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Abstract

Quantization of stochastic processes with applications
on Euler-Maruyama schemes

Viktor Edward

This thesis investigates so called quantizations of continuous random variables. A
quantization of a continuous random variables is a discrete random variable that
approximates the continuous one by having similar properties, often by sharing weak
convergence. 

A measure on how well the quantization approximates the continuous variable is
introduced and methods for generating quantizations are developed. The connection
between quantization of the normal distribution and the Hermite polynomials is
discussed and methods for generating optimal quantizations are suggested. An
observed connection between finite differences and quantization is examined and is
identified to just be a special case. Finally a method of turning an Euler-Maruyama
scheme into a deterministic problem by quantization is presented along with a
convergence analysis. The method is reminiscent of standard tree methods, that can
be used for e.g. option pricing, but has a few advantages such that there are no
requirements on the grid point placements, it can even change for each time step.
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1 Introduction

The heat equation is one of the most well researched equations for many reasons. Not only does
the equations have many applications itself, it is also the most basic case of a parabolic differential
equation and is used as a test-equation when testing new numerical methods. Moreover the famous
Black-Scholes equation, which most of the modern finance world is built upon, can by a smart
variable-of-change transformation turn into the heat-equation. In 1913 Adriaan Fokker and Max
Planck found a connection betweens diffusions and partial differential equation with the so called
Fokker-Planck equation. This formula is more known as the Kolmogorov forward-equation.

The Euler-Maruyama scheme applied to the stochastic differential equation (SDE) for the heat
equation (acquired by using Fokker-Planck) gives,

Xk+1 = Xk + σ
√

∆tξk, X0 = x. (1)

Here we have replaced the normal distributed random number Zk in the standard Euler-Maruyama
scheme with Bernoulli random numbers ξk taking values P (ξk = ±1) = 1/2. These numbers go
either up(left) or down(right) with equal probability. We call this a weak approximation or more
precise a quantization of the normal distribution. Using the property of iterated expectations
applied to the heat equation we obtain the following recursion:

u(tk, x) = E[u(tk+1, X(tk+1)] =
1

2
u(tk+1, x− σ

√
∆t)) +

1

2
u(tk+1, x+ σ

√
∆t) (2)

with the final condition u(tN , x) = g(x). This linear difference equation is a disguised explicit finite
difference scheme, which can be seen if we set ∆x = σ

√
∆t, construct a grid xi = x0 + iσ

√
∆t.

Subtracting u(tk+1, xi) to both sides and multiply by ∆t−1 we obtain the following well known
scheme:

u(tk, xi)− u(tk+1, xi)

∆t
=
σ2

2

u(tk+1, xi+1)− 2u(tk+1, xi) + u(tk+1, xi−1)

∆x2
. (3)

Here we have derived the standard finite difference scheme for the heat equation backward-in-time.
This is the main inspiration behind the research done here and comes from Milstein’s research on
so called layer methods [3]. The concepts will be more firmly explained in the report.

The original main goal of the project was to investigate how different types of weak approximations
of random variables generates finite difference schemes and attempts to extend the idea to the RBF-
FD (radial basis function finite differences) case was made, where we don’t get restricted to a mesh.
However this was shown to not be feasible and the project focused more on weak approximation
theory and applications.

The contributions of this thesis has been the following. Studies on how to generate discrete weak
approximations of random variables, called quantization, has been conducted. In what way we
define how well the quantized variable approximates the original one as well how to generate these.
This got extended to quantizations of general stochastic differential equations and a method for
removing the realization part of an Euler-Maruyama scheme by quantization was developed.

We start off by giving a short introduction to some basic concepts of stochastic processes and
diffusions in Chapter 2. In Chapter 3 we will define how to discretize stochastic processes in
time and in Chapter 4 how to discretize stochastic processes in space. We define what a weak
approximation is and discuss how to define the error introduced as well as how to generate them.
Chapter 5 gives some basic theorems about Hermite polynomials and Chapter 6 connects Hermite
polynomials with weak approximations of the normal distribution. The relationship between weak
approximations and finite differences are further investigated in Chapter 7. Applications of weak
approximations are dealt with in Chapter 8 with focus on Euler-Maruyama schemes. Finally
Chapter 9 contains a short discussion that summarizes some of the problems dealt with and gives
advice on what future research could be conducted.
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2 Diffusion and Stochastic processes

To start off some basic theorems about diffusion and stochastic processes will be given that are
used in the thesis. The theorems presented here are given to understand the connection between
the heat equation, the Brownian motion and option pricing using the Black-Scholes model. For
the interested reader who wants a more firm introduction to these concepts Chung, Williams [1] is
recommended.

The Black-Scholes model is the most used model for option pricing. Even though many models
nowadays are more sophisticated, most of them still use the Black-Scholes equation as the base
and adds improvements to it. The Black-Scholes equation is given by

∂V

∂t
+

1

2
σ2S2 ∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0 (4)

where V is the contract price, σ the volatility, S is a risky asset(often a stock) and r the risk-free
interest rate.

Often it is an easier task to investigate the heat equation instead of the Black-Scholes equation.
By the following change-of-variable transformation one can transform between them

τ = T − t (5)

u = Cerτ (6)

x = ln

(
S

K

)
+

(
r − 1

2
σ2

)
τ (7)

and the Black-Scholes Equation (4) turns into the the standard heat equation

∂

∂t
u(x, t)− σ2

2

∂2

∂x2
u(x, t) = 0.

Note that due to the variable change the new equation is forward-in-time instead of backward-in-
time. The terminal condition

C(S, T ) = max[S −K, 0]

becomes an initial condition

u(x, 0) = K(emax[x,0] − 1).

Theoretically it does not matter which one you solve, even though it may matter numerically. A
stochastic process is defined as a collection of random variables

{Xt : t ∈ [0, T ]} (8)

indexed by time and are often used to model systems such as stock prices. A commonly used form
for a stochastic process is the following.

Definition 2.1 (Stochastic differential equation). A stochastic differential equation is defined as

Xt = X0 +

∫ t

0

µs ds+

∫ t

0

σs dWs (9)

on integral form or

dXt = µtdt+ σtdWt (10)

on differential form, where Wt is a Wiener process.

It is also possible to connect differential equations with a corresponding stochastic process using the
Kolmogorov forward equation. The Kolmogorov forward equation describes how the distribution
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of a random variable X(t) changes forward in time. If X(t) can be described by the stochastic
differential equation

dX(t) = µ(X(t), t) dt+ σ(X(t), t) dW (t)

then the probability density function p(x, t) of X(t) at time t is given by solving the following
differential equation

∂

∂s
p(x, t) = − ∂

∂x
[µ(x, t)p(x, t)] +

1

2

∂2

∂x2
[σ2(x, t)p(x, t)]. (11)

For a Wiener process with µ(X(t), t) = 0 and σ(X(t), t) = σ the forward probability distribution
is acquired from

∂

∂t
p(x, t)− σ2

2

∂2

∂x2
p(x, t) = 0, (12)

which is the standard heat-equation and hence we have a relation between the Black-Scholes
equation, the heat equation and the Wiener process.

Stochastic models are often defined in continuous time, e.g. the Black-Scholes model in (4), which
when solved numerically is not feasible since computers operate in a discrete space. When dis-
cretizing a continuous stochastic process an error is introduced. The strong error is defined as
follow.

Definition 2.2 (Strong Convergence). A stochastic process Yt converges strongly of order p in
time to a process Xt if the following holds

E(|Xt − Yt|) ≤ O(hp) (13)

where h is the time step.

The strong error describes how well each generated discrete path of the random process follows
the theoretical continuous process. The more interesting error is the weak error since it describes
how well we can evaluate some function using a Monte Carlo model.

Definition 2.3 (Weak Convergence). A stochastic process Yt converges weakly of order q in time
to a process Xt if the following holds

|E[φ(Xt)]− E[φ(Yt)]| ≤ O(hq) (14)

for some function φ(x) and time step h.

Weak convergence describes the error of the estimated probability distribution at the final time
instead of the individual path error as the strong convergence do. E.g. if we price an option
using Monte Carlo simulations the weak error is the error of the option price due to the time
discretization.

3 Discretization of a stochastic process in time

The simplest and most used method for discretization of a stochastic process in time is the Euler-
Maruyama scheme. Given a stochastic differential equation of the form

dX(t) = µ(X(t), t) dt+ σ(X(t), t) dW (t)

the Euler-Maruyama approximation of X(t) is the Markov chain Y defined as

Yn+1 = Yn + µ(Yn, tn)∆t+ σ(Yn, tn)∆Wn (15)

with Y0 = X0 and ∆Wn being independent Gaussian increments.
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The Euler-Maruyama method can be seen as a stochastic counterpart to the Euler method for
solving ordinary differential equations and in the case of the random part dropped of the SDE they
are equivalent. Just as in the deterministic case the way to derive the Euler-Maruyama scheme is
by Taylor expansion, which is a more complicated task in the stochastic case known as Itô-Taylor
expansion. Using a higher order Itô-Taylor expansion we can get a better approximation and the
second order scheme is given by the Milstein scheme. Given a stochastic differential equation of
the form

dX(t) = µ(X(t), t) dt+ σ(X(t), t) dW (t)

the Milstein approximation of X(t) is the Markov chain Y defined as

Yn+1 = Yn + µ(Yn, tn)∆t+ σ(Yn, tn)∆Wn +
1

2
σ(Yn, tn)σ′(Yn, tn)((∆Wn)2 −∆t) (16)

with Y0 = X0, ∆Wn being independent Gaussian increments and σ′ be the derivative of σ(y, t)
with respect to y.

The Euler-Maruyama scheme defined in (15) converges strongly of order 0.5 while the Milstein
scheme defined in (16) converges strongly of order 1. Both the Euler-Maruyama scheme and the
Milstein scheme is of order 1 in weak convergence.

4 Discretization of a stochastic process in space

Temporal discretization of a SDEs is a mature subject. In this section we will turn to the less
studied discretization of stochastic processes in space. We start of by defining two concepts of
approximations of random variables which will be widely used.

Definition 4.1 (Weak Approximation). A weak approximation W̃ of a random variable W is
defined as an approximation of W such that weak convergence of W is preserved for some evaluated
function or moment.

A special case of a weak approximation is the quantization of a random variable.

Definition 4.2 (Quantization). A quantization W̃ of a continuous random variable W is defined
as a discrete approximation of W such that weak convergence is preserved. The possible outcomes
of the random variable W̃ is called jump positions and the corresponding probabilities are called
weights.

If we are only interested in weak convergence of a stochastic process it is possible to look at
a simplified weak Euler scheme, where we replace the Gaussian increments by another random
variable with similar moment properties.

Theorem 4.1 (Simplified Euler-Maruyama Method). Given a stochastic differential equation of
the form

dX(t) = µ(X(t), t) dt+ σ(X(t), t) dW (t)

the simplified Euler-Maruyama approximation of X(t) is the Markov chain Y defined as

Yn+1 = Yn + µ(Yn, tn)∆t+ σ(Yn, tn)∆W̃n (17)

with Y0 = X0. Where W̃n is a random variable that has independent increments and fulfils the
following moment conditions

|E[∆W̃n]|+ |E[(∆W̃n)3]|+ |E[(∆W̃n)2]−∆t| ≤ K∆t2 (18)

the scheme has the same weak convergence as the standard Euler-Maruyama scheme.
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For a proof see Kloeden, Platen [2]. An example of such a random variable W̃n is the previ-
ously mentioned P (W̃n = ±1) = 1/2. It is easy to verify that E[∆W̃n] = E[(∆W̃n)3] = 0 and
E[(∆W̃n)2] = ∆t. A simplified version of the Milstein scheme is also possible but has a stricter
requirement on the stochastic process W̃n.

Theorem 4.2 (Simplified Milstein Method). Given a stochastic differential equation of the form

dX(t) = µ(X(t), t) dt+ σ(X(t), t) dW (t)

the simplified Milstein approximation of X(t) is the Markov chain Y defined as

Yn+1 = Yn + µ(Yn, tn)∆t+ σ(Yn, tn)∆W̃n +
1

2
σ(Yn, tn)σ′(Yn, tn)((∆W̃n)2 −∆t) (19)

with Y0 = X0. Where W̃n is a random variable that has independent increments and fulfils the
following moment conditions

|E[∆W̃n]|+ |E[(∆W̃n)3]|+ |E[(∆W̃n)5]|
+ |E[(∆W̃n)2]−∆t|+ |E[(∆W̃n)2]− 3∆t3| ≤ K∆t3

(20)

the scheme has the same weak convergence as the standard Milstein scheme.

Proof for this can be found in Kloeden, Platen [2] as well. One of the applications of using these
schemes will be shown in later chapters where we effectively remove the whole Monte Carlo error
when choosing the random variable W̃n such that the process is stuck on a grid. Also the moment
conditions will be the basis in how we find quantizations of a continuous random variable.

One gain when using quantization of a random variable is that it is easy to calculate future
distributions deterministically. Milstein has investigated so called layer methods [3] which are
based upon this and is the main inspiration behind the methods developed in this paper.

4.1 Layer methods

A layer method is a way to calculate future distributions of a stochastic process using the property
of iterated expectations. The property of iterated expectations describes how the current value is
dependent on future expectations for a stochastic process accordingly to

u(tk, x) = E[u(tk+1, X(tk+1)]. (21)

As an example look at the Euler-Maruyama scheme driven by a quantized normal distribution
approximation P (ξk = ±1) = 1/2 with µ = 0 and σ constant, we have

u(tk, x) = E[u(tk+1, X(tk+1)] =

2∑
i=1

piu(tk+1, xi)

=
1

2
u(tk+1, x− σ

√
∆t)) +

1

2
u(tk+1, x+ σ

√
∆t).

(22)

Milstein [3] uses layer methods to solve non-linear parabolic equations by transforming the deter-
ministic problem into a stochastic one using the Kolmogorov forward equation (11) followed by
quantization of the stochastic process. In this thesis a method inspired by this is suggested with
focus on how to generate the quantized stochastic processes to stay on a grid combined with the
Euler-Maruyama scheme.

4.2 Quantization of a continuous random variable

When approximating a continuous stochastic process with a discrete, i.e. quantization, the first
question one should ask is by what measure we define a good approximation. Siegfried Graf and
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Harald Luschgy [5] as well as Gilles Pagès and Huyên Pham [6] does it by defining a norm based
measure and finding the minimum as follow. Define the Wasserstein-Kantorovitch Lr-metric ρr
for two random variables with probabilities P1 and P2 as

ρr(P1, P2) = inf

{(∫
‖x− y‖r dµ(x, y)

)1/r
}
. (23)

Where µ is a probability given on Rd×Rd with marginals P1 and P2. The goal is to approximate a
random variable X by a discrete random variable X̃ that can take on values on the following grid
Γ := {x1, . . . , xn}. Let X̃ be the projection ProjΓ(X) on the grid according to some projection
rule with the corresponding probability projection ProjΓ(P ). We then get the quantization error
given by ρr(P, ProjΓ(P )). Pagès and Pham uses a nearest neighbour rule for this projection. This
is as Graf and Luschgy mentions equal to a n-centers problem when choosing the optimal xi points.
The n-centers problem can be thought of as the following in the most basic case, given N points
how do we place a point x to minimize the total travel distance for all the N points. This can
be extended to the continuous case and placing more points, which we have in the quantization
problem. This method has the advantages that it has a strong mathematical background and it is
possible to determine an error for a given quantization.

However Milstein [3] connects the convergence rate of layer methods with the amount of matching
moments between the discrete and continuous process. In the previous section we saw the con-
nection between simplified schemes and the amount of matching moments for the process and this
will be the measure used for the quantization.

An example will follow why we will use the moment approach. Graf and Luschgy calculate the
optimal jump positions with their method using two points and an order of r = 2 for the normal
distribution. The optimal points are then given by ±0.7979 and we define the random variable
P (W̃ = ±0.7979) = 1/2. We then have E[(∆W̃ )2] = 0.6366 and one cannot guarantee that the
Simplified Milstein Method condition in (18) holds for all ∆t.

In some sense the norm approach approximates all moments at the same time while the moment
matching method approximates the lower moments exactly. Both approaches should converge
towards the normal distribution but the priority between them differs. In the problems dealt with
the lower moments are the important ones due to the simplified scheme condition on the weak
approximation found in Theorem 4.1 and Theorem 4.2.

4.3 Moment matching method for the quantization problem

We would like to approximate a continuous random variable X by a discrete random variable X̃
on a set of points {xi}i=1:N , which are either free or fixed. Thus the goal is to match as many
consecutive moments of X̃ with X as possible. Given the fixed points {xi}i=1:N we have N free
variables and requiring that the probabilities add up to one we can match N − 1 moments by
solving the following system

1 1 1 . . . 1
x1 x2 x3 . . . xN
x2

1 x2
2 x2

3 . . . x2
N

...
...

...
. . .

...

xN−1
1 xN−1

2 xN−1
3 . . . xN−1

N




w1

w2

w3

...
wN

 =


1

E[X]
E[X2]

...
E[XN−1]

 . (24)

If we instead also have the points set free we have N additional free variables and can now match
up to 2N − 1 moments by solving the following non-linear system

2N∑
i=1

wix
k = E[Xk], (25)

k = 0, 1, 2, . . . , 2N − 1. (26)

Solving this system will be shown to be closely related to the problem of finding the zeros of the
Hermite polynomials and methods to simplify the problem will be shown in Chapter 6.
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4.4 Negative weights

A problem that can arise when using fixed points is that one can acquire probabilities that are larger
than one or negative. As an example let our random variable be zero-mean normally distributed,
i.e. X ∼ N (0, σ2), and x = {0, σ/2, −σ/2} with corresponding probabilities p = [p0, p1, p2].

0

0−σ/2 σ/2

p 2 p
0

p
1

The system in (24) gives that p1 = p2 due to the first moment being zero and 2σ2(1/2)2p1 = σ2

from the second moment. So from the probabilities adding up to one we get p = {−3, 2, 2} which
breaks the fundamental properties of a random variable. In this case it is easy to derive a condition
on how far away the points needs to be positioned to get a feasible solution.

Lemma 4.3 (3-point condition for quantization of the normal distribution). Quantization of X ∼
N (0, σ2) with the jump positions x = {0, hσ, −hσ} requires that h ≥ 1 to acquire non-negative
probabilities.

Proof. From the first moment being zero we have the requirement p1 = p2. From the second
moment we have

(p1 + p2)h2σ2 = 2p1h
2σ2 = σ2

→ 2p1h
2 = 1

Since the three probabilities p0, p1 and p2 have to add up to 1 we need that p1 ≤ 0.5 and get the
following requirement for h

h =
√

1/(2p1) ≥ 1.

This is similar to how finite differences have a CFL-condition on how close the grid points have to
be. Finding requirements on the jump positions in cases of using more points, non-symmetrical
points or for more complicated random variables is a much harder task to do analytically. Generally
the required radius is dependent on the variance of the random variable and hence dependent on
the time step used in the time discretization schemes. Choosing the positions for the jump points
or what points to use given a grid is one of the main problems with quantization of a random
variable and will be discussed later on.

4.5 Moment matching method on underdetermined systems

In some cases we might have more available points than needed for the amount of moments we
need to match for our discrete stochastic process. Imagine the following case, we have five points
but only need to match three moments. We then have one extra free variable in (24) and our
system is underdetermined. There are a few cases where we will have systems like this and when
this is preferred. As an example if we have a non-uniform grid it might be easier to just determine
that all points within a certain radius is used for the process instead of randomly choosing the
needed amount. If we only need a certain number of moments matched, as in the simplified Euler-
Maruyama scheme (4.1), it might be better to find a solution to the underdetermined system
instead of the one with more agreeing moments. A reason for this is that large moments are often
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growing fast and inverting matrices might be inaccurate. Also due to the earlier discussed problems
with negative weights the solution for these given points might not be feasible.

One of the ways to choose points to avoid negative weights which will be seen in later chapters
is to jump over points too close until we end up with positive weights. While this method will
give a correct result for the evaluated function in the end, the distribution might experience some
oscillations. If we instead include all points in a radius we will remove those oscillations.

To be able to find a solution to this problem an iterative method will be suggested using a solver
for non-linear equations, in this case the fsolve function in Matlab. The method will be given for
three matching moments due to there being a requirement on how good the approximation has to
be for the simplified Euler-Maruyama scheme in (18). It is however easy to extend the method to
a higher order if so wished. Since the system is underdetermined we have an infinite number of
solutions to the system and there is always a possibility that the found one will have some negative
weight. To handle this a penalty term is introduced for negative weights with a penalty coefficient
K and the system we want to find a solution to, given N points, is

N∑
i=1

wi = 1,

N∑
i=1

wix
1 = E[∆X],

N∑
i=1

wix
2 = E[(∆X)2],

N∑
i=1

wix
3 = E[(∆X)3],

N∑
i=1

K|wi − |wi|| = 0.

(27)

Note of the last term is there simply to force the weights to stay positive and by increasing the
value on the parameter K we put more weight on this criterion. The search area will be dependent
upon the selected time step ∆t. The reason for starting at 2∆t is the requirements on the normal
distribution mentioned in last the chapter. This requirement can be set to something else for a
different process.

Algorithm 1 Moment matching for underdetermined systems

1: for each node xi, i=1,N do
2: Set start search radius for finding points at 2∆t.
3: Set continue to True.
4: while continue do
5: Find all points within the search radius.
6: Find a solution to (27) using a non-linear equation solver.
7: Set all negative weights to zero and normalize the remaining weights.
8: Check if the requirement on the moments of W̃ given by (18) is fulfilled.
9: if Requirement is fulfilled then

10: Set continue to False
11: else if Maximum amount of attempts is reached then
12: Set continue to False and classify the point as failed.
13: else
14: Increase the search radius by ∆t.
15: end if
16: end while
17: end for

Example 4.1. It is easy to extend Algorithm 1 to several dimensions (the equation systems will
be larger though) and in Figure 1 a grid generated using a Halton set is shown. The green circles
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represent the points where attempts to generate a normal distribution were made and the red
crosses where it failed.

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

7

8

9

10

Figure 1: Discrete grid with 500 points. The green circles are where the Wiener process approxi-
mation was attempted and the ones with a red cross where it failed.

As one can see it is not possible to find quantizations of a Wiener process close to the borders
which is to be expected since it is hard matching moments when the process cannot move in one
direction. One will simply have to choose a grid large enough so the probability of reaching the
boundaries are minimal.

5 Hermite polynomials

The Hermite polynomials are a sequence of orthogonal polynomials that are widely used in prob-
ability. In section 6.2 the relevance of these polynomials will be seen for finding optimal quantiza-
tions of normal distributions. The presented relations can be found in Gabor Szegö [7]. Hermite
polynomials are defined by the following.

Definition 5.1 (Probabilists’ Hermite polynomials). The probabalists’ Hermite polynomials are
defined as

Hen(x) = (−1)ne
x2

2
dn

dxn
e−

x2

2 =

(
x− d

dx

)n
· 1. (28)

There are also a more generalized version which includes a variance parameter that can be useful
due to the connection with the normal distribution.

Definition 5.2 (Generalized Hermite polynomials). The generalized hermite polynomials are de-
fined as

H [t]
n (x) =

(−t)n

n!
e

−x2

2t
dn

dxn
e−

x2

2t . (29)

The relation between the probabilists’ and generalized Hermite polynomials are given by

H [t]
n (x) = t−n/2Hen

(
x√
t

)
(30)
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To be able to generate Hermite polynomials the following two properties are useful

He ′n(x) = nHen−1(x) (31)

and

Hen+1(x) = xHen(x)−He ′n(x) (32)

which combined becomes

Hen+1(x) = xHen(x)− nHen−1(x). (33)

Using that the first two Hermite polynomials are given by

He0(x) = 1

He1(x) = x

makes it easy to evaluate higher order Hermite polynomials using the recursive formula. There is
also an explicit formula for the probabilists’ Hermite polynomials of any order given by

Hen(x) = n!

bn/2c∑
k=0

(−1)k

k!(n− 2k)!

xn−2k

2k
. (34)

5.1 Gaussian-Hermite quadrature

Gaussian quadrature is a method of calculating integrals on a specific form as a weighted sum
of function values evaluated in some specific points. The evaluation points are the roots to a set
of orthogonal polynomials and the method is for an n point quadrature exact for polynomials up
to order 2n − 1. We are interested in Gaussian-Hermite quadrature due to the connection to the
normal distribution’s density function.

Theorem 5.1 (Gauss-Hermite quadrature rule).

I =

∫
R
g(x)e−x

2/2dx ≈
n∑
i=1

wig(xi) (35)

where the optimal evaluation points xi are given by the roots to the n : th order Hermite polynomial.
We have equality if g(x) is a polynomial of, at most, an order 2n− 1. The weights wi are given by

wi =
n!
√

2π

n2(Hen−1(
√

2xi))2
(36)

For a proof of of the Gaussian quadrature rule and more theorems the reader is referred to Stroud
and Secrest [13]. A way to look at (35) is that it is the expectation of the function g(x) given a
normal distribution. The quadrature rule then gives the best way to evaluate the expectation on
a discretization is using the roots of the Hermite polynomials.

6 Connections between weak approximations of the normal
distribution and Hermite polynomials

The reason Hermite polynomials are discussed is their close relation to the normal distribution. The
Hermite polynomials are as previously noted orthogonal with respect to the normal distribution
weight. We will in this chapter see a few different applications of the Hermite polynomials and
relationships to the normal distribution.
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6.1 Moments

The first noted relation is that the constant term in the n : th Hermite polynomial is equal to the
n : th moment of the Normal distribution.

He0(x) = 1

He1(x) = x

He2(x) = x2 − 1

He3(x) = x3 − 3x

He4(x) = x4 − 6x2 + 3

He5(x) = x5 − 10x3 + 15x

He6(x) = x6 − 15x4 + 45x2 − 15

He7(x) = x7 − 21x5 + 105x3 − 105x

He8(x) = x8 − 28x6 + 210x4 − 420x2 + 105

(37)

One way to prove the relationship observed in (37) is from the following identity.

Theorem 6.1 (Moment representation of Hermite polynomials). The probabilists’ Hermite poly-
nomials can be expressed in the following integral form as a moment of the normal distribution.

Hen(x) =

∫ ∞
−∞

(x+ iy)ne−
y2

2 dy/
√

2π. (38)

Proof.∫ ∞
−∞

(x+ iy)ne−
y2

2 dy/
√

2π =

xn√
2π

∫ ∞
−∞

e−
y2

2 dy +
nxn−1

√
2π

∫ ∞
−∞

iye−
y2

2 dy + · · ·+ 1√
2π

∫ ∞
−∞

(iy)ne−
y2

2 =

bn/2c∑
k=0

(
n

2k

)
xn−2k(−1)k

∫ ∞
−∞

y2ke−
y2

2 dy/
√

2π =

bn/2c∑
k=0

(
n

2k

)
xn−2k(−1)k(2k − 1)!! =

n!

bn/2c∑
k=0

xn−2k

(2k)!(n− 2k)!
(−1)k(2k − 1)!! =

n!

bn/2c∑
k=0

(−1)k

k!(n− 2k)!

xn−2k

2k
= Hen(x).

(39)

We have used that every odd moment is zero for the normal distribution and (2k−1)!! =
(2k)!

2kk!
.

Hence from setting x = 0 we have

Hen(0) =
1√
2π

∫ ∞
−∞

(iy)ne−
y2

2 = inE[Xn]

for X ∼ N (0, 1).

(40)

6.2 Optimal quantizations for a normal distribution

We define the quantization of a random variable W using N points as the discrete random variable
W̃ that has the most consecutive matching moments with the normal distribution. From (25) we
have that we can match 2N − 1 moments at most when we let the x-positions be free variables.
By solving the non-linear system we can hence find the optimal approximation. The first three
non-trivial ones are the following.
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For a two-point discrete variable we have that the optimal discrete approximation is given by

P (W̃ = ±1) = 1/2, (41)

for a three-point discrete variable

P (W̃ = ±
√

3) = 1/6, P (W̃ = 0) = 2/3 (42)

and for a four-point discrete variable

P (W̃ = ±2.3344) = 0.0459, P (W̃ = ±0.7420) = 0.4541. (43)

The jump positions, which may seem random, are actually related to the Hermite polynomials.
The optimal jump positions to the N point approximation are actually given by the roots to the
N:th Hermite polynomial which can be seen by plugging in the above values in (37). One way
to understand the reason behind this is the look at the Gauss-Hermite quadrature in Theorem
35. Gaussian-Hermite quadrature theory, which approximates an integral evaluating moments of
the normal distribution, says that the best evaluation points are given by the zeros the Hermite
polynomial.

So instead of solving the non-linear equation system given by (25) one can find the roots to the
N:th Hermite polynomial and solve a slight modification of the linear system in (24). The roots
of Hermite polynomials are always symmetric and by assuming symmetric weights as well we get
that all odd moments are zero. So for N being even we end up with the system

2 2 2 . . . 2
2x2

1 2x2
2 2x2

3 . . . 2x2
N/2

2x4
1 2x4

2 2x4
3 . . . 2x4

N/2

...
...

...
. . .

...

2x2N−2
1 2x2N−2

2 2x2N−2
3 . . . 2x2N−2

N/2




w1

w2

w3

...
wN/2

 =


1

E[X2]
E[X4]

...
E[X2N−2]

 (44)

where x1, x2, . . . , xN/2 are the N/2 positive roots of the N:th Hermite polynomial. In the case of
using an odd amount of points we end up with almost the same system, only that we add one
more term not multiplied by a factor two in the left matrix and an additional weight and moment.
This linear system is overdetermined and we have N/2 free variables to fit N equations, however
the choice of the Hermite polynomials roots as points will guarantee a solution.

Another approach to find the weights for each x-positions is from the following observation. The
weights can be calculated from

wi =
n!

n2(Hen−1(xi))2
(45)

using Gaussian-Hermite quadrature∫
R
g(x)e−x

2/2/
√

2πdx =

n∑
i=1

wig(xi), (46)

since the integral is the g(x) moment given a normal distribution. So the problem has been
transformed from solving a non-linear equation system with 2N unknowns, to finding the roots of
the N:th order Hermite polynomial and evaluating the values given by (45).

6.3 Implementation

An easy way to calculate the roots to the n:th order probabilists’ Hermite polynomials is by using
the The Golub-Welsch algorithm.
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Theorem 6.2 (Golub-Welsch). The roots of the n:th order probabilists’ Hermite polynomials are
given by the eigenvalues to the following matrix.

J =


0
√

1 0 . . . . . . . . .√
1 0

√
2 0 . . . . . .

0
√

2 0
√

3 0 . . .
0 . . . . . . . . . . . . 0
. . . . . . 0

√
n− 2 0

√
n− 1

. . . . . . . . . 0
√
n− 1 0

 . (47)

For a proof of the Theorem see Golub, Welsch [8]. This is significantly easier than finding the roots
of a high order polynomial. Combining the Golub-Welsch algorithm with the recursive formula of
the Hermite polynomials found in (33) makes it easy to implement a solver for finding an optimal
n-point weak approximation of the normal distribution. Generating a 25-point approximation with
49 matching moments takes less than a second on a personal laptop and verifies that the method
works. See Figure 2 for a 5-point, 11-point and 25-point optimal quantization.
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Figure 2: A 5-point (a), 11-point (b) and 25-point (c) optimal normal distribution quantization.

7 SDEs to Finite Differences

We have up to now introduced the direct techniques for calculating the weights for quantized
processes. In this section we will present the relation between layer methods and simplified Euler-
Maruyama schemes. The Euler-Maruyama scheme applied to the SDE for the heat equation gives,

Xk+1 = Xk + σ
√

∆tξk, X0 = x. (48)

Here we have replaced the normally distributed random number Zk in the Euler-Maruyama scheme
with Bernoulli random numbers ξk taking values P (ξk = ±1) = 1/2. This is an optimal two-point
quantization of the normal distribution with three matching moments. From Theorem 4.1 we still
have the same convergence as the version with a normal distribution random variable. Using the
property of iterated expectations applied to the scheme we obtain the following recursion:

u(tk, x) = E[u(tk+1, X(tk+1)] =
1

2
u(tk+1, x− σ

√
∆t)) +

1

2
u(tk+1, x+ σ

√
∆t) (49)

with the initial (since the scheme is backwards in time) condition u(tN , x) = g(x). This is known
as a layer method as mentioned in section 4.1 and is in this case a disguised explicit finite difference
(fd) scheme, which can be seen if we set ∆x = σ

√
∆t. Construct a grid xi = x0 + iσ

√
∆t, subtract

u(tk+1, xi) from both sides and finally multiply by ∆t−1 and we obtain the following well known
scheme:

u(tk, xi)− u(tk+1, xi)

∆t
=
σ2

2

u(tk+1, xi+1)− 2u(tk+1, xi) + u(tk+1, xi−1)

∆x2
. (50)

The obvious question we are interested in, is if we can generate a finite difference scheme using this
tactic and higher order quantization of our random variable. A five-point quantization, acquired
from the method in section 4.3, of the normal distribution is given by:

Xk+1 = Xk + σ
√

∆tξk, X0 = x. (51)
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P (ξk = ±2) = 1/12, P (ξk = ±1) = 1/6, P (ξk = 0) = 1/2. This scheme have the first five moments
matching with the normal distribution. Once again using the law of iterated expectations one
acquire the following:

u(tk, x) = E[u(tk+1, X(tk+1)] =

1

12
(u(tk+1, x− 2σ

√
∆t) + 2u(tk+1, x− σ

√
∆t)+

6u(tk+1, x) + 2u(tk+1, x+ σ
√

∆t) + u(tk+1, x+ σ
√

∆t))

(52)

and by same the transformation as the two-point example we end up with

u(tk, xi)− u(tk+1, xi)

∆t

=
1

12
(u(tk+1, x− 2σ

√
∆t) + 2u(tk+1, x− σ

√
∆t)+

− 6u(tk+1, x) + 2u(tk+1, x+ σ
√

∆t) + u(tk+1, x+ σ
√

∆t)).

(53)

In other words we have the following finite difference coefficients

{1/12, 1/6,−1/2, 1/6, 1/12}.

However the standard 5-point, fourth-order FD scheme is given by the coefficients

{−1/12, 4/3,−5/2, 4/3,−1/12}.

The next question is, what is the order of the scheme generated from the defined stochastic process?
Considering this method generates FD-coefficients which all have to be positive except for the
central point we have an additional constraint and the results are expected to be worse. The
reason only the central node can be negative is due to the method of approximating the time
derivative by subtracting u(tk+1, xi) on both sides. All the weights from the quantization will be
positive and hence the non-central coefficients will always be positive.

The convergence of our scheme using 5-points can be calculated using Taylor-expansion:

u(x− 2h) = u(x)− 2hu′(x) + 2h2u′′(x)− 4

3
h3u(3)(x) +

2

3
h4u(4)(x)− 5

15
h5u(5)(x) +O(h6)

u(x+ 2h) = u(x) + 2hu′(x) + 2h2u′′(x) +
4

3
h3u(3)(x) +

2

3
h4u(4)(x) +

5

15
h5u(5)(x) +O(h6)

u(x− h) = u(x)− hu′(x) +
1

2
h2u′′(x)− 1

6
h3u(3)(x) +

1

24
h4u(4)(x)− 1

120
h5u(5)(x) +O(h6)

u(x+ h) = u(x) + hu′(x) +
1

2
h2u′′(x) +

1

6
h3u(3)(x) +

1

24
h4u(4)(x) +

1

120
h5u(5)(x) +O(h6)

(54)

u(x− 2h) + 2u(x− h)− 6u(x) + 2u(x+ h) + u(x+ 2h) =

6h2u′′(x) + ((4/3) + (1/6))h4u4(x) +O(h6) =

6h2u′′(x) +O(h4).

(55)

Division by 6h2 gives a second order approximation, the same as using a 2-point quantization. One
can see that this approach with stochastic process to a finite difference will always yield a second
order approximation, no matter the amount of points used. The zero power term will disappear due
to the probabilities adding up to one. First and third power term will disappear due to symmetry.
Second power term will be one due to the the constant we set and the fourth term will always be
larger then zero with an order of O(h2) after the constant being set. Using this approach we will
never get a higher order than two, no matter the order of the quantization.

Remark 1. The 2-point quantization generates a better finite difference scheme compared to the

5-point version. For the 2-point we have the error term
1

12
h2u(4)(x) while for the 5-point we have

the error term
1

4
h2u(4)(x).
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Remark 1 agrees with if we use some standard method for generating finite difference schemes and
force all the weights, except the central one, to be positive, we get that all terms are 0 except for
the three most central ones. One common method is assuming a test function ψ(x) = xp−1 and
solving the following system.

ψ1(x1) ψ1(x2) . . . ψ1(xn)
ψ2(x1) ψ2(x2) . . . ψ2(xn)

...
...

. . .
...

ψn(x1) ψn(x2) . . . ψn(xn)



w1

w2

...
wn

 =


Lψ1(xc)
Lψ2(xc)

...
Lψn(xc)

 . (56)

Where L is the operator we want to approximate with a finite difference scheme, in this case the
second derivative.

8 Random walks in discrete space

The quantization of stochastic processes has several applications. If the weak convergence remains
the same after quantization an improvement in run-time may be acquired because it is easier to
generate the quantized process. Also in some random walks one might only be interested when
certain points or areas are reached. As an example in biology if two cells interact, it can be easier
to see if they end up on the same discrete point, compared to having some algorithm to decide if
they are overlapping in the continuous space.

The application investigated here will be the quantization of Euler-Maruyama schemes. By quan-
tization on a grid one can acquire the distribution in any future time deterministically. From the
simplified Euler-Maruyama scheme theorem the convergence in time will remain the same and
practically we remove the whole Monte-Carlo error by propagating the quantized probabilities
forward in time. Sharing some similarities to tree methods.

8.1 Turning an Euler-Maruyama scheme into a deterministic problem
by quantization

By using quantization, assume an Euler-Maruyama scheme and a given grid, calculate the proba-
bilities to jump to different x-positions. By doing this there is however nothing stopping us from
skipping the realization part of the Monte Carlo method. Instead one can propagate the prob-
abilities forward in time and acquire the final distribution. From the standard Euler-Maruyama
scheme

Yn+1 = Yn + µ(Yn, tn)∆t+ σ(Yn, tn)∆Wn (57)

we wish to approximate the Wiener process Wn by a discrete discrete random variable W̃n such
that the process remains on a grid. Let the values of this grid be {xi}, i = 1, N . The scheme
in (57) is as earlier mentioned known as a simplified Euler-Maruyama scheme and has the same
weak convergence in time as non-simplified version. Remember the following requirements on the
moments for W̃n

|E[∆W̃n]|+ |E[(∆W̃n)3]|+ |E[(∆W̃n)2]−∆t| ≤ K∆t2. (58)

By rewriting (57) we get the following

W̃n =
Yn+1 − Yn + µ(Yn, tn)∆t

σ(Yn, tn)
√

∆t
∼ N (0, 1) (59)

with the requirement that σ 6= 0, ∀Y, t. As previously noted, to be able to guarantee three correct
moments we need to use at least four points for the discrete stochastic process. Let those points
known as {yj,i}, j = 1,M , be a subset of {xi}, i = 1, N . For each point xi we have corresponding

16



points {yj,i} that the process can move to. We then want the process W̃n to be able to take on
the following values {zi,j}

zj,i =
yj,i − xi + µ(xi, tn)∆t

σ(xi, tn)
√

∆t
, j = 1,M (60)

therefore, we need to solve the following system for each point xi on the grid (with the index i
dropped) 

1 1 1 . . . 1
z1 z2 z3 . . . zM
z2

1 z2
2 z2

3 . . . z2
M

...
...

...
. . .

...

zM−1
1 zM−1

2 zM−1
3 . . . zM−1

M




w1

w2

w3

...
wM

 =


1

E[W ]
E[W 2]

...
E[WM−1]

 . (61)

Note that we have no requirements on the grid and one can place the points in any preferred way.
We, however still have the problems discussed in earlier chapters that the points zi cannot be
positioned too close to each other or we might end up with negative weights. Also in most cases
we will need a unique distribution for each point xi, except in the case of a Wiener process.

By constructing these distributions for each point on the grid we can, given a starting distribution,
directly calculate the distribution by propagating the distribution forward in time. This method
can be seen as a generalized tree method that is usable for any type of stochastic differential
equation which can be written in the form of (57).

xi

xi−1

xi+1

xi−2

xi

xi+2

(1− p)

p

p
2

(1− p)p

(1−
p)p

(1− p) 2

We could also use the underdetermined system approach by choosing all the points within a certain
radius using the method described in Algorithm 1. The advantage by doing this is that selecting
the points is a much simpler task and also we will get no oscillations in the distribution as we
will be see later. However, this is more computationally expensive both in the sense that we need
to solve a non-linear equation system iteratively for each point but also when propagating the
acquired probabilities we will have more points.

8.2 Selecting the jump positions and grid size

The problem of finding negative weights is one of the main issues with the suggested method. If
the grid points are too close to each other we end up with negative weights. So given a point
xi how do we choose the N possible jump positions. We here assume the grid to be uniform for
simplicity, even though there is no requirement for this.

The first method, which is used in the convergence analysis, is the following. Start off with an
index space of 0 and take the closest points. If the weights are negative increase the spacing by 1
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and repeat until all weights are positive. It is not always possible to find a distribution for a given
point and it fails mostly close to boundaries.

As an example, if we use a five-point stencil at i = 20 we try to find a quantization with jump
positions to i = 18, 19, 20, 21, 22.

x20

x20x19x18x17x16 x21 x22 x23 x24

If this fails try i = 16, 18, 20, 22, 24, followed by i = 14, 17, 20, 23, 26 and so on.

x20

x20x19x18x17x16 x21 x22 x23 x24

We define this as the following algorithm.

Algorithm 2 Finding jump positions - linearly increased spacing

1: for each node xi, i=1,N do
2: Set start index spacing ∆ to 1.
3: Set continue to True.
4: while continue do
5: Current jump positions are xi, xi+∆, xi−∆, xi+2∆ and xi−2∆.
6: Find a solution to (24) using these points.
7: if Weights are positive then
8: Set continue to False
9: else if Maximum amount of attempts is reached then

10: Set continue to False and classify the point as failed.
11: else
12: ∆ = ∆ + 1.
13: end if
14: end while
15: end for

The problem with this method is that given a fine spatial grid and large ∆t one will have to do this
several times to find a match. The calculation times may actually be longer for worse convergence
and we end up with an optimal ∆x for a given ∆t. This can be seen as the simplest method for
finding the points. If we know the grid might be much finer than needed an exponential increase
might be to be preferred.

18



Algorithm 3 Finding jump positions - exponentially increased spacing

1: for each node xi, i=1,N do
2: Set start index spacing ∆ to 1.
3: Set continue to True.
4: while continue do
5: Current jump positions are xi, xi+∆, xi−∆, xi+2∆ and xi−2∆.
6: Find a solution to (24) using these points.
7: if Weights are positive then
8: Set continue to False
9: else if Maximum amount of attempts is reached then

10: Set continue to False and classify the point as failed.
11: else
12: ∆ = 2∆.
13: end if
14: end while
15: end for

A more sophisticated approach is to find how many index jumps are needed to reach a certain
change in ∆x depending on the scheme and use that as a start guess. Another approach is to
simply take all points within a certain radius and solve the under-determined system given by
Algorithm 1.

8.3 The geometric Brownian motion

Here an example of the suggested method in Algorithm 2 is shown, how to implement it and a
convergence study will be included. We will here assume a uniform grid with grid spacing ∆x
and N points in total. Start with the standard Euler-Maruyama scheme of a Geometric Brownian
motion (GBM)

Yn+1 = Yn + Ynµ∆t+ Ynσ
√

∆tW̃n (62)

where W̃n is a 5-point weak approximation of a normal distribution. We now want to construct
W̃n so that we remain on the grid. This will require a unique distribution for each point in our
space because the drift and volatility are not constant. From (59) we have that

W̃n =
Yn+1 − Yn(1 + µ∆t)

Ynσ
√

∆t
∼ N (0, 1) (63)

and since Yn+1 and Yn are defined grid positions, we know the possible outcomes of W̃n. To
clarify, using this transformation we know the possible realizations (the jump positions) of the
random variable W̃n and we are back to the earlier discussed problem of finding a quantization
of the normal distribution. We will use the iterative method describe in the previous chapter in
Algorithm 2, the linear increase spacing method. The five future points used will be

Yn, Yn + k∆x, Yn + 2k∆x, Yn − k∆x, Yn − 2k∆x (64)

where k = 1, 2, 3... For every point xi we need to solve the system
1 1 1 1 1
z1 z2 z3 z4 z5

z2
1 z2

2 z2
3 z2

4 z2
5

z3
1 z3

2 z3
3 z3

4 z3
5

z4
1 z4

2 z4
3 z4

4 z4
5



w1

w2

w3

w4

w5

 =


1
1
0
3
0

 . (65)

where zi is given by

zi =
xn+1 − xn(1 + µ∆t)

xnσ
√

∆t
(66)
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using the points in (64). If the system in (65) returns at least one weight being negative we increase
the spacing by increasing the value k by one. This is done iteratively until the weights are positive
or the increased k value brings us outside the domain. There will be some of the points on the
grid where it is not possible to find a distribution without going out of bounds on the grid, but
the possibility to reach those are so small when the max value of xi is set high enough that they
can be ignored.

By doing this we acquire probability distributions and step sizes k for each point xi. Given a
starting distribution it is then straightforward to calculate the distribution at any future time by
propagating it forward.

To test the convergence, an European call option was priced using the method with the following
parameters and altering the time step used.

Y0 = 12

E = 15

r = 0.1

σ = 0.25

T = 0.5

xmax = 50

An European call option is a contract which gives the holder the right to buy the underlying asset
(e.g. a stock) at a determined future time. The pay-off of the contract is given by

max(ST −K, 0) (67)

where ST is the value of the underlying asset at the exercise time T and K the strike price. The
error measure used is the absolute difference compared to the analytically calculated price.
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Figure 3: Final distribution of a GBM given Y0 = 12, ∆x = 0.01 and ∆t = 10−5.
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Figure 4: Convergence of the method in time given ∆x = 0.01 pricing an European call option.

In Figure 3 we see the final distribution of a GBM and in Figure 4 the error in time. As expected,
the error is of order one since the method is based on the Euler-Maruyama scheme which has a weak
convergence of order one. Note that we do not have any convergence for the space discretization.
We however will get a requirement on how large ∆x can be to be able to find a distribution for a
given ∆t.

The proper parameter choice for ∆x is tricky. Taking it small is a safe choice but increases the
run time drastically.

8.4 Runtime study

When investigating the runtime of the method there are two parameters of interest, the first one
being the time step size and the second one being the space discretization size. This analysis
is done with the parameters from the previous chapter using the linearly increased spacing for
finding points given by Algorithm 2. The study is run on an Intel Core i5-3317U CPU @ 1.70GHz
processor, 4GB of ram and using Matlab without any parallelization. The calculation time is from
only one run but gives an idea of what magnitude the run time is.

The error is measured as the absolute difference between the analytical price of an European call
option and the calculated price.

21



0 0.02 0.04 0.06 0.08 0.1
0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

∆ t

R
un

tim
e(

s)

 

 

0 0.02 0.04 0.06 0.08 0.1
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

E
rr

or

Runtime
Error

Figure 5: Runtime and error of the algorithm with ∆x = 0.1 using the linearly increased spacing
method for finding jump positions.

Table 1: Table of the runtime and error of the algorithm with ∆x = 0.1 using the linearly increased
spacing method for finding jump positions.

∆ error runtime (s)
0.1 0.0120 0.4
0.05 0.0056 0.2
0.01 0.0012 0.1
0.005 7.7701e-04 0.1
0.001 2.1979e-04 0.1
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Figure 6: Runtime and error of the algorithm with ∆x = 0.01 using the linearly increased spacing
method for finding jump positions.

Table 2: Table of the runtime and error of the algorithm with ∆x = 0.01 using the linearly
increased spacing method for finding jump positions.

∆t error runtime (s)
0.05 0.0047 19.3
0.01 0.0015 9.0
0.005 7.8029e-04 6.5
0.001 1.4813e-04 3.5
0.0005 6.9203e-05 3.2
0.0001 1.3756e-05 6.4
0.00005 7.3399e-06 11.5
0.00001 2.1003e-06 50.3
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Figure 7: Runtime and error of the algorithm with ∆x = 0.005 using the linearly increased spacing
method for finding jump positions.

Table 3: Table of the runtime and error of the algorithm with ∆x = 0.005 using the linearly
increased spacing method for finding jump positions.

∆t error runtime (s)
0.05 0.0029 75.4
0.01 0.0015 35.4
0.005 6.2468e-04 25.6
0.001 1.4607e-04 13.6
0.0005 7.2574e-05 10.4
0.0001 1.4484e-05 14.2
0.00005 7.7005e-06 23.7
0.00001 1.9479e-06 102.5

There are two stages in the method. The first one is calculating the distribution for each point xi
and the second one propagating the probabilities forward in time. The first phase is slower for the
small ∆t values since it needs to use larger steps and several attempts have to be made until the
points used are wide enough. The second phase is slower for small ∆t since more time steps are
used. This is the reason the runtime is longer for some ∆x even though it gives worse convergence
as seen in Table 1-3 and Figure 5-7.

In general we want to keep ∆x as large as possible for the ∆t used. The error is determined
almost entirely by the ∆t parameter and a decrease in ∆x causes the calculation times to increase.
The reason for not having more values in the ∆x = 0.1 case is that the method is not converging
for a ∆t = 0.0005 value. We then reach a point where the ∆x is too large for fitting a normal
distribution with the given ∆t close to the starting position. This is why we see a slightly better
convergence for the same ∆t when comparing ∆x = 0.1 and ∆x = 0.01.

If we instead change the point searching method from incrementing the indices by one each quan-

24



tization attempt to multiplication by a factor two we will see an improvement in runtime, i.e. we
use the exponentially increased spacing method given by Algorithm 3. The improvement is mainly
for the large ∆t values where the spatial grid is much finer than needed and can be seen in Figure
8 and Table 4.
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Figure 8: Runtime and error of the algorithm with ∆x = 0.005 using the exponentially increased
spacing method for finding jump positions.

Table 4: Table of the runtime and error of the algorithm with ∆x = 0.005 using the exponentially
increased spacing method for finding jump positions.

∆t error runtime (s)
0.05 0.0054 3.0
0.01 0.0012 2.7
0.005 4.5041e-04 2.6
0.001 1.2058e-04 2.6
0.0005 5.0041e-05 3.3
0.0001 2.5112e-05 10.4
0.00005 9.7650e-06 20.2
0.00001 2.1003e-06 97.4

8.5 Random grid

To show that the method works in practice on a randomized grid the same runtime and convergence
study was conducted on the following grid. Start with a uniform grid with spacing ∆x. At each
point (except the starting point and at x = 0) add a noise given by ∆x/4(2Y − 1) where Y is a
uniformly distributed random variable on [0, 1].
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Figure 9: Convergence of the algorithm on a grid with ∆x = 0.005 and added noise using the
linearly increased spacing method for finding jump positions.

0 0.01 0.02 0.03 0.04 0.05
0

20

∆ t

R
un

tim
e(

s)

 

 

0 0.01 0.02 0.03 0.04 0.05
0

5
x 10

−3

E
rr

or
Runtime
Error

Figure 10: Runtime of the algorithm on a grid with ∆x = 0.005 and added noise using the linearly
increased spacing method for finding jump positions on a non-uniform grid.
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Table 5: Table of the runtime of the algorithm on a grid with ∆x = 0.005 and added noise using
the linearly increased spacing method for finding jump positions on a non-uniform grid.

∆t error runtime (s)
0.05 0.0046 19.0
0.01 0.0015 8.9
0.005 7.6064e-04 6.5
0.001 1.4940e-04 3.6
0.0005 7.5082e-05 3.4
0.0001 1.1379e-05 7.1

One can observe that the convergence in Figure 9 as well as the runtime in Figure 10 and Table 5
is preserved from the uniform grid case.

8.6 Optimal grid size for a given time step

Finding an optimal grid size for a given time step is a complex problem. First of all it is a problem
consisting of four parameters, the step size, the initial value, the drift and the volatility. For
example, if the volatility is decreased there will less likely be large movement in each step and the
grid needs to be finer. Also the step size required is different for each point xi.

The method of quantization on a grid for the Euler-Maruyama scheme turns the quantization
problem for any random process to a problem of quantization of a normal distribution. In the
same way as Lemma 4.3 gives a condition on the three-point system, one could determine a similar
condition on a five-point system and form a grid from that. However the problem here is that
finding the condition for when the five points are not nicely placed on a grid is a much harder task.
The used transformation maps the uniform placed points xi to non uniformly placed gird points
zi.

For the uniform grid, that has been used in the convergence analysis, it turns into a problem of
how large the smallest xi can be that fails the quantization. With a large drift coefficient this can
be closer to the initial value. This is also the reason when comparing ∆x = 0.1 and ∆x = 0.01 why
we see a different convergence due to some probabilities being lost. As an example with ∆t = 10−3
the probabilities add up to 0.997191297027462 for ∆x = 0.1 and 0.999999999999995 for ∆x = 0.01.

In the case of a geometric Brownian motion a smaller space size is needed for the lower values since
the volatility is proportional to the current value. An obvious and easy to implement improvement
would be to use a larger step size for the larger values since there is no requirement on the grid.
Using a linearly increasing step size for each step would actually work well.

Another approach for finding an optimal ∆x for a given ∆t could be that if we know a bit of how
the process work we could say that we require that quantization to be possible at a certain value.
In the experiments done in the convergence analysis we had a initial value of 12. So a requirement
could be that quantization should be possible at 8. So start of with a quite large ∆x, see if it is
possible to find a quantization at 8 with the given ∆x. If it fails decrease the size of ∆x until it
works.

8.7 Weak convergence but no convergence in distribution

Due to the nature of the method of selecting the jump positions there are going to be different jump
sizes over the space used. This introduces oscillations in the final distribution. As an example,
suppose that in one area the jump size is two indices. Hence we can only reach even numbers of
indices. However, if we reach an area where the jump size is three and then go back to the previous
area we are off-set by one and we are now traversing on the odd indices in the same area.
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Figure 11: Final distribution of a GBM given Y0 = 12, ∆x = 0.01 and ∆t = 1e − 005 with an
European option price error of 2.1003e-006.
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Figure 12: Final distribution of a GBM given Y0 = 12, ∆x = 0.1 and ∆t = 0.01 with an European
option price error of 0.0012.
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Figure 13: Final distribution of a GBM given Y0 = 12, ∆x = 0.005 and ∆t = 1e − 005 with an
European option price error of 1.9479e-006.

Note how Figure 11 and Figure 13 have the same time step used and close to the same error. This
even though Figure 13 have an oscillating distribution, which is incorrect, the evaluated option
price have close to the same error. The amplitude on the y-axis should theoretically be close to
half when the number of grid points is doubled. In this case the peaks are almost at the same level
but if an average of the oscillating case is taken it is close to half of the non-oscillating one.

There are a few different techniques available if we want to avoid the oscillations in the final
distribution. One is to increase the indices by a factor of two(2,4,8...) instead of incrementing it
by one in each step. This would cause some small wobbles around the borders between areas with
different step sizes but elsewhere completely remove it, as well as helping with removing points
that are not needed. One could then given the starting point, see what index jump is used there
and just ignore estimating the distribution in all the points that we then know will not be used.
So the problem of finding an optimal grid is solving itself. It however add some requirements on
how to handle the index jumps between the areas with different jump sizes. Also it is possible to
use the non-linear quantization method and jump to all points within a certain radius.

9 Discussion

The method of quantization of the Euler-Maruyama scheme is, to the knowledge of the author, a
new method even though it shares many similarities with layer methods as well as tree methods.
So there are still many things to be investigated and developed. It however has a few advantages
over different methods such as finite differences and tree methods. From the view of financial
applications the method is not dependent on the grid and hence dividends will not introduce any
extra errors. It will however introduce an extra calculation of new distributions on a new grid.
That the grid can change every time step without introducing any extra error is one of the main
advantages of the method. The way of constructing the process W̃ such that the process remains
on a grid also handles problems that arise in similar methods, such as layer methods, where some
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interpolation to the points are needed in every time step.

The largest problem is the construction of the grid and in what way can one introduce an optimal
grid. As noted in Chapter 8 the grid needs different spacing in different parts. Either an investi-
gation on how large the grid size needs to be in different areas or how to construct the grid after
the process directly would be interesting to start with.

The idea of constructing the grid after the process could work as the following. Given the start
point find jump positions so the quantization can be completed. Then find quantization for these
new points and add new ones as needed until the grid is filled. As an example start of with
the point x = 20. Add the points x = 18, 19, 21, 22 and find an quantization for these. If it is
successful go on to one of the newly generated points, say x = 21 and now use the jump positions
x = 19, 20, 21, 22, 23. If this wont work with the newly added point 23 try a different set of points.
Continue until the whole grid is covered. This can be seen as a generalization of tree methods.

By doing a construction of the grid after the process instead of guessing the grid size we remove
the whole problem of finding an optimal ∆x given a ∆t as well as the optimization problem of
choosing the jump positions on the grid. But the simplicity of generating a uniform grid would
make an analysis on the the relation between ∆x and ∆t interesting.

In this report the main focus has been the normal distribution for the moment matching method
since the Wiener process is the underlying process for the Euler-Maruyama scheme. Also the
convergence tests have only been conducted for the geometric Brownian motion. Some future
work could be to try applying the method on different stochastic processes.
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