
U.U.D.M. Report 2016:1

Department of Mathematics
Uppsala University

Simple Transitive 2-Representations of  
Soergel Bimodules in Type B2

Jakob Zimmermann

Filosofie licentiatavhandling

i matematik

som  framläggs för offentlig granskning

den 19 januari 2016, kl 13.15, sal 4001,

Ångströmlaboratoriet, Uppsala



 



SIMPLE TRANSITIVE 2-REPRESENTATIONS OF SOERGEL
BIMODULES IN TYPE B2

JAKOB ZIMMERMANN

Abstract. We prove that every simple transitive 2-representation of the fiat

2-category of Soergel bimodules (over the coinvariant algebra) in type B2 is

equivalent to a cell 2-representation. We also describe some general properties
of the 2-category of Soergel bimodules for arbitrary finite Dihedral groups.

1. Introduction.

Understanding the approach of categorification via 2-representation theory of 2-
categories has its roots in the papers [1, 2]. In 2010, Mazorchuk and Miemietz
started the series [15, 16, 17, 18, 19, 20] of papers in which they systematically
study the 2-representation theory of finitary and fiat 2-categories. The latter can
be thought of as analogues of finite dimensional algebras (for finitary 2-categories)
or finite dimensional algebras with involution (for fiat 2-categories). The first pa-
per [15] in the series introduces the notion of cell 2-representations as a possible
candidate for the notion of “simple” 2-representations in this setting.

Cell 2-representations are inspired by Kazhdan-Lusztig cell modules for Hecke al-
gebras, as defined in [12]. In the case of 2-categories, a left (right, two-sided) cell
is a subset of indecomposable 1-morphisms which generate the same left (resp.
right, two-sided) ideal. Given a left cell, the corresponding cell 2-representation
is a suitable subquotient of the principal 2-representation associated with this left
cell. In [15] it was shown that cell 2-representations have a lot of properties similar
to properties of usual simple representations.

The paper [19] introduces the notion of simple transitive 2-representations. By a
transitive 2-representation one means an additive 2-representation for which the
action of 1-morphisms is transitive in the sense that, starting from any indecom-
posable object and applying all 1-morphisms, one obtains the whole underlying
category of the 2-representation by taking the additive closure. A transitive 2-
representation is called simple transitive if, in addition to the above defined notion
of transitivity, we have that the maximal ideal of the 2-representation which is
invariant under the 2-action is zero. In other words, the notion of simple transitiv-
ity has two layers, were the first layer addresses the level of 1-morphisms and the
second layer addresses the level of 2-morphisms.

By construction, all cell 2-representations are simple transitive but it is not ob-
vious whether each simple transitive 2-representation is equivalent to a cell 2-
representation. As it turns out, in general, these two classes of 2-representations
are different. Indeed, in [19] one finds an example of a 2-category for which there
exist simple transitive 2-representations which are not cell 2-representations. One
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of the main results of [19] is that, if the cell structure of the underlying 2-category
is “nice enough”, then these two classes of 2-representations coincide.

Another main examples for such a “nice” 2-category is the 2-category of Soergel
bimodules over the coinvariant algebra of type A. Hence, for this 2-category, each
simple transitive 2-representation is equivalent to a cell 2-representation. More-
over, from [15] it is also know that, for Soergel bimodules in type A, two cell 2-
representations corresponding to left cells inside the same two-sided cell are equiva-
lent. For all other types, the cell structure is more complicated and no classification
of simple transitive 2-representations is known.

In the present paper we study simple transitive 2-representations of the the 2-
category of Soergel bimodules over the coinvariant algebra of type B2. This is the
smallest case for which the cell structure does not satisfy the requirements of [19,
Theorem 18]. Our main result is the following (see Theorem 6.1):

Theorem A. Each simple transitive 2-representations of the 2-category of So-
ergel bimodules over the coinvariant algebra of type B2 is equivalent to a cell 2-
representation.

However, in contrast to type A, we will show that, in type B2, the cell 2-represen-
tations corresponding to the two different left cells inside the unique non-singleton
two-sided cell are not equivalent. The reason for this phenomenon is the fact that
the Kazhdan-Lusztig cell representations to which the cell 2-representations decat-
egorify are not isomorphic because they contain non-isomorphic one-dimensional
subquotients. Additionally to the main result formulated above, we study the 2-
category Sn of Soergel bimodules for an arbitrary finite Dihedral group Dn and
classify for this 2-category all simple transitive 2-representations of small ranks
(namely, ranks one and two), generalizing [19, Proposition 21]. Here, the rank of
an additive 2-representation is the number of isomorphism classes of indecompos-
able additive generators of the underlying category of the 2-representation.

The proof of the main theorem, which will be given in Section 6, can be divided in
two parts. In the first part we study the decategorification of a given simple tran-
sitive 2-representation of S4 and show that all simple transitive 2-representations
have either rank one or rank three. In this part we benefit from the fact that the
representation theory of the dihedral group is well-known and quite easily described.
Another crucial result that we use is the classical Perron-Frobenius Theorem de-
scribing the structure of real matrices with positive or non-negative entries.

What is left to show then is that every simple transitive 2-representation of S4 of
rank one or three is equivalent to a cell 2-representation. The rank one case is a
bit easier and is treated in Section 4.6. The rank three case, on the other hand, is
more involved and constitutes the second part of the proof of the main theorem. It
is proved by giving an explicit construction of an equivalence.

The article is organized as follows. In the next section we collect all preliminaries
about 2-categories, define fiat and finitary 2-categories and their decategorification.
Section 3 describes the combinatorics of 2-categories, more precisely, the notion
of cells of 2-categories is defined and cell 2-representations and simple transitive
2-representations are introduced. In Section 4, we define Soergel bimodules and
describe the cell structure of the 2-category of Soergel bimodules for the Dihedral
group Dn. In Section 6 we classify all simple transitive 2-representations for S4.
Finally, in Section 7 we examine the situation for a general n ≥ 5 in the case that
the 2-representations have rank one or two and prove that every simple transitive
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2-representation of rank one is equivalent to a cell 2-representation and that there
are no simple transitive 2-representations of rank two.

2. Preliminaries.

2.1. Notation. Throughout, we will denote by k an algebraically closed field. If
not explicitly stated otherwise, all tensor products are taken over k. All categories
are assumed to be k-linear.

A 2-category is a category enriched over the category of small categories. In other
words, a 2-category consists of objects, denoted by i, j, k, . . . ; 1-morphisms de-
noted by F,G,H, . . . and 2-morphisms which we denote by α, β, γ, . . . . All mor-
phism sets are small categories and composition is bifunctorial. For every i ∈ C , we
will denote the corresponding identity 1-morphism by 1i. For every 1-morphism F ,
we will denote the corresponding identity 2-morphism by idF . Horizontal compo-
sition of 1-morphisms will be denoted by ◦, horizontal composition of 2-morphisms
by ◦0 and vertical composition of 2-morphisms by ◦1.

One natural example of a 2-category is Cat, the 2-category of small categories.
Here objects are small categories, 1-morphisms are functors and 2-morphisms are
natural transformations of functors.

2.2. Finitary 2-categories. An additive, k-linear, idempotent split category C is
called finitary if C has finitely many isomorphism classes of indecomposable objects
and all morphism spaces are finite dimensional k-vector spaces. We denote by Ak
the 2-category whose objects are finitary k-linear categories, whose 1-morphisms
are additive k-linear functors and whose 2-morphisms are natural transformations.
A finitary 2-category C over k is a 2-category with the following additional prop-
erties

• it has a finite number of objects;

• for any pair i,j of objects in C , the category C (i, j) is in Ak and the
horizontal composition is both additive and k-linear;

• for any object i in C , the 1-morphism 1i is indecomposable.

From now on, C will denote a finitary 2-category, if not stated otherwise. For
examples, we refer the reader to [15, 16, 20, 8, 9, 30, 31, 32].

2.3. 2-representations. A 2-representation of C is a strict 2-functor from C to
Cat. By a finitary 2-representation we mean a strict 2-functor from C to Ak. We
will, in most cases, denote 2-representations by M, N, . . . and by C -afmod we will
denote the 2-category of finitary 2-representations of C . This 2-category has non-
strict 2-natural transformations as 1-morphisms and modifications as 2-morphisms,
see [17].

Two 2-representations M and N of C are called equivalent if there exists a (non-
strict) 2-natural transformation Φ : M→ N such that the functor Φi is an equiva-
lence of categories for all i.

To simplify notation, we will often write F X instead of M(F ) X, where F is a
1-morphism and X is an object in some M(i).

Let M be a 2-representation of C and assume that, for each i ∈ C , the category
M(i) is idempotent split and additive. For any index set I and any collection
Xi ∈M(ii) with i ∈ I, the additive closure add({FXi}) of all objects of the form
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FXi, where F runs through all 1-morphisms of C and i ∈ I, is stable under the
action of C and hence inherits the structure of a 2-representation by restriction.
We will denote this 2-representation by GM({Xi | i ∈ I}).

2.4. Principal additive 2-representation. For i ∈ C , we define the i-th princi-
pal additive 2-representation Pi : C → Ak as C (i, ). This 2-representation assigns
to every j ∈ C the category C (i,j) of 1-morphisms, to each 1-morphism F ∈ C
the functor given by horizontal composition with F , and to each 2-morphism α
the natural transformation given by horizontal composition with α. Since C was
assumed to be finitary, so is Pi.

2.5. Weakly fiat and fiat 2-categories. For a 2-category C , we denote by C op

the opposite 2-category which we obtain by reversing both 1- and 2-morphisms. A
finitary 2-category C is called weakly fiat if

• there is a weak equivalence ∗ : C → C op;

• for any pair i,j ∈ C and every 1-morphism F ∈ C (i, j), we have 2-
morphisms α : F ◦F ∗ → 1j and β : 1i → F ∗◦F such that αF ◦1F (β) = idF
and F ∗(α) ◦1 βF∗ = idF∗ .

A weakly fiat 2-category is called fiat if ∗ is involutive, see [15] and [16] for de-
tails.

Example 2.1. Let A be a basic, self-injective, weakly symmetric connected k-
algebra of finite dimension m and A a small category equivalent to A-mod. Assume
that A is not semi-simple. Then we can define the 2-category CA as follows:

• CA has one object ♣ (which we identify with A);

• 1-morphisms are direct sums of functors whose summands are isomorphic
to the identity functor or to tensoring with projective A-A-bimodules;

• 2-morphisms are natural transformations.

This is an example of a fiat 2-category, see [15, Lemma 45]. For more details we refer
the reader to [19, Section 5]. For more examples, we refer the reader to [15, 20, 30].

2.6. Abelianization. Let A be a finitary category. Then the abelianization A of
A is the category which has, as objects, all diagrams of the form X

η−→ Y where

X,Y ∈ A and η ∈ A(X,Y ). For two objects X
η−→ Y and X ′

η′−→ Y ′, the set

of morphisms from X
η−→ Y to X ′

η′−→ Y ′ in A are equivalence classes of solid
commutative diagrams of the form

X
η //

τ1

��

Y

τ2

��

ξ

ww
X ′

η′
// Y ′

modulo the subspace spanned by all diagrams for which there exists ξ as shown in
the picture such that τ2 = η′ξ. The category A is abelian and it is even equivalent
to the category of modules over the finite dimensional k-algebra

EndA(P )op with P :=
⊕

Q∈Ind(A)/'

Q,
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where Ind(A) denotes the set of all indecomposable objects in A, see [15, Subsec-
tion 3.1] for details.

In the same spirit we can abelianize 2-representations. Let C be a 2-category
and M a finitary 2-representation of C . Then the abelianization of M is the 2-
representation M of C which assigns to each i ∈ C the category M(i) with the
action on C defined on the components of the diagrams. This way we get an abelian
version of the M. We can, for example, use this to abelianize the i-th principal
additive 2-representation, to get the i-th principal abelian 2-representation denoted
by Pi. Both versions of the principal 2-representation of a 2-category C will be
important in the sequel.

2.7. Grothendieck group and split Grothendieck group. Let A be a skele-
tally small abelian category and let A be its skeleton. Then the Grothendieck group
[A] = K0(A) of A is defined as the free abelian group generated by [A] with A ∈ A,
modulo the relation [B] = [A] + [C] for all exact sequences of the form

0→ A→ B → C → 0

in A. There is a natural map [·] : A → A sending each A ∈ A to the class [A′] in
[A], where A′ ∈ A is the unique object satisfying A ' A′.

For additive categories there is a similar construction . Let A now be a skeletally
small additive category with biproduct ⊕. Denote by A its skeleton. Then the split
Grothendieck group [A]⊕ is the free abelian group generated by all [A] with A ∈ A
modulo the relations [B] = [A] + [C] whenever B ' A⊕C. Note that every abelian
category A is additive by definition, however, the group [A]⊕ is usually bigger than
[A] since not all exact sequences in A are split exact. Often we will, by abuse of
notation, denote both the split and the regular Grothendieck group of A by [A]
referring to the split Grothendieck group if A is additive and to the Grothendieck
group if A is abelian. Moreover, often we want to consider not the Grothendieck
group as a group but as a complex vector space. To do so, we simply complexify
the Grothendieck group [A] of A, that is we consider [A]C := C⊗Z [A].

2.8. Decategorification. The decategorification [C ] of a finitary 2-category C is
a (1-)category with the same objects as C , where, for i,j ∈ [C ], the morphism
space [C ](i,j) is defined as the split Grothendieck group of the additive category
(i,j). Composition in [C ] is induced by composition in C .

Now, let M be a 2-representation of C , then the decategorification of M is the
functor [M] from [C ] to the category Ab of abelian groups which is defined as
follows.

• For any object i ∈ [C ], the abelian group [M](i) is the split Grothendieck
group of M(i).

• For any 1-morphism F ∈ C (i,j), the action of [F ] ∈ [C ] on [M](i) is
induced by the functorial action of F on M(i).

This construction actually defines a functor from the category of additive 2-repre-
sentations of C (where we forget the modifications) to the category of representa-
tions of [C ] in Ab.

Example 2.2. Let C be a finitary 2-category with one object denoted by ♣. Then
the decategorification of the principal 2-representation P♣ of C is, basically, the
regular representation of the ring [C (♣,♣)]⊕. This follows easily since the functor
[P♣] sends the only object ♣ of [C ] to [C (♣,♣)]⊕ and the action of a 1-morphism
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F ∈ C (♣,♣) is given by left multiplication of elements in [C (♣,♣)]⊕ since the
action of F on P♣(♣) = C (♣,♣) is given by left composition.

2.9. Matrices in the Grothendieck group. Next, we want to introduce some
notation which will be used later on. Let M be a finitary 2-representation of a fiat
2-category C with only one object ♣. Then, for a 1-morphism F , we denote by [F ]
the square matrix with non-negative integer coefficients whose rows and columns
are indexed by isomorphism classes of indecomposable objects in M(♣) and the
intersection of the row indexed by Y and the column indexed by X contains the
multiplicity of Y as a direct summand of F X.

For the abelianization M of M, we will use a similar notation. Note that the
isomorphism classes of indecomposable objects of M(♣) are in bijection with the
isomorphisms classes of simple objects of M(♣). For a 1-morphism F , we therefore
denote by JF K the analogue of the matrix [F ] with rows and columns indexed by
classes of simple objects in M(♣) instead. The intersection of the row indexed
by Y and the column indexed by X contains the composition multiplicity of Y in
F X.

Remark 2.3. If M is a finitary 2-representation of a weakly fiat 2-category C with
one object ♣, it can be shown that JF ∗K = [F ]t, where the latter stands for the
transpose of the matrix [F ]. The proof is identical to the one given for [19, Lemma
10] and simply uses the fact that, for a projective object P and a simple object L
in M(♣), we have

HomM(♣)(F P,L) ' HomM(♣)(P, F
∗ L)

by adjunction and that the inclusion of M(♣) into M(♣), given by X 7→ (0→ X),
is an equivalence between M(♣) and the category of projective objects in M(♣).

3. Combinatorics of 2-categories.

3.1. Multisemigroups. Before we discuss 2-representation, we first want to recall
the description of the internal structure of finitary 2-categories using the multisemi-
group approach from [16]. Denote by P(S) the power set of S and identify the one
element set {s} with s for any s ∈ S. A multisemigroup is a pair consisting of the
set S and a multivalued operation ∗ : S × S → P(S), written as (a, b) 7→ a ∗ b,
which is associative in the sense that, for all a, b, c ∈ S, we have⋃

t∈a∗b

t ∗ c =
⋃
s∈b∗c

a ∗ s.

One class of examples of multisemigroups are semigroups. More examples can be
found in [27, 13]. A unit of a mulitsemigroup (S, ∗) is an element e ∈ S such that
a ∗ e = e ∗ a = a and, as usual, if a unit exists, it is unique. Moreover, as in the
case of semigroups, if (S, ∗) does not contain a unit, one can formally adjoin a unit
by adding an extra element 1 with 1 /∈ S. More precisely, one sets S1 = S ∪ {1}
and defines the operation ~, for a, b ∈ S1, as follows

a~ b =


a, b = 1;
b, a = 1;
a ∗ b, otherwise.
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3.2. Combinatorics of multisemigroups. Let (S, ∗) be a semigroup. Pick two
elements a, b ∈ S. We will write

• a ≤L b provided that S1 ~ b ⊆ S1 ~ a;

• a ≤R b provided that b~ S1 ⊆ a~ S1;

• a ≤J b provided that S1 ~ b~ S1 ⊆ S1 ~ a~ S1.

These define partial pre-orders on S which will be called the left, right and two-sided
orders, respectively. Equivalence classes of these orders, denoted by ∼L,∼R, and
∼J , will be called left, right and two-sided cells, respectively. If S is a semigroup,
then left, right and two-sided cells coincide with Green’s L-, R- and J -classes,
respectively.

3.3. Multisemigroup of a 2-category. Let C be a small 2-category such that
C (i,j) is additive and idempotent split for all i,j ∈ C . Assume that the com-
position bifunctor is biadditive. Denote by S(C ) the set of isomorphism classes
of indecomposable 1-morphisms in C with adjoint formal element 0. Let F,G
be two indecomposable 1-morphisms in C . Denote the respective isomorphism
classes in S(C ) by [F ] and [G]. We define the following multivalued operation ∗ on
S(C ):

[F ] ∗ [G] =

8><>:
0, F ◦G is undefined;

0, F ◦G = 0;

{[H] ∈ S(C ) | H is a summand of F ◦G}, otherwise.

Since horizontal composition in C is associative, this definition turns (S(C ), ∗) into
a multisemigroup, the multisemigroup of C . Note that, if [F ] ∗ [G] 6= 0 for all
[F ], [G] ∈ S(C ), one can remove 0 from S(C ) to get the reduced multisemigroup
S ′(C ) = S(C ) \ {0} of C . With this definition we can use the above introduced
combinatorics for multisemigroups to derive combinatorics for 2-categories. Since
these will be important for us, we will still give the definitions explicitly.

3.4. Cells in 2-categories. Let C be as in the previous subsection. Using the
notation from above, we write

• F ≤L G provided that there exists a 1-morphism H in C such that G is
isomorphic to a direct summand of H ◦ F ;

• F ≤R G if there exists a 1-morphism H in C such that G is isomorphic to
a direct summand of F ◦H;

• F ≤J G if there exist 1-morphisms H1, H2 in C such that G is isomorphic
to a direct summand of H1 ◦ F ◦H2.

As seen above, the three relations ≤L,≤R,≤J are partial pre-orders on S(C ). For
any 1-morphism F in C , we call the set of all 1-morphisms G in C such that
F ≤L G and G ≤L F the left cell of F and denote it by LF . Similarly one defines
right cells and two-sided cells, denoted by RF and JF , respectively. As usual, if
the 1-morphism F is clear from the context, we will drop the index and just write
L,R and J , respectively.

An important class of two-sided cells are the so-called strongly regular two-sided
cells. A two-sided cell J in C is strongly regular, see [15], if

• different left (resp. right) cells in J are not comparable with respect to ≤L
(resp. ≤R);
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• the intersection of a left and a right cell in J contains exactly one isomor-
phism class of indecomposable 1-morphisms.

For example, both 2-sided cells of CA from Example 2.1 are strongly regular.

3.5. 2-ideals, quotients and left 2-ideals. A 2-ideal I of C contains the same
objects and 1-morphisms as C and for any objects i,j ∈ C and any 1-morphisms
F,G ∈ C (i,j) it contains a k-subspace HomI (F,G) of HomC (i,j)(F,G) of 2-
morphisms. Moreover, for any 2-morphisms ξ ∈ I and α, β ∈ C the compositions
α ◦0 ξ ◦0 β and α ◦1 ξ ◦1 β are in I , whenever the expressions make sense. In other
words, considering a 2-ideal of C is the same thing as considering subspaces of the
2-morphism spaces of C such that these are stable under left and right composition
with 2-morphisms taken from C . If I is a 2-ideal of C , then we can define the
quotient 2-category C /I in the following way: C /I has the same objects and
1-morphisms as C , and for any i, j ∈ C and any 1-morphisms F,G ∈ C (i,j), we
define

HomC/I (F,G) := HomC (F,G)/HomI (F,G).

A left 2-ideal I in C consists of the same objects as C and, for each pair i,j of
objects, an ideal I (i, j) in C (i, j) such that I is stable under the left horizontal
composition with 2-morphisms in C . In a similar fashion, one defines the notions
of right 2-ideals. For instance, we can view C (k, ) as a left 2-ideal Ik := I C

k in C
in the following way:

Ik(i,j) :=

{
C (k,j), i = k;
0, else.

It is easy to see that Ik is generated, as a left 2-ideal, by the 2-morphism id1k
.

For some Ii, let J be a left 2-ideal contained in Ii. Then we define the quotient
2-representation Pi/J by setting

(Pi/J )(j) := Pi(j)/J (i,j),

where the action of C on this 2-representation is induced from the one on Pi. Since
Pi is a finitary 2-representation, so is Pi/J .

An ideal I of a 2-representation M of C is a collection of ideals I(i) in M(i), for
each i ∈ C , stable under the action of C in the following sense: for any morphism
η ∈ I and any 1-morphism F in C , the composition M(F )(η) is in I, of course only
if the composition is defined. For example, left 2-ideals of C give rise to ideals in
principal 2-representations.

3.6. J -simple 2-categories. Let C be a finitary 2-category and J a non-zero
two-sided cell in C . We say that C is J -simple if for every non-trivial 2-ideal I in
C there exists a 1-morphism F ∈ J such that I contains idF . In [16] the following
result was proved

Theorem 3.1. Let C be a fiat category and J a non-zero two-sided cell in C .
Then there exists a unique 2-ideal I in C such that C /I is J -simple.

This result holds even for arbitrary finitary 2-categories.
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3.7. Cell 2-representation for fiat 2-categories. Let C be a fiat 2-category and
L a non-zero left cell in S(C ). For simplicity we will identify indecomposable 1-
morphisms in C with corresponding classes in S(C ) and write F ∈ S(C ) instead of
[F ] ∈ S(C ). Moreover, denote by i = iL ∈ C the unique object in C such that all
F ∈ L have i as their domain. For an indecomposable 1-morphism F in C (i,j),
we write PF for the indecomposable projective 0 → F in Pi(j) and LF for its
unique simple top. In [15, Proposition 17] it was proved that there exists a unique
submodule K of P1i

such that all simple subquotients of P1i
/K are annihilated by

all F ∈ L. Moreover, K has simple top LGL for some GL ∈ L, the so-called Duflo
involution, and FLGL 6= 0 for all F ∈ L. Now, the additive cell 2-representation of
C associated to L is defined as GPi

(GLLGL). The abelianization CL of CL is called
the abelian cell 2-representation of C associated to L. Note that this construction
relies on the existence of the Duflo involution and works therefore only in the setting
of fiat 2-categories (see also [31] for some generalizations).

3.8. Cell 2-representations in the general case. The paper [16] proposes an
alternative construction of cell 2-representations, both additive and abelian. The
advantage of this construction is that it works even for finitary 2-categories which
are not necessarily fiat 2-categories.

Let L be a left cell in C and iL = i the common domain for all 1-morphisms in
L. Consider the principal 2-representation Pi. For every j ∈ C we denote by N(j)
the additive closure in Pi(j) of all 1-morphisms F ∈ C (i,j) such that F ≥L L,
i.e. the additive closure of all 1-morphisms which are left bigger than 1-morphisms
in L. Then N is a 2-subrepresentation of Pi since it is, by construction, closed
with respect to the left action of C . The following result can be found in [19,
Lemma 3]:

Lemma 3.2. There is a unique maximal C -stable ideal I in N such that I does
not contain idF for any F ∈ L.

The quotient 2-functor CL = N/I, where I is the ideal given by Lemma 3.2, is called
the (additive) cell 2-representation of C associated to L. As mentioned before, this
construction can be done for arbitrary finitary 2-categories and not only for fiat
2-categories. In case of fiat 2-categories this construction is equivalent to the one
from the previous subsection which uses the Duflo involution. The details for this
can be found, for example, in [16, Proposition 22].

3.9. Transitive and simple transitive 2-representations. Next we discuss the
notion of transitive and simple transitive 2-representations.

Definition 3.3. A finitary 2-representation M of C is called transitive if, for every
i ∈ C and every non-zero object X ∈M(i), we have GM({X}) = M.

An example of a finitary transitive 2-representation is the categorification of the
transitive group action of a finite group G as described in [19, Example 3.2.]. An-
other natural example is any cell 2-representation as defined in the previous sub-
section. The following statement is proved in [19]:

Lemma 3.4. Let M be a transitive 2-representation of C Then there exists a unique
maximal C -stable ideal I in M such that I does not contain any identity morphisms
apart from the one for the zero object.
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A transitive 2-representation M is called simple transitive if the ideal I given by
Lemma 3.4 is zero. In general, the quotient M = M/I is called the simple transitive
quotient of M.

As already mentioned above, cell 2-representations are, by construction, simple
transitive. Moreover, it turns out that the 2-representations MH,A described in
[19, Example 3.2.], which categorify the transitive group action of a finite group G
where a subgroup H of G appears as the stabilizer of an element, can be shown
to be simple transitive. However, in general, these are not equivalent to cell 2-
representations. This shows that, in some cases, there are more simple transitive
2-representations than cell 2-representations.

3.10. Simple transitive subquotients of finitary 2-representations. Let M
be a finitary 2-representation of a finitary 2-category C and denote by Ind(M) the
set of isomorphism classes of indecomposable objects in qi∈C M(i). We say that
X ⊂ Ind(M) is stable under the induced action of C if any indecomposable direct
summand of F X belongs to X for any X ∈ X and any 1-morphism F ∈ C . The
additive closure IX in qi∈C M(i) of all X ∈ X inherits the structure of a 2-repre-
sentation of C by restriction. This 2-representation is denoted by MX.

Let X ⊂ Y ⊂ Ind(M). If both MX and MY are defined and the quotient MY/M̂X,
where M̂X denotes the ideal in MY generated by MX, is transitive, then its simple
transitive quotient is called a simple transitive subquotient of M. It has been shown
in [19, Theorem 8] that the multiset of simple transitive subquotients of M is an
invariant of M (up to equivalence).

3.11. Isotypic 2-representations. Let M be a finitary 2-representation of C and
A a finitary k-linear category. Then the A-inflation M�A of M is defined as
follows:

• for i ∈ C , set MA(i) := M(i)�A;

• for a 1-morphism F ∈ C (i,j), set MA(F ) := M(F )� IdA;

• for a 2-morphism α : F → G, set MA(α) := M(α)� idIdA .

Here the product A�B denotes the tensor product of two finitary k-linear categories
A,B, for details we refer the reader to [20, Section 3.6].

A finitary 2-representation M of a finitary 2-category C is called isotypic if all
simple transitive subquotients of M are equivalent. In [20, Theorem 4] the following
classification of isotypic faithful 2-representations is proved.

Theorem 3.5. Let C be a weakly fiat category with a unique maximal two-sided cell
J and L a left cell in J . Assume that J is strongly regular and that C is J -simple.
Then any isotypic faithful 2-representation of C is equivalent to an inflation of CL.

Note that, if M is a transitive 2-representation, then M is isotypic. If M is,
moreover, simple transitive, then the only inflation of a cell 2-representation to
which M can be equivalent is the cell 2-representation itself. Indeed, if the inflation
were not trivial, we would get a non-trivial component which would be stable under
the action of M, contradicting simple transitivity.
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4. Soergel Bimodules.

4.1. Soergel bimodules over the coinvariant algebra of a finite Coxeter
group. In this section we want to describe briefly the 2-category of Soergel bimod-
ules, following [16]. A more detailed description can be found in, e.g., [26] and [3].
Note that in the latter references the bimodules are over the polynomial ring and
hence are infinite dimensional which does not fit our finitary setting here. This is
why we choose a slightly different approach.

Let (W,S) be a finite Coxeter group equipped with a geometric representation h
and let CW be the coinvariant algebra associated to the action of W on h. That
is, CW is the quotient of the polynomial ring C[h] by the ideal generated by all
homogeneous polynomials of positive degree which are invariant under the induced
action of W on C[h]. The coinvariant algebra CW is a non-negatively Z-graded
algebra, where the degree zero polynomials are put in degree 0, the degree one
polynomials in degree 2 and so forth. If s ∈W is a simple reflection, we denote by
CsW the subalgebra of CW which consists of s-invariants.

For every w ∈W , we fix a reduced expression w = s1 · s2 · · · · · sk for w and define
the CW -CW -bimodule

B̂w := CW ⊗Cs1
W
CW ⊗Cs2

W
· · · ⊗Csk

W
CW .

We set Be = CW and, for e 6= w ∈ W , define Bw inductively (with respect to
the length of w) as the unique indecomposable direct summand of B̂w that is not
isomorphic to Bw′ for any w′ ∈W such that w′ < w, where < denotes the Bruhat
order. The existence of this unique indecomposable direct summand is a theorem
due to Soergel, see [26]. The CW -CW -bimodule Bw is called the Soergel bimodule
associated to w. Note that the definition of Soergel bimodules does not depend on
the choice of the reduced expression for w, up to isomorphism.

Let A be a small category equivalent to CW -mod. Denote by SW the 2-category
which has

• a single object A;

• endofunctors of A which are isomorphic to tensoring with direct sums of
Soergel bimodules as 1-morphisms;

• natural transformations of functors as 2-morphisms.

In [16, Section 7.1] it was shown that SW is a fiat category, the so-called 2-category
of Soergel bimodules associated to (W,S), h and A. The category A will, for the
most part, not be important for our purposes and will therefore be replaced by the
symbol ♣ which represents the single object of this 2-category.

4.2. Soergel bimodules over the dihedral group Dn. Consider the 2-category
of Soergel bimodules Sn corresponding to the dihedral group Dn for n ≥ 2, with
unique object ♣. For w ∈ Dn, we set θw := Bw. As usual, we will denote 2-
morphisms by α, β, γ, . . . . We use the following Coxeter presentation of Dn:

Dn = 〈s, t | s2 = t2 = (st)n = (ts)n = e〉.
This gives us, for all n ≥ 3, the following enumeration of the set Dn:

Dn = {e, s, t, st, ts, sts, tst, . . . , w0},
where w0 is the (unique) longest element in Dn. More explicitly, we have

• w0 = (st)
n
2 = (ts)

n
2 , if n is even,
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• w0 = (st)
n−1

2 s = (ts)
n−1

2 t, if n is odd.

To make notation a little easier, we will assume that elements of Dn are reduced
words in s and t and that multiplication in Dn is concatenation of words followed
by reduction. As usual, we denote by l(w) the length of a reduced expression of
w ∈ Dn.

4.3. Kazhdan-Lusztig basis. An important fact for us is that the 2-category Sn

is a categorification of the Hecke algebra H = Hn, another result due to Soergel.
Here we want to describe the setup in which we will use this. In the standard pre-
sentation, Hn is the Z[v, v−1]-algebra with generators Hs, Ht and relations

H2
x = (v−1 − v)Hx +He, x ∈ {s, t};

HsHtHs . . .︸ ︷︷ ︸
n

= HtHsHt . . .︸ ︷︷ ︸
n

.

This presentation of Hn gives rise to the standard basis

{Hw = Hi1Hi2Hi3 . . . | i1i2i3 . . . is a reduced expression of w ∈ Dn},
which is a basis of H as a free Z[v, v−1]-module. There is a unique Z-linear in-
volution ·̄ of H sending v to v−1 and Hx to H−1

x , for x ∈ {s, t}. It follows that
Hw = H−1

w−1 for all w ∈ Dn. With this involution, often called bar involution, we
can define a different basis of H. The following is proved in [12].

Theorem 4.1 (Kazhdan-Lusztig). There is a unique Z[v, v−1]-basis {Hw|w ∈W}
of Hn such that Hw = Hw and

Hw = Hw +
∑
x<w

hx,wHx,

where hx,w ∈ vZ[v].

By construction, the elements Hs, where s runs through all simple reflections,
generate H as a unital algebra (that is, for a full set of generators one has to add
the unit element He).

The basis {Hw} is called the Kazhdan-Lusztig basis, from now on abbreviated by
KL-basis. The polynomials hx,w are called the Kazhdan-Lusztig polynomials, we
refer the reader to [11] for more details. The case of Dn is easier than the general
case. For Dn we have an explicit expression for all elements Hw of the KL-basis,
see e.g. [23]:

Hw =
∑
x≤w

vl(w)−l(x)Hx, w ∈W.

In addition to ·̄, there is a Z[v, v−1]-linear anti-involution ι satisfying ι(Hx) = Hx,
for x ∈ {s, t}. It can be easily checked that this yields ι(Hw) = Hw−1, for w ∈ Dn,
and moreover, that ι and ·̄ commute. Their composition is denoted by ω which, in
turn, is a Z-linear anti-involution on H satisfying ω(v) = v−1 and ω(Hw) = H−1

w ,
for all w ∈ Dn. Since we can write elements in the KL-basis as a sum of standard
basis elements, it follows that

ω(Hw) = Hw−1 .

For our purposes, we assume that v = 1 and hence get that Hw equals the sum of
all standard basis elements Hw′ for which w′ ≤ w. We also have that the Hecke
algebra H is isomorphic to the group algebra Z[Dn] of Dn. Therefore we will, from
now on, identify Hw with w for all w ∈ Dn.
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Example 4.2. In the case of D4, we get the following KL-basis:

He = e, Hs = e+ s, Ht = e+ t, Hst = e+ s+ t+ st, Hts = e+ s+ t+ ts,

Hsts = e+ s+ t+ st+ ts+ sts, Htst = e+ s+ t+ st+ ts+ tst,

Hstst = e+ s+ t+ st+ ts+ sts+ tst+ stst.

Now that we have set up all the notation, we can write down explicitly how the
Hecke algebra Hn categorifies Sn (as mentioned above, this is a result due to
Soergel).

Theorem 4.3 (Soergel). The map

Φ : [Sn(♣,♣)]→ Z[Dn],

[θw] 7→ Hw,

is an isomorphism of algebras.

4.4. The cell structure. Next, we want to study the cell structure of Sn and
describe its left and right cells. To do this, we need to understand the left and right
multiplication of elements in the KL-basis.

Proposition 4.4. For w ∈ Dn, we have

HwHt =


Ht, w = e;
Hst, w = s;
Hws +Hwt, if wt > w and w 6= e, s;
2Hw, else,

and

HwHs =


Hs, w = e;
Hts, w = t;
Hws +Hwt, if ws > w and w 6= e, t;
2Hw, else.

Proof. We will prove the first formula, the second then follows using the automor-
phism of Dn which swaps s and t. Note that the result is obvious for w = e. For
w = s, we have

HwHt = (e+ s)(e+ t) = e+ t+ s+ st = Hst.

Assume now that w 6= e, s and wt > w. Then l(w) > 1 and we can write

(1) Hw = (e+ t) + (s+ st) + (ts+ tst) + · · ·+ (wts+ ws) + u+ w,

where u is the unique element in Dn such that ut > u and l(u) = l(w) − 1. Right
multiplication with Ht = (e+ t) doubles each bracket on the right hand side of (1)
and, additionally, produces two new brackets (u+ ut) and (w + wt). Taking these
two new brackets and each of the doubled brackets ones, gives Hws. Taking each
of the doubled brackets ones, gives Hwt. Putting all this together, gives exactly
Hws +Hwt.

Assume, finally, that w 6= e, s and wt < w. Then we can write

Hw = (e+ t) + (s+ st) + (ts+ tst) + · · ·+ (wt+ w).

Right multiplication with Ht = (e+ t) doubles each bracket on the right hand side
of this formula and hence HwHt = 2Hw. �
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Applying the anti-involution ω defined above to the assertion of Proposition 4.4, we
get the following result for left multiplication with Hs and Ht, respectively.

Proposition 4.5. For w ∈ Dn, we have

HtHw =


Ht, w = e;
Hts, w = s;
Hsw +Htw, if tw > w and w 6= e, s;
2Hw, else,

and

HsHw =


Hs, w = e;
Hst, w = t;
Hsw +Htw, if sw > w and w 6= e, t;
2Hw, else.

We can now describe the cell structure of Sn.

Proposition 4.6.

(a) There are four different left cells Le,Ls,Lt,Lw0 in Sn, namely:

Le = {θe},
Ls = {θw | ws < w and l(w) ≤ n− 1},
Lt = {θw | wt < w and l(w) ≤ n− 1},
Lw0= {θw0}.

The left order is given by Le <L Ls <L Lw0 and Le <L Lt <L Lw0 .

(b) There are four different right cells Re,Rs,Rt,Rw0 in Sn, namely:

Re = {θe},
Rs = {θw | sw < w and l(w) ≤ n− 1},
Rt = {θw | tw < w and l(w) ≤ n− 1},
Rw0= {θw0}.

The right order is given by Re <R Rs <R Rw0 and Re <R Rt <R Rw0 .

(c) There are three two-sided cells in Sn, namely

J1 = Je ={θe},
J2 = Js = Jt ={θw | w ∈ Dn, 1 ≤ l(w) ≤ n− 1},
J3 = Jw0 ={θw0}.

The two-sided order is given by Je <J Js <J Jw0 .

Proof. That {θw0} is both a left, right and two-sided cell, follows directly from
Propositions 4.4 and 4.5. To see that {θe} is both a left, right and two-sided cell,
we observe that the element He never appears on the right hand side of the formulae
in Propositions 4.4 and 4.5.

Let θw ∈ J2 be such that θws ∈ J2 and ws > w. Then HwHs = Hws + Hwt or
HwHs = Hws and HwsHt = Hwst + Hw by Propositions 4.4. Hence θw and θws
are in the same right cell. Similarly, for θw ∈ J2 such that θwt ∈ J2 and wt > w,
we have that θw and θwt are in the same right cell.

Using ω, we get that, for θw ∈ J2 such that θtw ∈ J2 and tw > w, the elements
θw and θtw are in the same left cell. Similarly, for θw ∈ J2 such that θsw ∈ J2 and
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sw > w, the elements θw and θsw are in the same left cell. This implies that J2 is
a two-sided cell and, using Propositions 4.4 and 4.5, we also get that the two-sided
order is given by Je <J Js <J Jw0 . This proves claim (c).

The above also implies that Ls contains all element in J2 of the form θw, where
sw < w. From Propositions 4.4 we also see that, if tw < w, then θw cannot be in
Ls. This implies claim (a). Claim (b) is obtained from claim (a) using ω. �

We can depicted the cell structure of Sn as follows.

θe

θs, θsts, . . . θst, θstst, . . .

θts, θtsts, . . . θt, θtst, . . .

θw0

Ls Lt

Rt

Rs

Example 4.7. In the case of S4, this gives us the following cell structure

θe

θs, θsts θst

θts θt, θtst

θw0

Ls Lt

Rt

Rs

and the two-sided cells are

J1 = {θe}, J2 = {θs, θt, θst, θts, θsts, θtst}, J3 = {θw0 = θstst = θtsts}.

We see that J1 and J3 are strongly regular whereas J2 is not. The latter is due to
the fact that the intersection of Ls and Rs consists of two distinct isomorphisms
classes of indecomposable 1-morphisms, namely θs and θsts. Similarly, the inter-
section of Lt and Rt consists of θt and θtst.

4.5. Dn-modules. The representation theory of Dn is well-known (see e.g. [28]).
Since our later discussions will make use of the classification of simple Dn-modules,
we want to quickly recall it here. The answer depends on the parity of n.

If n is even, then there are four non-isomorphic 1-dimensional modules, denoted
by Vε,δ, for ε, δ ∈ {−1, 1}, where s acts via ε and t via δ. If n is odd then the
only simple 1-dimensional modules are V1,1 and V−1,−1. In both cases, we have the
following matrices for the action of Hs and Ht on simple 2-dimensional modules
denoted by V (n,k):

H(n,k)
s = e+ s =

(
2 0
0 0

)
, H

(n,k)
t = e+ t =

(
1 + cos( 2kπ

n ) sin( 2kπ
n )

sin( 2kπ
n ) 1− cos( 2kπ

n )

)
.

If n is even, k ranges from 1 to n−2
2 . If n is odd, k ranges from 1 to n−1

2 . This
gives us, for 1 ≤ k ≤ n−1

2 , the following characteristic polynomial for the element
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H(n,k)
s +H

(n,k)
t :

(2) χn,k(x) = x2 − 4x+ 2− 2 cos
(

2kπ
n

)
.

4.6. The cell 2-representations for the one element cells. Now we want to
compute the cell 2-representations of the cells Le and Lω0 , following the general
construction of cell 2-representations as a quotient of a subrepresentation of the
principal representation. Since there is only one object ♣ in Sn, all morphisms
have domain and codomain ♣ and we only need to consider P♣ and N(♣) which
was defined as the additive closure of all 1-morphisms in Sn(♣,♣) for which F ≥L L
holds.

Proposition 4.8. We have [CLe
]C ' V−1,−1.

Proof. In the case of Le we see that all 1-morphisms F satisfy F ≥L Le. Thus
N(♣) = Sn(♣,♣). Now let I be the unique maximal ideal in N which does not
contain idθe

whose existence is given by Lemma 3.2. By [16, Lemma 16 (i)], we get
that, if idF belongs to I for some F , then idG ∈ I for all G ≥L F . Thus, we can
conclude that idF is in I for all F >L θe, i.e. all θw with e 6= w ∈ Dn. Moreover,
since θe is indecomposable, its algebra of 2-endomorphisms is local and hence the
part of EndS (♣,♣)(θe) contained in I is contained in the radical of EndS (♣,♣)(θe).
By the maximality of I we get that this part is the radical of EndS (♣,♣)(θe). This
tells us that CLe

= N/I is isomorphic to C −mod since the only indecomposable
1-morphisms in the quotient that are not isomorphic to 0 are those isomorphic to
1θe and the only non-zero 2-endomorphisms of such morphisms are scalar multiples
of the identity. In particular, we see that θs and θt annihilate CLe and hence
Hs = e+s and Ht = e+ t act as 0 on [CLe ]C. However, since e acts as the identity,
we see that s and t must act as the scalar −1 and thus we get [CLe

]C ' V−1,−1. �

Proposition 4.9. The 2-representation CLw0
is equivalent to the natural action of

Sn on the additive category of projective objects in A, moreover, [CLw0
]C ' V1,1.

Proof. We start by collecting some facts about CW that will help us to describe
CLω0

. From [3, Claim 2.2.1] it follows that CW is free of rank 2 over both CsW and
CtW . Moreover, CW is local since it is a non-negatively graded algebra whose degree
zero part is simple and which has finite dimension 2l(w0) = 2n, see, for example,
[10, Corollary 3.10]. Thus there is a unique, up to isomorphism, indecomposable
projective module P in CW -mod with simple top L.

Next we claim that the Soergel bimodule associated to the longest word w0 ∈ Dn

is isomorphic to CW ⊗ CW . This seems to be a well-known fact in the case that
W is a Weyl group and not only a Coxeter group and in the case of the dihedral
group it is stated in [5]. However, it was hard to find a proof of this fact so we will
give a proof in the dihedral case here. We consider the defining 2-representation
of Sn, that is the natural action of Sn on A. Via the equivalence between A and
CW -mod, this gives a weak action of Sn on CW -mod.

Lemma 4.10. Let L denote the unique, up to isomorphism, simple CW -module.

(a) We have dim(θw L) = 2l(w), for all w 6= e.

(b) The module θwL has simple top, for all w ∈ Dn, in particular, the module θwL
is indecomposable.



SIMPLE TRANSITIVE 2-REPRESENTATIONS OF SOERGEL BIMODULES IN TYPE B2 17

Proof. To prove claim (a), we proceed by induction on the length of w. To prove
the basis of the induction, let w = s. Then

θs L = CW ⊗Cs
W
CW ⊗CW

L ' CW ⊗Cs
W
L.

Since CW is free of rank 2 over CsW , we get that dim(θsL) = 2 = 2l(s), as required.
A similar arguments works in the case w = t.

Now assume claim (a) holds for w such that l(w) ≤ k. Let w′ be an element of
length k+ 1. Then we either have w′ = sw or we have w′ = tw for some element w
of length k. We consider the case w′ = sw, the other case being similar. We have

(3) θsθw L = θsw L⊕ θtw L
by Proposition 4.5 and Theorem 4.3. Since θs is exact (as Sn is fiat), using the
basis of the induction and the inductive assumption, we have

(4) dim(θsθwL) = 2dim(θwL) = 4l(w).

Combining (3) with (4) and using the inductive assumption, we have

dim(θswL) = 4l(w)− dim(θtwL) = 4l(w)− (2(l(w)− 1)) = 2(l(w) + 1) = 2l(sw).

This proves claim (a).

Claim (b) is obvious for w = e since θeL = L. To prove claim (b) for other w, we
again proceed by induction on l(w). If w = s, we note that θs L is isomorphic, as
a CW -module, to IndCW

Cs
W
L(s), where L(s) is the unique, up to isomorphism, simple

CsW -module (note that dim(L(s)) = 1). Therefore, by adjunction,

HomCW
(IndCW

Cs
W
L(s), L) = HomCs

W
(L(s),ResCW

Cs
W
L).

The space on the right hand side is 1-dimensional as L(s) is 1-dimensional. This
implies claim (b) for w = s. For w = t, we can use a similar argument.

Before we can make a general induction step, we have to consider the cases w = st
and w = ts. We consider the first case, the second one being similar. By adjunction,
we have

(5) HomCW
(θsθt L,L) = HomCW

(θt L, θs L).

By the previous paragraph, both θt L and θs L are indecomposable modules of
dimension two. Therefore the right hand side of (5) is one-dimensional (which is
exactly what we need) unless θt L ' θs L. To prove that θt L 6' θs L, it is enough
to show that these two modules are annihilated by different elements of h. That, in
turn, is equivalent to the fact that h does not have non-zero elements whose linear
span is invariant with respect to both s and t. The latter means exactly that the
W -module h is simple, which is the case.

To make the general induction step, we can now assume that claim (b) is true for
all w such that l(w) ≤ k and that k ≥ 2. Let w′ be of length k + 1. Then we can
write w′ = sw or w′ = tw for some w of length k. We consider the case w′ = sw,
the other one being similar. We have

dim(HomCW
(θsθw L,L)) = dim(HomCW

(θw L, θs L))

by adjunction. At the same time, we also have 2 ≤ dim(HomCW
(θsθw L,L)) as

θsθw L = θsw L⊕θtw L by Proposition 4.5. Moreover, dim(HomCW
(θw L, θsL)) ≤ 2

as θw L has simple top by inductive assumption and θs L has dimension two by
claim (a). Therefore dim(HomCW

(θsθw L,L)) = 2. As θsθw L = θsw L⊕ θtw L and
both summands are non-zero, each of the summands must contribute with at least
one homomorphism. Therefore dim(HomCW

(θsw L,L)) = 1, as required. �
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Corollary 4.11. We have θw0 ' CW ⊗ CW .

Proof. By Lemma 4.10(a), we have dim(θw0 L) = 2l(w0) = 2n = dim(P ). Further-
more, by Lemma 4.10(b), the module P surjects onto θw0 L. Therefore we have
P ' θw0 L. Since θw0 is indecomposable and Sn is fiat, we have θw0 ' CW ⊗ CW
by [19, Lemma 13]. �

Now, to describe CLw0
, we need to describe the corresponding N and I. As the

left cell {θw0} is maximal with respect to the left order, we have N = add({θw0}).
Note that, if I is an ideal in CW , then CW ⊗ I is a left 2-ideal of CW ⊗ CW . This
implies I ⊃ CW ⊗ Rad(CW ).

Consider the 2-natural transformation Φ from P♣ to A which sends 1♣ to L. Then
Φ, clearly, annihilates C ⊗ Rad(CW ) (viewed as endomorphism of 1♣). Moreover,
Φ maps N to the category Aproj of projective objects in A. Thus Φ induces a
2-natural transformation from CLw0

to Aproj which maps θw0 to θw0 L ' P . By
construction, this 2-natural transformation is an equivalence.

As θsθw0 = θtθw0 = θw0 ⊕ θw0 , we see that Hs and Ht act as the scalar 2 on
[CLw0

]C. Since e acts as the identity, we see that both s and t act as the identity
and hence [CLw0

]C ' V1,1. This completes the proof. �

4.7. Decategorification of the cell 2-representations of S4. Let us now de-
scribe the decategorifications of the cell 2-representations of S4. As we have seen
above, S4 has the following 4 left cells.

Le = {θe}, Ls = {θs, θts, θsts}, Lt = {θt, θst, θtst}, Lw0 = {θw0 = θstst = θtsts}
Moreover, from the previous subsection we have that

[CLe ]C ' V−1,−1, [CLw0
]C ' V1,1.

Consider Ls and denote by M = [CLs ]C the decategorification of CLs . Then M is
generated by [θs], [θsts], [θts], and in this basis we can use Proposition 4.5 to get the
following matrices for the action of [θs] and [θt], respectively:

[θs] =

2 0 1
0 2 1
0 0 0

 [θt] =

0 0 0
0 0 0
1 1 2

 .

The corresponding characteristic polynomials are ps(x) = x(x − 2)2 and pt(x) =
x2(x − 2) for [θs] and [θt], respectively. A simple comparison of characteristic
polynomials yields that M can only be isomorphic to either V1,1⊕V1,−1⊕V−1,−1 or
V

(4,1)
1 ⊕ V1,−1. The first case can be excluded since the principal 2-representation

decategorifies to the regular representation of D4 which implies that the simple
2-dimensional D4-module appears with multiplicity two in the union of all cell 2-
representations. Thus we get M ' V

(4,1)
1 ⊕ V1,−1. A similar argument shows that

[CLt
]C ' V (4,1) ⊕ V−1,1, that is

[CLs
]C ' V (4,1) ⊕ V1,−1, [CLt

]C ' V (4,1) ⊕ V−1,1.

In particular, this implies that the decategorifications of CLs
and CLt

are not
isomorphic as D4-modules. Consequently, we get the following:

Proposition 4.12. Let Ls = {θs, θts, θsts},Lt = {θt, θst, θtst} ⊂ J2 be left cells in
S4 lying in the same two-sided cell J2. Then the corresponding cell 2-representations
CLs and CLt are not equivalent.
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5. Simple transitive 2-representations of Sn.

In this section we study simple transitive 2-representations of the 2-category Sn of
Soergel bimodule for the dihedral group Dn, where n ≥ 2. Since there is only one
object in each of these 2-categories, we can define the rank of a 2-representation
M of Sn as the number of isomorphism classes of indecomposable objects in the
additive category M(♣) = B.

5.1. Irreducible matrices and Perron-Frobenius Theorem. In our study of
a simple transitive 2-representation M of Sn it will be very useful to investigate
the decategorification of M since then the action of any 1-morphism F in Sn

on B = M(♣) can be written as a square matrix whose rows and columns are
indexed by a fixed collection X1, . . . , Xn of representatives of isomorphism classes
of indecomposable objects in B, see Subsection 2.9 for more details. In this situation
we can use classical results by Perron and Frobenius on the structure of non-negative
matrices, which can be found in the original papers [6, 7, 22], see also [21] for a
modern version.

A matrix A = (aij) ∈ Rn×n is called non-negative provided that all aij are non-
negative. We associate to A a directed graph GA = (V,E) which we will call the
action graph of A. The set of vertices of GA is {1, 2, . . . , n} and we will include a
directed edge from i to j if aji 6= 0. A directed graph G = (V,E) is called strongly
connected provided that, for every i, j ∈ V , there exists a directed path from i to j.
A non-negative matrix A ∈ Rn×n is called irreducible if GA is strongly connected.
Now we can state the version of the Perron-Frobenius Theorem that we will use
later.

Theorem 5.1 (Perron-Frobenius). Let A ∈ Rn×n be an irreducible non-negative
matrix. Then A has a positive real eigenvalue r such that all other (not necessarily
real) eigenvalues of A have a strictly smaller absolute value. Moreover, the algebraic
multiplicity of r is one.

This will be useful for us since we have the following

Proposition 5.2. Let M be a transitive 2-representation of Sn of rank k. Let
X1, X2, . . . , Xk be a fixed collection of representatives of the isomorphism classes
of indecomposable objects in M(♣). Then the matrix of the linear transformation
[M(θs⊕θt)], written in the basis [X1], [X2], . . . , [Xk], is non-negative and irreducible.

Proof. As each M(θs⊕ θt)Xj can be decomposed into a direct sum of indecompos-
able objects in M(♣) and the entries of [M(θs ⊕ θt)] are just multiplicities in such
decompositions, it follows that the matrix of [M(θs ⊕ θt)] is non-negative.

Assume that A = [M(θs ⊕ θt)] is not irreducible. This implies that there exist
1 ≤ i, j ≤ k such that there is no directed path from i to j in GA. This means
that Xj will not be a direct summand of (θs ⊕ θt)m Xi, for any m. However, we
have (θs ⊕ θt) Xi = θs Xi ⊕ θt Xi. For any w ∈ Dn different from e, with a
reduced expression w = s1s2 · · · sm, the indecomposable 1-morphism θw is a direct
summand of θs1θs2 · · · θsm

and hence also of (θs⊕θt)m. Thus, every indecomposable
1-morphism F in Sn is isomorphic to a direct summand of some (θs ⊕ θt)m. As
we assumed that M is transitive, each Xj should be a direct summand of F Xi for
some 1-morphism F . This is a contradiction which implies that A is irreducible. �
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5.2. The D2-case. Before we start our study of simple transitive 2-representations
of Sn, we want to consider the special case n = 2. In this case, we see that
D2 = {e, s, t, st = ts} and the left cells are

Le = {θe}, Ls = {θs}, Lt = {θt}, Lω0 = {θω0}.

As proved above, we have [CLe
]C ' V−1,−1 and [CLω0

]C ' V1,1. For Ls we see that
N equals add({θs, θw0}) and the maximal ideal given by Lemma 3.2 contains 1θω0

.
It follows that [θs ◦ θs] = 2[θs] and [θt ◦ θs] = [θst] = [0] and thus s acts as 1 and t
as −1, hence [CLωs

]C ' V1,−1. Similarly, one shows that [CLωt
]C ' V−1,1.

5.3. First results for simple transitive 2-representations. From now on we
assume n ≥ 3. Our first result is a generalization of [19, Proposition 21].

Theorem 5.3. Let n ≥ 3 and M be a finitary 2-representation of Sn. Assume that
the [Sn(♣,♣)]C-module [M(♣)]C is simple. Then we either have [M(♣)]C ' V1,1

or we have [M(♣)]C ' V−1,−1.

Proof. Recall that we have exactly three two-sided cells in Sn, namely

Le = J1 = {θe}, J2 = {θw | 1 ≤ l(w) ≤ n− 1}, Lw0 = J3 = {θω0}.

From above, we know that J2 consists of two left cells Ls and Lt. Furthermore, as
we have seen above, the cell 2-representations CLe and CLw0

categorify V−1,−1 and
V1,1, respectively. Note that, by the same argument as in [19, Proposition 22], we
get that [M(♣)]C � V1,−1 and [M(♣)]C � V−1,1, which of course only could occur
in case n is even. Thus it is left to prove that [M(♣)]C is not isomorphic to any of
the 2-dimensional simple C[Dn]-modules described in Subsection 4.5.

Assume that [M(♣)]C ' V (n,k) for some 1 ≤ k ≤ n−1
2 and consider the abelian-

ization M. The matrix X := Jθs + θtK has the same characteristic polynomial as
[θs + θt] acting on V (n,k). However, this polynomial has to have integer coefficients
since X, by construction, has only non-negative integer coefficients. Hence, we have
to check for which k the polynomial

χn,k(x) = x2 − 4x+ 2− 2 cos
(

2kπ
n

)
has integer coefficients, that is when 2 cos( 2kπ

n ) ∈ Z. This is equivalent to asking
for which n and 1 ≤ k ≤ n−1

2 we have cos( 2kπ
n ) ∈ 1

2Z ∩ (−1, 1) = {− 1
2 , 0,

1
2}.

In the first case, that is when cos( 2kπ
n ) = − 1

2 , we get k = n
3 and thus n ∈ 3Z. In

this case, χn
3

(x) = x2− 4x+ 3 = (t− 3)(t− 1) and thus X has eigenvalues 1 and 3,
trace 4 and determinant 3. This means that, up to reordering of the basis elements,
X coincides with one of the following matrices, where a is a non-negative integer:(

3 a
0 1

)
,

(
3 0
a 1

)
or

(
2 1
1 2

)
.

In the second case, that is when cos( 2kπ
n ) = 0, we get k = n

4 and thus n ∈ 4Z. In
this case, χn

4
(x) = x2−4x+2 = (t−2−

√
2)(t−2+

√
2) and thus X has eigenvalues

2 ±
√

2, trace 4 and the determinant 2. This means that, up to reordering of the
basis elements, X coincides with one of the following matrices:(

3 1
1 1

)
or
(

2 2
1 2

)
.
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In the third case, that is when cos( 2kπ
n ) = 1

2 , we get k = n
6 and thus n ∈ 6Z. In

this case, χn
6

(x) = x2 − 4x + 1 = (t − 2 +
√

3)(t − 2 −
√

3). Therefore X has the
eigenvalues 2±

√
3, trace 4 and determinant 1. This means that, up to reordering

of the basis elements, X coincides with one of the following matrices:(
3 2
1 1

)
,

(
3 1
2 1

)
or
(

2 3
1 2

)
.

Our next observation is that we have θs ◦ θs = θs ⊕ θs. This translates into the
equation JθsK2 − 2JθsK = 0. Therefore JθsK has eigenvalues in {0, 2} and thus the
only possibilities for the pair (trace,determinant) of X are (0, 0), (2, 0) or (4, 4).
Similarly for θt. All this means that JθsK and JθtK can be chosen among the following
matrices:

(6)
(

0 0
0 0

)
,

(
1 1
1 1

)
,

(
2 b
0 0

)
,

(
2 0
b 0

)
,

(
2 0
0 2

)
,

where b is a non-negative integer.

Recall that Jθs⊕θtK = JθsK+JθtK. Now we see that, in the first case, it is impossible
to represent any candidate for X as a sum of two matrices of the form (6). Therefore
the first case cannot occur.

In the second case, we see that we have to pick

JθsK =
(

1 1
1 1

)
, JθtK =

(
2 0
0 0

)
,

or the other way around. In the third case, we can take either

JθsK =
(

1 1
1 1

)
, JθtK =

(
2 1
0 0

)
,

or

JθsK =
(

1 1
1 1

)
, JθtK =

(
2 0
1 0

)
,

or the other way around.

In every of the above possibilities, one of the matrices, say JθsK, equals the 2 × 2-
matrix with all entries equal to 1. Now we may restrict M to the 2-subcategory
Tn of Sn generated by θe and θs and adjunction morphisms between them. Then
Tn satisfies all the conditions of [19, Theorem 18]. Moreover, this restricted 2-
representation is transitive because all coefficients in JθsK are positive.

Denote by N its simple transitive quotient, i.e. the quotient of the restricted 2-
representation and its unique maximal ideal not containing any identity morphisms
except the one of the zero object. Then N gives rise to a simple transitive 2-
representation of Tn of tank two. However, this is a contradiction since in this
setting every simple transitive 2-representation of Tn is equivalent to a 2-cell repre-
sentation by [19, Theorem 18] and hence has rank one. This concludes the proof. �

The following theorem is a slight variation of [19, Theorem 18] and our proof is
similar to the one in [19].

Theorem 5.4. Let M be a simple transitive 2-representation of a fiat 2-category
C . Assume that there is a unique maximal 2-sided cell J which does not annihilate
M. Furthermore, assume that J is strongly regular. Then M is equivalent to a cell
2-representation.
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Proof. Denote by CJ the 2-full 2-subcategory of C formed by all 1-morphisms in
J and their respective identity 1-morphisms. If we simply restrict M to CJ , we
obtain again a 2-representation, denoted by MJ . Moreover, MJ is a transitive 2-
representation since the additive closure of 1-morphisms in J is stable with respect
to left multiplication by 1-morphism in C .

Next, we claim that MJ is simple transitive. Assume that J is an ideal of M
which is nonzero and stable with respect to the action of CJ . Let α : X → Y be
a nonzero morphism in J. By simple transitivity of M, there exists a 1-morphism
G in C such that G(α) : G(X)→ G(Y ) has an invertible nonzero direct summand.
Now, composition with 1-morphisms from CJ sends this direct summand to another
invertible morphism. Note that transitivity of MJ implies that there exists F ∈ CJ
which does not annihilate this summand. However, since F is in J , so is F ◦ G
implying that F ◦G(α) is in J. This proves that every CJ -stable ideal contains the
identity idX for some nonzero object X and hence the maximal ideal of MJ which
does not contain any identity idY is zero. Thus MJ is simple transitive.

By [19, Theorem 18], there exists a left cell L in J such that MJ is equivalent to
the cell 2-representation CJL . Moreover, [15, Theorem 43] yields that any choice of
a left cell L in J gives us the same 2-representation, up to equivalence. As usual,
there exists i = iL in C such that all 1-morphisms in L have domain i. Let L be
a simple object in CJL such that L is not annihilated by any 1-morphism in L, i.e.
the simple object corresponding to the Duflo involution of L. Then we can consider
L as an object in M(i).

Let Φ be the 2-natural transformation from the principal 2-representation Pi of
C to M which sends P1i

to L. Denote by N(j) the additive closure of all 1-
morphisms F ∈ C (i,j) such that F ≥L L for j ∈ C . The image of N(j) under
Φ is inside the category of projective objects in M(j) and contains at least one
representative of each isomorphism class of indecomposable objects due to results
from [15, Subsection 4.5]. By construction of L, we have that the maximal ideal I
in N, not containing idF for any F ∈ L, annihilates L. Thus, the 2-representation
K = N/I on projective objects in the categories M(j) with j ∈ C , is equivalent to
the cell 2-representation CL of C . By [16, Theorem 11], we get that K is equivalent
to M and hence M is equivalent to CL. This completes the proof. �

6. The D4-case.

6.1. The main result. In this section we will study the particular case of S4.
This is of special interest because D4 is a isomorphic to the Weyl group of type
B2 and hence there is a connection to Lie theory, namely, the 2-category of S4 is
biequivalent to the 2-category of projective functors on the principal block of the
BGG category O for a Lie algebra of type B2, see [15, Subsection 7.2] for details.
More concretely, we want to prove the following theorem which is an analogue of
[19, Theorem 18] where the same result was proved for type An.

Theorem 6.1. If M is a simple transitive 2-representation of S4, then M is
equivalent to a cell 2-representation.

The proof of this is subdivided into several steps. First, we study the possible eigen-
values of the matrix A := [θs⊕θt] on [M]C. This leads to a more thorough discussion
of the possible 2-dimensional Dn-modules that can appear as direct summands in
a decategorifications of M. We use this to prove that the decategorification of M
must be isomorphic to the decategorification of a cell 2-representation. Finally, we
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show that M is equivalent to the corresponding cell 2-representation by explicitly
constructing such an equivalence.

6.2. Possible eigenvalues of [θs ⊕ θt].

Lemma 6.2. Let M be a 2-representation of S4 such that θw0 M(♣) = 0. Then
the polynomial p(x) = x4 − 6x3 + 10x2 − 4x annihilates [θs ⊕ θt].

Proof. By Theorem 4.3, we know that A = [θs ⊕ θt] acts on [S ]C as the element
a := e + s + e + t acts on C[Dn]. Thus A is annihilated by the product of all
characteristic polynomials χn,k given in (2). In this case a simple calculation shows
that

x(x− 2)(x2 − 4x+ 2− cos(π/2)) = x(x− 2)(x2 − 4x+ 2) = x4 − 6x3 + 10x2 − 4x.

It remains to note that the only simple D4-modules annihilated by Hw0
and the

corresponding characteristic polynomials for the element a are:

module : V−1,−1 V−1,1 V1,−1 V (4,1)

χa : x x− 2 x− 2 x2 − 4x+ 2− cos(π/2).

All these polynomials divide x4 − 6x3 + 10x2 − 4x by construction and hence the
claim of the lemma follows. �

As an immediate corollary, we obtain the following useful result.

Corollary 6.3. Let M be a 2-representation of S4 such that θw0M(♣) = 0. Then
the possible eigenvalues of A on [M]C are 0, 2−

√
2, 2, 2 +

√
2.

6.3. The structure of [θs ⊕ θt]. Let M be a simple transitive 2-representation of
S4. If we assume that θw0M(♣) 6= 0, then, by [20, Theorem 4], we get M ' CLw0

.
If, on the other hand, we have (θs ⊕ θt) M(♣) = 0, then we get M ' CLe

as we
have seen in the discussion of the cell 2-representations for the two 1-element cells
in Subsection 4.6.

So, from now on, we will assume that θw0M(♣) = 0 and that (θs⊕θt)M(♣) 6= 0. Let
X1, . . . , Xn be a complete and irredundant list of pairwise non-isomorphic indecom-
posable objects in M(♣). We will in some of the proofs consider the abelianization
M of M and then denote the indecomposable projective object 0 → Xi in M(♣)
by Pi. Moreover, for i = 1, 2, . . . , n, we denote by Li ∈M(♣) the simple top of the
indecomposable projective object Pi.

Lemma 6.4. There exists an ordering of X1, . . . , Xn such that

[θs] =
(

2Ik B
0 0

)
,

where 1 ≤ k ≤ n, the matrix B has non-negative integer entries and Ik is the
(k × k)-identity matrix.

Proof. For i = 1, 2, . . . , n, write θsXi = aiXi⊕Yi, where ai is a non-negative integer
and Yi does not have Xi as a direct summand. Then θ2s = θs ⊕ θs implies

(7) a2
iXi ⊕ aiYi ⊕ θs Yi ' 2aiXi ⊕ 2Yi.

If ai > 2, we have that the multiplicity 2ai of Xi on the right hand side is strictly
smaller than the multiplicity, which is at least a2

i , of Xi on the left hand side, a
contradiction. Therefore ai ∈ {0, 1, 2}. If ai = 2, then (7) implies θs Yi = 0. If
ai = 0, then (7) implies θs Yi = 2Yi.
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Consider the case ai = 1. Then (7) implies θs Yi = Xi⊕Yi. This means that there is
a unique indecomposable direct summand Xj of Yi such that θsXj = Xi⊕Z. Write
Yi = Xj ⊕ U . Then neither Xi nor Xj are direct summands of U . We claim that
neither Xi or Xj are direct summands of θs U . For this it is enough to show that
Xj is not a direct summand of θs U . If Xj is a direct summand of θs U , then Xj is
not a direct summand of Z. But then, by the previous paragraph, θs (Xi⊕Z) = 0,
which is not the case. Hence θs U belongs to the additive closure of U , moreover,
we have θsXi = Xi⊕Xj⊕U and θsXj = Xi⊕Xj⊕U ′, where U ′ is in the additive
closure of U .

Consider the fiat 2-full 2-subcategory C of S4 whose indecomposable 1-morphisms
are all 1-morphisms isomorphic to θe and θs. Note that, clearly, all two-sided cells
in C are strongly regular. Consider the 2-representation N of C given by restricting
the action of C to the additive closure of Xi ⊕Xj ⊕ U (the latter is closed under
the action of C by the computation in the previous paragraph). Let I be the ideal
in N generated by idU . Then the representation N/I is transitive and hence has a
simple transitive top. From the previous paragraph, we see that the matrix of [θs]
for this simple transitive 2-representation is(

1 1
1 1

)
.

However, a simple transitive 2-representation of C is equivalent to a cell two-
representation by [19, Theorem 18]. Therefore the matrix of [θs] for a simple
transitive 2-representation can only be either the matrix (0) (in case of the cell
2-representation corresponding to θe) or (2) (in case of the cell 2-representation
corresponding to θs). This is a contradiction which shows that the case ai = 1
cannot occur.

If ai = 2, then, as mentioned above, θs Yi = 0. Let Xj be a non-zero direct
summand of Yi. Then, by adjunction, we have

0 6= HomM(♣)(θsXi, Lj) = HomM(♣)(Xi, θs Lj)

and hence θs Lj 6= 0. Therefore θsXj 6= 0 as θs is exact. This contradicts θs Yi = 0
and implies that Yi = 0.

Finally, assume that ai = 0. As mentioned above, in this case we have θs Yi = 2Yi.
Let Xj be a direct summand of Yj . Then the adjunction argument from the previous
paragraph implies θs Lj 6= 0 and hence θsXj 6= 0. Write Yi = U ⊕ V , where, for
each direct summand Xj of U , we have aj = 2 while for for each direct summand
Xj of V we have aj = 0. Then 2U is a direct summand of θs U and hence θs V
belongs to the additive closure of V .

We claim that V = 0. Let Q ⊂ {1, 2, . . . , n} be such that

add(V ) = add({Xq : q ∈ Q}).

We want to show that Q = ∅. Let us assume that this is not the case. Let
Q′ ⊂ Q be minimal, with respect to inclusions, such that add({Xq : q ∈ Q′}) is
θs-invariant. Assume that Q′ consists of more than one element and let p ∈ Q′.
From the definition of V we have that θsXp belongs to the additive closure of
{Xq : q ∈ Q′, q 6= p}. By the minimality of Q′, we have θsXp 6= 0. However,
as θ2s = θs ⊕ θs, the additive closure of θsXp must be θs-invariant, which again
contradicts minimality of Q′. Therefore Q′ = {q} and hence θsXq = 0 by the
definition of V . This contradicts θsXq 6= 0 established in the previous paragraph.
Therefore V = 0.
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From the above, we see that, if we first take all Xj such that aj = 2 and then all Xj

such that aj = 0, then the matrix of θs will have the required form. This completes
the proof. �

By symmetry, the analogous result holds for θt (with the warning that the orderings
on the basis elements for θs and θt might be different). Our next observation is the
following.

Lemma 6.5. There exists no 1 ≤ i ≤ n such that θs Pi = 2Pi = θt Pi.

Proof. Assume that such Pi exists. Then add({Pi}) is closed under both θs and
θt and hence under the whole of S4. From the transitivity of M we thus get
M(♣) = add({Pi}) and n = 1. We also have [θs] = [θt] = (2), which implies that
M decategorifies to the trivial D4-module. The latter, however, is not annihilated
by Hw0

. Thus θw0 M(♣) 6= 0 which contradicts our assumption. �

Corollary 6.6. There exists an ordering of X1, . . . , Xn such that

[θs ⊕ θt] =
(

2Ik B
B′ 2In−k

)
.

Where B and B′ are some matrices with non-negative integer entries and 1 ≤ k ≤ n.

Proof. From Lemma 6.4 we know that there exists an ordering of X1, . . . Xn and a
matrix B with non-negative integer entries such that

[θs] =
(

2Ik B
0 0

)
.

Moreover, Lemma 6.4 for [θt] and Lemma 6.5 imply that, in the chosen ordering of
X1, . . . , Xn, we have

[θt] =
(

0 0
B′ 2Il

)
for some l such that k + l ≤ n. If k + l < n, then there exists a zero row in the
matrix [θt ⊕ θs] which implies that no power of [θs ⊕ θt] can be totally positive.
This contradicts transitivity of M and thus l = n− k. �

Lemma 6.7. The [S4(♣,♣)]C-module V := [M]C has the following properties:

(a) The only possible simple subquotients of V are V (4,1), V−1,1 and V1,−1.

(b) The subquotient V (4,1) has multiplicity one in V .

Proof. The trivial D4-module V1,1 cannot appear as a subquotient of V since Hw0

does not annihilate V1,1, while θw0 annihilates M(♣) by our assumptions.

We have dim(V ) = n by construction. By Corollary 6.6, the trace of [θs⊕ θt] on V
equals 2n. At the same time, the trace of [θs⊕θt] on non-trivial simple D4-modules
is given by the following table:

module : V−1,−1 V−1,1 V1,−1 V (4,1)

dimension : 1 1 1 2
trace : 0 2 2 4

Since for the three latest modules the trace equals twice the dimension while for
V−1,−1 this is not the case, the module V−1,−1 cannot appear as a direct summand
of V . This proves claim (a).

From claim (a) it follows that the only possible eigenvalues for [θs ⊕ θt] on V are
2 −
√

2, 2 and 2 +
√

2. If V (4,1) is not a direct summand of V , then [θs ⊕ θt] is
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a diagonal matrix. As M is transitive, some power of this matrix must have only
positive entries. Therefore in this case n = 1 and thus M decategorifies to either
V−1,1 or V1,−1 by the previous paragraph. This, however, contradicts Theorem 5.3
which shows that V (4,1) appears in V with nonzero multiplicity.

At the same time, the fact that V (4,1) appears in V with nonzero multiplicity implies
that the maximal eigenvalue of [θs⊕ θt] on V is 2 +

√
2. As [θs⊕ θt] is non-negative

and irreducible (since M is transitive), this eigenvalue must have multiplicity one
by Theorem 5.1. This proves claim (b) and completes the proof. �

Corollary 6.8. Recall that n denotes the rank of M. We have:

(a) det([θs ⊕ θt]) = 2n−1;

(b) rank([θs ⊕ θt]− 2In) = 2.

Proof. This follows immediately from Lemma 6.7 since there we established that
2 +
√

2 and 2−
√

2 are eigenvalues with multiplicity 1 and thus 2 is an eigenvalue
with multiplicity n− 2. �

Corollary 6.9. There exists an ordering of X1, . . . , Xn such that

[θs ⊕ θt] =
(

2Ik B
B′ 2In−k

)
where B and B′ have rank 1. Moreover, B and B′ are positive matrices, i.e. all
entries are positive integers.

Proof. From Corollary 6.8 we know that the rank of [θs ⊕ θt] − 2In is two. Thus
the rank of

[θs ⊕ θt]− 2In =
(

0 B
B′ 0

)
is two. This leaves us with three options, either the rank of both B and B′ is one,
as we claimed, or the rank of one of them is two and the other matrix has rank
zero.

If we assume that B has rank 0, then no power of [θs⊕θt] can be a positive matrix,
which contradicts transitivity of M. Similarly, B′ must be non-zero. Therefore
both B and B′ have rank one.

If B would have a zero entry, both the column and the row of this entry must
be zero since B has rank one. Assume that this zero column of B is in the i-th
column of the matrix [θs⊕θt]. But this means that the action graph G[θs⊕θt] is not
strongly connected since there is no directed path from any vertex to i. This again
contradicts our assumption that M is transitive and completes the proof. �

6.4. M has rank three. Our goal in this subsection is to prove the following:

Proposition 6.10. Let M be a simple transitive 2-representation annihilated by
θw0 and not annihilated by θs ⊕ θt. Then M has rank three and there exists an
ordering of X1, X2, X3 such that

A = [θs ⊕ θt] =

2 0 1
0 2 1
1 1 2

 .
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Proof. From Corollary 6.9 we know that

A = [θs ⊕ θt] =



2 · · · 0 λ1v1 · · · λ1vl
...

. . .
...

...
...

0 · · · 2 λkv1 · · · λkvl
µ1w1 · · · µ1wk 2 · · · 0

...
...

...
. . .

...
µlw1 · · · µlwk 0 · · · 2


,

where vi, µi, wj , λj are positive integers for 1 ≤ i ≤ l, 1 ≤ j ≤ k and n = k + l.
Without loss of generality we assume that λ1 = µ1 = 1. Moreover, we know
that det(A) = 2n−1 from Corollary 6.8. On the other hand, we can calculate the
determinant of A as follows

det(A) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0 v1 v2 · · · vl−1 vl

0
. . . 0

...
...

...
. . .

...
...

...

0
. . . 0

...
...

0 0 · · · 0 2 λkv1 λkv2 · · · λkvl−1 λkvl
w1 w2 · · · wk−1 wk 2 0 · · · 0 0

...
... 0

. . . 0
...

...
...

. . .
...

...
... 0

. . . 0
µlw1 µlw2 · · · µlwk−1 µlwk 0 0 · · · 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

First we subtract suitable multiplies of the first row from rows 2, 3, . . . , k to get:

det(A) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0 v1 v2 · · · vl−1 vl

−2λ2
. . . 0 0 0

...
. . .

...
...

...

−2λk−1
. . . 0 0 0

−2λk 0 · · · 0 2 0 0 · · · 0 0
w1 w2 · · · wk−1 wk 2 0 · · · 0 0

...
... 0

. . . 0
...

...
...

. . .
...

...
... 0

. . . 0
µlw1 µlw2 · · · µlwk−1 µlwk 0 0 · · · 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Next we subtract suitable multiples of column k+ 1 from columns k+ 2, k+ 3 and
so on and obtain:

det(A) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0 v1 0 · · · 0 0

−2λ2
. . . 0 0 0

...
. . .

...
...

...

−2λk−1
. . . 0 0 0

−2λk 0 · · · 0 2 0 0 · · · 0 0
w1 w2 · · · wk−1 wk 2 −2v2v1 · · · −2 vl

v1
...

... 0
. . . 0

...
...

...
. . .

...
...

... 0
. . . 0

µlw1 µlw2 · · · µlwk−1 µlwk 0 0 · · · 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Now we can add suitable multiples of rows k+ 2, k+ 3 and so on to row k+ 1 and
obtain:

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0 v1 0 · · · 0 0

−2λ2
. . . 0 0 0

...
. . .

...
...

...

−2λk−1
. . . 0 0 0

−2λk 0 · · · 0 2 0 0 · · · 0 0
w̃1 w̃2 · · · w̃k−1 w̃k 2 0 · · · 0

...
... 0

. . . 0
...

...
...

. . .
...

...
... 0

. . . 0
µlw1 µlw2 · · · µlwk−1 µlwk 0 0 · · · 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where w̃i = wi +
∑l
j=2 µjwi

vj

v1
.

Now we see that

det(A) = 2l−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0 v1

−2λ2
. . . 0 0

...
. . .

...
...

−2λk−1
. . . 0 0

−2λk 0 · · · 0 2 0
w̃1 w̃2 · · · w̃k−1 w̃k 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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To compute this, we expand the determinant with respect to the last column and
get that det(A) equals:

2l−1(−1)k+2v1

∣∣∣∣∣∣∣∣∣∣∣∣

−2λ2 2 0
...

. . .
...

−2λk−1
. . . 0

−2λk 0 · · · 0 2
w̃1 w̃2 · · · w̃k−1 w̃k

∣∣∣∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
:=Ck

+2l

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 · · · 0 0

−2λ2
. . . 0

...
. . .

...

−2λk−1
. . . 0

−2λk 0 · · · 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣
The second determinant equals 2k and we are left to calculate Ck, which we do by
adding suitable multiples of all rows to the last row:

Ck =

∣∣∣∣∣∣∣∣∣∣∣∣

−2λ2 2 0
...

. . .
...

−2λk−1
. . . 0

−2λk 0 · · · 0 2
Q 0 · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣∣
= 2k−1(−1)k−1Q,

where

Q = w̃1 + λ2w̃2 + λ3w̃3 + · · ·+ λkw̃k =
k∑
i=1

λiw̃i.

Now we can calculate det(A):

det(A) = 2n − 2n−2v1Q =

= 2n − 2n−2v1

k∑
i=1

λi

wi +
l∑

j=2

µjwi
vj
v1

 =

= 2n − 2n−2

(
k∑
i=1

λiwi

) l∑
j=1

µjvj

 .

Comparing our two expressions for the determinant of A, we get that

4−
k∑
j=1

λjwj

l∑
i=1

µivi = 2,

that is
k∑
j=1

λjwj

l∑
i=1

µivi = 2.

We know that k + l = n ≥ 3 and µi, λj , vi, wj > 0. Moreover, we may assume
without loss of generality that k ≥ 2. This yields that k = 2, l = 1 and, furthermore,
v1 = w1 = w2 = λ2 = 1 which completes the proof. �

As a direct consequence, we have:

Corollary 6.11. There exists an ordering of X1, X2, X3 such that

[θs] =

2 0 1
0 2 1
0 0 0

 , [θt] =

0 0 0
0 0 0
1 1 2

 ,

or vice versa.
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In the following we will by [θs], [θt] always refer to the first case of the corollary.
The second case is similar, by symmetry. Note that we get the same matrices when
considering the abelianization of M and the basis of indecomposable projectives,
P1, P2, P3.

Remark 6.12. The above shows that for the corresponding ordering of L1, L2, L3

we have

JθsK =

2 0 0
0 2 0
1 1 0

 , JθtK =

0 0 1
0 0 1
0 0 2

 ,

or vice versa.

Corollary 6.13. The decategorification of M is isomorphic to the decategorification
of a cell 2-representation.

Proof. This follows directly from the description of the decategorifications of the
cell 2-representations of S4 given in Subsection 4.7. �

6.5. M is equivalent to a cell 2-representation. Before we can prove our main
result, we need to prove the following lemma:

Lemma 6.14. Assume the matrices of [θs] and [θt] are given as in Corollary 6.11
and let L1, L2, L3 be the 3 simple indecomposable objects in M(♣) corresponding to
P1, P2, P3. Then θs L1, θtθs L1 and θsθtθs L1 are projective objects.

Proof. Let A•, B• and C• be minimal projective resolutions of θs L1, θtθs L1 and
θsθtθs L1, respectively. This means that we have an exact sequence

· · · → A1
α−→ A0 → θs L1 → 0,

and similarly for B• (with the corresponding morphism β : B1 → B0) and C• (with
the corresponding morphism γ : C1 → C0). Note that, since θs ◦ θs = θs ⊕ θs, we
have that A• ⊕A• is a minimal projective resolution of θs ◦ θs L1.

Consider θsA•. This is obviously a projective resolution of θs ◦ θs L1 since θs is
exact and sends projectives to projectives (as a self-adjoint functor). The third
row in the matrix of [θs] is zero. This means that P3 does not appear as a direct
summand for any θs Q with Q projective. This, in turn, implies that P3 cannot
appear as a summand in any θs Ai and thus neither in any Ai. Because of how
the first two columns of [θs] look like, we get that θs simply doubles each direct
summand of each Ai. This implies that θs A• is a minimal projective resolution
of θs ◦ θs L1 ' θs L1 ⊕ θs L1. A similar argument shows that θs C• is a minimal
projective resolution of θsθtθs L1 ⊕ θsθtθs L1.

As θt ◦ θt = θt ⊕ θt, we have that B• ⊕ B• is a minimal projective resolution of
θt ◦ (θt ◦ θsL1). Similarly to the above, for Q projective, the module θtQ is a direct
sum of copies of P3, moreover, θt doubles the module P3. It follows that θt B• is a
minimal projective resolution of θt ◦ (θt ◦ θs L1).

Next, we notice that we have θtθsθtθs = θtsθts = θts ⊕ θts ⊕ θtsts. Since, by
assumptions, θtstsM(♣) = θw0 M(♣) = 0, the last summand in this decomposition
acts as zero. As the matrix of θtθs sends every projective [Pi] to 2[P3], similarly to
the above we obtain θtθs B• = B• ⊕B•.

Now we observe that θsB• is a projective resolution of θsθtθsL1 and hence contains
C• as a direct summand. Therefore θtθs B• = B• ⊕ B• contains θt C• as a direct
summand. On the other hand, θt C• contains θtθs B• = B• ⊕ B• as a direct
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summand, by a similar argument. This proves that θtC• = B•⊕B• and thus θtC•
is minimal.

Note that θt does not annihilate any projective objects. Therefore it sends non-
minimal resolutions to non-minimal resolutions. This implies that θsB• is minimal.

Finally, we observe that θsθtθs = θs ⊕ θsts and therefore A• is, in fact, a direct
summand of C•. Therefore θtA• is a direct summand of θt C• = B• ⊕ B•. We
note that θtθs L1 6= 0, as follows directly from the matrices JθsK and JθtK given in
Remark 6.12. Therefore θtA• is nonzero and hence must be equal to B•. This
shows that θtA• is minimal.

The above shows that both θs and θt map A•, B• and C• to minimal resolutions
and the latter are, moreover, direct sums of copies of A•, B• and C•.

Denote by P the category of projective objects in M. This category is equivalent to
M(♣). In particular, it carries the structure of a simple transitive 2-representation
of S4 by restriction. Consider the ideal I of P generated by α, β and γ. From
the minimality of A•, B• and C• it follows that I is contained in the radical of P.
Since both θs and θt send A•, B• and C• to direct sums of copies of A•, B• and C•,
the ideal I is stable under the action of both θs and θt. Thus simple transitivity
of M implies that I = 0 and hence α = β = γ = 0. The claim of the proposition
follows. �

Now we are ready to prove our main result.

Theorem 6.15. If M is a simple transitive 2-representation of S4, then M is
equivalent to a cell 2-representation.

Proof. As we have seen above, we only need to consider the case for which we have
θw0M(♣) = 0 and (θs ⊕ θt)M(♣) 6= 0 since all other cases are already covered, see
Subsection 6.3. Moreover, from Proposition 6.10 we know that the rank of M in
case θw0M(♣) = 0 and (θs ⊕ θt)M(♣) 6= 0 is 3.

Assume that [θs] and [θt] are given as in Corollary 6.11 (the other case is dealt with
in a similar way). We claim that M is equivalent to CLs

. Recall that CLs
is the

quotient of add({θs, θts, θsts, θtsts}) inside the principal 2-representation of S4 by
the unique maximal S4-invariant ideal I given by Lemma 3.2. Recall also that M
is equivalent to the 2-subrepresentation Mpr of M given by restricting the action
of S4 to the subcategory of projective objects in M(♣).

Due to Remark 6.12, the module θsL1 has two simple subquotients, namely L1 with
multiplicity two and L3 with multiplicity one. As θs annihilates L3, by adjunction,
P3 cannot be a direct summand of θs L1. Since θs L1 is projective by Lemma 6.14,
we thus either have θsL1 = P1 or θsL1 = P1⊕P1. In the latter case all composition
multiplicities of θs L1 should be even. Therefore θs L1 = P1. From Corollary 6.11
it follows that θtθs L1 = P3. By a similar argument one shows that θsts L1 = P2.

Consider the canonical 2-natural transformation
Φ : P♣ →M,

1♣ 7→ L1.

This restricts to a map from N(♣) := add({θs, θts, θsts, θtsts}) inside P♣ to Mpr(♣).
By construction, we have CLs

' N/I where I is the unique maximal ideal that does
not contain idF for any F ∈ Ls. Consider the quotient M′ = Mpr/Φ(I). Since
Mpr surjects onto M′, the Cartan matrix of M′ is component-wise less that or
equal to the Cartan matrix of the Mpr (here by the Cartan matrix we mean the
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matrix which gives dimensions of homomorphism spaces between indecomposable
projective objects). At the same time, the Cartan matrix of M′ is component-wise
greater than or equal to the Cartan matrix of CLs (since endomorphisms in CLs(♣)
embed into endomorphisms of M′(♣) by construction).

However, all subquotients of indecomposable projective object Mpr are determined
above and we see that the Cartan matrix for Mpr equals the Cartan matrix for
CLs . This implies that Φ(I) = 0 and M′ = Mpr. This yields that Φ induces an
equivalence from CLs

to Mpr and completes the proof. �

7. Simple transitive 2-representations of Sn of small ranks.

In this last section we will study simple transitive 2-representations for all Sn where
n ≥ 3 but in ranks one and two.

7.1. The rank one case.

Theorem 7.1. Let M be a simple transitive 2-representation of Sn which has rank
one. Then M is equivalent to either CLe or CLw0

.

Proof. The decategorification of M is one-dimensional and hence simple. Therefore,
by Theorem 5.3, this decategorification is isomorphic to either the sign Dn-module
V−1,−1 or to the trivial Dn-module V1,1.

If the decategorification of M is isomorphic to V−1,−1, we have M(θs ⊕ θt) = 0.
Therefore M factors through the quotient of Sn by the 2-ideal generated by all
θw, w 6= e. This quotient has a unique non-trivial indecomposable 1-morphism,
namely, the identity, up to isomorphism. Therefore it has strongly regular cells and
thus a unique simple transitive 2-representation, which is exactly CLe

.

If the decategorification of M is isomorphic to V1,1, we have M(θstst) 6= 0. Then
the fact that M is equivalent to CLw0

follows from Theorem 5.4. �

7.2. The rank two case. Our main result in this subsection is the following:

Theorem 7.2. There are no simple transitive 2-representations of Sn which have
rank two.

Proof. By Theorem 5.3, the decategorification of M is not simple as a C[Dn]-
module. If n is odd, we thus have the following three cases for this decategorifica-
tion:

V1,1 ⊕ V1,1, V1,1 ⊕ V−1,−1, V−1,−1 ⊕ V−1,−1.

The first and the third case cannot occur since the matrix [θs ⊕ θt] in these cases
is diagonal and thus none of its powers is a positive matrix, which contradicts
transitivity. In the second case, we have [θs] = [θt], moreover, both matrices have
determinant 0 and trace 2. Therefore each power of [θs ⊕ θt] is a scalar multiple of
[θs]. Similarly to the proof of Lemma 6.4, one shows that the diagonal entries of
[θs] can only be 0 or 2. Since our rank (which is the size of our matrix) is two and
trace is 2, the matrix [θs] must contain a zero diagonal entry. Therefore any power
of [θs ⊕ θt] contains a zero entry which again contradicts transitivity.
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If n is even, we have the three cases above and they all are excluded by the same
arguments as above. However, we also have the following seven extra cases:

V1,1 ⊕ V1,−1, V1,1 ⊕ V−1,1, V1,−1 ⊕ V1,−1, V1,−1 ⊕ V−1,1,

V1,−1 ⊕ V−1,−1, V−1,1 ⊕ V−1,1, V−1,1 ⊕ V−1,−1

The cases where the same simple is repeated (the third case in the first row and
the second case in the second row) again lead to a diagonal matrix [θs ⊕ θt] and
hence are excluded by the same argument as in the previous paragraph. Similarly,
the last case in the first row leads to a diagonal matrix [θs ⊕ θt] and thus can be
excluded.

In the first case of the second row we have M(θt) = 0 while M(θs) 6= 0. This is not
possible as θt and θs belong to the same two-sided cell. A similar argument with s
and t swapped excludes the third case in the second row.

This leaves us with the first two cases in the first row. By symmetry, it is enough to
show that we can exclude the first case. In it [θs] is twice the identity matrix while
[θt] has determinant 0 and trace 2. As we mentioned above, the only possibility
for the diagonal entries of [θt] are 0 and 2. Therefore, up to permutation of basis
vectors, the matrix [θt] has one the following two forms:(

2 0
x 0

)
or

(
2 x
0 0

)
,

where x is a non-negative integer. In this case the matrix [θs ⊕ θt] is either upper
or lower triangular. Therefore any power of it is again upper or lower triangular.
This contradicts transitivity of M and completes the proof. �
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