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S A M M A N FAT T N I N G

Fenomenet superledning upptäcktes 1911 av Heike Kamerlingh Onnes när han
observerade att kvicksilver kunde leda elektrisk ström utan resistans. Sedan dess
visade det sig att metaller ofta blir superledare när de kyls ner till en tillräckligt
låg temperatur (ca −270 o C). En superledare har två viktiga kännetecken: Noll
resistans och Meissner-effekten. Meissner-effekten innebär att superledaren
inte låter något magnetfält tränga in i metallen. Skulle man ha t.ex. en magnet
ovanpå en superledare, då svävar magneten ovanför superledaren eftersom
superledaren reagerar med ett motsatt magnetisk fält, för att tränga ut fältet.
Då säger man att superledarenär en perfekt diamagnet.
En metall blir en superledare, mikroskopiskt, för att två elektroner, som
normalt stöter bort varandra, kan attrahera varandra genom atom-vibrationer i
materialet, vilka kallas för fononer. Denna attraktion utgör en koppling mellan
två elektroner som då kan röra sig fritt genom materialet utan att spridas via
atom-vibrationer.
Den elementära teorin som förklarar hur superledning uppstår utvecklades
av Bardeen, Cooper och Schrieffer för nära sextio år sedan. Den så kallade BCSteorin är dock en förenklad modell som inte kan förklara många supraledande
fenomenen. Särskilt fattas i BCS-teorin tidsberoende utbyte mellan två elektroner, som förenklades till ett omedelbart, tids-oberoende växelverkandet. För
att förklara supraledande egenskaper behövs en förbättrad teori, som utvecklades av Migdal och Eliashberg.
I denna studie undersökte vi tre supraledande material, SrPt3 P, CaPt3 P och
LaPt3 P, vilka upptäcktes nyligen. De har samma kristallstruktur men har ganska olika kopplingsstyrkor mellan elektroner och fononer. SrPt3 P har en mycket
starkt elektron-fonon kopplingsstyrka medan LaPt3 P har en ganska svagt kopplingsstyrka. Den skillnaden gör det möjligt att jämföra deras supraledande
egenskaper och studera effekten av kopplingsstyrka. I denna studie har vi
använt Eliashberg-teorin och beräknat fysiska egenskaper inom supraledande
tillståndet genom att lösa Eliashberg-ekvationen självkonsistent med information från första-principen beräkningar. Vår studie uppenbarar att särskilt SrPt3 P
har unika supraledande egenskaper, som inte kan förklaras inom BCS-teorin.
Vi förutsäger ett ovanligt beteende i några fysiska egenskaper hos SrPt3 P som
skulle kunna verifieras genom experiment i framtiden.
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S U M M A RY

The Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity, which was
developed six decades ago, is a theory that is applicable for materials where
there is a weak coupling between the conduction electrons and the materials’
lattice vibrations. However, the BCS theory cannot capture and reproduce certain aspects of superconductivity. This is because the BCS theory is based on
a severe approximation, namely, it assumes that the electron-electron interaction that is mediated by the bosonic lattice vibrations occurs instantaneous.
In reality however this interaction is retarded in time, as it is conveyed by
collective motions of the lattice, i.e., the phonons. To accurately incorporate the
electron-phonon interaction and thus to describe electron-phonon mediated
superconductivity, we have used therefore in this thesis the more complete
theory of Migdal-Eliashberg.
We consider here a recently discovered family of superconducting compounds, SrPt3 P, CaPt3 P and LaPt3 P, which were found to have superconducting
transition temperatures of Tc = 8.4, 6.6, and 1.5 K, respectively [1]. These compounds were chosen because they are isostructural, i.e., they have the same
tetragonal crystal structure ASt3 P with the space group 4P/nmm [1], yet they exhibit a large variation in the electron-phonon coupling strength λ, with λ = 1.33,
0.86 and 0.57 for the compounds SrPt3 P, CaPt3 P and LaPt3 P, respectively. This
feature makes these compounds ideally suited to computationally explore the
influence of the different coupling strengths on the emerging superconducting
properties.
In our study we selfconsistently solve the coupled Eliashberg equations,
using as input the electronic band dispersions and electron-phonon couplings
calculated ab initio by Subedi et al. [2] within the density functional theory (DFT)
framework. To start with, we have calculated the superconducting transition
temperatures Tc , the temperature-dependent superconducting gap ∆( T ), and
the differences in the specific heat between the superconducting and normal
states of the three compounds. Our selfconsistently obtained results are in good
agreement with available experimental data [1] and with a previous study [2],
hence allowing us to benchmark our computational method. The calculated
ratio of the zero-temperature gap and Tc , ∆0 /k B Tc , deviates markedly from the
BCS value for SrPt3 P, due to the strong electron-phonon coupling, whereas it is
close to the BCS value for the weakly coupled LaPt3 P.
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Second, we have calculated the frequency-dependent density of superconducting states from the real frequency Green’s functions, which was achieved by
analytically continuing the imaginary (Matsubara) frequency Green’s functions
to the real axis using a numerical iterative method [3]. From these we predict
the superconducting tunneling spectra of the three compounds that can be
verified by tunneling spectroscopy measurements. In particular, we predict
pronounced “dip-hump" features in the tunneling spectrum of SrPt3 P, that
cannot be explained by BCS theory, and are related to the strongly retarded
electron-phonon coupling.
Third, we included in the Eliashberg formalism an external magnetic field,
which introduces an extra degree of freedom, the time parity of the two-particle
pair-amplitude [4]. The time-argument difference of the two electrons can be
symmetric or anti-symmetric under particle exchange. The latter, anti-symmetric
in time pairing leads to unconventional odd-frequency superconductivity which
cannot be captured by BCS theory where the time-argument is absent. We study
the occurrence of the odd-frequency superconducting gap and compute the
magnetic field–temperature phase diagrams of the APt3 P compounds.
Fourth, we have calculated the London penetration depth of an applied
magnetic field into the superconductor, both with and without allowing for the
odd-frequency degree of freedom to compare the differences. The presence of
the odd-frequency component could be clearly seen in the penetration depth,
which changed from purely diamagnetic for the even-frequency spin-singlet
superconductivity to paramagnetic behavior, when the odd-frequency spintriplet component was allowed. The penetration depth calculated for SrPt3 P
was found to be in very good agreement with recent experimental data [5],
which supports the picture that SrPt3 P is to be classified as a one-gap, two-band
superconductor.
Finally, for comparison with future experiments, we have calculated the
differences in the specific heat between the superconducting and normal states
in the presence of an external magnetic field, which were found to decrease
with increasing magnetic field.
Our study emphasizes the importance of including the complete retarded
electron-phonon interaction through the selfconsistent Eliashberg formalism,
in order to achieve an accurate, materials’ specific theory of superconductivity.
For the family of APt3 P compounds we found in particular for SrPt3 P clear
signatures of the strong electron-phonon coupling in its superconducting properties. For SrPt3 P we have predicted a change in the magnetic penetration
depth due to the occurrence of magnetic-field induced odd-frequency spin-
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triplet superconductivity, which is a characteristic feature of this unconventional
superconducting state that has to be tested in future experiments.
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I N T R O D U C T I O N & T H E O RY
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1

INTRODUCTION

The study of superconductivity has evolved over a long period, starting from its
discovery a century ago (1911) [6], to the remarkably complete Bardeen-CooperSchrieffer (BCS) theory (1957) [7], and to the Migdal-Eliashberg theory [8, 9]
and beyond [10]. BCS theory is based on a severe approximation, namely, that
the electron-electron coupling happens instantaneously in time, which neglects
the delay caused by the electron-phonon coupling. One can see how much a
metal deviates from the BCS approximation by looking at the value of
2∆0
k B Tc

(1.1)

where ∆0 is the superconducting gap at T = 0 K, k B is the Boltzmann constant
and Tc is the critical phase transition temperature. If this value is equal to
3.53, it is a BCS superconductor, and if it much larger, it is no longer a system
that can be described by the BCS theory. Hence, even though the BCS theory
works for many metals, it fails to describe, with good accuracy, metals with
strong electron-phonon coupling which causes large retardation effects. These
are typically coupling strengths larger than 1 (λ > 1) where the coupling
strength, which is a quantity that characterizes the size of the electron-phonon
coupling and which can be obtained from the so-called Eliashberg function,
will be derived later on [11]. Experiments have indicated how strong-coupling
superconductors can be identified [11, 12]. For example, there occurs a hump
and a dip in the tunneling spectra of strongly coupled superconductors which
BCS cannot capture and therefore cannot predict [11]. It is also essential for the
system to be strongly coupled for so-called odd-frequency superconductivity
to appear [13], which is an extra degree of freedom of the gap, related to the
time-arguments of the two electrons in the Cooper pair [14]. Thus, resorting to
Eliashberg theory is a necessity for strongly coupled systems .
Recently (2012), Takayama et al. [1] discovered a new family of ternary platinum phosphide superconductors with the chemical formula APt3 P with A =
Sr, Ca or La. The critical phase transition temperatures (Tc ’s) were measured
to be Tc = 8.4, 6.6 and 1.5 K [1] respectively, with A=Sr having a relatively
high Tc and A=La being a relatively normal tetragonal superconducting metal
in Tc terms (of the size of 2 K). The crystal structure is, shown in Figure 1,
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with space group P4/nmm, with the band structure shown in Figure 2 and
the Fermi surface shown in Figure 3 [15]. The ionic radii of Pt and P ions are
similar and the P ions are off center from the octahedral basal plane [2]. This
structure is caused because of the P ion being too big to fit into the center
of the Pt(1) square [2]. The reason for why this structure is so interesting is
because even though the compounds have the same structure, their coupling
strength (λ) is vastly different, so that we can compare physical phenomena
that depend on the coupling strengths. The computed coupling strengths are in
fact λ = 1.33, 0.86 and 0.57 [Table 2] respectively, and since the compound for
A=Sr has a coupling strength over 1, we can expect to see deviations from a BCS
metal, while with A=La we can expect it to be close to a BCS metal. Because
they are in the same crystal family, but with different coupling strengths, we
can compare different physical values and hope to see characteristics that only
occur for metals with strong coupling strength. Also, these crystals could be a
one gap two band system which has not been verified yet [5], and as we will
see later, our calculations may support this claim.

Figure 1: Crystal structure of tetragonal SrPt3 P. Pt6 P octahedra are shown by Pt-Pt
bonds. We can replace Sr with Ca or La. Figure obtained from [15].

introduction

Figure 2: Calculated electronic band dispersions, by Nekrasov and Sadovskii, in the
vicinity of the Fermi level for SrPt3 P (black line) and LaPt3 P (blue line). The
Fermi level is at zero energy. The high-symmetry labels are those of the
tetragonal Brillouin zone [15] .

Figure 3: Calculated Fermi surface for SrPt3 P (a) and its seperate sheets (b,c), by
Nekrasov and Sadovskii [15]. There are two distinct Fermi surface sheets.

The electronic structures of the APt3 P compounds have been investigated
recently [2, 15, 16]. The electronic band dispersions of the compounds were
computed by Nekrasov and Sadovskii [15] using the density functional theory
(DFT) [17]. Kang et al. [16] computed both the electronic band dispersions as
well as the phonon bands and obtained a sizable electron-phonon coupling
constant for SrPt3 P. Subedi et al. [2] investigated these compounds, too, and
presented detailed results for their calculated electron-phonon coupling. In
Figure 2 we show the ab initio calculated electronic dispersions of SrPt3 and
LaPt3 P in the vicinity of the Fermi energy. Note that LaPt3 P has one more
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electron per formula unit than SrPt3 P and CaPt3 P and therefore has a different
band structure near the Fermi energy. SrPt3 P and CaPt3 P are isoelectronic
compounds and therefore will have a very similar electronic structure. The
Fermi surface of SrPt3 P, calculated ab initio by Nekrasov and Sadovskii [15],
is shown in Figure 3. The Fermi surface has a rather 3-dimensional shape
and consists of two Fermi surface sheets, shown in Figures 3b and 3c. Since
there are two Fermi surface sheets and a sizable electron-phonon coupling
strength (λ > 1) for SrPt3 P, this compound could exhibit an unusual form
of superconductivity, so-called two-band superconductivity, which has been
suggested recently by Khasanov et al. [5].
In this study, focusing on these superconductors, we solved the Eliashberg
gap equations and compared physical values for these three different coupling
strengths. In order to do so, we first solved the standard system of two coupled
Eliashberg equations that describe usual isotropic one band superconductors
and then we repeat our calculations adding the effects of an external magnetic
field. As input for our calculations, we used the ab initio calculated electron,
phonon and electron-phonon properties obtained recently [2]. First, we followed the paper [2] by Alaska Subedi et al, where the Eliashberg functions
that we obtained from their paper [2] as inputs account for one gap one band
systems, which, as we will see later, cannot describe higher numbers of gaps
and bands’ characteristics. First we verify our method on the three compounds
by computing the gaps and its relative values, and the specific heats. Second,
we calculated the Green’s functions in the real frequency domain by numerical
analytic continuation from the Green’s functions computed in the imaginary frequency domain. For the analytic continuation, we employed the self-consistent
analytic continuation method of [3] which is formally exact. Then we calculated
the superconducting density of states (DOS) which is directly measurable by
electron tunnelling spectroscopy. Finally, we were able to numerically induce the
odd-frequency s-wave triplet (OST) state [18] by including an external magnetic
field [4], and calculated the metals’ penetration depth.
This thesis is organized as follows: In Chapter 2, I present the BCS theory
and Eliashberg theory for completeness. In Chapter 3, I present the calculated
results without the magnetic field induced OSTs, and in Chapter 4 I present the
calculated results for the magnetic field induced OSTs. The results obtained in
this study are summarized in Chapter 6. In the Appendices, I present some of
the detailed derivations of the formulas and brief comments on the numerical
coding.

2

B C S A N D M I G D A L - E L I A S H B E R G T H E O RY

2.1

bcs hamiltonian and green’s functions

The Bardeen-Cooper-Schrieffer (BCS) theory is a microscopic theory of superconductivity based on the approximation that a phonon-mediated attraction
between electrons happens instantaneously, hence the time interaction contains
δ(t − t0 ) , and therefore any retardation effects are neglected. In its original form,
these interactions where assumed local in space as well. This assumption allows
the interaction to be a constant in momentum space, therefore leading to s-wave
superconductivity. This constant effective interaction must be negative so that
the electrons attract each other. The BCS Hamiltonian is then [19, Page 229]

Hbcs = ∑ ξ k c†kσ ckσ + ∑ Vkk0 c†k↑ c†−k↓ c−k0 ↓ ck0 ↑
kσ

(2.1)

kk0

where ξ k is the energy dispersion, k is the wave vector, σ is the spin index,
c† and c are electron creation and annihilation operators respectively, with
Vkk0 = −V < 0 for states of energy |ξ k |, |ξ k0 | < ω D . ω D is the Debye frequency
which is the highest possible phonon vibration frequency.
In the BCS theory the Hamiltonian can be further simplified with a mean-field
approximation, which is called the BCS mean-field Hamiltonian [19, Chap 4]
mf
Hbcs
= ∑ ξ k c†kσ ckσ − ∑ ∆k c†k↑ c†−k↓ − ∑ ∆∗k c−k↓ ck↑
kσ

k

(2.2)

k

with the superconducting order parameter defined to be ∆k = − ∑k0 Vkk0 hc−k0 ↓ ck0 ↑ i.
The rest of the terms were absorbed into the chemical potential. This can be
achieved by taking the interaction term of equation (2.1) and using the HartreeFock approximation [20] which is a mean field approximation that the electron
interacts with the average surroundings
c†k↑ c†−k↓ c−k0 ↓ ck0 ↑ = [hc†k↑ c†−k↓ i + δ(c† c† )] × [hc−k0 ↓ ck i + δ(cc)]

(2.3)

where
δ(c†k↑ c†−k↓ ) = c†k↑ c†−k↓ − hc†k↑ c†−k↓ i

(2.4)
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is the fluctuation of this operator about its expectation value. We now define
the normal Green’s function G↑↑ and the anomalous Green’s function F↓↑

G↑↑ (k, τ ) = −h Tτ ck↑ (τ )c†k↑ (0)i,

(2.5)

F↓↑ (k, τ ) = −h Tτ c†−k↓ (τ )c†k↑ (0)i.

(2.6)

where Tτ is the time ordering operator to make sure that causality is satisfied.
These Green’s functions will be used to derive physical values later on [19,
Page 329].
2.2

bcs gap equation

The BCS order parameter defined in equation (2.2) can now be expressed by
the anomalous Green’s function
∆ k0 = V

|ξ k |<ω D

∑

|ξ k |<ω D

h c−k↓ ck↑ i =

k

∑

∗
F↓↑
(k, 0).

(2.7)

k

where we used V = −Vkk0 . Since we have the explicit expression for the Green’s
functions in equation (A.6) in the Appendix, we can insert the expression of
the anomalous Green’s function with its discrete Fourier transformation from
Matsubara frequency space
∆

|ξ k |<ω D
k0

∑

=V

k

1
−∆k
∑ (iωn )2 − (ξ 2 + ∆2 )
β iω
k
k
n

(2.8)

with Matsubara frequencies ωn = (2n + 1)π/β where β = (k β T )−1 . By using
the identity
1

∑ (iω2 ) − c2
ωn

=−

n

1
(1 − 2 f F (c)) ,
2c

(2.9)

where c is some constant, the BCS gap equation can be formulated at β = 0
∆

|ξ k |<ω D
k0

=V

∑
k

∆k

1 − 2 f F ( Ek )
2Ek

(2.10)

q
where f F is the Fermi-Dirac distribution and Ek = ξ k2 + |∆k |. We can obtain
|∆( T )| by solving this numerically, or in some cases, analytically. We can find an

2.2 bcs gap equation

expression valid at zero temperature T = 0 with the constraint V N (ξ F ) << 1
[19, Ch. 18], giving

|∆(0)| = 2ωD e−1/V N (ξ F ) .

(2.11)

where N (ξ F ) is the density of states at the Fermi energy ξ F . In the weak coupling
limit, the integration can be performed analytically [19, Ch. 18], giving
1.13
|∆(0)|,
2
then we obtain a universal constant
2∆(0)
= 3.53
k B Tc
k B Tc =

(2.12)

(2.13)

which is used to verify if a superconducting material lies in the BCS regime or
not. There is also a universal BCS constant of the specific heat [11]
Cs − Cn
= 1.43,
Cs

(2.14)

where Cs is the specific heat of the BCS superconducting metal, while Cn is the
specific heat of its normal state. Some examples of simple metals are shown
in Table 1, which was obtained from [11]. Aluminum shares both of the BCS
universal constants while Sn, Pb and Hg deviate away from them. Observe that
aluminum has a coupling strength λ smaller than one, while the other three
metals have λ’s larger than one. When λ is large, typically when λ > 1, a metal
deviates from the BCS theory and, for a proper description, we must include
retardation effects as are included in the Eliashberg theory [11].

Table 1: Deviations from the universality of BCS theory for some metallic superconductors. Table taken from [11]. Al is almost an ideal BCS metal while Hg
deviates from a BCS metal, since both of the BCS universal constants don’t
follow equations (2.13) and (2.14).
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2.3

tunneling spectroscopy and superconducting dos

The quasiparticle density of states (DOS), is generally proportional to the
spectral function of the system [19, Page 334]. The spectral function can be
determined by the imaginary part of the retarded Green’s function [19, Page 334]
1
2π V

∑ A(kσ, ω )

(2.15)

A(kσ, ω ) = −2 i Im (Gσσ (k, ω + iη ))

(2.16)

N (ω ) =

kσ

where N (ω ) is the density of state, A(kσ, ω ) is the spectral function, and V is
the volume of the system. Armed with these functions, we can now substitute
equation (A.6) with iω → ω + iη, and we can determine the quasiparticle
density of states Ns (ω ) in the BCS limit
!
−1
ω + iη + ξ k
Ns (ω ) =
(2.17)
Im
πV ∑
(ω + iη )2 − Ek2
kσ
and by further derivations shown in for example [19, Page 334], we can find
Ns (ω )
ω
Θ ( ω − ∆ ).
=√
2
N (0)
ω − ∆2

(2.18)

One can experimentally measure the differential conductance dI/dV by tunneling spectroscopy. At low enough temperature, dI/dV can be approximated by
the formula [19, Page 334]
dImm /dV
Ns (−eV )
Ns (−eV )
=
≈
dIms /dV
N (−eV )
N (0)

(2.19)

where V is the voltage, m and s respectively stand for normal metal and
superconducting metal. By using this relationship, the Green’s function can be
tested rather directly.
2.4

penetration depth

Meissner and Ochsenfeld found in 1933 that superconducting metals are perfect
diamagnets [19, Ch. 18]. That is, they expel external magnetic fields completely
until the external magnetic field exceeds a critical value Hc ( T ) that is temperature dependent (it also depends on whether the superconductor is so-called
type I or type II). Before the external magnetic field vanishes in the superconducting metal, a fraction of it enters deeper than the surface of the sample.

2.4 penetration depth

London theorized this phenomenon in 1935 and found that the magnetic field
that penetrates the superconducting sample decays exponentially inside the superconductor within a length scale called penetration depth λs : B( x ) = Be− x/λs .
The penetration depth is related with the superfluid density which is a measure
of the Cooper pair density of the superconductor.
The current density in a superconductor is dominated by the diamagnetic
contribution which can be obtained by the London equation [19, Chap 18]
Jα = −

e2 ρ s ( r )
Aα
m

(2.20)

where A is the vector potential, m is the mass of the electron and ρs (r) is the
superfluid density. More generally, the term in front of the vector potential can
be written as a tensor
β

Jα = Qα A β

(2.21)
β

and so we obtain Qα by the functional derivative of Jα with respect to A β
β

Qα =

δJα
.
δA β

(2.22)

2
The superfluid density ρs is proportional to λ−
s where λs is the London penetration depth and shows how much a constant magnetic field can penetrate the
superconducting material. Also, the functional derivative of the free energy F
with respect to the vector potential is proportional to the current density [21,
δF
Chap 12] δA
∝ Jα . By putting these all together,
α



β −1/2
λs ∝ Qα
,

(2.23)

and by taking the ratio between zero temperature and some finite temperature
value
!−1/2
β
λs ( T )
Qα ( T )
=
.
(2.24)
β
λ s (0)
Q α (0)
The penetration depth for the BCS case is [21, Chap 14]
!−1/2
Z ∞
λs ( T )
d f F (ω )
ω
p
= 1+2
dω
λ s (0)
dω
∆( T )
ω 2 − ∆2 ( T )

(2.25)

where f F (ω ) is the Fermi distribution and the derivation can be found, for
example, in [21, Chap 14].
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2.5

fröhlich hamiltonian

The starting point for a microscopic description of electrons, phonons and
their mutual interaction is the so-called Fröhlich Hamiltonian which is written,
within the Nambu formalism, as [11]
H=

†
bqλ
∑ ξ k ψk† σ3 ψk + ∑ Ωqλ bqλ

+

∑

kk0 ν

gkk0 ν φk−k0 ν ψk† 0 σ3 ψk +

(2.26)

qλ

k

1
2k

∑




Vk3 k4 ,k1 k2 ψk† 3 σ3 ψk1
ψk† 3 σ3 ψk2

1 k2 k3 k4

(2.27)
where ξ k is the electron dispersion energy, Ω is the phonon vibration frequency,
the Nambu spinors ψ, ψ† are defined in [A.1 Appendix] and the σ3 is the zcomponent Pauli matrix. Observe that we also included the competing electronelectron Coulomb interaction. In the above, gkk0 ν is the coupling constant, ν
indexes the different phonon branches, Vk3 k4 k1 k2 is the Coulomb interaction, b’s
†
are the annihilation and creation operators for the phonon, φqλ = bqλ + b−
qλ .
The first two terms are the kinetic terms of the electrons and the phonons, the
third term is the electron-phonon interaction and the last term is the Coulomb
interaction. Due to the translation invariance k1 + k2 − k3 − k4 must be equal
to zero or to a reciprocal lattice vector. The electron-phonon interaction can be
written diagrammatically as shown in figure 4

Figure 4: First order interaction between the electron with wave vectors k, k0 and the
phonon with wavevector k − k0 . Since we are using the Nambu formalism,
every vertex is a 2 × 2 matrix.

2.6 migdal’s theorem

The definition of the Green’s function is still the same in the Nambu formalism as it is defined in the BCS theory:
G (k, τ ) =

h Tck↑ (τ )c†k↑ (0)i

h Tck↑ (τ )c−k↓ (0)i

h Tc†−k↓ (τ )c†k↑ (0)i h Tc†−k↓ (τ )c−k↓ (0)i

!
(2.28)

where T is the time ordering operator.

2.6

migdal’s theorem

Due to the fast moving electrons compared to the slow moving ions, we can
approximate the renormalized electron-phonon interaction, with great accuracy,
to the first order of the electron-phonon
interaction [19, Chap 17]. For example,
√
the second order term is m/M ≈ 10−2 times the first order term, and can
hence be neglected in most cases. This is shown diagrammatically in Figure 5.

Figure 5: Because the ions are significantly more massive, higher order electron-phonon
interactions as the one shown on the left, can be neglected.

where m is the electron mass and M is the ion mass. This is in fact the BornOppenheimer approximation in molecular physics [19, Chap 17]. Hence, from
here on, we will only concern ourselves to the first order terms for the renormalized electron-phonon interaction terms.
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2.6.1 Migdal-Eliashberg Self-Energy
The freely propagating one-electron and phonon Green’s functions, respectively,
are [11]

G0 (k, iωn ) = [iωn σ0 − ξ k σ3 ]−1
2

D0 (q, iνn ) = [ M(ω (q) +

νn2 )]−1

(2.29)
(2.30)

where they are given in momentum and Matsubara frequency spaces and M is
the ion mass. The self-energy for the electrons and phonons is defined as [11]
Σ(k, iωn ) = G0−1 (k, iωn ) − G −1 (k, iωn )

(2.31)

Π(q, iνn ) = D0−1 (q, iνn ) − D −1 (q, iνn )

(2.32)

where G and D are the full Green’s functions. The self-energy for the Eliashberg
theory is the first order approximation of the electron-phonon interaction,
depicted diagrammatically in Figure 6

Figure 6: Left: Self-energy caused by the electron-phonon interaction. Due to Midgal’s
theorem, only the first order is considered. Right: Self-energy caused by the
screened Coulomb interaction. In this study, this interaction is treated as
a constant pseudopotential, which is the only free parameter that must be
decided by comparing empirical values.

The left-side in Figure 6 is the electron-phonon term, and the right-side is the
renormalized Coulomb term. Hence, the self-energy for the electrons is [11]
Σ(k, iωn ) = −


1
σ3 G(k0 , iωn0 )σ3 | gkk0 ν |2 Dν (k − k0 , iωn − iωn0 ) + VC (k − k0 )
∑
β k0 n0 ν

2.6 migdal’s theorem

(2.33)
where VC is the screened Coulomb potential.
The self-energy in the Nambu formalism adopts the form [11]
!
(iωn − Z ) + χ
φ1 − iφ2
Σ=
φ1 + iφ2
(iωn − Z ) − χ

(2.34)

or in Pauli matrix terms
Σ(k, iωn ) = iωn [1 − Z (k, iωn )]σ0 + χ(k, iωn )σ3 + φ1 (k, iωn )σ1 + φ2 (k, iωn )σ2
(2.35)
where φ1 and φ2 are off diagonal terms (the complex energy gap) and are
dependent on each other, ωn is the mass term, Z is the renormalizing mass
correction and χ is the kinetic energy shift. By substituting equation (2.29) and
equation (2.35) into equation (2.31) we obtain

G −1 (k, iωn ) = iω0 Z (k, iωn )σ0 − (ξ k + χ(k, iωn ))σ3 − φ1 (k, iωn )σ1 − φ2 (k, iωn )σ2
(2.36)
which is called the electronic Dyson equation [11]. We can easily find G by
inversion of this 2 × 2 matrix
!
1 iωn Z + (ξ + χ)
φ1 − iφ2
G=
(2.37)
Θ
φ1 + iφ2
iωn Z − (ξ + χ)
or in Pauli matrix terms

G=

1
(iωn Zσ0 + (ξ + χ)σ3 + φ1 σ1 + φ2 σ2 )
Θ

(2.38)

where Θ is the determinant
Θ = (iωn Z )2 − (ξ + χ)2 − φ12 − φ22 .

(2.39)

When Θ = 0 the Green’s function has a pole. Hence, by solving equation (2.39)
with the left hand side to be zero, we get the quasiparticle excitation energy in
the superconducting state
s


ξk + χ 2
Ẽk =
+ | ∆ |2
(2.40)
Z
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where ∆ is called the gap function and is defined as
∆=

φ1 − iφ2
.
Z

(2.41)

As mentioned in the introduction, when the gap is non zero, that is if φ1 or φ2
have some finite non-zero value, then the system is superconducting. In other
words, if the Green’s function is non-diagonal, it supports a superconducting
solution. This energy-gap is caused by the formation of the Cooper pairs.
Finally, by inserting equation (2.38) into equation (2.33) we obtain the Eliashberg
equations, explicitly:
iωn [1 − Z (k, iωn )] =


1
| gkk0 ν |2 Dν (k − k0 , iωn − iωn0 ) + VC (k − k0 )
∑
β kk0 ν

×
χ(k, iωn ) =

χ(k0 , iωn0 ) + ξ k0
Θ(k0 , iωn0 )

(2.43)


−1
| gkk0 ν |2 Dν (k − k0 , iωn − iωn0 ) + VC (k − k0 )
∑
β kk0 ν

×
φ2 (k, iωn ) =

(2.42)


1
| gkk0 ν |2 Dν (k − k0 , iωn − iωn0 ) + VC (k − k0 )
∑
β kk0 ν

×
φ1 (k, iωn ) =

iωn0 Z (k0 , iωn0 )
Θ(k0 , iωn0 )

φ1 (k0 , iωn0 )
Θ(k0 , iωn0 )

(2.44)


−1
| gkk0 ν |2 Dν (k − k0 , iωn − iωn0 ) + VC (k − k0 )
∑
β kk0 ν

×

φ2 (k0 , iωn0 )
Θ(k0 , iωn0 )

(2.45)

with the occupancy [11]
n = 1−

2
χ(k0 , iωn0 ) + ξ k0
.
β k∑
Θ(k0 , iωn0 )
0 n0

(2.46)

As we can see from the above equations, φ1 and φ2 are proportionally dependent.
In fact, the proportionality is the phase factor eiα with some constant α. For our
purpose, we can rotate the phase so that φ2 = 0 and only consider φ1 .
If we know gkk0 ν , Dν , ξ and VC we can solve this set of equations selfconsistently to obtain Z, χ, φ1 and φ2 . Finding the precise form of the phonon
function Dν is an extremely complicated task, but fortunately we can obtain

2.6 migdal’s theorem

it through direct measurements or calculate it using ab initio methods such as
Density Functional Theory. Dν can be expressed in a spectral representation [8]
0

2

| gkk0 ν | D(k − k , iωn ) =

Z

dΩ

−2Ω
α2 Fkk0 ν (Ω)
·
ωn2 + Ω2
N (0)

(2.47)

where N (0) = ∑k δ(ξ k ) is the density of states at the Fermi surface and
α2 Fkk0 ν (ω ) = N (0)| gkk0 ν |2 Bν (k − k0 , ω ) is called the Eliashberg function with
Bν (k − k0 , ω ) being the spectral function.
We can also average the Eliashberg equation around the Fermi surface for
both k and k0 [8]
α2 F ( Ω ) =

1
N02

∑0 α2 Fkk0 ν (Ω)δ(k)δ(k0 ).

(2.48)

kk ν

Now, by substituting equation (2.47) into the self-energy set of equations, assuming that N (0) = N (ξ ) and a constant near the Fermi surface, and averaging
out both sides of the equations h Z (k, iωn )iFS = Z (iωn ), hφ(k, iωn )iFS = φ(iωn )
and hχ(k, iωn )iFS = χ(iωn ), the set of equations becomes [11]

(iωn )[1 − Z (iωn )] = −

π
β

∑0
n

iωn0 Z (iωn0 )
λ(iωn − iωn0 )
Ξ(iωn0 )

χ(iωn ) = 0
φ(iωn ) =

π
β

(2.49)
(2.50)

φ(iωn0 )

∑0 Ξ(iωn0 ) (λ(iωn − iωn0 ) + N (0)VC )

(2.51)

n

n=1

(2.52)

where
λ(ω ) =
Ξ(iωn ) =

Z

q

dΩ

2Ωα2 F (Ω)
,
ω 2 + Ω2

[iωn Z (iωn )]2 + [φ(iωn )]2

(2.53)
,

(2.54)

and the Coulomb term in equation (2.42) is ideally canceled. Due to its complexity, the Coulomb term can be renormalized into an effective potential with an
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interaction window ωC . The final relevant set of equations to solve is reduced
to [11]
φ = ∆(iωn ) Z (iωn ) =

π
β

∑0 q
n

∆(iωn0 )
ωn2 0 + ∆2 (iωn )

[λ(iωn − iωn0 )

− µ∗ θ (ωC − |ωn0 |)]
(2.55)
iωn0
π
q
Z (iωn ) = 1 +
λ(iωn0 − iωn ) (2.56)
∑
iωn β n0
iωn2 0 + ∆2 (iωn )
where θ is the step function and µ∗ is the renormalized effective Coulomb
pseudopotential , which in our study is a constant, and is the only free parameter
to be decided to describe the experiments. The rest of the input variables needed
to solve the above system, is λ and the Eliashberg function, both of which can
be calculated ab initio. For the family of materials studied here, these parameters
have already been calculated by Subedi et al., and we shall use them in the
present study.
The electron-phonon coupling parameter λ reaches a maximum when λ =
λ(0) or
λ=2

Z

dΩ

α2 F ( Ω )
Ω

(2.57)

which is the electron-phonon coupling strength. In our studies, we compare
the three different compound: SrPt3 P, CaPt3 P and LaPt3 P which have different
coupling strengths.
Finally, to solve equation (2.55), we need to cut-off the Matsubara frequency
sums. One way to do this is to refer to the Debye frequency of the phonons,
but there is a better parameter in our case where we can refer to, which is
the so-called logarithmic frequency. This is defined as the weight-averaged
frequency [11]
Ωln = exp



2
λ

Z ∞
0


α2 F ( Ω )
ln Ω .
dΩ
Ω

(2.58)

In this study, the logarithmic frequency will be used as a scale for deciding on
the cut-off frequency, such as Ωcut-off = 10 × Ωln .
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2.6.2 Free Energy and Specific Heat
The free energy difference between the normal state and the superconducting
state is [2]
∆F ( T ) = −πN (0) T

−
+

M

∑



|ωn |[ ZN (ωn ) − 1]
n=−M
2ωn2 [ ZS2 (ωn ) − 1] + 2φ2 (ωn )
p
|ωn | + ωn2 Zn2 (ωn ) + φn2
ωn2 ZS (ωn )[ ZS (ωn − 1] + φ2 (ωn )
q

ωn2 ZS2 + φ2 (ωn )

(2.59)
(2.60)

(2.61)

where ZN is for the normal state, ZS is for the superconducting state and M is
the cut-off Matsubara frequency number. The reason why we take the difference
is because both terms numerically diverge, consequently canceling out each
other’s numerical divergences.
The specific heat C can be then calculated by the usual relations
S=−

∂F
,
∂T

C = −T

∂2 F
∂ T2

C=T

∂S
∂T

(2.62)

(2.63)

where S is the entropy. This is one quantity that can be directly measured and
can be calculated in good precision by theory.
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3.1

verifying the calculations

α2F(ω)

Before computing the real frequency Green’s functions and penetration depth,
the reliability of the computation methods were verified by carefully reproducing the results of Subedi et al. [2], while using as input their obtained DFT
(Density Functional Theory) data for the electron-phonon interaction.
The Eliashberg functions for SrPt3 P, CaPt3 P and LaPt3 P which were obtained
from [2] are shown below in Figure 7.
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Figure 7: The ab initio computed Eliashberg functions α2 F (ω ) for SrPt3 P, CaPt3 P and
LaPt3 P, respectively, from top to bottom. Each function was obtained with
about 200 energy points. Since the area of the functions (weighted by 1/frequency) correspond to the coupling strength, we can see that SrPt3 P is
strongly coupled λ = 1.33 due to its large peak, while LaPt3 P is weakly
coupled λ = 0.57 due to its small area and will behave BCS-like. Data are
from [2].

3.1 verifying the calculations

The coupling strengths λ’s are calculated using equation (2.57) and the logarithmic frequencies, that are calculated from equation (2.58), are shown in Table 2.
They all agree with data given in [2, TABLE II] up to the 3rd digit, with small
numerical errors such as our value of λ for CaPt3 P was λ = 0.86 while it was
found λ = 0.85 in [2].
Table 2: Our calculated coupling strengths λ, and our calculated logarithmic averaged
phonon frequencies ωln , compared to data obtained in [2]. All six values agree
up to the third digit.

λa

a
ωln

λb

b
ωln

SrPt3 P

1.33

77.6

1.33

77

CaPt3 P

0.86

112

0.85

110

LaPt3 P

0.57

118

0.57

118

a: our values
b: values from [2]

We can see from figure 7 that the coupling strength is large for SrPt3 P from the
large peak at a relatively low frequency. This would give rise to a behaviour
similar to that of an Einstein phonon spectrum due to its delta-function like peak.
On the other hand, the other two materials have more spread out Eliashberg
functions with relatively small area which makes the coupling constant smaller.
By decreasing the coupling strength, we can also see that the logarithmic
frequencies which are responsible for the frequency cut-off, increase.

We solved the Eliashberg gap equations (2.55) self-consistently with cutoffs of 10 times ωln and the Coulomb pseudo-potentials were decided to fit
each of the experimental [2] transition temperatures: µ∗ = 0.11, 0.11 and 0.16
for SrPt3 P, CaPt3 P, and LaPt3 P, respectively. The results are summarized in
Table 3. The calculated results are shown below as the energy-gap versus the
temperature at zero frequencies. Note that the compounds CaPt3 P and SrPt3 P
are isoelectronic, and therefore an equal Coulomb potential µ∗ can be expected
for these compounds. LaPt3 P has a different electronic structure, since La
contributes one more electron to the electronic bands.
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Figure 8: Calculated energy-gap ∆(ω = 0, T ) in meV for SrPt3 P, CaPt3 P and LaPt3 P.
Observe the scale differences with the gap of LaPt3 P being an order of
magnitude smaller than the other two. The phase transitions occur when the
energy-gaps reach zero, which gives the Tc = 8.56, 6.45 and 1.58 K in these
cases.

Since, in Eliashberg theory, the superconducting gap is frequency dependent, it
is more meaningful instead of referring to the superconducting gap, as is done
in BCS theory, to define a superconducting gap-edge, instead. This is defined
as ∆(ω ) = ω. In Matsubara space, the energy gap-edge may be approximated
by taking the positive lowest frequency value ωn ≈ 0 hence we can take
∆(iω1 , T ) which is very close to ω = 0 in real frequencies. This approximation
to real (zero) frequencies is good for finding the energy-gap at zero frequencies
and it can hence determine the phase transition temperatures, and the global
thermodynamic quantities, but it fails to determine other physical quantities
such as the superconducting density of states. To find these other physical
quantities, we must use a proper analytic continuation to the real frequencies.
We can see that the larger the coupling strength the larger the Tc ’s are. Also, the
larger the energy-gap turns out to be. The gap over Tc ratios are 2∆(0)/Tc =
4.24, 3.76 and 3.59, respectively, for SrPt3 P, CaPt3 P and LaPt3 P. The first two
are larger than the pure BCS value 2∆(0)/Tc = 3.53. This is a consequence of
the strong coupling effects due to the retarded interaction.

3.1 verifying the calculations

The specific heat over temperature ratios were calculated by using the formulas
from Chapter 2, and are plotted in Figure 9 and Figure 10. Due to the relatively
noisy numerical free energy values obtained from equation (2.59), the data were
fit using a polynomial fit of 12th order [2]. Due to this fit, the specific heat jumps
at the transition from normal metal to the superconducting state could not be
captured accurately enough. By increasing the degree of the polynomial fit, the
jumps showed something that resembled a so-called Gibbs phenomenon in the
Fourier series [22], and so higher polynomial values were not appropriate. It is
clear in Figure 9 that Eliashberg theory is a much better approximation than the
BCS theory. Figure 10 shows that for SrPt3 P and CaPt3 P, the C/T values agree
well with experiment until their jumps, but LaPt3 P doesn’t agree so well with
the experimental data. The reason for this is unclear. It could be a numerical
error due to its small temperature scale. It also deserves to be mentioned that a
jump in C/T is expected at Tc , but not clearly visible in the experimental data.
This could be due to measurement problems.

Figure 9: The blue line: our calculated specific heat over temperature for SrPt3 P. Blue
dots, pink dots, and light blue line: experimental values, BCS model and
the α-model for SrPt3 P, respectively, obtained from [1, FIG 2]. Due to small
numerical noise, the derivative of temperature in equation (2.63) was impossible to calculate from raw data. To be able to get the second derivative, the
data was smoothed out by using a polynomial fit to the 12th order [2]. The
Eliashberg theory agrees with the measured experiment values with good
accuracy until the discontinuity, but not at the discontinuity. This is likely
due to the polynomial expansion. The α-model is a more accurate fit than the
raw BCS theory for a BCS metal [23].
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Figure 10: Lines: our calculated specific heats over temperature C/T, dots: measured
values obtained from [1], for SrPt3 P, CaPt3 P and LaPt3 P. The same polynomial fits were done as in Figure 9. The specific heat over temperature for
LaPt3 P fails to reproduce the experiment.

The values’ obtained for various quantities are given in Table 3. The calculated
transition temperatures agree well with the experimental values. The BCS ratio
2∆(0)/Tc shows how close the material is to being a BCS material. A BCS
material has a value of 3.53 [19, Chap 18] which indicates that LaPt3 P is close to
the BCS limit while SrPt3 P is not. The values in Table 3 agree very well with
[2], except for the Coulomb pseudopotential of LaPt3 P, with our values being
∗
∗
µLaPt
= 0.16 and their values being µLaPt
= 0.11.
3P
3P
Table 3: For each material SrPt3 P, CaPt3 P, and LaPt3 P, the transition temperature Tc
in Kelvins, the BCS ratio 2∆(0)/Tc , the specific heat jump over transition
temperature ∆C/Tc , Tc /ωln and the effective Coulomb pseudopotential µ∗ .
The values in parentheses are the experimental values which are taken from
[1], while the rest are the values that we obtained. Our values can be compared
with those of [2, TABLE III], given in brackets.

Tc

2∆(0)/Tc

∆C/Tc

Tc /ωln

µ∗

SrPt3 P

8.56 (8.4)

4.24

29 (28)

0.111

0.11

CaPt3 P

6.45 (6.6)

3.79

18 (11)

0.058

0.11

LaPt3 P

1.58 (1.5)

3.59

11 (2)

0.013

0.16

3.2 summary

3.2

summary

We have provided the theoretical framework for describing superconductivity
in strongly-coupled superconductors, which cannot be described by the BCS
theory. The appropriate framework is the Migdal-Eliashberg theory, which
includes the delay of the attractive electron-electron coupling via phonons,
contrast to the BCS theory which assumes an instantaneous interaction in time.
The gap-functions and specific heat were calculated as a benchmark of the
Eliashberg theory by following closely the calculations of [2]. The Tc ’s and the
specific heats agreed well with the experimental values obtained from [1], and
most quantities agreed with [2]. Since the validity of the ab initio + Eliashberg
theoretical framework was confirmed for these 3 materials, we could confidently
continue the study.
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F O R SRPT3 P , CAPT3 P A N D LAPT3 P

Until now, we have followed the standard Eliashberg theory formulation and
mastered the necessary numerical background so that we can carry out reliable
numerical solutions of the Eliashberg equations on the imaginary axis. We have
confirmed the accuracy of the method by carefully reproducing the results of
Subedi et al. while using as input their obtained DFT data for the electronphonon interaction.
As discussed, evidence of strong coupling effects across the posphide family
can already be obtained by looking at the gap over Tc and specific heat ratios. In
this Chapter, we make a decisive step forward by studying how the differential
conductance behaves for these materials within Eliashberg theory. It is known
that this quantity can deviate greatly from the one calculated within BCS for
frequencies higher than the gap-edge. Specifically, the stronger the coupling
is, the more structure dI/dV has as a function of frequency for ω > ∆. Such
characteristic "dip-hump" features are usually a definite signature that the
superconductor is in the strong coupling regime [12].
In order to proceed, we need to find the real and imaginary parts of the
Green’s functions first and then perform a low temperature calculation of dI/dV
which is similar to the BCS approach but essentially very different since we will
calculate the full real frequency dependence of ∆(ω ). In order to achieve this,
we use the numerical analytic continuation method of Marsiglio, Schossmann,
and Carbotte [A.4 Appendix] [24] which is formally exact comparing to Padé
schemes.
4.1

real frequency green’s functions

Three Green’s functions were calculated for SrPt3 P, CaPt3 P and LaPt3 P at T = 1
K, 1 K and 0.3 K, respectively, which are shown in Figures 11, 12 and 13. The
real part of Z (ω ) is the renormalization term of the electron mass due to its
interaction with the phonons, which converges to one, while the imaginary part
of Z (ω ) is the re-normalization of the electron mass caused by the absorption
of the phonon, which converges to 0 at high frequencies. This is to be expected
since at such high frequency the electron-phonon interaction stops from being
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the relevant energy scale and the system behaves as normal. We can see the
causality at play by the imaginary part of ∆(ω ) shifted to the right from the
real part. The real and imaginary parts are connected by the Kramers-Kronig
relations [25].
We also notice immediately that there are two major peaks in ∆(ω ) for all
three metals, and two peaks for Z (ω ) although the second peak is relatively
small. By comparing the peaks with the Eliashberg functions in Figure 7, the
peaks are seen at around the same frequencies for the real Green’s functions. For
example, there is a delta-function like peak just around 7 meV for the Eliashberg
function of SrPt3 P, and the peak of the real part of the Green’s function also
gives a peak just around 7 meV. Also, there is a second peak for the Eliashberg
function of SrPt3 P, which is more spread out, between about 34 meV and 39
meV which can be also seen in the real part of the Green’s function in Figure 11.
The peaks for the Z (ω )’s are also at around the frequency where the peaks are
for the Eliashberg functions. The same argument works for CaPt3 P and LaPt3 P,
but the peaks are more spread out than for SrPt3 P. These two peaks are located
at energies roughly in the range of Ω + ∆ g where Ω is the frequency where
each Eliashberg shows a peak and ∆ g the corresponding gap-edge. Moreover,
right after the peaks, ∆0 (ω ) becomes negative and ∆00 (ω ) becomes finite. This
trend is to be expected since the real part of ∆(ω ) is related to how strong
the electron-phonon interaction is while the imaginary part is a measure of
damping of the Cooper pairs [12].
Since the Eliashberg function is responsible for the electron-phonon interaction, it is intuitive to understand that the regions where the Eliashberg functions
are large will give the most contributions to the mass renormalization Z (ω ).
We can also see that the larger the coupling strength, the greater the Green’s
functions, which presents another signature of large λ.

4.1 real frequency green’s functions
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Figure 11: Real and imaginary parts of gap and mass corrections at T = 1 K (left: ∆(ω ),
right: Z (ω )) of real and imaginary parts versus real frequency for SrPt3 P.
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Figure 12: Real and imaginary parts of gap and mass corrections at T = 1 K (left: ∆(ω ),
right: Z (ω )) of real and imaginary parts versus real frequency for CaPt3 P.
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Figure 13: Real and imaginary parts of gap and mass and mass corrections at T = 0.3
K (left: ∆(ω ), right: Z (ω )) of real and imaginary parts versus real frequency
for LaPt3 P.

4.2

tunneling spectroscopy

Once the real frequency gap functions are found, we can find the superconducting density of states using the formula [11]

 

dI
|V |
dI
|ω |
/
∝ Re p
= Re p
(4.1)
2
2
2
dV S
dV N
V − ∆ (V )
ω − ∆2 ( ω )
where V is the voltage exerted on the superconducting metal from a normal
metal, as we covered in Chapter 2. Since this is proportional to the electronic tunneling spectroscopy, this is directly testable. The results for the three materials
are plotted on the next pages.
At the gap-edge, which is defined as
∆ ( ω0 ) = ω0 ,

(4.2)

the superconducting density of states diverge because
1
q

ω02 − ∆2 (ω0 )

→∞

(4.3)

4.2 tunneling spectroscopy

which can be seen in the figures, for example for SrPt3 P, ∆(ω0 ) ≈ ∆(0) ≈ 1.6
meV. At frequencies lower than ω0 the superconducting density of state is zero,
while at large frequencies, it converges to the one of the normal metal. The fact
that there is no quasiparticle tunneling for energies inside the superconducting
gap is a consequence of the nature of the superconducting state which gaps
in full the Fermi surface of our metals. For energies above the gap, our results
converge to 1 because we calculate here the superconducting density of states
normalized by the normal metal density of states.
For SrPt3 P, there is a clear hump in the spectrum between 6 meV and 8 meV,
where the delta-like peak is in its Eliashberg function, and a dip between 8 meV
and 9 meV followed by a second smaller hump between 9-10 meV. In contrast,
there are no noticeable humps for LaPt3 P unless zoomed in as shown on the
right-hand side of Figure 11. These features are another signature of the strong
coupling strength λ > 1, and that for weak coupling strengths λ < 1, the metals
approach the BCS limit. Coming back to the Sr compound, the first hump is a
direct reflection of the strong delta-like peak in the Eliashberg function. On the
other hand, the dip-hump feature at 8-10 meV is more related to the competition
between the real and the imaginary parts of ∆(ω ) and is due to the strong
coupling effects [12].
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Figure 14: Calculated DOS of the superfluids for SrPt3 P at T = 1.0 K. The right-hand
figure is a zoom of the left-hand figure. The DOS for SrPt3 P, which has a
large coupling strength has a noticeable hump and dip in the qusiparticle
DOS.
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Figure 15: Calculated DOS of the superfluids for CaPt3 P at T = 1.0 K. The right-hand
figure is a zoom of the left-hand figure.
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Figure 16: Calculated DOS of the superfluids for LaPt3 P at T = 0.3 K. The right figure
is a zoom of the left-hand figure. The DOS of LaPt3 P has a very small hump,
which indicates that it is close to a pure BCS superconductor.

4.3 summary

4.3

summary

First, the here-employed Eliashberg method was confirmed to be accurate by
comparing the calculated transition temperature and the experimental values
of transition temperature, and the calculated specific heat and the experimental
values of the specific heat. Second, the real frequency Green’s functions were
obtained by numerical analytic continuation, and from those Green’s functions
the superconducting density of states were obtained. The results indicated that
a large coupling strength gives non-BCS like characteristics, such as causing the
ratio ∆(0)/Tc to be larger than the BCS theory, and causing a dip-hump feature
for the superconducting density of states.

37

PA R T I I

39

M A G N E T I C F I E L D - E L I A S H B E R G T H E O RY A N D I N D U C E D
ODD FREQUENCY GAP

5.1

introduction

In general, when the frequency dependence of the superconducting gap function
is included via the Eliashberg formalism, one more degree of freedom is added
to the problem. This degree of freedom is the frequency dependence of the gap,
or how the anomalous propagator transforms under its frequency dependence.
The anomalous propagator is a measure of the pair amplitude of the two
electrons that form a Cooper pair in the superconductor. In order for the
Pauli exclusion principle to be satisfied, the two-particle amplitude has to be
antisymmetric under particle exchange. It is generally assumed that the pair
amplitude is symmetric, or even, with respect to the time-argument difference
of the two electrons. This assumption leads to the standard classification of
Cooper pair wavefunctions in terms of the remaining symmetry under orbital
(spatial) and spin rotation [26]. It was however pointed out by Berezinskii [14]
that the antisymmetry of the pair amplitude can be fulfilled equally well when
it is odd in time or frequency.
For example, a superconducting solution to the Eliashberg equations that is
spin triplet, orbitally symmetric (s-wave) and odd in frequency can in principle
exist. Exactly this unconventional superconducting phase was the one originally
proposed by Berezinskii. Such type of superconductivity cannot be captured
by BCS theory where the frequency dependence is absent. Given the orbital
(spatial) and spin degrees of freedom of a Cooper pair, we sketch below a table
with the four possible combinations allowed:
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Table 4: The four orbital (spatial) and spin degrees of freedom. The multiplication
of the elements in a row must keep negative to ensure the Pauli exclusion
principle. l stands for the angular momentum of the Cooper pair, for example
l = 0 is for the s-wave, and in this case, (−1)0 = 1 → +. S = 0(1) corresponds
to −(+).

superconducting gap

spin (S=0/1)

(−1)l

ω → −ω

∆s (ESS)

-

+

+

∆t (OST)
˜s
∆

+

-

+

-

-

-

˜t
∆

+

+

-

where in the above table, l = 0, 1, 2, . . . stands for the angular momentum of the
Cooper pair.
Recently, Kusunose and co-workers studied the stability of odd-frequency
spin triplet s-wave (OST) superconductivity within a toy model using an Einstein Eliashberg function. They found that in a bulk material, this state cannot
prevail over the even frequency spin singlet s-wave (ESS) counterpart unless a
very strongly coupled and retarded electron-phonon interaction is at play [13].
In terms of a real material, these conditions mean that the coupling must be
extremely strong λ >> 1 and the phonon frequency or frequencies involved in
the pairing must be as small as possible, i.e. extremely low lying phonons.
These stringent criteria seem difficult to be satisfied in a realistic system
and thus there is still no known material where a pure bulk OST phase has
been observed. However, as pointed out by Matsumoto et al., one may promote
the stabilization of this OST phase by breaking time reversal symmetry in a
usual ESS superconductor [4]. They showed that by placing an even frequency
s-wave spin singlet superconductor in an external magnetic field, thus breaking
time-reversal symmetry, an OST component can be induced and coexist with
the ESS one. Since odd-frequency superconductivity breaks time reversal symmetry explicitly, such a mechanism can be intuitatively expected to work. Very
recently, this mechanism has been employed to establish on the ab initio level
the emergence of two-band anisotropic odd-frequency superconductivity in the
archetypal superconductor MgB2 [18].
The phosphide family of superconductors offers a promising platform where
the strong coupling and retardation effects that are necessary for this unconven-

5.1 introduction

tional state can be explored computationally as we move across the different
family members.
In this Chapter, we study the Eliashberg equations, properly generalized in
the presence of a Zeeman magnetic field [4, 18] using again as input the ab initio
calculated electron-phonon properties by Subedi et al. By numerically solving
the system of four coupled Eliashberg equations, we obtain the magnetic field
- temperature phase diagrams for both the even frequency and the induced
odd frequency superconducting states and compare how these are affected as
λ and ωln vary from the BCS to the strong coupling, stronlgy retarded limit.
We also study a possible experimental signature of the induced odd frequency
superconductivity by calculating the magnetic penetration depth for all three
materials as a function of field and temperature.

43

44

magnetic field-eliashberg theory and induced odd frequency gap

5.2 gap equations for eliashberg theory with external magnetic
field
The gap equations within Eliashberg theory with applied external magnetic
field are derived in [A.2 Appendix]. These are composed of four self-consistent
equations [4, 18]:
Z (iωn ) = 1 +

πT
2ωn

∑ p(ω
±

Σh (iωn ) =

πT
2

+ (−φe (ωn0 ) ± iφo (ωn0 ))2

(5.2)

∓ωn0 Z (iωn0 ) + iH (ωn0 )
2
2
n0 Z (iωn0 ) ± iH ( ωn0 )) + (− φe ( ωn0 ) ± iφo ( ωn0 ))

(5.3)

φe (iωn0 ) ∓ iφo (ωn0 )
n0 Z (iωn0 ) ± iH ( ωn0 ))

2

+ (−φe (ωn0 ) ± iφo (ωn0 ))2

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

(5.4)

n

∑ p(ω
±

2

n

±

πT
2

n0 Z (iωn0 ) ± iH ( ωn0 ))

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

∑ p(ω
φo (iωn ) =

ωn0 Z (iωn0 ) ± iH (ωn0 )

n

±

πT
2

(5.1)

n

∑0 λ(ωn − ωn0 )×

∑ p(ω
φe (iωn ) =

∑0 λ(ωn − ωn0 )×

±iφe (iωn0 ) + φo (ωn0 )
2
2
n0 Z (iωn0 ) ± iH ( ωn0 )) + (− φe ( ωn0 ) ± iφo ( ωn0 ))

where h is the external magnetic field, Σh is the self-energy correction due to
the external magnetic field and H = h + Σh . In addition, φe and φo are the even
and odd frequency superconducting components, respectively.
5.3 phase diagrams for temperatures and external magnetic fields
The solutions for equations (5.1)-(5.4) were obtained with the inputs of the
Eliashberg functions from figure 7.

5.3 phase diagrams for temperatures and external magnetic fields
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Figure 17: Calculated (a) even gap ∆e and (b) odd gap ∆o for SrPt3 P with T = 1 K and
magnetic field B = 10 T. We can clearly observe that ∆e is even whereas ∆o
is odd in the frequency.

Figure 17 shows the calculated gaps ∆e (iωn ) = φe (iωn )/Z (iωn ) and ∆o (iωn ) =
φo (iωn )/Z (iωn ), respectively of SrPt3 P at temperature T=1 K and external magnetic field B = 10 T. We can observe the evenness and oddness of these gapfunctions. The odd gap is a couple orders of magnitude smaller, and when there
is no external magnetic field, the odd gap vanishes. Since the gap-functions
now depend on three variables ω, T and B, that is, to plot, we must reduce
one of the variable to visualize the results, and therefore plot color-scale phase
diagrams. Since the gap in real frequency around ω = 0 can be approximated
in Matsubara frequencies by taking the lowest Matsubara frequency, there are
two conventions to do so in even gaps: (1) by taking directly the positive lowest
frequency or (2) by taking the frequency that gives the maximum gap, because
this happens to be at the lowest Matsubara frequency. For even gaps, it does
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not matter which convention to use, but for the odd gaps, this is not the case.
Because of the nature of odd-frequencies, the gap at ω = 0 will vanish, that
is ∆o (0) = 0. For Matsubara frequencies, this actually isn’t the case because
the electrons are fermions, and the Matsubara frequencies iωn never are zero.
Nevertheless, we can take the two different conventions to see the phase diagram
of the odd gaps. In the next three pages, the phase diagrams of SrPt3 P, CaPt3 P
and LaPt3 P with the odd and even gaps are shown. For the odd gaps, the phase
diagrams of both conventions are shown, while for even gaps, both conventions
gave the same phase diagrams.

(a)

(b)

(c)

Figure 18: (a) Calculated gap function that is even in frequency for SrPt3 P. The x-axis
is the temperature in Kelvin and y-axis is the external magnetic field in
Tesla. The color gives the magnitude of ∆. (b) Calculated gap function
that is odd in frequency: taking the maximum values for each Matsubara
frequency. (c) Calculated gap function that is odd in frequency: taking the
first positive Matsubara frequencies. It is interesting to see that (b) and (c)
change differently under temperature and magnetic field.

5.3 phase diagrams for temperatures and external magnetic fields

Figure 18 shows the phase diagrams of SrPt3 P. The dark blue area is where the
gaps vanish, and hence become normal metals. By observing where the gap
vanishes of ∆e in (a), we see where the phase transition occurs. For example, at
T = 1 K, the phase transition occurs at 28 T. Another example is at T = 8 K, the
phase transition occurs at around 12 T. As expected, with a strong magnetic
field, the metal becomes non-superconducting.
For the odd gap-functions of SrPt3 P, two of the different conventions give
different results, but with the same gap-boundaries for the phase transition.
By taking the maximum gaps for each frequency, the gap is the biggest at low
temperatures, while at the lowest positive frequencies ω1 ’s, the gaps tend to be
larger at higher temperatures. This indicates that the odd gaps evolve differently
with each frequency; the physical implication of this is unknown. As inferred
from Figure 18, we can see by comparing the color-bar that the maximum odd
gaps are an order of magnitude larger than the smallest positive frequencies.

(a)

(b)

(c)

Figure 19: (a) Calculated gap function that is even in frequency for CaPt3 P. The x-axis
is the temperature in Kelvin and y-axis is the external magnetic field in Tesla.
(b) Calculated gap function that is odd in frequency: taking the maximum
values for each Matsubara frequency. (c) Calculated gap function that is odd
in frequency: taking the first positive Matsubara frequencies. It is interesting
to see that (b) and (c) change differently under temperature and magnetic
field.
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Figure 19 shows the phase diagrams of CaPt3 P. The characteristics of the gaps
are similar to those of SrPt3 P, but with different phase transition temperatures
and external magnetic fields. At low temperatures, the phase transition occurs
at 17 T.
The odd gaps of CaPt3 P are much smaller than the odd gaps of SrPt3 P which
is a signature of the different coupling strengths.

(a)

(b)

(c)

Figure 20: (a) Calculated gap function that is even in frequency for LaPt3 P. The x-axis
is the temperature in Kelvin and y-axis is the external magnetic field in Tesla.
(b) Calculated gap function that is odd in frequency: taking the maximum
values for each Matsubara frequency. (c) Calculated gap function that is odd
in frequency: taking the first positive Matsubara frequencies. It is interesting
to see that (b) and (c) change differently under temperature and magnetic
field.

5.4 penetration depth

Figure 20 shows the phase diagrams for LaPt3 P. The characteristics of the gaps
are also the same as with SrPt3 P and CaPt3 P, but with different phase transition
temperatures and external magnetic field dependence. At low temperatures,
the phase transition occurs at 3.8 T.
The odd gaps of LaPt3 P are two orders of magnitude smaller than the odd
gaps of SrPt3 P which is a clear signature of the different coupling strengths, the
λ of SrPt3 P being much larger than the λ of LaPt3 P.
5.4

penetration depth

As described in Chapter 2 and in [A.3 Appendix], the London penetration
depth has the relation with the superfluid density Q( T ) as
λs ( T ) = p

1

(5.5)

Q( T )

where, by assuming isotropy [A.3 Appendix], we obtain
Q xx = q2 πTN0 v2F ∑ ∑
n

±

(φe (ωn ) ± iφo (ωn ))2
.
(−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 )2/3
(5.6)

where q is the charge, N0 is the DOS at Fermi level and v F is the Fermi velocity.
Our calculated results for the penetration depths are shown in Figures 21-23 for
SrPt3 P, CaPt3 P and LaPt3 P, for gaps both even and odd in frequencies, and only
even gaps in frequencies. Different temperatures were also compared. As shown
in Figure 21 and Figure 22, the presence of odd frequencies cause the penetration
depth to become larger, which means that the spin triplet state tries to cause
"gateways" into the superconducting materials, and leads to a paramagnetic
behavior in contrast to the even gap which is purely diamagnetic. We can also
see the effect of the coupling strength: the larger is the coupling strength, the
greater role the oddness plays. In fact, for LaPt3 P, the odd frequency plays little
to no role. This is because LaPt3 P is close to a BCS material and it is therefore
more difficult to induce an odd-frequency component as we saw in the previous
Chapter.
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Figure 21: Calculated penetration depth versus field, shown as normalized
1/(penetration depth)2 [A.3 Appendix] for SrPt3 P. The cases for pure even
frequency, and even + odd frequencies were plotted for two temperatures.
We can see clearly that the superfluid density decreases turning on the role
that the oddness plays, by comparing the lines with the pure even cases,
and the odd + even cases for each temperature. This means that the odd
frequency component is causing the penetration depth to increase.

Figure 22: Calculated penetration depth versus field, shown as normalized
1/(penetration depth)2 [A.3 Appendix] for CaPt3 P.

5.4 penetration depth

Figure 23: Calculated penetration depth versus field, shown as normalized
1/(penetration depth)2 [A.3 Appendix] for LaPt3 P. It shows that the larger
the external magnetic field, the larger is the odd frequencies’ component
contribution. In fact, the contribution of the odd-frequency component, at
T=1.0 K of LaPt3 P, is not noticeable.

In Figure 24, we compare our calculated superfluid density of SrPt3 P to
measured values by Khasanov et al. [5]. The measured superfluid densities
have negative slopes at low external magnetic fields, while the calculated
superfluid densities at low external magnetic fields have zero slopes. Here, we
have considered the system to be only one gap and one band, and this supports
the discussion of [5] that SrPt3 P has in fact a two band one gap structure. That
is, the two gaps are equal
∆1 = ∆2 ,

(5.7)

while the bands are not equal, which means that there is a different averaged
Fermi velocity for each band

< v F1 >6=< v F2 > .

(5.8)

It will be interesting to see further studies by solving the gap-equations with
multi-bands and multi-gaps incorporated, to possibly confirm that the two-band
structure would give a negative slope at low magnetic field.
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(b)
(a)

Figure 24: Left: Calculated normalized 1/(penetration depth)2 for SrPt3 P. Right: measured normalized 1/(penetration depth)2 from [5]. The experimental data
show a negative slope while the calculated results are nearly constant in low
magnetic field. This supports the discussion of [5] that SrPt3 P is likely to be
a one gap, two-band superconductor.

Next, we compare the calculated superfluid density of SrPt3 P with and
without external magnetic fields as a function of T with the measured results
by Khasanov et al. [5]. For the measured external magnetic field, the superfluid
densities are similar for four different fields, with little noticeable differences.
This is due to the fact that in the measurements the external magnetic fields
are relatively low, and it should correspond with the calculated value at low
magnetic field. Here, it was compared with B = 0 T and B = 10 T. In this case,
the measured results should coincide well with the case B = 0 T, and it does
indeed agree well with the measured values. This also supports the discussion
that SrPt3 P is a one gap system, because of this agreement.

5.5 specific heat

Figure 25: Normalized superfluid density ∝ 1/λ2s of SrPt3 P. Lines are the calculated
values at two different external magnetic fields and the dots are the measured values taken from [5]. The x-axis is the temperature normalized to Tc
so that the phase transition occurs at 1, and the y-axis is normalized so that
the superfluid density is one between 1.7 K and 3.5 K. The measured values
and the calculated values agree well, which supports the discussion by [5]
that SrPt3 P could be a one gap system.

5.5

specific heat

Finally, we show the calculated results for the specific heat over temperature
difference between superconducting phase and normal phase, with varying
temperature and external magnetic fields. Due to numerical noise, only the
values above zero are presented. We can find the specific heat discontinuity
with different external magnetic fields by finding the maximum value for each
external magnetic fields. For example, for SrPt3 P at 15 T, the maximum value
is around ∆C/T = 23, and the specific heat jumps go down to zero at 8 K.
To find the specific heat, fit polynomials of 12 orders were used for the free

53

54

magnetic field-eliashberg theory and induced odd frequency gap

energy, but this fit was based on zero external magnetic fields, and so at large
external magnetic fields, the values should not be very accurate. To increase the
confidence for large magnetic fields, the numerical algorithm to find the free
energy derivatives could be checked more rigorously and possibly be revised
in the future.

Figure 26: Calculated jump in ∆C/T of SrPt3 P given by the color scale. The values are
in mJ/mol K2 as in Figure 7. Due to numerical difficulties, only the positive
differences were plotted. The accuracy is questionable at large external
magnetic fields and the computational algorithms will be revised in the
future.

5.5 specific heat

Figure 27: Calculated jump in ∆C/T of CaPt3 P (top) and LaPt3 P (bottom) given by the
color scale. The values are in mJ/mol K2 as in Figure 7. Due to numerical
difficulties, only the positive differences were plotted. The accuracy is questionable at large external magnetic fields and the computational algorithms
will be revised in the future.

55

56

magnetic field-eliashberg theory and induced odd frequency gap

5.6

summary

The external magnetic field was included in the set of Eliashberg equations,
which induced odd-frequency gaps. The odd-frequency contribution could
be clearly seen in the penetration depth, which acted as a paramagnet in
contrast to the diamagnetic behavior known for even frequency spin singlet
superconductivity. The penetration depth also supported the discussion by [5]
that SrPt3 P could be a one gap two band system, since our calculated superfluid
density versus external magnetic field, didn’t give a negative slope, yet it
2
didn’t require more than one gap in order for λ−
s ( T ) to agree well with the
experiments. The penetration depth was also computed with respect to external
magnetic field and temperature, although at high magnetic field, the numerical
error might be large due to the numerical method used. This error can be fixed
in the future. For the specific heat, we observe that at every external magnetic
field value, the jump at Tc disperses as the field increases.

6

CONCLUSIONS

First, we closely and rigorously followed the study done by Subedi et al. on the
superconducting ternary APt3 P(A=Sr, Ca, La) compounds to verify our ab initio
Eliashberg-theory calculations by finding the phase transition temperatures and
specific heat differences between the normal phases and superconducting phase.
Second, we computed the real frequency dependent Green’s functions and the
superconducting density of states and found a clear signature that a large
coupling strength leads to a dip-hump structure in the superconducting DOS
of SrPt3 P. Finally, we induced an odd frequency gap which may occur in strong
coupling systems [13], by applying an external magnetic field and computed
the penetration depths. By comparing the odd frequency contribution to the
penetration depth, we saw that the strong coupling strengths are necessary
for an odd frequency to be induced, at least by external magnetic fields and
found that the induced odd-frequency superconductivity has a paramagnetic
contribution. Additionally, the specific heat with varying temperatures and
magnetic fields were also calculated and presented.
We conclude that: (1) For strong coupling systems, the BCS theory is not
sufficient, and hence a more accurate self-consistent Eliashberg theory is necessary to study these superconducting materials. (2) The signature of a strong
coupling strength in SrPt3 P, which gives a hump proportional to the peak in
the Eliashberg function followed by dip-hump feature, can be measured by
tunneling spectroscopy rather directly. (3) Odd frequency superconductivity can
be induced by external magnetic fields if the coupling strength is sufficiently
large. (4) Our results support the discussion by Khasanov et al. [5] that the
SrPt3 P compound has a one gap two band structure and that it appears as the
strong coupled extreme of this new family of superconductors.
Further studies on these compounds can be done by increasing the number
of bands, including momentum exchange in the Eliashberg functions, incorporating impurities into the calculations and comparing the Green’s functions
with and without the odd frequency contribution.
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APPENDIX

a.1

nambu formalism in the bcs theory

We can simplify expressions by using the Nambu formalism, by introducing
spinors [19, Page 335]


ck↑ ( τ )




 and ψ† (τ ) = c† (τ ) c
ψk (τ ) = 
(A.1)
k
−k↓ ( τ ) .


k↑
c†−k↓ (τ )

where τ = −it with t being time, by restricting ∆ to be real, and using the
commutation relations of ck = ck (0) and c†k = c†k (0) with ψk = ψk (0), the BCS
mean-field Hamiltonian can be simplified as
mf
Hbcs
= ∑ ξ k ψk† σ3 ψk + ∑ ξ k − ∑ ∆k ψk† σ1 ψk
k

k

(A.2)

k

where the σ’s are the Pauli matrices
!
!
0
1
0
−i
σ1 =
, σ2 =
,
1
0
i
0

σ3 =

1

0

0

−1

!
.

(A.3)

We can even simplify it further by adding the matrices together Ê = ξ k σ3 − ∆k σ1 :
mf
Hbcs
= ∑ ξ k ψk† Êψk + ∑ ξ k .
k

(A.4)

k

We can then further diagonalize Ê by applying a so-called Bogoliubov transformation [19, Chap 18] to get further physical insight. Instead, here we will
follow a different route to obtain the system’s Green’s function.
The Green’s functions can also be simplified into a two by two matrix

G(k, τ ) = −h Tτ ψk (τ )ψk† (0)i =

G↑↑ (k, τ )

∗ ( k, τ )
F↓↑

∗ (− k, τ )
F↓↑ (k, τ ) G↓↓

!
.

(A.5)
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To explicitly find the expression of the Green’s functions from the Hamiltonian,
one can use equation of motion (EoM) theory [19, Chap 9]. We can now derive the Green’s functions explicitly from the BCS mean-field Hamiltonian in
Matsubara frequency space using EoM theory
!
1
iωk + ξ k
−∆k
G(k, iωk ) =
,
(A.6)
(iωk )2 − Ek2
−∆k
iωk − ξ k
or in Pauli-matrix terms

G(k, iωk ) =

iωk σ0 + ξ k σ3 − ∆k σ1
iωk σ0 + Êk
=
2
2
(iωk ) − Ek
(iωk )2 − Ek2

(A.7)

where Ek2 = ξ k2 + ∆2k .
a.2

eliashberg theory with external magnetic field

With all the interactions in equation (2.26), we add another interaction along the
z-axis [18] where h is the Zeeman magnetic field constant, σ3 is a Pauli matrix
acting in spin and ρ3 is a Pauli matrix acting in the particle-hole space. In order
to include the possibility of triplet superconductivity, we have doubled our
spinor, therefore the Hamiltonian of equation (2.26) is rewritten as
†
H = ∑ ξ k ψk† ρ0 σ3 ψk + ∑ Ωqλ bqλ
bqλ

+

(A.8)

qλ

k

∑0

gkk0 λ φk−k0 λ ψk† 0 ρ0 σ3 ψk

kk λ

+

1
2k

∑




Vk3 k4 ,k1 k2 ψk† 3 ρ0 σ3 ψk1
ψk† 3 ρ0 σ3 ψk2

1 k2 k3 k4

+ h ∑ ψk† ρ0 σ3 ψk
k

where the direct product is abbreviated. The external field is included in the
free propagator

G0 (k, iωn ) = (iωn ρ0 σ0 − ξ k ρ0 σ3 − hρ3 σ3 )−1 .

(A.9)

Since we only added an external field, the electron self-energy from the diagrams can be written in the same way as equation (2.33)
Σ(k, iωn ) =

T
N0

∑0 ρ0 σ3 G(k0 , iων )ρ0 σ3 [λ(k0 − k, iωn − iων ) − µ∗ ]
kν

(A.10)

A.2 eliashberg theory with external magnetic field

where µ∗ is the effective Coulomb potential, and λ is the coupling strength
defined in Chapter 3. In Nambu form, as equation (2.34), the self-energy can be
formally expressed as [4]
Σ(k, iωn ) =iωn [1 − Z (k, iωn )]ρ0 σ0 + χ(k, iωn )ρ0 σ3

(A.11)

+ Σh (k, iωn )ρ3 σ3 + φe (k, iωn )ρ2 σ2 + iφo (k, iωn )ρ1 σ1
where φe is purely real and even under frequency, iφo is purely imaginary and
odd under frequency, and Σh is the external magnetic field self-energy that
renormalizes the magnetic field.
From the definition of the electron self-energy

G −1 (k, iωn ) = G0−1 (k, iωn ) − Σ(k, iωn )

(A.12)

the inverse Green’s function is

G −1 (k, iωn ) =iωn Z (k, iωn )ρ0 σ0 − (ξ k + χ(k, iωn ))ρ0 σ3

(A.13)

− (h + Σh (k, iωn ))ρ3 σ3 − φe (k, iωn )ρ2 σ2 − iφo (k, iωn )ρ1 σ1 .
By simplifying the terms as
A ≡ iωn Z (k, iωn )

(A.14)

B ≡ −(ξ k + χ(k, iωn ))

(A.15)

C ≡ −(h + Σh (k, iωn ))

(A.16)

D ≡ −φe (k, iωn )

(A.17)

E ≡ −iφo (k, iωn ),

(A.18)

we can write this 4 × 4 matrix explicitly

A+B+C
0
0


0
A+B−C
E+D
G −1 = 

0
E+D
A−B−C

E−D

0

and we can take the 4 × 4 matrix inverse

A− B+C
0
0
 Θa
 0
− A+ B+C
D+E

Θb
Θb
G=
D+E
− A− B+C
 0
Θb
Θb

D−E
0
0
Θa

D−E
Θa



0




,



A+ B+C
Θa



0



,



0

(A.19)

A−B+C

0

0

E−D

(A.20)
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with
Θ a ≡ ( A + C )2 − ( D − E )2 − B2

(A.21)

Θb ≡ −( A − C ) + ( D + E) + B .
2

2

2

(A.22)

Finally, by inserting this Green’s function into equation (A.10) with


A− B+C
E− D
0
0
Θa
 Θa

 0

− A+ B+C
−D−E
0


Θb
Θb
(ρ0 σ3 )G(ρ0 σ3 ) = 
,
− A− B+C
−D−E
 0
0 
Θb
Θb


E− D
A+ B+C
0
0
Θa
Θa

(A.23)

one can now compare equation (A.11) with equation (A.10). For example, the
diagonal terms are
iωn [1 − Z (k, iωn )] + χ(k, iωn ) + Σh (k, iωn )
T
A−B+C
=
[ λ ( k − k 0 , ωn − ωn0 ) − µ ∗ ]
∑
N0 k0 n0
Θa

(A.24)

iωn [1 − Z (k, iωn )] + χ(k, iωn ) − Σh (k, iωn )
−A + B + C
T
[ λ ( k − k 0 , ωn − ωn0 ) − µ ∗ ]
=
∑
N0 k0 n0
Θb

(A.25)

iωn [1 − Z (k, iωn )] − χ(k, iωn ) − Σh (k, iωn )
−A − B + C
T
[ λ ( k − k 0 , ωn − ωn0 ) − µ ∗ ]
=
N0 k∑
Θb
0 n0

(A.26)

iωn [1 − Z (k, iωn )] − χ(k, iωn ) + Σh (k, iωn )
A+B+C
T
[ λ ( k − k 0 , ωn − ωn0 ) − µ ∗ ]
.
=
∑
N0 k0 n0
Θa

(A.27)

By summing and subtracting these four equations so that χ and σh cancel, the
equation for the first term is obtained
iωn [1 − Z (k, iωn )]

=

T
2N0

[ λ ( k − k 0 , ωn − ωn0 ) − µ ∗ ]
∑
0 0

kn

(A.28)


2A + 2C 2A − 2C
+
Θa
Θb



(A.29)

A.3 derivation of the magnetic penetration depth in eliashberg theory

and we finally obtain the Dyson equation for the Z term
Z (k, iωn ) = 1 +

T
2ωn N0

∑
±

[λ(k − k0 , ωn − ωn0 ) − µ∗ ]×
∑
0 0

(A.30)

kn

ωn0 Z (k0 , iωn0 ) ± iH (k0 , ωn0 )
Θ∓

where Θ+ = Θb , Θ− = −Θ a , and H = h + Σh .
We can obtain χ, φe , φo and σh in the same way, and by taking the average
over momentum, as in Chapter 3, we finally obtain the four equations
Z (iωn ) = 1 +

πT
2ωn

∑ p(ω
±

Σh (iωn ) =

πT
2

∓ωn0 Z (iωn0 ) + iH (ωn0 )
2
2
n0 Z (iωn0 ) ± iH ( ωn0 )) + (− φe ( ωn0 ) ± iφo ( ωn0 ))
(A.33)

φe (iωn0 ) ∓ iφo (ωn0 )
n0

Z (iωn0 ) ± iH (ωn0 ))2 + (−φe (ωn0 ) ± iφo (ωn0 ))2

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

(A.34)

n

∑ p(ω
±

(A.32)

n

±

πT
2

Z (iωn0 ) ± iH (ωn0 ))2 + (−φe (ωn0 ) ± iφo (ωn0 ))2

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

∑ p(ω
φo (iωn ) =

ωn0 Z (iωn0 ) ± iH (ωn0 )
n0

n

±

πT
2

(A.31)

n

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

∑ p(ω
φe (iωn ) =

∑0 [λ(ωn − ωn0 ) − µ∗ ]×

±iφe (iωn0 ) + φo (ωn0 )
n0

Z (iωn0 ) ± iH (ωn0 ))2 + (−φe (ωn0 ) ± iφo (ωn0 ))2

a.3 derivation of the magnetic penetration depth in eliashberg
theory
As in Chapter 2, the penetration depth and the response kernel have the relation
λ( T )
=
λ (0)



Q( T )
Q (0)

−1/2
(A.35)

where the response kernel can be found from the free energy that contains the
effect of the magnetic field coupling to the electron orbital motion:
β

Qα = −

δ2 F
.
δAα δA β

(A.36)
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We can incorporate the effect of the vector potential using the Peierls substitution
k → k − qA . Since the vector potential couples to the orbital motion of the
electrons, ξ k is the only term affected, and thus the Peierls substitution is done
only in ξ k as
ξ k → ξ k−qA .

(A.37)

The derivative of the inverse Green’s function consequently leads to
δξ k−qAρ0 σ3
δG(k − qA)
=
.
δAα
δAα

(A.38)

From the free energy relevant to the vector potential
Fs = −

T
2

∑ Tr

h

i
ln{−G −1 (k − qA, ωn )} ,

(A.39)

k,n

β

we can find the expression for Qα
β

δ2 Fs
δAα δA β A=0
 2

δ ln{−G −1 (k − qAρ0 σ3 , ωn )}
T
Tr
2∑
δAα δA β
k,n
A =0
"
#
δ G −1
δ( δAα )G
T
Tr
∑
2 k,n
δA β
A =0
 2 −1

δ G
δ G −1 δ G
T
)
Tr ( α
)G + (
2∑
δA δA β
δAα δA β A=0
k,n
 2 −1

T
δ G
δ G −1 δ G −1 2
)(
Tr ( α
)G + (
)G
2∑
δA δA β
δAα
δA β
k,n
A =0
h
i
2
q T
β
β
2
Tr
(∇
∇
ξ
)G
ρ
σ
+
(∇
ξ
)(∇
ξ
)G
.
α
α k
0 3
k
k
2 ∑
k,n

Qα = −

=
=
=
=
=

(A.40)
(A.41)
(A.42)
(A.43)
(A.44)
(A.45)

Finally, by assuming that the system is isotropic (α = β = x) and averaging
over momentum with ∇ x ξ = v x , the first term vanishes and we find
Q xx

q2 T
≈
2

∑
n

N0 v2F

Z ∞
−∞



dξ Tr G 2 (ωn , ξ )

(A.46)

where v F is the Fermi velocity. By using the Green’s function obtained in [A.1
Appendix], and taking the trace, we get

A.4 self consistent analytic continuation of eliashberg green’s functions

h i
Tr G 2 =

2( H (ωn ) ± iωn Z (ωn ))
2 + ( φ ( ω ) ± iφ ( ω ))2 + ( ξ + χ ( ω ))2 )2
(−(
H
(
ω
)
±
iω
Z
(
ω
))
n
n
n
e
n
o
n
n
k
±
!
−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 + (ξ k + χ(ωn ))2
+
(−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 + (ξ k + χ(ωn ))2 )2

∑

(A.47)

=∑
±

2( H (ωn ) ± iωn Z (ωn ))
(−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 + (ξ k + χ(ωn ))2 )2
!
1
.
+
−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 + (ξ k + χ(ωn ))2
(A.48)

By inserting
this into equation (A.46), and integrating it over energy using the
R
integral dx a+(1x+b) = √πa for the second term, and similar integration for the
first term, we obtain
Q xx = q2 πTN0 v2F ∑ ∑
n ±

H (ωn ) ± iωn Z (ωn )
(−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 )2/3
!
1
+
.
−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))1/2

(A.49)

Finally, by rearranging so that the denominators become the same, we obtain
Q xx = q2 πTN0 v2F ∑ ∑
n ±

(φe (ωn ) ± iφo (ωn ))2
.
(−( H (ωn ) ± iωn Z (ωn ))2 + (φe (ωn ) ± iφo (ωn ))2 )2/3

(A.50)

This is the expression that we have used to compute the penetration depth.
a.4 self consistent analytic continuation of eliashberg green’s
functions
Green’s functions can be computed easier with Matsubara frequencies, which
are imaginary frequencies, but to get certain physical values that depend on real
frequencies, Matsubara Green’s functions are not sufficient. For example, we
cannot directly find the superconducting density of state from the Matsubara
frequencies. We need to analytically continue the imaginary Matsubara frequencies onto the real axis, and this is often a very cumbersome task. Fortunately,
there is an iterative method of analytically continuing the imaginary Matsubara
frequencies onto the real frequencies [3, 24].
Before using the method, the analytic continuation is started from the Padé’s
method [11, 24] which is quick to execute, but very crude, for example, one
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can compare the Padé method and our results in [27]. Hence, after the crude
result was obtained from the Padé’s method, the more accurate iterative method
found in [3] was used to improve the analytic continuation from Matsubara
(imaginary) frequencies to real frequency Green’s functions [3]
∞

ω̃ (ω ) =ω + iπT

+ iπT

∑

ω̃ (iωm )

m =0
Z ∞

−∞

[ω̃ 2 (iω

dz

∑

m =0

+ iπT

2 (iω

m )]

m

−∞

dz

[λ(ω − iωm ) − λ(ω + iωm ))]

− z) − φ2 (ω − z)]1/2

φ(iωm )

[ω̃ 2 (iω

Z ∞

1/2

ω̃ (ω − z)

[ω̃ 2 (ω

∞

φ(ω ) =iπT

m) − φ

m) − φ

2 (iω

m )]

1/2

m

α2 F (z)[ N (z) + f (z − ω )]

[λ(ω − iωm ) − λ(ω + iωm )) − 2µ∗ ]

φ(ω − z)

[ω̃ 2 (ω

− z) + φ2 (ω − z)]1/2

(A.51)

(A.52)

α2 F (z)[ N (z) + f (z − ω )]

where ω̃ is the renormalized frequency, f F (ω ) is the Fermi distribution, NB (ω )
is the Bose distribution, and α2 F (ω ) is the Eliashberg function.
a.5

comments on the numerical computations

The Eliashberg function was obtained by taking about 200 ω points for each
Eliashberg function. Once the Eliashberg functions were obtained in an array
(vector) form as csv format, they were fed into the Matlab/Octave code written
to self-consistently solve equations (2.56)-(2.57) without external magnetic field
and equations (5.1)-(5.4) with external magnetic field, respectively, to get the
gap functions and self-energies. We also used the integration expression found
in [11] and [2] to compute λ and ωln . To perform the Green’s functions in real
frequency and subsequently the superconducting density of states, the cut-off
of 100 × ωln was needed which caused the numerical computation to be very
heavy, while in other cases only 10 × ωln was necessary.
To find the analytic continuation, the code written by Johannson and Lauren
[24] was used, where the method was based on [3].
To find the specific heat equation (2.62), using the raw numerical data gave
such a big noise that, the free energy had to be smoothed out by using the 12th
order polynomial fit [2]. Adding too many polynomials gave a numerical error
at the jump that resembled the Gibbs phenomena that are seen in Fourier series
of discontinuous functions. Because this 12th order polynomial fit was based
on the system without magnetic field, the specific heat with the magnetic field
might be improved further in the future.
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