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Abstract

A Comparison of Linear and Nonlinear Finite Element
Stabilization Techniques for Fluid Problems

Anton Segerkvist

The standard Galerkin, entropy viscosity (EV) and 
streamline upwind Petrov Galerkin (SUPG) 
methods were implemented for the advection 
equation and the Navier-Stokes equations for an 
incompressible fluid to determine which of the 
methods is better in terms of accuracy and time 
requirements. For the advection equation a disk 
with a rotating stream was modeled for both a 
continuous and a discontinuous initial condition. 
For both cases the SUPG method wins in all 
categories and seems to keep doing it for an 
infinite refinement of the mesh. The second best 
results are produced by the EV method in both of 
the categories for both test cases and the worst 
method turns out to be the standard Galerkin 
method. As for the Navier-Stokes equations two 
kinematic viscosity cases were tested, one with a 
relatively low viscosity and one with a higher 
viscosity corresponding to a benchmark 
computation. The system in consideration was a 
wind tunnel topology with a cylindrical object in 
the flow. For the higher kinematic viscosity study 
the standard Galerkin method seems to be the 
better choice with the EV method coming in 
second place. The SUPG method starts showing 
off substantial time requirements with no or less 
gain in accuracy. As for the low kinematic 
viscosity study the standard Galerkin method 
exhibits unstable behavior and gives 
unreasonably high velocities for most 
simulations, hence showing off the need for 
stabilization techniques. The EV method once 
again is the faster method for the simulation but 
no conclusion regarding which method yields the 
most accurate results can be made. Both 
methods yield the expected physical results with 
von Karman vortices forming and traveling down 
stream.
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1 Introduction

Advection and fluid dynamics are topics which are experienced in everyday life
and the physics of a large section of the area is known. They are areas with
many engineering applications such as pollutants in a river, air flow over airplane
wings, shock waves from bullets or pressure distribution around bridge pillars.
Advection is described by the advection equation which is a linear first order par-
tial differential equation and non-relativistic fluid dynamics is described by the
Navier-Stokes equations which is a set of nonlinear partial differential equations
[2, 3, 12, 14]. These equations are generally hard to solve by the use of analytic
methods in a general flow domain and the problem has hence fallen in the hands
of computational methods [2, 3, 14]. There exist a number of different numerical
methods for solving partial differential equations and all of them have different
trade offs. Finite element methods (FEM) are known for their reliability and
generality [12]. The standard Galerkin finite element method is not stable for
convection dominated problems. Instead a mesh-dependent consistent numer-
ical stabilization is added. The development of stabilization methods started
in the late 70’s [5]. In this work two different stabilizing methods are used
to solve the advection equation and the incompressibe Navier-Stokes equations,
namely the streamline upwind Petrov Galerkin (SUPG) method and the entropy
viscosity (EV) method. Numerical accuracy is compared, as well as the time
required to perform the computations. They are implemented in C++ using
FEnICS which is a collection of free software for automated, efficient solution
of differential equations [11].

3



2 Theory

2.1 Advection Diffusion Equation

Consider a process in which a solute is transported by bulk water motion. In
such a case there are two contributions to the evolution of the system. The
concentration of the solute is transported by the bulk motion of the fluid and
also the concentration is diffused by the Brownian motion of the solute. One can
also consider a source from which the solute is being added to the system. The
diffusion term can then be described by Fick’s first law while the bulk motion
contribution is just a matter of solute conservation. The given relation that
describes the system is then given by equation (1).

∂tu+ �β ·∇u− �∆u = f (1)

Here u is the concentration of the solute, the �β is the velocity, or advective
part, of the bulk flow, � is the diffusion coefficient and f is a solute source [3].

2.2 Navier Stokes Equations

For an incompressible fluid only two equations are needed to solve for the behav-
ior of a fluid dynamic system. The ideas that lead to the equations of Navier and
Stokes are embedded in the laws of classical physics and conserved quantities
[2, 14].

2.2.1 Conservation of Mass

The idea that no mass can be created or destroyed leads to the first Navier-
Stokes equation. That means that mass either has to flow into or out of the
system to increase the mass of a small volume element. In addition, there might
be some source or sink from which mass might be added to, or subtracted from,
the system. This leads to the integral form of equation (2) and the differential
form of equation (3).

�

Ω
dx∂tρ(�x; t) = −

�

∂Ω
dsn̂ · ρ(�x; t)�u(�x; t)−

�

Ω
dxQ(�x; t) (2)

∂tρ+∇ · (ρ�u) +Q = 0 (3)

Here ρ is the density of the fluid, �u denotes the velocity of the fluid and Q is
a source term where the convention is such that a positive value denotes a sink.
The integration domain Ω is of the entire system, ∂Ω denotes the boundary of
that domain and n̂ is the normal to the boundary [2, 14].

2.2.2 Conservation of Linear Momentum

Conservation of linear momentum is treated just like in Section (2.2.1). Linear
momentum density is defined as in
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�m(�x; t) = ρ(�x; t)�u(�x; t). (4)

In the case of linear momentum, there are two new factors which can con-
tribute to the exchange of linear momentum. Those are the pressure of the
system and the stresses between moving fluid elements and also the boundaries
of the system. The force contribution of these terms can be expressed as

�S =

�

∂Ω
(−p+ �σ) · n̂ds. (5)

Here p denotes the pressure and �σ denotes the stress tensor where the fact
that the force �S is linear in n̂ is called Cauchy’s theorem. For the stress tensor
�σ it is assumed to depend linearly on ∇�u by some linear transformation at each
point, to be invariant under rigid body rotations and also to be symmetric.
These assumptions result in an expression as in

�σ = 2µ[ �D − 1

3
(∇ · �u)�I] + ψ(∇ · �u)�I (6)

ψ = λ+
2

3
µ

where �I is the identity tensor and �D is a tensor satisfying

σi = λ(d1 + d2 + d3) + 2µdi. (7)

Here σi and di denote the eigenvalues of the tensors �σ and �D respectively.
Further the eigenvalues of the �D tensor satisfy ∇ · �u = d1 + d2 + d3. This also
defines the constants µ, called the first coefficient of viscosity, and ψ, called
the second coefficient of viscosity. Using the expression for the forces on a fluid
element and Newtons second law, the second equation of Navier-Stokes becomes

ρ∂t�u+ ρ(�u ·∇)�u+∇p+ �Q = (λ+ µ)∇(∇ · �u) + µ∆�u. (8)

Here �Q denotes a momentum sink is �Q > 0 [2, 14].

2.2.3 Fluid Dynamics for Incompressible Fluids

For an incompressible fluid the Navier-Stokes equation are simplified. This im-
plies that the fluid density everywhere stays the same. The modified expressions
for the mass conservation and the momentum conservation equations are those
of equation (9) and (10) respectively.

∇ · �u = 0 (9)

∂t�u+ (�u ·∇)�u+∇p
� − ν∆�u+ �Q = 0 (10)

Here the source term for any mass has been neglected and the constant
density parameter is absorbed into the remaining quantities. The new pressure
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is defined through p
� = p

ρ0
and the new viscosity parameter is defined through

ν = µ
ρ0
. This new viscosity parameter is called the kinematic viscosity [2, 14].

2.3 Finite Element Method

In this section the theory behind finite element methods is explained and the
standard Galerkin method is covered. Then follows an introduction to the
Streamline Petrov Galerkin Method (SUPG) and the Entropy Viscosity (EV)
method.

2.3.1 Division of Domain

The domain needs to be divided into smaller cells. In two dimensions the do-
main, Ω, is divided into small triangles, Ki, such that the entire domain is
covered and no triangles are overlapping. For some topologies, i.e circles, this is
impossible, so an approximation of the domain is made. The set T = {Ki}Ni=1

is called the mesh of the domain and contains N cells. Further the triangles are
connected to each other by vertices such that no vertex is connected to the edge
of any triangle. In three space dimensions the domain would instead be divided
into tetrahedrons where the same terminology applies [4, 10].

2.3.2 Function Space

Given the mesh a function space is defined. The function space is the way the
solution is chosen to be expressed. A common function space used in finite ele-
ment methods is defined as the space Vh as defined in (11) which is the function
space of piecewise linear functions on the cells, K, and which is continuous on
the entire domain, Ω

Vh = {v : v ∈ C
0(Ω), v|K ∈ P1(K)} (11)

where C
0 is the space of continuous functions and P1 is the space of linear

functions. The function space is most commonly coupled with a function basis
of the type in

φi(xj) =

�
0 if i �= j

1 if i = j
(12)

where xi denotes the position of vertices in the mesh. Each basis function
forms a sort of hat like function connected to each of the mesh vertices [4, 10].

2.3.3 Inner Product

In order to make some kind of estimate of orthogonality, an inner product of
some kind is needed. There are many ways to choose such an inner product,
but here it is related to the L2 norm. The inner product is defined as in [4, 10]
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(u, v) =

�
u(x)v(x)dx. (13)

2.3.4 Error Norm

In order to perform some kind of error estimate of the final results an error
norm is needed. Two common norms are the L1 norm and the L2 norm. They
are defined as in equation (14) and (15) [4, 10].

||e||L1(Ω) =

�

Ω
|e|dx (14)

||e||L2(Ω) =

��

Ω
e2dx (15)

2.3.5 Galerkin Method

The problem of interest which the standard Galerkin method aims to solve is
written on the form of

F(u(x)) = b(x). (16)

Here F is a differential operator for the current system, u is the exact func-
tion which solves the system and b is some given function. The exact solution
is assumed to lie in a function space V , but the issue is that the exact solution
is unknown and hence an approximate solution satisfying uh ∈ Vh is considered
instead where Vh is defined as in Section 2.3.2. The problem is then written in
the form

F(uh) = b. (17)

A residual can be defined as in

R(uh) = F(uh)− b. (18)

Then using the inner product, defined in (13), a solution can be found by
making the residual orthogonal to the function space Vh as in

(R(uh), v) = 0, ∀v ∈ Vh. (19)

The equation is then written in a weak form. Following that the solution is
written on the form of (20) and the function v is usually set to each of the basis
functions as in (21)

uh =
�

i

ζiφi(x) (20)

v = φj(x). (21)
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Equation (20) is summed over all the vertices in the mesh and is solved for
the coefficients ζi. In the event that the problem is time dependent the time
parameter is absorbed into the coefficients ζi and updated using some numerical
scheme, such as the Euler method or the Crank-Nicolson method. All in all, the
problem falls down on a matrix equation which needs to be solved [4, 10].

2.3.6 Problem with the Standard Galerkin Method

To illustrate the issue of the standard Galerkin method, let us consider the
advection diffusion problem in one space dimension with a constant convection
variable β and let the problem be time independent. This is described in

−�uxx + βux = 1. (22)

The source term in (22) is chosen to be a constant 1. Now to simplify things
even more a mesh with cell elements of equal size, h, is considered. This results
in a system of equations as in (23) which is formulated as a finite difference
method

−�
ζi+1 − 2ζi + ζi−1

h2
+ β

ζi+1 − ζi−1

2h
= 1. (23)

The issue becomes clear if we consider the problem in the limit of � → 0, in
which case the system of equations as a whole is incapable of communicating
with nodes in its vicinity. This opens up the possibility of oscillations in the
system and is the reason that the standard Galerkin method can become unsta-
ble. This can also be illustrated for the Galerkin method by writing the system
of equations in matrix form, in which case the singular behavior of the problem
becomes apparent. The goal of any stabilization method then becomes to deal
with this issue [4, 10].

2.3.7 Entropy Viscosity Method

The entropy viscosity method aims to add artificial diffusion, or viscosity, to
the system. This is done in order to smooth out the solution in regions where
the solution exhibits destabilized behavior. The problem at hand is formulated
as

∂tu(�x, t) +∇ · �f(u(�x, t)) = 0. (24)

The solution of the problem is u and �f is an expression from the formulation
of the problem. It can be shown that the initial boundary condition to such a
problem has a unique entropy solution which satisfies the inequality in

∂tE(u) +∇ · �F (u) ≤ 0. (25)

The equation is satisfied for any convex E and associated �F such that �F =�
E

� �f �
du. From such a set of relations the entropy residual is defined as in
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D = ∂tE +∇ · �F . (26)

From the entropy residual an entropy viscosity, νE , is defined. A common
choice is

νE = cEh
2
K

||D||L∞(K)

||E − Ê||L∞(Ω)

. (27)

Here cE is an arbitrarily chosen constant, hK denotes the local cell diameter,
K denotes the local cell, Ω denotes the entire computational domain and Ê

denotes the space average of the entropy. Further an upper bound is introduced
to the entropy viscosity and is commonly chosen to be

νmax = cmaxhK||�f �(u(�x, t))||L∞(K). (28)

Again, cmax in (28) is an arbitrary constant and �f � is the functional derivative
of the function �f . This finally yields the artificial viscosity in

µ|K = min{νmax, νE}. (29)

For the entropy viscosity method the entropy can be chosen to be E = u2

2
[6, 7].

2.3.8 Streamline Upwind Petrov Galerkin Method

The streamline upwind Petrov Galerkin method is based on the same type of
principle as the Galerkin method, but additional terms are needed. Instead of
the Galerkin equation (19) the new equation system now considered is on the
form

(R(uh), v + τ · F(v)) = 0, ∀v ∈ Vh. (30)

Here τ is an expression that depends on the mesh, advection velocity and
viscosity, or diffusion, of the system. The function v is a test function and F is
the differential operator. It is clear that any time operator in F(v) disappears
due to the time independence and any second order terms in the operator should
be removed for the problem to be considered a SUPG method [1, 9].
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3 Method

3.1 Hardware Specification

The computations were done on a private laptop with a 2.6 GHz Intel Core i5
processor and 8 GB 1600 MHz DDR3 RAM.

3.2 Software Specification

For the task at hand different software was used. For the generation of the
meshes, Gmsh 2.9.3 was used. The calculations where made using C++ and
compiled using the GNU C++ compiler version 4.2.1. FEniCS version 1.5.0 was
used for the actual finite element computations and was then visualized using
Paraview version 4.3.2.

3.3 Implementation of Advection Equation

3.3.1 Problem Formulation

For the advection equation the residual is

R(uh) = ∂tuh + �β ·∇uh − f. (31)

Both a continuous initial condition and a discontinuous initial condition were
used for comparison. The continuous initial condition was the one in (32) and
the discontinuous initial condition was the one in (33)

u0 =
1

2

�
1− tanh

�
(x− x0)2 + y

2

r
2
0

− 1

��
(32)

u0 =

�
1 if(x− x0)2 + y

2 ≤ r
2
0

0 else
. (33)

The parameters used are x0 = 0.3, r0 = 0.25, �β = 2π(−x2, x1) and f = 0
such that the exact solution for a simulation of a time period of T = 1 yields
just the initial condition. The computational domain is a circle of radius one
and the boundary conditions are set to

u|∂Ω = 0. (34)

The time stepping length is determined in accordance with the CFL condi-
tion

∆t = CFL
hK

|| |�β| ||L∞(Ω)

(35)

CFL was set to 0.5 for all the simulations and hK is the maximum of all the
cell diameters in the mesh.
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3.3.2 Entropy Viscosity Stabilization

Implementation was made as in Section 2.3.7 and the scheme for the given
conditions are given in (36) where the artificial diffusion is cell specific

(∂tuh, v) + (�β ·∇uh, v) + µ|K(∇uh,∇v) = 0, ∀v ∈ Vh. (36)

The entropy residual is defined as in

D =
1

2∆t
(u2

n − u
2
n−1) +∇ · (1

2
�βu

2
n−1). (37)

Here un is defined as uh(tn). Crank-Nicolson time discretization was made,
resulting in the bilinear form in (38) and the linear form in (39).

a =

�

Ω
{un

∆t
v +

1

2
�β ·∇unv +

1

2
µ|K∇un ·∇v}d�x (38)

L =

�

Ω
{un−1

∆t
v − 1

2
�β ·∇un−1v −

1

2
µ|K∇un−1 ·∇v}d�x (39)

The constants cmax and cE where chosen to be 0.1 and 0.5 respectively as one
of the suggestions in [7]. From the bilinear form and the linear form, FEniCS
can solve the equation.

3.3.3 Streamline Upwind Petrov Galerkin Stabilization

Here the implementation is made as in Section 2.3.8 and the scheme for the
formed conditions are given in

(∂tuh + �β ·∇uh, v + τ �β ·∇v) = 0, ∀v ∈ Vh. (40)

Crank-Nicolson time discretization was once again used, resulting in the
bilinear form in (41) and the linear form in (42).

a =

�

Ω
{un

dt
v + τ

un

dt

�β ·∇v +
1

2
�β ·∇unv + τ

1

2
�β ·∇un

�β ·∇v}d�x (41)

L =

�

Ω
{un−1

dt
v + τ

un−1

dt

�β ·∇v − 1

2
�β ·∇un−1v − τ

1

2
�β ·∇un−1

�β ·∇v}d�x (42)

The choice of τ was far from obvious, but here we chose it to be the one in
(43) as suggested in [8]

τ =




�

2

∆t

�2

+

�
2|�β|
hK

�2



− 1

2

. (43)

From the bilinear form and linear form, FEniCS can solve the equation.
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3.4 Implementation of Navier Stokes Equations

3.4.1 Problem Formulation for Benchmark Computations

The computational domain considered was a wind tunnel in two dimensions
with a cylindrical object in the channel. For this type of problem there is no
exact solution to compare the simulation results to. Hence a test problem was
deployed as suggested in [13]. The wind tunnel had a height of H = 0.41 and a
width of 2.2. A cylinder was placed with its origin at 0.2 above the lower wall
and 0.2 units from the left most wall. Additionally the cylinder had a diameter
of D = 0.1 units. The inflow velocity is given by the hyperbolic function

�uin(0, x2, t) = (4Umx2(H − x2)/H
2
, 0) (44)

where the constant Um was set to 1.5. In order to update the system a
numerical scheme is needed. For the momentum equation a Crank Nicolson
method was chosen for the velocity while keeping the advection term equal to
the velocity in the previous step. The scheme to advance the solution one time
step is

1

∆t
(�un−�un−1)+

1

2
�un−1 ·∇(�un+�un−1)+∇pn−1−

1

2
ν∇ · (�(�un)+ �(�un−1)) = 0.

(45)

�(�u) =
1

2
(∇�u

T +∇�u)

For the pressure, the divergence was first taken from the momentum equation
where an implicit Euler scheme was assumed for the velocity terms and an
explicit scheme was assumed for the pressure. This results, with some algebraic
manipulation, in

1

∆t
· �un = ∆pn. (46)

The kinematic viscosity was set to 10−3 and simulated until T = 8 with
a constant time step of 0.1 · hmax so that we did not have to compute the
maximum velocity each time step. Further required by the benchmark was
the computation of the maximum drag coefficient, maximum lift coefficient,
Strouhal number and the pressure difference in front of the cylinder and the
back of the cylinder. The lift force and drag force were computed as in

FL = −
�

S
(ρν

∂ut

∂n
nx + pny)ds (47)

FD =

�

S
(ρν

∂ut

∂n
ny − pnx)ds. (48)

The domain around the cylindrical object is S, nx,y are the normal com-
ponents of the cylinder and t refers to the tangential vector (ny,−nx). The
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density ρ was set to unity and from the lift and drag forces follow the lift and
drag coefficients defined by (49) and (50)

cL =
2FL

ρū2D
(49) cD =

2FD

ρū2D
. (50)

The mean velocity at the inflow is denoted by ū. The pressure difference
was evaluated at T = T0+1/2f where T0 corresponds to the time where the lift
coefficient cL is at its peak and f is the frequency of the lift coefficient. Finally,
the Strouhal number is defined as in

St = Df/ū. (51)

Additionally this results in a system characteristic Reynolds number of 100
defined by Re = uD/ν.

3.4.2 Low Viscosity Problem Formulation

A system similar to the one in Section 3.4.1 was considered where the kinematic
viscosity was changed to 10−5 corresponding to a material such as dry air. Here
the average quantities are presented instead since the system is more chaotic
and the Strohal number is ignored. The system characteristic Reynolds number
then becomes Re = 105.

3.4.3 Entropy Viscosity Stabilization

The method is implemented as in Section 2.3.7 and the entropy residual is set
to (52) where the viscosity term has been left out due to its small contribution

D =
1

2∆t
(|�un|2 − |�un−1|2) +∇ · ((1

2
|�un−1|2 + pn)�un−1). (52)

The constants cmax and cE were chosen to be 0.1 and 0.5 respectively as one
of the suggestions in [7]. The viscosity was then added to the existing kinematic
viscosity.

3.4.4 Streamline Upwind Petrov Galerkin Stabilization

The method is implemented as in Section 2.3.8 and the constant τ is chosen to
be the one in equation (53) as suggested in [8]

τ =

��
2

∆t

�2

+

�
2|�u|n−1

hK

�2

+

�
4ν

h
2
K

�2
�− 1

2

. (53)

From the momentum equation with the same scheme as in the Galerkin
method, the SUPG problem becomes that of finding un such that (54) is satisfied
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1

∆t
(�un−�un−1,�v)+

1

2
(�un−1·∇(�un+�un−1),�v)+(∇pn−1,�v)+

ν

2
(�(�un+�un−1), �(�v))+

τ [
1

∆t
(�un−�un−1, �un−1·∇�v)+

1

2
(�un−1·∇(�un+�un−1), �un−1·∇�v)+(∇pn−1, �un−1·∇�v)+

ν

2
(�(�un + �un−1), �(�un−1 ·∇�v)) +

1

2
(∇ · (�un + �un−1),∇ · �v)] = 0, ∀v ∈ Vh. (54)

For the pressure the problem is to find pn such that

1

∆t
(∇ · �un, q) + (∇pn,∇q)+

τ [
1

∆t
(�un−�un−1,∇q)+

1

2
(�un−1 ·∇(�un+�un−1),∇q)+(∇pn−1,∇q)] = 0, ∀q ∈ Vh

(55)

is satisfied.
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4 Results

4.1 Continuous Initial Condition for the Advection Equa-

tion

The final time frames at T = 1 for the standard Galerkin, entropy viscosity and
the streamline upwind Petrov Galerkin methods are shown in Figures 1, 2 and 3
respectively. Error estimates using the L1 norm are shown in Figure 4 together
with the convergence rates. The error estimates using the L2 norm are shown
in Figure 5 together with its convergence estimates. Further the error rate as a
function of computational time with respect to the L1 and the L2 norm is shown
in figure 6 and 7. All the units are in arbitrary units [au], but could just as
well be set in accordance with the SI-units. For the standard Galerkin method
the numerical solution of the solute transport leaves a trail of the solute which
contributes to the error. For both stabilized methods most of that behavior is
removed which can be seen in the error norms of the final time frames. Very
little overhead is required by the stabilized methods which makes them more
efficient for solving this problem. The SUPG method yields the most accurate
results in terms of spatial refinement and is also the fastest method for obtaining
more accurate results. The Galerkin method is the worst in both categories and
the EV method is close to the top contender in this particular implementation.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 1: Final results of the standard Galerkin method for the continuous initial
condition with differently refined meshes, denoting hmax as the maximum cell
diameter.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 2: Final results of the entropy viscosity method for the continuous initial
condition with differently refined meshes, denoting hmax as the maximum cell
diameter.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 3: Final results of the streamline upwind Petrov Galerkin method for
the continuous initial condition with differently refined meshes, denoting hmax

as the maximum cell diameter.
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Figure 4: L1 norm of the error as a function of the maximum cell diameter for
the continuous initial condition. The convergence rates for the Galerkin, EV
and SUPG methods are 1.1796, 2.2105 and 2.2813 respectively.

Figure 5: L2 norm of the error as a function of the maximum cell diameter for
the continuous initial condition. The convergence rates for the Galerkin, EV
and SUPG methods are 1.1934, 2.3379 and 2.1648 respectively.
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Figure 6: L1 norm of the error as a function of the CPU time for the continuous
initial condition.

Figure 7: L2 norm of the error as a function of the CPU time for the continuous
initial condition.
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4.2 Discontinuous Initial Condition for the Advection Equa-

tion

The final time frames at T = 1 for the standard Galerkin, entropy viscosity
and the streamline upwind Petrov Galerkin methods are shown in Figures 8, 9
and 10 respectively. Error estimates using the L1 norm is shown in Figure 11
together with its convergence rates. The error estimates using the L2 norm is
shown in Figure 12 together with its convergence estimates. Further the error
rate as a function of computational time with respect to the L1 and the L2 norm
is shown in Figure 13 and 14. All the units are in arbitrary units [au], but could
just as well be set in accordance with the SI-units. The Galerkin method starts
showing of strong oscillations even for the more refined cases, which contributes
to it’s error. In both the stabilized methods these oscillations are gone, but some
small oscillations can still be seen in the EV method. However, it produces the
most accurate physical behavior. The SUPG method on the other hand still
yields the most accurate results in terms of the norms used, but has a section
in front of the moving pillar which is higher than the expected behavior.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 8: Final results of the standard Galerkin method for the discontinuous
initial condition with differently refined meshes, denoting hmax as the maximum
cell diameter.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 9: Final results of the entropy viscosity method for the discontinuous
initial condition with differently refined meshes, denoting hmax as the maximum
cell diameter.
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hmax = 1.81e− 1[au] hmax = 9.04e− 2[au]

hmax = 4.52e− 2[au] hmax = 2.26e− 2[au]

hmax = 1.13e− 2[au]

Figure 10: Final results of the streamline upwind Petrov Galerkin method for the
discontinuous initial condition with differently refined meshes, denoting hmax

as the maximum cell diameter.
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Figure 11: L1 norm of the error as a function of the maximum cell diameter for
the discontinuous initial condition. The convergence rates for the Galerkin, EV
and SUPG methods are 0.4629, 0.7730 and 0.7520 respectively.

Figure 12: L2 norm of the error as a function of the maximum cell diameter for
the discontinuous initial condition. The convergence rates for the Galerkin, EV
and SUPG methods are 0.3758, 0.4748 and 0.3962 respectively.
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Figure 13: L1 norm of the error as a function of the CPU time for the discon-
tinuous initial condition.

Figure 14: L2 norm of the error as a function of the CPU time for the discon-
tinuous initial condition.

4.3 Benchmark Computations for Navier-Stokes Equations

In Table 1 properties of the system, as described in section 3.4.1, during the
simulations are displayed. The units are again arbitrary, unless they are marked
explicitly, but could be set in accordance with the SI-units. The vertex column
denotes the number of points in the mesh, time denotes the amount of time the
simulation spends on the CPU. The other quantities are evaluated when the pe-
riodic behavior is achieved and here CLmax denotes the maximum lift coefficient,
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CDmax denotes the maximum drag coefficient, St denotes the Srouhal number
and ∆P the pressure difference between the front and the back of the cylindri-
cal object between two peaks of CL. The method denotes which computational
method was used for the simulation. The results are calculated using a kine-
matic viscosity of ν = 10−3. In Figures 15-18 the velocity and pressure fields
for the Galerkin, EV and SUPG methods at simulation time T = 8 are shown
with similar behavior for all cases. Also included is the artificial viscosity for the
entropy viscosity for the last time frame as can be seen in figure 17. In figure
19-21 the lift coefficients during the last part of the simulations are displayed,
in figure 22-24 the drag coefficients during the last part of the simulations are
displayed and in figure 25-27 the pressure differences ∆P for the last part of the
simulations are displayed. The beginning of the simulations are removed due to
the shock at the start of the simulations.

Table 1: Benchmark computation properties with a kinematic viscosity ν =
10−3 for an incompressible fluid.

Vertices Time [s] cLmax cDmax St ∆P Method

35834 15215.632 2.0145 3.773 0.290 2.718 Galerkin
9099 1654.426 1.6643 3.723 0.268 2.592
2345 174.974 1.0651 3.656 0.243 2.450
35834 19425.734 2.0098 3.776 0.289 2.719 EV
9099 2109.191 1.6490 3.727 0.270 2.601
2345 192.122 1.0033 3.714 0.246 2.485
35834 22599.633 2.0092 3.775 0.290 2.714 SUPG
9099 2533.752 1.6533 3.723 0.272 2.590
2345 247.902 1.0945 3.669 0.246 2.435

Figure 15: Resulting velocity fields and pressure fields at T = 8 for the standard
Galerkin method with viscosity ν = 10−3. The coarsest mesh are at the top
and the finest mesh are at the bottom. The column to the left is the absolute
value of the velocity fields and the one to the right is the pressure fields.
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Figure 16: Resulting velocity fields and pressure fields at T = 8 for the entropy
viscosity method with viscosity ν = 10−3. The coarsest mesh are at the top and
the finest mesh are at the bottom. The column to the left is the absolute value
of the velocity fields and the one to the right is the pressure fields.

Figure 17: Artificial viscosity for the entropy viscosity method at frame T = 8
with a system viscosity ν = 10−3. The finest mesh is at the bottom and the
coarsest mesh is at the top.
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Figure 18: Resulting velocity fields and pressure fields at T = 8 for the stream-
line upwind Petrov Galerkin method with viscosity ν = 10−3. The coarsest
mesh are at the top and the finest mesh are at the bottom. The column to the
left is the absolute value of the velocity fields and the one to the right is the
pressure fields.

Figure 19: The lift coefficient as a function of time for the standard Galerkin
method for differently refined meshes for the benchmark system.
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Figure 20: The lift coefficient as a function of time for the entropy viscosity
method for differently refined meshes for the benchmark system.

Figure 21: The lift coefficient as a function of time for the streamline upwind
Petrov Galerkin method for differently refined meshes for the benchmark system.
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Figure 22: The drag coefficient as a function of time for the standard Galerkin
method for differently refined meshes for the benchmark system.

Figure 23: The drag coefficient as a function of time for the entropy viscosity
method for differently refined meshes for the benchmark system.
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Figure 24: The drag coefficient as a function of time for the streamline upwind
Petrov Galerkin method for differently refined meshes for the benchmark system.

Figure 25: The the pressure difference between the front and the back of the
cylindrical object as a function of time for the standard Galerkin method for
differently refined meshes for the benchmark system.
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Figure 26: The the pressure difference between the front and the back of the
cylindrical object as a function of time for the entropy viscosity method for
differently refined meshes for the benchmark system.

Figure 27: The the pressure difference between the front and the back of
the cylindrical object as a function of time for the streamline upwind Petrov
Galerkin method for differently refined meshes for the benchmark system.

4.4 Low Viscosity Computations for Navier-Stokes Equa-

tions

In Table 2 some properties of the system during a simulation time is displayed.
The units are again arbitrary, unless they are marked explicitly, but could be
set in accordance with the SI-units. The vertex column denotes the number
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of points in the mesh, time denotes the amount of time the simulation spends
on the CPU. Here CLavg denotes the average lift coefficient, CDavg denotes the
average drag coefficient ∆Pavg denotes the average pressure difference between
the front and the back of the cylindrical object. The method denotes which
computational method was used for the simulation. The results are calculated
using a kinematic viscosity of ν = 10−5. In Figure 28-31 the velocity and
pressure fields for the Galerkin, EV and SUPG methods at simulation time
T = 8 are shown. The Galerkin method is not stable for all the simulations, but
are included in the report for consistency. Also the artificial viscosity for the last
time frame is included for the entropy viscosity method as can be seen in Figure
30. In Figure 32-33 the lift coefficients during the last part of the simulations are
displayed for the stable methods, in Figure 34-35 the drag coefficients during
the last part of the simulations are displayed for the stable methods and in
Figure 36-37 the pressure differences ∆P for the last part of the simulations
are displayed for the stable methods. The beginning of the simulations are
once again removed due to the shock at the start of the simulations. Averaged
quantities are evaluated due to the lack of periodic behavior for this particular
case.

Table 2: Benchmark computation properties with a kinematic viscosity ν =
10−5 for an incompressible fluid.

Vertices Time [s] cLavg cDavg ∆Pavg Method

35834 14321.443 Unstable Unstable Unstable Galerkin
9099 1761.034 -0.0629 3.1403 2.7216
2345 142.849 Unstable Unstable Unstable
35834 18273.202 -0.0799 3.9063 3.4879 EV
9099 2294.862 -0.0714 3.0132 2.6620
2345 211.847 -0.0378 3.0283 2.4452
35834 21352.604 -0.0182 4.1321 3.6268 SUPG
9099 2743.749 -0.1288 3.2547 2.8245
2345 258.552 -0.1329 2.8991 2.3794
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Figure 28: Resulting velocity fields and pressure fields at T = 8 for the standard
Galerkin method with viscosity ν = 10−5. The coarsest mesh is at the top and
the finest mesh is at the bottom. The column to the left is the absolute value
of the velocity fields and the one to the right is the pressure fields.

Figure 29: Resulting velocity fields and pressure fields at T = 8 for the entropy
viscosity method with viscosity ν = 10−5. The coarsest mesh is at the top and
the finest mesh is at the bottom. The column to the left is the absolute value
of the velocity fields and the one to the right is the pressure fields.
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Figure 30: Artificial viscosity for the entropy viscosity method at frame T = 8
with a system viscosity ν = 10−5. The finest mesh is at the bottom and the
coarsest is at the top.

Figure 31: Resulting velocity fields and pressure fields at T = 8 for the stream-
line upwind Petrov Galerkin method with viscosity ν = 10−5. The coarsest
mesh is at the top and the finest mesh is at the bottom. The column to the
left is the absolute value of the velocity fields and the one to the right is the
pressure fields.
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Figure 32: The lift coefficient as a function of time for the entropy viscosity
method for differently refined meshes for the low viscosity system.

Figure 33: The lift coefficient as a function of time for the streamline upwind
Petrov Galerkin method for differently refined meshes for the low viscosity sys-
tem.
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Figure 34: The drag coefficient as a function of time for the entropy viscosity
method for differently refined meshes for the low viscosity system.

Figure 35: The drag coefficient as a function of time for the streamline upwind
Petrov Galerkin method for differently refined meshes for the low viscosity sys-
tem.
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Figure 36: The pressure difference between the front and the back of the cylin-
drical object as a function of time for the entropy viscosity method for differently
refined meshes for the low viscosity system.

Figure 37: The pressure difference between the front and the back of the cylin-
drical object as a function of time for the streamline upwind Petrov Galerkin
method for differently refined meshes for the low viscosity system.
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5 Conclusion

From the advection equation we can with ease conclude that the SUPG method
yields better results at lower computational times. The EV method does how-
ever win second prize and the standard Galerkin method brings home the losers
trophy.

In the case of the Navier-Stokes equations the SUPG method starts showing
off time penalties in comparison to the other methods. The Galerkin method
seems to have a better convergence rate if one takes into consideration what
all the methods yield and also offers small time penalties. The SUPG method
yields better results for a coarse mesh but requires more CPU time to acquire
these results as compared to the EV method. That leaves the EV method with a
second place in time requirements and last place in terms of spatial refinement.

For the case of the low viscosity simulations the standard Galerkin method
is not reliable at all. For some cases it is consistent with the type of what one
expect, but in some cases it becomes unstable and just yields unreasonably high
velocities and pressures. For the other two methods it’s a little bit harder to
determine which is more accurate, but it is obvious that a stabilization method
is needed to be able to simulate the system reliably.

All in all, if one wishes for a reliable stable method that is not too time
consuming for these types of problems, one should probably choose the EV
method due to its small time penalties for a great range of problems. The
SUPG method does however offer huge advantages for some problems but at
the same time it gives time penalties for others.

It is up to the reader to specify what is deemed important and what is
necessary in terms of the context of the simulation, but the results are conclusive
for the two first problems.
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6 Discussion

For all of the stabilization techniques some arbitrary parameters where used
based on what other researchers has been using. That does not mean that they
are optimal, and better solutions might exist. In the case of the advection equa-
tion the SUPG method is only faster because of the small size of the equation.
As soon as one introduces larger systems the number of terms, or matrices, that
needs to be computed is increased implying a major drawback to the method.
Other stabilization techniques, such as the GLS method [1], that builds on top
of the SUPG method is only expected to yield longer computational times. In
the EV method however there is just a single term that is computed which gives
it a huge advantage in terms of computational time. It would also be interest-
ing to see how other methods similar to the EV method compares, for example
the residual based viscosity method. The standard Galerkin method yields un-
stable or very noisy results which the stabilization techniques solves to some
extent by introducing terms, corresponding to adding artificial viscosity to the
system. For the advection equation case there is an issue of the overshoot that
the SUPG method yields for the discontinuous case and it is a question whether
or not this can be removed. In the case of the EV method the issue of yielding
better results is simply a matter of tweaking the constants, which is indeed a
time requiring quest and should be made automatically. For the Navier-Stokes
equations one can see the von Karman vortices form and travel down stream,
which is expected. The question is how accurate these methods are and that is
indeed difficult to establish due to the chaotic nature. Other phenomenon, such
as weather, is also chaotic in nature and are sensitive to perturbations in input
data. Being able to solve these types of problems with precision is one of the
contributing factors for predicting weather. Further more, FEniCS comes with
a parallel computation system which has not been used here. Making the code
parallel would make the code faster and hence finer meshes could be used.
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