET2 > 40GeV, with a resulting exchange probability P = 0.9.

6.4.1 Rapidity dependence

Gap fraction, R (%)
∆ηij 60 > ET2 > 40GeV 100 > ET2 > 60GeV 200 > ET2 > 100GeV

3.0-3.8 0.3769 0.3308 0.3722
3.8-4.6 0.4799 0.4746 0.6289
4.6-5.4 0.6421 0.6408 0.9609
5.4-6.2 0.8070 0.8953 1.1413
6.2-7.0 1.2373 1.4139 1.4334

Table 6.5: Numerical result for simulation of p-p collision with ŝ = 7TeV. Gap fraction is
given as a function of pseudorapidity speration of the two highest ET jets. The values are
sorted according to the transverse energy of the second highest jet.

9The number of color charges increases with transverse energy, due to intial state showering.
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(a) 60 > ET 2 > 40GeV

s
(b) 100 > ET 2 > 60GeV

(c) 200 > ET 2 > 100GeV

Figure 6.8: (a) Gap fraction in the region 60 > ET2 > 40GeV as a function of pseudora-
pidity separation of two highest ET jets. (b) As (a) but in the region 100 > ET2 > 60GeV.
(c) as (a), (b) but in the region 200 > ET2 > 100GeV.
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The simulation result is presented in table 6.5, and the data points are shown in figure.6.8,
with a linear interpolation between the corresponding data points. From the comparison of
figure.6.8a, 6.8b and 6.8c it can be seen that for low rapidity separation, ∆η, the dependence
of the gap ratio, R, is relatively similar for all 3 bins in table 6.5. However the distributions
tend to become more straight as the transverse energy scale is increased, furthermore the
maximum obtained gap fraction is increased as the transverse energy increases.

6.4.2 Transverse energy dependence

Gap fraction, R (%)
ET2 (GeV)

40-52 0.5296
52-64 0.5378
64-76 0.4874
72-88 0.4377
88-100 0.5249
100-120 0.5122
120-140 0.4706
140-160 0.6695
160-180 1.0585
180-200 1.3601

Table 6.6: Numerical result for simulation of gap fraction in p− p collisions with ŝ = 7TeV.
Gap fraction is presented as a function of the transverse energy of the second highest jet,
ET2.
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Figure 6.9: Numerical simulation of transverse energy dependence of gap fraction for p-p
collisions with ŝ = 7TeV. Data points taken from table 6.6

As seen in table 6.6 and fig.6.9 the gap fraction, R, seems to be relatively constant below
100GeV, but an increase is observed as the transverse energy scale is increased. It is
noticeable that this alternative implementation of SCI indeed seems to be more stable with
respect to the transverse energy scale. This is in agreement that the number of soft gluon
exchanges increases slower as the number of final state partons increases, as compared to
the standard implementation of SCI. This result does not perfectly preserve transverse
energy dependence seen in 6.2, but this implementation seem to be more stable when the
transverse energy scale increase as compared to the standard SCI.

6.5 CMS data comparison

No official result from LHC has been released to this date, however preliminary results from
CMS are presented in [48]. This preliminary data allows for a comparison of experiment
with simulations. The experimental definition of a gap in [48] is the same as the gap
definition used in this thesis.
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6.5.1 Transverse energy dependence

It can be seen in fig.6.10a that both the standard and alternative SCI implementations
can potentially describe the CMS data for low transverse energy scales. However, as the
transverse energy scale increases the standard SCI implementation produce too few gaps
and thus do not accurately describe the large transverse energy region.

As can be seen in fig.6.10b the alternative SCI implementation provides an accurately
description for both small and large transverse energy scales. The discrepancy between the
CMS data and the simulated data can be explained by the fact that the BFKL normalization
is not set in stone. Furthermore the absolute MPI normalization will change when SCI is
added to simulations.

6.5.2 Rapidity dependence

It can be seen in fig.6.11 that both the standard and the alternative SCI implementations
might describe the rapidity behavior for ET2 < GeV. There is no simulated data for the
standard SCI implementation in fig.6.11c due to it being problematic to obtain data in that
phase space region.

As seen in fig.6.11c the alternative SCI provides a potentially good description of the
CMS data. It is important to remember that the absolute normalization of the BFKL cross
section is uncertain. Furthermore, simulations with SCI demands a different p⊥min in MPI
in order to accurately describe background processes.
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Figure 6.10: (a) Gap fraction in the region 100 > ET2 > 40GeV as a function of ∆η
of the two highest ET jets. (b) same as (a) but in the region 200 > ET2 > 40GeV. (c)
Comparison of two different SCI models, standard SCI (dashed), alternative SCI (dotted).
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Figure 6.11: (a) Gap fraction in the region 60 > ET2 > 40GeV as a function of ∆η of
the two highest ET jets. (b) As (a) but in the region 100 > ET2 > 60GeV. (c) as (a), (b)
but in the region 200 > ET2 > 100GeV.
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Chapter 7

Conclusion

7.1 Conclusion

From the results in table 6.2 and table 6.6 it can be deduced that a significant gap ratio
may be observed at a cms energy of 7 TeV. The gap ratio is however not infrared safe, and
it depends heavily on the gap definition. For instance simulations with a gap definition
that allows no particles in the gap area shows no gaps at all.1 The definition of the gap
ratio also affect the possibility to predict the survival probability by pure combinations (see
section 4), since these methods rely on no color strings can stretch over the gap ratio. This
is in contrast with the gap definition used for the result, where it is possible for the gap to
survive even though there are particles in the gap region.2

In comparison with [42] it may be expected that the alternative SCI implementation
provides the best description of data since this implementation preserves the general shape
of the transverse energy dependence. However, this thesis has used a different gap definition
compared to the one used in [42]. Due to infrared sensitivity on the gap definition it is thus
possible for the transverse energy dependence to be that of the standard SCI implementation.
A common denominator for both SCI implementation, is that they drastically change the
dependence on pseudorapidity separation, as compared to when no SCI is applied.

Preliminary experimental data from CMS[48] indicate that the alternative SCI im-
plementation provides a better description of experimental data than the standard SCI
implementation. This finding may be attributed to the increased stability of the alternative
SCI implementation as the transverse energy scale increase. It is however observed that both
SCI implementations provide a good description of the ∆η distributions for ET2 < 100 GeV.

It is important to note that the absolute normalization of the BFKL cross section is
unknown. This fact is however unlikely to change the shape of the gap ratio distributions,
though it will change the absolute normalization. Additional uncertainties through the
absolute MPI cutoff can effect the normalization; it can be expected from previous SCI
studies that the cutoff will be increased in order to not over count soft exchanges. Thus the

1Not distinguishable from the background.
2This applies if either the particles has a neutral electric charge or a transverse energy below 0.2GeV.
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increase of the momentum cutoff will provide a bigger absolute normalization for the gap
cross section.3

As a concluding remark, the description of soft rapidity gaps in diffractive scattering in
terms of BFKL exchanges coupled with SCI may provide a good description. Continued
work should try to determine the correct normalizations and develop the relatively simple
models further.
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Appendix A

SU(N) group theory

A.1 Young-tableaux

For a general SU(N) tensor even simple tensor manipulations turns out to be cumbersome,
even for small N . With this in mind the formalism of Young tableuax is invaluable
when working with SU(N) tensors. For this thesis the tensor product of two SU(3)
representations are of particular interest. This section will present some of the well known
rules of Young-Tableaux and present the decompositions used throughout this thesis.

For a Young-Tableaux of SU(N) to be legal, it is required that each row does contain
more boxes than the one above it, furthermore the number of rows is not allowed to exceed
N . For instance fig.A.1a is a valid Tableaux, while fig.A.1b is not.

a d f

b e g

c

(a) Valid Young-Tableaux for
N ≥ 3

a d

b e g

c f

(b) Non-legal Young-Tableaux

The dimensionality for a given legal Tableaux can be calculated as follows[49]; first
write down two copies of the Tableaux. Then starting with the first Tableaux, insert N
in the top left corner, and then for each column to the right increase the number by one,
decrease the number by one for each successive row. In the other copy the value of each
box is given by the sum of the number of boxes to the right of it and the number of boxes
below it in the same column, with one added for the box itself. The dimensionality is then
given by the fraction of the latter Tableaux of the former with the latter, where the fraction
is defined as the fraction of the product of each Tableaux (see the figure below).

N N+1N + 2
N -1N
N − 2

/ 5 3 1
3 1
1

= N(N + 1)(N + 2)(N − 1)N(N − 2)
5 ∗ 3 ∗ 1 ∗ 3 ∗ 1 ∗ 1 .
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The CG series of two SU(N) tensors onto irreducible SU(N) representations can be
represented with the help of Young-Tableaux using the rules below[49].

1. Write down the tableaux T1, T2 that are to be decomposed. Label successive rows of
T2 with the same index.

2. At each stage, the tableaux has to be legal.

3. Boxes with the same label are not allowed to appear in the same column.

4. Tableaux of the same shape are only counted once.

5. Columns with N rows are canceled.

It should be noted that a gluon is represented by a Young-Tableaux as

(A.1.1)

, a quark as

(A.1.2)

and a anti-quark as

(A.1.3)

The decomposition of 8⊗ 8 is of essence for this theses, and using the rules described
above the decomposition can be calculated as

⊗
a a
b

=
a a

b +
a a
b +

a
a b +

a
a +

a
b + 1 (A.1.4)

With the help of the dimensionality rules described in this section it can be concluded
that

8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 10⊕ 27. (A.1.5)

The calculation above shows that the tensor product of two gluon representations contains
a singlet representation. This observation has far reaching consequences since a singlet
representation do not carry color, and thus a two gluon exchange in the singlet representation
will not affect the color structure of the interaction.
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A.2 Color flows

Essential to the Lund string model (and to QCD in general) are the color topology of the
final state. This is especially important for this thesis due to that a single color re-connection
might destroy (or create) a rapidity gap by changing how the strings are connected. Bearing
this in mind, it is of great importance to know how the color flows in a scattering event
and how the strings connect to the final state partons.

For the remainder of this section each particle will carry both a color and an anti-color.
Each color has assigned to it a direction to which it flows, the rule being that a color has to
flow to an anti-color and vice verse.1 Each particle will be handed a color depending on
which SU(3)C representation they live in. Thus quarks, diquarks will each carry a color (3
rep), but having zero anti-color, while the situation is the opposite for anti-quarks, diquarks
(3 rep). Each gluon will carry both a color and an anti-color (8 rep), while the remaining
leptons do not carry either a color or an anti-color (singlet states).

The initial partons (if any) have to belong to distinct color singlet states because
of confinement (i.e. baryons), each singlet will have a distinct color flow within itself.
For example the color flow of the valence quarks inside the proton can be thought of as
in figure.A.2, where the proton is thought of as quark and a diquark, in opposite color
representations in order to ensure that the proton is in a color singlet state.

u

u

d

(a)

Figure A.2: Example of a color flow within a proton, where the quark is taken to be in
the blue color representation, and the diquark is taken to be in the anti-blue representation.
The color flows from the diquark from right to left, and the anti-color flows from the diquark
(dd) from left to right.

The initial color flow will greatly depend on which parton of the baryons that interact,
i.e. if a quark partake in a scattering process the remaining partons in the baryon must be
such that the quark, remnant system is still in a color singlet state before the interaction.
The situation is very different depending on whether it is a valence quark or a sea quark
that interacts (or gluon), but the system must still be in a color singlet state.

1In this section there will be no distinction between two colors, i.e. no specific color like blue, anti-red
etc. The specific colors will only be used for illustrative purposes in Feynman diagrams.
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The color flow will evolve as the partons partake in interactions, and the final position
of the initial color charges depend greatly on the topology of the event. As the interaction
proceeds the color flows might be transferred from one parton to an other through for
instance gluon exchanges (see figure.A.3), or new color flows might be created thorough
gamma pair production.

gr

b

g

r

g

(a)

Figure A.3: Change of color flow in a quark-quark gluon t-channel exchange. The gluon
carries the colors and their repsective direction of flow, and pass on the colors to the quark,
resulting in a different final state color flow.

Once all relevant processes have concluded (MPI, hard process and showering) string
tubes will connect from each color to its initial color singlet partner. This means that
strings will be connected in the direction of each (anti)color flow, with gluons acting as
kinks on the strings (just passing the color flow on). The hadronization will then proceed
according to the Lund model for each string (see [19–21, 26]), resulting in final state jets
and showers.

A.2.1 Valence and sea partons

It is of uttermost importance to know the color topology in QCD processes. Thus it is
essential to have knowledge about in what representation the remnants of a hadron is in
when a parton has been removed. This separates into two cases, namely when a valence
quark is removed and when a sea parton is removed, the latter being the more complicated
case as will be discussed below.2

Protons have to be in the color singlet representation due to confinement, and since a
protons comprises of three quarks all in the 3 representation, it is important to know the
decomposition of 3⊗ 3⊗ 3 into irreducible representations.

From section A.1 the CG decomposition can be calculated, resulting in the decomposition

⊗ ⊗ = ⊕ ⊕ + 1 (A.2.1)
= 10⊕ 8⊕ 8⊕ 1 (A.2.2)

2This section will focus on the proton, analogous reasoning and results can be made for other baryons.
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As expected, the combination of three quarks in the fundamental representation contains
a singlet irreducible representation (as it must). To figure out what representation the
remains of a proton is in after a quark has left, it is important to first consider all the
possible representations the remains can exist in via CG series, and then investigate which
of these representations that can result in a color singlet state when combined with the
interacting parton.

Starting with the case of a interacting valence quark, the remains have to be in one
of the irreducible representations of 3⊗ 3. Using Young-Tableaux the CG series for this
combination is

⊗ = ⊕ (A.2.3)
= 6⊕ 3. (A.2.4)

If the combinations 3⊗ 6 and 3⊗ 3 are considered, it can be seen that only 3⊗ 3 contains a
singlet irreducible representation, thus the remaining diquark has to be in an anti-triplet
state in order to fulfill confinement. The case of a sea parton partaking in the hard
interaction is more complicated, since it is possible for the interacting parton to be in a
(anti)triplet or a octet state, thus increasing the number of cases that have to be considered.

For the case of the sea parton being a quark, the remains has to be in a state whose
combination with the triplet representation contains a singlet state. Note that the proton
flavor composition have to change if a sea quark is removed (in order to preserve flavor).
For instance removing a quark will result in the proton remains consisting of 3 quarks and
an anti-quark. Using Young-Tableaux it is easy to see that

3⊗ 3⊗ 3⊗ 3 = 6⊕ 3⊕ 15⊕ 6⊕ 3⊕ 6⊕ 15⊕ 6⊕ 3. (A.2.5)

From equation (A.2.5) and the general properties of Young-Tableaux it can be seen
that the only irreducible representation of 3⊗ 3⊗ 3⊗ 3, that combines with a 3 state and
contains a singlet state, is the 3 state, thus it can be concluded that the proton remains
have to be in the 3 representation when a sea quark is removed. The situation is analogous
for the case of a interaction anti- sea quark, in that case the remains of the proton have to
be in the 3 representation.

If a sea parton is removed from the proton then the last possibility is that it is a gluon
that is interacting. Gluons are in the adjoint 8 representation of SU(3)c, and in light of
this it is essential to know what representation that combined with 8 contains a singlet
irreducible representation. From equation (A.1.4) it can be seen that a 8 representation
combined with another 8 contains a singlet state, thus this is a possibility for the remaining
protons representation. From the general properties of Young-Tableaux it can be seen that
the only other representation that combined with 8 contains a singlet state, is 10. In Monte
Carlo simulations the only valid representations are an octet and triplet charges, thus the
proton remains will be constrained to being in a octet state if a gluon is removed, even
though i n principle it could also be in a 10 representation.
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A.3 Color projection operators

Group theory plays an essential role for physics, and of particular interest for quantum
field theories are the group theory of non-abelian gauge groups. This section will give an
overlook of projection operators of SU(N) onto irreducible representations. This is a huge
mathematical area and for a thorough presentation see [50], [51] and [52].

The lie algebra of SU(N) consist of generators, T a (a = 1, ..., N2 − 1) obeying[
T a, T b

]
= ifabcT c, (A.3.1)

where fabc are the familiar structure constants. It is straightforward to show that the SU(N)
generators obey

T aT b = 1
2

( 1
N
δab + (dabc + ifabc)T c

)
, (A.3.2)

where dabc are sometimes known as the symmetric structure constants. Projection operators
are operators that obey the conditions (indices suppressed)

P (A)P (B) = δABP (A), (A.3.3)
Tr(P (A)) = dim(A). (A.3.4)

The trace condition above ensures that the reducible representation obtains the correct
dimensionality. The diagrammatic method in this section is similar to feynman diagrams
and the rules are exactly the same as for QCD except that only the group theory part of the
diagrams are considered. Thus group relations may be displayed in a diagrammatic form.

This section will only deal with the combination of adjoint tensors due to gluons being
in the adjoint representation. Each gluon will be represented by a gluon line with each end
of a gluon line assigned an adjoint color index. The trace operator is represented by a line
connected upon itself in a loop. The strategy for deriving the projection operators will be
to first split up tensor combination into an symmetric and an anti-symmetric part, and
then step-wise projecting out representations by identifying projection operators.

Where the white operator are the total symmetrizer and the black is the total anti-
symmetrizing operator (white blocks are equivalent to 1

2 × (δcaδdb + δcbδ
d
a)). It is further

possible to identify two invariant matrices from the identity

into a R and a Q representation, shown below.
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Using the the group identities for the internal gluon propagator it is possible to expand
the R operator into a singlet and a adjoint representation (these operators appear in the
resulting decomposition).

1
n

1
nR

R′
T

The singlet projection operator is realized in terms of T , i.e. to show that T is a
projection operator it have to obey equation (A.3.3), to this end consider the square of T

T 2 n2 − 1

Thus if T is re-scaled as T → 1
n2−1T , the new operator obeys equation (A.3.3) and the

dimensionality is 1 (checked by taking the trace), thus this operator projects out the singlet
state, and is given by

1
n2−1P1

Or in an algebraic form as P1 = 1
n2−1δ

b
aδ
d
c . Next consider the projection of R′ onto the

anti-symmetric subspace (it is easily checked that the projection of R’ on the symmetric
subspace gives 0) AR′A, this operator can be written in a easy form by using the gluon
3 vertex, which represents a color factor fabc. In algebraic form this reduces to AR′A =
fabefecd. Squaring this expression yields (AR′A)2 = nAR′A. Thus in order to obtain the
corresponding projection operator it is necessary to re scale by n, yielding P8A = 1

nfabefecd
(A represents that this is the anti-symmetric part). It is straightforward to check that
P8AP1 = 0 and that the dimensionality of P8A is n2− 1 thus being the anti-symmetric octet
operator. The remaining projection operators can be forced to be orthogonal by projecting
out the P8A states from A by PA = A− P8A and finding new projection operators for this
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new subspace. The operator Q can similarly be used for the symmetric part yielding a
recursive relation for all projection operators, this procedure will be left as an exercise
to the reader since only the octet and singlet projection operators are of interest for this
thesis.
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