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Abstract
Deep Brain Stimulation (DBS) consists of sending mild electric stimuli
to the brain via a chronically implanted lead. The therapy is used to
alleviate the symptoms of different neurological diseases, such as Parkinson’s Disease. However, its underlying biological mechanism is currently
unknown. DBS patients undergo a lengthy trial-and-error procedure in
order to tune the stimuli so that the treatment achieves maximal therapeutic benefits while limiting side effects that are often present with
large stimulation values.
The present licentiate thesis deals with mathematical modeling for
DBS, extending it towards optimization. Mathematical modeling is motivated by the difficulty of obtaining in vivo measurements from the
brain, especially in humans. It is expected to facilitate the optimization
of the stimuli delivered to the brain and be instrumental in evaluating
the performance of novel lead designs. Both topics are discussed in this
thesis.
First, an analysis of numerical accuracy is presented in order to verify
the DBS models utilized in this study. Then a performance comparison between a state-of-the-art lead and a novel field-steering lead using
clinical settings is provided. Afterwards, optimization schemes using intersection of volumes and electric field control are described, together
with some simplification tools, in order to speed up the computations
involved in the modeling.
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Chapter 1

Introduction
This licentiate thesis concerns mathematical modeling of Deep Brain
Stimulation (DBS). In particular, the models and algorithms presented
here were developed in connection with the treatment of Parkinson’s
Disease (PD), although they can be adapted to other types of DBS
treatment, as long as enough data are available.
DBS consists of sending mild electrical stimulation to the brain via
a chronically implanted lead and has replaced other surgical procedures
such as ablation and surgical lesioning due to its versatility, reversibility
and individualization potential [11]. Nowadays, DBS is used to alleviate
a number of neurodegenerative diseases such as PD [24], dystonia [13],
epilepsy [27] and others. There has been also some interest in applying it
to psychiatric diseases, such as schizophrenia [18] or Tourette’s syndrome
[30].
However, there exist several challenges and unsolved problems with
DBS. First and foremost, the underlying mechanisms of DBS, i.e. how
the stimulation interacts with the brain and how it produces outcome,
are currently unknown. Furthermore, an inadequate stimulus might
have undesired side effects, e.g. gait problems or cognitive problems, or
no effect at all. This means that programming the stimulation devices so
that the symptoms are alleviated in an optimal way is essential. Unfortunately, the optimization is usually performed in practice by trial-anderror methods, which procedure could take a long time and is stressful
for the patient [23]. The situation can be even worse in some areas of
interest, especially in psychiatry, where the results of a given set of stimulation parameters can take weeks or months to appear. In addition,
the leads used nowadays in surgery have not evolved much since the
5

inception of the therapy. More advanced leads could potentially yield
better results [21].
In order to address these shortcomings, mathematical models of DBS
have been developed during the last decade. Although there are DBS
models which involve stimulated neurons directly, a macroscopic approach is pursued in this work, where the brain is modeled as a medium
with a given conductivity. Quantities of interest are the electric potential and the electric field produced by the lead as well as their spread in
the brain tissue. Those are usually computed by using Finite Element
Methods (FEM).
First DBS models considered the brain as a homogeneous isotropic
medium. However it was observed that this approach resulted in overestimating the spread of the stimuli through the brain [8]. Several models
were developed to improve that by introducing spatial domains with
different conductivities. Furthermore, it was observed in animals that
a layer of tissue was formed around the lead that should be considered
in modeling. Unfortunately, the properties of said tissue appeared to be
time-dependent, difficult to determine [20], and alter the electric field
distribution [2], which in turn could influence the therapeutic outcome.
Allowing for different conductivities within the simulated brain volume
could as well cause some accuracy problems with the FEM solvers used,
which possibility is analyzed in Paper I.
Once the field distribution inside the brain can be computed, the
next step is to find out which neurons are stimulated. Different approaches exist to this problem, e.g. those involving neuron models [22]
or thresholds based on the electric potential and/or its derivatives [4],
[25]. In addition, a suitable target has to be defined in the brain that
will depend on the disease to treat and even the patient’s individual
features. Once all of this is known, the stimulus could be optimized so
that it stimulates the target as efficiently as possible while minimizing
side effects. This optimization has the potential to provide a suitable set
of optimal stimuli settings for the physicians involved, thus shortening
the programming time.
This thesis addresses both model accuracy and stimulation optimization for a variety of leads and configurations. The analysis was
performed entirely in silico, although based on clinical data.
6

1.1

Contributions and Publications

Within the scope of this licentiate thesis, mathematical models were
developed for a number of DBS leads, as well as different optimization
strategies, each with its own advantages and shortcomings. The results
are covered by four papers published in proceedings of international
conferences. The contributions can be summarized as follows:
Paper I R. Cubo, A. Medvedev Accuracy of the Finite Element Method
in Deep Brain Stimulation Modelling IEEE Multi-Conference on
Systems and Control, pp. 1479-84, Antibes, France, 2014.
Discontinuities in the conductivity of a media are known to cause
numerical issues and lead to inaccurate modeling of electrical field
distribution by Finite Element Methods. In the case of brain tissue electrical properties modeling in DBS, conductivity discontinuities appear in the interface between the encapsulation tissue
around the implanted electrode and the surrounding bulk brain
tissue. This work analyzes and compares numerical accuracy of a
discontinuous interface model and a model with a smooth interface
described by different sigmoid functions. The results confirm that
both models are numerically accurate.
Paper II R. Cubo, M. Åström, A. Medvedev Target coverage and selectivity in field steering brain stimulation IEEE Engineering in
Medicine and Biology Society Annual International Conference,
Chicago, IL, 2014.
Stimulation of a DBS target without spilling over to the adjacent areas beyond is aimed at maximizing the therapeutic benefits
while limiting possible side effects. In this work, a comparison between a state-of-the-art lead and a field-steering experimental one
is performed for a population of electrode installations with known
position and stimulation amplitude. The stimulation target of this
work is population-based and defined in a clinical study. The results indicate a better selectivity achieved with clinical settings by
the field-steering lead.
Paper III R. Cubo, M. Åström, A. Medvedev Model-based Optimization of Lead Configurations in Deep Brain Stimulation IARIA International Conference on Smart Portable, Wearable, Implantable
and Disability-oriented Devices and Systems, Brussels, Belgium,
7

2015. (Best Paper Award)
Optimization of a given stimulus settings using mathematical models is important from a lead programming point of view. In this
work, given location data from a population of leads, the stimuli
are optimized to cover a certain target area. The optimization is
performed using geometric intersections. Multiple contact stimulation and field steering leads are considered as well. The results
indicate a reasonably good concordance between the clinical settings and the settings predicted by the model. Furthermore, multiple contact stimulation is shown to achieve better selectivity in
some situations.
Paper IV R. Cubo, M. Åström, A. Medvedev Electric Field Modeling
and Spatial Control in Deep Brain Stimulation IEEE Conference
on Decision and Control, Osaka, Japan, 2015.
Spatial control of electric field is explored in order to optimize
DBS stimuli. It consists of adjusting the electric field distribution
generated by the lead to fit a target distribution. In particular,
an uniform electric field distribution was assumed with different
thresholds. In addition, in order to speed up computations through
model simplification, an electric field predictor function was proposed. The obtained results show the viability of the used methods.
Additional material pertaining to the topic of this thesis is presented
in the following publications that are not directly part of this manuscript
but contributed to the introduction and to the papers outlined above:
• R. Cubo, M. Åström, A. Medvedev Stimulation field coverage and
target structure selectivity in field steering brain stimulation Mov.
Disord., vol. 29, no. S1, pp. S198-S199, 2014.
• R. Cubo, M. Åström, A. Medvedev Model-based optimization of
individualized deep brain stimulation therapy IEEE Design & Test:
Cyber-Physical Systems for Medical Applications. Special issue,
2015 (Accepted).
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1.2

Nomenclature

Symbols
E Vectors are written in bold letters (both upper and lower case)
A Matrices are written in upper case letters
f (x) Vector-valued function. x can be a scalar or a vector
Abbreviations
DBS Deep Brain Stimulation
PD Parkinson’s Disease
MRI Magnetic Resonance Imaging
DTI Diffusion Tensor Imaging
FEM Finite Element Method
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Chapter 2

Background
2.1

DBS for Parkinson’s Disease

Patients with Parkinson’s Disease (PD) often experience symptoms such
as muscle tremor, bradykinesia, problems with balance and coordination
[17]. In its advanced stages, PD can lead to cognitive problems such as
dementia or impaired speech. Although PD is more common in patients
older than 65, there are some cases in younger people, i.e. in age 21–
40 years. Clinical practice demonstrates that a chronic treatment with
DBS will greatly improve the quality of life of PD patients, with the
number of patients undergoing the DBS therapy rapidly increasing during the last years [24]. Compared to other surgeries, such as ablation or
lesioning, DBS has shown clear advantages, e.g. reversibility, flexibility
and individualization potential [11].
However, since the surgery of DBS is quite complicated and costly,
compared to treatment with drugs, physicians usually choose advanced
patients for this procedure when pharmacotherapy (e.g. Levodopa) has
lost effectiveness or has severe side effects [24], although it has been suggested that an earlier implementation may be beneficial for the patient
[9].
Prior to surgery, patients undergo clinical examination by a multidisciplinary team, as well as medical imaging. Based on the images, the
physician pinpoints a target area, which is in PD usually located in the
basal ganglia area of the brain, in particular the subthalamic nucleus
(STN).
The surgery is quite complex, requiring high accuracy. Microelectrodes, along with intraoperative medical imaging, are used sometimes
11

to locate the target, and a stereotactic frame is employed to accurately
position the lead inside the brain. Apart from the usual for surgery
measures to prevent infections and hemorrhages, additional care must
be exercised to avoid introducing air inside the brain because of possible brain shiftings, which could move and/or bend the lead [29]. After
the surgery, a suitable period of time is given to the brain for healing,
usually a few weeks. After that, the programming procedure begins
with the aim to achieve an optimal therapeutic outcome by tuning the
stimulation parameters. However, improper settings may introduce side
effects [1].
The DBS system consists of two elements:
• The Implanted Pulse Generator (IPG) that generates the
pulse signals to be sent to the brain and also is used as ground.
It is usually implanted in the chest. Currently, there are models
capable of both voltage stimulation and current stimulation.
• The lead that is chronically implanted in the brain. Different
models exist, developed by companies such as Medtronic, St. Jude,
Boston Scientific and others. They usually employ a set of electrical contacts of different dimensions, while the rest of the lead is
insulated.
Both parts of the DBS system are connected together by wires implanted under the skin.
The pulses delivered to the brain are usually biphasic rectangular in
order to avoid hazardous charge injection to the brain and to prevent
corrosion. In Figure 2.1, the pulse parameters can be seen, such as the
amplitude V and the pulse width (PW).
All of these parameters affect the therapeutic outcome [23], although
they are individualized to each patient, and it is unclear why a certain
configuration works better than other.
• Stimulus amplitude is probably the most important part and
in the main focus of this thesis, in particular in Paper III and
Paper IV. They are usually in the 0-5 V range.
• Pulse width is proportional to the stimulation, with values of
60µs to 200µs being typical.
• Frequency is an issue widely discussed in the literature. Typical
frequencies used are 120-180 hz.
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Time
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PW
Figure 2.1: Example of a cathodic biphasic pulse of amplitude V and
pulse width PW used for stimulation.

2.2

Mathematical Models

In order to better understand the mechanisms of and suggest strategies
in DBS, mathematical models of varying complexity have been created
during the past decade [8]. The models aim at supporting the task
of DBS device programming via quantification and visualization of the
target coverage as well as the stimulation spill to the adjacent brain
areas.

2.2.1

FEM Modeling

Considering the constituting elements of the DBS system as conductorsinsulators, the spread of the electric field can be quantified by the equation of steady currents
∇ · (σ∇u) = 0,
(2.1)
where σ is the conductivity, u is the electric potential, and ∇ is the
gradient operator. The electric field can be computed from the potential
by exploiting the conservativeness of the electric field, i.e.
E = −∇u.

(2.2)

The solutions of (2.1) and thus (2.2), can be computed analytically
only in very simple geometries. For example, when σ is constant, equation (2.1) can be simplified to Laplace equation which can be solved in
a variety of cases by using, for example, separation of variables.
However, when considering more complex geometries and/or inhomogeneous conductivity, (2.1) must be solved numerically. There are different numerical schemes for solving partial differential equations such
13

Figure 2.2: Electric field norm with respect to the distance of the electrode center for different changes in conductivity. Note the discontinuity
at the distance of around 1.1 mm
as (2.1). In particular, the models of this thesis are simulated using
FEM, which divides the problem’s domain into a mesh consisting of
small elements, such as triangles or tetrahedrons. In each element, an
approximation to the solution is proposed. Depending on the level of accuracy needed for the solution, it could be linear, quadratic, cubic or of
a higher degree, with higher computational power needed for each more
sophisticated one. The solution is then computed by using the boundary
conditions of the problem and by continuity conditions in each element,
giving a very large system of equations. In reality however, since each
element in the mesh only influences its neighbors, the system of equations is sparse which property allows to store it in today’s computer
memories.
Using FEM has its own challenges. A suitable mesh has to be generated. It should be fine enough so it captures the details of the geometry
with a satisfactory accuracy, but it cannot be too fine, since that will
require too much computing power, taking more time and memory. Furthermore, possible geometrical particularities should be considered. For
example, with respect to (2.1), one can implement a discontinuity in σ,
which will yield a discontinuity in (2.2), as can be seen in Figure 2.2. The
mesh should be tailored for this case, yielding a good separation at the
frontier to avoid accuracy issues [6]. This behavior is more thoroughly
explained in Paper I.
In this thesis, the FEM solver utilized is COMSOL Multiphysics
(Comsol AB, Sweden), due to its simplicity of use.
14

2.2.2

Brain Models

Developing a suitable for DBS human brain model is a big challenge due
to the different tissues present such as white matter, gray matter, blood
vessels, axon fibers or cerebrospinal fluid [3]. Not only this translates to
different conductivities, but including neuron fibers will also make the
conductivity anisotropic [5], since in myelinated axons, conductivity is
favoured through the fiber direction.
Different levels of complexity can thus be modeled:
• Patient-specific models, that take into account every available
level of detail for a given patient. Such models usually include a
combination of Diffusion Tensor Imaging (DTI) to obtain the conductivity along the neuron fibers and Magnetic Resonance Imaging
(MRI).
• Population-based models, that use atlases to describe different
anatomical areas within the brain for modeling tissue properties.
This kind of models has the advantage of being versatile to some
extent and not as costly to implement as the previous one.
• Approximate models, that more crudely approximate the brain
conductivity e.g. by describing it as homogeneous. While being
not very precise, these models are easier to produce, do not require
much data or processing, and are suitable for illustrative purposes.
Furthermore, it was shown that, at least in non-human primates,
there is some additional tissue created around the lead as a reaction to
foreign bodies [10]. Said tissue will have different properties than any
of the other parts of the brain, which could be patient-specific and are
still up to debate. It is known as encapsulation tissue in the literature.
Due to the lack of clinical conductivity data, the model used in this
thesis is a very approximate one with an homogeneous brain tissue of
conductivity σ = 0.1 S/m. This value is a weighted average of the different areas of the brain, taken from the literature [3]. The encapsulation
tissue is modeled as well. It is assumed to be cylindric around the lead
with a conductivity of σ = 0.18 S/m and a thickness of 0.5 mm [8], as
seen in Figure 2.3.
With respect to the time domain behavior, different models can be
created as well:
15

Encapsulation Tissue

Active Contacts

DBS Lead

Figure 2.3: State-of-the-art lead-encapsulation tissue diagram. The lead
(gray) is surrounded by the encapsulation tissue (cyan) homogeneously.
The four cylindrical contacts capable of delivering stimuli are depicted
in red.
• Time-varying models that model the DBS pulse as shown in
Figure 2.1. Since there are interfaces between areas with different conductivities, such as the contact-encapsulation tissue and
the encapsulation-brain tissues, capacitive effects may arise which
could be interesting to analyze. Furthermore, this kind of models is important when considering the effect of DBS on individual
neurons and/or neural networks. The downside is much higher
computational load and more degrees of freedom, since the pulse
has to be completely specified.
• Stationary models only capture what happens when a DC stimulus is applied to the electrodes of the lead. These models can be
used to compute the electric field spread in the brain in a simplified way. However, this can ensue inaccuracies since the interfaces
between media are not modeled. Stationary models are suitable
when considering more macroscopic models, that is, considering
brain areas instead of individual neurons.
This thesis will focus on stationary models, although time-dependent
models are expected to be used in future work.

2.2.3

Stimulation

As mentioned in the previous section, to establish whether some areas of
the brain are stimulated by the DBS lead, neuron or macroscopic models
can be considered.
Neurons, and in general any cell, are polarized meaning that there is
a voltage difference across the membrane of the cell, called the membrane
16

Figure 2.4: Example of an electric field 200 V /m isolevel. The red
volume is considered to be stimulated.
potential, produced by ion channels and ion pumps [15]. At equilibrium,
the membrane rests at a definite electrical potential, known as the resting
potential (in most neurons it ranges between -60 and -70 mV), which as
long as the cell is undisturbed, will remain constant. External potentials,
in the case of interacting neurons provided by synaptic input or, in the
case of DBS, by the electrical field of the lead, alter that potential, and a
phenomenon known as depolarization takes place (as the ion channels are
altered). If the effect is significant enough for the potential to exceed
a certain activation threshold, very rapid (in the order of miliseconds
in neurons) up-and-down cycles are observed that are known as action
potentials [7], with their maximum in the order of tens of mV, sometimes
shooting as high as +100 mV.
Modeling a network of neurons is however a very challenging task.
First, the neural anatomy of the brain area to be modeled has to be
known, since the action potential depends on the anatomy of the neurons, such as the fiber orientation or thickness. In addition, the connectivity of the neural network has to be known to a certain degree and a
suitable transmission model has to be used, such as the cable model [26].
This results in a computationally demanding model requiring detailed
clinical data. For simplified cases, it is possible to use neuron models to
quantify neuronal stimulation [22].
A simplified stimulation model can use macroscopic properties of
the brain tissue. As mentioned in the previous section, brain areas as a
17

whole are considered instead of neurons, which augmentation eliminates
the necessity of using otherwise complex neuron anatomy and networks.
Different approaches have been taken in the literature using the electric
potential and its first [4] and second spatial derivatives [25]. In this thesis, a threshold approach exploiting the electric field norm is used. For
a given point in space, if the value of the electric field is above a certain
value, it is considered to be stimulated, and vice-versa, as illustrated
in Fig. 2.4. However, it should be noted that the neuron anatomy and
the pulse characteristics have to be included in the threshold, making
it lower with increasing fiber thickness, with cathodic stimulation and
with higher pulse widths.

18

Chapter 3

Optimization Strategies
Once a criterion to distinguish between the stimulated and non-stimulated
by DBS areas of the brain is defined, it makes sense to tailor the stimuli
so that the latter spreads to suitable areas of the brain, while avoiding
other areas.
Different approaches can be taken, such as stimuli amplitude optimization and experimenting with different active contact configurations,
which is performed in Papers III and IV. In addition, it was suggested
in the literature that novel leads could also help to tailor the stimuli
through selecting contact shapes and separations. Another possibility
is to, instead of using cylindrical contacts as the ones implemented in
state-of-the-art leads, employ fractional contacts capable of asymmetrical stimulation. This approach is known as field steering and is analyzed
in Paper II. Examples of both symmetrical stimulation and field steering
electrodes can be seen in Fig. 3.1
In the following sections, mathematical optimization schemes will be
discussed involving geometric intersections and electric field discretization and control.

3.1

Geometric Optimization

The area to be stimulated is often given as a certain volume. For PD, it
is usually located in the STN. As described above, one can use thresholds to estimate whether a zone of the brain is stimulated or not, which
means that a volume corresponding to a threshold isolevel can be defined. This is possible to do since the electric field decreases with the
distance from the source in a continuous way, at least if the medium
19

Figure 3.1: Lead configurations for a conventional lead and field-steering
Diamond-4, X-5 and X-8. Active contacts are marked in red.
has an homogeneous conductivity. It means that the volume contained
inside the threshold isolevel will be subject to a higher electric field value
and the brain volume inside the isolevel can be considered as stimulated.
One can then think about making the stimuli amplitude large enough
so that the target is completely inside the isolevel, to make sure that the
whole target is indeed stimulated. However, since stimulation outside
that area is undesirable, the effect of the stimuli should be limited just
to the target inside.
Two intersection volumes can then be defined: the intersection between the isolevel and the target and the volume that lies outside. Those
are termed as activated target volume (or just activated volume) and
overspill volume. In an ideal situation, the activated volume would be
the same as the target volume (100% activation) and the overspill volume should be minimized. In computing the volumes, however, the
shapes should be convex to enable the use of efficient and simple convex
volume computation techniques.
Since the goals of full coverage and minimal spill are generally contradictory, the stimuli shaping results in an optimization problem. To
solve it, priorities first must be specified, i.e. what is the most important
part: obtaining a complete target activation or less overspill. There is
20

no clear answer to this as it rests within a clinical domain. In Paper III,
full target coverage is prioritized. This means that understimulation,
i.e. activation under 100%, should be heavily penalized.
Once the optimization concept is clear, a suitable loss function must
be defined. A candidate could be the following:
J(u) =



(
Act (u)
pSpill (u) 100−p
pAct ≤ pTh ,
100−pTh
pSpill (u)

(3.1)

pAct > pTh ,

where u is the stimulus amplitude, pAct is the activated volume fraction
of the target, pSpill is the fraction of stimulated volume that lies beyond
the target, and pT h is an acceptable target activation that is taken to
be 95% in this thesis. The loss function defined by (3.1) is convex
(although is not differentiable for pAct = pT h ), which makes optimization
simple to perform and yields a unique solution. However, it was seen
that in practice, due to the discretization of the geometry (both the
target and the isolevel were given by a cloud of points which introduces
inaccuracies), it was not the case and small local minima appear in (3.1),
see Fig. 3.2. This problem is easily solved by taking bigger steps in the
optimization scheme so that the solver can get past the local minima.
Cost as a function of the stimulus amplitude
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Figure 3.2: Example of cost function J as a function of the stimulus
amplitude
The methodology to compute an optimized stimulus amplitude, as
explained in more detail in Paper III, is the following:
21

1. Compute the target volume. Since it is given as a cloud of points
and assumed to be convex, the convex hull of the points is sufficient.
2. Since the distribution obtained by the FEM solver has a given lead
orientation and position, reposition the electric field distribution
so that it matches the clinical data on the lead position by using
rotation-translation algorithms.
3. Compute the isolevel for an initial stimulus (unit or other preselected value). It is done by eliminating the points where the
electric field is lower than the threshold. The result is a convex
cloud of points.
4. Check whether the points obtained in the previous step are inside
or outside the target.
5. Compute the fraction of the target activated and the amount of
stimulation outside the target (overspill). Check if the coverage
is optimal, i.e. it covers at least 95% of the target with minimal
overspill.
6. Repeat steps 4 and 5 until the coverage is optimal or the number
of iterations is exceeded.
As can be seen in the sequence, the volumes must be computed each
time the stimulus or the threshold is changed. Furthermore, since the
clouds of points will be larger the greater the stimuli are, it will take
more computation time as the amplitude increases, thus making the
optimization quite time consuming if the target is far from the lead.
It should be noted that this procedure is performed for each feasible
contact configuration, i.e. it is typically repeated a number of times.

3.2

Electric Field Control

Another approach to optimize the stimuli is to approximate the electric
field by a given distribution, as performed in Paper IV. Compared to the
geometric intersection approach, the main benefits are greater versatility,
potentially higher computing efficiency, as well as that convexity of the
volumes is not required. The drawback is a downside of the versatility
of the approach: it is for example more difficult to find a suitable cost
function.
22

In this thesis, the target was defined as a cloud of points and those
points were used with the electric field threshold as the desired value.
Due to the linearity of (2.1), it is enough to compute the electric field
produced by an unit stimulus, i.e. by 1 Volt, and scale it to the desired
value. Then, the cost function is defined as follows:
J(u) =

nt
X
i=1

wi f (uEunit,i − Eobj,i ),

(3.2)

where u is again the stimulus amplitude, nt is the number of points
in the target, wi are given weights, and Eunit,i , Eobj,i are the unitary
and the objective electric field at the target point i, respectively. The
main challenge is to determine a suitable function f that in some way
depends on the difference between the stimulus provided by the lead and
the objective distribution.
Since there are many functions that fit in the description, the results
obtained for the geometric optimization were used as a baseline for finding a suitable cost function. Heuristically, the following function was
suggested as a candidate:

f (αEunit,i − Eobj,i ) =



|αEunit,i − Eobj,i |2 αEunit,i ≤ Eobj,i
|αEunit,i − Eobj,i | αEunit,i > Eobj,i

(3.3)

with unitary weights wi . This means that, as in Paper III, understimulation is penalized quadratically, while overstimulation is penalized linearly, see Fig. 3.3. However, it still allows some room for understimulation at some points while keeping overstimulation under control with
the linear penalty.
The algorithm for this approach is quite different from the geometry
approach of Paper III and is summarized below. No volumes are computed at any point which property relaxes the convexity requirement in
the target.
1. The electric field produced by the lead is first repositioned so that
it matches clinical data, the same as in the geometric intersections
approach.
2. Instead of computing volumes, the field produced by the electrode
is estimated at the target points. This can be done in a number of
ways. In this thesis, the Method of Fundamental Solutions (MFS,
see [19]) is used. For further details, see Paper IV.
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Figure 3.3: The proposed cost function. Note the dramatic increase in
the cost when the target is understimulated
3. The field is then scaled so that the cost function given in (3.3) is
minimized.
It should be noted that the main computational burden is inflicted in
Step 2, which only depends on the lead position and orientation. This
means that if a number of situations is considered, such as different
threshold values, only Step 3 has to be performed, which simplifies a lot
the computations needed in such cases.
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Chapter 4

Approximation schemes
Although one can compute the solution of (2.1) by FEM directly, it is
often more convenient to compute it using an approximation scheme,
which approach is utilized in Paper IV.
The idea is to exploit a given coarse distribution from the FEM
solver exported to a file in order to approximate the electric field value
at a certain point. The reason to do so is to simplify computations and
lower memory consumption while using other processing tools, such as
MATLAB.
In the following sections two schemes will be introduced: Method of
Fundamental Solutions (MFS) and a predictor function that makes use
of the model symmetry. The results of these two methods are explained
and compared in Paper IV.

4.1

Method of Fundamental Solutions

In this scheme, the idea is to use the points with known electric potential
in the vicinity of the target points as boundary conditions, representing
the solution to (2.1) by a linear combination of certain functions [19].
These functions are characterized by points called singularities, or
source points, where one of the functions goes to infinity. The singularities should be outside of the solution domain. The solution u of (2.1)
can then be written as:
u(r) =

ns
X

λi G(r, r0i ),

i=1
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(4.1)

where r is the point where the solution is evaluated, r0i are the coordinates of the ith source point, ns is the number of singularity points, λi
is a coefficient to be computed, G(r, r0i ) is called a fundamental solution
and depends on the PDE considered.
If the functions G(r, r0i ) are known, it is then sufficient to compute
the coefficients λi to give the solution u at any point in space, provided
that enough fundamental solutions are included in the sum.
It can be assumed that the points where the boundary conditions
are considered are located in areas with constant conductivity, thus reducing (2.1) to Laplace’s equation that has the following well-known
fundamental solution in 3D [16]:
G(r, r0 ) =

k
,
||r − r0 ||2

(4.2)

λi G(rb , r0i ).

(4.3)

where k is a constant and || · ||2 is the usual Euclidean vector norm.
However, k can be put together with the λi so there is no need to
compute it separately.
In order to evaluate the coefficients, the boundary conditions must
be enforced, that is, at a boundary point rb , the solution has to satisfy
the following:
u(rb ) =

ns
X
i=1

Since (4.3) must hold for all boundary points, putting everything together yields a system of linear equations:

where:

Aλ = B,

(4.4)

aik = G(ri , r0k ),
bi = u(ri ),
λ = [λ1 · · · λns ]T ,

(4.5)

with the indices ranging over i = 1, ..., np , k = 1, ..., ns , and np being
the number of boundary conditions.
Solving the linear system in (4.4) has several possible complications.
First, regarding the source points (see [31]), the following can be noted:
• The location of the source points is up to debate: it is not clear
if positioning them closer or further away to the domain matters
regarding the accuracy of the solution.
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• It is not clear whether there is an optimal number of source points.
When this algorithm is applied in the thesis, the source points are
chosen on a sphere of radius 0.01 m from the evaluation point r, to ensure
that they are sufficiently far away from it. For convenience, ns is chosen
to be the same as np in order to make the matrix A square and allow
ordinary inverse. For a rectangular A, Moore-Penrose’s pseudoinverse
could be used, provided that rank A = np .
Apart from the source points number and location, complications
in solving (4.4) might arise due to the condition number of A that is
defined as:
σmax (A)
,
(4.6)
σmin (A)
where σmax (A) and σmin (A) are the maximum and minimum singular
values of A. So if σmin is very small compared to σmax , κ(A) will be
large. When solving linear systems of equations such as the one in (4.4),
a high condition number of the system matrix causes issues with stability
of the solution, i.e. small perturbations in A could yield large variations
in the solution. Indeed, it was seen in approximating (2.1) with the MFS
method that κ(A) can take very high values in certain situations and
thus make problem (4.4) ill-posed in the sense of Hadamard [12].
In order to alleviate the possible ill-posedness of (4.4), regularization
schemes are to be used.
κ(A) =

4.1.1

Regularization

The idea behind a regularization scheme is to produce an approximate
solution of the linear system of equations that is more stable, i.e. less
sensitive to perturbations.
In Paper IV, two regularization schemes are tested:
• Singular value truncation, which consists of discarding singular
values below a certain threshold [14]. The matrix A first undergoes
singular value decomposition (SVD), taking the form A = U ΣV T ,
where U and V are orthogonal matrices, and Σ is a diagonal matrix
containing the singular values of A. Σ is then altered so that the
singular values below the threshold are disregarded, i.e truncated.
Additionally, one can use the SVD decomposition directly to solve
(4.4) efficiently:
−1 T
−1
A−1
r = V Σr U → λ ≈ Ar B,
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(4.7)

where Ar , Σr are the truncated versions of A and Σ respectively.
An important matter in the approach above is to how to choose the
threshold properly. It should be small enough so that the solution
is reasonably accurate, but not too small in order to avoid the
numerical stability problems. In this thesis, a threshold yielding
κ(A) < 108 was sufficient.
• LASSO [28] is a sparse estimation algorithm that can be used to
solve (4.4) as the optimization problem:
min{||Aλ − B||2 + α||λ||1 },
λ

(4.8)

where || · ||1 , || · ||2 are the standard vector 1-norm and 2-norm,
respectively. The main characteristic of this method is that it will
yield a sparse solution vector λ, that is, only a few values will be
non-zero.
Similar to the previous method, choosing the parameter α is the
main challenge. If α is too low, then the regularization is ineffective, while if it is too high, then the solution will not be accurate,
as illustrated in Fig. 4.1. A measure of accuracy can be given by
the Mean Squared Error (MSE), given by:
ns
1 X
MSE =
(ûi − ui )2
ns

(4.9)

i=1

There is an area where the MSE is flat with respect to α, as illustrated in Fig. 4.1. This interval of α is considered to be optimal
since it should maintain a good compromise between accuracy and
stability.
The minimization in (4.8) is then solved by using a standard numerical convex optimization solver.
Once λ is computed by using either of the two methods above, r is
substituted with the point of interest and the solution to u is evaluated
by summing the fundamental functions.
Since the solutiongiven by (4.3) is analytic, the electric field E can
be easily computed as E(r) = −∇u(r):
E(r) =

ns
X

λi

i=1
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MSE vs α for LASSO regularization
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Figure 4.1: Mean Square Error (MSE) of the residual as a function of
the regularization parameter α for the LASSO method.

4.2

Predictor Function

Another possibility to simplify (2.1) is to take the solution produced by
the FEM solver and approximate it with an analytical function, which
should be substantially faster than the MFS method with comparable
accuracy as long as the approximating function is properly chosen.
In this section, it is assumed that the bulk brain tissue is homogeneous isotropic and the stimulation is symmetrical with respect to the
lead axis. Thus, the problem possesses azimutal symmetry, meaning
that the electric field only depends on the height and the radial distance
from the lead, making cylindrical coordinates (r,φ,z) a suitable choice.
In addition, since the encapsulation tissue does not affect the symmetry,
as it is assumed to surround the lead uniformly, it could be included
as well. It should be noted however that it will only work if the lead
administers symmetrical stimulation.
The method to obtain a predictor function is inspired by the separation of variables widely used for simple boundary value problems. First,
a dependency between the field and one of the coordinates is obtained
while keeping the other one constant. It yields a function that has several free parameters to be fitted to the coordinate that has previously
been kept constant.
In the case at hand, the radial coordinate r is considered constant
and the dependency between the field and z is evaluated, yielding for
example the curves in Fig. 4.2.
In this thesis, the proposed predictor function that should approximate the curves is based on the probability density function of the
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Figure 4.2: Electric field with respect to the vertical coordinate z for
different radial distances
Cauchy-Lorentz distribution, given by
f (z; µ, γ) =

γ2
1
,
πγ (z − µ)2 + γ 2

(4.11)

where γ is related to how broad the curve is and µ is the point where
the peak value is reached. It is assumed that the value of µ is known
and it is located in the middle of the active contact.
By inspection of Fig. 4.2, two observations can be made: There are
some spatial oscillations of the field for smaller values of r that are
caused by the influence of the non-active floating contacts. Further, as
r grows, the curves become more spread out, which means that there is
a relation between γ and r.
The value of γ for a fixed r can be determined by using least squares:
min
γ,C

nz
X
k=0

(C fˆ(zk ; µ, γ) − kE(r, zk )k2 )2 ,

(4.12)

where C is a scaling factor that will depend on r as well and thus it
must be computed as well.
Alternatively, one could exploit the distribution itself. The following
holds for the Cauchy-Lorentz distribution
2γ = f (zhm,+ ; µ, γ) − f (zhm,− ; µ, γ),

(4.13)

where zhm,− is the point where f takes its half-maximum on the left side
and zhm,+ is the point where f takes its half-maximum on the right side.
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That is, 2γ is the width of the curve between the half-maximum points.
Since the data for the curve fitting are synthetic and can be refined to
any degree, γ can thus be determined by selecting the points where the
function is half of the peak value. Once γ is obtained, the scale factor
C can be determined from the peak directly:
f (µ; µ, γ) = fpeak =

C
.
πγ

(4.14)

Since both C and γ depend on r as well, said dependencies have to be
taken into consideration. A possibility is to compute them at different
r and then fit them to a function using e.g. least squares.
The results of this approach are outlined in Paper IV.
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Paper I

Accuracy of the Finite Element Method in
Deep Brain Stimulation Modelling
Ruben Cubo1 and Alexander Medvedev1∗†

Abstract
Deep Brain Stimulation (DBS) is a widely established treatment for
Parkinson’s Disease where electrical pulsatile stimulation is delivered
to a target area in the brain by means of an implanted electrode. To
understand better how the stimuli propagate through the brain of the patient, mathematical models of various levels of sophistication have been
developed using Finite Element Methods (FEM). However, the accuracy
of these models, aiming mostly at stimuli tuning in and individualization
of DBS systems, is still unclear. One complication is posed by the interface between the encapsulation tissue surrounding the electrode lead
and the bulk brain tissue. It is usually modelled as a discontinuity in
the electric conductivity, which translates into a discontinuity of the first
derivative of the electric potential. The goal of this study is to analyze
the accuracy of the solution yielded by the FEM tool using different interface models between the two media, comparing it to the one predicted
in the literature. The obtained results suggest that, although a discontinuous conductivity will not introduce any extra numerical inaccuracies,
exchanging the interface with a discontinuous conductivity for a smooth
transition might yield more accurate model solutions.

1

INTRODUCTION

Deep Brain Stimulation (DBS) has been used as a last resort therapy to alleviate the motor symptoms of various neurodegenerative diseases such as Parkinson’s Disease [1]. The benefits of DBS compared to other surgical methods
∗1 R. Cubo and A. Medvedev are with Department of Information Technology, Uppsala Uni-

versity, 751 05 Uppsala, Sweden
† *RC and AM were partially supported by funding from the European Research Council,
Advanced Grant 247035 (ERC SysTEAM)
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that involve lobotomy or ablation are its reversibility and flexibility [2]. Although it has been a subject of extensive studies during recent years, the physiological mechanism behind DBS and the way it affects the brain function still
remain largely unknown, making the therapeutical outcome difficult to predict. The parameters of stimulation controlled by the physicians are electrode
polarity, contact location, as well as the pulse train amplitude, duration and
frequency [3, 4]. Tuning of DBS systems to maximize the therapeutic benefit
and minimize the side effects is a daunting and time-consuming task. Computer modeling has been intensively exploited lately to obtain insights into the
DBS mechanisms of action and optimize as well individualize the treatment.
To explore the relation between electrical stimulation, its spread in the
brain, and the neuronal response to it, several mathematical models of the brain
with implanted DBS electrodes have been developed. Most known models
employ Finite Element Methods (FEM) to solve the following linear partial
differential equation (PDE) describing the electric field:
∇ · (σ ∇u) = 0,

(1)

where u is the electric potential, σ the medium electric conductivity, and ∇ is
the gradient. The spread of the electric field is of great interest, as it can predict
to a certain extent the volume of tissue activated [6, 7, 8, 9].
A known issue with equation (1) is the conductivity. A plain approach
would be to model the brain tissue as a medium with a constant conductivity, reducing (1) to Laplace’s equation that is easily solvable. However, this
approach apparently tends to overestimate the spread of the electric field [5].
Studies on animals showed that some time after the lead had been implanted, an encapsulation tissue different from the one found elsewhere in the
brain was formed around the lead that affected the electric field spread in the
brain and could explain the shortcomings of the plain approach. However, it
was seen that its electrical properties were varying with respect to time and the
applied stimulus [10]. A viable approach to modeling encapsulation tissue is
to consider it as a different medium with a constant conductivity and of a given
width. However, this creates a discontinuity in the conductivity, which given
the form of the PDE in (1), would translate to a discontinuity in its first derivative. Such discontinuities might result in an inaccurate solution of the PDE on
the border of the media if the FEM mesh is incorrectly chosen [11, 12, 13].
This paper is composed as follows. First, the notions used in the forthcoming accuracy analysis are introduced. Then the FEM model to be studied is
defined, including the geometry, meshes and physics. Finally, the numerical
results for some representative cases are presented.
2

2

MODELS AND METHODS

2.1 Accuracy Measures
To analyze the a priori accuracy of the solution of a PDE, it can be proved that,
if the mesh elements are considered linear, that is, if the solution inside a mesh
element is a linear interpolation of the solutions at the vertices, the solution
should converge, for a given mesh element size h, to the actual one according
to the following [12, 14]:
||u − uh ||H 1 ≤ Ch||u00 ||L2

(2a)

||u − uh ||L p ≤ Ch2 ||u00 ||L p , 1 ≤ p < ∞,

(2b)

where u is the actual solution, u00 is its second derivative, uh is the solution
given by the FEM, C is a constant, and || · ||H 1 and || · ||L p are the standard
norms given by:
||u − uh ||H 1 =

Z

Ω

0

(u

||u − uh ||L p =

− u0h )2 +

Z

Ω

Z

Ω

2

(u − uh )

(u − uh ) p

1/p

,

1/2

,

(3a)
(3b)

where Ω is the domain where the FEM is used and u0 denotes the first derivative
of u.
It is expected that if a solution exhibits a decay as described by (2a) and
(2b), then the discontinuities present in (1) will not introduce any significant
additional errors and the results will be as accurate as the FEM can achieve.
However, if the error is roughly constant with respect to the size of the mesh
elements, the computed solution of (1) would be yielding inaccurate results.
In addition, it is instructive to compare the accuracy of the solution given
by the usual discontinuous models, portraying a sharp contrast in conductivity between the bulk brain tissue and the encapsulation layer, with other approaches that approximate the discontinuity with a smooth function.

2.2

FEM Model

The simulation model used in this study consists of three parts: the lead, the
encapsulation layer, and the bulk brain tissue. The lead design considered is
a widely used state-of-the-art DBS lead, with four cylindrical contacts with a
height of 1.5 mm and separated 1.5 mm between them, see Fig. 1. The rest
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of the lead is an insulating cylinder with a rounded tip. The encapsulation
layer is modelled following [5], with a 0.5 mm thickness and a conductivity
of 0.18 S/m. The bulk tissue is represented as a cuboid of 5 x 5 x 15 cm
with a conductivity of 0.1 S/m [15]. These dimensions are smaller than the
ones used in other models. Since the objective of this study is to analyze the
accuracy of the solution with respect to the model of the encapsulation-brain
tissue interface, the dimensions are kept small to economize on the memory
that is necessary for mesh refinements.

Figure 1: Electrode lead used for this study
The boundary conditions used for the model are Dirichlet both at the active
contact that emits an unitary stimulus for simplicity, and at the boundaries of
the brain tissue that are grounded. The non-active contacts are modeled as
floating potentials and the insulator part is modeled as the condition n · J = 0,
where n is the vector normal to the lead and J is the current density that is
related to the gradient of the potential by Ohm’s law. The model has been
implemented in COMSOL 4.3b (Comsol AB, Sweden).
Regarding the transition between the two media, several cases will be investigated. As a first approach, a constant conductivity will be considered.
After that, the widely used discontinuous transition will be treated. Finally, a
smooth transition in conductivity from the encapsulation layer to the surrounding bulk tissue will be considered modeled by two sigmoid functions defined
as follows:
1
,
(4a)
f1 (t) =
1 + exp(−αt)
4

tα
,
(4b)
1 + tα
which are known as the logistic function and Hill function, respectively. The
parameter α ≥ 0 regulates the steepness of the transition between the media,
becoming steeper with larger α. The functions given above must be correctly
scaled and centered to achieve the desired transition.
f2 (t) =

Sigmoids used in this study
1
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Figure 2: Representation of the two sigmoid functions used in this study
to approximate the transition from encapsulation layer to bulk brain tissue.
Rescaled and centered for illustrative purposes.
A first challenge would be to adjust the sigmoids to the electrode geometry.
Looking at Figure 1, it can be seen that the lead has two different areas: the
cylindrical body and the tip. Assuming that the lead axis is along Z, in the
former the conductivity is independent of the lead axis, since it has cylindrical
symmetry. This means that t in (4a) and (4b) will not depend on z and will be
just the radius in a XY plane:
p
t = x2 + y2 ,
where x and y are the corresponding coordinates. The tip of the lead is assumed
to be an ellipsoid, so radial coordinates in 3D must be used. In particular, for
the lead model used in this study, the tip is longer in the lead axis than in
the other two which are equal. That means that the radial coordinate must be
deformed to account for this non-symmetry. Since it only happens in the Z
axis, t can be taken as
q
t=

x2 + y2 + (az)2 ,
5

where a is the ratio between the longest axis of the ellipsoid and the shortest
one.

2.3 Meshes
In this study, meshing is performed by the FEM solver’s built-in mesh generator. Since the field distribution inside the lead is not relevant in the above
model, it will not be meshed. Regarding the meshes themselves, they were
taken as tetrahedrons and were solved as linear elements to be able to apply the
formalism described above. A coarse mesh was taken as a baseline and then it
was refined successively. A total of four refinements could be performed with
the available memory (32 GB). Furthermore, only the first three refinements
will be taken for H 1 norm evaluation because of computational constraints.
During the refining process, it was seen that when using the sigmoid transition, its behavior was not as good as expected for coarser meshes. However,
the transition zone could be improved by adding an additional domain around
the electrode, forcing the solver to generate the mesh respecting its surface and
yielding a better transition between the two media, as seen in Fig. 3.

Figure 3: Conductivity transition between both media for a coarse mesh without the additional domain (left) and with it (right). It can be observed that the
sigmoid transition is approximated better with additional domain.

2.4

Norm and decay evaluation

Equations (2a) and (2b) yield the difference between the solution obtained by
the FEM and the exact solution. However, in this study, the exact solution is
not available since it is impossible to measure the electric potential inside the
brain for each mesh element and the analytical solution cannot be computed.
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Table 1: Meshes used in the study
Level
0
1
2
3
4

Discontinuous
2,030
15,283
118,613
934,549
7,419,365

DOFs
Smooth
1,670
12,468
96,160
1,388,852
11,032,740

Additional Domain
1,949
14,584
112,796
1,847,644
14,696,820

Instead, the solution with the finest mesh is assumed to be the most accurate
solution, using it as "ground truth" to compare the others.
Furthermore, the norms given in (2a) and (2b) involve volume integrals.
For (2b), since the mesh elements are assumed to be linear and the solution
is yielded by the FEM solver at the mesh nodes, the volume integral can be
approximated as:
4
1 Ntet
Iu = ∑ Vk ∑ (ukl − uh,kl ),
(5)
4 k=1 l=1
where Ntet is the number of tetrahedrons, Vk is the volume of the k-th tetrahedron, ukl is the most accurate solution evaluated at the l-th vertex of the k-th
tetrahedron, and uh,kl is the coarser solution evaluated at the same point. Since
the vertices of the tetrahedrons are known, Vk can be easily computed as:
Vk =

|(wk1 − wk4 ) · ((wk2 − wk4 ) × (wk3 − wk4 ))|
,
6

(6)

where wki is the position of the i-th vertex of the tetrahedron. The notation
u · v and u × v is used for the usual inner and cross product of two vectors,
respectively and | · | denotes absolute value.
The integral is easier to evaluate for the first derivative part of (2a). Since
the mesh elements are linear, their derivatives should be constant inside each
element, so it suffices to take the derivative evaluated inside the tetrahedron
and multiply it by its volume, that is
I∇u =

Ntet

∑ Vk (∇uk − ∇uh,k ),

(7)

k=1

where ∇uk is the gradient of the most accurate solution evaluated inside the kth tetrahedron and ∇uh,k is the gradient of the coarser solution evaluated at the
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same point. To compute the evaluation points, the incenters of the tetrahedrons
will be taken since they are guaranteed to lay inside the figure by definition.
Once the norm is known for a given set of solution pairs, its decay rate can
be evaluated by taking logarithms in (2a) and (2b), obtaining
ln I = ln K + r ln h,

(8)

where K is a constant which is not relevant to the comparison of solutions, r is
the decay rate and h is the mesh element size. Equation (8) can thus be easily
fitted to a straight line whose slope yields the decay rate.

3
3.1

RESULTS
Constant conductivity

To start with, a homogeneous and isotropic medium is considered around the
lead. According to equation (1), as long as σ is constant in the whole domain,
it can be taken out since (1) is equal to zero, reducing it to Laplace’s equation.
The same result will therefore be obtained regardless of σ .
Table 2: Solution error for σ = const
Level
0
1
2
3
Decay rate

L2 norm error
1.05 × 10−4
4.35 × 10−5
1.74 × 10−5
3.14 × 10−6
1.65

H1 norm error
5.66 × 10−2
3.32 × 10−2
2.15 × 10−2
0.70

The numerical results are summarized in Table 2 and Fig. 4. The decay
rate obtained is sub-optimal, although as expected from equations (2a,2b), the
H 1 norm decays around one point slower than the L2 norm.

3.2 Discontinuous conductivity
The same procedure as above was performed for an interface with discontinuous conductivity between the two media.
The results obtained are summarized in Table 2 and Fig. 4. The estimated
decay rate is also sub-optimal, but unlike the case of σ = const, the gradient
decays at slightly slower than those for the potential.
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L2 norm evaluation (sigma=const)
ln error
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Figure 4: Error evaluation for both L2 and H 1 norms (red crosses) together
with the fit (blue line) for σ = const
Table 3: Solution error for discontinuous σ
Level
0
1
2
3
Decay rate

L2 norm error
9.07 × 10−5
5.29 × 10−5
2.54 × 10−5
9.27 × 10−6
1.09

H1 norm error
4.80 × 10−2
2.04 × 10−2
1.37 × 10−2
0.90

3.3 Smooth conductivity transition
3.3.1

Logistic function

The conductivity is modeled according to (4a), scaled and centered so that the
model used for the discontinuous conductivity is followed approximately. An
intermediate value is taken 0.5 mm away from the lead surface.
For the logistic function, two values of α are considered: 5 × 103 and 105 ,
so the potential effects of a smoother transition could be seen. In addition, the
results are considered with and without the additional domain in the model, as
mentioned above.
From Table 4 and Table 5, it can be seen that α does not, at least for the
two values considered here, affect the decay rate significantly. Also, slightly
better decay is achieved with the aditional domain for the potential, but for the
gradient the opposite effect is observed.
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L2 norm evaluation (sigma discontinuous)
ln error
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Figure 5: Error evaluation for both L2 and H 1 norms (red crosses) together
with the fit (blue line) for σ discontinuous

Figure 6: Conductivity transition between both media for σ as a logistic function with α = 5 × 103 (left) and α = 105 (right)
3.3.2

Hill Function

In this case, the conductivity is modeled following (4b), scaled and centered
with a procedure similar as above. To ensure that it will yield a real noncomplex value and computational problems will not be encountered, the parameter α should be chosen as an even integer and with a value not too high.
With that in mind, two different values of α are chosen: α = 4 that yields a
shallow transition and α = 10 that is steeper.
As with the logistic function, the case with the aditional domain is considered as well.
The results obtained are very similar to the previous case, as there is no
significant effect on the error when α is changed and the same behaviour for
the solution with the additional domain is also observed.
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Table 4: Solution error for σ as a logistic function, α = 105
No aditional domain
Level
L2 norm error H1 norm error
0
9.53 × 10−5
4.58 × 10−2
−5
1
4.12 × 10
2.78 × 10−2
2
1.84 × 10−5
1.78 × 10−2
−6
3
3.57 × 10
Decay rate
1.51
0.68
With aditional domain
Level
L2 norm error H1 norm error
0
9.81 × 10−5
5.00 × 10−2
1
5.57 × 10−5
3.16 × 10−2
−5
2
2.65 × 10
2.19 × 10−2
−6
3
3.00 × 10
Decay rate
1.60
0.59

4

DISCUSSION

A discontinuity between two different media is known to cause numerical issues when FEM is used to compute the solution of a PDE, as mentioned in
[12]. The aim of this study is to analyze quantitatively if this is the case for
a model used in DBS regarding the brain tissue and the encapsulation layer
interface.
The results obtained here suggest that using a discontinuous conductivity
between the two media will not yield any extra numerical inaccuracies, since
there is a steady decay in the error with the mesh element size for both the
gradient and the potential, although it is sub-optimal.
Regarding the smooth transitions, it seems that it does not matter, at least
for the transition approximations and steepness used in this study, which kind
of sigmoid function is chosen, yielding similar results for both the logistic
function and the Hill function. However, if an additional constraint is introduced for the mesh, in this case an additional domain surrounding the lead,
a slightly better convergence is achieved for the potential and slightly worse
for the gradient. Using that constraint might not be worth the extra computational effort in a realistic case, where the mesh will be fine enough to avoid
11
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Figure 7: Error evaluation for L2 and H 1 norms (red crosses), together with the
fit (blue line) for σ as a logistic function (α = 105 )
L2 norm evaluation (logistic function alpha=5e3, no hard points) L2 norm evaluation (logistic function alpha=5e3, with hard points)
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H1 norm evaluation (logistic function alpha=5e3, no hard points) H1 norm evaluation (logistic function alpha=5e3, with hard points)
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Figure 8: Error evaluation for both L2 and H 1 norms (red crosses) together
with the fit (blue line) for σ as a logistic function (α = 5 × 103 )
inaccuracies in the conductivity near the lead.
Comparing both the discontinuous and the smooth transitions, according
to the results obtained, there is a better convergence rate for the potential if a
smooth transition is used. However, for the gradient the situation is reversed,
being better if the transition is discontinuous.
The numerical study performed here has however its limitations: First,
a simplified brain model is used which in reality will have inhomogeneous
anisotropic conductivity. In addition, since the focus of this study was on
evaluating what happens in the interface brain-encapsulation and not the field
spread, the model had been slightly altered, as the ground is taken closer than it
would be in a more realistic model. On the other hand, only linear elements are
analyzed here because of their simplicity, while quadratic elements are usually
used by the FEM solver. And, last but not least, the solution accuracy in the
12

Table 5: Solution error for σ as a logistic function, α = 5 × 103
No aditional domain
Level
L2 norm error H1 norm error
0
9.59 × 10−5
4.69 × 10−2
−5
1
4.23 × 10
2.80 × 10−2
2
1.77 × 10−5
1.78 × 10−2
−6
3
3.38 × 10
Decay rate
1.54
0.70
With aditional domain
Level
L2 norm error H1 norm error
0
9.44 × 10−5
5.00 × 10−2
1
5.47 × 10−5
3.16 × 10−2
−5
2
2.63 × 10
2.21 × 10−2
−6
3
3.00 × 10
Decay rate
1.58
0.59

considered cases is examined for a PDE that is only a coarse approximation
of reality. The actual law describing the transition in conductivity between the
encapsulation layer and the bulk brain tissue is not currently known.
Nevertheless, this study quantifies the effects of using a discontinuous transition between the two media, and, according to the results obtained, a smooth
transition might help improving the accuracy of the solution near said interface.
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Figure 9: Conductivity transition between the media for σ as a Hill function
with α = 4 (left) and α = 10 (right)
L2 norm evaluation (Hill function alpha=4, no hard points)
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Figure 10: Error evaluation for both L2 and H 1 norms (red crosses) together
with the fit (blue line) for σ as a Hill function (α = 4)
L2 norm evaluation (Hill function alpha=10, no hard points)
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Figure 11: Error evaluation for both L2 and H 1 norms (red crosses) together
with the fit (blue line) for σ as a Hill function (α = 10)
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Table 6: Solution error for σ as a Hill function, α = 4
No aditional domain
L2 norm error H1 norm error
9.87 × 10−5
4.80 × 10−2
−5
4.31 × 10
2.81 × 10−2
1.79 × 10−5
1.79 × 10−2
−6
3.42 × 10
1.56
0.71
With aditional domain
Level
L2 norm error H1 norm error
0
9.57 × 10−5
5.00 × 10−2
−5
1
5.54 × 10
3.16 × 10−2
2
2.66 × 10−5
2.22 × 10−2
−6
3
3.04 × 10
Decay rate
1.58
0.59
Level
0
1
2
3
Decay rate

Table 7: Solution error for σ as a Hill function, α = 10
No aditional domain
L2 norm error H1 norm error
9.42 × 10−5
4.58 × 10−2
−5
4.13 × 10
2.76 × 10−2
−5
1.78 × 10
1.76 × 10−2
3.40 × 10−6
1.54
0.69
With aditional domain
Level
L2 norm error H1 norm error
0
9.55 × 10−5
4.90 × 10−2
−5
1
5.50 × 10
3.16 × 10−2
−5
2
2.63 × 10
2.18 × 10−2
3
3.01 × 10−6
Decay rate
1.59
0.59
Level
0
1
2
3
Decay rate
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Paper II

Target coverage and selectivity in field
steering brain stimulation
Ruben Cubo1 , Mattias Åström2 , and Alexander Medvedev1∗†‡

Abstract
Deep Brain Stimulation (DBS) is an established treatment in Parkinson’s Disease. The target area is defined based on the state and brain
anatomy of the patient. The stimulation delivered via state-of-the-art
DBS leads that are currently in clinical use is difficult to individualize
to the patient particularities. Furthermore, the electric field generated
by such a lead has a limited selectivity, resulting in stimulation of areas
adjacent to the target and thus causing undesirable side effects. The goal
of this study is, using actual clinical data, to compare in silico the stimulation performance of a symmetrical generic lead to a more versatile
and adaptable one allowing, in particular, for asymmetric stimulation.
The fraction of the volume of activated tissue in the target area and the
fraction of the stimulation field that spreads beyond it are computed for
a clinical data set of patients in order to quantify the lead performance.
The obtained results suggest that using more versatile DBS leads might
reduce the stimulation area beyond the target and thus lessen side effects
for the same achieved therapeutical effect.

1

INTRODUCTION

Deep Brain Stimulation (DBS) has been used as a last resort therapy to alleviate the symptoms of various neurological diseases, such as Parkinson’s Disease (PD) [1], epilepsy [2] and dystonia [3]. In addition, the interest in this
therapy has spread to the treatment of psychiatric disorders such as obsessivecompulsive disorder [4] and schizophrenia [5]. The principle of DBS is in
∗1 R. Cubo and A. Medvedev are with Department of Information Technology, Uppsala University, 751 05 Uppsala, Sweden
†2 M. Åström is with the Department of Biomedical Engineering, Linköping University, 581
83 Linköping, Sweden
‡ *RC and AM were partially supported by funding from the European Research Council,
Advanced Grant 247035 (ERC SysTEAM)

delivering mild electrical pulses via a chronically implanted lead, whose active contacts are in the subcortical area, where a stimulation target is defined.
Compared to other methods, such as ablation and lobotomy, DBS is reversible to a large extent and more flexible [6]. However, the physiological
mechanism of DBS and its long-term effects on the brain still remain unknown,
and the therapeutical outcome is difficult to predict. Furthermore, because of
uncertainties in the position of the leads [7] or improperly tuned stimulation
settings, the stimulated volume might go beyond the target causing undesirable
side effects [8, 9]. Shaping the stimuli so that the stimulated volume covers the
intended target and does not spill outside of it is thus vital for maximization of
the therapeutical benefits and minimization of the side effects.

Figure 1: Design of a conventional (left) and a field steering (right) lead. Active contacts configurations used in simulation are rendred in blue.
Currently used lead designs, mostly from Medtronics, were originally adapted
from cardiac pacing technology and have not evolved much since then. Meanwhile, the insights into neurostimulation and field steering obtained in recent
years through Finite Element Method (FEM) based multiphysics simulation
and neuron models, along with the exponential improvement of computational
capabilities, open up for more sophisticated and individualized solutions. To
address the shortcomings of the widely used design, novel leads have been
developed by companies such as 3Win (Belgium), Sapiens (The Netherlands)
and Aleva (Switzerland) that could be configured in more versatile spacial settings, taking advantage of field steering techniques to tune the stimuli [10, 11].
While a conventional state-of-the-art lead delivers a radially symmetric
stimulation over the whole cylindrical contact, a field steering one is capable
of asymmetrical stimulation that can be tailored to the target area anatomy, as
seen in the contacts geometry of the leads in Fig. 1.

In this study, a quantitative performance analysis of a basic field steering
configuration compared to a conventional one is performed by means of a multiphysics simulation model with clinical stimulation settings, first for a patient
and afterwards for a clinical data set of different leads.

2

MODELS AND METHODS

2.1 DBS Model
The simulation model used in this study consists of three parts: the lead, the
brain bulk tissue, and the encapsulation layer. Two lead designs are considered:
a widely used state-of-the-art lead and a field steering lead. The former has
cylindrical contacts with a height of 1.5 mm and a separation between contacts
of 0.5 mm. The latter has elliptical contacts. To facilitate field steering, the
rows are rotated 45 degrees to each other with respect to the lead axis, as
shown in Fig. 1 (right). Both leads have a diameter of 1.27 mm.
The bulk tissue is represented as a cube with a side of 0.4 m centered
on the tip of the lead that is grounded on the outer surfaces. Although the
brain tissue is in reality heterogeneous and anisotropic, these effects are not
considered here. Thus, the bulk tissue is modeled as a homogeneous medium
with a conductivity of 0.1 S/m [13].
An encapsulation layer is formed around a lead implanted in the brain.
Its thickness and conductivity are still open to debate and might be patient
specific. Following [8], a 0.5 mm thick layer with a conductivity of 0.18 S/m
is considered.
The stimulation is modeled as a boundary condition at the active contacts
surface while the non-active contacts are left floating. The electric potential
and field distributions in the tissue are computed by solving the equation of
steady currents in the tissue:
∇ · (σ ∇u) = 0,

(1)

where u is the potential, σ the electric conductivity and ∇ is the vector differential operator.
The model has been implemented in COMSOL 4.3b (Comsol AB, Sweden), with approximately 9,000,000 and 2,800,000 degrees of freedom for the
field steering and the state-of-the-art leads, respectively. The solutions obtained by FEM were then equidistantly gridded on a 70x70x60 grid centered
at the lead tip and expanding 16 mm in the axes perpendicular to the lead and
20 mm in the lead axis, in order to be exported for further processing.

Clinical data from 82 implanted Medtronics 3389 leads, namely the position of the most distal contact, the lead vector (defining the lead orientation),
and the corresponding stimuli potentials are used for the lead and the stimulation settings in the model. Since the field shapes are different, to enable a fair
comparison between the leads given a certain level, the computed electric field
isosurfaces are adjusted to have the same maximum radius for both lead types.
Diamond-4 configuration depicted in Fig. 1 is utilized in this study as the most
selective one for field steering [15].

2.2 Quantification of activated volumes
Traditionally, activated volumes are quantified by using either axon models
under the methodology given by McNeal [17] or functions that approximate
the activated volume disregarding the anatomy of the neurons, such as Rattay’s activation function [16, 18] or the electric field [14]. While using axon
models yields accurate results, it is computationally expensive. On the other
hand, based on the calculation of the second spatial derivative, making use of
Rattay’s activation function might result in numerical issues, particularly near
the lead and in the interface between the encapsulation layer and brain tissue.
Thus, this study will use the electric field to account for neuronal activation
since it is straightforward to compute and is not sensitive to the smoothness of
the model solutions as the second derivative. The activated neurons are distinguished from the rest by applying a threshold value for the electric field. For
illustration, the threshold is here set to 200 V/m.
To place the previously computed electric field at the proper position, conventional translation-rotation algebra is utilized. In particular, axis-angle formalism is applied defining a rotation vector and an angle given by
vrot = vlead × vdata ,
θ = arccos(vlead · vdata ),
where vrot is the axis of rotation, vlead is the initial lead direction that is assumed
to be the Z axis, vdata is the lead vector from the lead data, and θ is the rotation
angle. This is then converted into a rotation matrix. In addition, since the field
distribution asymmetry is of particular interest, the lead is rotated with respect
to its longitudinal axis before performing other operations. Assuming that the
lead is centered properly, the set of operations is given by
Eeval = Rrot Rz E + xlead ,

where E and Eeval are the original and positioned electric field vectors respectively, Rrot is the rotation matrix described above, Rz is a rotation matrix with
respect to the Z axis, and xlead is the lead position. These operations are implemented in MATLAB 2013b (The MathWorks, USA).
Once the field is properly positioned and filtered, intersection volumes can
be computed. Two of them are of particular interest: the activated volume
of the target area and the activated volume outside the target area. However,
the lead should be considered when computing the volumes. Since the lead
geometry is simple and its properties are known, it can be easily subtracted
from the evaluated volumes. The topology of the target area is taken from an
atlas of potential regions for therapeutical stimulation and can be assumed to
be convex, to facilitate checking whether or not the electric field distribution
points are inside the convex hull of the target area∗ .
To illustrate the activation in a more intuitive manner, instead of providing
the absolute volume values, they are calculated as fractions of the total volumes
considered: the target area for the activated volume and the total electric field
volume for the overspilled volume.
The ultimate field steering objective is thus to achieve an activation fraction
close to 100%, while keeping the overspill fraction as low as possible.

Figure 2: Electric field distribution sample (cyan) surrounding the target area
(red).

∗ Function

created by John D’Errico (MATLAB Exchange) is used.

3
3.1

RESULTS
Single patient evaluation

An overview of the isosurfaces such as the one in Fig. 2 suggests that the
stimuli applied to the patients should cover the entire area. However, the stimuli seem to also reach a large surrounding volume, so the overspilled amount
should be quite significant as well.
To illustrate the effects of the asymmetrical configuration with respect to
the conventional one, the data of one patient are analyzed in detail. Table 1
summarizes some of the available data, such as the active contact (assuming
that contact 0 is the most distal one) and the stimuli amplitude given, which
will be the same as the one used for the state-of-the-art lead in the study. In
Fig. 3, a polar plot specifying the activation and overspilled percentages is as
well provided.
While the conventional lead produces as expected the same field for any
rotation angle, some variations can be seen in the field steering one due to
the asymmetry of the active contacts. In the latter case, the activated volume
varies between its maximum and a significantly lower value depending on the
rotation with respect to the lead. The situation with the overspilled volume is
similar, although it does seem to be less significant. Nevertheless, for angles
where the activation volume is maximal for the field steering lead in Diamond4 configuration, the overspill is approximately 22% lower than for the other
lead for the same patient.
Table 1: Stimulation data and results
Active contact (from Medtronics data)
Stimulus amplitude (from Medtronics data)
Stimulus amplitude (field steering)
Maximum activation (conventional)
Maximum activation (field steering)
Overspill (conventional)
Minimum overspill (field steering)

3.2

1
2.8 V
3.4 V
81.8 %
83.7 %
78.2 %
61.0 %

Evaluation over a clinical data set

In order to perform an informative study over a clinical data set from different
patients, a statistical evaluation is proposed. With the same procedure as above,
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Figure 3: Evaluation of the activated and overspilled volumes with respect to
the rotation angle of the conventional (blue) and the field steering (red) leads.

the minimum overspilled activation and the maximum target area activation are
evaluated for each lead. The results are then compiled for the whole set and
plotted in a histogram.
Activation of the target area is achieved for most of the lead settings for
both leads, as seen from Fig. 4. However, when it comes to the overspill illustrated in Fig. 5, it can be seen that, for the field steering lead, it tends to be
lower and more spread over the bins of the histogram.

Table 2: Statistical results for all of the leads
Stimuli with ≥90% activation
Activation mean
Overspill mean
Overspill standard deviation

Conventional
47%
73.6%
81.3%
10.2%

Field steering
30%
63.4%
71.6%
18.1%

The scores obtained from this analysis are summarized in Table 2. There
is a significant decrease in the number of cases with the activated volume covering the whole target area for the field steering lead and the mean is slightly
lower as well. On the other hand, there is a reduction of about 12.0% in the
overspill mean value for the field steering lead compared to the conventional
one. This comes however with an increase in the standard deviation.
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Figure 4: Activated volumes across the clinical data for the conventional lead
(top) and the field steering lead (bottom)
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Figure 5: Overspilled volumes across the clinical data for the conventional
(top) and the field steering lead (bottom)
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DISCUSSION

Using excessive stimuli amplitude in DBS is known to cause side effects. According to [10, 11], field steering leads can be potentially used for tailoring
the activated volume to the target area while restricting the electric field spread
beyond by means of asymmetrical stimulation. This study provides a quantitative analysis of the extent to which an asymmetrical configuration could
achieve this end.
First, for a single patient, the field asymmetry is shown to result in a decrease of 22% in the overspilled volume, while preserving the same activation
of the target area. Although this number might not seem impressive, it must be
taken into account that, for the symmetrical stimuli, most of the stimulated volume lay outside of the target area. Therefore the decrease achieved by the field
steering lead might have a significant impact regarding possible side effects.
Further, a sizable sample of 82 leads was analyzed to compare the performance of both kinds of leads. A mean value decrease of 12.0% was observed in
the overspill at the expense of a larger standard deviation. However, it should
be noted that in some cases there is no coverage with the provided settings,
as shown in Fig. 4. In addition, in some cases similar activation is achieved,
but in most of them both reduced activation and overspill are obtained, which
implies a trade-off relation between target selectivity and activation. Still, the
decrease in the overspilled activated volume is significant in general and it
might improve therapeutic results. To quantify its effects in detail, further research should relate those volumes with real therapeutic data.
The model used in the present study has some limitations. First, the brain
tissue was assumed to be homogeneous, when this is not the case and significant (patient specific) differences may arise (see [8]). Furthermore, the
encapsulation layer surrounding the lead has uncertain properties, such as the
conductivity and the thickness. Worse yet, it might be time varying, as was
observed in [12]. In addition, the selected field threshold is also valid for a certain kind of neuron, a certain pulse width, and a certain kind of stimuli. Since
the stimulated area may be populated by several kinds of neurons, it should be
taken into account when selecting the threshold. Thus, a more thorough analysis would have to deal with time-dependent stimuli of neuron populations and
is beyond the scope of this paper.
Despite the mentioned limitations, this study highlights the difference between the two considered leads and demonstrates how, given real stimulation
settings and lead positions, stimulating with a lead capable of asymmetrical
stimulation might yield less overspill of the potential target.
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Wårdell, Method for patient-specific finite element modeling and simulation of deep brain stimulation., Med. Biol. Eng. Comput., vol. 47, no.
1, pp. 21-28, Jan. 2009.
[17] D. R. McNeal, Analysis of a model for excitation of myelinated nerve,
IEEE Trans. Biomed. Eng., vol. 23, no. 4, pp. 329-337, Jul. 1976.
[18] F. Rattay, Analysis of models for external stimulation of axons, IEEE
Trans. Biomed. Eng., vol. 33, pp. 974-977, 1986.

Paper III

Model-based Optimization of Lead
Configurations in Deep Brain Stimulation
Ruben Cubo1 , Mattias Åström2 , and Alexander Medvedev1∗†

Abstract
Deep Brain Stimulation (DBS) is an established treatment in Parkinson’s Disease whose underlying biological mechanisms are however unknown. Mathematical models aiming at a better understanding of how
DBS works through the stimulation of the electrical field inside the brain
tissue have been developed in the past years. This study deals with in
silico optimization of the stimuli delivered to the brain using actual clinical data and a Finite Element Method (FEM) approach. The goal is
to cover a given target volume and limit the spread of the stimulation
beyond it to avoid possible side effects. The fraction of the volume of
activated tissue within the target and the fraction of the stimulation field
that spreads beyond it are computed in order to quantify the performance
of the stimuli configuration. First, a state-of-the-art lead is considered,
in both single active contact and multiple active contact stimulation scenarios. A comparison with a field-steering lead is further presented. The
obtained results demonstrate feasibility of multiple contact stimulation
through better shaping the stimuli and effectively using field steering.

1

Introduction

Deep Brain Stimulation (DBS) is a neurosurgical procedure that consists of
delivering electrical stimuli, usually rectangular biphasic pulses, to a target inside the brain by using one or several surgically implanted leads. The goal
of the therapy is the alleviation of symptoms of various neurological diseases,
such as Parkinson’s Disease (PD) [1], epilepsy [2], dystonia [3], and others.
DBS mostly replaced surgical lesioning and ablation procedures because of
∗1 R. Cubo and A. Medvedev are with Department of Information Technology, Uppsala Uni-

versity, 751 05 Uppsala, Sweden
†2 M. Åström is with the Department of Biomedical Engineering, Linköping University, 581
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its reversibility, flexibility, and individualization potential [4]. The interest in
DBS has spread to other areas of medicine, e.g. psychiatry, with applications
in diseases such as schizophrenia [5] or Tourette Syndrome [6]. In the case
of PD, since the surgery of DBS is quite complicated and costly compared
to treatment with drugs, physicians usually choose advanced patients for this
procedure when pharmacotherapy, in particular with levodopa, has lost effectiveness or has severe side effects [1]. Although some studies suggest that an
earlier implantation could be beneficial [7].
The principle of DBS is in delivering mild electrical pulses via a chronically implanted lead, whose active contacts are in the subcortical area, where
a target area is defined. Prior to the operation, patients undergo clinical examination by a multidisciplinary team, as well as medical imaging. Based on the
images, the physician pinpoints a target area, which is in PD usually located in
the basal ganglia area of the brain, with the subthalamic nucleus (STN) being
of particular interest. A few weeks after the surgery, the patients undergo a
lengthy trial-and-error programming period to tune the stimuli delivered to the
brain.
The physiological mechanism of DBS and its long-term effects on the brain
still remain unknown, and the therapeutical outcome is difficult to predict. Furthermore, because of uncertainties in the position of the leads or improperly
tuned stimulation settings, the stimulated volume might go beyond the target
causing undesirable side effects [8]. Shaping the stimuli so that the stimulated
volume covers the intended target and does not spill outside of it is thus important for maximization of the therapeutical benefits and minimization of the
side effects.
Currently used lead designs, mostly from Medtronics (see Figure 1(a)),
were originally adapted from cardiac pacing technology and have not evolved
much since then. Meanwhile, the insights into neurostimulation and field steering obtained in recent years through Finite Element Method (FEM) based multiphysics simulation and neuron models, along with the exponential improvement of computational capabilities, open up for more sophisticated and individualized solutions, aiming to shorten the programming time and to better
understand the underlying mechanisms [9].
Addressing the shortcomings of the currently used designs, novel leads
have been developed by companies, such as 3Win (Belgium), Sapiens (The
Netherlands) or Aleva (Switzerland), which could be configured in more versatile spacial settings, taking advantage of field steering techniques to tune the
stimuli. As seen in the contacts of the leads shown in Figure 1, while the conventional state-of-the-art lead delivers a radially symmetric stimulation over
2

(a)

(b)

(c)

(d)

Figure 1. Lead configurations for the conventional lead (a), field-steering Diamond-4 (b), X-5
(c) and X-8 (d). Active contacts are marked in red.

the whole cylindrical contact, the field steering one is capable of asymmetrical
stimulation that can be tailored to the target area anatomy [10].
A possibility for performance improvement in the existing state-of-the-art
electrodes is offered by a multicontact approach, i.e. manipulating the stimuli
simultaneously using two or more active contacts. It has the benefit of allowing
further shaping of the activated tissue area and thus providing more flexibility.
This manuscript is composed as follows. In Section 2, an overview of
the FEM mathematical model is given, along with different neuronal stimulation quantification schemes. Afterwards, the optimization technique used is
presented. In Section 3, the results of the optimized stimuli are outlined, for
a single active contact, for multiple active contacts, and using field steering
lead configurations. Conclusions, limitations, and future work are discussed in
Section 4.

2

Models and Methods

2.1 Electric Field Model
The first step to compute optimized stimuli is to obtain the electric field distribution for a given electrode geometry. The electric potential is obtained by
solving the equation of steady currents in the tissue:
∇ · (σ ∇u) = 0,
3

(1)

where u is the electric potential, σ the electric conductivity, and ∇ is gradient.
The electric field E is obtained by taking the negative gradient of u:
E = −∇u.

(2)

Model (1) can be solved numerically using a FEM solver. The model geometry considered in this study consists of the bulk brain tissue, the lead, and
an encapsulation layer surrounding it.
The bulk tissue is represented as a cube with a side of 0.4 m centered on
the tip of the lead that is grounded on the outer surfaces to simulate the ground
in the implanted pulse generator. Although the brain tissue is heterogeneous
and anisotropic in reality, these effects are beyond the scope of this paper, see
[9][11] for details. Although the brain tissue has several components, e.g.,
white matter, gray matter, cerebrospinal fluid and blood vessels, its conductivity can be approximated as homogeneous with σ = 0.1 S/m [12].
Two lead designs were considered for this study: a widely used state-ofthe-art lead and a field steering lead. The former has cylindrical contacts with a
height of 1.5 mm and a separation between contacts of 0.5 mm. The latter has
elliptical contacts. To facilitate field steering, the rows are rotated 45 degrees
to each other with respect to the lead axis, as shown in Figures 1(b),1(c), and
1(d). Both leads have a diameter of 1.27 mm.
An encapsulation layer is formed around a lead implanted in the brain due
to the reaction of the body to a foreign object [13]. Its thickness and conductivity are still open to debate and might be patient specific. Following [9], a
0.5 mm thick layer with a conductivity of 0.18 S/m is considered.
The stimulation is modeled as a boundary condition at the active contacts
surface while the non-active contacts are left floating. It should be noted that
model (1) is a linear partial differential equation, and thus, it is enough to
compute the field distribution for a unit stimulus and then scale it accordingly,
which transformation will simplify the computations.
The model has been implemented in COMSOL 4.3b (Comsol AB, Sweden). The solutions obtained by the FEM solver were then equidistantly gridded on a 70 × 70 × 60 grid centered at the lead tip and expanding 16 mm in
the axes perpendicular to the lead and 20 mm in the lead axis, in order to be
exported for further processing.
Several field distributions were computed:
• State-of-the-art lead: Distributions with one active contact and the rest
floating were computed at first. In addition to that, field distributions
with the grounded inactive contacts were computed. This was done to
4

enable summing up them for the multicontact approach, since the effect
of one active contact on the others when left floating can be computed.
• Field steering lead: Distributions for the different configurations considered (Diamond-4, X-5, X-8, shown in Figure 1) were computed for
each row of contacts.

2.2 Quantification of activated volumes
Volumes of activated tissue can be quantified by using axon models under
the methodology by McNeal [14]. While axon models yield precise results,
the procedure is computationally expensive and the neuron network must be
known to some degree. Other approaches involve functions that approximate
the activated volume without taking into account the anatomy of the neurons,
such as Rattay’s activation function [15] or the electric field. These have the
advantage of requiring less computations and only a stationary analysis. However, using second derivatives might result in numerical issues, in particular
in the area near the lead. Furthermore, it was shown that the electric field
provides more robust means for quantifying neuronal stimulation [16]. Thus,
for this study, the electric field will be used. The activated neurons are distinguished from the rest by applying a threshold value to the electric field that
will depend on the neuron anatomy and the characteristics of the pulse itself
[16].
To place the pre-computed by the FEM solver electric field at the proper
position, conventional translation-rotation algebra is utilized. Assuming that
the tip of the lead is at the origin, the set of operations is given by:
Eeval = Rrot Rz E + xlead ,

(3)

where E and Eeval are the original and positioned electric field vectors respectively, Rrot is a rotation matrix which aligns the field with the given lead vector,
Rz is a rotation matrix with respect to the Z axis (used for field steering), and
xlead is the lead position.
Once the field is properly positioned and filtered with the aforementioned
threshold, intersection volumes are computed under a methodology similar to
[17]. Two of them are of particular interest: the activated volume of the target
area and the activated volume outside the target area. The topology of the target
area is taken from an atlas of potential regions for therapeutical stimulation and
can be assumed to be convex. Whether the electric field points are inside of
the convex hull of the target area or not is checked with an additional function
[18].
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2.3

Optimization scheme

In order to optimize the stimuli, the following optimization problem can be
defined:
min J(ui ),

(4)

ui

where ui are the optimization variables (in this case, the electric potential or
potentials of the stimuli) and J(ui ) is a cost function to be defined (ideally, a
convex function).
The following cost function is proposed:


Act (ui )
pAct ≤ pTh
J(ui ) = pSpill (ui ) 100−p
100−pTh
(5)
J(ui ) = pSpill (ui )
pAct > pTh
where pSpill is the fraction of the activated volume that lies outside the target,
pAct is the fraction of the target which is activated and pTh is the minimum activation required of the target. All of them are given in percent for illustration.
For this study, pTh is set at 95%.
The motivation behind the cost function above is that it is continuous and
convex, since both pAct and pSpill are monotonically nondecreasing with the
amplitude of the stimulus. An example of cost function (5) dependence on the
stimuli amplitude can be seen in Figure 2.
Cost as a function of the stimulus amplitude
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Figure 2. Example of cost function J as a function of the stimulus amplitude

The small peaks that appear in Figure 2 occur because of issues with the
volume computation. They arise since the geometry used for both the activation volume and the target is defined in convex hulls of a discrete cloud of
points. Although this makes the function non-convex in practice, the peaks
are small enough to be skipped by increasing the step size of the optimization
algorithm. A minimum step size of 0.002 V was taken.
6

3

Results

3.1 Single Contact
To optimize stimulation with only one active contact, two approaches can be
considered. First, the contact can be fixed and only the stimulus amplitude
is optimized. Second, the active contact is left as an additional optimization
variable, restricted to taking a single value in the set Cs = {0, 1, 2, 3}, where
contact 0 is the most distal and 3 is the most proximal. Due to the possibility
of choosing the active contact at will and to illustrate the efficiency of the
optimization method, the second approach is selected in this study.
The free contact approach will divide the optimization into four problems
with fixed contacts. In order to speed up the computations, best active contact
could be chosen without optimization. By examining J(ui ) given by (5), it
can be easily seen that as long as there is an intersection between the activated
volume and the target for at least one of the contacts, the cost function will
be lower in general for the optimal contact no matter how big ui is. So, it is
enough to do a single evaluation of the cost function for a given value of ui to
choose the contact. Said value cannot be too low, since it might yield empty
intersections, or too high since it will take too much time to calculate due to
the number of points involved. Thus, the evaluation is performed with low ui
and then if the intersection is empty, ui is set to a higher value.
Optimization was performed for 65 lead positions whose clinical data stated
a single contact stimulation with an activation threshold of 175 and 200 V /m
for comparison. Comparing the results with respect to the clinical settings is
of great interest, so the fraction of configurations estimated successfully by the
optimization algorithm with respect to the clinical settings was computed as
well.
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Figure 3. Discrepancy of amplitude for 175 and 200 V /m
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TABLE 1. S INGLE CONTACT OPTIMIZATION

Threshold: 200 V /m
Correct contact (%):
1 contact error (%):
Discrepancy of amplitude (%):
Threshold: 175 V /m
Correct contact (%):
1 contact error (%):
Discrepancy of amplitude (%):

53.8
35.4
9 ± 41
50.7
38.4
−4 ± 35

It can be seen from Table 1 that the mathematical model and the defined
target predict the clinically used contact in roughly a half of the cases. In addition, in almost all of the cases, the predicted optimal contact is an immediate
neighbor of the one specified in the clinical data. In some cases, there is no
significant difference in the values of the cost function, so either contact can
be utilized, according to the calculated values. In addition, the predicted optimized stimuli amplitude is fairly close to the clinical one (see Figure 3, which
suggest that in most cases a threshold between 175 and 200 V/m might be
sufficient. It comes though with a high standard deviation.

3.2 Multiple Contacts
Another approach would be to allow for multiple active contact configurations.
To simplify the field modeling, the linearity of (1) is exploited. In particular,
the field distribution for each contact stimulating with an unit stimulus while
the others are grounded is computed first, denoting it as E0,i for the i-th contact.
Then the relation between active contacts and the rest in floating configuration
is computed. It follows a linear relationship and is denoted as αki , which would
represent the effect the i-th contact has over the k-th contact when the k-th
contact is floating. This is used to transform from an active-grounded to an
active-floating configuration, when the contributions are being summed.
The electric field distributions result from a sum of four contacts, with the
stimuli given by the active contacts, denoted by ui and representing the degrees
of freedom and the non-active (floating) contacts contributing with the terms
characterized by the corresponding αki . For example, for a 2-contact scheme,
one gets
E2cont (r) = u1 E0,1 + u2 E0,2 +
(6)
+(u1 α31 + u2 α32 )E0,3 + (u1 α41 + u2 α42 )E0,4
8

It should be noted that the numbering of the contacts above was arbitrary,
and it could be any combination of them.

(a)

(b)

Figure 4. Isolevels for E = 200 V /m for a single active contact (a) and two active contacts (b)

As can be seen in Figure 4(b), multiple active contacts might be useful to
tailor the stimulation so that it achieves a similar activated volume with less
overspill. The results is in principle dependent on the position of the target
with respect to the active contact in the single contact approach. If the target
is located next to the active contact, then it would be probably more useful to
consider just a single contact stimulation. However, if the target is located in
between two contacts, shaping the stimulation with these two contacts might
be beneficial.

Figure 5. Example of considered multicontact configurations, with Contact 1 as the optimal (in
red) and Contacts 0 (left) and 2 (right) as secondary (in green)

The optimization method is similar to the one described in the previous
9

section for a single contact. To speed up computations, only the configurations
which involve neighbouring contacts to the ones obtained in the single contact
approach are considered. So, for example, if the optimal contact is contact 1,
only combinations which involve contacts 1 and 0 and 1 and 2 are considered
(see Figure 5).
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Figure 6. Improvement of overspill for 175 and 200 V /m for the multicontact approach

TABLE 2. M ULTIPLE CONTACT OPTIMIZATION

Threshold: 200 V /m
Improvement cases (%):
Overspill improvement (percentage points):
Threshold: 175 V /m
Improvement cases (%):
Overspill improvement (percentage points):

38.7
2.00 ± 2.28
37.5
2.67 ± 2.83

Results are summarized in Figure 6 and Table 2. The improvement is, as
expected, situational, and appears only in a part of the cases. However, the
improvement can be significant, with a decrease of up to 5 or 6 percentage
points in the absolute value of the overspill with respect to the single contact
approach. It should be noted that the state-of-the-art lead considered here features a small distance between contacts. Better results could be achieved for
larger distances between contacts, since it is more likely that the target lies
between contacts.
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3.3 Field Steering
As was investigated in [17][19], field steering yields better results regarding
overspill than with the state-of-the-art radial stimulation. In this study, the
optimization scheme described above was implemented to obtain the optimal
stimulus amplitude.
Three different configurations were tested, as illustrated in Figure 1. The
parameters to optimize would be, for each configuration, the rows where the
active contacts are located and the orientation of the lead with respect to its
axis. To speed up computations, the optimization followed a similar scheme
to the one with multiple contacts, taking as a baseline the results obtained with
single contacts and state-of-the-art lead. Due to different shapes of the contacts, the rows at roughly the same height are considered, plus their neighbors.
Diamond−4 improvement (175 V/m)

Diamond−4 improvement (200 V/m)
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Figure 7. Improvement distribution using the Diamond 4 configuration
TABLE 3. D IAMOND 4 CONFIGURATION IMPROVEMENT

Threshold: 200 V /m
Improvement cases (%):
Overspill improvement (percentage points):
Threshold: 175 V /m
Improvement cases (%):
Overspill improvement (percentage points):

87.5
10.37 ± 10.52
91.25
11.48 ± 11.63

Results are summarized in Figures 7 - 9 and Tables 3 - 5. In almost all
cases, there is an improvement in the overspill with respect to the one-contact
approach. The improvement is largest in average with the Diamond-4 configuration (see Figure 7). The high standard deviation comes from the variety
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Figure 8. Improvement distribution using the X-5 configuration

Table 4. X-5 configuration improvement

Threshold: 200 V /m
Improvement cases (%):
Overspill improvement (percentage points):
Threshold: 175 V /m
Improvement cases (%):
Overspill improvement (percentage points):

X−8 improvement (175 V/m)

88.75
8.65 ± 10.67
92.5
9.76 ± 10.37
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Figure 9. Improvement distribution using the X-8 configuration
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Table 5. X-8 configuration improvement

Threshold: 200 V /m
Improvement cases (%):
Overspill improvement (percentage points):
Threshold: 175 V /m
Improvement cases (%):
Overspill improvement (percentage points):

90
11.51 ± 10.63
91.25
11.56 ± 10.41

of geometries considered, making the improvement heavily dependent on the
lead position with respect of the target. Some cases were observed where the
X-5 or X-8 configurations achieved better results that could be because of the
lead location.

4

Discussion

Using optimization schemes in order to scale the stimulus amplitude of the
active contact or contacts could yield an activation volume that better covers a
given target, limiting, at the same time, as much as possible stimulation beyond
the target. This study compares the state-of-the-art one-contact approach with
a multiple contact approach and field steering.
In the analysis of the one-contact approach, it was seen that selecting the
active contact freely for a given target, a simple model predicts the clinically
used contact in roughly a half of the times in the considered lead population. Furthermore, in some cases, there is no significant difference between
the scores of the clinical and the optimal configurations.
In the multicontact approach, allowing for multiple contacts improved the
overspill in around 38% of the cases. It must be noted that the effect is limited
by the small distance between the contacts and could be more significant for a
larger separation of the contacts.
Finally, the results obtained are compared to field steering configurations.
A significant improvement of the overspill with a decrease of 10 percentage
points in average was found in all cases, with an average decrease of 18 percentage points for the Diamond 4 configuration.
However, the results obtained in this study are valid under some limitations. First, the brain tissue was assumed to be homogeneous, when this is
not the case and significant (patient specific) differences may arise [9]. Furthermore, the encapsulation layer surrounding the lead has uncertain physical
13

properties, such as the conductivity and the thickness, both of which might be
time variant [20]. In addition, considering the electric field as a predictor of
whether a neuron is stimulated or not is an approximation. A more thorough
analysis would need a complete neuron population model. Finally, the results
obtained assume a certain target structure, which may be patient specific as
well. Results should be verified against therapeutic outcomes, but the latter
are not yet available for this study.
Despite the mentioned limitations, this study highlights how using optimization schemes and geometric arguments can help to choose optimal stimuli
and facilitate the comparison between different configurations. Further work
could add more optimization schemes, such as using electric field differences
between a target electric field distribution and the one given by the lead instead
of geometry. In addition, it would be worthwhile to study the influence of the
encapsulation tissue properties and the anisotropies of the brain tissue.
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Paper IV

Electric Field Modeling and Spatial Control in
Deep Brain Stimulation
Ruben Cubo1 , Mattias Åström2 , and Alexander Medvedev1∗†‡

Abstract
Deep Brain Stimulation (DBS) is an established treatment, in e.g.
Parkinson’s Disease, whose underlying biological mechanisms are unknown. In DBS, electrical stimulation is delivered through electrodes
surgically implanted into certain regions of the brain of the patient. Mathematical models aiming at a better understanding of DBS and optimization of its therapeutical effect through the simulation of the electrical
field propagating in the brain tissue have been developed in the past
decade. The contribution of the present study is twofold: First, an analytical approximation of the electric field produced by an emitting contact is suggested and compared to the numerical solution given by a
Finite Element Method (FEM) solver. Second, the optimal stimulation
settings are evaluated by fitting the field distribution to a target one to
control the spread of the stimulation. Optimization results are compared
to those of a geometric approach, maximizing the intersection between
the target and the activated volume in the brain tissue and reducing the
stimulated area beyond said target. Both methods exhibit similar performance with respect to the optimal stimuli, with the electric field control
approach being faster and more versatile.

1

INTRODUCTION

Deep Brain Stimulation (DBS) is a neurosurgical procedure that consists in
delivering electrical stimuli, usually rectangular cathodic biphasic pulses, to
∗1 R. Cubo and A. Medvedev are with Department of Information Technology, Uppsala Uni-

versity, 751 05 Uppsala, Sweden
†2 M. Åström is with the Department of Biomedical Engineering, Linköping University, 581
83 Linköping, Sweden and with Medtronic Neuromodulation, Medtronic Eindhoven Design
Center, The Netherlands
‡ *RC and AM were partially supported by funding from the European Research Council,
Advanced Grant 247035 (ERC SysTEAM)

a certain area inside the brain by using one or several chronically implanted
leads. Therapy aims at alleviating symptoms of neurological diseases, such as
Parkinson’s Disease (PD)[1], [2], epilepsy [3], dystonia [4], and some other.
Compared to other methods that involve surgical lesioning and ablation, DBS
has important advantages, e.g. flexibility and reversibility [5] which generally
imply individualization potential. DBS is used in other areas such as psychiatry, with applications in schizophrenia [6] or Tourette Syndrome [7]. PD is the
focus of the present work, although the proposed methods could be extended
to other indications, as long as enough data for modeling are available. In
DBS, due to more extensive implementation costs compared to drug therapies,
physicians usually choose patients with an advanced state of the disease when
pharmacotherapy has lost effectiveness or the side effects are too severe [1].
The physiological mechanism of DBS and its long-term effects on the brain
still remain unknown, and the therapeutical outcome is difficult to predict. Furthermore, because of uncertainties in the position of the leads or improperly
tuned stimulation settings, the stimulated volume might go beyond the target
causing undesirable side effects [8]. Mathematical modeling could help to better understand the mechanisms underlying the DBS therapy and ease the task
of the physicians at tuning the stimulation parameters to best therapeutical effect. In vivo experiments are limited by the scarcity of test subjects and the
differences between the brain physiology in animals and humans. Mathematical modeling (in silico) studies of DBS have been quite extensive, focusing on
neural circuits [9], axon population models [10], and electric field macroscopic
models [11, 12].
This work aims to contribute by optimizing a given electric field distribution to fit a target distribution as well as possible, on a set of 3D points and
for the corresponding electric field values. The problem is thus turned into an
optimal control problem over a spatial domain. Electric field fitting provides
an alternative to maximizing, for example, the intersection between a geometrical target and the stimulated volume, as presented in [13]. It brings up new
challenges that are successfully met by the contributions of this paper. One
of them is to efficiently compute the electric field at the target points. This
can be achieved by using a Finite Element Method (FEM) solver to evaluate
the electric unit field distribution. In principle, the unit field distribution can
be computed on a fine mesh, but exporting it from the solver for further processing results in a very limited set of points providing a coarser set that is
expected be versatile enough to accommodate clinical data. In order to particularize the solution to the set of points in the target, two schemes are proposed:
one involves the Method of Fundamental Solutions (MFS) and another one that

exploits a predictor function. These methods are faster and more convenient
than the FEM solver, but yield only approximate solutions. Another challenge
in the optimization itself is to come up with a suitable loss function that should
be a function of the difference between the computed electric field distribution
and the target field distribution.
This manuscript is organized as follows: First, the FEM model is outlined.
Then, two methods utilized to approximate the electric field are explained.
Further, the results obtained by applying these schemes to real clinical data are
presented, in comparison to the geometric intersection scheme.

2

MODELS

The first step to compute optimized stimuli is to calculate the electric field
distribution.

2.1 Finite Element Method Brain Model
Usage of Finite Element Methods (FEM) to compute the distribution of the
electric field is standard in DBS literature [14]. In this work, the model consists
of the bulk brain tissue, the lead, and the encapsulation layer surrounding it.
The bulk tissue is represented as a cube with sides of 0.4 m centered at
the tip of the lead. The cube is grounded on the outer surfaces to simulate the
ground in the pulse generator of the DBS system. Although the brain tissue is
in reality heterogeneous and anisotropic, these effects are not considered here,
although they could be significant [15]. This tissue is thus modeled as a homogeneous medium with a conductivity of 0.1 S/m [16]. A state-of-the-art lead is
considered, with a diameter of 1.27 mm. The contacts which deliver the stimuli are cylindrical with a height of 1.5 mm and a separation between contacts
of 0.5 mm (see Fig. 1). Finally, an encapsulation layer which is formed after
the lead is implanted in the brain is modelled as well. Its thickness and conductivity are still open to debate and likely to be patient specific. Following
[14], a 0.5 mm thick layer with a conductivity of 0.18 S/m is considered.
The stimulation is assumed to be stationary and is modeled as a Dirichlet
boundary condition at the active contacts surface. Non-active contacts are left
floating so they have the same potential on all of their surface. Grounded configurations could be possible but they are beyond the scope of this study. The
electric potential and field distributions in the tissue are computed by solving
the equation of steady currents in the tissue:

Figure 1: Electrode lead used for this study

∇ · (σ ∇u) = 0,

(1)

where u is the potential and σ the electric conductivity. It should be noted that
equation (1) is a linear partial differential equation, and thus, it is enough to
compute the field distribution for a unit stimulus and then scale it accordingly.
The model has been implemented in COMSOL 4.3b (Comsol AB, Sweden). The solutions obtained by FEM were then equidistantly gridded on a
70 × 70 × 60 grid centered at the lead tip and expanding 16 mm in the axes
perpendicular to the lead and 20 mm in the lead axis, in order to be exported
for further processing.

2.2 Activation
Once the electric field distribution is known, a criterion to separate stimulated
from non-stimulated neurons of the brain tissue has to be defined. Activated
volumes can be quantified by using axon models under the methodology by
McNeal [17]. While using axon models yields precise results, it is computationally expensive and the topology of the neuron network must be known to
some degree. Alternative approaches involve functions that approximate the
activated volume without taking into account the anatomy of the neurons, exemplified by Rattay’s activation function [18] or the electric field [12]. The
former involves second derivatives of the field whose calculation might re-

sult in numerical issues, in particular near the lead. Therefore, for this study,
the electric field will be used. Stimulated neurons are distinguished from the
rest by applying a threshold value to the calculated distribution. Said threshold
value depends on the neuron anatomy and the characteristics of the pulse itself.

3

Field approximation

There are some open issues with using a FEM model directly, such as the computational cost of solving (1) for each of the target points. Although points of
a solution can be exported from the FEM model directly, obtaining an approximative solution for each of the needed target points by using less computationally demanding schemes is desirable. One possibility would be to exploit the
structure of the PDE under some mild assumptions. Another possibility would
be to approximate the solution of said PDE with an analytic function.

3.1 PDE solution approximation
In this approach, the electric field is approximated at the target points by means
of the Method of Fundamental Solutions (MFS) [19], where the points with
known electric potential in vicinity of the target points are used as boundary
conditions. The idea is to give an approximate solution of an elliptic PDE such
as (1) in the form of a linear combination of certain functions. To do so, several
points called singularities or source points where one of the functions goes to
infinity are defined outside the solution domain. The solution can be written
then as
ns

ur = ∑ λi G(r, r0i ),

(2)

i=1

where r is the point where the solution is evaluated, r0i are the coordinates of
the i-th source point, ns is the number of singularity points, λi is a coefficient
to be computed and G(r, r0i ) is the fundamental solution, whose expression
depends on the PDE. Evaluating the coefficients λi is then enough to give the
solution at any point in space, provided that enough fundamental solutions are
included in the sum of (2).
It is assumed that the points considered as boundary conditions are evaluated where the conductivity is constant, so equation (1) can be reduced to
Laplace’s equation that possesses the following fundamental solution in 3D
[20]
k
G(r, r0 ) =
,
(3)
kr − r0 k2

where k is a constant and k · k2 is the usual Euclidean vector norm. However,
the coefficient k can be included in λi , so there is no need to compute it separately.
To compute λi , the boundary conditions are considered, yielding the following system of linear algebraic equations:

where:

Aλ = B,

(4)

aik = G(ri , r0k ),
bi = u(ri ),

(5)

with the indices ranging over i = 1, ..., n p , k = 1, .., ns , and n p being the number
of point boundary conditions.
There are various possible complications in solving (4). First, the location
and number of source points is up to debate. It is not clear if positioning them
closer or further away to the domain matters. Furthermore, it is not clear that
there is an optimal number of source points, see [21]. For this study, the source
points are chosen on a sphere of radius 0.01 m from the evaluation point r, to
ensure that they are sufficiently far away from it and their number is selected
to be n p so that the matrix A is square for convenience. Otherwise, MoorePenrose’s pseudoinverse can be used for a rectangular A, provided rank A = n p .
Second, there are issues with the condition number of A, making linear
problem (4) ill-posed in the sense of Hadamard [22]. The condition number is
defined by
κ(A) =

σmax (A)
,
σmin (A)

(6)

where σmax (A) and σmin (A) are the maximum and minimum singular values of
the matrix A. If σmin is small compared to σmax , the matrix A is ill-conditioned
and κ(A) is large. To deal with this issue, a regularization scheme is to be
used. In this study, two schemes have been tested:
• Singular value truncation [23]. That is, the matrix A undergoes singular
value decomposition (SVD), writing it as A = UΣV T , where U and V
are orthogonal matrices and Σ is a diagonal matrix that gives the singular values of A. The singular values below a certain threshold are
then discarded which yields an approximate solution to system (4). For
a properly chosen threshold, the accuracy of the approximation is sufficient and the linear system is well conditioned. To solve (4), A can
be inverted, which is straightforward to do once the SVD is computed,

−1 T
−1
since A−1
r = V Σr U , and so λ ≈ Ar B, where Ar , Σr are the truncated
versions of A and Σ respectively.

• LASSO [24] is a sparse estimation algorithm that can provide a regularization to (4) by solving the optimization problem:
min {kAλ − Bk2 + αkλ k1 }

(7)

λ

where k · k1 and k · k2 are the standard vector norms. This method will
yield a sparse solution vector λ . However, choosing α is a challenge,
since a too low α will render the regularization ineffective and a too large
one can make the residual to blow up, thus yielding an unacceptable
solution, as can be seen in Fig. 2. The chosen α is located where the
MSE vs α for LASSO regularization
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Figure 2: Mean Square Error (MSE) of the residual as a function of the regularization parameter α for the LASSO method.
MSE is flat with respect to α, which makes a good compromise between
accuracy and stability.
Once λ is evaluated, r is substituted with the point of interest and the solution is obtained. The electric field can thus be computed as E(r) = −∇u(r):
ns

E = ∑ λi
i=1

r − r0
kr − r0 k32

(8)

With both regularization schemes summarized above, the solution discrepancy is under 3% compared to the one given by the FEM solver when the

distance to the lead is larger than the width of the encapsulation tissue. The
speedup in computing and the portability that can be achieved offsets this small
error, although using Lasso is slower due to the issue with the value of α. Furthermore, this approach is still feasible when the boundary conditions for each
point are uncertain because of modeling errors, which is hard to implement in
the FEM solver.

3.2 Predictor function
Another possibility for a simplification of the original PDE model is to take
the solution produced by the FEM solver and approximate it by a predictor
function. This would be substantially faster to compute than the method above,
provided the predictor possesses a reasonable accuracy.
It is assumed below that the bulk brain tissue is homogeneous isotropic.
Also, a cylindrical coordinate system is used due to the geometry of the lead.
Since the brain tissue is isotropic and the lead has azimutal symmetry, it is
expected that the resulting field will not depend on the azimutal coordinate,
simplifying the model from a full 3D geometry to a 3D axisymmetric geometry
that is easier to compute. Since it will not affect the symmetry of the problem,
the encapsulation layer can be considered as well.
The method to obtain the predictor function is inspired by the separation
of variables method, which is used for simple boundary value problems. First,
a dependency between the field and one of the coordinates is obtained while
keeping the other one constant. Said dependency will have several parameters
that are then fitted to the previously constant coordinate.
Keeping the radial coordinate constant and analyzing the dependency of
the field with respect to the vertical coordinate z for different values of the
radial coordinate r, the FEM yields the curves in Fig. 3. From the figure, two
observations can be made: First, there are some spatial oscillations of the field
when r becomes close to the encapsulation tissue, whose external boundary is
at r = 1.167 mm. This is caused by the influence of the non-active floating
contacts. As r grows, the curves become more spread out, their peak values
get lower and the oscillations vanish.
The proposed predictor function is based on the probability density function of the Cauchy-Lorentz distribution and is given by:
f (z; µ, γ) =

1
γ2
,
πγ (z − µ)2 + γ 2

(9)

where γ is related to how broad the curve is and µ is the point where the peak
value is reached. The value of µ depends on the active contact configuration

Figure 3: Electric field with respect to the vertical coordinate z for different
radial distances
and is assumed to be located at the middle point of the active contact. From
inspection of Fig. 3, it becomes clear that γ depends on the radial coordinate
r. In addition, (9) is normalized and should be scaled with a factor C that is as
well dependent on the radial coordinate.
To obtain both C and γ, two approaches can be considered. First, the structure of the distribution can be exploited. It is known that γ is the half-width
at half-maximum, by construction, or alternatively, 2γ is the full width at half
maximum. Since the data for the curve fitting are synthetic and can be refined
to any degree, γ can be determined by selecting the points where the function
is half the peak value, according to the data. Once γ is obtained, the scale
factor C can be determined from
f (µ; µ, γ) = fpeak =

C
.
πγ

(10)

Another possibility is to use least squares to numerically fit the data to the
curve, i.e by solving the optimization problem
nz

min ∑ (C fˆ(zk ; µ, γ) − kE(r, zk )k2 )2 ,
γ,C

(11)

k=0

where fˆ(x; x0 , γ) is the estimated function. Although better fits can be obtained
by the least-squares fitting, the analytical approach is faster but needs more
data points (higher resolution of the data set).
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In Fig. 4 and Fig. 5, it can be seen that the predictor closely estimates the
electric field distribution in the areas more distant from the lead, while the
estimates are less accurate in the lead vicinity. The values of γ and C obtained
from the procedures above are valid for a given r. However their dependency
on r can also be evaluted.
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Figure 6: γ and C as a function of the radial coordinate r. Both using NLS and
the distribution properties yield similar results.
From Fig. 6, it follows that γ depends linearly on r and C depends on r as
1/rm , where m is a parameter to be determined by e.g. a least-squares linear fit
after taking logarithms.
The approximation accuracy of the predictor might be improved by manipulating the potentials of the inactive contacts instead of letting them to be
floating. This is achieved by solving (11) but as well considering the potential
at the three inactive contacts as optimization variables
min

γ,C,uin

nz

∑ (C fˆ(zk ; µ, γ) − kE(r, zk , uin )k2 )2 .

(12)

k=0

Unfortunately, numerical tests found optimization problem (12) to be nonconvex, yielding inadequate values unless the distribution parameters are initialized near the correct ones. One option to separate the optimization variables
and fix the parameters γ and C obtained in the previous step, while only optimizing over the potentials.
As seen in Table 1, the decrease of the root-mean-square deviation (RMS)
obtained from the potential optimization is quite significant, being 17.7% less,
compared with the floating potentials, for the areas close to the lead. However,
it also improves when distances further from the lead are considered. In Fig. 7,

Table 1: Error comparison
r (mm)
1.2
1.5
3
5

RMS (Floating)
18.59
7.06
0.90
0.32

RMS (Free)
15.30
5.93
0.80
0.27
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Figure 7: Electric field estimation for r = 1.5 mm. It can be seen that when
controlling the four contacts the predictor function behaves better.
it can be seen that the precision in some areas is much improved, while in others there is no improvement or even a slight accuracy worsening is observed.
However, since RMS accounts for all errors uniformly, the accuracy worsening
at some distances is less than the large improvement in others, leading to an
overall better performance.

4

Application to stimuli optimization

4.1 Optimization procedure
Equation (1) is linear and can be arbitrary scaled by a constant. So is the electric field, since the gradient is a linear operator. Therefore, given the electric
field produced by a unit stimulus computed by the FEM solver or any of the approaches above, the electric field given by any stimuli can be computed simply
by scaling the unit field and thus greatly simplifying computations.

For field optimization, a cost function is proposed to have the following
shape for a given stimulus scaling α > 0:
nt

J(α) = ∑ wi g(αEunit,i − Eob j,i ),

(13)

i=1

where wi is an (optional) weight function depending on the significance of the
point, Eunit,i is the unit stimulus at the i-th point, Eob j,i is the target stimulus at
the i-th point and g is a function to be determined that depends on the difference
between them. The two degrees of freedom in (13) are thus the weights and
the function g. The former should be adjusted according to a certain strategy.
For a more conservative approach, the weights of the target points closer to
the electrode should be higher and viceversa for a more aggressive approach
allowing stronger stimulation.
The choice of g(·) should also reflect stimuli design priorities. For instance, aiming at a more aggressive scenario would mean putting a heavy
penalty on under-stimulation, while going for more conservative one would
mean penalizing overstimulation more. To make optimization easier and yield
a unique optimal stimulus α ∗ , g(·) should be chosen as a convex function.
Using two degrees of freedom as described above results in a DBS stimuli optimization method that is more versatile than the geometric intersection
optimization such as the one used in [13]. Furthermore, it does not make any
assumptions about the shape of the target and is feasible even when the target
volume is not convex. A shortcoming is apparently the difficulty to tune the
degrees of freedom so that the scaling α remains reasonable.

4.2 Results
A suitable heuristic cost function can be introduced as follows:

|αEunit,i − Eob j,i |2 αEunit,i ≤ Eob j,i
g(αEunit,i − Eob j,i ) =
|αEunit,i − Eob j,i | αEunit,i > Eob j,i

(14)

with weights wi being unitary. This means that under-stimulation is penalized quadratically, while over-stimulation is penalized linearly, see Fig. 8.
However, it still allows some room for under-stimulation, while keeping overstimulation under control with the linear penalty.
The proposed approach was tested on 78 different lead positions based on
clinical data, and for different electric field thresholds, from 175 V /m to 400
V /m, which are typical activation thresholds in the literature. The results were
compared to the geometric optimization, where target volume activation of
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Figure 8: Cost function proposed. Note the dramatic increase in the cost when
the target is under-stimulated
more than 95% is always achieved. Fig. 9 shows that the results are quite similar with both approaches, achieving a discrepancy of less than 8% on average
in the worst case.
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Figure 9: Discrepancy of the optimal potentials found in the geometric and
electric field optimization methods using MFS and the predictor function.

5

Discussion

The electric field given by the FEM solver was approximated using MFS and
a predictor function. In the former case, small discrepancies (≤3%) were
found when considering points near the electrode, decreasing as the distance

increased. In the latter case, a good fit was obtained far from the electrode, but
large discrepancies were observed at some points closer to the electrode. To
improve the overall accuracy of the predictor, an alternative approach has been
proposed, where the stimuli amplitude at secondary contacts was controlled to
fit the predictor function. The results were improved with over 10% decrease
in the RMS error.
These results were applied to field optimization on data from 78 leads with
different electric field target distributions reflecting typical stimulation thresholds over a given geometric volume. The results were compared to more computationally intensive geometric optimization, with a discrepancy of less than
8% on average at most. Yet, the results obtained in this study are valid under
some limitations. First, the bulk brain tissue was assumed to be homogeneous,
while this is not the case and significant (patient specific) differences may arise
[14]. In addition, considering the electric field as a predictor of whether a
neuron is stimulated or not is an approximation. Finally, the results obtained
assume a certain target structure that may be patient specific as well. Results
should be verified against therapeutic outcomes, but these are not yet available
for this study. Further work in this area thus should involve field steering and
anisotropic bulk brain tissue. Another interesting extension to this study might
involve preferential overspill, that is, specifying the directions where overspill
is preferable compared to others which are prone to unacceptable side effects.
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