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Abstract

Triaxial compression of elastoplastic particles was studied with numerical and analytical

methods in order to develop a mechanistic model for their interactions at high relative

densities. The introduction of an equivalent particle radius that accounted for the elastic

volumetric deformation enabled an almost perfect reduction of the results obtained for

elastoplastic particles to those obtained for rigid, perfectly plastic ones. This, in turn,

made possible a simpli�ed yet mechanistic analytical analysis of the particle response in

terms of the contact area, pressure and force. The developed model exhibited a good

agreement with the numerical results, especially for intermediate and large strains, and

hence laid the foundations for the development of mechanistic contact models suitable

for simulations of granular materials at high relative densities with the Discrete Element

Method (DEM).
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1. Introduction

The discrete element method (DEM), developed by Cundall and Strack [1], has es-

tablished itself as the de facto standard technique for micromechanical simulations of

granular systems. However, the DEM cannot in its current form reliably address issues

related to compaction of granular materials at high relative densities, because of its in-

herent assumption of independent contacts and the lack of appropriate contact models.

It has been recognised for quite some time that contacts can no longer be considered

independent for relative densities exceeding about 0.85�0.90 for nonporous monodisperse

spherical particles [2, 3] and it has recently been claimed that e�ects of contact impinge-

ment cannot be neglected at relative densities as low as 0.7 if a particle-scale analysis

is aimed at [4]. Hence, local models such as the ones proposed by Storåkers et al. [5],

Thornton and Ning [6], Vu-Quoc and Zhang [7] and Brake [8] are not adequate in this

range.

More elaborate methods can be used to circumvent these issues, such as the combined

�nite/discrete element method (FEM/DEM) [9, 10, 11], also referred to as the multipar-

ticle �nite element method (MPFEM) [12, 13, 4] or the meshed discrete element method

(MDEM) [14]. The FEM/DEM is able to provide highly valuable results for small sys-

tems, but is unpractical for large-scale simulations due to its prohibitive computational

cost. Hence, the DEM represents the most viable compromise between e�ciency and

accuracy, but new contact models are needed.

Signi�cant progress towards the development of contact models valid at high relative

densities has been made by Harthong et al. [4, 14] who have presented a semi-empirical

model for the behaviour of plastic particles. In this approach, the standard overlap-based

contact force was augmented by a density-dependent singular term that accounted for

plastic incompressibility, using a local relative density inferred from a Voronoi tessellation

[15, 16]. In an attempt to account for the constraint imposed by plastic incompressibility

in an average sense, keeping the notion of independent contacts, a maximal plastic overlap

was introduced in the truncated Hertzian contact model [6, 17]. The maximal plastic

overlap was inferred from a regular particle packing and represented the junction where

the ability of plastic particle deformation was exhausted [17]. A more fundamental model,

albeit restricted to contact between elastic spheres, has been proposed by Gonzalez and

2



Cuitino [18]. Invoking the principle of superposition, as appropriate for linear elasticity,

the overall particle deformation was expressed as a sum of the deformations resulting from

each individual contact. Comparison with FEM/DEM results indicated that a superior

representation of the particle responses under compression was obtained when contact

dependence was properly accounted for. As a �rst step towards a mechanistic model

for the interaction between plastically deforming particles under con�ned conditions, a

geometrical analysis of the deformed particle shape was made in terms of a truncated

sphere whose radius increased to accommodate the displaced material [19], building on

the work by Fischmeister and Arzt [2] and Montes et al. [20].

Although the truncated sphere model [19] exhibited a satisfactory agreement with

numerical results for di�erent triaxial loadings, it cannot describe the response at large

volumetric strains, for two reasons. First, contact impingement invalidates the area de-

termination, since the contacts will cease to be circular at large strains. Second, spatial

con�nement produces a mean contact pressures that exceeds the hardness, a process re-

ferred to as `geometrical hardening' by Sundström and Fischmeister [21]. In order to

address these issues in an as simple geometric context as possible, this work focuses on

hydrostatic triaxial compression and develops a simpli�ed mechanistic model for the par-

ticle response. In the light of previous work in the �eld, the adopted hydrostatic triaxial

loading is expected to provide insights that can be generalised to more general loading

conditions, because the crossover between a stage dominated by plastic deformation and

a stage dominated by elastic deformation appears to be largely controlled by the degree

of con�nement, as quanti�ed by a Voronoi tessellation [2, 4, 14]. Such extensions to more

general loading conditions are discussed.

2. Numerical analysis

As in [19], the �nite element method (FEM) was used to study the mechanical response

of single particles under triaxial loadings. The onset of plastic �ow was governed by the

classical von Mises yield function, with yield stress σy and no hardening. The elastic

response was derived from a free-energy function of the compressible neo-Hookean type,

containing two material constants that can be calculated from the Young's modulus E and

Poisson's ratio ν. Simulations were performed for initially spherical particles with radius
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Rp0 = 0.5mm. The Young's modulus E was kept �xed at 10GPa, and four di�erent

values of Poisson's ratio were used (ν = 0.3, 0.4, 0.45 and 0.49), corresponding to bulk

moduli κ = E/[3(1 − 2ν)] of 8.33, 16.67, 33.33 and 166.7GPa. Likewise, two di�erent

yield stresses were assumed (100 and 200MPa), corresponding to E/σy ratios of 100 and

50. The particles were loaded along the x, y and z directions, using constant loading

rates. A sliding boundary condition was used between the particle and the con�ning

walls, i.e., the friction coe�cient was put equal to zero.

Due to the re�ection symmetries in the x, y and z planes, one octant of the particle

was discretised by using about 41 500 hexahedral �nite elements. Speci�cally, the total

displacement version of the physically stabilised hexahedral element proposed by Puso

[22] was adopted. This element eliminates shear and volumetric locking and is also

relatively accurate for coarse meshes. Moreover, as shown by by Reese et al. [23, 24],

elements that exhibit small mesh-distortion sensitivity may be devised by evaluating the

stabilisation sti�ness on the equivalent parallelepiped rather than on the element itself,

which in e�ect means that the hourglass vectors hi are substituted for the the stabilization

vectors γi (refer to [22] for the explicit de�nitions). Since numerical tests con�rmed that

the substitution of hi for γi in the Puso element indeed signi�cantly reduced its mesh-

distortion sensitivity [10], this slightly modi�ed element was used in the simulations.

For ease of implementation, an explicit solution scheme was employed, with su�cient

damping so that quasi-equilibrium was maintained.

3. Theory

During con�ned conditions in general and hydrostatic compression in particular, elas-

tic deformation is expected to be primarily manifested as a volume reduction of the

particle. To decouple the elastic and plastic deformation, it proves convenient to intro-

duce an equivalent particle radius Req such that the current particle volume Vp can be

expressed as

Vp =
4πR3

eq

3
. (1)

The usefulness of this de�nition stems from the fact that the equivalent particle radius

Req can be used instead of the initial particle radius Rp0 in a geometric analysis of the

particle shape.
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To estimate the magnitude of the elastic volume reduction, the average pressure in the

particle is expressed in two di�erent ways. First, the average stress σ can be calculated

as a sum over the n contacts [25],

σ =
1

Vp

n∑
i=1

Fi ⊗ ri , (2)

where Fi⊗ri denotes the tensor product between the force Fi on contact i and the radius

vector ri pointing from the particle centre to the contact point. For hydrostatic triaxial

compression with n = 6, ri = rr̂i and Fi = −F r̂i, where r̂i is an appropriate unit vector,

the average pressure P becomes

P = −1

3
trσ =

2rF

Vp

=
3r̄F̄

2π
, (3)

where the last equality follows from the de�nition (1) once the scaled quantities r̄ = r/Req

and F̄ = F/R2
eq have been introduced. Second, using the de�nition of the bulk modulus

κ, the average pressure can be expressed as

P = κ

(
1− Vp

Vp0

)
= κ

(
1−

R3
eq

R3
p0

)
, (4)

where Vp0 = 4πR3
p0/3 is the initial particle volume and where the second equality follows

from the de�nition (1). Combining Eqs. (3) and (4), one obtains

Req = Rp0

(
1− 3r̄F̄

2πκ

)1/3

. (5)

Assuming that the particle shape for small to intermediate strains can be described

as a truncated sphere of radius R (Fig. 1a), the particle volume can be determined as

the di�erence between the volume of the sphere (4πR3/3) and the volume of 6 spherical

caps [each of volume (π/3)(2R3 − 3R2r + r3)], i.e.,

Vp =
8π

3

(
−R3 +

9

4
R2r − 3

4
r3
)

. (6)

In the light of the de�nition (1) this becomes

R̄3 − 9r̄

4
R̄2 +

3r̄

4

3

+
1

2
= 0 (7)

where R̄ = R/Req. The solution to this cubic equation can be expressed as

R̄ = A

{
2 cos

[
arccos(B/A3 − 1) + π

3

]
+ 1

}
(8)
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Figure 1: Assumed geometry of the particle during di�erent stages of compression: (a) r̄1 < r̄ < 1, (b)

r̄ = r̄1, (c) r̄2 < r̄ < r̄1 and (d) r̄ = r̄2.

where A = 3r̄/4 and B = 3r̄3/8 + 1/4. In the absence of non-idealities (see below),

contact impingement would occur when r̄ = r̄1 = R̄/
√
2 (Fig. 1b) and Eq. (7) implies

that

r̄1 =
1

(15/2− 4
√
2)1/3

≈ 0.816 . (9)

Once contact impingement occurs, the free particle surface will be described as sphere

with radius
√
2(r − s), where s is half the length of the straight segment of the contact

boundary (Fig. 1c). Hence the particle volume can be expressed as the di�erence between

the volume of a cube with side-length 2r (8r3) and the volume of 8 corners [each of volume

c(r − s)3, where c is an as yet unspeci�ed constant], viz.

Vp = 8r3 − 8c(r − s)3 . (10)

Using de�nition (1) this becomes

r̄3 − c(r̄ − s̄)3 =
π

6
(11)

where s̄ = s/Req. During compression, s̄ increases from a value of 0 at the start of

contact impingement (at r̄ = r̄1) to a value of r̄ when the voidage is exhausted (at r̄ = r̄2,

Fig. 1d). Inserting s̄ = r̄ in Eq. (11), one �nds that

r̄2 =
(π
6

)1/3

≈ 0.806 . (12)
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Next, using the values s̄ = 0 and r̄ = r̄1 in Eq. (11) one �nds that c = (r̄31 − r̄32)/r̄
3
1. The

solution to Eq. (11) is immediately obtained as

s̄ = r̄ − r̄1

(
r̄3 − r̄32
r̄31 − r̄32

)1/3

. (13)

Allowing for a non-ideality caused by a phenomenon related to sink-in [26], the scaled

contact area S/R2
eq (where S is the unscaled contact area) is expressed as

S̄ =

ϕ2π(R̄2 − r̄2) if r̄ > r̄1

4r̄2 − (4− ϕ2π)(r̄ − s̄)2 if r̄ < r̄1

(14)

where ϕ will be referred to as a non-ideality factor with a value close to unity. Hence, a

value of ϕ less than unity causes a corresponding decrease in the contact radius for small

to intermediate strains. In e�ect, this would correspond to a situation where the material

in the vicinity of each contact deforms downwards in relation to a spherical surface when

compressed by a �at-faced punch, in a similar manner as material may deform downwards

in relation to a planar surface when compressed by a spherical indenter (so-called sink-in).

As in [19], the pressure is approximated by an average hardness H for small to inter-

mediate strains. Fischmeister and Arzt [2] likened the �nal stages of compression with

an extrusion process, and a related procedure will be used here. The extrusion pressure

is generally expressed in terms of the extrusion ratio, de�ned as the ratio between the

initial and the �nal cross-sectional areas, which for the case at hand are proportional to

r̄21 and (r̄− s̄)2, respectively. In the simplest case, the extrusion pressure Pext would then

equal [27]

Pext = σy ln
r̄21

(r̄ − s̄)2
=

2

3
σy ln

(
r̄31 − r̄32
r̄3 − r̄32

)
(15)

where the second equality follows from Eq. (13). Keeping in line with the determination

of the contact area, the onset of interaction between the stress �elds is assumed to occur

at r̄0 = r̄1/ϕ. Hence, a value of ϕ less than unity causes the onset of interaction to occur

at a smaller strain than in the absence of non-idealities. Augmenting the above expression

with a polynomial of the form ar̄3 + b, where the constants a and b are determined from

the conditions that P = H and dP/dr̄ = 0 at r̄0, one obtains

P =

H if r̄ > r̄0

2
3
σy

[
ln
(

r̄30−r̄32
r̄3−r̄32

)
+

r̄3−r̄30
r̄30−r̄32

]
+H if r̄ < r̄0 .

(16)
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An augmentation by a linear rather than a cubic polynomial in r̄ would have produced a

similar result; the cubic form was used here because it facilitates generalisations to more

general loadings. Finally, it follows from the de�nitions that

F̄ = PS̄ . (17)

It can be noted that Eqs. (14) and (16) express the scaled contact area S̄ and average

contact pressure P as functions of r̄, the scaled distance from the particle centre to the

contact point. The scaled contact force F̄ and equivalent radius Req are then obtained

as functions of r̄ via Eq. (17) and (5). Utilising the de�nitions of S̄, F̄ and r̄, it is

realised that the dimensional quantities S, F and r (in addition to P ) can be expressed

as functions of r̄, thus providing a parametric representation of their interrelations.

4. Results and discussion

Figure 2 displays the (unscaled) contact area (S), the average contact pressure (P )

and the contact force (F ) as a function of r, the distance from the particle centre to the

contact point. The oscillations seen in the contact pressure for small strains are artifacts

resulting from a limited resolution of the contact area. It is clear that the yield stress

and bulk modulus both a�ect the contact mechanics, as expected. In general terms, the

yield stress largely determines the response for small to intermediate strains, whereas the

bulk modulus controls the behaviour at large strains.

The corresponding scaled contact area S̄, average contact pressure P/σy and contact

force F̄ /σy are shown in Fig. 3 as a function of r̄, the scaled distance from the particle

centre to the contact point. Also included in the �gure are the results obtained from

Eqs. (14), (16) and (17), using ϕ = 0.96 and H = 1.94σy. As can clearly be seen, the

scaling produces an almost complete collapse of the results onto single master curves

corresponding to the response of a rigid, perfectly plastic particle. Moreover, the derived

expressions for the contact area, pressure and force provide adequate approximations of

the master curves. This result indicates that the values used for ϕ and the H/σy ratio are

fairly universal. It should be noted, however, that a limited range of E/σy ratios have

been explored and that a weak dependence on E/σy cannot be ruled out. Exceptions

occur for the pressure and force at small and intermediate strains for two primary reasons.
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Figure 2: (a) Contact area, (b) pressure and (c) force as obtained from FEM simulations of hydrostatic

triaxial compressions of single particles. The dashed lines correspond to σy = 100MPa and the solid

lines to σy = 200MPa.
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Figure 3: (a) Scaled contact area S̄ = S/R2
eq, (b) pressure P/σy and (c) force F̄ /σy = F/(R2

eqσy) as

obtained from FEM simulations of hydrostatic triaxial compressions of single particles. The inset in

(c) shows a magni�cation of the initial part of the force�displacement curve. The gray dashed lines

correspond to σy = 100MPa and the gray solid lines to σy = 200MPa. The black solid curves indicate

the analytical results.
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sions of single particles (ν = 0.3 and σy = 100MPa, [19]) vs. r̄xr̄y r̄z = rxryrz/R
3
eq, where rx, ry and

rz are the distances between the particle centre and the contact points in the x, y and z directions,

respectively. The gray solid lines correspond to the dominant contacts and the gray dashed lines to the

secondary contacts. The black solid curve indicates the analytical result.

First, the developed model does not account for the initial elastic region commonly seen

when elastoplastic particles interact [6, 3]. Second, a softening is known to occur when

the plastically deformed regions beneath each contact coalesce [19, 28] and the onset of

softening exhibits a slight dependence on the elastic parameters. Nevertheless, the overall

agreement between the analytical and numerical results is encouraging.

It is of interest to see to what extent the proposed analysis in terms of a contact pres-

sure that is the same for all contacts can be extended to more general loading conditions.

To this end, data from [19] for non-hydrostatic triaxial loadings of single particles was

utilised. Speci�cally, the axial strain (in the z direction) was di�erent from the lateral

strain (in the x and y directions), and the ratio between axial and lateral strains ranged

from 1/5 to 5. Using the nomenclature from [28], the contact(s) experiencing largest

strain will be referred to as dominant whereas the other contact(s) will be called sec-

ondary. The product r̄xr̄yr̄z was substituted for r̄3 in Eq. (16), where r̄x, r̄y and r̄z are

the scaled distances between the particle centre and the contact points in the x, y and

z directions, respectively. Notice that the product r̄xr̄yr̄z (or r̄
3 for hydrostatic loadings)

represents a direct measure of the scaled Voronoi volume V̄c = Vc/R
3
eq, where Vc is the
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volume of the Voronoi cell that is de�ned by the particle contacts (or, more precisely,

the set of radius vectors {ri}). A comparison between the numerical results (obtained

for ν = 0.3 and σy = 100MPa, [19]) and the predictions of Eq. (16) is provided in Fig. 4.

Equation (16) appears to provide an adequate representation of the pressure also for non-

hydrostatic triaxial loadings, but the variation in pressure is considerably larger than for

the hydrostatic case (compare Figs. 3b and 4). Moreover, a systematic di�erence exists

between the dominant contacts (gray solid lines in Fig. 4), which generally follow the

analytical master curve relatively well, and the secondary contacts (gray dashed lines

in Fig. 4), for which the pressure generally is somewhat larger for intermediate strains

and somewhat lower for large strains. Nevertheless, Eq. (16) provides a fairly accurate

approximation of the pressure evolution also for non-hydrostatic loadings. This result is

in line with the semi-empirical model proposed by Harthong et al. [4, 14] in which the

local relative density plays a crucial role. Still, e�ects of the triaxiality of the loading are

also evident, as suggested by Tsigginos et al. [28], but these e�ects are relatively small.

5. Conclusions

Triaxial hydrostatic compression of single particles was investigated. Appropriate

scaling by an equivalent particle radius that accounted for elastic volumetric straining

enabled an almost complete reduction of the elastoplastic response of the particle to

that obtained for a rigid, perfectly plastic one. This result facilitated the derivation

of a mechanistic model that provided a good description of the contact area, pressure

and force, albeit with one empirical parameter that describes sink-in. Comparisons with

simulations of non-hydrostatic triaxial loadings indicate that the model can be generalised

to other loading conditions.
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