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ABSTRACT

Context. The presence of abundance inhomogeneities in the atmospheres of chemically peculiar Ap stars presents us with an outstand-
ing opportunity to investigate three-dimensional abundance distributions of chemical elements with Doppler imaging techniques, and
confront these observations with the theory of atomic diffusion in the presence of a magnetic field.
Aims. In this paper we present the first three-dimensional abundance distribution of Fe and Ca in the atmosphere of the cool, magnetic,
chemically peculiar star HD 24712.
Methods. We used a modified version of the magnetic Doppler imaging code invers10 to derive the abundance distribution of Fe and
Ca in three directions in a self-consistent way without any simplifying assumptions about the magnetic field structure of HD 24712.
The analysis was performed on the basis of phase-resolved observations obtained with the HARPSpol instrument at the 3.6 m ESO
telescope.
Results. The resulting three-dimensional abundance distributions of Fe and Ca successfully reproduce the observed line profiles of
all spectral lines used in the inversion. We reveal a strong correlation between the horizontal and vertical abundance distribution of Fe
derived from two and three-dimensional magnetic Doppler imaging, higher effective local abundance corresponds to the stratification
profiles in which the transition region is shifted higher in the atmosphere. However, we could not confirm the presence of a similar
correlation for Ca.
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1. Introduction

The abundance inhomogeneities present in the atmospheres of
chemically peculiar stars have received attention by a consider-
able number of theoretical and observational investigations. It is
believed that the physical process behind these abundance inho-
mogeneities is atomic diffusion (Michaud 1970). In these stars,
the gravitational attraction felt by an atom is counteracted by the
combined gas and radiation pressure in a hydrostatically stable
stellar atmosphere. An imbalance of these two forces can deplete
a chemical element, when it sinks below the atmosphere, or en-
hance it, when it accumulates in the line forming region of the
atmosphere. However, the motions in the atmosphere resulting
from atomic diffusion have velocities on the order of 1 cm s−1,
and can be easily overwhelmed by any global atmospheric mo-
tion such as meridional circulation or mass loss. Chemically pe-
culiar Ap stars harbor strong magnetic fields which stabilize their
atmospheres against any instabilities. Most of these stars are also
known to be slow rotators with projected rotational velocities
! 90 km s−1. The resulting quiescence of their atmospheres fa-
cilitates operation of atomic diffusion processes and explains the
observed chemical anomalies. Furthermore, an inhomogeneous
horizontal abundance distribution of chemical elements in the
atmospheres of Ap stars is believed to be caused by the pres-

⋆ Based on observations collected at the European Southern Obser-
vatory, Chile (ESO programs 084.D-0338, 085.D-0296, 086.D-0240).

ence of magnetic fields. Theoretical models of atomic diffusion
in strong magnetic fields, (Alecian & Stift 2010; Alecian 2015)
suggest the presence of narrow overabundance belts of most met-
als around the magnetic equator in the case of a purely dipole
field. If the field is not dipolar, the spots of chemical overabun-
dance would appear where the field lines are horizontal with re-
spect to the local surface.

The observational methods used to study the surface chem-
ical abundance inhomogeneities and vertical stratification have
advanced considerably in the last decade. The magnetic Doppler
imaging (MDI) inversion technique (Kochukhov & Piskunov
2002; Piskunov & Kochukhov 2002) has been extensively ap-
plied to study the geometry of magnetic fields and chemical
spots of Ap stars (e.g., Kochukhov et al. 2004a,b; Kochukhov
& Wade 2010; Silvester et al. 2014a,b, 2015). This technique
disentangles the magnetic field from the surface abundance dis-
tribution of the chemical elements, by analyzing the rotational
modulation of the observed intensity and polarization spectra.
Of particular value are MDI studies of Ap stars performed from
observations in all four Stokes (IQUV) parameters. If such ob-
servational data are available, it is possible to derive highly accu-
rate maps of the magnetic field without any a priori assumptions
about its global structure, in contract to the MDI studies based
only on intensity and circular polarization (Stokes I and V) ob-
servations which require multipolar regularization or some other
external constraints to converge on a stable solution. At the same
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time, Doppler imaging reconstructions of surface maps have so
far ignored the presence of vertical abundance inhomogeneities.

On the other hand, the vertical abundance distribution of
chemical elements is usually investigated by fitting the relative
strengths or profiles of spectral lines that are sensitive to chem-
ical stratification. Current techniques involve finding the param-
eters of a step-like function (e.g., Ryabchikova et al. 2005),
as suggested by Babel (1992), or solving a regularized vertical
stratification problem which recovers the vertical abundance dis-
tribution of a chemical element without making any assumptions
about the shape of the vertical distribution (Kochukhov et al.
2006). At the same time, the previous studies of vertical chemi-
cal stratification assumed a uniform horizontal element distribu-
tion and typically employ a highly simplified model of the stellar
magnetic field geometry.

Despite the success of MDI and vertical stratification stud-
ies, no method exists that can recover the full three-dimensional
abundance distribution of chemical elements in the atmospheres
of Ap stars, meaning that the vertical and horizontal abundance
inhomogeneities are not studied self-consistently. For this rea-
son, we decided to incorporate vertical stratification of chemical
elements into our current implementation of magnetic Doppler
imaging. This enables us to study chemical inhomogeneities in
three spatial directions, providing comprehensive and definitive
observational constraints for the theoretical models of atomic
diffusion and its interplay with global magnetic fields in the at-
mospheres of Ap stars.

We have chosen the cool roAp star HD 24712 as the target
for this study. HD 24712 is one of the best studied chemically
peculiar stars. It shows horizontal abundance inhomogeneities,
chemical stratification and oblique rotator variations (Shulyak
et al. 2009; Lüftinger et al. 2010), and is one of the prototypical
rapidly oscillating Ap stars (Kurtz 1982).

This paper is the third in a series devoted to 3D-MDI anal-
ysis. A comprehensive presentation and characterization of the
full Stokes vector spectropolarimetric observations of HD 24712
was presented by Rusomarov et al. (2013, paper I). The two-
dimensional MDI study of HD 24712, where we have recovered
the magnetic field geometry and surface abundance maps of Fe,
Nd, and Na, can be found in paper II (Rusomarov et al. 2015).
In the present work we perform the first ever self-consistent re-
constructions of the vertical and horizontal abundance inhomo-
geneities, deriving a 3D abundance distribution of a chemical
element in the atmosphere of HD 24712.

The paper is organized as follows: Sect. 2 briefly presents the
observations, Sect. 3 introduces the principles of 3D-MDI, and
presents the atomic line data and reasoning behind the choice of
the atmosphere model used in the inversions. Section 4 reports
the results of our 3D abundance distribution analysis. Section 5
contains the summary and discussion.

2. Observations

We used the spectra of HD 24712 which were obtained in 2010
and 2011 with the HARPS spectrograph and its polarimetric unit
HARPSpol at the 3.6 m telescope at ESO, La Silla. There are
43 individual Stokes parameter observations in total which yield
16 intensity spectra covering the entire rotational period of the
star. The averaged Stokes I spectra have signal-to-noise ratio of
500–800 and a resolving power in excess of 105. The wavelength
coverage of the spectra is ∼3000 Å, starting from 3780 Å with an
80 Å gap located at 5920 Å.

The detailed analysis of the entire spectropolarimetric data
set of HD 24712, as well as a discussion of the observation pro-

cedures, data reduction, and a description of the instrument, has
been given in paper I.

3. Methodology

3.1. Three-dimensional magnetic Doppler imaging

Three-dimensional magnetic Doppler imaging (3D-MDI) fol-
lows in the path of already established technique of Doppler
imaging, (e.g., Piskunov & Kochukhov 2002); we search for an
optimal fit of synthetic spectra to the observational data by ad-
justing a set of free parameters defined on a discrete latitude-
longitude grid on the stellar surface.

Similar to one-dimensional vertical abundance stratification
studies (e.g., Ryabchikova et al. 2002, 2008), we approximate
the vertical stratification of a chemical element at a point on the
stellar surface with a step-like function described by four param-
eters: abundance in the high atmospheric layers εup, abundance
deep in the atmosphere εlo, the position of the abundance jump
d, and the width of the transition zone δ, where chemical abun-
dance changes between the two values. We take the logarithm
of the column mass m (rhox) as the vertical (depth) scale of the
stellar atmosphere. Accordingly, a 3D abundance distribution of
a chemical element in the stellar atmosphere is characterized by
four scalar maps, i.e., εup, εlo, d, and δ, defined on a discrete
latitude-longitude grid.

Mathematically, we treat the problem of finding these four
maps as a nonlinear least squares problem with respect to the
unknown parameters:

Ψ =
∑

ϕλ

⎛
⎜⎜⎜⎜⎜⎝

Io
ϕλ − Ic

ϕλ(ε
up, εlo, d, δ)

σϕλ

⎞
⎟⎟⎟⎟⎟⎠

2

+ R(εup, εlo, d, δ)→ min, (1)

where Io
ϕλ and Ic

ϕλ are the observed and calculated spectra, and
σϕλ are the error bars of the observed spectra. The summation is
carried over all rotational phases ϕ and wavelength points λ. The
first term in Eq. (1) is known as the chi-square of the fit to the
observed spectra.

Similar to conventional Doppler mapping, three-dimensional
Doppler imaging as an ill-posed problem which can only be
solved with the help of regularization. In other words, an arbi-
trary observational data set does not correspond to a unique set
of εup, εlo, d, and δ. We regularize this problem by employing
first-order Tikhonov regularization (Tikhonov & Arsenin 1977).
We also introduce an additional convex function that penalizes
the distance between εup and εlo for each point on the discrete
grid. The regularization functional R from Eq. (1) can be written
in the following form:
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where the index i runs over all surface elements of the discrete
surface grid, and ∇ denotes the horizontal gradient. The coef-
ficients Λ determine the contribution of the regularization func-
tional to the total discrepancy functionΨ. The values of the regu-
larization parameters Λ are determined on the basis of a balance
between the goodness of fit and smoothness of solution. In prac-
tice, we do no allow the contribution of the regularization func-
tional R to become less than ∼ 5–10% of the total discrepancy
function.
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Based on these considerations we modified the invers10
code (Piskunov & Kochukhov 2002), to reconstruct the three-
dimensional abundance distribution of chemical elements in the
atmosphere of HD 24712. invers10 has been extensively used for
two-dimensional magnetic Doppler imaging of chemically pe-
culiar Ap/Bp stars, and is perfectly suited for our purpose since
it allows us to compute realistic synthetic profiles for a given
magnetic field and variable abundance distribution in the stel-
lar atmosphere. A detailed description of the invers10 code can
be found in the paper by Piskunov & Kochukhov (2002); below
we summarize some of the features of invers10 relevant to our
problem.

The synthetic spectra in Eq. (1) are calculated by first com-
puting the local profiles for a large number of points on the stel-
lar surface. We then convolve the local profiles with a Gaussian
to simulate the limited spectral resolution of the instrument, and
then Doppler shift the resulting profiles for each rotational phase.
We then integrate the local profiles over the visible stellar disk
for each phase ϕ and wavelength point λ. The integrated profiles
are then normalized by a phase-independent continuum inten-
sity.

The local Stokes profiles are calculated by solving the equa-
tions of polarized radiative transfer numerically for each point
on the stellar surface, without the use of simplifying approxima-
tions such as local Gaussian profiles or a Milne-Eddington atmo-
spheric model. Vertical stratification in the atmospheres of chem-
ically peculiar stars creates additional challenges to any radiative
transfer solver, which has to be fast, produce accurate spectra,
and be robust against steep variations of the line opacity result-
ing from chemical stratification. We overcome this difficulty by
employing adaptive grids for the model atmosphere. When cal-
culating the local profiles the line opacities are first computed for
the central wavelength of the spectral line taking into account the
vertical gradient of the monochromatic optical depth; if a varia-
tion of the optical depth exceeds a given threshold, an extra layer
is added to the model atmosphere. This procedure of depth re-
finement is fundamental for the calculation of accurate spectra of
chemically stratified atmospheres, and has been extensively used
and tested in the magnetic synthesis code synmast (Kochukhov
2007).

3.2. Atomic line data and model atmosphere

Vertical abundance stratification in Ap stars manifests itself as an
inability to fit the core and wings of lines with significant Stark
broadening, for example Mg ii and Si ii, with a single abundance
value or inability to reproduce the profiles of lines with high and
low excitation potentials of the same ion with a chemically ho-
mogeneous atmosphere. Therefore, any stratification study must
be accompanied by a line list that probes different layers of the
atmosphere, i.e., a list that contains lines formed at different op-
tical depths with large range of excitation potentials, and from
different ionization states of the chemical element in question.

For the application of three-dimensional Doppler imaging to
the observations of HD 24712 we gathered 28 Fe i/ii lines with
excitation potentials between 0.05 and 4.8 eV, and 13 Ca i/ii lines
with excitation potentials up to 8.5 eV. The Fe line list is com-
prised of 20 Fe i and 8 Fe ii lines; the Ca line list has 9 Ca i
and 4 Ca ii lines. Unfortunately, the strongest Fe lines present
in the spectrum of HD 24712 could not be used, because they
are blended by lines of rare earth elements. Most of the lines
included into our line list were also used by Shulyak et al.
(2009) for their one-dimensional vertical stratification study of
HD 24712.

Table 1. Main spectral lines used in the 3D-MDI analysis of Fe and Ca.

Ion Wavelength Ei, eV log(g f ) log γst Ref.
Fe i 4404.750 1.557 −0.142 −6.204 FMW
Fe ii 4491.397 2.586 −2.770 −6.599 KK
Fe ii 4993.358 2.807 −3.684 −6.588 RU
Fe ii 5018.436 2.891 −1.220 −6.585 B
Fe ii 5132.669 2.807 −4.090 −6.599 RU
Fe i 5168.898 0.052 −3.969 −6.335 FMW
Fe ii 5169.033 2.891 −1.08 −6.588 solar.
Fe i 5198.711 2.223 −2.135 −6.185 FMW
Fe i 5217.389 3.211 −1.070 −5.451 BKK
Fe i 5253.462 3.283 −1.437 −5.463 K14
Fe i 5383.369 4.312 0.645 −5.184 BWL
Fe i 5397.127 0.915 −1.993 −6.300 FMW
Fe i 5397.190 4.446 −1.16 −5.264 K07
Fe i 5410.910 4.473 0.398 −5.060 BWL
Fe ii 5414.073 3.221 −3.645 −6.666 RU
Fe i 5424.068 4.320 0.520 −4.790 FMW
Fe ii 5425.257 3.199 −3.390 −6.601 RU
Fe i 5434.524 1.011 −2.122 −6.303 FMW
Fe i 5560.212 4.434 −1.054 −4.323 K14
Fe i 5576.089 3.43 −1.00 −5.491 FMW
Fe i 5775.081 4.22 −1.145 −5.080 K14
Fe i 6136.621 2.453 −1.400 −6.327 FMW
Fe i 6136.995 2.198 −2.950 −6.196 FMW
Fe i 6137.270 4.58 −2.34 −6.652 solar.
Fe i 6137.497 3.332 −3.26 −5.490 solar.
Fe i 6137.695 2.588 −1.403 −6.112 FMW
Fe i 6336.824 3.686 −0.856 −5.463 BK
Fe ii 6432.680 2.891 −3.687 −6.687 RU
Ca i 4226.728 0.000 0.244 −6.031 SG
Ca i 4512.268 2.526 −1.900 −4.149 SR
Ca ii 5021.138 7.515 −1.207 −4.612 TB
Ca i 5857.451 2.933 0.240 −5.424 S, SM
Ca i 5867.562 2.933 −1.570 −4.705 S
Ca i 6162.173 1.899 −0.090 −5.320 SN
Ca i 6163.755 2.521 −1.286 −4.998 SR, SM
Ca i 6169.042 2.523 −0.797 −4.997 SR, SM
Ca i 6169.563 2.526 −0.478 −4.994 SR, SM
Ca ii 6456.875 8.438 0.051 −4.001 TB
Ca ii 6456.875 8.438 0.166 −4.001 TB
Ca ii 6456.875 8.438 −1.340 −4.001 TB
Ca i 6462.567 2.523 0.262 −6.072 SR, SM

Notes. The columns give the ion identification, central wavelength, the
excitation potential of the lower level in eV, oscillator strength log(g f ),
the Stark dampening constant log γst, and the reference for the oscilla-
tor strength. FMW – Fuhr et al. (1988), KK – Kroll & Kock (1987), RU
– Raassen & Uylings (1998), B – Bridges (1973), BKK – Bard et al.
(1991), K14 – Kurucz (2014), K07 – Kurucz (2007), BWL – O’Brian
et al. (1991), BK – Bard & Kock (1994), SG – Smith & Gallagher
(1966), SR – Smith & Raggett (1981), TB – Seaton et al. (1994), S
– Smith (1988), SM – Smith (1981), SN – Smith & O’Neill (1975).

They showed that the current line list are sufficient to probe
atmospheric layers at optical depths between −4 and 0, on the
log τ5000 optical depth scale. The line list employed in our study
is presented in Table 1.

The oscillator strengths of Fe ii λ 5169 Å, Fe i λ 6137.270 Å,
and Fe i λ 6137.479 Å were tuned by fitting the solar spectrum.
For the strongest line λ 5169 Å, there is an experimental value
log(g f ) = −0.87 (Kroll & Kock 1987), however this value is too
high to fit the observed line in the solar spectrum. The value of
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log(g f ) = −1.08 fits the solar line and corresponds to the exper-
imental value of the oscillator strength of Fe ii λ5018 Å (Bridges
1973) from the same multiplet according to the intensity ratio.

We adopted one of the atmospheric models from the analy-
sis by Shulyak et al. (2009) for our calculations. Those authors
derived a set of model atmospheres by iteratively fitting high-
resolution observed spectra and spectral energy distribution of
HD 24712. These model atmospheres account for the effects of
vertical stratification of a significant number of chemical ele-
ments and the effects of non-local thermodynamic equilibrium
caused by the overabundance of rare earth elements in the upper
atmosphere. The selected atmosphere model number 5 (see Ta-
ble 3 in Shulyak et al. 2009) was calculated for Teff = 7250 K,
surface gravity log g = 4.1, and a scaled line opacity for the
Pr ii/iii and Nd ii/iii ions. It contains 118 atmospheric layers be-
tween approximately -8 and 2 on the optical depth scale of
log τ5000.

4. Results

We separated our analysis into three distinct stages. The first step
involved calculations of standard two-dimensional abundance
maps for Fe and Ca from the set of lines presented in Table 1.
In steps two and three we attempted to reconstruct their vertical
stratification in the atmosphere of HD 24712 using a different
number of free parameters.

Aiming to explain the observed line profiles in the simplest
possible way, we conducted a search for 3D abundance models,
in which the maps of εup and εlo were assumed to be homo-
geneous. Thus we only need to determine two scalars and the
two maps of d and δ, instead of the four maps in the case of the
full 3D analysis. The derivation of such simplified 3D abundance
distribution was attempted in step two. The full 3D analysis was
performed in step three.

We do not attempt to re-derive the magnetic field topology
of HD 24712. We instead rely on the magnetic field model that
was obtained in paper II using spectral lines of several chemical
elements largely insensitive to the effects of vertical stratifica-
tion. We also assume that the magnetic field does not change
with height in the atmosphere of HD 24712. In paper I we ana-
lyzed longitudinal magnetic field measurements from the cores
of Hα and Hβ, which form at different depths in the atmosphere
of HD 24712, and found no systematic difference between them.
Therefore, it is appropriate to assume that the magnetic field of
HD 24712 does not change in a measurable way with depth in
the stellar atmosphere. Additionally, we note that the set of lines
used in paper II for the two-dimensional MDI of HD 24712 was
specifically optimized to derive a robust magnetic field solution,
while the current line list is optimized to probe the vertical strat-
ification.

4.1. Three-dimensional distribution of iron abundance

We calculated the two-dimensional abundance map of Fe with
the same invers10 MDI code that was used in paper II. The re-
sulting surface abundance map of Fe is shown in Fig. 1a, and
is generally compatible with the abundance map presented in
paper II. In particular, Fe shows a relatively simple horizontal
structure with a small gradient over the surface and the minimum
abundance approximately coinciding with the positive magnetic
pole of the star. The abundance distribution of the Fe map from
this work varies between −5.07 and −5.32 in log(NFe/Ntotal)
units.

In the second stage we searched for a simplified 3D abun-
dance distribution of Fe with constant values of εup and εlo; the
parameters d and δ could vary freely from their initial values. We
conducted this search for a grid of abundance values spanning
between −6.0 and −8.0 for εup, and −3.0 and −5.0 for εlo with
0.2 dex steps for both quantities. The resulting total discrepancy
Ψ for each pair of εup and εlo is shown in Fig. 2. The minimum of
Ψ is found for εup = −7.0 and εlo = −4.4 in log(NFe/Ntotal) units.
The corresponding maps of d and δ are illustrated in Fig. 1b.

The 3D abundance distribution of Fe where all four maps
were allowed to vary was derived in step three. We calculated
this solution using several different starting guesses: a homoge-
neous abundance distribution with −5.5 in log(NFe/Ntotal) units, a
second initial guess adopting εup and εlo for the minimum value
of Ψ found in step two and with, arbitrarily chosen, values of
d = −0.5 and δ = 0.5, and finally an initial guess represented by
the best solution from step two. Our experiments with different
starting 3D distributions showed that the optimal solution does
not depend on the initial guess; the same solution was reached
regardless of the initial guess, indicating that the regularization
was adequately chosen for this problem. The general 3D-MDI
solution is shown in Fig. 1c.

Comparing the simplified and general 3D abundance distri-
bution derived in steps two and three, respectively, we found that
the surface variation of d and δ is inconsistent between them.
Nonetheless, the range of values for d and δ between the two
solutions is indeed very similar. However, the chi-square of the
simplified solution is higher by about 10 % compared to the chi-
square of the general 3D solution obtained in step three. This
suggests that the assumption of constant parameters εup and εlo

is not a particularly accurate representation of the abundance dis-
tribution in the atmosphere of HD 24712. For these reasons we
adopted the general 3D abundance distribution from step three
as the final result of our analysis.

The comparison of the observed and calculated profiles cor-
responding to the conventional surface abundance map and the
final 3D abundance distribution of Fe is presented in Fig. 3. We
see that the line profiles computed with the 3D abundance dis-
tribution reproduce the observed line profiles remarkably well.
In contrast, the line profiles computed with the two-dimensional
abundance map systematically fail to reproduce the profiles of
lines with large residual intensities, for example Fe i λ 4404 Å or
Fe ii λ 5018 Å.

In paper II we reported that we could not fully reproduce the
Stokes I profiles of the Fe i λ 6336 Å and Fe ii λ 6432 Å lines, al-
though their polarization signatures in the Stokes QUV profiles
were fitted reasonably well. These two lines are highly sensitive
to the magnetic field due to their large effective Landé factors,
which results in the appearance of partially resolved Zeeman-
splitting components in their Stokes I profiles. In Fig. 3 we
see that the model profiles which incorporate vertical abundance
stratification successfully fit the observed profiles of these two
lines; something that we could not achieve with simple 2D-MDI.

To further illustrate how vertical stratification behaves as a
function of the effective mean local abundance, we assigned to
each stratification profile the abundance value from the 2D map
corresponding to the same surface point. We plot a sample of
these stratification profiles as a function of the Rosseland optical
depth and mean local surface abundance in Fig. 4. We see from
this figure that a higher effective local abundance corresponds to
the stratification profiles in which the transition region is shifted
higher in the atmosphere. It appears that an increase or decrease
of the local surface abundance derived with 2D-MDI largely cor-
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Fig. 1. Abundance distribution of Fe obtained with 2D and 3D-MDI. The plots show the surface distribution derived with conventional 2D-MDI
(panel a); the maps of d and δ for constant εup = −7.0 and εlo = −4.4 (panel b), and the final general 3D-MDI solution (panel c). The contours are
plotted in steps of 0.1 dex. The abundances are indicated in log(NFe/Ntotal) units, and d and δ are indicated in log m units.

responds to change in the position and width of the transition re-
gion. The vertical profiles with the highest effective abundance
also have the widest transition regions that occur higher in the
atmosphere compared to the vertical profiles which correspond
to a lower local abundance in 2D-MDI maps.

4.2. Three-dimensional abundance distribution of calcium

The two-dimensional abundance map of Ca was calculated with
the same MDI code that was used for the derivation of the Fe
surface abundance map in Sect. 4.1. The resulting surface abun-

dance map of Ca is shown in Fig. 4.2, and is generally com-
patible with the abundance map from paper II. The abundance
distribution of the Ca map ranges between −5.85 and −6.11 in
log(NCa/Ntotal) units. In paper II the Ca abundance map had a
range between −5.4 and −7.11 in log(NCa/Ntotal) units. The dis-
crepancy between the lower abundance limits could be easily
explained by our choice of the regularization parameter, while
the difference of 1 dex for the upper abundance limits is likely to
be related to the presence of a large underabundance spot at the
rotational pole for the Ca abundance map determined in paper II.
The disappearance of this patch in the current work could be ex-

Article number, page 5 of 10



A&A proofs: manuscript no. hd24712-p3

Fig. 2. Variation of Ψ as a function of εlo and εup for 3D-MDI inver-
sions of Fe with homogeneous upper and lower abundance maps. The
contours plotted with thick lines show the 2%, 10%, and 25% percent
increase from the minimum indicated with a × symbol.

plained by an increased abundance regularization parameter and
the expanded line list.

We searched for a simplified 3D abundance distribution of
Ca with homogeneous maps of εup and εlo; the parameters d and
δ could vary feely from their initial values of −0.5 and 0.5, re-
spectively. The search was conducted on a two-dimensional grid
of abundance values, on which εup varied between −11 and −8
and εlo changed from −6 to −4, both quantities were varied with
0.2 dex steps. The total discrepancy function Ψ has a single min-
imum for εup = −8.8 and εlo = −4.2 in log(NCa/Ntotal) units. In
Fig. 6 we show Ψ as a function of the grid parameters εup and
εlo. The corresponding maps of d and δ are illustrated in Fig. 5b.

The attempts to find a general 3D solution, where all four
maps could vary freely, were largely unsuccessful. We found
that different starting guesses yielded different solutions. In some
cases, the width of the transition region became too small (≃ 0.1
in units of log m), leading to numerical problems. We circum-
vented these problems by fixing the width of the transition zone
to 0.9, which is the mean value of δ for the best solution from
step two (Fig. 5b), and conducted several additional experiments
with a different homogeneous abundance starting guess; for each
inversion we chose a different starting value centered around the
value of −6.0, which is close to the mean Ca abundance. These
attempts were successful, with most inversions converging to the
same solution. This solution is illustrated in Fig. 5c.

The comparison of the three-dimensional distribution of Ca
derived in steps two and three reveals a very similar picture:
the abundance in the upper atmospheric layers εup in both cases
is around −8, and the photospheric abundance εlo between the
two solutions shows a largely negligible difference of approxi-
mately 0.3 dex. The most significant differences occur for d for
phases close to 0.0, where the position of the abundance jump
has shifted by about 0.12 dex deeper in the atmosphere. This
could be explained by the fixed width of δ, which is compen-
sated by the increased contrast of the features present in d. We
found that the chi-squares of the fit to the observations for both
solutions were within 5% of each other, indicating that both so-
lutions reproduce the observations equally well. We adopted the

3D abundance distribution produced in this step (Fig. 5c) as fi-
nal.

The comparison between the observed and the calculated
profiles corresponding to the surface abundance map and the fi-
nal 3D abundance distribution of Ca is presented in Fig. 7. The
line profiles computed with the 3D abundance distribution do not
show systematic discrepancies between deep and shallow lines,
and reproduce the observations well.

In an attempt to illustrate how vertical stratification of Ca
behaves as a function of the effective local mean abundance, we
plot in Fig. 8 a representative sample of the vertical stratification
profiles corresponding to the final 3D abundance distribution as
a function of the Rosseland optical depth. It appears, however,
that this figure does not give a clear picture of how vertical strat-
ification behaves as a function of the local effective abundance
in the case of Ca, possibly due to the limited quality of the fi-
nal 3D abundance distribution. Nevertheless, our final 3D-MDI
Ca distribution indicates that this element possesses a step-like
distribution over the entire stellar surface. Our results appear to
exclude a possibility of e.g. a reversal of the vertical abundance
gradient in some surface regions.

The inconclusive results for Ca might be related to the lim-
ited line list which has only two lines that belong to the Ca ii ion,
the single Ca ii λ5021 Å line and the Ca ii 6457 triplet. For com-
parison, the Fe line list has 20 Fe i and 8 Fe ii lines. Therefore,
we suggest that a future 3D-MDI Ca abundance study should
incorporate more spectral lines covering a wider range of excita-
tion potentials and different ionization states of Ca to achieve a
more reliable and stable solution. For example, useful informa-
tion about vertical element stratification can be extracted from
the Ca triplet lines (Ryabchikova et al. 2008) unaccessible in our
HARPS spectra.

5. Summary and discussion

Modern magnetic Doppler imaging techniques take advantage of
the high resolution, high signal-to-noise ratio spectropolarimet-
ric observations and advanced numerical methods to model indi-
vidual line profiles and derive individually the surface abundance
of chemical elements and the stellar magnetic field topologies.
Such observational studies have provided a wealth of informa-
tion about the distribution of chemical elements and magnetic
field structure on the surfaces of chemically peculiar Ap stars.
However, these studies do not take into account the inhomoge-
neous vertical distribution of chemical elements in stellar atmo-
spheres.

In this study, we have developed and applied the first method
to reconstruct a chemical abundance distribution in three dimen-
sions in a magnetized stellar atmosphere. In our technique, the
chemical composition is approximated by a step-like function of
four parameters which are allowed to vary over the stellar sur-
face. The uniqueness and stability of the inversions is achieved
by applying Tikhonov regularization, resulting in the smoothest
possible solution that fits the observations.

We applied this inversion procedure to the spectroscopic ob-
servations of the chemically peculiar roAp star HD 24712, and
reconstructed the three-dimensional abundance distribution of
Fe and Ca. The inversions confirmed the predominant step-like
variation of element abundances, suggested by previous 1D strat-
ification studies (Shulyak et al. 2009), and showed that the tran-
sition region between high and low abundance for both chem-
ical elements occurs between log τRoss = −2 and 0. For Fe we
discovered a strong correlation between the surface abundance
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Fig. 3. Comparison of the observed (dots connected with black lines) and synthetic intensity profiles of Fe calculated using three-dimensional
Doppler imaging (thick red lines), and for the surface abundance map derived with conventional two-dimensional Doppler imaging (thin blue
lines). The distance between two consecutive ticks on the horizontal top axis of each panel is 0.1 Å, indicating the wavelength scale.

Fig. 4. Vertical stratification of Fe as a function of the Rosseland optical
depth. The vertical stratification profiles were calculated for the final 3D
abundance solution (Fig. 1c). The color bar corresponds to the surface
abundance map obtained with 2D-MDI (Fig. 1a).

from 2D-MDI and vertical stratification: higher surface abun-
dance corresponds to a transition region that occurs higher in the
atmosphere and vice versa. A similar analysis for Ca yielded in-
conclusive results, which could be caused by the limited sample
of Ca lines used in the three-dimensional inversions.

The theoretical modeling of atomic diffusion in magnetic Ap
and Bp stars (Alecian & Stift 2010; Alecian 2015) has provided
equilibrium stratification of 16 chemical elements over the stel-

lar surface for a range of effective temperatures and dipole field
strengths. These computations indicate the presence of thin over-
abundance belts or warped rings around the magnetic equator,
and possibly spots where the field lines are horizontal. Our in-
version results do not show such correlations between the recon-
structed three-dimensional abundance distribution of Ca and Fe
and the magnetic field of HD 24712. In the context of 3D abun-
dance distributions, the theoretical diffusion models predict an
increase of the effective local abundance (interpreted as a “spot”
by 2D-MDI) essentially by formation of overabundance clouds
in the upper atmospheric layers. These clouds occur in the re-
gions of horizontal field lines and are superimposed on a con-
stant vertical abundance step-like profile. Such 3D abundance
distribution can be roughly approximated by horizontal changes
of the upper abundance in our parametrization. Instead, for Fe
we find a change in the step position with nearly constant upper
abundances.

These apparent discrepancies between the theoretical predic-
tions and observational results may be also related to difference
between the actual stellar geometry parameters of HD 24712
and parameters assumed by theoretical studies. To this end, it
would be helpful to repeat theoretical calculations specifically
for HD 24712. It is also essential to include additional physi-
cal effects such as deviations from local thermodynamic equi-
librium, multipolar field configurations, additional mixing pro-
cesses and better atomic data into the current theoretical mod-
els of atomic diffusion in magnetic Ap stars. The fundamental
assumption that atomic diffusion reaches an equilibrium state
needs to be reassessed. A more realistic approach would be to
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Fig. 5. Abundance distribution of Ca from 2D and 3D-MDI. The plots show the surface distribution derived with 2D-MDI (panel a); the maps of
d and δ for constant εup = −8.8 and εlo = −4.2 (panel b), and the final solution (panel c) derived with 3D-MDI. The contours are plotted in steps
of 0.1 dex, and the abundances are indicated in log(NCa/Ntotal) units.

investigate atomic diffusion in a time-dependent manner (Ale-
cian et al. 2011).

Despite the largely unsatisfactory comparison with theoret-
ical modeling, we believe that close interactions between theo-
retical and observational studies of abundance inhomogeneities
in the atmospheres of Ap stars have potential to be greatly ben-
efitial, and is the only possibility of testing the limits of both
approaches. It is also essential to apply 3D-MDI to statistically
meaningful stellar samples. Based on the methodology presented
in this paper, future future Doppler imaging studies should inves-
tigate three-dimensional abundance distribution for a large sam-
ple of Ap stars encompassing a wide range of field geometries
and stellar parameters.
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Fig. 7. Comparison of the observed (dots connected with black lines) and synthetic intensity profiles of Ca calculated using three-dimensional
Doppler imaging (thick red lines), and the surface abundance map derived with conventional two-dimensional Doppler imaging (thin blue lines).
The distance between two consecutive ticks on the horizontal top axis of each panel is 0.1 Å, indicating the wavelength scale.

Fig. 8. Vertical stratification of Ca as a function of Rosseland optical
depth. The vertical stratification profiles were calculated for the final 3D
abundance solution (Fig. 5c). The color bar corresponds to the surface
abundance map obtained with 2D-MDI (Fig. 5a).
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