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Abstract

This report presents a selfcontained derivation of Hawking radiation, and discusses the
consequent information loss paradox.
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1 Introduction

Einstein’s theory of general relativity is a classical theory in which gravity is described by
the geometrical structure of spacetime, and it is currently the best experimentally testable
theory of gravity at large scales which we have at our disposal [1]. However, it falls short
when considering high energy processes. This is due to the fact that general relativity
can be considered an effective field theory with dimensionful coupling constant (Newton’s
constant), which means the theory is non-renormalisable. Because of this, gravity as we
know it breaks down at the Planck scale.

On the other end of the spectrum we find quantum field theory, the best theory
available to describe the quantum effects of the very small, at high energies. Quantum
field theory aptly describes three fundamental forces: the strong force; the weak force; and
the electromagnetic force.1 Yet, there is a clear a gap in our knowledge. Currently, there
is no testable quantum theory in which gravity appears naturally.

Since each theory covers a separate regime, a unification of the two would be advanta-
geous in order to investigate gravity at small distances. Unfortunately, naive attempts at
studying gravitational effects on quantum fields by choosing a curved background have
proven to be puzzling rather than illuminating. One especially noteworthy issue which
arises in such semi-classical treatments of gravity is Hawking radiation [2], an effect which
causes black holes to radiate. Subsequently, the inevitable doom of the black hole poses
another question, what happens to the information contained in the matter which formed
the black hole? This is the topic of the information loss paradox.

The aim of this report is to present a relatively self-contained derivation of Hawking
radiation and study the information paradox. First, in section two, a short review of
some basic properties of black holes which are of relevance to the topic at hand is given.
Proceeding, section three contains an introduction to quantum field theory in curved
spacetime, based on [3]. Then, we take a look at the illustrative example of the Unruh
effect, in section 4, based on [4, 5]. Finally, in the following two sections, five and six,
respectively, Hawking radiation is derived, based upon [2], and the information paradox
presented and discussed.

2 Black Holes

In general relativity gravity arises due to spacetime curvature. The curvature of spacetime
is governed by the Einstein field equations (EFE), which, in units where G = c = 1, is

1The strongest force of all, love, is a separate issue.
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given by

Rµν −
1
2Rgµν + Λgµν = 8πTµν , (2.1)

where Rµν and R are the Ricci tensor and scalar, respectively; Tµν is the stress-energy
tensor; Λ is the cosmological constant; and gµν is the metric. The left hand side of the
EFE contains non-linear terms with up to second order derivatives of the metric, while the
right hand side will depend on the matter content of the spacetime. Thus, when solving
the equation one finds that the metric (curvature) is dependent on the matter distribution
of the spacetime.

Due to the non-linear nature of the Einstein field equations, solving them is not an easy
task, and can only be done exactly under certain simplifying conditions. One situation
which can yield an exact solution is when the matter distribution is assumed to be static,
spherically symmetric and surrounded by a vacuum, i.e. one has a point-like source. The
solution to this set-up is known as the Schwarzschild metric, and in spherical coordinates
takes the form

ds2 = −
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2 dΩ2 , (2.2)

One may notice that this metric has two singularities. At r = 0 the metric has a curvature
singularity, meaning divergence of curvature invariants. At the curvature singularity physics
as we know it breaks down. The second singularity, the event horizon, appears at r = 2M .
However this singularity is a coordinate singularity, an artefact which appears due to the
choice of coordinates. Even though the horizon in some sense is non-singular, it nevertheless
plays a large role in the causal structure of a spacetime containing a black hole. Namely, it
is impossible to know, for an outside observer, what lays beyond it; and it is impossible for
anything which has crossed the horizon to escape the singularity which lays in the future.
Furthermore, matter which finds itself in the vicinity of a black hole does feel effects caused
by the presence of the horizon, the implications of which will become clear in the following.

2.1 Thermodynamics

Since the mass of a classical black hole should not decrease, neither should the area of the
event horizon. Thus, it was suggested by Hawking and Bekenstein that the horizon area
of a black hole is analogous to classical entropy, which hinted that a thermodynamical
model of a black hole was plausible [6, 7]. However, since the event horizon skews any
microscopic properties from an outside observer, a thermodynamic model of a black hole
must be constructed using the macroscopic properties which completely define a black hole:
mass M , angular momentum J , and charge Q. Combining these properties it is possible
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to construct the first law of thermodynamics for a black hole as follows

dM = T dS + Ω dJ + Φ dQ , (2.3)

where the conjugate variables are temperature, angular velocity, and electric potential,
respectively. For the case of a Schwarzschild black hole (2.3) reduces to only depend on
the non-decreasing entropy, given by

S = A4 , (2.4)

where A is the surface area of the horizon.
A thermodynamic model of a black hole may seem paradoxical; especially the notion of

temperature, since, by definition, classical black holes do not radiate. When quantum effects
are considered, however, the temperature becomes a valid quantity and the thermodynamic
picture of a black hole becomes ever so important.

2.2 Kruskal-Szekeres Coordinates

Kruskal-Szekeres coordinates are a set of coordinates well suited when considering radial
null geodesics in a Schwarzschild spacetime, especially near the event horizon. In these
coordinates the horizon at r = 2M is no longer singular, but nevertheless has significance
for the spacetime.

Let us now construct the Kruskal-Szekeres coordinates. Beginning with the null
Schwarzschild metric

0 = −
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1

dr2 , (2.5)

where the solid angle terms have been dropped since we are considering radial geodesics.
The above expression rearranges to

dt
dr = ± 1

1− 2M/r
, (2.6)

which after integration yields the parametrisation

t = ±r∗ + C (2.7)

where the tortoise coordinate r∗ is defined by

r∗ = r + 2M ln(r/2M − 1) . (2.8)

The tortoise coordinates has range r∗ ∈ (−∞,∞) and goes to −∞ logarithmically as
r → 2M ; and r∗ → r as r →∞. From it we get the transformation

dr =
(

1− 2M
r

)
dr∗ (2.9)
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which leaves the metric

ds2 = −
(

1− 2M
r

)(
dt2 + dr∗2

)
. (2.10)

Proceeding, let us define null coordinates

v = t+ r∗ , u = t− r∗ , (2.11)

which are known as advanced and retarded time, respectively. From these we get the
relations

dt = 1
2(dv + du) , dr∗ = 1

2 (dv − du) , (2.12)

and we may also express
r

2M − 1 = eκ(v−u)e−r/2M , (2.13)

where κ = 1/4M is the surface gravity. Plugging these relations into (2.10) and rearranging,
the metric becomes

ds2 = −2M
r
e−r/2Meκ(v−u) dv du . (2.14)

The above metric is now possible to regularise at the horizon. To achieve this, we yet
again define null coordinates

V = eκv , U = −e−κu (2.15)

which satisfy

du = eκu

κ
dU , dv = e−κv

κ
dV . (2.16)

In these coordinates, the metric reads

ds2 = −32M
r

e−r/2M dV dU + r2 dΩ2 , (2.17)

where r is implicitly defined by UV =
(
1− r/2M

)
er/2M , and the solid angle term has

been reintroduced since it does not interfere with the new coordinates. In order to make
the above metric more familiar and more easily analysed, we introduce

V = T +R , U = T −R , (2.18)

which finally leads to the comfortable expression

ds2 = 32M
r

e−r/2M
(
−dT 2 + dR2

)
+ r2 dΩ2 . (2.19)

One may now observe that the singularity at the horizon has vanished, and the horizon
corresponds to U = 0 or V = 0. Nevertheless, the curvature singularity at r = 0 is
persistent, now appearing at UV = 1. It is also clear that radial null geodesic satisfy
dT = ±dR, and thus travel along ±π/4 trajectories. Furthermore, curves of constant
radius will be represented by hyperbolas.
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2.3 Penrose Diagrams

It is well known that physicists have a predilection for diagrams. When sketching the causal
structure of infinite spacetimes the weapon of choice is the Penrose diagram. In order to
draw infinite spacetimes within a finite boundary, and thus having a complete graphical
representation of the causal structure of the spacetime at a glance, one needs to conformally
compactify the metric; meaning one needs to bring infinity back to a finite value without
obstructing the causal behaviour of the space-time. This is accomplished by coordinate
transformations in which the coordinates are made to approach some asymptotic value at
infinity, taking advantage of the conformal invariance of metrics, i.e. the fact that metrics
which are related by some smooth, positive function share the same causal structure.

In order to demonstrate the procedure, consider the Minkowski metric

ds2 = −dv du+ r2 dΩ2 , (2.20)

and make the coordinate transformation

V = arctan(v) , U = arctan(u) , (2.21)

which satisfies

dv = dV
2 cos2(V/2) , du = dU

2 cos2(U/2) . (2.22)

In these coordinates the metric reads

ds2 = − dV dU
4 cos2(U/2) cos2(V/2) + r2 dΩ2 , (2.23)

which can equally be expressed as

ds2 = −dT 2 + dR2

4 cos2(U/2) cos2(V/2) + r2 dΩ2 . (2.24)

Since the pre-factor in (2.24) is smooth and strictly positive, we may use the conformal
invariance of space-times to eliminate the factor, yielding

ds2 = −dT 2 + dR2 + r2 dΩ2 . (2.25)

This is now familiarly the Minkowski metric. However, the coordinate ranges are now
instead |T ±R| ≤ π/2, where the boundary at π/2 is included, and R ≥ 0. It is easy to see
that null geodesics still travel along π/4 trajectories. The Penrose diagram for Minkowski
space is thus
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i0

i+

i−

I +

I −

where i± denotes future and past infinity; i0 denotes spacial infinity; and I ± denotes
future and past null infinity. Past infinity is the starting point for time-like curves (i.e.
massive particles), and future infinity is where they end up; while past and future null
infinity has the same role for null geodesic (i.e. massless particles). Spacial infinity is the
end point for space-like curves.

Doing the same compactification for the Schwarzschild metric yields

i−

i+

i0

I +

I −

where the wavy lines represent the future and past singularityies, and the diagonal dashed
lines represent the past and future event horizons H ±. However, this is not diagram is not
completely physical since the left and bottom wedges cannot be reached by an observer. In
fact, the above diagram corresponds to the space-time of the eternal Schwarzschild black
hole. Since black holes in nature form through collapse, it is not of much interest for us.

In order to construct a physical Penrose diagram for the Schwarzschild spacetime some
reasoning is in order. To a good approximation, the causal structure of Schwarzschild and
Minkowski space are equal, up to the horizon. Thus, if we match null rays and stick the
top, physical half of the Schwarzschild diagram to the top of the Minkowski diagram, we
obtain the physical Schwarzshild diagram
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i−

i+

I +

I −

i0

where we have taken advantage of our freedom to freely re-scale the diagrams. In this
diagram the vertical line is the origin of polar coordinates.

3 Quantum Field Theory in Curved Space-Time

The progression from flat space-times to curved space-times in quantum field theory is
straightforward. However, the implications are subtle, and are of great importance for
spacetimes which contain horizons. We will now define and study some of the properties of
scalar fields in curved space-time.

Let us begin with the action

S = −1
2

∫
dn x√g

(
gµν∇µφ∇νφ−

[
m2 + ξR

]
φ2
)
, (3.1)

where gµν is some metric of interest; g =
∣∣det(gµν)

∣∣; R is the Ricci scalar; and ξ is the
conformal coupling constant, which supplies a direct coupling between the field and the
curvature of the spacetime. Without much difficulty, by setting δS = 0, one obtains the
field equation (

gµν�−m2 − ξR
)
φ = 0 . (3.2)

From now on, we will be working in the regime of minimal coupling, meaning ξ = 0. Thus,
the curvature of space will only have a passive effect on the fields.

In curved space the Klein-Gordon product generalises to

(φ1, φ2) = −i
∫

Σ
dn−1 x

(
φ1∇µφ∗2 − φ∗2∇µφ1

)
nµ
√
γ , (3.3)

where Σ is a space-like Cauchy hypersurface; γ the modulus of the determinant of the
induced metric on Σ; and nµ the future directed unit vector orthogonal to Σ.
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If we now assume a complete, on shell, set of modes, {fi}, which are orthogonal in the
Klein-Gordon norm, we may expand the scalar field as follows

φ =
∑
i

(
aifi + a†f∗i

)
; (3.4)

where the oscillators satisfy the commutation relations

[ai, aj ] = 0 , [a†i , a
†
j ] = 0 , [ai, a†j ] = δij . (3.5)

One may now interpret ai and a†i as annihilation and creation operators, respectively, and
thus define the vacuum state

ai |0〉 = 0 . (3.6)

However, this treatment of the field modes, and by extension the field, is ambiguous.
There is no longer a guarantee that there exists a time-like Killing vector with respect to
which positive frequency is defined. In flat space-times, a choice of positive frequency need
not be unique, nevertheless it is possible to freely transform between inertial frames, e.g.

a′i |0〉 = U †aiU |0〉 = 0 , (3.7)

which makes the vacuum definite. However, due to the transition to curved spacetime, the
symmetry under the Poincaré group which is enjoyed by flat-space is now a luxury beyond
our grasp; thus such transformations is no longer possible, meaning the vacuum cannot be
uniquely defined.

To illustrate this point, consider another complete set of states {gi} which behave
similarly to the modes {fi}. In a similar fashion as before, we expand the field in these
modes as

φ =
∑
j

(
bjgj + b†jg

∗
j

)
, (3.8)

and define a new vacuum
bi |0̃〉 = 0 . (3.9)

Since the two sets of modes under consideration are complete, it is possible to use the
Bogoliubov transformation in order to express one set of modes in terms of the other. Using
this, the transformations are

gj =
∑
i

(
αijfi + βijf

∗
i

)
, (3.10)

with inverse transformation

fi =
∑
j

(
α∗ijgj − βijg∗j

)
. (3.11)
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The matrix coefficients in (3.10) and (3.11) are given by the inner products

αij = (gj , fi) , βij = −(gj , f∗i ) , (3.12)

and satisfy the normalisation conditions∑
j

(
αikα

∗
jk − βikβ∗jk

)
= δij (3.13)

∑
j

(
αikβjk − βikαjk

)
= 0 . (3.14)

The two mode expansions under consideration are of the same field, so we may find
the relations between the oscillators in the two expansions by equating them∑

i

(
aifi + a†f∗i

)
=
∑
j

(
bjgj + b†jg

∗
j

)
, (3.15)

and use the expressions (3.10) and (3.11), respectively, and identify the coefficients. This
yields the transformations

ai =
∑
j

(
αijbj + β∗ijb

†
j

)
(3.16)

bj =
∑
i

(
α∗ijai − β∗ija

†
i

)
. (3.17)

Inspecting the above mode mixings it is clear that the vacuum defined with respect
to one set of modes will not coincide with a second vacuum. To show this explicitly we
compute the particle density for one set of mode in the second vacuum; this yields

〈0|Nj |0〉 = 〈0|b†jbj |0〉 =
∑
i

|β|2ij . (3.18)

Evidently, two observers in a curved spacetime will see particles in each-others vacuum.
This is the essence of Hawking radiation.

4 The Unruh Effect

Before continuing to Hawking radiation from black holes, it is fitting to study an illuminating
example of mode mixing and particle creation in non-inertial spacetimes, known as the
Unruh effect. More specifically, it is a phenomenon in which accelerating observers will see
a thermal spectrum of radiation coming out of Minkowski space. It is also analogous to
radiation from an eternal black hole, which will become apparent.

Consider a non-inertial observer in the area of two dimensional Minkowski space where
x > |t|, which we label region I.2 Such an observer will move along hyperbolas of constant

2The wording ”Right Rindler wedge” will be used interchangeably
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proper acceleration ξ, and measures proper time η. We define coordinates which are
suitable for such accelerating observers

x = 1
a
eaξ cosh(aη) , (4.1)

t = 1
a
eaξ sinh(aη) , (4.2)

where a > 0 is some scale constant. For the non-inertial observer, the Minkowski metric
takes the conformally equivalent form

ds2 = e2aξ
(
−dη2 + dξ2

)
= −e2aξ dv du , (4.3)

where we have used coordinates v = η + ξ and u = η − ξ. The metric (4.3) is known as
Rindler metric. The coordinates (4.1) and (4.2) can be continued to the region x < |t|,
which we denote region II, by reflection in the origin. This is achieved by flipping sign in
the coordinates; i.e.

x = −1
a
eaξ cosh(aη) , (4.4)

t = −1
a
eaξ sinh(aη) , (4.5)

which can be interpreted as a reversal of the direction of time. The Penrose diagram for
Rindler space is

i+

i−

i0

I −

I +

III

where the dashed lines are Rindler horizons, which act similarly to event horizons. The
resemblance between Rindler space and the space-time of eternal black hole is clear, except
the fact that Rindler space does not contain singularities.

From the above sets of coordinates we get the following relations between Minkowski
coordinates and Rindler coordinates

e−au =

 −aU I
aU II

(4.6)



Hawking Radiation and the Information Paradox 17

and

eav =

 aV I
−aV II

(4.7)

where we set the U = t− x and V = t+ x.
Now consider a massless scalar field in Minkowski space. Expanding the field in Fourier

modes we obtain
φ =

∑
k

(
akfk + a†kf

∗
k

)
, (4.8)

where {fi} form a complete set of positive frequency modes and satisfy the wave equation
�φ = 0. Thus, we choose standard orthonormal mode solutions

fk = e−iωu , (4.9)

which are positive frequency which respect to the time-like killing vector ∂t, and ω = |k| > 0.
The Minkowski vacuum will thus be defined by

ak |0〉M = 0 . (4.10)

Naturally, the same procedure is possible in Rindler space. Expanding the fields in
Rindler modes is straightforward,

φ =
∑
k

(
bRk g

R
k + bR†k gR∗k + bLk g

L
k + bL†k g

L∗
k

)
, (4.11)

where {gRk } are positive frequency modes with support in region I (right), and {gLk } positive
frequency modes defined in region II (left); both set of modes satisfy �φ = 0. Taken
together, the sets form a complete basis, and the expansion above is legitimate. We choose
plane wave solutions for these modes as follows,

gRk = e−iωu, gLk = eiωv, (4.12)

note here the sign flip in the exponent due to the direction of time, yielding time-like killing
vectors ∂η and −∂η in the right and left right Rindler wedges, respectively. Finally, we
define the Rindler vacuum

bRk |0〉R = bLk |0〉R = 0 . (4.13)

By inspection we notice that the Rindler modes are not analytic in the transition
point t = 0. This means that each set of Rindler modes only has support in one wedge of
the Minkowski space-time. This means a positive frequency Rindler mode must contain
mixing of positive and negative frequency Minkowski modes. This is essentially the mode
mixing which was discussed in the previous section. Thus, in order to compute the flux of
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particles detected by a Rindler observer, one needs only calculate the β-coefficient of the
Bogoliubov transformation. Due to the causal structure of Rindler-space, this calculation
can be simplified.

Consider the positive frequency Rindler modes which live on the right wedge; they can
be re-written as follows

gRk = e−iωu =
(
e−au

)iω/a
. (4.14)

From the relations between Rindler coordinates and Minkowski coordinates (4.6) we are
able to re-express the above expression in region I as

gRk = aiω/a(−U)iω/a . (4.15)

Now we would like to analytically continue this mode over to region II, while keeping the
same transformation properties as above. To do so, we note that

gL∗(−k) = e−iu , (4.16)

however it is positive frequency since it lives in region II. Again, from (4.6) we obtain the
transformation

gL∗(−k) = aiω/aU iω/a = −eπω/aaiω/aU iω/a , (4.17)

which is the desired behaviour in region I up to a factor, which is simply taken care of.3

Thus, by superposing the two modes as follows

hRk = gRk + e−πω/agL∗(−k) , (4.18)

the mode hRk is analytic in the same region as the Minkowski modes. For completeness,
the left modes are expanded to the right wedge, yielding analogously

hLk = gLk + e−πω/agR∗(−k) . (4.19)

From the normalisation of Bogoliubov coefficients (3.13) we find the normalisation coefficient
as follows,

C2
(
1− e−2πω/a

)
= 1 , (4.20)

solving for C and simplifying yields

C = 1√
sinh(πω/2)

eπω/2a . (4.21)

Thus, we end up with the normalised modes

hR,Lk = 1√
sinh(πω/2)

(
eπω/2agR,Lk + e−πω/2agL,R∗(−k)

)
. (4.22)

3Note here that we take the branch cut for the logarithm to lay in the upper half plane by setting
ln(−1) = −iπ.
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There is now no issue expanding the field in Minkowski space in terms of these new
modes,

φ =
∑
k

(
cRk h

R
k + cR†k hR∗k + cLkh

L
k + cL†k h

L∗
k

)
, (4.23)

and since the modes share the same analytic properties as the Minkowski modes, they
share the same vacuum state

cRk |0〉M = cLk |0〉M = 0 . (4.24)

We may now express the oscillators of Rindler space in terms of the oscillators cR,Lk .
Using the Bogoliubov transformation with the coefficients used in (4.22) we obtain,

bR,Lk = 1√
sinh(πω/2)

(
eπω/2acR,Lk + e−πω/2acL,R†(−k)

)
. (4.25)

Calculating the particle density for an accelerating observer in Minkowski space is now
straightforward; we get

〈0|NR|0〉M M = 〈0|bRk b
R†
k |0〉M M = 1

eβω − 1 . (4.26)

where β = 2π/a. Thus, a non-inertial observer in a Minkowski vacuum will see acceleration
as a Planckian spectrum with temperature T = a/2π, while an inertial observer will se
nothing.

5 Hawking Effect

Let us now derive the Hawing effect. For simplicity we will study the case of a massless
scalar field in a background of a spherically symmetric, collapsing shell of particles. We
will ignore any interaction between the field and the collapsing matter; the purpose of the
matter is rather to produce a future event horizon.

Consider again the Schwarzschild metric in Kruskal coordinates

ds2 = −32M
r

e−r/2M dV dU + r2 dΩ2 , (5.1)

with the same notation as in section 2.2.
We may expand our field in two ways. The first way utilises ‘ingoing’ modes which are

defined with positive and negative frequency with respect to I −,

fk = Ylm(θ, φ)√
2πωr

e−iωv , (5.2)
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which of course satisfies gµν�φ = 0 in the asymptotic Minkowski region, and we have
included a spherical harmonic due to the spherical symmetry of the spacetime. In these
modes, the expansion reads

φ =
∑
i

(
akfk + a†kf

∗
k

)
, (5.3)

and we can define the ‘in’ vacuum as

ak |0〉in = 0 . (5.4)

We may also expand the field in modes of positive and negative frequency outside of the
event horizon, with respect to I +, which we call ‘outgoing’,

pk = Ylm(θ, φ)√
2πωr

e−iωu . (5.5)

Again, this yields the mode expansion,

φ =
∑
k

(
bkpk + b†kp

∗
k

)
(5.6)

with vacuum
bk |0〉out = 0 . (5.7)

In both sets of modes we use ω = |k| > 0.
Furthermore, there exists a set of modes starting at I − which end up at the singularity

of the black hole. However, there is no canonical choice of positive frequency of such
modes. Luckily, the radiation is not affected by these modes and they can be ignored for
our proposes.

We may now express the outgoing modes in term of modes on I −,

pk =
∑
k′

(
αkk′fk′ + βkk′f∗k′

)
, (5.8)

and from (3.17) we find that the oscillators are related by

bk =
∑
k′

(
α∗kk′ak′ − β∗kk′a

†
k′

)
. (5.9)

Due to this mode mixing, we know the two vacuums (5.4) and (5.7) will not coincide. From
previous experience we know all that is needed to do know is compute the Bogoliubov
coefficients. To do so, we want to evaluate the modes on a common surface. Since we are
considering a massless field a natural choice is I −; meaning we will need to propagate
the modes pk backwards from I + to I −. The situation is best described by a Penrose
diagram,
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where the curved line illustrates the collapsing matter which forms the black hole; the
dashed line is the mode which generates the horizon, starting at v = v0; and the solid line
is a mode which will be traced backwards.

Now, let us make some observations. On I −, at times near v = v0, the ingoing modes
will propagate to I + near the horizon. Due to the behaviour u→∞ as r → 2M , modes
close to the horizon will have infinitely many cycles, resulting in a large blueshift. This
means that a geometric optics approximation is valid for modes near H +. Thus, when
propagating the modes pk to I −, all we need to do is keep track of the affine distance
between the null rays and the generator of the horizon.

Far from the horizon, at I −, the space-time is approximately flat. Thus, Minkowski
null coordinates are sufficient in describing the null rays at I −, yielding the affine distance
from the null generator of the horizon ∆λ = v0 − v. However, near the horizon at I +,
Kruskal-Szekeres coordinate U will be dominating. Since U = 0 at H + the affine distance
between null rays is ∆λ = e−κu. From the approximation of geometric optics, the affine
distance should be the same at I + and I −; this means

v0 − v = e−κu. (5.10)

Solving this for u and plugging it into the plane wave pk we obtain its form on I −,

pk = Ylm(θ, φ)√
2πωr

eiω/κ ln(v0−v) . (5.11)

Now, all we need to do is to compute the Bogoliubov coefficients. Using (3.12) and
(3.3) one obtains

αkk′ = (pk, fk′)

= −i 1
2π

1√
ωω′

∫
Σ

dn−1x
(
eiω/κ ln(v0−v)∂µe

iω′v − eiω′v∂µe
iω/κ ln(v0−v)

)
× 1
r2Ylm(θ, φ)Y ∗lm(θ, φ)nµ√γ ,

(5.12)
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and

βkk′ = −(pk, f∗k′) = −(pk, f(−k′))

= i
1

2π
1√
ωω′

∫
Σ

dn−1x
(
eiω/κ ln(v0−v)∂µe

−iω′v − e−iω′v∂µe
iω/κ ln(v0−v)

)
× 1
r2Ylm(θ, φ)Y ∗lm(θ, φ)nµ√γ .

(5.13)

Choosing Σ = I − we can approximate Minkowski metric

ds2
Σ = dr2 + r2(dθ2 + sin2 θ dφ2) , (5.14)

so we get √γ = r2 sin θ, and timelike normal vector

nt = 1 . (5.15)

The timelike normal will pick out only one derivative in our expressions, so plugging in the
above terms yields α

αkk′ = −i 1
2π

1√
ωω′

∫
Σ

dn−1x

eiω/κ ln(v0−v)eiω
′v

(
iω′ + iω/κ

v0 − v

)Ylm(θ, φ)Y ∗lm(θ, φ) sin θ ,

(5.16)
where we have dn−1x = dv dθ dφ. Normalisation of spherical harmonics yields

αkk′ = 1
2π

∫ v0

−∞
dv

eiω/κ ln(v0−v)eiω
′v

√ω′

ω
+
√
ω

ω′
4M
v0 − v


 , (5.17)

and since we are considering geometric optics we have large ω′, meaning we can approximate
the above as

αkk′ ≈ 1
2π

(
ω′

ω

)1/2 ∫ v0

−∞
dv eiω/κ ln(v0−v)eiω

′v . (5.18)

And similarly for β such that

βkk′ ≈ 1
2π

(
ω′

ω

)1/2 ∫ v0

−∞
dv e−iω′veiω/κ ln(v0−v) (5.19)

or, setting v′ = v0 − v,

αkk′ = 1
2π

(
ω′

ω

)1/2

eiωv0

∫ ∞
0

dv′ e−iω′v′
eiω/κ ln(v′) (5.20)

βkk′ = 1
2π

(
ω′

ω

)1/2

eiωv0

∫ ∞
0

dv′ eiω′v′
eiω/κ ln(v′) . (5.21)
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The above integrals are analytic everywhere in the complex plane except at the branch
cut, which we choose to lay on the negative real axis. This means integrating along a
closed contour, avoiding the branch cut and pole at v′ = 0, will yield zero, meaning the
contribution from the negative and positive real axis is equal. Thus∫ ∞

0
dv′ e−iω′v′

eiω/κ ln(v′+iε) = −
∫ ∞

0
dv′ eiω′v′

eiω/κ ln(−v′+iε) (5.22)

= −eπω/κ
∫ ∞

0
dv′ eiω′v′

eiω/κ ln(v′−iε) (5.23)

where the second step makes use of the choice ln(−1) = −iπ. By inspection we now see
the relation

αkk′ = −eπω/κβkk′ . (5.24)

This is all we need. From the normalisation (3.13) and (3.18) we obtain the particle density
at I +

〈N+〉 = 1
eβω − 1 . (5.25)

We see that this is Planckian with temperature T = 1/β = κ/2π. From this one can draw
the conclusion that a black hole will emit particles with a thermal spectrum.

From energy conservation it is clear that an emitted mode of Hawking radiation will
carry with it some energy which must have come from the black hole itself. Thus, the
existence of Hawking radiation will result in black hole evaporation. In spite of this, since
the temperature of the radiation is inversely proportional to the mass of the black hole, an
adiabatic approximation is valid for a large enough black hole, meaning the evaporation
will not affect the time independence of the calculation above.

5.1 Information Paradox

The evaporation of a black hole has two main consequences. First, the decrease of the
horizon area means the entropy considered in section 2.1 will no longer be non-decreasing.
However, this is an easy fix. Instead of only considering the conservation of the black hole
entropy itself, it is generalised by adding a term for the external entropy

S = SBH + Sext , (5.26)

which will be non-decreasing during evaporation.
Now, let us study the more substantial consequence.4 Consider again the collapse phase

of the formation of the black hole. Say the collapsing matter is in a pure state, i.e. one
has absolute knowledge about the state of the matter which will form the black hole. Once

4In the following, basic knowledge of quantum entanglement is assumed. For a quick review, see [8].
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the event horizon has formed, and the black hole started evaporating, the states which exit
the hole will be thermally entangled with the matter still part of the black hole. Taken
together the exterior and interior states are in a pure Hilbert space

H = HBH ⊗Hext , (5.27)

while, as for any globally pure entangled state, the substates (or subspaces) of a evaporating
black hole will be mixed. As the black hole keeps evaporating, the Hilbert space of the
exterior particles will grow larger, while the black hole Hilbert space will shrink. Finally,
once the black hole has completely evaporated and the event horizon vanished, all that
is left are the exterior, thermal states. However, the space of the exterior states is a
completely mixed state, meaning we have gone from a pure state of collapsing matter to a
mixed state of radiation. From having complete knowledge about the state of matter which
formed the black hole, after evaporation one no longer has any information about the state
of radiation. Such a non-unitary evolution is forbidden, and is known as the information
paradox. In the following section some of the potential solutions to this paradox will be
presented and discussed.

6 Discussion

It is clear that the naive unification of gravity and quantum field theory which has been
considered here is not completely satisfactory. The information paradox poses fundamental
questions and thus requires a solution on a fundamental level. Many of the issues which
arise in this paradox are due to entropy. Thus, a solution may be found in a deeper study
of the entropic properties of the mechanisms involved.

Naturally, a better understanding of the origin of black hole entropy is a good start.
Following the example of statistical physics, black hole entropy suggests the existence of
microscopic states within the black hole. However, as discussed in section 2.1, the classical
thermodynamic picture of a black hole is determined by the its mass, angular velocity and
charge. Luckily, that is not the end of the road; progress has been made when looking at
black holes through the lens of string theory. More specifically, the study of BPS extremal
black holes has proven to be the most fruitful, in which case the area law (2.4) has been
derived by a microscopic approach. This gives hope that black hole microstates may indeed
exist.

Furthermore, the formula (2.4) has a very intriguing form. It states that the entropy
of a black hole is dependent on its area; which means that it is determined by a boundary
in D − 1 dimensions. The same principle also appears in the temperature of the black
hole radiation, since it depends on the surface gravity of the horizon. Such holographic
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properties of the black hole are not to be taken lightly. Using this reasoning, one could
argue that the information contained in the matter which forms the black hole can be
located on the event horizon. Variations of this insight appear in many works about the
information paradox, most recently in a paper by Hawking, Perry and Strominger [9].

Finally, since entanglement is an entropic property of compound systems, it is of interest
to understand how the entropy of the black hole is evaporated via the entangled states
which compose the radiation. It has been suggested that states which exit the black hole at
late times will be correlated with the radiation emitted early in the process, in which case
the state of radiation will be pure once the black hole has evaporated, and the paradox
resolved.

6.1 Conclusion

The information paradox is a puzzle which possesses both physical and philosophical
depth, and a resolution will likely come bundled together with further, unforeseen physical
discoveries. However, one must keep in mind that the predictions by Hawking and others
are yet untested. Due to the difficulty of experimentally probing a black hole, yet alone
doing so on a long enough time scale to directly observe the effects and the consequences
discussed previously, a definitive answer may have to wait. Nevertheless, some hope is
found in analogous low energy systems which provide probable environments in which one
may detect spontaneous particle creation, for example [10]. Until then, however, more
theoretical work must be done in order to unravel the questions which surround this issue.
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