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Abstract The pseudoscalar–vector–vector correlator is
constructed using two meson multiplets in the vector and two
in the pseudoscalar channel. The parameters are constrained
by the operator product expansion at leading order where two
or all three momenta are considered as large. Demanding in
addition the Brodsky–Lepage limit one obtains (in the chiral limit) a pion-vector-vector (π VV) correlator with only
one free parameter. The singly virtual pion transition form
factor Fπ 0 γ γ ∗ and the decay width of ω → π 0 γ are independent of this parameter and can serve as cross-checks of
the results. The free parameter is determined from a fit of the
ω–π transition form factor Fπ 0 ωγ ∗ . The resulting π VV correlator is used to calculate the decay widths ω → π 0 e+ e−
and ω → π 0 μ+ μ− and finally the widths of the rare decay
π 0 → e+ e− and of the Dalitz decay π 0 → e+ e− γ . Incorporating radiative QED corrections the calculations of π 0
decays are compared to the KTeV results. We find a deviation of 2 σ or less for the rare pion decay.

1 Introduction and summary
Two major challenges of contemporary particle physics are
the search for beyond-Standard Model physics and a better
understanding of the non-perturbative low-energy sector of
the strong interaction. Typically both aspects intermix when it
comes to high-precision determinations of low-energy quantities and the corresponding Standard Model predictions. If
a low-energy observable is potentially influenced by quantum effects from new particles, then it is also influenced
by hadronic loop effects. The latter often—if not always—
constitute the main uncertainty of the Standard Model prediction. On the other hand, new physics can only be revealed
if a significant deviation between experiment and Standard
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Model calculation is observed. Of course, this requires small
uncertainties for both the experimental and the Standard
Model result. Our poor understanding of non-perturbative
QCD could provide a serious hurdle for a reliable Standard
Model calculation and/or for a reliable uncertainty estimate
of such a calculation.
Two quantities of current interest which might indicate
some deviation between experiment and the Standard Model
are the gyromagnetic ratio of the muon [1,2] and the rare
decay of the neutral pion into electron and positron [3,4]. An
important quantity that enters both observables is the pion
transition form factor, i.e. the three-point correlator between
a neutral pion and two electromagnetic currents.
Two tasks are carried out in the present work: First, the
pion-vector-vector (π VV) correlator is determined by combining high-energy quark-based information with low(er)energy hadronic information. We follow the general approach
proposed in [5] with some refinements. Second, we explore
some phenomenological consequences of our correlator and
focus in particular on the rare pion decay π 0 → e+ e− . Here
we include also QED radiative corrections along the lines
of [6,7].
Two limits of QCD are of particular interest for lowenergy hadron physics: The chiral limit where the masses
of the two or three lightest quarks are neglected [8–12] and
the limit where the number of quark colors, Nc , is sent to
infinity [13,14]. Concerning the π VV correlator the chiral
anomaly fixes the low-energy strength unambiguously in the
chiral limit. For a large number of colors there are infinitely
many, infinitely narrow, i.e. stable, quark-antiquark states for
every combination of quantum numbers. They show up as
poles in the n-point correlators of quark currents. In the real
world of three colors the hadrons generically turn to be unstable resonances because the hadronic interactions do not vanish anymore. The poles in the correlators turn to cuts (and
poles in other Riemann sheets). The cuts start at the corresponding many-body thresholds. Thus the relevance of the
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large-Nc limit for the real world is highest, if one considers
hadrons which are narrow and/or kinematical regions where
there are no (significant) cuts. This is our guiding principle
when exploring phenomenological consequences. Concerning form factors there are no cuts in the space-like region.
In the Standard Model the rare decay of the pion into
electron and positron is caused by a loop where the pion first
turns into a pair of (real or virtual) photons; see Fig. 4 below.
At this vertex the pion transition form factor sneaks in. If
the form factor was replaced by a constant, the loop would
diverge [15–17]. In QCD the pion transition form factor is
suppressed for large virtualities [18–20]. This leads to a finite
result for the π 0 –e+ –e− amplitude at the one-loop level of
the Standard Model calculation. Thus for a quantitative determination of the branching ratio of the considered rare pion
decay it is necessary to know where and how fast the pion
transition form factor reaches its asymptotic form which in
turn depends on the various combinations of virtualities.
These considerations show that one needs information
from various QCD regimes: The threshold regime governed
by the chiral anomaly, the regime of hadronic resonances,
and, finally, the regime of asymptotically high energies dictated by quarks and asymptotic freedom. These regimes are
connected in the approach of [5] where the operator product expansion (OPE) for various three-point correlators of
quark currents is matched to a hadronic ansatz that satisfies
the chiral constraints for the low-energy limit. This ansatz is
furthermore based on a truncation of the infinite tower of stable hadronic states that appears in the limit of a large number
of colors.
In principle one can work out arbitrary many orders in the
OPE and match to the parameters that emerge with the tower
of hadron states. However, the higher orders in the OPE contain unknown quark and gluon condensates of high dimensionality. Thus in practice the model dependence emerges
from a selection of the to be matched OPE constraints and
from the choice where to truncate the tower of hadron states.
Using one hadron multiplet per channel and leading-order
OPE constraints has been studied in detail in [5]. This truncation is called “lowest-meson dominance” (LMD). In the
present work we will explore the consequences of having
two hadron multiplets per channel. In the language of [5]
our approach would be called “LMD+V+P”. To avoid this
clumsy name we decided to introduce the name “two-hadron
saturation” (THS).
Concerning our quantity of interest, the π VV correlator
and the corresponding pion transition form factor, the starting point on the level of quark currents is the pseudoscalar–
vector–vector (PVV) correlator. The consequences of LMD
for this quantity have been studied in [5]. An application to
the rare pion decay to electron and positron was presented
in [17]. Two vector multiplets have also been considered
in [5,21]; see also [4] where this has been used for the rare
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pion decay. What makes our approach different from previous works is that we explore in detail the consequence of
two multiplets in each channel and that we fit and/or compare to data on the π 0 ωV correlator. In fact, including a
second multiplet in the vector channel involves the energy
region of about 1.4 GeV [22]. In this region there is also
a pseudoscalar multiplet. Thus the extension from LMD to
two multiplets for a channel suggests to use two multiplets
for every channel. Concerning the second aspect, the interrelation to the π 0 ωV correlator, we will come back to this
issue below, after discussing in more detail the pertinent highenergy constraints.
There is yet one more short-distance limit to be considered. Instead of studying the high-energy limit of correlators
of quark currents (OPE), one can also study the high-energy
limit of correlators that involve specific asymptotic states
like hadrons or photons together with one or several quark
currents. In particular the high-energy behavior of the pion–
photon–vector correlator has recently gained much attention
since the BaBar data [23] seem to contradict the Brodsky–
Lepage (BL) scaling limit [20] while the Belle data [24] seem
to support it.
Using THS we are able to satisfy all leading-order OPE
constraints for the PVV correlator and in addition the BL constraint for the pion–photon–vector correlator. While LMD
satisfies the same OPE constraints, it violates the BL constraint as can easily be deduced from the explicit form given
in [17]; see also the discussion in [5]. As we will show below,
the constraints from the leading order of the OPE, from BL
and from the chiral anomaly together fix the THS approach to
the π VV correlator up to one single parameter, which we call
κ. If the invariant mass of one of the vector currents in this
correlator is set to zero, i.e. for the pion–photon–vector correlator, then κ drops out. In other words we have full predictive power for this correlator. Aiming at the rare pion decay
into electron and positron one needs the full information on
the π VV correlator for arbitrary invariant masses of the two
vector currents. In principle, the parameter κ would be best
determined from data on the π VV correlator with both invariant masses being different from real photons. Unfortunately
such data do not exist.
In this situation we turn to the second-best choice. Projecting the π VV correlator on one of the vector mesons that
we include in THS yields a 3-point correlator for the pion,
the vector meson and a quark current with vector quantum
numbers. Given that our approach is based on the large-Nc
limit where mesons are approximated by infinitely narrow
states, it is suggestive to use a narrow vector meson. Since
phenomenologically and in the large-Nc limit the pion decouples from the φ meson [14,25–27], we are left with the ω
meson as the best choice for a vector meson. Consequently
we will use data on the ω–π transition form factor [28] to fix
our remaining parameter κ.
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The π VV correlator obtained in this way from THS shows
an awesome behavior: If the virtuality of one vector current
becomes large while the other is set to zero (photon case), the
asymptotic BL limit is reached rather fast, resembling essentially strict vector-meson dominance (VMD) [29,30]. The
scale that defines where the approach to the asymptotic limit
sets in is basically given by the mass of the ρ/ω meson. On the
other hand, if both vector currents have the same large virtuality, the corresponding asymptotic limit is reached very late
for the π VV correlator as obtained from THS. This finding
points to the relevance of details of hadronic physics above
1 GeV. For this case the π VV correlator from VMD falls
off much faster than demanded by QCD, while for LMD the
asymptotic limit is reached much earlier than for THS. Since
the rare decay π 0 → e+ e− is sensitive to both high- and lowenergy physics, it is interesting to study how this intriguing
behavior of the π VV correlator obtained from THS influences the branching ratio of this rare process.
Before going into the details of our findings we shall compare our approach to related ones from the literature. The ω–
π transition form factor and related quantities have also been
addressed in [31–33] where the ground-state vector mesons
are treated as light degrees of freedom. By construction the
approach is restricted to low energies, i.e. high-energy constraints were not considered. Nonetheless, it turns out that the
THS result for the ω–π transition form factor is numerically
very close to the one from [31].
Conceptually close in spirit to THS is the Lagrangian
approach utilized, e.g., in [34,35] (earlier references can be
traced back from these works). Also here hadron resonances
in the large-Nc limit are used to interpolate between the lowenergy region governed by Chiral Perturbation Theory and
the high-energy region governed by the OPE or quark scaling considerations. In [35] a PVV and a corresponding π VV
correlator are constructed with one multiplet in the vector
channel and two multiplets in the pseudoscalar channel (i.e.
the Goldstone bosons and one resonance multiplet). For an
extension to two multiplets in the vector channel see [36].
The π VV correlator from [35] satisfies the BL constraint,
but the PVV correlator satisfies only one leading-order OPE
constraint, not all of them. As shown in [37] the Lagrangian
utilized in [35] is not capable to provide correlators that satisfy all OPE constraints; see also the discussion in [5]. Instead
of the other OPE constraints on the PVV correlator a highenergy constraint based on quark counting rules is imposed
on the πρV correlator in [35].
In our work we impose high-energy constraints on the
PVV correlator (THS satisfies all leading-order OPE constraints) and on the π VV correlator (the BL limit), but not on
the πρV or π ωV correlator. Our philosophy is that we take
the first multiplets to resemble the corresponding groundstate physical particles but the second multiplets to mimic
the effect of the tower of infinitely many excited states. Since
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we study with PVV an order parameter of chiral symmetry breaking [5] one expects that the second multiplets are
close to the physical states that are the first excitations on top
of the ground states. However, the weighted average of the
whole tower of states might shift the effective mass higher
up. In the present work we explore the uncertainty of the
THS approximation by changing the masses of the second
multiplets from the first to the second physical excitations.
Concerning the π VV correlator we expect to obtain reasonable results because the pion might not resolve too many
details of the intermediate-energy region. Thus replacing the
tower of excited resonances by the respective lowest excitation and demanding high-energy constraints for the π VV
correlator might be good enough. In contrast, a πρV or π ωV
correlator resolves more from the intermediate-energy region
because the vector meson induces a larger mass scale. (The
same would apply to a ρ P V correlator.) Therefore to satisfy high-energy constraints in this case we expect that one
would need a more detailed modeling than just having THS,
i.e. one excitation (plus the ground state) in each channel. It
might be worth to explore a three-hadron saturation scenario,
but this is beyond the scope of the present work. Therefore
we demand constraints on the PVV and π VV correlators,
but disregard constraints for three-point correlators of one
pseudoscalar meson, one vector meson and one vector quark
current. For the same reason we only consider leading, but
not subleading high-energy/OPE constraints.
From a formal point of view our approach is close to the
successive Padé approximations as utilized, e.g., in [38]. Our
correlators are also approximated by rational functions. In
our approach, however, the poles of the correlators are related
to physical states (in the large-Nc limit). In contrast, in the
Padé framework of [38] one determines the rational functions
by fits to data. It is not the purpose of this Padé approach to
look for the poles of the obtained rational functions. In fact,
there are no physical restrictions from outside that would
make sure that these poles correspond in any way to physical hadrons. But this is what S-matrix theory suggests (in
the large-Nc limit): Anything beyond polynomials should be
caused by unitarity, analyticity, crossing symmetry and physical states.
Our work is complementary to the dispersion theoretical
approach of [39,40]; see also [41]. While we cannot expect to
reach the accuracy of a dispersive approach concerning lowenergy quantities, our framework has the advantage to provide a smooth and physical connection between the low- and
high-energy region and between the quark- and hadron-based
correlators. In practice, dispersive calculations are based on
an excellent account of the low-energy region (up to about
1 GeV) and a high-energy completion, i.e. a matching to the
high-energy behavior deduced from S-matrix theory, QCD or
QCD related approaches; see the discussion in [40] concerning the π VV correlator. As already discussed, for our doubly

123

586 Page 4 of 19

virtual π VV correlator there are regions in the virtualities
where the asymptotic regime is reached only at very high
energies. In practice this might imply that a naive matching of
a dispersive calculation to the asymptotic regime might miss
part of the physics present at intermediate energies. Clearly
it is worth to explore the interplay of a dispersive calculation
with THS in the future.
The rest of the paper is structured in the following way:
In Sect. 2 we construct the PVV and π VV correlators subject to high- and low-energy constraints. The results for the
π VV correlator are compared to data and to other approaches
(LMD and VMD). It is studied how the shape of the correlator changes when varying the remaining free parameter κ
in a reasonable range. In addition, a model uncertainty is
estimated by varying the mass of the second vector-meson
multiplet between the physical masses of the first and second
excitation.
In Sect. 3 the π ωV correlator is constructed. The parameter κ is determined from a fit to the ω–π transition form
factor. The widths or branching ratios, respectively, for the
corresponding decays ω → π 0 γ , π 0 e+ e− , and π 0 μ+ μ− are
determined for THS (and also for LMD and VMD). Actually
the first decay does not depend on κ. We find good agreement
between THS and the experimental results.
We address the rare pion decay to electron and positron
in Sect. 4. Including radiative corrections the branching ratio
of this process is calculated and we compare again the THS
result to other approaches. For the THS case this branching
ratio is sensitive to κ. Direct comparison to the experimental
value from KTeV [3] seems to suggest that a discrepancy
persists on the level of 2 σ .
In Sect. 5 we study the properties of the singly virtual pion
transition form factor in the low-energy region, such as slope
and curvature. Note that these quantities do not depend on the
parameter κ. For the Dalitz decay π 0 → e+ e− γ we calculate the decay width taking into account next-to-leading order
(NLO) radiative corrections. These are evaluated along the
lines of [42]. Again we compare THS to other approaches.
With the full set of radiative corrections at hand, we take a
fresh look on the KTeV result. Considering some radiative
corrections that were not accounted for in the analysis suggests that the previously stated discrepancy might be even
reduced to 1.5 σ . The main message here, however, is that
the radiative corrections are now theoretically under control [6,7,42] and can be used in future data analyses.
In Sect. 6 we provide an outlook how THS can be further
utilized and how the scheme can be extended. Finally, an
appendix is added to provide the pseudoscalar form factors
in terms of the loop integrals required for the rare pion decay.
Comparing in detail various approaches throughout the
present work reveals that the VMD form factor proves to be
phenomenologically very successful in most applications, in
spite of the facts that VMD is so simple and partially pos-
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sesses an improper high-energy behavior. However, the THS
form factor, which satisfies all the considered constraints,
works very well, too. Still, the mean value of the KTeV
result remains a challenge for all approaches, even though
the discrepancy has been reduced by a considerable level. We
provide a brief discussion of this point in the corresponding
sections.

2 THS approach to the π VV correlator
Following [5,37] we introduce the PVV correlator
q 2 ) by
d abc
≡

μναβ p



α β

q

(r 2 ; p 2 ,

(r 2 ; p 2 , q 2 )

d4 x d4 y ei p·x+iq·y 0|T [P a (0)Vμb (x)Vνc (y)]|0

(1)

with r = p +q. The vector and pseudoscalar current, respectively, are defined by1
Vμa (x) ≡ q̄(x)γμ T a q(x),

P a (x) ≡ q̄(x)iγ5 T a q(x).

(2)

In the above formulas we have used
 1



Tr T a , T b = δ ab , d abc ≡ 2 Tr {T a , T b }T c .
2

(3)

For a = 1, . . . , 8 we have T a ≡ λa /2 where λa denote
the Gell-Mann matrices in flavor space. Since we utilize the
large-Nc limit we have to deal with flavor nonets, i.e. with
U(3) instead of SU(3). The formulas (3) provide a natural
extension to a = 0.
Working in the chiral limit2 and considering two meson
multiplets in the vector and two in the pseudoscalar channel,
we propose a correlator of the form
B0 F 2
r 2 (r 2 − M P2 )
P(r 2 ; p 2 , q 2 )
.
× 2
( p − MV21 )( p 2 − MV22 )(q 2 − MV21 )(q 2 − MV22 )

THS (r 2 ;

p2 , q 2 ) =

(4)

Here P(r 2 ; p 2 , q 2 ) is the most general polynomial in its arguments that is symmetric in the second and the third argument.
For our purpose, a polynomial of order four is sufficient inasmuch as higher powers of momenta in the numerator are
not allowed due to the desired high-energy behavior that we
will specify below. Thus we start with a term containing 22
monomials and associated free parameters. Schematically
1
2

Our convention is γ5 = iγ 0 γ 1 γ 2 γ 3 .

The chiral limit is only used for the construction of the correlator.
Once the form factor is settled, we take the physical pion mass for all
the kinematics used for comparing the predictions to experimental data.
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Next, we define the π VV correlator:

this looks as follows:
P(r 2 ; p 2 , q 2 ) = c0 p 2 q 2 + c1 [( p 2 )4 + (q 2 )4 ]

Fπ V V ( p 2 , q 2 ) ≡

+c2 [( p ) q + (q ) p ]
2 3 2

2 3 2

+c3 (r 2 )2 p 2 q 2 + · · · .

(5)

The quantities F and B0 in (4) denote the usual low-energy
constants of Chiral Perturbation Theory [11,12]. We will
specify them further when needed. M P denotes the mass of
the second multiplet, i.e. first excitation, in the pseudoscalar
channel. The first multiplet (ground state) is, of course, the
massless multiplet of Goldstone bosons.
The masses of the lowest two vector-meson multiplets are
denoted by MV1 and MV2 . As already spelled out in Sect. 1
we use for MV1 the mass of the ground-state vector-meson
multiplet (in the chiral limit). We assume that this mass is
approximately given by the mass of the ω or ρ meson. For
MV2 it is suggestive to use the physical mass of the first
excitation in the vector channel. However, we do not use a
fixed mass here, but study the impact of a variation of MV2
on our results. In this way we explore the uncertainty caused
by the higher-lying excitations that are neglected in THS. In
practice we vary MV2 in the range
MV2 ∈ [1400, 1740] MeV,

(6)

which is the interval between the masses of the first and the
second physical excitation [22].
Finally we note that the same logic applies to the mass M P
of the second pseudoscalar multiplet. For the PVV correlator
one should study the impact of a variation of M P . As we will
see below, however, this mass does not show up in the final
expression for the π VV correlator.
We now demand that the ansatz (4) satisfies all the relevant
high- as well as low-energy constraints in order to minimize
the number of free parameters introduced in (5). Starting with
the general correlator (4) we apply the following leadingorder OPE constraints [5]:


(λr )2 ; (λp)2 , (λq)2
 
2
2
2
1
1
2 1 r + p +q
+O 6 ,
= B0 F 4
2
2
2
2
λ
r p q
λ


(7)


 2

1 1
1
r ; (λp)2 , (r − λp)2 = B0 F 2 2 2 2 + O 3 . (8)
λ r p
λ

1
lim r 2 (r 2 ; p 2 , q 2 ),
Zπ r 2 →0

where
Zπ ≡

i
0|(ūγ5 u − d̄γ5 d)|π 0 
2



Fπ V V (λp)2 , (λp)2


1

lim r 2 r 2 ; (λp)2 , (r − λp)2
Zπ r 2 →0
 
1
1
(8) 1
B0 F 2 2 2 + O 3 ,
=
B0 F
λ p
λ

(12)

which means that in agreement with [5,18,19] we have
Fπ V V (q 2 , q 2 ) →

F
, q 2 → −∞.
q2

(13)

Hence, this condition is satisfied automatically on account of
the OPE constraints. Actually, for the quantity Fπ V V (q 2 , q 2 )
also the subleading order in the high-energy expansion is
known in terms of a quark–gluon condensate [43]; see also
the corresponding discussion in [1]. However, we refrain
from incorporating this as an additional constraint. The reason is the same as to why we do not use constraints from transition form factors of hadronic resonance states. One might
become too sensitive to the details of the intermediate mass
region where we use one hadronic state to describe effectively
the whole infinite tower of large-Nc excited states. If one used
three instead of two hadronic states per channel, the subleading high-energy constraints might provide a viable input to
pin down the growing number of resonance parameters. But
this is clearly beyond the scope of the present work.
Instead of involving subleading orders in the high-energy
expansion we apply the BL constraint [20]
24π 2 F 2 1
Fπ V V (0, q 2 )
, q 2 → −∞.
→−
Fπ V V (0, 0)
Nc q 2

(14)

We define the pion transition form factor as
Fπ 0 γ ∗ γ ∗ ( p 2 , q 2 ) =

(9)

is automatically fulfilled. Here f denotes a function (actually
a two-point correlator [5]) that depends only on q 2 and not
on the other kinematic variables p 2 and p · q.

(11)

denotes the overlap between the pion field and the pseudoscalar quark current. With the usual conventions from Chiral Perturbation Theory one obtains Zπ = B0 F [11,12]. For
large λ one then finds

Then it turns out that the third OPE constraint [5]
 


1 1
1
(q + λp)2 ; (λp)2 , q 2 = 2 2 f (q 2 ) + O 3 ,
λ p
λ

(10)

2
Fπ V V ( p 2 , q 2 )
3

(15)

and match at the photon point to the chiral anomaly, i.e. to
the Wess–Zumino–Witten term [9,10],
Fπ V V (0, 0) =

3
Nc
F 0 ∗ ∗ (0, 0) = − 2 .
2 π γ γ
8π F

(16)
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Together the constraints (7), (8), (14), and (16) provide
us with a π VV correlator that appears to have only one free
dimensionless parameter κ:
2 2
FπTHS
VV (p , q )

×

approaches from the literature, namely to the VMD correlator [5,29,30,37]

Nc
=− 2
8π F
MV41 MV42

2 2
FπVMD
VV (p , q ) = −

p2 q 2
κ
4π 2 F 2 ( p 2 + q 2 )
p2 q 2
−
6+
2Nc (4π F)4
Nc MV21 MV22
MV21 MV22

.

(17)
Note that our result is independent of the mass M P of the first
pseudoscalar excitation. This happens due to the fact that at
the end of the day we could conveniently rescale the only
free parameter left. From the structure of the result (17) it
can be read off that κ emerges from c0 in (5) on account of
c0 =

κ M P2 MV41 MV42
(4π F)6

.

(18)

We note in passing that κ scales with Nc3 .
A comparison to the work of [5] is in order here concerning the number of free parameters. We shall compare
our THS approach to LMD+V of [5], i.e. to the case of one
pseudoscalar and two vector multiplets. We recall that THS
= LMD+V+P in the language of [5]. After applying the OPE
constraints to THS we are left with 12 free parameters for
the PVV correlator. This compares to seven free parameters
for the case of LMD+V. The low-energy constraint (16) fixes
always one more parameter. Once we focus on the π VV correlator we are left with four parameters for THS. For LMD+V
one has three. Demanding that the π VV correlator of (14)
drops like 1/q 2 limits the free parameters to two for both
cases THS and LMD+V. Demanding (14) quantitatively and
not just a scaling with 1/q 2 yields one free parameter for
THS as well as for LMD+V. To summarize, after applying
all constraints THS has more parameters for the PVV correlator than LMD+V: eight in THS versus four in LMD+V.
But concerning the π VV correlator one ends up with one
free parameter in both cases.
According to [4] the π VV correlator should satisfy the
inequality
|Fπ V V (q 2 , q 2 )| < |Fπ V V (0, q 2 )|, q 2 < 0.

(19)

It turns out that the THS expression (17) satisfies (19) for
−45  κ  30. We will see below that the values for κ that
we obtain from fitting to experimental data lie well within
this range.
Before further constraining κ from data it is illuminating
to study the qualitative shape of the π VV correlator when
κ is varied. In addition, we compare our results to similar
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(20)

and to the LMD expression [5,17]

( p 2 − MV21 )( p 2 − MV22 )(q 2 − MV21 )(q 2 − MV22 )

× 1+

MV41
Nc
8π 2 F ( p 2 − MV2 )(q 2 − MV2 )
1
1

2 2
VMD 2 2
FπLMD
V V ( p , q ) = Fπ V V ( p , q ) 1 −

4π 2 F 2 ( p 2 + q 2 )
.
Nc MV41
(21)

See also [44] for a comparison of various correlators.
First of all, we note that the VMD result grossly violates
(13) while it is not far off from the BL constraint (14). On the
other hand, LMD satisfies (13), but does not satisfy (14). By
construction the THS correlator satisfies all the mentioned
constraints, but it is interesting to see how fast or slow the
asymptotic limits are reached. This is shown in Fig. 1. To
facilitate a comparison with data we show the pion transition form factor (times the virtuality q 2 ) instead of the π VV
correlator. Note that the relation (15) between the pion transition form factor and the π VV correlator only amounts to a
rescaling.
In the first panel of Fig. 1 we display the symmetric doubly virtual pion transition form factor. This plot shows three
different types of lines and a gray band. We shall first discuss the lines: The dash-dotted LMD line approaches very
quickly the asymptotic QCD result given by (13). The dashed
VMD line falls stronger than what is required by QCD. The
full lines labeled by values for κ show the THS result for a
mass of MV2 taken in the middle of the interval (6). All the
full lines will approach the LMD line at very large momenta.
One sees, however, that typically the THS lines reach this
limit rather late.
In particular, for κ ≥ 15 the THS form factor peaks at
rather high momentum values and with large magnitude in
comparison to VMD and LMD. It reaches the asymptotic
limit only very slowly. For the case κ  9 we see that the
associated line is very close to LMD, but peaks later and
approaches the asymptotic limit from above. For κ  6 we
get the limiting case where THS is monotonically growing.
Going further down with κ a wiggle appears, which for κ = 0
and low virtualities resembles very much the VMD behavior. For negative κ the THS results start to undershoot VMD
at low virtualities. Moving to even lower κ values there is
always a region where the THS result becomes negative.
Intuitively we find it hard to believe that the transition form
factor of a ground-state hadron (the pion) would display so
many wiggles as suggested by the full lines for small values
of κ. Indeed, the determination of κ, which will be carried
out in the next section, reveals a κ value of about 21. Thus we
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Fig. 1 Symmetric doubly virtual (first panel) and singly virtual (second panel) pion transition form factor as a function of the virtuality in
the space-like region. The gray bands constitute the final THS predictions. See the main text for details how the uncertainties are determined.
In the second panel the gray band nearly collapses to one full line. The
thin full lines in the first panel show what happens if κ is varied in a
large range. The corresponding curve that constitutes the center of the
gray band has been made bold. The results from VMD and LMD are
given by the dashed and dash-dotted lines, respectively. Data are taken
from [23,24,45]

find the qualitative situation that the THS result for the pion
transition form factor (times the virtuality q 2 ) overshoots
the asymptotic limit, peaks at rather large momenta and
approaches the asymptotic limit rather slowly from above.
The gray bands in both panels of Fig. 1 constitute our
final THS predictions for the pion transition form factor. The
results from the next section are anticipated where κ is further constrained. To obtain the gray bands all input for our
THS pion transition form factor (F, MV1 ) is varied within
the respective experimentally allowed regions, κ = 21 ± 3
as described in the next section, and MV2 is varied within
region (6). The whole gray band in the first panel shows the
qualitative behavior described previously. It also points to a
significant quantitative uncertainty of our prediction for the
symmetric doubly virtual pion transition form factor. In other
words, data on this form factor or in general on any doubly
virtual pion transition form factor would be highly welcome
to better constrain our approach.

In the second panel of Fig. 1 we display the singly virtual
pion transition form factor. This plot shows two lines, a very
narrow gray band and data. We first discuss the gray band,
which nearly resembles a full line since its width is so small.
Obviously the narrow gray band of the second panel contrasts with the rather broad band of the first panel. However,
the singly virtual pion transition form factor is independent
of κ as can easily be deduced from (17) when putting p 2 to
zero. The largest uncertainty comes from a variation of MV2
according to (6). Even this variation does not lead to very
different results, which causes the curves to nearly collapse
to one single line. Thus THS has rather high predictive (or
rather postdictive) power for the singly virtual pion transition
form factor. Another qualitative difference between the gray
bands of the first and the second panel is the fact that the THS
result for the singly virtual pion transition form factor reaches
the asymptotic (BL) limit rather early. We regard this intriguing behavior of our correlator as one of the highlights of our
work: The THS pion transition form factor shows an early
(late) onset of the asymptotic behavior for the singly (symmetric doubly) virtual pion transition form factor. It would
be extremely interesting to see if this is supported by data in
the future.
Finally, we compare the THS result for the singly virtual
pion transition form factor to VMD and LMD and to data.
The LMD result for Fπ 0 γ ∗ γ ∗ (0, q 2 ) behaves as a constant
for large |q 2 |. Thus, it cannot even qualitatively explain the
data since, of course, it diverges after being multiplied by
q 2 . This behavior can be observed in the second panel of
Fig. 1 where the LMD result is given by the dash-dotted line.
The results for VMD (dashed line) and THS are fairly close.
CLEO data [45] are only available for low virtualities (−q 2 <
8 GeV2 ) and prefer VMD to some extent though THS appears
to be acceptable as well. The situation turns around for higher
virtualities. THS describes the Belle data [24] better than
VMD. The early onset of the asymptotic behavior of the THS
result for the singly virtual pion transition form factor makes
THS essentially identical to the BL limit. Not surprisingly
then, THS agrees well with the Belle data and is at odds with
the BaBar data [23] that are not fully compatible with the
Belle data. We do not attempt to contribute to a clarification
of the differences between Belle and BaBar. In view of these
complications we have decided to stick to the BL constraint
(14) right from the start.

3 Phenomenology of ω decays
Our strategy now is to obtain the parameter κ of the newly
proposed π VV correlator (17) from the π ωV correlator. Thus
we turn to ω data for the reasons specified in Sect. 1, namely
the lack of doubly virtual data for the pion transition form
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factor and the fact that the ω meson is fairly long lived to
resemble the situation of the large-Nc approximation.
We introduce the overlap between an ω meson and the
vector current V , i.e.
μ ( p, λω )

≡

1
0|(ūγμ u + d̄γμ d)|ω( p, λω ),
2

(22)

(23)

the modulus of which agrees with FV as introduced in [46].
With this at hand we can obtain Fω from the ω → e+ e−
decay process. A direct calculation from the Lorentz invariant
matrix element
ieZω
(−i)
ū(q1 )(−ieγ μ )v(q2 ) 2
3
Mω

μ ( p, λω ),



4π α 2
1
2m 2e
β
1
+
eω
27Mω (ω → e+ e− )
Mω2

− 21

,

108π Mω (ω →

1
Zω

(26)

0.3

0.4

0.5

0.6

q 2 [GeV]

FπTHS
0 ωV (0) =

MV21 MV22
24π 2 F 2
1 Nc
1−
. (29)
Zω 8π 2 F (MV2 − MV2 )
Nc MV22
2
1

Hence the decay width for ω → π 0 γ is independent of κ,
which provides us with full predictive power for this particular decay and can therefore serve as a cross-check of our
formalism. We will come back to this decay after having
determined κ from the measured ω–π transition form factor.
In fact, the parameter κ, which constitutes the only
unknown parameter of our proposed π VV correlator, can
be obtained by a fit to the NA60 data [28] for the normalized
transition form factor

(27)

lim ( p 2 − MV21 )Fπ V V ( p 2 , q 2 ). (28)

p 2 →MV2

1

This turns out to be the central quantity to determine κ and
to address the phenomenologically interesting decays ω →
π 0 γ and ω → π 0 + − , where  denotes a lepton.

123

0.2

For the special case when q 2 = 0 we find (see also [34]
for a similar expression for the case of one vector multiplet)

It is convenient to introduce the π 0 ωV transition form
factor by
Fπ 0 ωV (q 2 ) =

0.1

(25)

Using the values B(ω → e+ e− ) = (7.28±0.14)×10−5 and
(ω) = (8.49 ± 0.08) MeV [22] we find (ω → e+ e− ) =
(0.62±0.02) keV. Together with Mω = (782.65±0.12) MeV
we obtain from (26) the following value for the coupling
strength:
Fω = (140 ± 2) MeV.

1

Fig. 2 The normalized ω–π transition form factor as a function of
the (time-like) virtuality. Various theoretical calculations are displayed
together with NA60 data obtained from the decay ω → π 0 μ+ μ− [28].
See the main text for more details

where βeω = 1 − 4m 2e /Mω2 is the speed of the electron in
the rest frame of the decaying ω meson. Taking into account
Mω2 , we can write
that m 2e
e+ e− ).

2

(24)
yields after averaging and summing over polarizations

1
Fω  2
e

10

5

Zω
,
Fω ≡
Mω

Fω =

NA60
full dispersive
THS (NA60 fit)
THS (disp. fit)
TL
VMD
LMD

20

where we assume that the ω meson does not contain hidden
strangeness, which is a fairly good approximation to the real
world [22]. For later convenience we also define the γ –ω
coupling strength

iMω→e+ e− =

50

|F̂π0 ωV (q 2 )|2

Zω

100

F̂π 0 ωV (q 2 ) ≡

Fπ 0 ωV (q 2 )
Fπ 0 ωV (0)

(30)

in the low-energy time-like region of q 2 with the result
κ = 21 ± 3.

(31)

The result is displayed in Fig. 2 as a gray band. The uncertainty comes mainly from the fitting procedure (and so from
the error bars of the data) and from the variation of the second-
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multiplet mass MV2 inside the considered region (6). Our fit
to the NA60 data has a χ 2 per degree of freedom of 1.5.
Apparently we obtain a rather satisfying fit to the NA60
data except for the last two or three data points at the
largest values of the dimuon mass. At present, none of
the hadron-theory approaches to this ω transition form factor [31,39,41,47,48] is able to understand these last data
points. Recently it has been suggested in [49] using a dispersive calculation and high-energy constraints that these data
points might be incompatible with QCD. Clearly it would be
highly desirable to obtain additional data for this ω transition
form factor, in particular from experiments where the complete final state π 0 + − can be reconstructed and not only
the dilepton; see [28] for more details.
In the following we will stick to our result for κ as given
in (31) and obtained from a fit to the full range of NA60
data since it is the best that one can do in the present situation. However, we briefly discuss two alternatives: If we
performed an alternative fit to the NA60 data rejecting the last
three data points, we would get κ = 19 ± 2 , which is fairly
compatible with our full fit. The χ 2 per degree of freedom
would reduce to 0.8. If we rejected the NA60 data altogether
and regarded the dispersive calculation of [39] as the “truth”,
we would find κ = 13.1 ± 0.5 . The result of this last fit is
also shown in Fig. 2 as the dark gray band. If we return to
the first panel of Fig. 1 we observe that one obtains the same
qualitative features with such values of κ. Nevertheless, we
will not use these results further on and will take into account
only the result (31) of the all-data fit.
As for the pion transition form factor we shall compare
our result to similar approaches from the literature. The form
factor from [31],
F̂πTL0 ωV (q 2 ) =

MV21 + q 2
MV21

−q

,
2

(32)

labeled by “TL” in Fig. 2, lies within our uncertainty band in
spite of the fact that the derivation is based on a very different
approach. The results for VMD and LMD can be obtained
from (20) and (21), respectively, using (28) and (30). For
instance, the VMD expression is
2
F̂πVMD
0 ωV (q ) =

MV21
MV21 − q 2

.

(33)

As can be observed in Fig. 2 the results for both VMD and
LMD deviate significantly from the data and therefore from
our approach. They also deviate from the results of the dispersive calculation of [39], which is shown as the black band
in Fig. 2. As already noted we have performed an alternative
fit of our THS expression to the dispersive result—the dark
gray band in Fig. 2. It should be mentioned that our rational
function cannot fit the cusp structure in the low-energy region

π0
ω

π0
ω

−

γ
γ

+

(a)

(b)

Fig. 3 Feynman diagrams for the ω → π 0 γ and ω → π 0 + −
decays at leading order in QED. The shaded blob corresponds to the
Fπ 0 ωγ (∗) (q 2 ) form factor and  denotes e or μ

q 2 ∈ [0.3, 0.4] that emerges in the dispersive calculation
from a cross-channel inelasticity; see [39] for a detailed discussion. We repeat our statement that additional data on this
transition form factor would be highly welcome.
To further explore the validity of the THS scheme we
study selected decay channels of the ω meson. It appears to
be convenient to introduce the matrix element


2 1 μναβ
e
+
pα q β
Zω Zπ 3 3
× lim ( p 2 − MV21 )r 2 (r 2 ; p 2 , q 2 ).

μν

Mωπ 0 ( p, q) =

r 2 →0
p 2 →MV2

1

(34)
Using the previous definitions (10) and (28) this can be
reduced to
μν

Mωπ 0 ( p, q) = eFπ 0 ωV (q 2 )

μναβ

pα q β .

(35)

In (34) the factors 2/3 and 1/3 emerge from the respective
overlap of the ω meson with the singlet and the eighth component of the octet current, i.e. the factors come from (3).
These factors actually sum to unity, which is not surprising
from a flavor SU(2) point of view where the ω is a pure
singlet.
We start with the prediction of the decay width of the
ω → π 0 γ process, which is depicted in Fig. 3a. The matrix
element


μν
(36)
Mω→π 0 γ = Mωπ 0 ( p, q) μ ( p, λω ) ν∗ (q, λγ ) 2
q =0

does not depend on κ as already mentioned. This provides us
with a pure prediction. After simple manipulations we find


Mπ2 3
α Mω3
2
(ω → π γ ) =
|Fπ 0 ωV (0)| 1 − 2
24
Mω


3
2
2
π α Zω |Fπ 0 ωV (0)|
Mπ2 3

1− 2 ,
162 (ω → e+ e− )
Mω
0

(37)
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Table 1 Decay width of the process ω → π 0 γ as obtained from different approaches and from data [22]. We estimate an uncertainty only
for our THS case

(ω → π 0 γ ) [MeV]

VMD

LMD

THS

Experiment

0.68

0.45

0.63 ± 0.04

0.70 ± 0.03

Table 2 Branching ratios of the decays ω → π 0 e+ e− and ω →
π 0 μ+ μ− normalized to the branching ratio of the decay ω → π 0 γ
as obtained from different approaches and from data [22]. We estimate
an uncertainty only for our THS case

B(ω→π 0 e+ e− )
B(ω→π 0 γ )
B(ω→π 0 μ+ μ− )
B(ω→π 0 γ )

× 103
× 103

VMD

LMD

THS

Experiment

9.1

8.9

9.6 ± 0.1

9.3 ± 1.0

0.91

0.82

1.33 ± 0.10

1.6 ± 0.5

where we have used (26) to obtain the last expression. Taking
Nc = 3, F = (92.22 ± 0.06) MeV [50], Mπ = 134.98 MeV,
MV1 = Mρ = (775.26 ± 0.25) MeV [22] and MV2 in the
range (6) we obtain the values listed in Table 1.
We see that THS is within its uncertainties compatible
with the experimental data. In this case VMD proves to be
phenomenologically successful, too. The value of the LMD
approach seems to be off even taking into account the 40 %
rule-of-thumb uncertainty used in [17].
Moving on to the ω → π 0 + − decay, which is depicted
in Fig. 3b, the matrix element can be written in the form
Mω→π 0 + −
μν

= Mωπ 0 ( p, q)

μ ( p, λω )

(−i)
ū(q1 )(−ieγν )v(q2 ) . (38)
q2

The decay width can then be expressed as a form-factordependent integral over the dilepton invariant mass,
α2
(ω → π 0 + − ) =
72π Mω3


(Mω−Mπ )2

|Fπ 0 ωV (q 2 )|2
q2

4m 2




2m 2
4m 2
3
× 1 − 2 1 + 2 λ 2 Mω2 , Mπ2 , q 2 dq 2 ,
q
q

(39)

where λ denotes the Källén triangle function defined as
λ(a, b, c) ≡ a 2 + b2 + c2 − 2ab − 2ac − 2bc.

(40)

For THS the result for this decay width depends on the parameter κ. We use the fitted value (31) and for the other input
quantities the ranges specified after (37).
It is common practice to normalize decay widths that
involve dileptons to the corresponding decay widths involving photons [30]. This leads to the branching ratios listed
in Table 2. Obviously, for the electron case all the results
of the considered approaches lie within the experimental

123

uncertainty. For the muon case, however, only the THS result
explains the experimental value. This should not come as a
surprise given that in Fig. 2 the LMD and VMD curves lie
much lower than the THS band.
Before moving on to the decays of the neutral pion, we
will present a discussion of the uncertainties inherit to THS.
As already spelled out after (37), the uncertainty estimates
provided for the previous results take into account a variation of the input parameters based on the respective experimental uncertainties. We recall that THS contains two input
parameters that are not directly accessible by experiment—
the parameters MV2 and κ. The model-intrinsic uncertainty
estimates are merely influenced by these two sources: first,
the fit for κ, which might be improved in the future by data
on the doubly virtual pion transition form factor; second, a
large variation in MV2 ; see (6). By this variation we estimate the uncertainty imposed by a truncation of the infinite
tower of resonances. Yet there are more uncertainties to be
discussed. Strictly speaking our model-intrinsic uncertainty
estimate does not account for the two initial assumptions:
the chiral and the large-Nc limit. The uncertainties caused
by the chiral limit should be on the order of Mπ2 /2χ where
χ denotes the scale of chiral symmetry breaking. Within
Chiral Perturbation Theory one uses the scale where new
degrees of freedom come into play or where the loops become
as important as the tree-level contributions. Roughly this
implies χ  Mρ , 4π F, i.e. an uncertainty of about 3 %. In
practice this is negligible as compared to the model-intrinsic
error estimates. It is much harder to seriously account for
the uncertainty caused by the use of the large-Nc approximation. We expect that to some extent we have accounted for
this uncertainty by focusing on kinematical situations where
the (large-Nc suppressed) widths of the resonances do not
matter so much and by varying the mass of the second vectormeson multiplet in a relatively large range. However, for the
rare pion decay, to which we turn in the next section, this procedure might be insufficient. There the pion transition form
factor enters a loop integral where information from all kinematical regions comes into play. On the other hand, as will
be discussed below, the loop integral can be approximately
rewritten into a form where only space-like momenta matter. To some extent this should diminish the error committed
by the use of the large-Nc approximation according to the
previous discussion. Yet there can be one more twist to this
argument. For some quantities the influence of the second
multiplet, where the mass is varied in a large range, can be
rather small. Then the error estimate associated with it might
not be representative for the overall error budget. We stress
that this is not what is happening in general, but we will experience such a situation in Sect. 5 below. To make sure that
we do not underestimate our theory uncertainty for the rare
pion decay, we have decided to perform two error estimates.
The first one is based on the model-intrinsic uncertainties,
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i.e. fully in line with what we have presented so far. The
second one is rather conservative by adding a 30 % error corresponding to the 1/Nc rule-of-thumb uncertainty inherent
to the large-Nc approximation. After this extended discussion of uncertainty estimates we turn now to the decays of
the neutral pion.

4 The process π 0 → e+ e−
In the following two sections we turn our attention to the
decays of the neutral pion. Namely we will discuss the rare
decay π 0 → e+ e− , to which this section is devoted, and later
on also the Dalitz decay π 0 → e+ e− γ .
The decay π 0 → e+ e− and the radiative corrections connected to this process have been extensively studied in [6,7].
On the left-hand side of the graphical equation in Fig. 4 the
leading order of the QED expansion of the considered process is depicted. The doubly virtual pion transition form factor Fπ 0 γ ∗ γ ∗ (l 2 , (r − l)2 ) is represented in the figure as the
shaded blob. Here r denotes the pion momentum and l a loop
momentum. This transition form factor plays here an essential role, since it serves as an effective ultraviolet (UV) cut-off
due to its 1/l 2 asymptotics governed by the OPE. The loop
integral over d4 l is therefore convergent.
On account of Lorentz and parity symmetry the on-shell
matrix element of the π 0 → e+ e− process can be written in
terms of just one pseudoscalar form factor in the following
form:


iMπ 0 →e+ e− = Pπ 0 →e+ e− ū(q1 )γ5 v(q2 ) .

(41)

Subsequently, the decay width reads
(π 0 → e+ e− ) =

2Mπ2 |Pπ 0 →e+ e− |2
16π Mπ


1−

4m 2e
.
Mπ2

(42)

Taking into account only the leading order (LO) in the QED
expansion, i.e. the left-hand side of the graphical equation in
Fig. 4, we find (within the dimensional reduction scheme [51,
52])

π0

=

+

χ

Fig. 4 Leading-order contribution to the π 0 → e+ e− process in the
QED expansion and its representation in terms of the leading order in
chiral perturbation theory. The shaded blob corresponds to the doubly
virtual pion transition form factor Fπ 0 γ ∗ γ ∗ (l 2 , (r − l)2 )

PπLO
0 →e+ e− =

ie4 m e
Mπ2



d4 l Fπ 0 γ ∗ γ ∗ ( p 2 , q 2 )λ(Mπ2 , p 2 , q 2 )
.
(2π )4
p 2 q 2 (l 2 − m 2e )

(43)
Here p = l − q1 and q = l + q2 , where q1 and q2 are
the lepton momenta. Using dimensional regularization and
Passarino–Veltman reduction [53] the explicit result of the
loop integration in terms of scalar one-loop integrals is given
in Appendix A for various form factors.
On the right-hand side of Fig. 4 we can see how the previously discussed expression is represented in leading order
of Chiral Perturbation Theory [16,17]. Here, the constant
Nc
(44)
12π 2 F
emerging from the chiral anomaly is used instead of the full
transition form factor; see (16). This leads to a divergent integral [15] and it is thus clear that a counter-term is needed.
If the loop is renormalized at scale μ, the finite part of such
a counter-term is denoted by χ (r) (μ). It corresponds to the
high-energy behavior of the complete transition form factor.
Therefore, concerning the pion decay, we can characterize
each transition form factor by the corresponding value of
χ (r) (μ).
In fact, using (44) instead of the full form factor in (43)
together with the counter-term Lagrangian from [16,17] one
obtains
 2
me
5 3
LO
2
Pπ 0 →e+ e− = −2α m e Fπ 0 γ ∗ γ ∗ (0, 0) − + log
2 2
μ2
 
1
1
Li2 (z) − Li2
+ iπ log(−z) .
+χ (r) (μ) +
2βe
z
(45)
Fπ 0 γ ∗ γ ∗ (0, 0) = −

In the above formula Li2 is the dilogarithm, βe =
1 − 4m 2e /Mπ2 , z = −(1−βe )/(1+βe ) and μ represents the
scale at which the loop integral is effectively cut off; cf. [17].
This effective approach with the constant form factor leading to formula (45) can be conveniently used to match with
the calculation (43) and any full, i.e. momentum-dependent,
form factor. Thus, for various approaches, the value of the
associated effective parameter χ (r) (μ) can be extracted. In
other words, the left-hand side of (45) can be substituted
by the expressions for PπLO
0 →e+ e− stated in Appendix A
and χ (r) (μ) is subsequently determined. Following common
practice [11,16,17,46] we have chosen μ = 770 MeV  Mρ
to set the renormalization scale.
An approximative way to get the low-energy constant
χ (r) (μ) up to corrections proportional to m e /Mπ and Mπ /μ
has been presented in [4]. In our notation this reads

5 3 ∞
∂ Fπ 0 γ ∗ γ ∗ (−tμ2 , −tμ2 )
(r)
.
dt log(t)
χ (μ)  +
4 2 0
∂t
Fπ 0 γ ∗ γ ∗ (0, 0)
(46)
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Table 3 Values of the effective parameter χ (r) (770 MeV) for various
pion transition form factors. In general we provide uncertainty estimates
only for THS. The different errors given for THS refer to the discussion
at the end of Sect. 3. The uncertainty for LMD stems from [17]
χ (r) (μ = 770 MeV)

VMD

LMD

THS

Exact result

2.87

2.29

2.2 ± 0.2 ± 0.7

Approx. from (46)

2.72

2.2 ± 0.9

2.0 ± 0.2 ± 0.7

Using this approach we get very simple formulas for the
VMD model
(r)

χVMD (μ) 

MV2
11 3
− log 21
4
2
μ

(47)

(r)

MV2
11 3
12π 2 F 2
− log 21 −
.
4
2
μ
Nc MV21

(48)

For the THS form factor, where the additional mass scale MV2
and the parameter κ come into play, the calculation according
to (46) yields
(r)

χTHS (μ) 

5
4

−

3
2

MV2

×

2

MV2

log
+

1

MV2
1
MV2
2

−

1

c

1
μ2

MV2

1

MV2

2

+

κ MV2 MV2

−N

MV2

2
(4π F)4

+

2
2
3 MV1 MV2
2
2 (M −M 2 )2
V
V
2

−

1



14
2
Nc (2π F)

2MV2
1
2
MV −MV2
2
1

−

MV2 +MV2



1
MV2

+

1

2



log

1
MV2

2

(4π F)2
7
Nc (M 2 −M 2 )
V
V

2
1
2(MV2 −MV2 )
2
1

log

1

MV2

2

MV2



−1

MV2

MV2

1

.

(50)

where x is the normalized lepton-pair invariant mass, i.e.
x = (q1 + q2 )2 /Mπ2 . This condition can be translated to the
photon-energy cut E γ < M(1 − xcut )/2 in the rest frame of
the decaying pion, with xcut = 0.95. Soon after, the disagreement of (50) with a theoretical calculation was found [4].
To predict the quantity (50) we proceed as follows. Taking
into account NLO QED corrections [6,7] we can calculate
the branching ratio of the inclusive process π 0 → e+ e− (γ ),
i.e. of a process where we allow bremsstrahlung photons to
appear in the final state. Denoting these QED corrections by
δ this can be written as
B(π 0 → e+ e− (γ ) , x > xcut )

2

=

 LO (π 0 → e+ e− )[1 + δ(xcut )]
× B(π 0 → γ γ ).
 LO (π 0 → γ γ )
(51)

1

(49)
The numerical values for the exact as well as for the
approximate results are listed in Table 3. In the first row the
values gained from the matching of (43) to (45) are listed.
The second row contains the results of the approximative
formulas (47), (48), and (49). In the LMD case, the value
according to (48) would be 2.16, but here the listed result
has been taken from [17] where also a 40 % uncertainty has
been estimated. Needless to say, the used numerical inputs
were the same as in the whole text except for one thing. In the
case of the pion decays, we use for the ground-state vectormeson multiplet mass MV1 the average of the ρ and ω meson
masses, i.e. MV1 = (779 ± 4) MeV.
We can see that the approximative formula (46) is indeed
reasonable. The numerical values are close to the case of
the exact calculation, where electron and pion masses are
not neglected. To compare briefly the values for the various
approaches, we see in Table 3 that the THS mean value is
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B KTeV (π 0 → e+ e− (γ ) , x > 0.95)
= (6.44 ± 0.25 ± 0.22) × 10−8 ,

as well as for the LMD case (cf. [17])
χLMD (μ) 

close to LMD but far away from the VMD value. Of course,
a meaningful comparison would require an uncertainty estimate for the VMD case, which is not available. Considering the large uncertainty of LMD according to [17], THS
and even VMD lie within the LMD band. In turn the central value of LMD lies within the THS band based on the
model-intrinsic uncertainty (the first uncertainty provided in
the table). Concerning the larger rule-of-thumb uncertainty
LMD and THS essentially resemble each other.
Finally, we can utilize the above formulas and provide
branching ratios to be compared to experiment. The presently
most precise measurement was performed by the KTeV collaboration at Fermilab with the result [3]

In addition, the width of the pion decay into two photons has
the form
 LO (π 0 → γ γ ) =

1
e4 Mπ4
1
|Fπ 0 γ ∗ γ ∗ (0, 0)|2 (52)
2 16π Mπ 2

and B(π 0 → γ γ ) = (98.823 ± 0.034) % [22]. The calculation of the two-loop virtual radiative corrections together with
the bremsstrahlung correction in the soft-photon approximation gives the result δ(0.95) = (−5.8 ± 0.2) %. It has been
shown in [7] that the soft-photon approximation is a valid
approach for the value xcut =0.95 used by the KTeV experiment. Note that this value of the correction δ was obtained
in [6] in a model-independent way using χ (r) (770 MeV) =
2.2±0.9. However, this result for δ depends negligibly on the
range of considered values of χ (r) shown in Table 3. Hence
we consider the result for δ to be valid for our case.
With this NLO QED input we find the values shown in
Table 4. Here we see that the central value in the THS case
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Table 4 Branching ratio of the inclusive process π 0 → e+ e− (γ ) at
NLO of QED for various models for the pion transition form factor.
The different errors given for THS refer to the discussion at the end
of Sect. 3. The listed values are to be multiplied by a factor 10−8 . The
KTeV value is based on the result stated in [3]
VMD LMD THS
B(π 0 → e+ e− (γ ) , x > 0.95) 5.96

KTeV

5.8(3) 5.76(7) (19) 6.44(33)

is, of course, compatible with the LMD central value, since
the same holds for the values χ (r) (μ); see Table 3. The uncertainty of the LMD approach according to [17] makes it compatible with the KTeV result on the level of 1 σ . Considering
VMD, where we do not have an estimate of the theoretical
uncertainty, we are then 1.5 σ away from the experimental
value. Finally, the THS approach is 2 σ off given the modelintrinsic uncertainty. The deviation drops to 1.3 σ for the
rule-of-thumb uncertainty.
Consequently, if the (central value of the) KTeV result
will be confirmed by future experiments and measured with
higher precision such that the discrepancy would reach several σ ’s, then the following two scenarios are conceivable:
Either there are some aspects of the THS approach which are
not well suited for the rare decay π 0 → e+ e− , or it should
be seriously considered that physics beyond the Standard
Model influences the rare pion decay to a significant extent.
However, under the present circumstances we consider the
current discrepancy to be inconclusive. We will come back
to this discrepancy in the next section.

5 Singly virtual pion transition form factor
and the Dalitz decay π 0 → e+ e− γ
With particular models at hand, we can also explore the
properties of the singly virtual pion transition form factor
Fπ 0 γ ∗ γ ∗ (0, q 2 ). A slope aπ and a curvature bπ of the form
factor are defined in terms of the Taylor expansion in the
invariant mass of the vector current [40],
 2 2
Fπ 0 γ ∗ γ ∗ (0, q 2 )
q
q2
 1 + aπ 2 + bπ
.
(53)
Fπ 0 γ ∗ γ ∗ (0, 0)
Mπ
Mπ2
By means of the first and second derivative it is straightforward to find the following expressions for the simplest form
factors:
aπVMD =

Mπ2
M2
, bπVMD = 2π aπVMD ,
2
MV1
MV1

aπLMD =

4π 2 F 2
Mπ2
M2
1−
, bπLMD = 2π aπLMD , (55)
2
2
MV1
Nc MV1
MV1

(54)

as well as for the THS form factor with its two vectormultiplet mass scales,

Table 5 Slope and curvature of the singly virtual pion transition form
factor evaluated for various approaches. The listed values are to be
multiplied by a factor of 10−3
VMD

LMD

THS

Dispers. [40]

Exp. [22]

Slope aπ

30.0

24.5

29.2(4)

30.7(6)

32(4)

Curvature bπ

0.90

0.74

0.87(2)

1.10(2)

–

aπTHS =
bπTHS =

MV21
Mπ2
24π 2 F 2
1
+
,
−
MV21
MV22
Nc MV22
Mπ2
Mπ2
Mπ4
THS
+
−
.
a
π
MV21
MV22
MV21 MV22

(56)

Numerical results are shown in Table 5. Note that here the
THS result contains only the model-intrinsic uncertainty, not
the 30 % rule-of-thumb estimate. We see that THS is compatible with the experimental value and that it is numerically consistent with VMD. Similar to some previous cases,
the value predicted by LMD is unsatisfying. Nevertheless,
none of the models (VMD, LMD, THS) fully agrees with the
results of the dispersive calculation [40]. The latter is capable of producing very reliable results at low energies. We
note in passing that the apparent agreement of VMD with
the dispersive result for the slope is somewhat accidental.
Actually the discrepancy grows, if the φ meson is included
in the analysis [40].
The disagreement between THS and the dispersive results
brings us back to the discussion of the uncertainties inherent
to THS and to our attempt to quantify these uncertainties in
a reasonable way. For a given model one can only estimate
the model-intrinsic uncertainties. Of course, those are also
model dependent. Our numerical values for the uncertainty
estimates of the THS results emerge dominantly from the
uncertainty in the determination of the parameter κ and from
a variation in MV2 . In contrast to most of the results previously presented, the singly virtual pion transition form factor
does not depend on the parameter κ. This can be most easily seen from (56), but also from (15), (17). In addition, the
dependence on MV2 is minor for the low-energy quantities
determined in (56). In fact, in (56) the mass MV2 essentially
shows up in the numerically small combination M 2 /MV22
with M 2 ≡ MV21 − 24π 2 F 2 /Nc . The smallness of M 2
might be seen as an incarnation of the KSFR relations; see,
e.g., [54] and references therein. In turn, this implies that our
model-intrinsic uncertainty determination might underestimate the real uncertainty if the dependence of our results on
MV2 and/or κ is accidentally small. While this is the case for
the singly virtual pion transition form factor, it is certainly
not true for the doubly virtual one; see also Fig. 1 with the
broad uncertainty band in the first panel and the corresponding nearly invisible spread in the second panel. As already
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Table 6 Theoretical prediction for the Dalitz decay branching ratios at
NLO of QED with and without a cut as evaluated for various approaches.
“WZW” describes the case where the pion transition form factor is
replaced by its low-energy limit. The listed values are to be multiplied
by a factor of 10−3

(a)

+ cross
(b)

(c)

Fig. 5 Leading order diagram of the Dalitz decay π 0 → e+ e− γ in the
QED expansion (a) and the one-photon-irreducible contributions to the
NLO virtual radiative correction (b) and (c). Note that “cross” in (b)
accounts for a diagram with a photon emitted from the outgoing positron
line. Diagrams (b) and (c) also serve as a bremsstrahlung contribution
to the π 0 → e+ e− decay

discussed at the end of Sect. 3, one has to take our uncertainty
estimates with a grain of salt.
As a closure of the phenomenological part of this work,
we inspect the theoretical predictions for the decay width
of the Dalitz decay π 0 → e+ e− γ . The leading-order QED
contribution is depicted in Fig. 5a. Our aim is also to address
the NLO radiative corrections. For this purpose we use the
approach documented in [42], which has recently reviewed
and extended the classical work of [55]. Hence, together
with the bremsstrahlung beyond the soft-photon approximation we use in the following calculations the virtual radiative
corrections including also the one-photon-irreducible (1γ IR)
contribution. The diagrams connected with the latter part are
schematically shown in Fig. 5b, c. The mentioned correction
then emerges when one considers the interference term with
the LO diagram in Fig. 5a.
The decay width of the Dalitz decay at NLO can be written
in the following form
(π 0 → e+ e− γ (γ ) , x > xcut )
= [1 + δ D (x > xcut )]  LO (π 0 → e+ e− γ , x > xcut ),
(57)
where we have denoted the sum of all the NLO radiative
corrections to the integrated decay width as δ D and where
 LO (π 0 → e+ e− γ , x > xcut )


 1
α
 Fπ 0 γ ∗ γ ∗ (0, x Mπ2 ) 2
LO 0


 (π → γ γ )
dx 
=
π
Fπ 0 γ ∗ γ ∗ (0, 0) 
xcut


8βe (x) (1 − x)3
2m 2e
×
.
(58)
1+
3
4x
x Mπ2
In the above formula we have introduced βe (x) =
1 − 4m 2e /(x Mπ2 ). Note that contrary to the last section xcut
cannot be interpreted as a cut on a single photon energy, since
the additional bremsstrahlung photon appears. There are also
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WZW

VMD

LMD

THS

NLO correction δD

8.338

8.299

8.307

8.3008(3)

(π 0 →e+ e− γ (γ ))
 LO (π 0 →γ γ )

11.9503 11.9735 11.9692 11.9729(4)

(π 0 →e+ e− γ (γ ) , x>0.2319)
(π 0 →e+ e− γ (γ ))

31.03

31.63

31.52

31.61(1)

no restrictions on the energy of the bremsstrahlung photon
in this decay width.
The numerical results for the considered approaches are
compared in Table 6. In the first row the NLO correction is
presented. Naively one might get from the definitions (57)
and (58) the impression that the pion transition form factor does not enter δ D . This is, however, not the case. The
NLO correction involves, of course, the four-body phasespace integrations and the pion transition form factor cannot
be scaled out. This is due to the integration over the x variable, which is tacitly performed also on the left-hand side of
(57). On the other hand, taking into account the correction
to the differential decay width, we would get an expression
independent of the form factor. This statement then holds
only when leaving out the 1γ IR part, where the form-factordependent loop integration is performed. Nonetheless, concerning model uncertainties, it is encouraging that numerically the NLO correction is to a very large extent independent
of the used pion transition form factor. Using the respective
value of the NLO correction, the second row in Table 6 shows
the corresponding branching ratio if no cut on additional photons is applied, i.e. the branching ratio of the Dalitz decay for
the whole kinematic region x ∈ [4m 2e /Mπ2 , 1]. The results
of this row should be compared to the experimental value
B(π 0 →e+ e− γ )
= (11.88 ± 0.35) × 10−3 , which has been
B(π 0 →γ γ )
calculated using inputs from [22]. The agreement with the
values of the second row in Table 6 is very satisfying.
In the previous section we have stated the value (50) as
the outcome of the KTeV analysis. However, what KTeV has
determined at first place is3

(π 0 → e+ e− (γ ) , x > 0.95) 
(π 0 → e+ e− γ (γ ) , x > 0.2319) KTeV
= (1.685 ± 0.064 ± 0.027) × 10−4 .

(59)

We note in passing that for the quantity displayed in the last
row of Table 6 the corresponding value used by KTeV to
Note that we use here the more precise value xcut = 0.2319 from [56]
in contrast to 0.232 as stated in [3]. This value for xcut corresponds to
(65 MeV/Mπ )2 .

3
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obtain finally the result (50) is 3.19 % [3]. This value is close
but not equal to any of the results in the last row of Table 6.
Having the radiative corrections determined from theory
suggests to calculate directly the ratio (59) instead of the
derived quantity (50) and to compare the calculation to the
experimental result. However, the result (59) is not a direct
measurement either, but is, of course, based on an interplay of
measurements, Monte Carlo simulations, acceptance corrections, etc. [3,56]. By the time the KTeV measurements were
analyzed not all QED radiative corrections were available.
To evaluate the decay width of the Dalitz decay the radiative
corrections from [55] have been used. In particular the 1γ IR
contributions have not been included in [55]. In addition, in
the Monte Carlo generator of KTeV the radiative corrections
for the e+ e− decay have been adopted from [57]; see [56].
However, in [57] some approximations have been used that
have been proven to be misleading after the exact calculation
has been performed [6]. Therefore it would be somewhat
misleading to compare a theory result with all radiative corrections included to an experimental result where only part of
these corrections have been taken into account. On the other
hand, it might be illuminating to provide a rough estimate
of the impact of these differences. Before presenting such
an estimate we would like to repeat the take-home message
from the first section: All NLO QED radiative corrections
are now available [6,7,42] and can be taken into account in
future analyses of data on the pion decays π 0 → e+ e− and
π 0 → e+ e− γ .
In spite of the fact that not all radiative corrections have
been taken into account in the analysis that led to the result
(59) we do not feel legitimated to modify this experimental
result. Instead we will calculate the ratio of (59) within THS4 ,
but assign an uncertainty to it, which is related to the neglect
of the 1γ IR contributions.5 It should be stressed, however,
that this is not an entirely valid approach either. After all,
as soon as one can calculate the NLO QED radiative corrections, they do not constitute an uncertainty of a result but
rather a well-defined shift of the result. Nonetheless, we proceed in the described way to obtain a rough estimate of the
uncertainty caused by neglecting part of the radiative corrections.
The quantity of our interest can be generally expressed
and expanded as
A
σ (A) σ (B)
A ± σ (A)

∓
1±
.
B ± σ (B)
B
A
B

In our case we have A = (π 0 → e+ e− (γ ) , x > 0.95)
and B = (π 0 → e+ e− γ (γ ) , x > 0.2319), which we
calculate up to NLO using the complete set of corrections.
The uncertainties are then given by the 1γ IR contributions to
the NLO virtual radiative corrections, i.e. by the interference
of the diagrams shown in Fig. 5. Hence

 NLO 0
+ −


σ (A)
1γ IR (π → e e γ , x > 0.95)
=
A
(π 0 → e+ e− (γ ) , x > 0.95)
 1γ IR

δ
(x > 0.95)  LO (π 0 → e+ e− γ , x > 0.95)
D
=
,
[1 + δ(0.95)]
 LO (π 0 → e+ e− )
(61)
which numerically yields σ (A)/A  0.4 %. For the second
term we get
 NLO 0

+ −


σ (B)
1γ IR (π → e e γ , x > 0.2319)
=
B
(π 0 → e+ e− γ (γ ) , x > 0.2319)
 1γ IR

δ
(x > 0.2319)
D
=
,
(62)
[1 + δ D (x > 0.2319)]
for which we find σ (B)/B  0.5 %. We can thus conclude that the total uncertainty would be at the level of
1 %. For completeness we list the values that we have
used to get the above stated numbers. The input for (61)
1γ IR
is δD (x > 0.95) = −8.93(1) % for the 1γ IR contribution
to the NLO virtual radiative correction for the decay width
of the Dalitz decay. For the ratio of the LO decay widths
of the Dalitz decay with x > 0.95 and the π 0 → e+ e−
LO 0 →e+ e− γ , x>0.95)
process we have  (π LO
= 4.31(5) %. In
(π 0 →e+ e− )
(62) we have utilized for the overall NLO correction to the
Dalitz decay δD (x > 0.2319) = −3.189(2) % and finally
1γ IR
δD (x > 0.2319) = −0.5038(3) %. In general, we can see
that the radiative corrections are getting more important with
higher values of xcut . Taking values from Tables 4 and 6 with
the model-intrinsic uncertainty and the previously estimated
relative uncertainty of 1 % (we state this separately) we find

(π 0 → e+ e− (γ ) , x > 0.95) 
(π 0 → e+ e− γ (γ ) , x > 0.2319) theo+uncert.
= (1.54 ± 0.02 ± 0.02) × 10−4 .

(63)

This result is to be compared with the KTeV value (59),
yielding a discrepancy of approximately 1.5 σ . We stress one
more time that the result (63) should be read with caution.

(60)
6 Outlook

4

According to Table 6 the results from the other approaches are comparable.

5

The modification induced by using [57] in the Monte Carlo generator
is even harder to assess. Therefore we concentrate solely on the 1γ IR
contributions.

Several directions are conceivable how the THS scheme
might be extended or combined with other approaches. Most
straightforward would be to extend THS to other correlators;
see also [5]. Eventually one might get cross correlations and
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in that way more information, e.g., by fitting to additional
sets of data.
In the present work we have merely used the PVV correlator as an intermediate step to obtain the π VV correlator.
Of course, the PVV correlator is also interesting in its own
right. For instance, as it has been worked out in [5], the lowenergy expansion of this correlator determines some of the
low-energy constants of the chiral Lagrangian at order p 6 in
the anomalous sector [58], i.e. the corrections to the Wess–
Zumino–Witten Lagrangian. Having determined some of the
parameters of the PVV correlator within THS by demanding
high-energy constraints one could provide estimates and/or
cross-correlations for these low-energy constants following
the procedure outlined in [5].
As already spelled out in Sect. 1 we refrained from using
high-energy constraints for quantities like the π ωV correlator since the vector meson might probe already too many
details of the intermediate-energy region (above 1 GeV)
where we have approximated the tower of infinitely many
states by one effective state per channel. Extending the
scheme from THS to three hadrons per channel, albeit introducing more parameters in the first place, might allow one
to use quark-scaling relations along the lines of [18–20] for
π ωV and similar correlators which in turn could help to keep
the number of free parameters manageable. In the same spirit
one can use subleading orders in the high-energy expansion
in terms of QCD condensates [43].
In the present work we have used the chiral limit to construct the PVV correlator. In line with this approximation
we have focused on the π VV and π ωV correlator where
no strange quarks are involved. For a reasonable extension
from the pion to the whole pseudoscalar multiplet (a nonet
in the large-Nc limit) one has to go beyond the chiral limit.
The prospect of such an endeavor would be the possibility
to tackle the transition form factors of the η and η mesons
and their rare decays into electron and positron or muon and
anti-muon. The simplest way to go beyond the chiral limit
would be to utilize a pertinent Lagrangian. In extensions of
chiral perturbation theory [8,11,12] one frequently uses a
Lagrangian where the vector mesons are represented by antisymmetric tensor fields [11,31–33,35–37,46]. As discussed
in [5] a given resonance Lagrangian of formal chiral order
p 6 might not be capable of satisfying all desired OPE constraints. Indeed, as shown in [37] this problem appears at
least if only one vector-meson multiplet is used for the PVV
correlator. Concerning the vector instead of the antisymmetric tensor representation the same negative result has been
reported in [5]. It might appear that the first-order approach
suggested in [59] offers more flexibility here. Alternatively
or in addition one might consider the inclusion of resonance
terms of chiral order p 8 . The following consideration might
demonstrate that one can expect to create additional terms
that would not spoil the OPE right away: If one normal-
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izes the PVV correlator to the corresponding chiral-anomaly
expression, a p 6 resonance Lagrangian would produce “corrections” that schematically are given by
L p6 ,R

→



Q2
Q 2 + M R2

n with n ≤ 3.

(64)

We have replaced all resonance masses by M R and all
momenta by Q. This is sufficient to discuss the high- and
low-energy limits. The factor of Q 2 in the numerator of
(64) emerges from the fact that the resonance Lagrangian
is assumed to be of chiral order p 6 while the chiral anomaly
is of order p 4 . The limitation n ≤ 3 comes from the fact
that a three-point correlator is considered. At high energies a
single term with n = 1 definitely spoils the OPE. Coupling
constants between various contributions must be adjusted
such that cancellations appear. Of course, this is the reason
why the OPE is capable to tell something about the resonance parameters. A resonance Lagrangian of chiral order
p 8 produces terms with the schematic structure
L p8 ,R

→



Q4
Q 2 + M R2

n with n ≤ 3.

(65)

Here the terms with n = 1, 2 spoil the OPE and must cancel. The terms with n = 3, however, produce structures that
could be compatible with the OPE but are structurally different from the ones in (64). Thus the inclusion of resonance
terms of chiral order p 8 might help to obtain an agreement
between a Lagrangian approach and the OPE. Needless to say
that the systematic construction of a p 8 Lagrangian would
be extremely tedious; see [37] and references therein. In
practice, according to [21], leading-order OPE constraints6
together with a singly virtual pion transition form factor that
vanishes at large momenta can be achieved by a resonance
Lagrangian with two vector-meson multiplets in the antisymmetric tensor representation. Note, however, that the concrete
BL limit (14) has not been used in [21]. Nonetheless, the
results of [21] suggest that THS can be reproduced from a
resonance Lagrangian of order p 6 in the chiral counting.
While leaving the chiral limit might be systematized by
a Lagrangian approach, our second basic assumption, the
large-Nc limit is much harder to remedy. On purpose we
stuck to narrow states (π , ω) and to the space-like or lowenergy time-like region where the effects of inelasticities are
minor. Nonetheless this induces uncertainties, which are hard
to assess on a quantitative level. At low energies an excellent way to deal with inelasticities is to use them in ones
favor by a dispersive setup [39,40,49]. A powerful framework emerges when combined with chiral low-energy constraints, QCD high-energy constraints, and precise data on
6

Note that “chiral order” refers to the low-energy expansion, while
“leading-order OPE” refers to the high-energy expansion.
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the scattering amplitudes that come into play via the inelasticities. In practice the scheme becomes intractable at intermediate energies (roughly above 1 GeV) where more and more
many-particle channels open up. Even if one studies lowenergy quantities one might need some information from the
intermediate-energy regime if the QCD high-energy limit
is reached very late. This is exactly what we saw for the
THS result of the π VV correlator. This suggests to study
the impact of the THS results on a dispersive calculation by
using THS in the intermediate- and high-energy space-like
regime where its results should be most trustworthy.
In the present work we have determined the π VV correlator with a focus on the rare pion decay into electron
and positron. In turn this decay might offer some window
to observe low-energy traces of physics beyond the Standard Model. However, the π VV correlator is also interesting
because it contains information as regards the intrinsic structure of the pion. Hence it could be illuminating to figure out
what the THS result implies for the pion distribution function [18–20,60].

where we have introduced ε = 2− d2 . Note that differences of
B0 functions are finite. It will then be manifest from the form
in which the results are presented that the divergent parts
cancel yielding a finite amplitude as desired. It is also convenient to introduce the following combination of the threepoint scalar one-loop function C0 and the Källén triangle
function λ:
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Appendix A. Explicit form factor formulas
In Sect. 4 we have defined the invariant amplitude for the
process π 0 → e+ e− using the expression PπLO
0 →e+ e− . In
this appendix we summarize its explicit form for various
approaches that lead to a rational function for the pion transition form factor. We make use of the standard Passarino–
Veltman [53] scalar one-loop integrals B0 and C0 . The only
UV divergent function is then B0 . Its explicit form will be
given here as a reference point for the used notation:

1
dd l
2
2
2
4 4−d
iπ B0 (0, m , m ) ≡ (2π ) μ


d
2
(2π ) l − m 2 + i 2
 2 

μ
2 1
,
= iπ
− γ E + log 4π + log
ε
m2
(A.1)

C0 (m 2e , m 2e , m 21 , m 22 , m 2e , m 23 )
1
≡ 2 λ(m 21 , m 22 , m 23 ) C0 (m 2e , m 2e , m 21 , m 22 , m 2e , m 23 ).
m1
(A.2)
For instance, we present two C0 functions that are used further in this appendix:
C0 (m 2e , m 2e , Mπ2 , 0, m 2e , MV21 )
= M12 (MV21 − Mπ2 )2 C0 (m 2e , m 2e , Mπ2 , 0, m 2e , MV21 ),
π

(A.3)
C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV21 )
= −(4MV21 − Mπ2 ) C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV21 ).

Now we can finally list the results for Pπ 0 →e+ e− as obtained
from the various approaches to the pion transition form factor:


Nc
e4 m e
VMD
−
Pπ 0 →e+ e− = −
16π 2
12π 2 F
×

2MV21 

B0 (m 2e , m 2e , MV21 ) − B0 (0, m 2e , m 2e ) − 2
Mπ2
+C0 (m 2e , m 2e , Mπ2 , 0, m 2e , 0)
−2 C0 (m 2e , m 2e , Mπ2 , 0, m 2e , MV21 )

+C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV21 ) ,
VMD
PπLMD
0 →e+ e− = Pπ 0 →e+ e− −

e4 m e
16π 2


−

Nc
12π 2 F



MV21 



(A.5)

8π 2 F 2
Nc MV21


B0 (m 2e , m 2e , MV21 ) − B0 (0, MV21 , MV21 ) − 1
2m 2e
 2

MV1


−
−
1
B0 (m 2e , m 2e , MV21 ) − B0 (0, m 2e , m 2e ) − 2
2
Mπ

+C0 (m 2e , m 2e , Mπ2 , 0, m 2e , MV21 )

×

−C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV21 ) ,

PπTHS
0 →e+ e− = −
× −

e4 m e
16π 2


−

Nc
12π 2 F

(A.6)
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(2π F)2 1
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+
+
Nc
m 2e
Mπ2
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×
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2
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(4π F)6 Mπ2
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× B0 (m 2e , m 2e , MV22 ) − B0 (m 2e , m 2e , MV21 )
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3 (4π F)2
2
−
−
Nc MV2
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2
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κ MV41
(4π F)2
6+ 2
× 2+
−
Nc (4π F)4
Nc MV22
MV2
×C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV21 ) − MV1 ↔ MV2
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MV21 MV22
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× 2+

κ MV21 MV22
Nc (4π F)4
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1
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1
(2π F)2
+
Nc
MV21
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×C0 (m 2e , m 2e , Mπ2 , MV21 , m 2e , MV22 ) .

(A.7)

References
1. F. Jegerlehner, A. Nyffeler, The Muon g −2. Phys. Rep. 477, 1–110
(2009). arXiv:0902.3360
2. E. Czerwinski et al., MesonNet workshop on meson transition form
factors. arXiv:1207.6556
3. KTeV Collaboration, E. Abouzaid et al., Measurement of the
rare decay π 0 → e+ e− . Phys. Rev. D 75, 012004 (2007).
arXiv:hep-ex/0610072
4. A.E. Dorokhov, M.A. Ivanov, Rare decay π 0 → e+ e− : theory confronts KTeV data. Phys. Rev. D 75, 114007 (2007).
arXiv:0704.3498
5. M. Knecht, A. Nyffeler, Resonance estimates of O( p 6 ) low-energy
constants and QCD short distance constraints. Eur. Phys. J. C 21,
659–678 (2001). arXiv:hep-ph/0106034
6. P. Vasko, J. Novotný, Two-loop QED radiative corrections to
the decay π 0 → e+ e− : the virtual corrections and soft-photon
bremsstrahlung. JHEP 1110, 122 (2011). arXiv:1106.5956
7. T. Husek, K. Kampf, J. Novotný, Rare decay π 0 → e+ e− : on
corrections beyond the leading order. Eur. Phys. J. C 74(8), 3010
(2014). arXiv:1405.6927
8. S. Weinberg, Phenomenological Lagrangians. Physica A 96, 327
(1979)
9. J. Wess, B. Zumino, Consequences of anomalous Ward identities.
Phys. Lett. B 37, 95 (1971)

123

10. E. Witten, Global aspects of current algebra. Nucl. Phys. B 223,
422–432 (1983)
11. J. Gasser, H. Leutwyler, Chiral perturbation theory to one loop.
Ann. Phys. 158, 142 (1984)
12. J. Gasser, H. Leutwyler, Chiral perturbation theory: expansions in
the mass of the strange quark. Nucl. Phys. B 250, 465 (1985)
13. G’t Hooft, A planar diagram theory for strong interactions. Nucl.
Phys. B 72, 461 (1974)
14. E. Witten, Baryons in the 1/n expansion. Nucl. Phys. B 160, 57
(1979)
15. S. Drell, Direct decay π 0 → e+ + e− . Il Nuovo Cimento Series
10(11), 693–697 (1959)
16. M.J. Savage, M.E. Luke, M.B. Wise, The rare decays π 0 →
e+ e− , η → e+ e− and η → μ+ μ− in chiral perturbation theory.
Phys. Lett. B 291, 481–483 (1992). arXiv:hep-ph/9207233
17. M. Knecht, S. Peris, M. Perrottet, E. de Rafael, Decay of pseudoscalars into lepton pairs and large-NC QCD. Phys. Rev. Lett. 83,
5230–5233 (1999). arXiv:hep-ph/9908283
18. G.P. Lepage, S.J. Brodsky, Exclusive processes in quantum chromodynamics: evolution equations for hadronic wave functions and
the form-factors of mesons. Phys. Lett. B 87, 359–365 (1979)
19. G.P. Lepage, S.J. Brodsky, Exclusive processes in perturbative
quantum chromodynamics. Phys. Rev. D 22, 2157 (1980)
20. S.J. Brodsky, G.P. Lepage, Large angle two photon exclusive channels in quantum chromodynamics. Phys. Rev. D 24, 1808 (1981)
21. V. Mateu, J. Portoles, Form-factors in radiative pion decay. Eur.
Phys. J. C 52, 325–338 (2007). arXiv:0706.1039 [hep-ph]
22. Particle Data Group Collaboration, K. Olive et al., Review of particle physics. Chin. Phys. C 38, 090001 (2014)
23. BaBar Collaboration, B. Aubert et al., Measurement of the γ γ ∗ →
π 0 transition form factor. Phys. Rev. D 80, 052002 (2009).
arXiv:0905.4778
24. Belle Collaboration, S. Uehara et al., Measurement of γ γ ∗ → π 0
transition form factor at Belle. Phys. Rev. D 86, 092007 (2012).
arXiv:1205.3249
25. S. Okubo, Phi meson and unitary symmetry model. Phys. Lett. 5,
165–168 (1963)
26. J. Iizuka, Systematics and phenomenology of meson family. Prog.
Theor. Phys. Suppl. 37, 21–34 (1966)
27. G. Zweig, An SU (3) model for strong interaction symmetry and
its breaking. CERN-TH-401 (1964)
28. NA60 Collaboration, R. Arnaldi et al., Study of the electromagnetic
transition form-factors in η → μ+ μ− γ decays with NA60. Phys.
Lett. B 677, 260–266 (2009). arXiv:0902.2547
29. J.J. Sakurai, Currents and mesons (University of Chicago Press,
Chicago, 1969)
30. L. Landsberg, Electromagnetic decays of light mesons. Phys. Rep.
128, 301–376 (1985)
31. C. Terschlüsen, S. Leupold, Electromagnetic transition form factors of light vector mesons. Phys. Lett. B 691, 191–201 (2010).
arXiv:1003.1030
32. C. Terschlüsen, S. Leupold, M. Lutz, Electromagnetic transitions
in an effective chiral lagrangian with the η and light vector mesons.
Eur. Phys. J. A 48, 190 (2012). arXiv:1204.4125
33. C. Terschlüsen, B. Strandberg, S. Leupold, F. Eichstädt, Reactions
with pions and vector mesons in the sector of odd intrinsic parity.
Eur. Phys. J. A 49, 116 (2013). arXiv:1305.1181
34. P.D. Ruiz-Femenia, A. Pich, J. Portoles, Odd intrinsic parity processes within the resonance effective theory of QCD. JHEP 07, 003
(2003). arXiv:hep-ph/0306157 [hep-ph]
35. P. Roig, J.J. Sanz-Cillero, Consistent high-energy constraints in
the anomalous QCD sector. Phys. Lett. B 733, 158–163 (2014).
arXiv:1312.6206
36. P. Roig, A. Guevara, G. López Castro, VV’P form factors in resonance chiral theory and the π − η − η light-by-light contri-

Eur. Phys. J. C (2015) 75:586

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.
47.

bution to the muon g − 2. Phys. Rev. D 89(7), 073016 (2014).
arXiv:1401.4099
K. Kampf, J. Novotný, Resonance saturation in the odd-intrinsic
parity sector of low-energy QCD. Phys. Rev. D 84, 014036 (2011).
arXiv:1104.3137
P. Masjuan, P. Sanchez-Puertas, Phenomenology of bivariate
approximants: the π 0 → e+ e− , arXiv:1504.07001
S.P. Schneider, B. Kubis, F. Niecknig, The ω → π 0 γ ∗ and φ →
π 0 γ ∗ transition form factors in dispersion theory. Phys. Rev. D 86,
054013 (2012). arXiv:1206.3098
M. Hoferichter, B. Kubis, S. Leupold, F. Niecknig, S.P. Schneider,
Dispersive analysis of the pion transition form factor. Eur. Phys. J.
C 74(11), 3180 (2014). arXiv:1410.4691
I.V. Danilkin, C. Fernández-Ramírez, P. Guo, V. Mathieu, D.
Schott, M. Shi, A.P. Szczepaniak, Dispersive analysis of ω/φ →
3π, π γ ∗ . Phys. Rev. D 91(9), 094029 (2015). arXiv:1409.7708
[hep-ph]
T. Husek, K. Kampf, J. Novotný, Radiative corrections to the Dalitz
decay π 0 → e+ e− γ revisited. Phys. Rev. D 92(5), 054027 (2015).
arXiv:1504.06178 [hep-ph]
V.A. Novikov, M.A. Shifman, A.I. Vainshtein, M.B. Voloshin, V.I.
Zakharov, Use and misuse of QCD sum rules, factorization and
related topics. Nucl. Phys. B 237, 525 (1984)
J. Bijnens, F. Persson, Effects of different form-factors in mesonphoton-photon transitions and the muon anomalous magnetic
moment, arXiv:hep-ph/0106130 [hep-ph]
CLEO Collaboration, J. Gronberg et al., Measurements of the
meson-photon transition form factors of light pseudoscalar mesons
at large momentum transfer. Phys. Rev. D 57 (1998) 33–54.
arXiv:hep-ex/9707031
G. Ecker, J. Gasser, A. Pich, E. de Rafael, The role of resonances
in chiral perturbation theory. Nucl. Phys. B 321, 311 (1989)
S. Ivashyn, Vector to pseudoscalar meson radiative transitions in
chiral theory with resonances. Prob. Atomic Sci. Technol. 2012N1,
179–182 (2012). arXiv:1111.1291

Page 19 of 19 586
48. Y.-H. Chen, Z.-H. Guo, H.-Q. Zheng, Radiative transition processes
of light vector resonances in a chiral framework. Phys. Rev. D 90(3),
034013 (2014). arXiv:1311.3366
49. B. Ananthanarayan, I. Caprini, B. Kubis, Constraints on the ωπ
form factor from analyticity and unitarity. Eur. Phys. J. C 74(12),
3209 (2014). arXiv:1410.6276
50. K. Kampf, ChPT calculations of pion formfactors. Nucl. Phys.
Proc. Suppl. 234, 299–302 (2013). arXiv:1209.2902
51. W. Siegel, Supersymmetric dimensional regularization via dimensional reduction. Phys. Lett. B 84, 193 (1979)
52. J. Novotný, Axial anomaly and dimensional regularization: a
review. Czech. J. Phys. 44, 633–661 (1994)
53. G. Passarino, M. Veltman, One-loop corrections for e+ e− annihilation into μ+ μ− in the Weinberg model. Nucl. Phys. B 160,
151–207 (1979)
54. S. Leupold, Rho meson properties from combining QCD
based models. Nucl. Phys. A 743, 283–302 (2004).
arXiv:hep-ph/0303020 [hep-ph]
55. K. Mikaelian, J. Smith, Radiative corrections to the decay π 0 →
γ e+ e− . Phys. Rev. D 5, 1763–1773 (1972)
56. R. Niclasen, Measuring the branching ratio of the rare decay π 0 →
e+ e− . PhD thesis, University of Colorado, 2006
57. L. Bergström, Radiative corrections to pseudoscalar meson decays.
Z. Phys. C 20, 135–140 (1983)
58. T. Ebertshäuser, H. Fearing, S. Scherer, The anomalous chiral perturbation theory meson Lagrangian to order p 6 revisited. Phys.
Rev. D 65, 054033 (2002). arXiv:hep-ph/0110261 [hep-ph]
59. K. Kampf, J. Novotný, J. Trnka, On different lagrangian formalisms
for vector resonances within chiral perturbation theory. Eur. Phys.
J. C 50, 385–403 (2007). arXiv:hep-ph/0608051
60. I. Cloët, L. Chang, C. Roberts, S. Schmidt, P. Tandy, Pion distribution amplitude from lattice-QCD. Phys. Rev. Lett. 111, 092001
(2013). arXiv:1306.2645

123

