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Abstract

Fourier transform of BCC and FCC lattices for MRI
applications

Leo Svenningsson

The Cartesian Cubic lattice is known to be sub optimal when considering
band-limited signals but is still used as standard in three-dimensional medical magnetic
resonance imaging. The optimal sampling lattices are the body-centered cubic lattice
and the face-centered cubic lattice. This report discusses the possible use of these
sampling lattices in MRI and presents verification of the non standard Fourier
transform method that is required for MR image creation for these sampling lattices.
The results show that the Fourier transform is consistent with analytical models.
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1 Populärvetenskaplig sammanfattning

Magnetresonanstomografi är en viktig undersökningsteknik där läkaren f̊ar
en unik tillg̊ang till hur mjukdelar ser ut inuti kroppen. Det vanligaste sättet
att göra detta p̊a är att ta 2D bilder, men man kan ocks̊a använda sig av
volymetriska bilder. Volymetriska bilder tar dock väsentligt längre tid att
framställa och är inte riktigt praktiska att använda sig av p̊a människor p̊a
grund av just undersökningstiden. Det motiverar sökandet efter nya kraft-
fulla metoder som kan göra att volymetriska bilder blir mer användbara. En
s̊adan metod kan vara att byta gittret som volymselementen är placerat i till
ett gitter med bättre samplingsegenskaper. Det är bevisat att rymdcentrerat
kubiskt gitter (BCC) och ytcentrerat kubiskt gitter (FCC), b̊ada har bättre
samplingseffektivitet.

Denna rapport g̊ar igenom hur dessa gitter kan tillämpas inom magnetres-
onanstomografi, och en metod för den nödvändiga matematiska operationen
som kallas för flerdimensionell diskret Fouriertransform p̊a de ickekubiska git-
tren. Resultaten visar att det är fullt möjligt att anpassa Fouriertransformen
för BCC och FCC gitter med hög noggrannhet gentemot teoretiska resultat.
Dessutom p̊avisas flera metoder för hur man kan sampla informationen med
de nya gittren.
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2 Introduction

Magnetic resonance imaging is a great tool that is used to reconstruct organic
matter to computer models. The MRI is mostly used as a medical diagnostics
tool to find cancer and other abnormalities. In 2003 Paul Lauterbur and Sir
Peter Mansfield were awarded the Nobel prize in physiology or medicine for
their contributions of inventing the MRI that produced images at a rate
serviceable for medical imaging.

In MRI there are two general types of imaging methods used, the two-
dimensional imaging and the three-dimensional imaging. The two-dimensional
image is by far the most frequently used image. The three dimensional image
is mostly reserved for use on anaesthetized animals because of the long data
acquisition time but could provide valuable insight if the data acquisition
time was shorter. A three-dimensional magnetic resonance image takes in
order of hours to create while often compromising image fidelity compared
to planar scans. This motivates the search for methods that are faster in
order to efficiently create volumetric images of the human body.

The volumetric image is composed of small volume element called voxels.
These voxeles have traditionally only been placed on a cubic lattice. A unit
cell of the cubic lattice is represented in figure 1.

Figure 1: An illustration of a cartesian cubic lattice unit cell.[16]

The sampling matrix is represented by
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NCC =

1 0 0
0 1 0
0 0 1

 . (1)

A proposed method is to use an optimal sampling lattice, such as the
body-centred cubic lattice (BCC) or the face-centred cubic lattice (FCC).
This requires a more elaborate Fourier transform than for regular cubic lattice
and is addressed in the following chapters.

The unit cells of the BCC and the FCC lattices are represented in figure
2.

(a) (b)

Figure 2: (a) An illustration of a BCC lattice unit cell. (b) An illustration
of a FCC lattice unit cell.[16]

The Cartesian coordinates for the BCC lattice can be described by

a[i1, i2, i3] ∪ (a[1/2, 1/2, 1/2] + a[i1, i2, i3]) (2)

and for FCC

a[i1, i2, i3] ∪ (a[0, 1/2, 1/2] + a[i1, i2, i3])∪
(a[1/2, 0, 1/2] + a[i1, i2, i3]) ∪ (a[1/2, 1/2, 0] + a[i1, i2, i3]) (3)
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for any set of integer i ∈ R3 and base length a. The sampling matrices for
the BCC lattice can be described by

NBCC =

2 0 1
0 2 1
0 0 1

 (4)

and the FCC sampling matrix as

NFCC =

1 1 0
0 1 1
1 0 1

 (5)

Keep in mind that there are many ways to describe the BCC and FCC lattices
in terms of a different choices of basis vectors.

2.1 About MRI

The greatest strengths of the magnetic resonance imaging technique are that
it is completely non-invasive and does not inflict the patient with harmful
radiation. However it is also one of the more complicated methods compared
to other medical imaging methods. The technique is based on proton spin
interaction with electromagnetic fields and that these interactions can be
measured with a coil via the law of induction[1]. Spin is a discrete quantity
that is inherent to particles, but in this field it is more practical to use the
microscopic magnetic moment

µ = γJ, (6)

where J is the atomic spin and γ is the gyromagnetic ratio[1]. Spin and
microscopic magnetic moment are sometimes used interchangeably since they
are linearly dependent. When a body is placed in a magnetic field some of
the spins align with the magnetic field while rotating around their precession
axis. These spins have the precession speed
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ω0 = γB0, (7)

where ω0 is its angular velocity and B0 is the external magnetic field in
the ideal case. The interaction of individual spins and magnetic fields is
indeed a quantum mechanical problem for which precise solutions for large
systems are unmanageable from a computational standpoint, but for bulk
magnetization we can choose to adapt a classical representation that is called
the Bloch equation[1]. By manipulating the bulk magnetic moments with
additional magnetic fields called gradient fields and radio frequency electro
magnetic fields and measuring the signal in a receiving coil, it is possible to
reconstruct three-dimensional objects. A more complete description is found
in [1]. However, the measured data is only related to the physical object via
a spatial Fourier transform, and it is exactly this process that we examine in
this report.

2.2 Optimal Sampling for Volumetric MRI Data

When reconstructing MRI images it is possible to sample volumetric fre-
quency domain, a.k.a. k-space, data in a Cartesian cubic fashion, as in figure
1, so that the inverse Fourier transform of each consecutive axis of space will
reconstruct the scanned object.

This intuitive way to sample data is known to be sub-optimal in the aspect
of accurately representing discretized measured data. The optimal lattice for
three dimensional sampling is in fact the body-centered cubic lattice (BCC),
figure 2a, which is known to reduce the sample amount by 29.3% while re-
taining the same visual fidelity for band limited signals [2]. The sampling
method works for point sampled sets[3], which is the case for MRI. In other
fields it can be useful to use a sampling method called area sampling which
can produce smoother pictures, but area sampling uses an average of point
sampled values and would be very slow for MRI due to requiring many point
samples per area sample.

The proposed lattice is exciting for MRI applications since it is impor-
tant to produce images fast to reduce medical examination time. This can
be achieved by using fewer samples with BCC sampling. Another sampling
lattice that is better than the CC lattice is the face-centered cubic (FCC) lat-
tice, figure 2a, but it is not as efficient as the BCC lattice. The improvement
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in visual fidelity from the cubic lattice to the BCC or FCC is demonstrated
by [4].

The cost of introducing BCC or FCC sampling is that we lose the con-
venient orthogonal property of the Cartesian coordinates, which is exploited
when calculating the Fourier transform. Also, data acquisition methods may
differ which is discussed in chapter 5.

A concept that is similar to that of BCC and FCC sampling is the method
of planar scanning on a hexagonal lattice, although only in two dimensions.
Planar scanning on a hexagonal lattice is more efficient than planar scanning
on a quadratic lattice by the same principle as BCC and FCC lattices are
more efficient than cubic lattices[2][5].

3 Methods

3.1 Fourier transform on BCC and FCC lattices

To achieve this proposed increased performance we need to introduce a
method for sampling data in a BCC lattice, and a Fourier transform on
the BCC lattice. Specifically for MRI, it would be convenient to sample in
the frequency domain and transform into the spatial domain. For this, we
have chosen the method of Zheng and Gu [6], where the signal spectrum for
BCC has the shape of a rhombic dodecahedron, figure 3a, and the FCC sig-
nal spectrum has the shape of a truncated octahedron, figure 3b. Periodicity
is important for band limited signals to be able to enclose a system with a
limited number of data points. In continuous mathematics, one can choose
to have functions with infinite spectra but in practice this is usually not the
case. Instead, we choose sampled data that is periodic under the Fourier
transform. This has most of the good properties compared to the continuous
model, such as, we can Fourier transform with limited aliasing given that
we sample with the Nyquist criteria in mind. Notice that here the sampled
volume is not cubic, which results in some interesting changes regarding how
the scanned object should fit in a non cubic data set which is discussed in
chapter 5.1.
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(a) (b)

Figure 3: (a) An illustration of a Rhombic Dodecahedron. (b) An illustration
of a Truncated Octahedron.[17]

The Fourier transforms on BCC and FCC lattices are based on the find-
ings of Guessoum and Mersereau [7], who derive a general method to con-
duct Fourier transform on an arbitrary periodic sampling lattice. Zheng and
Gu applied this method to the specific cases of BCC and FCC periodicity.
Mersereau and Speake [8] define the multidimensional Fourier transform as

X(k) =
∑
n∈IN

x(n)e−ik
T (2πN−1)n (8)

where N is a periodicity matrix that defines the periodicity lattice, which
in this case is the BCC or FCC lattice, n is the coordinates that belong to
the spatial domain and k are the coordinates that belong to the frequency
domain. The values at the points n are x(n), that belong to the set Ξ[6].
The function x(n) is periodic if it satisfies x(n) = x(n + Nr) for any integer
vectors n and r. The complex values X(k) represent the Fourier transform at
the points of k. To efficiently calculate the Fourier transform using standard
fft libraries, like fastest Fourier transform in the west (fftw) [9], we need the
lattice points to be represented in a cubic matrix form or similar row major
vector. This is done by rewriting the periodicity matrix N in Smith normal
form,

9



N = UDV. (9)

The integer matrix D is a diagonal matrix. If U and V are applied to the
respective coordinate vectors n and k, we can calculate the Fourier transform
of the cuboid set whose size is bound by the integer values of the diagonal
matrix D.

The data set Ξ has the important property that it contains some redun-
dant data points at the surface of the volume. This is because some points
at the edge of the signal spectrum are shared between the periodic spectrum
replicas. These redundant points are removed from Ξ.

4 Experiments and Results

4.1 Testing the accuracy of the Fourier transform

In order to test if the suggested method is actually performing a Fourier
transform as intended, we can model a test function in three dimensions for
which the theoretical solution is known. For this it is appropriate to use a
three dimensional Gaussian, for which the analytical solution of the Fourier
transform is also a three dimensional Gaussian. Equation (10) describes a
three dimensional Gaussian with x as the coordinates and α as a distribu-
tion factor sometimes refereed as 1

2σ2 for normal distributions. The Fourier
transform is defined as

∫∞
−∞ fe−i2πxξdx for a cubic set of base vectors with f

as a continuous function.

fGauss(x) = e−αx
2

(10)

FGauss(ξ) =

∫ ∞
−∞

fGausse
−i2πxξdx =

∫ ∞
−∞

e
−α

(
x2+ i2πxξ

α
+( iπξα )

2
−( iπξα )

2
)
dx

FGauss(ξ) =

∫ ∞
−∞

e−α(x+
iπξ
α )

2
− (πξ)

α

2

dx (11)

With a change of variables y = x + iπξ
α

in (11) we get the Gaussian
distribution of frequencies. Since ξ is always small compared to x we can
approximate the boundaries as ±∞.
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FGauss(ξ) = e−
(πξ)
α

2
∫ ∞+ iπξ

α

−∞+ iπξ
α

e−αy
2

dy (12)

FGauss(ξ) = e−
(πξ)
α

2
∫ ∞
−∞

e−αy
2

dy︸ ︷︷ ︸
=
√

π
α

3

=

√
π

α

3

e−
(πξ)
α

2

(13)

The function fGauss(x) is modelled in the center of the set Ξ. This, how-
ever have some flaws in relation to the analytical model. When we remove
redundant points from the set Ξ, the center of the set changes, and a dis-
crete Fourier transform introduces some differences compared to the sampled
analytical solution. This problem would be easy to fix if the data set were
ordered in some rectangular box, but for a rhombic dodecahedron or a trun-
cated octahedron it is not. In a rectangular set it is trivial to see that we have
modelled a Gaussian that includes periodic points at the boundaries. When
we then remove the periodic points we get a Gaussian that is not symmetric
around the center, as in figure 4.

Figure 4: An illustration of a Gaussian in a linear set with red points as
redundant periodic points on a periodic lattice.

For the cases of the rhombic dodecahedron and the truncated octahedron
we do not have the luxury of easy symmetries, but the Fourier transform is
more or less identical to the analytical solution if the Gaussian fits within a
period.

The discrete version of (13) is in fact modelled by
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FGaussBCC(ξ) =
1

|det(Nbcc)|

√
π

α

3

e−
(πξ)
4α

2

(14)

for BCC lattices and

FGaussFCC(ξ) =
1

|det(Nfcc)|

√
π

α

3

e−
(πξ)
4α

2

(15)

for FCC lattices,

Nbcc =

2 0 1
0 2 1
0 0 1

 Nfcc =

1 1 0
0 1 1
1 0 1

 (16)

where Nbcc and Nfcc are the respective sampling matrices for the BCC
and FCC lattices[6][8]. The scale factor 4 in the exponents of (14) and (15)
is related to that we are using lattice systems with base length two. The
base length is the shortest distance between two equally spaced red points in
figure 2, and chosen so that all voxels are positioned on integer coordinates.
Figures 5 and 6 represent a center slice of the three-dimensional Gaussian on
a BCC lattice. These figures show that the discrete Fourier transform and
the analytical solutions are coherent with largest real difference at 2 · 10−4

for figure 5 and 7 · 10−6 for figure 6. This works similarly for FCC lattices.
The low resolution picture was chosen to benchmark worst case scenarios for
comparisons with an analytical model.

12



(a) (b)

Figure 5: (a) The center plane of 3d Gaussian sphere in the frequency domain
calculated via the DFT of another Gaussian Sphere on a BCC lattice. (b)
The center plane of 3d Gaussian sphere frequency domain calculated via the
analytical Fourier transform of another Gaussian Sphere on a BCC lattice.

(a) (b)

Figure 6: (a) The center plane of 3d Gaussian sphere in the spatial domain
on a BCC lattice. (b) The center plane of 3d Gaussian sphere in spatial
domain calculated via the inverse DFT of another Gaussian Sphere modelled
by the analytical solution in the frequency domain on a BCC lattice.
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4.2 Testing filtering in frequency domain

The Shepp-Logan model is an analytical data set that consists of multiple
ellipsoids. These ellipsoids are supposed to simulate brain like features. The
version of Shepp-Logan used were that of Koay et. al.[11], but with the minor
difference that the skull like feature has been cut in half so that the brain
features are easily visible. The three-dimensional visualisation is computed
by the work of Smed[12]. Figure 7 Shows the Shepp-Logan set from the top
view in spatial domain and frequency domain. A process of DFT and inverse
DFT creates a set that is identical to the original. Figure 8 is the colouring
setting called transfer function, for figure 7b.

(a) (b)

Figure 7: (a) Top view of the Shepp-Logan image in spatial domain on a BCC
lattice. (b) Top view of the Shepp-Logan image of the real valued magnitude
in frequency domain on a BCC lattice.
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Figure 8: Transfer function for figure 7a.

An interesting way to treat the frequency domain is to apply a volumetric
low-pass filter. This smooths out any crisp surface in the spatial domain, as
seen in figure 9, where both images use the same transfer function shown in
figure 10. The change in color in figure 9b is a combination of the transfer
function and that the set experiences a change in amplitude in frequency
regions where the Gaussian low-pass filter has a value that is close to 0.5.
Low pass filtering is a common way of band limiting a signal with an infinite
spectrum.

(a) (b)

Figure 9: (a) Shepp-Logan image in spatial domain on a BCC lattice. (b)
Shepp-Logan image in spatial domain on a BCC lattice with a low-pass filter
applied in the frequency domain.
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Figure 10: Transfer function for figure 9.

High-pass filtering removes solids but save edges in images. This is seen in
figure 11b where the center ellipsoids seem hollow using the transfer function
in figure 12. Also here we can see the color amplitude shift from the Gaussian
high-pass filter. The data sets used in figure 9 and 11 are the same but uses
a different transfer function for visibility shown in figure 12.

(a) (b)

Figure 11: (a) Shepp-Logan image in spatial domain on a BCC lattice. (b)
Shepp-Logan image in spatial domain on a BCC lattice with a high-pass filter
applied in the frequency domain.
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Figure 12: Transfer function for figure 11.

4.3 Performance

If one were to use especially large data sets, then we should not ignore the
performance side of this method. First it is good to know that the com-
putational complexity of the FFT can be different for any number of data
points. fftw chooses the optimal method[9]. Generally, data vectors with
length equal to powers of two are fast, while lengths equal to prime numbers
are slow. Figure 13 shows how execution time for a Fourier transform of a
BCC data set is dependent on the size of the data set.
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Figure 13: Time consumption of the Fourier transform of a BCC data set
with a thee-dimensional Gaussian depending on size factor k with fftw. The
number of data elements is 4k3. The processor is an Intel Core i7-2600K
CPU 3.4 GHz

A time consuming procedure that is specific to the BCC and FCC Fourier
transform is the rather laborious methods used to create the coordinates of
the data set Ξ and to remove the redundant points. Not only would this be
faster in a ground up C based environment, but one should also pre create the
Ξ data coordinates and store them, so they can easily be reused. It might be
possible to speed up the process using complex conjugate symmetries using
a method that is similar to [10].

5 Discussion and Conclusions

5.1 MRI Considerations

Three-dimensional MRI sampling is usually considered as collecting data
along the frequency encoded direction until a vector has been established
and continue on the two other phase encoded directions until a cubic three-
dimensional data set is created. A method that can be used, that is very
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similar to this method, is to collect data in a fashion so that for a BCC lat-
tice we use sampling rate ∆t ∝ ∆ξfreq for the points a[i1, i2, i3] for integer i
and base length a and similar sampling rate ∆t ∝ ∆ξfreq with an added phase
shift φ = ∆t/2 for the points a[0, 1/2, 1/2]+a[i1, i2, i3]. This produces a cubic
data set that is not directly compatible with the Zheng and Gu model, but
this can be solved by adding padding until the data set occupies a set in the
shape of a rhombic dodecahedron. This method is viable if the value of the
points goes to zero at the faces of the cube. This is usually the case if a noise
reduction filter, i.e. a low pass filter, is applied. A technical consideration
to this method is that there is a set up time related to when a signal from
one row can be sampled. This is important considering a BCC lattice where
we would use twice the amount of rows, while the sampling density on each
row is half that of a cubic lattice. This can be a considerable downside if the
close to 30% improved resolution does not outweigh the possible increase in
data acquisition time.

Something that would fix this problem is using an already developed
method of non-raster sampling patterns. One method is to use three-dimensional
trajectory based sampling models[13]. But instead of interpolating the in-
formation on a cubic lattice, we want to exploit the advantage of the BCC
lattice which could increase image fidelity. Another method could be spiral
sampling[14][15] on consecutive planar scans, and interpolating to a BCC or
FCC lattice. These methods would guarantee known data acquisition times
while still improving the resolution compared to interpolating the data to a
cubic lattice. This does introduce interpolation errors compared to a more
direct sampling method.

It is also possible to directly acquire data of the desired spectrum shape,
i.e. the rhombic dodecahedron for the BCC case. This method is however
ineffective if one were to use the acquisition method presented earlier for the
BCC case. Instead, if we can rotate the frame of reference 45 degrees in all
directions, essentially viewing the same rhombic dodecahedron in the [1, 1, 1]
direction, or equivalent, as in figure 14. This reduces the number of rows
required by an amount close to equation (17),

∑k
i=−k 2k + 1− |i|∑k

i=−k 2k + 1
=

(2k + 1)2 − k (k + 1)

(2k + 1)2
(17)
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since the equation is based on a rhombic dodecahedron with the duplicate
points not removed. The variable k is used to measure the length of a side,
although all sides have the length k+1 if the duplicate points are not removed.
The method also requires some non trivial geometrical constraints regarding
the length of the vectors and their sampling phase if one where to implement
it for MRI. This is because algorithms for finding symmetrical coordinates
on the rhombic dodecahedron and truncated octahedron can not use the
Cartesian boundaries that are used for cuboids.

(a) (b)

Figure 14: (a) Side view of data set Ξ. (b) 45 degree angle rotation of the
date set Ξ.

5.2 Conclusion

From the previous section we can conclude that Fourier transform on BCC
and FCC lattices can be correctly performed if images on those lattices can
be efficiently produced. Sampling volumetric magnetic resonance images on
BCC and FCC lattices still needs to be tested with a MRI machine in order
to confirm that this BCC or FCC sampling lattices are faster.
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