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Abstract

The aim of this project is to become familiar with the Hubbard-corrected energy functionals
used in density functional theory, which are needed to describe the electronic properties
of strongly correlated systems. This study focuses on two systems, gadolinium and nickel
oxide, as examples of a lanthanide and a transition metal oxide, respectively, for which the
conventional approaches to Density Functional Theory such as Local Density Approximation
or Generalized Gradient Approximation fail.

1 Introduction

Density Functional Theory (DFT) is one of the most used computational methods to study
electronic properties of materials. The advantage of being able to express the ground properties
in terms of the electronic density makes it a very powerful tool, being its e�ciency and simplicity
one of its major qualities. However, the lack of an exact expression for the exchange-correlation
functional leads to the need of approximations in order to be able to apply DFT to speci�c
problems. The most common approximations to the exchange-correlation functional are the
Local Density Approximation (LDA) [1, 2] and the Generalised Gradient Approximation (GGA)
[3], which give surprisingly accurate results for many extended systems given their simplicity.
Both LDA and GGA are expansions based on the homogeneous electron gas and thus have a
great performance in systems that are close to this behaviour, such as metals. However, for
systems in which electrons are more localized and the Coulomb interactions between electrons
are strong, one needs a description beyond local approximations. In these systems, typically
containing transition metals or rare-earth metal ions with partially �lled d or f orbitals, many-
body interactions play an important role and they are still a challenge in ab-initio calculations.
An approach such as LDA or GGA gives wrong results such as metallic electronic structures with
itinerant electrons, when the experiments report electrons to remain localized in an insulator-type
electronic structure.
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This report focuses on corrections to GGA based on the Hubbard model (DFT+U) [4], which is
one of the simplest approaches to the ground state properties of correlated systems. It tries to
correct the overdelocalizing of electrons (typically in d and f orbitals) caused by LDA and GGA
in a simple way, while the rest of the valence electrons are treated in the standard LDA or GGA.
The materials chosen to perform this study are typical examples for which the conventional DFT
approaches fail, i.e. the rare-earth gadolinium and the transition metal oxide nickel oxide. The
f electrons in Gd are strongly localized, same as the d orbitals of the Ni atoms in nickel oxide.
In the case of Gd, GGA fails in describing the energy position of the f -states in the density of
states, while in NiO it fails in describing the proper gap, but also the magnetic moment and the
electronic structure. This is because the physics of a Mott instulator with correlated electrons
is not correctly described without a Hubbard correction in the Hamiltonian, as it shall become
clear further in this report.

The remaining parts of this report are organized as following: 2 includes the theory on which
the study stands, i.e. DFT+U, section 3 describes the details of the calculations, focusing on
the material properties and the simulation parameters, section 4 exposes the results achieved in
this study and section 5 contains the conclusions of this project.

2 Theoretical framework

The goal of introducing a correction to simple functionals is to be able to describe highly cor-
related systems in which the onsite Coulomb interaction between electrons is very large, for
example Mott insulators, that will be described in this section.

2.1 LDA and GGA

In the Local (Spin) Density Approximation the exchange-correlation energy is �tted to the
one of an uniform electron gas, where electrons move on a positive background distribution so
that the local ensemble is electrically neutral. The central assumption of this approximation is

ELDAxc [ρ] =

∫
ρ(~r)εxc[ρ(~r)]d~r, (2.1)

where εxc is the exchange-correlation energy per particle of a uniform electron gas with density
ρ and can be separated into two terms:

εxc[ρ(~r)] = εx[ρ(~r)] + εc[ρ(~r)]. (2.2)

The �rst term is commonly taken as the Slater exchange and has an analytic form, but there is
not an exact expression for the correlation part. However, there exist highly accurate numerical
quantum Monte Carlo calculations and di�erent εxc have been constructed based on them, being
the one by Perdew and Wang (1992) the most accurate and widespread. LDA gives quite good
results for many systems but it fails completely if applied to correlated systems, as doesn't result
on a correct description of their gap.

In an attempt of improving the agreement with experimental results, theGeneralized Gradient
Approximation considers not only the density at a certain point but also its gradient, including
the non homogeneity of the true electron density:

EGGAxc [ρ] =

∫
ρ(~r)εxc[ρ(~r),∇ρ(~r)]d~r, (2.3)
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where εxc can also be separated into the exchange and the correlation parts. However, it also
fails in describing correlated systems. A new term needs to be introduced to describe the strong
Coulomb on-site interactions in these systems, and it is called a Hubbard-like term.

2.2 Mott insulators

An insulating phase caused by correlation e�ects assosciated with electron-electron interactions
is referred to as a Mott insulator. They are typical examples where bare LDA or GGA fails
to describe correctly the electronic structure, resulting in a smaller gap or in the worst cases,
assigning them a metallic character. Examples of Mott insulators are transition metal oxides
with partially �lled bands near the Fermi energy.

In these materials there is a competition between the kinetic energy of the electrons, that tends
to result in doubly occupied sites because electrons are more prone to move, and the Coulomb
energy (U), which tends to localize the electrons to reduce the system energy because electron-
electron interactions are very costly.

Let's consider a lattice model with a single electronic orbital on each site. Without electron-
electron interaction, a single band is formed and it becomes full when two electrons (spin up and
down) occupy it. However, two electrons on the same site feel a very large Coulomb repulsion if
we consider electron-electron interaction, so the band is split in two:

• a lower band occupied with electrons that were occupying a site before.

• an upper band occupied with electrons that were previously occupying a site that is already
taken by another electron.

If there is one electron per site, the lower band will be full and the upper band will remain empty
and the material will behave as an insulator.

Figure 1 depicts the evolution of the density of states when the Coulomb interaction increases. In
relation with the DFT functionals that are able to describe these properties, LDA and GGA give
acurate results for systems in the a) category, while LDA+U or GGA+U is needed to describe
systems with separate upper and Hubbard bands, like in d). Dynamical Mean Field Theory
(DMFT) approaches are able to describe the intermediate systems in b) and c) that show a
quasi-particle peak.

2.3 DFT+U

2.3.1 Hubbard term

The Hubbard model is an approximate model named after John Hubbard [4]. It is used to describe
strongly correlated systems such as Mott insulators and high temperature superconductors, which
are typically composed of transition metals and oxides. In these materials there are strongly
localized electrons, which means that the interactions between the electrons on the same ion are
much larger than the interactions of electrons on di�erent ions. The Hamiltonian that describes
this is

H = −t
∑
〈ij〉

c†iσcjσ + U
∑
i

ni↑ni↓ − µ
∑
i

ni (2.4)
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Figure 1: Change of the density of states of the Hubbard model at half �lling. U is the
interaction energy and W stands for the bandwidth. a) non-interacting case, b) weak

interactions: DOS spreads away from the Fermi level, c) strong interactions: a quasi-particle
peak remains close to the fermi level and two peaks appear at the lower and upper Hubbard
bands, d) The quasi-particle peak disappears above a certain interaction and the systems

becomes insulator, with a two well-distinguished Hubbard bands. From [5].

The �rst is a hopping term that describes the pairs of states that di�er only by a single electron,
which represents the electrons that have moved from one ion to one of its neighbours. This part
of the equation is o�-diagonal in a matrix form and favours a conventional band spectrum where
the electron is spread through the system. The second term accounts for the doubly occupied
levels and the last term depends on the number of electrons in the system. These other terms
are diagonal in a matrix form and lead to local magnetic moments by suppressing the presence
of a second electron in each site, localizing them. In strong coupling situations (U >> t) this
favours the localization of one fermion per site at half-�lling.

The basic idea behind DFT+U is to separate the electrons in two subsystems, inspired in the
Anderson model [6]:
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• The delocalized s and p orbitals can be treated with LDA or GGA

• The localized d or f orbitals need to be treated with an additional Hubbard-like term.

The strength of the on-site interactions is described by two parameters, the on-site Coulomb U
and the on-site Hund exchange J . U and J are usually obtained semi-empirically, but can also
be extracted from ab-initio calculations.

2.3.2 Approaches to DFT+U

There are mainly two rotationally invariant approaches to DFT+U in ab-initio calculations: the
�rst was introduced by Lichtenstein et al. [7] and treats U and J independently and the second
is a simpli�ed version by Dudarev et al. [8] in which only the di�erence U − J matters.

In Lichtenstein's approach, the total energy can be expressed as follows:

ET (n, n̂) = EDFT (n) + EL(n̂)− Edc(n̂), (2.5)

where Edc corrects for the double counting of electrons and

EL(n̂) =
1

2

∑
{γ}

(Uγ1γ3γ2γ4 − Uγ1γ3γ4γ2) n̂γ1γ2 n̂γ3γ4 . (2.6)

n̂γiγj are the Projected Augmented Wave (PAW) onsite occupancies and U is the unscreened on-
site Coulomb interaction. PAW is a generalization of the pseudopotential and linear augmented-
plane-wave methods that allows the calculations to be very computationally e�cient by smooth-
ing the rapidly oscillating wavefunctions close to the ionic core.

The Dudarev's approach is a simpli�cation of the previous approach and it can be expressed
as

ET = EDFT +
(U − J)

2

∑
σ

[(∑
ml

nσm1m1

)
−

( ∑
m1m2

n̂σm1m2
n̂σm2m1

)]
. (2.7)

Both they can be interpreted as adding a penalty functional to the DFT total energy expression
that forces the onsite ocupancy matrix in the direction of the idempotency (n̂σ = n̂σn̂σ). As
idempotent real matrices eigenvalues can only be 0 or 1, this means that the term leads to fully
occupied or fully unoccupied levels.

3 Research project

This section presents the materials studied in the calculations as well as the computational details
used to perform them.

3.1 Materials

Gd and NiO are good examples of correlated materials for which standard LDA and GGA
calculations fail due to the fact that have highly correlated electrons.
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3.1.1 Gd

Gadolinium is a rare-earth lanthanide which has a hexagonal close-packed structure (hcp, see
Figure 2) with space group 194 (P63/mmc) and the lattice parameters included in Table 1. The
unit cell includes two Gd atoms which show ferromagnetic ordering. The gadolinium ion has
seven 4f electrons, so the majority spin channel is full and the minority is completely empty.

a(Å) b(Å) c(Å) α(◦) β(◦) γ(◦)

3.636 3.636 5.783 90 90 120

Table 1: Lattice constants and angles for the Gd unit cell.

a

b

c

(a)

c

b
a

(b)

Figure 2: Two views of the Gd unit cell generated with VESTA [9] (Visualization for
Electronic and STructural Analysis).

3.1.2 NiO

NiO has a rock-salt structure with a lattice parameter of 4.18 Å and shows antiferromagnetic
ordering of the Ni atoms between (111) planes. The unit cell contains 2 atoms of nickel and
2 atoms of oxygen arranged as Figure 3 shows. NiO crystallizes in a rock salt structure and
belongs to the space group 225 (Fm3̄m). It is considered to be a Mott insulator because its gap
is caused by correlation e�ects that arise from electron-electron interactions.

c

b
a

(a) (b)

Figure 3: NiO conventional unit cell: the red spheres represent oxygen atoms and the grey
ones stand for nickel atoms.The antiferromagnetic arrangement can be regarded as stacking of
ferromagnetic planes with an alternatic direction of the local magnetic moments along the (111)

axis (planes drawn in yellow). The �gures were generated using the VESTA software [9]
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3.2 Simulations

All calculations were done in the framework of Density Functional Theory using the projector
augmented wave (PAW) [10, 11] method and the Perdew-Burke-Ernzerhof (PBE) generalized-
gradient approximation (GGA) [3] implemented in the Vienna Ab initio Simulation Package
(VASP) [12, 13, 14] code, that uses a plane wave basis.

The electronic states were sampled using a k-point density equivalent to a 4 × 4 × 4 mesh and
an energy cuto� of 400 eV. All calculations are spin polarized: an initial magnetic moment of
7µB has been provided for Gd atoms, and 2, -2 and 0 µB for the two Ni atoms and the oxygen
respectively. Moreover, the position of the atoms have been relaxed at constant volume and cell
shape.

4 Results and discussion

4.1 Gd

I tried to reproduce the results of Figure 1 from the review [15] using GGA and GGA+U with
the parameters U = 6.7 eV and J = 0.7 eV and the results are in Figure 4a. If we compare these
last results with the ones reported in [15] that I show in Figure 4b, the agreement is pretty good.
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Energy (eV)
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(a) 4f density of states of Gadolinium
calculated with GGA (U − J = 0 eV, in red)
and GGA+U (U − J = 6 eV, in blue). The
gap at the 4f band opens from 5 eV to 11 eV
with GGA+U, giving a better agreement with

the experimental 12 eV.

(b) Calculated DOS with LSDA+U superposed
to the peaks resulting from BIS

(bremsstrahlung isochromat spectroscopy) and
XPS (x-ray photoemission spectroscopy (from

[15])) experiments.

Figure 4: Total density of states of Gadolinium compared with experimental peaks (The zero in
Energy denotes the Fermi level). In the left �gure Majority (minority) spin is represented in the

upper (lower) half of the panel, while this distionction is not made in the experiment.
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One of the main advantages of DFT+U is that it is able to describe simultaneously delocalized
conduction band electrons and localized valence electrons in the same scheme. In this sense, it
is important to check that the gap is reproduced correctly, but also that the positions of the
bands are in agreement of the experimental spectroscopy peaks. In Gd the GGA is able to open
a gap between the occupied and unoccupied f bands, but it is underestimated (5 eV instead of
the 12 eV from the experimental value), while GGA+U produces a gap of 11 eV, closer to the
experimental one. As well, with GGA the unoccupied 4f band is too close to the Fermi level,
which is corrected adding a U term.

Table 2 includes the total magnetic moments at the Gd ion spheres, showing ferromagnetic
ordering. They must be compared with the theoretical value

meff = g[J(J + 1)]1/2 = 7.94µB (g = 2, J = S = 7/2) (4.1)

and the experimental ones

m(400− 900K) = (7.98± 0.05)µB from [16] and m(4.2K) = (7.55± 0.05)µB from [17] (4.2)

ion m from GGA (µB) m from GGA+U (µB)

1 6.77 7.29
2 6.77 7.29

total 13.55 14.57

Table 2: Total local magnetic moments at the gadolinium spheres calculated with GGA and
GGA+U. Atom 1 and atom 2 show the same sign and value because the magnetic interactions

are ferromagnetic.

As expected, GGA+U provides a better agreement with experiments than the bare GGA. This
is because when the U term is added, the electrons are more localized around the ions, which
tends to increase the value of their magnetic moments. With GGA the electronic density was
too spread over the space and that leaded to a lower magnetic moment value.

4.2 NiO

4.2.1 General DOS

Only with GGA we can reproduce the insulator character of NiO because it produces a gap, as
Figure 5a shows, but it is too small. However, if we include a Hubbard term, the gap opens
(Figure 5b). As well, the position of the bands is in agreement with the experimentally reported
peaks.
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(a) NiO total density of states: GGA is not able
to open a large enough gap, although it is an

insulator.

(b) NiO total density of states calculated with
GGA+U using U = 8.0eV and J = 0.95eV: the

gap opens

Figure 5: NiO total density of states obtained from GGA (left) and GGA+U. Majority
(minority) spin is represented in the upper (lower) half of the panel.

In Figure 6 we see a good agreement between my results and the ones reported in [15].

(a) From [15]
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(b) From my GGA+U calculations

Figure 6: Comparative of the total and partial NiO density of states from [15] (left panel) and
from my GGA+U calculation (right panel).
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4.2.2 Variation of the U term

Only the di�erence U −J matters in the simpli�ed rotationally invariant Dudarev's approach to
GGA+U, used here. This results on an opening of the gap when U − J increases, as Figure 7
shows.
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Figure 7: Evolution of the total density of states of NiO as the di�erence U − J increases.
Majority (minority) spin is represented in the upper (lower) half of the panel.
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In Figure 8 I show how the gap opens when the e�ective value U − J does. The reported optical
band-gap of NiO ranges from 3.4 eV [18] to 4.3 eV [19]. This means that one should choose the
value of U − J to be around 7 eV if agreement with experiments is desired, as it was used in
section 4.2.1.
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Figure 8: The gap opens with the increase of the di�erence U − J . The red line shows the
calculations performed in this project using GGA+U and the two dashed lines show the smaller
(green) and larger (blue) experimental reported gaps. A good choice of U − J should lay in the

area between these two values.

4.2.3 Onsite density matrices

The onsite density matrix is a measure of how the orbitals are populated in the system. In
this case, a typical density matrix is sparse, showing higher occupancy in some orbitals. For
example, in Table 3 I show the density matrix for spin up Ni (U − J=0 eV). It can be seen that
all the d orbitals are occupied. However, for the minority spin channel, reported in Table 4, only
the orbitals dxy, dyz and dxz are occupied. In both cases, the occupation doesn't add up to the
number of the Ni electrons partially due to the hybridization with O atoms, that leads to sharing
of electrons.

Orbitals dxy dyz dz2 dxz dx2−y2

dxy 0.9637 -0.0001 -0.0010 -0.0001 0.0000
dyz -0.0001 0.9637 0.0005 -0.0001 -0.0008
dz2 -0.0010 0.0005 0.9743 0.0005 0.0000
dxz -0.0001 -0.0001 0.0005 0.9637 0.0008
dx2−y2 0.0000 -0.0008 0.0000 0.0008 0.9743

Table 3: Onsite density matrix for one nickel atom with spin up and U − J = 0 eV. High
occupied orbitals are shown in green.
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Orbitals dxy dyz dz2 dxz dx2−y2

dxy 0.9543 -0.0001 0.0020 -0.0001 0.0000
dyz -0.0001 0.9543 -0.0010 -0.0001 0.0017
dz2 0.0020 -0.0010 0.3111 -0.0010 0.0000
dxz -0.0001 -0.0001 -0.0010 0.9543 -0.0017
dx2−y2 0.0000 0.0017 0.0000 -0.0017 0.3111

Table 4: Onsite density matrix for one nickel atom with spin down and U − J = 0 eV. High
and low occupied orbitals are shown in green and red, respectively.

As U increases, the electrons are more localized, which translates into a higher occupancy of the
orbitals that were already highly occupied and a lower occupancy of the low occupied orbitals
with U − J = 0 eV, as Tables 5 and 6 show.

Orbitals dxy dyz dz2 dxz dx2−y2

dxy 0.9007 0.0000 0.0005 0.0000 0.0000
dyz 0.0000 0.9007 -0.0003 0.0000 0.0005
dz2 0.0005 -0.0003 1.0549 -0.0003 0.0000
dxz 0.0000 0.0000 -0.0023 0.9007 -0.0039
dx2−y2 0.0000 0.0005 0.0000 -0.0005 1.0549

Table 5: Onsite density matrix for one nickel atom with spin up and U − J = 10 eV. High and
low occupied orbitals are shown in green and red, respectively.

Orbitals dxy dyz dz2 dxz dx2−y2

dxy 0.9875 0.0000 0.0045 0.0000 0.0000
dyz 0.0000 0.9875 -0.0023 0.0000 0.0039
dz2 0.0045 -0.0023 0.1180 -0.0023 0.0000
dxz 0.0000 0.0000 -0.0023 0.9875 -0.0039
dx2−y2 0.0000 0.0039 0.0000 -0.0039 0.1180

Table 6: Onsite density matrix for one nickel atom with spin down and U − J = 10 eV. High
and low occupied orbitals are shown in green and red, respectively.

4.2.4 Comparation between Dudarev's and Lichtenstein's approaches

In this section the two di�erent approaches to GGA+U are compared. In the previous sections
the Dudarev's approach has been used and in now it is compared with the Lichtenstein's one.
As it was been mentioned, for the �rst approach only the di�erence (U − J) matters, although
the two parameters are treated independently in the second one. In order to be able to compare
them, in the Lichtensten calculations J has been kept at a value of 1 and U has been increased in
order to match the Dudarev's calculations. In Figure 9 the variation of the local magnetization
and charge at the nickel sphere is shown. Exact values are reported in Table 7.
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Figure 9: Comparative of the local magnetization (a) and charge (b) at the nickel spheres
using Dudarev's (blue dots) and Lichtenstein's (red squares) approaches when the U and J

parameters vary.

Local magnetic moment (µB) Local charge (e)

U-J Dudarev Lichtenstein Dudarev Lichtenstein

0 1.329 1.329 9.038 9.038
4 1.622 1.669 9.025 9.009
5 1.672 1.715 9.022 9.007
6 1.719 1.757 9.019 9.009
7 1.763 1.798 9.019 9.010
8 1.805 1.840 9.020 9.011
9 1.845 1.878 9.023 9.016
10 1.884 1.915 9.029 9.024

Table 7: Values of local magnetic moment and charge at the Ni spheres calculated for
increasing U − J with two di�erent approaches to DFT+U.

It can be seen that the magnetization follows the same trend for the two approaches, although
the value is larger for the Lichtenstein's. However, this behaviour is reversed for the local charge,
as it is larger at for the Dudarev's approach.

Now focusing on the di�erences in the DOS that result from the two di�erent approaches it can
be observed in Figure 10 that the Lichtenstein's approach tends to separate the occupied and
unoccupied bands more than the Dudarev's one, thus resulting larger gaps, specially for small
interactions.
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Figure 10: Di�erence between the total NiO density of states for U − J = 4 eV (red) and
U − J = 10 eV (blue) using Dudarev's (D, solid) and Lichtenstein's (L, dashed) approaches.

Majority (minority) spin is represented in the upper (lower) half of the panel.

It is interesting to see that how the gap opens di�erent in the two approaches: the bands are
much more separated for low U − J values but they become similar for high interactions, as it
can be seen in Figure 11.
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Figure 11: The gap opens in a di�erent fashion for the Dudarev's approach (blue) and the
Lichtenstein's approach (red).

As it was stated in section 2.3.2, the Dudarev's approach is an approximation of the Lichten-
stein's, and this is the reason for the discrepancies in the results achieved with the two di�erent
methods. However, we should consider the later as a better description of the system as it does
not make as many assumptions as Dudarev.
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5 Conclusion

This project has been an overview of a method beyond Density Functional Theory, DFT+U.
It has been applied to two materials: Gd as an example of a rare earth metal and NiO as a
typical transition metal oxide Mott insulator. In both cases, GGA failed to describe properly
the electronic and magnetic properties due to the excessive delocalization of the electrons in
the system. In these cases, GGA+U was needed in order to localize the electrons closer to the
ions and to account for the strong Coulomb interactions between them. In the case of NiO
two di�erent approaches to DFT+U have been compared, namely Dudarev's and Lichtenstein's
approaches. It has been reported that they produce slightly di�erent results because the �rst is
an approximation of the second.
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