
UPTEC ES16 009

Examensarbete 30 hp
Maj 2016

Multi-buoy Wave Energy Converter 

Electrical Power Smoothening from Array 

Configuration 

Elisabet Jansson



 

 
 
Teknisk- naturvetenskaplig fakultet 
UTH-enheten 
 
Besöksadress: 
Ångströmlaboratoriet 
Lägerhyddsvägen 1 
Hus 4, Plan 0 
 
Postadress: 
Box 536 
751 21 Uppsala 
 
Telefon: 
018 – 471 30 03 
 
Telefax: 
018 – 471 30 00 
 
Hemsida: 
http://www.teknat.uu.se/student 

Abstract

Multi-buoy Wave Energy Converter: Electrical Power
Smoothening from Array Configuration

Elisabet Jansson

This master thesis is done within the Energy Systems Engineering program at Uppsala
University and performed for CorPower Ocean. Wave energy converters (WECs)
are devices that utilize ocean waves for generation of electricity. The WEC developed
by CorPower Ocean is small and intended to be deployed in an array. Placed in an
array the different WECs will interact hydrodynamically and the combined power
output is altered. The aim of this thesis is to model and investigate how the array
configuration affects the electric power output. The goal is to target an optimal array
layout for CorPower Ocean WECs, considering both average power and power
smoothness in the optimization.

In this thesis multiple buoys have been implemented in the time-domain model at
CorPower Ocean. The hydrodynamic interactions are computed using an analytical
interactions theory together with a recently developed calibration method able of
handling WEC bodies of complicated shapes. The array behavior in regular waves is
analyzed and it is identified how the beneficial separation distances vary with wave
length. It is observed that the best separation distances for high average power does
not exactly correspond to the best for minimizing the peak-to-average power.
Simulation results show that it is possible to obtain both high average array power as
well as increased power smoothening in a regular wave. A genetic algorithm for
optimizing the array configuration is designed and tested for two different array
patterns. Initial simulations are conducted in realistic multi-directional irregular waves.
The power smoothening capacity of the array remains even in these conditions but
the exact extent of it is still uncertain. 

This thesis delivers a WEC array simulation model as well as an initial view on the
array characteristics of the phase controlled CorPower Ocean WEC. Additionally, it
demonstrates an optimization algorithm taking both average power and power
smoothness into account.
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Populärvetenskaplig sammanfattning

Detta examensarbete är utfört inom civilingenjörsprogrammet i Energisystem vid Uppsala 
Universitet i samarbete med vågkraftsföretaget CorPower Ocean. Vågkraft är en förnybar 
energikälla där havets vågor utnyttjas för att generera elektrisk effekt, vilket har studerats sedan 
1970-talet. Idag bedrivs forskning på många olika teknologier för vågkraft och flera av 
vågkraftskoncepten som studeras består av bojar vars storlek är relativt liten i förhållande till 
vågens längd. Denna typ av vågkraftverk är avsedda att placeras flera stycken tillsammans ute i 
havet. När bojarna placeras i grupp kommer de att växelverka hydrodynamiskt, då varje boj ändrar 
den inkommande vågen genom diffraktion och dessutom gör bojens rörelse i vattnet gör att den 
kommer att stråla ut en egen våg. Denna växelverkan medför att den elektriska effekten från en 
grupp av bojar inte är densamma som från samma antal bojar placerade för sig själva. 

Både medeleffekten och toppeffekten från bojarna påverkas av den hydrodynamiska växelverkan. 
Vidare kommer toppeffekten också att minska genom att avståndet mellan de olika bojarna 
motsvarar en tidsskillnad i när vågtoppen träffar de olika bojarna. En hög medeleffekt är viktigt för 
att hålla intäkterna från energiproduktionen hög. Toppeffekten bör istället hållas låg då detta 
minskar systemkostnader, främst för den elektriska kraftöverföringen. Syftet med detta 
examensarbete är att undersöka hur den elektriska effekten påverkas av bojarnas placering. Målet 
är att finna den bästa placeringen för CorPower Oceans vågkraftsbojar för att få hög medeleffekt 
samtidigt som toppeffekten hålls låg.

I detta examensarbete har simuleringsmodellen hos CorPower Ocean, som tidigare endast kunde 
simulera en boj, utökats för att innefatta flera bojar. Den hydrodynamiska växelverkan har 
modellerats och modellen har kalibrerats för CorPower Oceans bojar. Bojarnas beteende i enkla 
sinusformade vågor har undersökts och sambandet mellan fördelaktiga avstånd mellan bojarna för 
olika våglängder identifierades. Resultaten från simuleringarna visar att det avstånd mellan bojarna 
som ger den bästa kvoten mellan topp- och medeleffekt, varierar med riktning och våglängd hos 
infallande vågor. Det avstånd som ger högst medeleffekt från bojarna är inte heller samma avstånd 
som ger den bästa kvoten mellan toppeffekt och medeleffekt. Simuleringarna visar också att det är 
möjligt att uppnå både hög medeleffekt och samtidigt jämna ut effekten med hjälp av placeringen 
av bojarna. En så kallad genetisk algoritm har designats för att optimera bojarnas placering. 
Optimeringsalgoritmen har sedan testats, där bojarna placerats i ett rektangulärt mönster och ett 
cirkulärt mönster. Slutligen genomfördes simuleringar i mer realistiska vågor, där vågen består av 
många olika komponenter med olika våglängd och riktning. Placeringen av bojarna bidrar till 
utjämning av effekten även i dessa komplicerade vågor, men det är ännu osäkert exakt hur stor 
påverkan är.

Vidare studier behövs för att finna den bästa placeringen av bojarna och uppnå den ekonomiskt 
mest fördelaktiga avvägningen mellan hög medeleffekt och god effektutjämning. Bästa placeringen 
av bojarna kommer även att variera beroende på vågorna på platsen där vågkraftsparken tänkt 
installeras. Detta examensarbete levererar en simuleringsmodell för grupper av vågkraftsbojar och 
ger en inblick i hur just CorPower Ocean's vågkraftsbojar beter sig i grupp. Dessutom visas hur en 
algoritm kan användas för att optimera placering av vågkraftsbojar med hänsyn till både medel- 
och toppeffekt.



Executive summary

This master thesis is done within the Energy Systems Engineering program at Uppsala University 
and performed for CorPower Ocean. The wave energy converter (WEC) developed by CorPower 
Ocean is point absorber and intended to be deployed in an array. Placed in an array the different 
WECs will interact hydrodynamically and the combined power output is altered. Keeping the 
average power high is essential for the economic income, at the same time a low peak power is 
beneficial as it decreases the system cost. The goal of this thesis is to target an optimal array layout 
for CorPower Ocean WECs, considering both average power and power smoothness in the 
optimization.

In this thesis multiple buoys have been implemented in the time-domain simulation model at 
CorPower Ocean. The developed model includes hydrodynamic interactions, calibrated for the 
CorPower Ocean WEC shape. The positions of the WECs in the array can be changed as wished. 
Options of both regular waves and more realistic multi-directional irregular waves are included. 
With this model a new array configuration can easily be evaluated. The model can also be updated 
to cope with changes to the power extraction or control system of the CorPower Ocean WEC. The 
model can handle a different shape of the WEC, provided it is re-calibrated for the new shape. 
Research on array configuration is still at an early stage and great progress is expected in the 
coming years. The WEC design is also a field under successive improvement. Therefore the ability 
to update the model and evaluate new array designs is considered to be very valuable. An 
overview of the main parts in the WEC array simulation model is given in figure I.

Figure I. Illustration of the different parts of the WEC array simulation model. The main parts shown is the  
wave model, the hydrodynamic interactions model and the model simulating the time response of the WEC  

machinery.



In addition to the simulation model itself this thesis gives an initial view on the interactive array 
behavior of the phase controlled CorPower Ocean WEC, analyzing the average value and the peak-
to-average value of the electric power output. For a small array of 2 WECs in regular waves it is 
observed that the best separation distances for maximizing the average power does not exactly 
correspond to the distances with the best power smoothening. Furthermore the beneficial 
separation distances vary strongly with the wave length of the incoming wave. Even so, the 
simulation results show that it is possible to obtain both high average array power as well as 
increased power smoothening in a regular wave. 

To further approach the optimal array configuration this thesis demonstrates a genetic algorithm 
(GA), used for optimization of array configuration with respect to the peak-to-average value of the 
electric power output. The GA is used for both a rectangular pattern and a semi-circular pattern, 
shown in figure II below, in regular waves. The results show that it is possible to achieve significant 
power smoothening in an array without decreasing the average power too much. The best array 
configurations found using the GA are shown in figure III,  together with the wave field around the 
arrays in a regular wave of 9s period and 3m wave height. The wave field shows how the GA makes 
use of the separation distances between the rows of the array for power smoothening.  The rows 
clearly sample the incident wave at positions with different phases, with close to ¾ of the wave 
length between the front row and the back row.

Figure III. The wave field around the array configurations found with the genetic algorithm, shown as a snapshot  
of the surface. The incident wave is a regular wave with 9s period and 3m wave height (amplitude of 1.5m). The  

size of the rectangular and the semi-circular arrays are shown as well as how the arrays alter the wave field.  

Figure II. The rectangular and semi-circular patterns used for the genetic algorithm WEC array optimization.  
The algorithm is allowed to vary the distanced D1, D2 and D3 of the rectangular pattern and the distances  

r1, r2 and angle α of the semi-circular pattern.



Evaluating the array configurations in multi-directional irregular waves indicate that the power 
smoothening effect is pronounced even under realistic conditions while the effect on the average 
power is limited. The best results were obtained for the rectangular pattern, in a multi-directional 
irregular sea state of 9s peak period and 3m significant wave height, where the peak-to-average 
value of the 6 WEC array was decreased down to 50% of the peak-to-average value for the single 
WEC unit. Even though the alteration of average power is seen to be small for the 6 WEC arrays 
here it should not be taken for granted that the same holds for a larger array. Previous studies on 
WEC arrays have shown that wake effects increase in importance with the number of rows. It is not 
clear which pattern is most beneficial, the rectangular pattern performs slightly better but the 
semi-circular pattern is more compact reducing the electric cable length. The distribution of surge 
separation distances appears to be more important for power smoothening than the pattern itself.

In regular waves the power smoothening capacity of the array configuration is evident. In realistic 
waves the power smoothening is seen to remain but the exact extent of it is uncertain. Further 
studies are needed to find an optimal array configuration, which gives the economically best trade-
off between income from keeping the average power high and reduced cost of the electric 
transmission system by lowering the peak power. Suggestions for future work is to improve the 
simple peak-to-average measure by instead using a GA set to optimize the economically weighted 
sum of both average and peak power. Once an array configuration is decided it is also important to 
analyze the force differences on the WECs. As the wave field is altered in an array the WECs will 
move differently due to their different positions in the array. Some WECs could experience greater 
forces than they would in isolation and therefore be at a greater risk of fatigue.
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List of variables

A , B , C and D  are the state space matrices, related to radiation force representation
An  is the amplitude of wave component number n

A p  is a normalizing factor for the JONSWAP spectrum 

AWEC  is the wetted surface of the WEC.

ā
0 ,i  are the cylincrical coefficients of the incident plane wave

a
p

 is called the Phillips constant 

ā
S ,i  are the cylincrical coefficients of the wave scattered by the WEC

ā
R , i  is the cylindrical coefficients vector, for the radiation situation

α i , j  is the relative angle of the WECs i  and j  in an array

c  is a real valued constant in the hyperbolic equation
D  is the diffraction transfer matrix.
Dsep  is the separation distance between the WECs

Dwave(θ )  is the directionality function, for a direction with angle θ

ϵ n  is the phase shift of wave component number n

F  is the fetch (distance from leeward shore). 
F exc  is the excitation force

f̃ exc(ω)  is the excitation force transfer function

F hyst  is the hydrostatic resoting force

F rad  is the convolution part of the radiation force

F̄ rad  is the radiation force of the entire array

F r  is the radiation force (single WEC)

F PTO  is the force associated with the power extraction

G  is the force transfer matrix
g is the graviational constant
γ  is the peakness parameter (non-dimensional)
Φ  is the velocity potential of the flow
Φ  is the complex phasor of the velocity potential

H m−n
(2)  is the Hankel function of the order m−n  (of the second kind).

H s  is the significant wave height

Index i  denotes the i :th body, to which the waves are incoming
Index j  denotes the other bodies of the array
Index q  denotes the degree of freedom, DOF, number q
k0  is the propagating wave number

madd  is the added mass

madd , array is the added mass of the WEC array

m
inf add

 is the infinite added mass

mWEC  is the WEC mass



n̂  is the unit vector of the WEC surface (directed outwards)
η (t)  is the surface elevation, t  is time
Pavg  is the average power for the array

P peak  is the peak power of the array.

P
WEC isolated  is the average power for an isolated WEC unit

Pwave  is the average power per meter wavefront

ρ  is the water density
R  is the radiation resistance
Rarray  is the radiation resistance of the entire array

r  is coordinate distance from the origin
S (ω)  is the spectrum as a function of the angular frequencyω
s  is the spreading constant
Subscripts 0, s , r  indicates the incident, scattering, radiation part of the potential, for single WEC
Subscripts 0,S , R  indicates the incident, scattering, radiation part of the potential, for the array
Subscript glob  denotes the global coordinates of the WEC bodies
σ  is the spectral width parameter
T̄ ij  is the transformation matrix.

T e  is the energy period.

T p  is the peak period

θ  is the wave heading
θ p  is the main wave direction

ϑ  is the state vector of the radiation state space representation
U 10  is the steady wind speed measured 10m above the ocean surface.
V subm  is the submerged volume of the WEC (in reference to the equilibrium position)

v n  is the velocity of the WEC in direction n  perpendicular to the body surface.

vWEC  is the WEC velocity
vq ,WEC  is the WEC velocity in degree of freedom (DOF) q  (as complex phasor)

ω  is the angular frequency
ω p  is the peak angular frequency of the spectrum

q  is the q-factor
Qi  is the total number of degrees of freedom (DOFs) for a single WEC.
z  is the position in the z -coordinate
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1. Introduction

1.1 Background
The need of renewable energy increases as a consequence of anthropogenic climate change and 
dwindling resources of fossil fuels. Renewable energy, powered by the sun, takes the form of 
sunlight, winds and waves. The incoming solar radiation is an energy resource in itself but it also 
powers the generation of winds and waves. As of today there exists commercial technology for 
solar power and wind power. However the energy resource of the ocean waves remains untapped. 
Wave power has been a field of research since the 1970's and today there are a multitude of 
different technical solutions for wave energy converters (WECs).1 The challenge in wave power is 
now to produce an economically viable WEC concept, in other words develop a technique which 
delivers electric power at a competitive price while at the same time enduring the harsh ocean 
environment.2

A new point absorber WEC concept is currently being developed at CorPower Ocean. The key 
features of the CorPower Ocean WEC is phase control (where the extracted power is maximized by 
making the buoy oscillate in resonance with the incoming wave) and a pretension system (where 
the buoy does not need to be heavy but instead obtains its equilibrium floating position in the 
water by means of a pretension system). The phase control serves both to increase the power 
capture in normal sized waves but it also to detune the device in large waves, thereby protecting 
the WEC in storms. A more detailed description of the CorPower Ocean WEC system is found in 
chapter 5 of this report. According to CorPower Ocean their WEC has shown very promising results 
during tank tests, with an average power three times as high as other wave energy technologies of 
similar volume. The CorPower Ocean WEC is also very light and compared to other wave energy 
technologies. These results indicate that an economically viable energy price would be within 
reach for the CorPower Ocean WEC technology.3

Wave energy devices of the point absorber type are small compared to the wavelength. By 
analyzing the energy absorption in relation to the size of the device it can be shown that a 
relatively small WEC gives a better utilization of the WEC material volume. The way to get a lot of 
energy while still keeping the WEC units small is to have an array consisting of many WEC units. 4  
The point absorber WEC design was from the start intended to deployed as arrays. The array 
configuration, in other words the layout of the wave power farm, is therefore important for the 
future progress in wave power.

1.2 Purpose
The purpose of this thesis is to target the best configuration of an array of CorPower Ocean WECs 
(including pattern and  separation distances) considering not only the average power but also 
power smoothness. For this purpose a model for WEC array simulations is developed and the 
choice of an optimization algorithm is suggested and tested.

1 Hals J., 2010, Modeling and phase control of wave-energy converters, Norwegian University of Science and Technology, 
Ph.D thesis 2010:23, p. 1-5.
2 Falnes J. & Hals J., 2012, Heaving Buoys, Point Absorbers and Arrays, Philosophical Transactions of the Royal Society A 370, 
p. 246-277.
3 CorPower Ocean's website, 2015, http://www.corpowerocean.com/ (2010-09-17)
4 Falnes J. & Hals J., 2012.
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1.3 Methodology
The method used to achieve the thesis purpose consists of two main parts; a modeling part and an 
optimization part. The modeling part provides a simulation model capable of analyzing the array 
performance for any positioning of the included WECs. The simulation model developed is a 
Matlab and Simulink model, specific for the CorPower Ocean WEC concept, where the full behavior 
of the WEC array (motions, forces and power) is simulated in time-domain. The modeling in this 
thesis consists of three main parts:

• Modeling of ocean waves, implementing multi-directional waves.
• Modeling of hydrodynamic interactions between the WECs in the array, based on a Matlab 

code package released by researcher McNatt C. et. al 2014 at the University of Edinburgh.
• Modeling of the WEC power extraction system, by implementing multiple WECs in the 

time-domain Simulink model at CorPower Ocean.

In the optimization part of the thesis the array simulation model is used to analyze the WEC array 
performance. To limit the scope of the master thesis the optimization part is smaller than the 
modeling part. The optimization part consists of two parts:

• Simulation of two WECs to investigate the affect of separation distance and how the 
behavior of the array changes in more realistic multi directional irregular waves compared 
to simple regular waves.

•  Design of a Genetic Algorithm for optimization of a medium sized array, used to 
investigate two different array layout patterns

1.4  Report disposition
To make it easier for the reader to orient oneself in the thesis report the different chapters are 
briefly described here. 

• Introduction:  This chapter includes background on wave energy as well as the purpose and 
methodology of the thesis project. 

• Review of previous studies on WEC arrays: This chapter gives an overview on the current 
state of knowledge in the field of WEC arrays. 

• Modeling ocean waves: This is the first modeling chapter. It describes the theory of 
modeling ocean waves and the method of implementation used in this thesis.

• Modeling hydrodynamic interactions:  This is the second modeling chapter. It presents the 
theory of the hydrodynamic problem. It also describes the method of implementation of 
the hydrodynamic interactions model, including calibration and validation. This chapter also 
motivates the choice of the hydrodynamic interactions model used in this thesis.

• Time-domain model of the WEC array: This is the third modeling chapter. It presents 
theory of the WEC machinery and the method of implementing multiple WECs in the time-
domain simulation model at CorPower Ocean.

• Simulations of array with two WECs: This chapter shows simulation results for an array 
with two WECs in both regular and irregular waves. The simulations includes varying 
separation distances and analysis of the interactive behavior of the WECs. 

• Optimization of WEC array layout: This chapter presents a genetic algorithm for 
optimization of WEC arrays. The suggested algorithm is described and tested.

•  Conclusions and discussion: This is the chapter where the results from the thesis are 
discussed and conclusions drawn. The discussion also includes suggestions for how to 
proceed in future work on the subject of WEC array configuration.
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2. Review of previous studies on WEC arrays
The topic of optimal layout of an array of wave energy converting devices (WECs) has been studied 
since the middle of the 1970's. With several bodies moving in the water the bodies will interact 
hydro-dynamically with the incoming wave as well as affect each other through diffraction and 
radiation of waves. Due to the complexity of the problem several different approximations have 
been used in the history of WEC array studies. All studies start from linear wave theory, in order to 
define the problem, but then there are several ways to solve it. First the scientists used 
approximations in order to allow an analytical solution to the problem. As the computational 
power of computers increased dramatically numerical methods surpassed the analytical methods.5 
The method used in this project is a novel method in which the analytical and numerical methods 
are mixed. The method is based on an analytical interaction theory developed by Kagemoto & Yue 
in 1986 (also called the direct matrix method). Through the work of McNatt et. al., 2014, the 
method has been made compatible with the numerical methods used by standard software for 
hydrodynamical problems. Using this interaction method the array problem can be solved using 
the analytical interaction theory after a calibration run using a single WEC in standard software.6

A parameter called the q-factor (also known as the park-effect factor or the interaction-factor) has 
been a common quantification of the array performance. The q-factor is defined as the ratio of the 
mean power output from the array divided by the number of WECs and their mean power output 
in isolation. That means that if the WECs perform exactly as they do in isolation the q-factor is 1. 
One could expect that the q-factor would always be less than 1, since placing the WECs in an array 
would place some of the WECs in the wake from the others. It has been shown that the q-factor is 
mostly smaller than 1, especially in realistic irregular sea states, but theoretically the q-factor can 
be both smaller than or greater than 1. In other words the interactions in an array of WECs can be 
both positive and negative. Since the wave radiated from a moving WEC travels outwards in all 
directions each WEC in the array will not only affect the WECs behind (down-wave) it but also the 
WECs in front of it. The q-factor depends on wave direction and it has been shown theoretically 
that integrating the q-factor over all directions always equals 1. So if the q-factor is beneficial (>1) 
in a certain wave direction, there must be another wave direction in which the q-factor is 
disadvantageous (<1). The q-factor also depends on the wave length which causes difficulties to 
optimize the q-factor in an irregular sea state where there are many wave components of different 
wave lengths.7 The predominant opinion today is that it will not be possible to achieve a net 
positive array interaction behavior (q-factor>1) in a real ocean situation and that the focus should 
be on minimizing the negative array effects.8

The hydrodynamic interactions between WECs have been shown to be far reaching, decaying 
slowly as the square root of the separation distance. In a study by Babarit 2010 the interactions 
where shown to affect the power absorption of another WEC up to 2km apart in regular waves. In 
irregular waves the positive and negative interaction effects compensate but even in this situation 
the interactions where significant up to 400m separation distance. The study also shows that, 
despite the far reach of the interactions, the cancellation of positive interactions by negative 

5 Li Y. Yu Y., 2012, A synthesis of numerical methods for modeling wave energy converter point absorbers, Renewable and 
Sustainable Energy Reviews 16 (2012), p. 4352-4364
6 McNatt C. et. al., 2014, A novel method for deriving the diffraction transfer matrix and its application to multi-body 

interactions in water waves, Ocean Engineering 94 (2015) , p. 173-185.
7 Child B.F.M. & Venogupal V., 2010, Optimal configurations of wave energy device arrays, Ocean Engineering 37 (2010), p. 

1402-1417
8 Barbarit A., 2013, On the park effect in arrays of oscillating wave energy converters, Renewable Energy 58 (2013), p.68-78
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interactions makes the net effect even out so that there is only a small impact on the annual mean 
power output.9 This conclusion is slightly modified in his next study, published by Babarit in 2013, 
which suggests guidelines for WEC array layout. There the suggestion is that  interactions between 
WECs can be neglected in calculating average power for a small array, containing less than 10 
conventional sized point absorber type WECs, if the separation distance is at least 100m. But in the 
case of larger arrays a non negligible negative interaction effect is observed, which increases with 
the number of rows in the array. A row is defined as a line of WECs, lined up perpendicular to the 
direction of propagation of the wave. Both this study by Babarit and a study by Göteman et. al. 
2015 at Uppsala University shows through simulations that the mean power decreases for each 
subsequent row in an array, with an exception of the very first row. The largest average power was 
observed for the second row and a suggested explanation is that the second row benefits from the 
waves radiated by nearby WECs. After the first row or first couple of rows the wake created by the 
rows in front decreases the wave height and the rear rows clearly suffers from these effects as the 
mean power drops for each subsequent row. 10 11

The type of WEC and its damping control also affects the array performance. A study by Borgarino 
et. al. 2012 shows that an array of heaving cylinder-shaped WECs are more sensitive to the wave 
length and separation distance than an array of surging barges are. The same study shows that the 
affect of hydrodynamic interactions can be reduced if the damping is well tuned, especially if the 
WEC has a large bandwidth.12 There are two main types of damping for a WEC, the most common 
is passive real damping, where the WEC follows the wave without resonant behavior. The other is 
reactive damping, or phase control, where the damping force applied controls the motion of the 
WEC so that the velocity is in phase with the excitation force of the wave. In this optimal phase 
situation the WEC is in resonance with the wave. Reactive damping is more expensive and 
complicated to implement but also strongly increases the WEC power uptake.13 As the CorPower 
Ocean WEC concept is a phase controlled WEC array studies on this damping is of special interest. 

In the late 70's and early 80's Budal and Falnes showed that a single row of point absorber WECs 
with optimal amplitude and phase in heave motion can theoretically absorb 50% of the power in 
an incoming plane wave, and if they move in both heave and surge they can absorb 100% of the 
power. Through the optimal amplitude and phase in the WEC motion the single row can radiate a 
wave that completely cancel out the wave behind the array, thus absorbing all the power of the 
incoming wave.14 In practice non constrained motion and optimal control is not realistic and the 
maximum motion constraints, needed to dimension the system economically, are important for 
the maximum power output of resonant WECs.15 A study by Folley and Whittaker 2009 shows that 
assuming optimally controlled WECs results in significant overestimations of the positive 
interaction effects because the optimal radiation pattern is very sensitive to both height, period 
and direction of the wave. In a more realistic situation, with sub-optimal damping the impact of 

9 Barbarit A., 2010, Impact of long separating distances on the energy production of two interacting wave energy converters, 
Ocean Engineering 37 (2010), p. 718-729
10 Barbarit A., 2013.
11 Göteman M. et. al., 2015,  Optimizing wave energy parks with over 1000 interacting point-absorbers using an 

approximate analytical method, International Journal of Marine Energy 10 (2015), p. 113-126.
12 Borgarino B. et. al., 2012, Impact of wave interactions effects on energy absorption in large arrays of wave energy 

converters, Ocean Engineering 41 (2012), p. 79-88.
13 Falnes J. & Hals J., 2012.
14 Falnes J. Budal K., 1982, Wave-power absorption by parallel rows of interacting oscillating bodies, Applied Ocean 

Research vol 4 no 4, p. 194-207. 
15 Falnes J. & Hals J., 2012.
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the array layout on the average power is smaller than indicated by studies assuming more idealized 
conditions. According to Folley and Whittaker the freedom in array layout could be used to 
optimize other aspects, like mooring design or power smoothening.16

Most previous array studies have focused on average power output. In this thesis the power 
smoothening effect of the array layout is also in focus, and therefore not only the mean power but 
also the peak power is important. So far very few WEC array experiments have been made, but in 
one experiment with three full-scale WECs on the Swedish west coast showed great reduction of 
the power fluctuations. The results showed that the standard deviation of the power in a three 
WEC array was reduced by 80% (in mean value per WEC in the array)17. In the study by Göteman 
et.al 2015 the simulated power smoothening effect for different array layout patterns is presented. 
The results show that the wave farm layout has a much greater impact on the power fluctuations 
than it has on the average power output. For all the four different layout patterns investigated in 
the study the average power was very similar while the power fluctuations differed greatly, with a 
semi-circular or random pattern outperforming the rectangular layout in terms of power 
smoothening. The same study also identifies that the power fluctuations depend strongly on the 
number of WECs in the array as well as the separation distance between the WECs and the seat 
state (height and period of the waves).18 Another study, by Tissandier et. al. on the SEAREV WEC 
concept, also concludes that it is possible to greatly reduce the power fluctuations with only a few 
WECs but unlike the study by Göteman et.al. they do not identify any strong dependency on power 
fluctuations from the array layout or the sea state.19

There are theoretically derived array configurations that optimize the average power output in 
special cases, with WECs of simple geometries and regular waves. These theoretical configurations 
have also been shown to be very sensitive to both the wave period and the wave direction. In the 
case of more realistic irregular waves or more complex WEC shapes no optimum has been 
identified. Most studies on more realistic situations have focused on evaluating the array 
performance for a predefined array layout and have thus not attacked the array optimization 
problem itself.20 However there are some suggested optimization algorithms. In a study by Child & 
Venogupal in 2010 two methods are suggested. One is a simple method called Parabolic 
Intersection, where the parabolic diffraction pattern in the wave field around a WEC is used for the 
positioning of the next WEC. This method is shown to be efficient in regular waves but it is unclear 
how the method would perform in an irregular sea state. The other method is a Genetic Algorithm, 
which is a very general method inspired by evolution where a set of arrays are mixed and mutated 
to evolve towards an optimum.21 The optimization method suggested in this thesis is of the 
Genetic Algorithm type. The research on WEC array configuration is still in its earliest stage with a 
lot of development expected to take place in the coming years.22

16 Folley M. Whittaker T.J.T., 2009, The effect of sub-optimal control and the spectral wave climate on the performance of 
wave energy converter arrays, Applied Ocean Research vol 31, p. 260-266.

17 Rahm M. et al, 2012, Experimental results from the operation of aggregated wave energy converters, Renewable Power 
Generation IET vol 6, p.149-160

18 Göteman M. et. al., 2015
19 Tissandier J. et.al., 2008, Study of the smoothing effect on the power production in an array of SEAREV wave energy 

converters, Proceedings of the 18th (2008) International Offshore and Polar Engineering Conference, Vancouver, July 6-11
20 Snyder L. & Moarefdoost M., 2014, Layouts for ocean wave energy farms: models, properties and heuristic, Proceedings 

of the 2nd Marine Energy Technology Symposium METS2014 April 15-18, 2014, Seattle
21 Child B.F.M. & Venogupal V., 2010.

22Alcorn R. & O'Sullivan D. Electrical Design for Ocean Wave and Tidal Energy Systems, IET Renewable Energy Series 17, p. 52

5



3. Modeling ocean waves

The first step towards a WEC array simulation model is to create a model of the ocean waves. As 
the review on previous array studies (in chapter 2) showed that the array performance is sensitive 
to the wave direction and period it is important to model the waves as realistically as possible.

3.1 Theory of ocean waves
3.1.1 Characteristics of ocean waves and wave spectrum formulation
Ocean waves are created by winds. The ocean surface is stirred up by the flow of air above it and 
as the wind blows an ocean wave will build up.23 There are two classes of wind generated waves, 
called wind seas and swell. In a wind sea the waves are created by the winds in the local area 
whereas the swell consists of waves that have traveled far and instead depend on the winds that 
blew on the faraway location where the swell was originally created.24 Figure 3.1 shows the 
difference in appearance between swell (long-crested wave) and wind sea (short-crested wave).25

A regular wave can be described by a single sinusoidal function with a fixed amplitude, frequency 
and direction. A regular wave is a poor description of a realistic ocean wave because ocean waves 
are irregular in nature. For deep water and waves with small steepness an irregular wave can be 
expressed as a superposition of sinusoidal wave components, in other words a Fourier series 
expression.26 Using theory for the variance of a Fourier series the sum of sinusoidal components 
can be reformulated into a wave spectrum. How the spectrum is related to the variance of the 
ocean surface 27 and how the amplitude of wave components in a wave simulation can be obtained 
from the spectrum28 is shown in eq 3.1.

23 Bernhoff H. & Isberg J., 2005, Wave Power Compendium – technology, enviroment and system, Uppsala University, p. 27.
24 Det Norske Veritas (DNV), 2014, Environmental Conditions and Environmental Loads-Recommended Practie, DNV-RP-

C205, p. 34
25 Figure by Taylor J., 2015, University of Edinburgh, 21/9 2015 http://www.homepages.ed.ac.uk/v1ewaveg/wide

%20tank/waves.htm (reproduced with permission)
26 Child B., 2011, On the Configuration of Arrays of Floating Wave Energy Converters, Doctoral Thesis at The University of 

Edinburgh, p.184.
27 Bernhoff H. & Isberg J., 2005, p. 42.
28 Det Norske Veritas (DNV), 2014, p.40
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Figure 3.1. Illustration of long-crested waves (left) and short-crested waves (right).
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η (t)=∑
n=1

N

An cos (ω t+ϵ n)

(η ( t)2
)avg=∫

0

∞

S (ω)dω

An≈√(2S (ω )Δω)

Where: 
η (t)  is the surface elevation, t  is time and the subscript avg  indicates average value
An  is the amplitude of wave component number n

ϵ n  is the phase shift of wave component number n

S (ω)  is the spectrum as a function of the angular frequencyω

(3.1)

Over relatively short time periods, ranging from 20 min up to 6 hours, it is reasonable to assume 
that the sea state characteristics remain the same. During such a time the sea state can be 

described as a wave spectrum using parameters called significant wave height Hs and energy 

period Te.29 The energy flux of the wave resource in an irregular wave is given from significant wave 

height, Hs, and energy period,  Te , according to eq 3.2.30

P
wave

=
1

64π
ρg2H

s
2T
e

Where: 
Pwave  is the average power per meter wavefront

ρ  is the water density
g is the graviational constant
H s  is the significant wave height

T e  is the energy period.

(3.2)

3.1.2 The JONSWAP Wave Spectrum
In the previous section it was concluded that a realistic ocean wave is of irregular nature and can't 
be accurately described by a simple sinusoidal wave function, but that it can be described using a 
sum of different sinusoidal components which in turn can be expressed as a wave spectrum. In 
order to get a realistic wave description it is crucial to use a realistic shaped wave spectrum31. 
There are several different spectra that can be used to describe ocean waves, to different levels of 
realism. The JONSWAP spectrum is commonly used to describe wind seas and will also be used in 
this work.32 The JONSWAP spectrum was developed during the Joint North Sea Wave Project in the 
early 1970's and is an extension of the previously developed Pierson-Moskovitz spectrum. The 
special feature of the JONSWAP spectra is the fetch parameter, which allows the waves to increase 
with the distance from lee shore, to describe how the traveling waves continue to be built up by 
the winds. The JONSWAP spectrum is restricted to deep water waves and it is also a single-peaked 
spectrum. In order to describe both wind sea and swell simultaneously present, which can occur in 
low sea states, a two-peaked spectrum would be needed.33  

29 Det Norske Veritas (DNV), 2014 p. 46.
30 Bernhoff H. & Isberg J., 2005, p. 42.
31 Child B., 2011, p.189.
32 Det Norske Veritas (DNV), 2014, p.49.
33 Det Norske Veritas (DNV), 2014, p.46.
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The JONSWAP spectrum is given by eq 3.3.34 Here the fetch, F, and wind speed, U, are used to find 
the values of the parameters in the spectrum and typical values, found during the Joint North Sea 
Wave Project measurement data for the North Sea (off the coast of Germany), are also given.35 

S JONSWAP (ω )=g2a pω
−5 e

−5
4 (

ω
ω p )

−4

γκ

κ=e
−

1
2 ((ω /ω

p
−1)/σ )2

H s=∫
0

∞
S JONSWAP (ω )dω=1.67⋅10−7

⋅
U 10

2 F
g

Where: 

a p  is called the Phillips constant, given by: a p=0.076(U 10
2

F g )
0.22

γ  is the peakness parameter (non-dimensional), typical value is 3.3 

ω p  is the peak angular frequency of the spectrum, found as: ω p=22( g2

FU 10
)
−1 /3

σ  is the spectral width parameter, which is {σ a  , for ω≤ω
p

 , typical σ
a

 is 0.07

σ
b

 , for ω>ω
p

 , typical σ
b

 is 0.09

H s  is the significant wave height

F  is the fetch (distance from leeward shore). 
U 10  is the steady wind speed measured 10m above the ocean surface.

(3.3)

Following the standard from Det Norske Veritas (DNV) the JONSWAP spectrum can be written as 
eq 3.4.36 In this form the JONSWAP doesn't have fetch, F,  or wind speed, U, as inputs, rather the 

spectrum is constructed from specified values of significant wave,  height, Hs, peak period, Tp.

S JONSWAP (ω )=
5 Ap
16

H s
2ω p

4 ω−5 e

−5
4 (

ω
ω p )

−4

γκ

κ=e
−

1
2 ((ω /ω p−1)/σ )2

Where: 
A p  is a normalizing factor, given as: 1−0.287ln(γ )

γ  is the peakness parameter (non-dimensional) , typical value 3.3
H s  is the significant wave height

ω p  is the peak angular frequency of the spectrum, found as: ω p=2π /T p
T p  is the peak period, fulfilling the condition: 3.6<T p /√(H s)<5

σ  is the spectral width parameter, which is {σ a  , for ω≤ω p  , typical σ a  is 0.07

σ b  , for ω>ω p  , typical σ b  is 0.09

(3.4)

34 Child B., 2011, p. 190.
35 Hasselmann et.al., 1973, Measurements of Wind -Wave Growth and Swell Decay during the Joint North Sea Wave Project, 

Deutschen Hydro-graphischen Institut, no 12, Hamburg, Germany.
36 Det Norske Veritas (DNV), 2014, p.49.
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Notice that the peak period is related to the energy period, and therefore the incoming average 

wave energy flux is determined by the choice of significant wave height, Hs , and peak period, Tp, 
according to eq 3.5 below.37 The derivation uses spectral moments, which are not described here, 
and the reader is referred to the DNV standard for further details.

T e=
m

−1

m0
≈[using approxmate expressions of

the JONSWAP spectral moments]≈
2π

16
H s

2ω p
−1(4.2+γ

5+γ )
(1/16)H s

2
=T p(4.2+γ

5+γ )
Where: T e  is the energy period

(3.5)

Until now the JONSWAP spectrum, in eq 3.3 and 3.4, considered here have been uni-directional. 
For a more realistic representation of a wind sea, which typically has irregular short-crested waves, 
the spectrum needs to include a directional spreading. The directional spectrum is obtained from 
the uni-directional spectrum using a directionality function, as shown in eq 3.6. There are different 
types of directionality functions but the one in eq 3.6 is most commonly used for wind seas.38

S (ω ,θ )=S (ω )D(θ ,ω)≈S (ω )Dwave (θ )

Dwave(θ )=
Γ(s+1)

2√(π)Γ(s+1/2) (cos(1
2
(θ−θ p)))

2s

Where: 
Dwave(θ )  is the directionality function, for a direction with angle θ , valid for ∣θ−θ p∣≤π

θ p  is the main wave direction

s  is the spreading constant, typical for wind sea is: 5≤s≤15
Γ()  is the gamma-function

(3.6)

In this thesis the main direction of the wave is given the reference value 0 degrees, hence the 
angle ϴ should be given as the angle relative to the main wave direction. If real wave direction 
measurements are available for the site of interest the directionality function could be set by 
numerical measurements instead of the analytical expression in eq 3.6. The spectrum parameters 
used in this work is presented in table 3.1 below.

Table 3.1. Chosen wave spectrum parameters 
Spectrum 
parameter

Peakness Lower range 
spectral width

Upper range 
spectral width

Main wave 
direction angle

Phase shift of 
each component

Notation     γ        σ
a

          σ
b

        θ
p          ϵn

Value 3.3 0.07 0.09 0  Random*
* Random, drawn from a Gaussian distribution with expectation value 0 and standard deviation 2π.

37 Det Norske Veritas (DNV), 2014, p. 50.
38 Det Norske Veritas (DNV), 2014, p. 51-52.
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3.2 Method of implementation of multi-directional waves

Multi-directional irregular waves has been implemented as the JONSWAP spectrum with a 
directional spreading, according to the theory described in the previous section. To make the 
directional JONSWAP spectrum representative for a real site the significant wave height, Hs, the 
peak period, Tp and the directional spreading, Dwave, of the waves  should be set according to the 
real site wave climate. In this WEC array study two different sites will be considered. The first site is 
EMEC RP50S located in the north of Scotland, at Billia Croo off the west coast of Orkney. The water 
depth is 50m and the annual average power of the wave resource is 21.5kW/m.39 The second site is 
a site inspired by the wave climate at Yue island, off the west coast of France, with an annual 
average wave power resource is 26.8kW/m.40 For the EMEC site measured data for the wave 
directionality is used while the Yue inspired site uses the default directionality function in eq 3.6. 
The reason for using both these sites in the array study is that they differ strongly in the dominant 
wave period, a parameter which is known to have a large impact on the WEC array performance.

3.2.1 Sea state selection for the array study
WEC array simulations are time consuming, especially in the optimization problem where 
simulations needs to be run many times for different array configurations. In order to keep the 
computational times within reasonable limits during the optimization only a few selected sea 
states will be considered.

To assess the wave power resource at a site it is important to not only consider the probability of 
each sea state, the joint distribution of significant wave height, Hs, and peak period, Tp, but also 
the power extraction of the WEC in each of the sea states, i.e. the power matrix of the WEC. The 
most common sea states do not directly correspond to the highest energy contribution, as the 
energy depends on both the occurrence and the energy flux (which increases with Hs and Tp). The 
power matrix is found by simulating the mean electric power output of a single CorPower Ocean 
WEC for each sea state (using the uni-directional JONSWAP spectrum). Weighting the power matrix 
of the WEC with the probability of each sea state gives a chart of the annual energy capture. 

The energy capture chart for the EMEC site is shown in figure 3.2 and for the Yue site in figure 
3.3.41 From figure 3.2 it is seen that the EMEC site has two peaks in the energy chart, one at small 
and long waves (Hs 1.25m-2.75m and Tp 10.5s-12.5s) and the other at big and long waves (Hs 2.75-
4.25m and Tp 11.5-13.5s). Together these two peak regions make up more than 30% of the annual 
energy yield at the EMEC site. Figure 3.3 shows that the Yue site has only one peak at big and short 
waves (Hs 2.25-3.75 m and Tp  8.0-10.0s), this peak region makes up about 30% of the energy yield 
at the Yue site. Compared to the EMEC site the Yue site has much shorter waves and a more 
pronounced energy peak. 

39 EMEC, 2015, Billia Croo -Berth 3: MetOcean and Geophysical Description, REP479-01-03 20150305 
40 Babarit A. et. al, 2011, Power Absorption Measures and Comparison of Selected Wave Energy Converters, Proceedings of 

the ASME 2011 30th International Conference on Ocean, Offshore and Arctic Engineering, OMAE2011-49360
41 Data provided by CorPower Ocean.
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Two sea states, called A and B, are chosen to represent the wave power resource at the EMEC site 
and one sea state, called C, is chosen to represent the Yue site. The chosen sea states were 
constructed by merging sea states around the peaks in the energy charts. Sea state A has 

significant wave height Hs 2m and peak period Tp  11.5s, B has Hs 3.5m and Tp 12.5s and C has  Hs 

3.0m and Tp 9.0s.

11

Figure 3.2. Yearly energy contribution from different sea states at EMEC site  
for the CorPower Ocean WEC. 

Figure 3.3. Yearly energy contribution from different sea states at Yue site. for  
the CorPower Ocean WEC. 



3.2.2 Directional distribution of the selected sea states
The directional spreading of the waves at the EMEC site is shown in figure 3.4, as the wave rose 
where the angle indicates the wave direction and the extent of each circular segment corresponds 
to the occurrence (divided into the contributions from different wave significant heights). The 
wave rose is based on results from a study by H.R. Wallingford (using 15 years of wave data from 
the EMEC RP50S site).42 From the wave rose probability density functions for the wave direction is 
constructed for each of the chosen sea states (A and B separately). The directions with very low 
occurrence in the wave rose have been excluded. For sea state A and B the directional distribution 
is set as the probability of each direction in the wave rose, for the corresponding wave height.

In the case of the Yue site wave rose measurements have not been found and instead the default 
directionality function suggested by DNV, shown in eq. 3.6, is used. As the default directionality 
function is continuous it would require a high directional angle resolution in the sampling but that 
would significantly increase the computational time. Also the wave rose measurements for the 
other site is given in 10° bins ranging from -60° to 30°. For reasonable computational time and 

improved comparability between the sea states the directionality function, Dwave, of sea state C is 
sampled into 10° bins using a spreading constant s=13 to give the directional range of -60° to 60°. 
Then the probabilities are normalized so that they sum to 100%.

42 EMEC, 2015.
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Figure 3.4. Wave Rose showing the directionality of waves at the EMEC site (RP50S).



The multi-directional spectra used for each of the selected sea states (A, B and C) are shown in 
figure  3.5-3.7 below. Validation of the directional spectrum is done by summing the directional 
spectrum over all directions to assure that the result matches the corresponding uni-directional 
spectrum (an example of the validation is given in figure 4.3 in chapter 4 of this report).

13

Figure 3.5. Multi-directional spectrum of sea state A. JONSWAP spectrum as a  
function of angular frequency and wave direction.

Figure 3.6. Multi-directional spectrum of sea state B. JONSWAP spectrum as a  
function of angular frequency and wave direction.



3.2.3 Overview of the selected sea states and sea surface realizations

An overview of the selected sea states is given in table 3.2 below. Figure 3.8-3.10 show surface 
realizations of the short-crested waves resulting from the implementation of multi-directional 
waves in the model. Figure 3.8-3.10 also serve to illustrate the difference in appearance of the 
selected sea states. Figure 3.8 shows how the two strong wave directions in sea state A manifests 
themselves, while figure 3.9 shows the more long-crested behaviour of sea state B. Figure 3.10 
shows the appearance with the much shorter wave lenghts in sea state C. The range of frequencies 
used in the realization of the ocean surface is set to cover the relevant range of the spectras, but 
not more since that would increase the computational time of the hydrodynamic interactions 
model. The frequency range is described in more detail in section 4. As sea state C has a slightly 
wider directional range that sea state also has slightly more components in the surface realization.

Table 3.2. Overview of selected sea states 

Sea state Significant wave 
height, Hs [m]

Peak period, 
Tp [s]

Energy flux of the 
wave [kW/m]

Spectrum parameters

A 2.0 11.5 19.9 JONSWAP, directional 
distribution from wave rose

B 3.5 12.5 66.2 JONSWAP, directional 
distribution from wave rose

C 3.0 9.0 35.9 JONSWAP, default 
directionality function, s=13
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Figure 3.7. Multi-directional spectrum of sea state C. JONSWAP spectrum as a  
function of angular frequency and wave direction.
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Figure 3.8. Sea surface realization of sea state A.

Figure 3.9. Sea surface realization of sea state B.
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Figure 3.10.  Sea surface realization of sea state C.



4. Modeling hydrodynamic interactions
The interactions between a wave and a WEC is a complex problem where the WEC starts to move 
due to an exciting force from the waves and the wave field is changed due to the presence of the 
WEC. When there is more than one WEC the different bodies will also interact with each other, 
through diffracted and radiated waves. The underlying theory for the hydrodynamic interactions 
between the waves and a point absorber WEC is described in section 4.1. An overview of the 
methods available for solving hydrodynamic problems and the motivation of the chosen 
hydrodynamic interactions method is provided in section 4.2. Thereafter section 4.3 presents the 
theory of the hydrodynamic problem for an array of WECs. Section 4.4 describes the 
implementation of the interactions theory in the simulation model and section 4.5 shows the 
validation of the implemented interactions model.

4.1 Theory of the hydrodynamic problem for a single WEC
The starting point of the standard hydrodynamic problem is linear wave theory. Linear wave theory 
is valid for relatively small deep water waves, which is the normal working situation for most wave 
energy converter techniques. The theory is also restricted to waves with gravity as the restoring 
force, such as ocean waves not caused by tide. The basic equations and assumptions of linear wave 
theory are briefly outlined below.42 Figure 4.1 shows a general case of the hydrodynamic problem 
and defines the coordinate system used.

42 Falnes J, 2002, Ocean Waves and Oscillating Systems, Cambridge University Press, ISBN 0 521 78211 2, p. 58-60.
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Figure 4.1. Illustration of the hydrodynamic situation  
for a single WEC, with coordinate system defined.



Linear wave theory starts from the continuity equation and assuming an irrotational fluid with 
constant density it is reformulated into the Laplace equation. Then Navier-Stokes equation is used 
and by neglecting the viscous forces and using a linear approximation of the velocity (assuming 
that v2 and higher orders of v are all negligible compared to the linear term v) it is reformulated 
into the Bernoulli equation. The Bernoulli equation is used to derive the boundary conditions for 
the hydrodynamic problem. The boundaries are at the water surface, at the bottom and at the 
surface of the WEC body. There is also a final boundary condition, the Sommerfeld condition, 
specifying that the radiated and scattered waves tend to zero at infinity.43 The hydrodynamic 
problem is presented in eq 4.1 below and the full derivation of it is included in Appendix 1 of this 
report. It should also be noted that with the linear theory approximations it is consistent to use the 
boundary conditions for the mean free surface (z=0) and the mean wetted surface of the WEC. 44

∇
2
(Φ )=0  , Laplace equation

δΦ
δ z

=0  , at z=−h  Boundary condition at the bottom

δ
2Φ

δ t 2 +g δΦ
δ z

=0  , at z=η≈0  Boundary condition at the surface

δΦ
δn

=vn  , at AWEC  Boundary condition at the WEC body's wetted surface

lim √(r )(δΦ
δ r

−ik 0Φ ) , as rk 0  tends to infinity. Sommerfeld condition at the sides

Where: 
Φ  is the velocity potential of the water
z  is the position in the z -coordinate
h  is the water depth
g is the gravitational constant
AWEC  is the WEC body surface
vn  is the velocity of the WEC in direction n  perpendicular to the body surface.

r  is coordinate distance from the origin
k0  is the propagating wave number

(4.1)

In the solution to the hydrodynamic problem the velocity potential, Φ , is decomposed into two 
parts, where one describes the diffraction problem and the other the radiation problem. The 
diffraction problem is the situation where the incident wave encounters the fixed WEC, causing the 
incident wave to be scattered (reflected and diffracted) when the WEC is held fixed in it's 
equilibrium position. The fact that the WEC will also move, and thereby create a wave of it's own, 
is taken into account through the radiation problem. In the radiation problem the WEC is 
oscillating with no incident wave (forced oscillations). Using the superposition principle the total 
situation is given as the sum of the potentials for the diffraction situation and the radiation 
situation.45 The concept is illustrated in figure 4.2.

43 Child B. & Venogupal V., 2010
44 Falnes J, 2002, p. 61-70.
45 Falnes J, 2002, p. 121-125.
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The potential will also be expressed as a the real part of a complex phasor, as shown in eq 4.2. That 
expression is valid for regular waves (where the potential will vary sinusoidally in time) and since 
an irregular wave is obtained by superposition of regular wave components the phasor notation 
can be used in the derivation without loss of generality.46

Φ (x , y , z , t)=ℜ(Φ(x , y , z )eiω t)=ℜ((Φ0+Φs+Φr )e
iω t)

Where: 
Φ  is the velocity potential of the flow
Φ  is the complex phasor of the velocity potential
ℜ  indicates that the real part is to be taken.
Subscripts 0, s , r  indicates the incident, scattering, radiation part of the potential
ω  is the angular frequency

(4.2)

Using the Bernoulli equation the relative pressure can be derived from the velocity potential, as 
shown in eq 4.3.

p=−ρδΦ
δ t

−ρg z=−ρ ℜ( iω (Φ0+Φs+Φr )e
iω t)−ρg z (4.3)

By integrating the pressure over the wetted surface the hydrodynamic force the fluid acts on the 
WEC is found, eq 4.4. Thus the hydrodynamic force acting on the  WEC will consist of three parts, 
the excitation force (caused by the incident and diffracted wave velocity potential), the radiation 
force (caused by the radiated wave velocity potential) and the hydrostatic restoring force.47

46 Falnes J, 2002, p. 120-122.
47 Falnes J, 2002, p. 122-133.
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Figure 4.2. Illustration of the diffraction and radiation parts of the  
hydrodynamic problem for a single WEC.



F̄= ∬
AWEC

p n̂dA= ∬
AWEC

(−ρℜ(iω (Φ0+Φs+Φr )e
iω t)−ρg z)n̂ dA

Where: 
F̄  is the force vector
n̂  is the unit vector of the WEC surface
AWEC  is the wetted surface of the WEC.

(4.4)

In frequency domain the excitation force is given by a transfer function acting on the Fourier 
transform of the wave surface elevation. The excitation force in time domain is given as a 
convolution between the wave surface elevation and the inverse Fourier transform of the 
excitation force transfer function, as presented in eq 4.5. The excitation force transfer function can 
be expressed as a magnitude and a phase for each frequency. The magnitude corresponds to the 
strength of the excitation force for a sinusoidal wave component of unit amplitude. The phase of 
the excitation force transfer function corresponds to a phase shift between the wave elevation and 
the excitation force.48

Time domain: F exc(t)=∫
0

t
f exc(t−τ)η (τ)d τ

Frequency domain: F exc(ω)=∣̃ f exc∣(ω )η̃ (ω)eiarg( f̃ exc (ω ))

Where: 
F exc  is the exciation force

f̃ exc(ω)  is the excitation force transfer function

η  is the wave surface elevation.

(4.5)

The radiation force is, in frequency domain, given by the radiation force transfer function acting on 
the Fourier transform of the WEC buoy velocity. In the case of the radiation force the transfer 
function is generally not expressed as magnitude and phase but instead as real and imaginary 
parts, as shown in eq 4.6. The real part of the radiation force the transfer function is called the 
radiation resistance and corresponds to the damping of the WEC motion due to the radiated wave. 
The imaginary part is called the added mass and corresponds to the mass of water that moves with 
the buoy and thus creates a damping effect on the WEC motion.49 

Time domain: F r (t)=∫
0

t
f r (t−τ)vWEC (τ )d τ

Frequency domain: F r (ω)=(R(ω)+iω madd (ω ))vWEC (ω )

Where: 
vWEC  is the WEC velocity
R  is the radiation resistance
madd  is the added mass

(4.6)

48 Falnes J, 2002, p. 122-133.
49 Falnes J, 2002, p. 122-133.

20



In the case of a linear damped WEC in small waves the equation of motion can be solved in 
frequency domain, resulting in a transfer function (called RAO) giving the WEC motion from the 
wave elevation. However, in the case of a resonant WEC with constraints on the maximum 
displacement buoy, there are significant non-linearities in the WEC motion and the power take-off 
needs to be simulated in time domain.50 For more efficient computation the radiation force is 
reformulated into a part which is the infinitely added mass (which is included in the mass of the 
physical WEC system) and a remaining convolution part, denoted Frad, as shown in eq 4.7. The Frad 
is then calculated using a state-space model, where the matrices (A, B, C and D) are specific for the 
WEC buoy geometry.

F r=minf add v̇WEC (t)+∫
0

t
K ( t−τ)vWEC (τ)d τ=minf add v̇WEC (t)+F rad

With: 
K (ω )=R(ω)+iω (madd−minf add )

And the convolution part Frad  computed using a state-space model:

ϑ̇=Aϑ+BvWEC (t)
F rad=C ϑ+DvWEC (t)

Where:
ϑ  is the state vector
A, B,C and D are the state space matrices, related to K (ω )by:
K (ω )=C ( iω I−A)

−1 B
m
inf add

 is the infinitely added mass

vWEC  is the WEC velocity and the dot indicates the time derivative.

(4.7)

The hydrostatic restoring force, acting in the z-direction (heave), is given as eq 4.12.
F hyst=−ρgV subm
Where 
F hyst  is the hydrostatic force, 

V subm  is the submerged volume of the WEC (in reference to the equilibrium position)

 (4.8)

Thus the equation of motion for a single WEC, using linear wave theory and Newtons second law,  
will be given as eq 4.9.

(mWEC+minf add ) v̇WEC (t)=Fexc( t)−F rad ( t)−F hyst (t)−FPTO (t)

Where: 
FPTO  is the force associated with the power extraction

Fexc  is the excitation force

Frad  is the convolution part of the radiation force

Fhyst  is the hydrostatic resoting force

mWEC  is the WEC mass
minf add  is the infinite added mass

      (4.9)

50 Kurniawan A. et. al., 2011, Assessment of time-domain models of Wave Energy Converting Systems, Proceedings of the 9th 

European Wave and Tidal Energy Conference (EWTEC).
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To provide an overview of the different parts of the wave field figure 4.3 shows the principal 
appearance of the diffraction and radiation wave field around a WEC. In figure 4.3 the WEC is 
marked as a red dot located at the origin (the WEC size is slightly increased for clarity in the figure). 
Notice that figure 4.3 only shows the qualitative appearance of the different wave fields and not 
the magnitude or relative phase of the different fields. The wave fields shown here are for the 
CorPower Ocean WEC, in a regular wave of 7s period, using forced sinusoidal motion to show the 
radiation from heave and surge motion separately. 

In figure 4.3 it can be seen how the diffraction causes a set of wave crests in front of the WEC and 
a wake behind. The radiation wave field depends on the motion of the WEC body, therefore the 
wave field from WEC heave motion differs from that caused by WEC surge motion.
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Figure 4.3 Characteristic appearance of the wave fields around a WEC. The WEC  
is marked as a red dot. These wave fields only show the qualitative appearance  

(not relative magnitude or phase of different field components).



4.2 Choice of method for solving the WEC array hydrodynamic problem
There are several ways to solve the hydrodynamic problem (stated in eq 4.1) for the velocity 
potential Φ . This section gives an overview of the existing solution methods and the main 
differences between the methods are summarized in table 4.1 below. Thereafter the choice of 
hydrodynamic solution method for the WEC array model used in this thesis is motivated.

In the case of simple WEC body geometries, a cylinder or a sphere, or if certain approximations are 
used the hydrodynamic problem can be solved analytically. The main approach is to use separation 
of variables, which gives an analytical solution in form of an infinite sum of eigenfunctions. The 
sum is then truncated according to the desired accuracy of the solution, thus the method is in 
practice semi-analytical.51 Two of the most frequently used approximations in the past has been 
the point absorber approximation and the  plane wave approximation. In the case of a point 
absorber approximation the WEC is considered very small and the diffracted waves are neglected 
when it comes to the interactions with other WECs. In the case of plane wave approximation both 
the radiated and diffracted waves are assumed to be plane waves, thus the approximation is only 
valid at positions sufficiently far from the WEC. For a more general method, that is not limited to 
the situations with small devices or large inter-device spacing, the full problem needs to be 
considered. There are more general analytical methods, such as the multiple scattering method 
and the direct matrix method. In the multiple scattering method the interactions are represented 
as a series of successive scattering events while the direct matrix method solves for all the 
scattered waves simultaneously. Otherwise these two methods are similar and does not include 
any major approximations.52

Following the improvements of computer capabilities the analytical methods have largely been 
replaced by methods that use numerical solution techniques to solve the hydrodynamic problem. 
The most popular method today is a Boundary Element Method (BEM), in this method the Laplace 
equation is reformulated into a boundary integral equation form using Greens function and the 
boundary surface is divided into panels. The solution is then given from Greens third identity taken 
over the panelized boundary, resulting in an equation system which is solved numerically. 53 
Compared to the semi-analytical methods the BEM approach gives a more accurate solution and is 
also superior for handling WECs with a complex geometry.54

The most common BEM is the frequency domain BEM, where the boundary conditions are 
specified for the mean position of the WEC and the free surface, then a pertubation expansion 
(based on theory of wave radiation and diffraction) is used for the solution. This is the approach 
used by the most popular software, WAMIT, and has the benefit that the coefficient matrix is the 
same in each step. There are also fully non-linear models, such as time domain BEM, where the 
problem is solved in time domain and matrices updated in each time step according to the 
simulated motion of the WEC. There are even more complex models, called Computational Fluid 
Dynamics (CFD) where the full Navier-Stokes equation is used in order to account for breaking 
waves and turbulence. The non-linear models are needed for simulations of WECs in survivability 
conditions, whereas the frequency domain BEM is sufficient for normal working conditions.55 

51 Li Y. & Yu Y., 2012.
52 Tetu A. et al. , 2014, D2:1 Assessment of capabilities of available tools, DTOcean, Aalborg University
53 Li Y. Yu Y, 2012.
54 Tetu A. et.al, 2014.
55 Li Y. & Yu Y, 2012.
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Table 4.1. Overview of available hydrodynamic tools

Semi-analytical 
methods (ex direct 
matrix method)

BEM in frequency 
domain (ex WAMIT)

BEM in time 
domain

CFD (using full 
Navier Stokes)

Hydrodynamic 
interactions

capable capable capable capable

Complex WEC 
geometries

incapable capable capable capable

Non-linear 
dynamics

incapable incapable capable capable

Breaking waves and 
turbulence

incapable incapable incapable capable

Computational time 
dependence

Complexity of 
function (number of 
terms in expansion)

Number of panels 
used for boundary 
surface

Number of 
panels used for 
boundary 
surface

Number of cells

Available software no yes yes yes

Suitability for small 
WEC array (<10 
WECs)

medium high medium medium

Suitability for large 
WEC arrays (>10 
WECs)

medium-high medium-low low low

The conclusion of the comparison between the different methods for solving the hydrodynamic 
interactions problem is that the frequency domain BEM (such as WAMIT) is the best option for a 
single WEC or a very small array of WECs. In those cases WAMIT is capable of handling complex 
geometries and hydrodynamic interactions well without too lengthy computations. However for a 
large WEC array or the array configuration optimization problem (where the array needs to be 
simulated many times with slight changes in WEC positions) the BEM approach is of limited use.56 
Therefore the hydrodynamic model used in this thesis is a semi-analytical array interaction method 
(of the direct matrix method type). That said the method does make use of BEM results, obtained 
for a single WEC, for calibration purposes whereas the hydrodynamic interactions computations 
rely fully on the direct matrix method.

The hydrodynamic interactions model used in this project relies on an interaction theory which 
was developed by Kagemoto and Yue in 1986. Using the interactions theory hydrodynamic forces 
acting on a body is calculated, with the presence of other bodies taken into account. The 
interaction theory assumes linear wave theory to be valid, but is otherwise an exact method. The 
main concept of the interactions theory is that one only needs to compute hydrodynamic 
properties for a single WEC unit in isolation, while the interactions can be computed algebraically 
using a property called the diffraction transfer matrix.57 

56 Snyder L. & Moarefdoost M., 2014

57 McNatt C. et. al., 2014
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The time consuming part of the interactions theory is the computation of the diffraction transfer 
matrix, which depends on the WEC geometry and wave period, but once that has been found the 
hydrodynamic interactions can quickly be found for a variety of situations. As long as all the WECs 
have the same geometry the same diffraction transfer matrix can be used to compute 
hydrodynamic interactions for different number of WECs in different positions relative to each 
other. With a BEM approach, where the hydrodynamic boundary value problem is solved directly 
by defining boundary conditions for each present body, the full problem would need to be solved 
every time the number or position of WEC bodies change. Therefore the interactions theory 
provides great computational savings in the case of the array optimization problem.58

4.3 Theory of the hydrodynamic interactions WEC array model
When there are more than one WEC body present each body will alter the wave field and affect all 
the other bodies. The wave height will be reduced behind the WEC, a wake effect from the WEC 
energy extraction. Also the waves radiated by a body will travel in all directions and reach other 
bodies located in the front, back and sides of the radiating body. As a consequence of these 
hydrodynamic interactions between the bodies it is necessary to reformulate the hydrodynamic 
boundary value problem to include all the body surfaces. This section presents the main features 
of the hydrodynamic interactions theory, and the procedure for determining the needed 
hydrodynamic properties using a standard BEM software.

The method used to solve the hydrodynamic problem for WEC arrays in this thesis relies on an 
hydrodynamic interactions theory (it is also called the direct matrix method). In this method the 
hydrodynamic interactions are computed algebraically, using the fact that all waves scattered and 
radiated by a body will become incoming waves to the other bodies. The key to the solution is to 
first compute the diffraction transfer matrix, an operator that transforms the incoming waves 
towards a body into outgoing scattered waves. With this knowledge the hydrodynamic interactions 
problem becomes an equation system giving the forces on all the bodies.59

An obstructive factor for the use of the analytical interaction theory is that it solves the Laplace 
equation of the hydrodynamic problem in cylindrical coordinates and therefore relies on a 
cylindrical wave representation. The scattered and radiated wave fields have an inherent cylindrical 
nature while the incident waves are of a plane wave type, as can be seen in figure 4.3. The 
diffraction transfer matrix transforms an incident cylindrical wave component into the outgoing 
cylindrical wave components. For the simplest special case, where the WEC body has a cylinder 
shape, the cylindrical wave coefficients of the scattered and radiated waves can be found 
analytically. However for any other geometry the computation of the cylindrical wave coefficients 
is not trivial. Standard BEM software also uses cartesian coordinates and cannot directly be used to 
find a cylindrical solution. Recent work, by McNatt C. et. al. 2014, has resulted in a novel way of 
computing the diffraction transfer matrix and the cylindrical wave coefficients, for any WEC 
geometry, based on standard BEM results measured over a cylindrical surface enclosing the WEC.60 

The boundary value problem, in the case of a WEC array, now contains boundary conditions on the 
surface of each present WEC body. The incident and scattering part of the velocity potential will 

58 Ibid
59 Ibid
60 McNatt C. et.al., 2013, The Cylindrical Wave Field of Wave Energy Converters,  International Journal of Marine Energy 
-Selected Papers EWTEC 2013, vol 3-4 p.26-39.

25



still be obtained from the diffraction problem, where all bodies are held fixed. The radiation part of 
the potential will be given by the radiation problem, where the bodies are in forced movement 
without incident waves. In the multi-body case the radiation part of the velocity potential will be 
found by summing over all degrees of motion (DOF) of the WEC but also summing over all the 
present WECs, as eq 4.10.61

Φ=Φ0+ΦS+∑
i=1

N

∑
qi=1

Qi

vq ,WEC
ΦR

Where:
Φ  is the velocity potential (expressed as a complex phasor)
The subscripts 0,S , R  denotes the incident, scattered and radiation parts
The index i  indicates WEC body number i
N  is the total number of bodies.
The index q  denotes the degree of freedom, DOF, number q
Qi  is the total number of DOF for a single WEC.
vq ,WEC  is the WEC velocity in DOF q  (as complex phasor)

(4.10)

To directly find a cylindrical solution to the velocity potential one would have to consider the 
Laplace equation in cylindrical coordinates. Such a solution is not possible to obtain using standard 
BEM software, as the numerical methods used in these solvers uses a Cartesian coordinate system. 
In a study by McNatt et. al. 2013 it is shown how the cylindrical solution can be found using a 
Cartesian solution evaluated over a cylindrical surface. Using the method of this study the velocity 
potential, Φ, of the incident, scattered and radiated waves can be reformulated into a cylindrical 
wave form, in terms of cylindrical wave coefficients, ā , and cylindrical basis functions, Ψ , 
shown in eq 4.11 below. Note that the basis functions are the same for the scatter and radiation 
parts. The cylindrical wave coefficients can be found by using BEM software, by defining a 
cylindrical surface outside the single WEC and integrating the pressure over this cylinder in order 
to calculate the coefficients of the scattered and radiated waves.62 Further details of the cylindrical 
coefficients are found in Appendix 2.

Φ
S , i=i

g
ω (āS ,i )

T
Ψ̄

S ,i

Φ
R,i=i

g
ω (ā R, i)

T
Ψ̄

R ,i

Where: 
ā
S ,i  and ā

R, i  are coefficients vectors, for the scattering and radiation situations,

(found by integrating the potential over a cylindrical surface).
Superscript T denotes the vector transpose
Ψ̄

S ,i  and Ψ̄
R ,i  are vectors of basis functions, where the m :th element is given as: 

(Ψ̄S ,i )m=
cosh(k 0(h+z ))

cosh (k 0h)
a0mHm

(2)
(k 0 r)e

imθ i

(Ψ̄R ,i )m=(Ψ̄S , i)m
H m

(2)  is the m :th order Hankel function, of the second kind

k 0  is the propagating wave number
h  is the water depth
r , z ,θ  are the cylindrical coordinates

(4.11)

61 McNatt C. et.al., 2014.
62 McNatt C. et.al., 2013.
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We will now turn to the actual interaction problem, where we will specify the equation system for 
the hydrodynamic interactions and find the diffraction transfer matrix and the force transfer 
matrix. The cylindrical wave formulation will be used throughout this section and it will also be 
described how the cylindrical surface measurements come of use. The description closely follows 
the derivation presented by McNatt et.al. 2014.

It is important to note the difference between the ambient incident wave, denoted Φ 0 , and the 
effective incoming wave to each of the WECs in the array, which will be denoted Φ I N . Φ 0  is 
the wave approaching the body, directly from the source without hitting another body on the way,  
while  Φ I N is the wave the individual WEC inside the array will actually see approaching. Thus 

Φ I N describes all the waves coming towards a body in the array, including the ambient incident 
wave components but also all waves scattered  by all the other bodies, as given in eq 4.12. Note 
that the Φ 0 part differs between the diffraction problem, where it is the incident plane wave 
approaching the whole array, and the radiation problem, where the ambient waves consist of the 
radiated wave from the moving bodies. In the case of a single WEC there would only be one 
radiated wave, but in the multi-body each of the bodies will radiate a wave of their own and also 
the radiated waves will scatter on the other present bodies.63

ΦI N= i
g
ω ((ā0,i)

T
Ψ̄

0,i+∑
j=1
j≠i

N

( āS , j)
T
Ψ̄

S , j)
Where:
Index i  denotes the i :th body, to which the waves are incoming
Index j  denotes all the other bodies of the array
Subscript S  denotes that the wave is scattered by another body 
Subscript 0 denotes that the wave is from the ambient incident wave

(4.12)

The basis functions of the ambient incident wave components and the scattered wave components 
are not the same. The scattered basis functions are given in the coordinate system of body j (the 
body j which is responsible for the scattering rather than the body i which is hit by the scattered 
waves). Therefore a transformation matrix T is needed to transform the scattered basis functions 
of body j so that they can be used with the incident basis functions of body i. To find the 
transformation matrix T Graf's addition theorem is used, giving the result is shown in eq 4.13.64

Φ I N=i
g
ω (( ā0,i)

T
+∑

j=1
j≠i

N

( āS , j)
T
T̄ ij)Ψ̄0,i

Where 
T̄ ij  is the transformation matrix.

The mn :th element of the transformation matrix T  is given as:

(T ij )mn=Hm−n
(2) (k0 √( xi , glob−x j , glob )

2
+( yi , glob−y j , glob)

2)e

i (m−n) tan−1(
yi ,glob−y j ,glob
x
i , glob

−x
j , glob )

Subscript glob  denotes the global coordinates of the WEC bodies

H m−n
(2)  is the Hankel function of the order m−n  (of the second kind).

(4.13)

63 McNatt C. et.al., 2014.
64 Ibid
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With eq 4.13 above the incoming waves to a body i, in the body coordinate system of body i, can 
be found from the ambient incident wave coefficients and the transformed scattered wave 
coefficient from all the other bodies. What is also needed is the diffraction transfer matrix, D, 
which gives the scattered coefficients from the incoming waves to the body, as shown in eq 4.14. 65

ā
S , i=Di((ā0,i)

T
+ ∑

j=1
j≠i

N

(āS , j)
T
T̄ ij)

Where:
D is the diffraction transfer matrix.

 (4.14)

Combining eq 4.13 and 4.14 results in an equation system, where the actual incoming wave field 
for each of the WEC bodies in the array can be found as long as the diffraction transfer matrix, D, 
and the ambient incident wave is known. Finally the force transfer matrix, G, is needed to calculate 
the excitation forces on a body due to the cylindrical partial waves, see eq 4.15. The purpose of G 
is finding the excitation force transfer function which gives the total excitation force on the body 
from the incident wave elevation. 

F̄ exc , i=Ḡ i(ā0,i+∑
j=1
j≠i

N

(T̄ ij )
T
ā
S , j)

Where:
G  is the force transfer matrix
F̄ exc , i  is the excitation force for a plane ambient incident wave.

(4.15)

The force transfer matrix G is also used to calculate the radiation properties, in terms of added 
mass and radiation resistance. In the multi-body situation the solution is given by solving an 
interaction equation system, for each degree of freedom of the total array. In an array a body j 
moving in one of it's degrees of freedom, q j  will cause incoming waves to all the other WEC 
bodies. Thus the other bodies will feel a radiation force in the mode q j . For the body in motion 
the radiation force includes its own added mass and radiation resistance (which it has in isolation)  
but it will also be affected by the waves scattered back towards it from the other non-moving 
bodies. The radiation force for the entire array will be given as eq 4.16.66

F̄ rad=[ F̄ rad ,1 .. . F̄ rad , N ]
T

Where: 
N  is the number of WECs
F̄ rad  is the radiation force of the entire array calculated as:

( F̄ rad , i): , qj={
Ḡ i āR ,i ,qj                                         , i≠ j

(−ω 2madd+iω R)+Ḡi ā R, j ,qj       , i= j

ā
R ,i ,qj

 corresponds to the waves incoming to body i , due to motion in the

qj  mode, of the radiation situation. 
madd  is the added mass of the j :th body in isolation

R  is the radiation resistance of the j :th body in isolation.
The added mass,madd , array , and radiation resistance, Rarray  ,of the entire array

is then given from the real and imaginary parts of F̄ rad

(4.16)

65 McNatt C. et.al., 2014.
66 Ibid
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We have now seen how the cylindrical partial wave representation can be used to find an equation 
system formulation of the hydrodynamic interaction problem in an array of WECs. Two crucial 
properties needed for the solution has been identified, namely the diffraction transfer matrix, D,  
and the force transfer matrix, G. If these matrices are known an equation system can be solved and 
the forces on each of the WECs in the array computed. We also concluded that by integrating the 
field, found from BEM software, over a cylindrical surface enclosing a single WEC, we could isolate 
coefficients of scattered cylindrical waves. Thus we can identify the diffraction transfer matrix, 
since the scattered cylindrical wave coefficients is simply the diffraction matrix acting on the 
cylindrical coefficients of the incident plane wave, as given in eq 4.17.

ā
S ,i=D̄i ā0 , i(β )

Where: 
ā
S ,i  are the cylincrical coefficients of the wave scattered by the WEC,

ā
0 ,i  are the cylincrical coefficients of the incident plane wave.

β  is the heading angle of the wave

  (4.17)

However measurements for a single propagation direction of the incident plane wave is not 
sufficient to determine the diffraction transfer matrix, D. Using a truncation value M in the series 
of partial cylindrical waves, (corresponding to having 2M+1 terms in the series, see Appendix 2) 
the coefficient vectors will be of length 2M+1 while the diffraction transfer matrix has dimension 
(2M+1)(2M+1). Therefore data for scattering coefficients with incident plane waves from  2M+1 
directions are needed. In a very similar manner the force transfer matrix can be found by 
calculating the forces, using standard BEM software, for different wave directions. The equation is 
then given as eq 4.18, and the required number of directions remain the same.67

F̄ exc , i=Ḡ i ā0 , i(β )

Where: 
F̄ exc , i  is the excitation force for DOF of the WEC

G  is the force transfer matrix
ā

0 ,i  are the cylincrical coefficients of the incident plane wave

(4.18)

67 McNatt C. et.al., 2014.
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4.4 Method of implementation of the hydrodynamic interactions model
This section provides an overview of the implementation of the hydrodynamic interactions model 
for the CorPower Ocean WEC system. As the theory of the model has been presented in the 
previous section, this section will only briefly describe the methodology and focus on the 
numerical calibration choices and the connection between the hydrodynamics model and the time 
domain power take off model used at CorPower Ocean. The validation of the model, for a small 
array of 4 WECs, is also presented.

A Matlab code package for the interactions theory was released as free software under a GNU 
General Public License by McNatt C. in 2014 to promote the use of the interaction theory and help 
other researchers (as the theory is not trivial to implement).68 The code package has already been 
used by a researcher group at Aalborg University in a presentation at EWTEC 2015.69 The Matlab 
code package provided by McNatt is the foundation of the hydrodynamic interactions model used 
in this thesis project. The code package is used for the calculations and a calibration run specific for 
the CorPower Ocean buoy design using WAMIT data has been added. Interpolation of the WAMIT 
data prior to solving for the diffraction- and force transfer matrices has also been added. The 
interactions model has been integrated with the power take-off Simulink model developed at 
CorPower Ocean. In the model developed in this thesis only three degrees of freedom per WEC 
(translational motion in surge, sway and heave) are considered.

4.4.1 Main steps in the interactions model
The main steps in the hydrodynamic interactions model consist of:

• Calibration steps (steps that only need to be done once)
◦ Calibration run in WAMIT (or other BEM software), probing a single WEC with plane 

incident waves from different directions. For the calibration run a cylindrical surface 
enclosing the single WEC and stretching all the way to the bottom is defined and the 
fluid pressure is measured over this cylindrical surface. Notice that the calibration run is 
very time-consuming and the resulting data files are very large (text files in the order of 
GB). However the calibration run is only needed once during the entire array study.

◦ Solving for the diffraction transfer matrix and the force transfer matrix of the WEC by 
integrating the pressure data at the points on the cylinder. Once this is finished the 
calibration of the interactions model is done and the large data files are not needed as 
the information on how the WEC alters the wave field around it is then stored in a very 
efficient way in the diffraction transfer matrix.

• Calculation steps (steps that are done every time the model is used)
◦ Specify the positions of each WEC in the array as their (x,y) equilibrium coordinates on 

the surface.
◦ Define the wave as the amplitude, period, phase-shift and direction of each wave 

component used to model the multi-directional irregular sea state you want to 
simulate. Notice that wave components can only have periods for which the interaction 
model has been calibrated (but they can have any direction).

◦ Calculation of the hydrodynamic properties of the entire array, in frequency domain, by 
solving an equation system using the WEC positions as well as the diffraction- and force 
transfer matrices 

68 GitHub's website, 2015, https://github.com/cmcnatt/mwave (2015-09-01) 
69 Ruiz P. et.al., 2015, Sensitivity Analysis of WEC Array Layout Parameters Effect on the Power Performance, Proceedings of 

the 11th European Wave and Tidal Energy Conference, 6-11th september 2015, Nantes France.
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4.4.2 Output from the interactions model
The output from the hydrodynamic interactions model is of the form:

• Excitation force of the entire array, F exc ,array (ω) , in a matrix of size (number of 

periods, number of incident directions, degrees of freedom of the array). (Using eq 4. 18 in 
the previous section). The degrees of freedom (DOF) of the array increases rapidly with the 
number of WECs in the array, for example if the array consists if four WECs with three 
degrees of freedom each there will be 12 degrees of freedom in the array.

• Radiation resistance of the entire array, Rarray(ω) , in a matrix of size (number of 

periods, DOF of the array, DOF of the array). (Using eq 4.16 in the previous section).
• Added mass of the entire array, madd array (ω) , in a matrix of size (number of periods, 

DOF of the array, DOF of the array). (Using eq 4.16 in the previous section).
The results of the interactions model need to be converted into time-domain,  for use in the 
Simulink model of the CorPower Ocean WEC power take-off system (machinery), as in chapter 5.

4.4.3 Numerical calibration settings
The numerical calibration settings used for the CorPower Ocean WEC system is a water depth of 
50m, the cylindrical surface is specified 30 cm outside the WEC body using 25 600 pressure points 
in a cosine spacing (denser grid close to the surface and sparse close to the bottom). In WAMIT a 
single WEC (of the full scale CorPower Ocean buoy geometry) was probed with plane incident 
waves from 24 directions spanning 0° to 360°. Even though the calibration run only needs a single 
WEC unit the cylindrical surface is a great computational burden. Therefore the calibration run was 
done using only 32 different wave periods. The first 25 periods cover angular frequencies from 0.3-
1.5 rad/s, which is sufficient to include the significant regions of the spectra for all the selected sea 
states A, B and C. The values of the 25 periods were hand-picked to assure that the peaks of the 
spectra for sea state A, B and C are well captured. Figure 4.3 below shows the spectrum of sea 
state A (summed over all directions) with the calibration range marked. 
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Figure 4.3. Spectrum of sea state A, showing the calibration range of the interactions  
model marked as dashed lines. It also shows that the multi-directional spectrum  

summed over all directions equals the uni-directional spectrum. 



The remaining periods are higher angular frequencies, up to 7 rad/s, used for extrapolation of the 
array added mass to obtain the infinitely added mass of the array. These higher frequencies are 
not included in the wave components of the wave representation but only used for the infinite 
added mass computation. Interpolation of the WAMIT data is done to increase the angular 
frequency resolution in the range 0.3-1.5 rad/s. It is important to note that the interactions model, 
using this calibration run, should not be used for irregular sea states with short peak periods. For 
such sea states another calibration run would be necessary.

4.5 Method of validation of the hydrodynamic interactions model
The hydrodynamic interactions model has been validated by comparing the results with validation 
data obtained directly from WAMIT, for a situation with four WECs in a square pattern of side 
length 50m. In the validation data the full array problem (including all the four WECs) was specified 
in WAMIT. The hydrodynamic interactions model also utilizes WAMIT data, but only for the 
calibration with a single WEC. So the validation is to test if the interactions model, using data for 
only a single WEC, can find the solution for a larger number of WECs in a new configuration. The 
result from the validation is presented in figure 4.5-4.7 below. As there are 12 degrees of freedom 
in the array (three DOF per WEC and four WECs) the notation first needs to be clarified. The first 
three degrees of freedom (DOF 1,2,3) belongs to WEC number 1 (located at the origin) and are 
associated with surge, sway and heave of that WEC. The next three degrees of freedom (DOF 4,5,6) 
belong to WEC number 2 (located behind the first at x=50, y=0) and are surge, sway and heave of 
WEC number 2. In the case of radiation interactions there are always two degrees of freedom 
involved, for example an interaction with notation 3,4 indicated that it is the interaction acting in 
DOF 3 (heave of WEC number 1) due to DOF 4 (surge of WEC number 2). Figure 4.4 illustrates the 
principle of the notations in the validation situation. 
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Figure 4.4. Illustration of the notation for WEC number and degree of freedom  
(DOF) used in the 4 WEC array setup in the validation.



In figure 4.5 below the excitation force is validated. It can be seen that WEC 1 (in the front row) 
gets a more oscillatory excitation force than WEC 4 (in the back row). An additional frequency 
outside the calibration range, seen at 2 rad/s in figure 4.5 and 4.6, has been included to show that 
the interactions theory in principle works well also at higher frequencies. It also makes it clear that 
the calibration range  0.3-1.5 rad/s should not be exceeded using simple interpolation, as that 
would result in highly unreliable results, instead a new calibration run would be necessary for 
higher frequencies.

In figure 4.6 the radiation properties are validated and the results agree well with the validation 
data within the calibration range (0.3-1.5 rad/s). Figure 4.6 also shows the importance of the 
separation distance between the WECs. The radiation properties clearly show an oscillatory 
behavior, which corresponds to the separation distance between the interacting WECs. For a water 
wave the angular frequency is related to the wave length and it can be seen that two subsequent 
peaks in the radiation property oscillations occur with a distance at which the difference in wave 
length equals the separation distance. For example the first peak of madd (1,4) in figure 4.6 occurs 
at an angular frequency of 1.1 rad /s corresponding to a wave length of 50m (the separation 
distance between WEC 1 and WEC 2), then the through comes at 75m and the second peak at 
100m. In the case of madd(1,10) the first peak is at 0.9 rad/s corresponding to a wave length of 71m 
while the second peak is at 142m. Keeping in mind that madd(1,10) is an interaction between WEC 
1 and WEC 4, which have their separation distance equal to 71m along the diagonal of the square 
(see figure 4.4), the difference in oscillatory behavior is explained. Figure 4.6 also illustrates that 
the radiation damping properties in an array can be both positive, damping the WEC motion, and 
negative, striving to increase the WEC motion. Thus the interactions in an array can make a WEC 
move more or less than it would in isolation. 

33

Figure 4.5.Validation of the excitation force, magnitude (left) and phase (right), comparing the  
interactions theory model (IT) with direct WAMIT data.



In figure 4.7 the validation of the infinite added mass is shown. In WAMIT the property infinitely 
added mass can be specified but in the interactions theory model the added mass needs to be 
extrapolate to compute the infinitely added mass. The extrapolation is not perfect but the 
interactions model gives a value that differs with less than 5% from the infinite added mass value 
obtained directly from WAMIT.

The validation of the implemented interactions theory in the WEC array model against WAMIT 
shows very good agreement of the results in the calibration range. WAMIT is a commonly used and 
well established tool for hydrodynamic problems and therefore it is considered a good choice for 
validation. It would of course be even better to use real measurements for validation but both tank 
tests and real ocean tests are time consuming and costly. Model scale array tests will be important 
in the future but at this stage WAMIT is the best option for model validation. 

CorPower Ocean has also performed tank tests with a single WEC, in scale 1:16, conducted at the 
wave tank of Ecole Central de Nantes in 2014, where the results have been compared with WAMIT 
results. As the CorPower Ocean WEC is phase controlled it moves more and there are instants 
when it becomes fully submerged. This is taken into account by using a linear correction factor for 
the excitation force, using the ratio of instantaneous submerged volume to equilibrium position 
submerged volume, a factor which is included also in the array model. With the linear correction 
factor WAMIT results agrees well with the tank tests measurements.70 

70 Information provided by CorPower Ocean.
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Figure 4.6. Validation of the radiation properties: radiation resistance and added mass, 
comparing the interactions theory model (IT) with direct WAMIT data.
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Figure 4.7.Validation of the infinite added mass, comparing the interactions theory model (IT)  
with direct WAMIT data.



5. Time-domain modeling of the WEC array
The time-domain representation of the hydrodynamic forces and the WEC power take-off system is 
the final part of the WEC model. First an overview of the entire model, showing how the time-
domain simulation model fits in with the other modeling parts, is given in figure 5.1 below. Then, 
in section 5.1, the time-domain transformation is described and in section 5.2 a short overview of 
the power take-off system is provided. 

5.1 Method of representation of hydrodynamic properties in time-domain
To enable a time-domain simulation of the WEC system the hydrodynamic forces need to be 
transformed into time-domain. For the excitation force the transformation is straightforward. The 
excitation force coefficient is multiplied with the amplitude of each wave component in frequency 
domain, then the time-domain signal is obtained as a Fourier series (using sinusoidal components 
with amplitude and phase shift corresponding to its frequency component). Transformation of the 
radiation damping  is more complicated, as the radiation damping force depends on both the 
radiation properties and the velocity of the WEC. Unlike the excitation force the radiation force is 
not known when the simulation starts but needs to be calculated in real time using the simulated 
motion of the WEC. To make this possible the transfer function, from the velocity of the WEC to 
the radiation damping force on the WEC, is reformulated into a time-domain state space model. 
The expression of the state space representation has been shown in eq 4.7 of section 4.1. The 
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Figure 5.1. Overview of the model parts



hydrodynamic interactions model returns the radiation properties sampled at frequencies within 
the calibration range. To find an analytical expression of the radiation transfer function from these 
sampled frequency points the MSS Hydro FDI Toolbox 71 is used. Once the expression of the 
transfer function is obtained the built in Matlab command ss is used to compute a continuous time 
state space model. 

In a WEC array the radiation force on one of the WECs will not only depend on the motion of that 
WEC but also on the motion of all the other WECs in the array. The result is that the array radiation 
force will consist of a matrix of transfer functions, for example with four WECs with three degrees 
of freedom each there will be 144 transfer functions in a matrix of size (12, 12). The transfer 
function (1,1) will be the radiation force WEC 1 feels in surge due to the surge motion of WEC 1, 
while transfer function (1,4) will be the radiation force WEC 1 feels in surge due to surge of WEC 2. 
The number of states needed to represent each transfer function depends on the complexity of 
the function, but for a single WEC the surge or sway mode normally require 2 states while the 
heave mode needs 3-5 states. In an array the radiated wave pattern will be more complicated, due 
to the presence of the other WEC bodies, and it is therefore not unexpected that the state space 
representation will grow tremendously in size as the number of WECs in the array increases.  If the 
state space matrices become too large they will greatly reduce the speed of the simulations, 
therefore approximations have been used to reduce the size of the state space representation. The 
first approximation is to only include the most important modes in the state space. If a transfer 
function does not reach at least 13% of the magnitude of the largest transfer function of the row  
(anywhere in the studied frequency range) it is neglected from the state space representation. 
Even with this approximation less than 1/3 of the interactions are neglected in array of 2-8 WECs. 
The second approximation is to slightly reduce the required fit of the transfer functions to a fit of 
95% for the diagonal elements and 87% for the off-diagonal elements (as they have smaller 
magnitude than the diagonal elements). Figure 5.2 below shows how the number of states 
increase with the number of WECs using these approximations. It can be seen that the number of 
states increases almost quadratically even though the number of unimportant modes increase 
because the modes that remain become more complex and require more states per mode.

71 Perez, T. and T. I. Fossen,  2009,  A Matlab Tool for Parametric Identification of Radiation-Force Models of Ships and 
Offshore Structures. Modelling, Identification and Control, MIC-30(1):1-15. doi:10.4173/mic.2009.1.1 
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Figure 5.2. Influence of number of WECs on the size of the state space representation.

http://dx.doi.org/10.4173/mic.2009.1.1


5.2 Method of implementation of the WEC machinery system in time-domain
The time-domain simulation of the WEC motion and the power output is implemented by 
extending the Simulink model used for single WEC simulations to include multiple WEC bodies. As 
the hydrodynamic forces on each of the WECs have already been computed (using the interactions 
model described in section 4) and transformed into time-domain (as described in section 5.1 
above) the modifications needed in the Simulink model are not complicated. All of the WECs in the 
array have the same power take-off system and thus behave according to the same principles, it is 
only the forces that the bodies feel that are different. 

The CorPower Ocean WEC system represented in the Simulink model consists of a floating 
lightweight buoy on the surface, with a single mooring anchoring the buoy to the sea bottom. Due 
to the low weight of the WEC a pretension system (made up of pressure cylinders) pushes the 
buoy down into its equilibrium position in the water line. The phase control system is an invention 
called the Wave Spring, patented by NTNU and licensed by CorPower Ocean. It consists of passive 
gas springs that counter the hydrostatic restoring force on the buoy. The Wave Spring increases the 
motion of the WEC by placing the WEC in resonance with the waves. The power extracting system 
of the CorPower Ocean WEC is located inside the buoy. The buoy shell movesdue to the excitation 
force from the waves while the gear-box is attached to the non oscillating mooring line the relative 
motion between the buoy shell and the gear-box is used for power extraction. The gear-box is a 
cascade gear-box, patented by CorPower Ocean and KTH, which transforms the linear motion of 
the waves into rotational motion. The gear-box transfers the power to two separate units. Each of 
the units consists of a flywheel and a generator. During the upwards motion of the WEC the first 
unit is engaged, with the WEC motion powering the generator and also accelerating the flywheel, 
and the second unit is disengaged, with the generator producing power by decelerating the 
flywheel. As the WEC changes direction and starts to move downwards the two units switch 
engagement status, with the first unit disengaged and the second unit engaged.72 

An overview of the CorPower Ocean system is given in figure 5.3.73 As the main focus of this thesis 
is the array configuration only a brief description of the CorPower Ocean power take-off system 
has been included. For more detailed information on the CorPower Ocean WEC system the reader 
is referred to the CorPower Ocean website and the thesis of Bånkestad M. 2013 74. Even though the 
modifications of the Simulink model are not complicated the modeling work is still time-consuming 
due to the size and complexity of the Simulink model itself. With more than one WEC all the signals 
present in the model increase in number, for example if there is one gear-box force per WEC there 
will of course be four gear-box forces in an array of four WECs, leading to more complicated signal 
routing. Many of the blocks used in Simulink support multi-dimensional signals, as long as the size 
of the signal is consistent with the rest of the model, which simplifies the implementation of 
multiple WECs in the existing single WEC model. Through some additional modeling work, 
involving variant subsystems in a few selected places, it has also been made possible for the user 
to choose how many WECs to simulate while still using the same Simulink model. In the array 
version of the Simulink model the Wave Spring and braking has been represented in a simplified 
manner using forces resembling the behavior of the real wave spring and braking systems. This 
simplification is done because it greatly increases the simulation speed of the Simulink model 
while not altering the motion or power output of the WEC significantly.

72 Information provided by CorPower Ocean.
73 Picture provided by CorPower Ocean. 
74 Bånkestad M., 2013, Modeling, simulation and Dynamic Control of a Wave Energy Converter, Master thesis, Kungliga 

tekniska högskolan (KTH).
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Figure 5.3. Overview of the CorPower Ocean WEC, with the  
main machinery parts marked.



6. Simulation results for an array with two WECs
The simulation model, described in sections 3-5 of this report, is now used to investigate the 
interactive behavior of two WECs. First the behavior in regular waves is analyzed in section 6.1. 
Thereafter section 6.2 presents results for a few selected multi-directional irregular sea states, 
showing how the array behavior changes as the wave turns from regular to a more realistic wave.

6.1 Interactions in regular waves
Regular waves (pure sinusoidal wave moving in a single direction) is not a realistic situation in the 
ocean but still serves a purpose when it comes to identifying the qualitative behavior of WEC array. 
With a regular wave the behavior at that single frequency can be identified with ease. Figure 6.1 
below shows the simulated electric power output of the array (the sum of the electric output from 
the two WECs) as a function of the WEC separation distance in surge direction. The waves used are 
regular versions of the selected sea states. The wave denoted REGA is a regular version of sea state 
A (with a period 11.5s and wave height 2m),  REGB is a regular version of B (period 12.5s and wave 
height 3.5m) and REGC is a regular version of C (period 9s and wave height 3.0m). 

Figure 6.1 shows that the peak power is more strongly affected by the separation distance in surge 
than the average power is. The peak power is high when the separation distance is close to either 
the wave length (127m in REGC) or half the wave length of the regular wave (103m in REGA , 122m 
in REGB and 63m in REGC). This over-all characteristic of the peak power is caused by the incident 
regular wave, but the detailed shape of the peak power curve also depends on the hydrodynamic 
interactions in the array. The separation distance has a very limited impact on the average power 
in long period waves (REGA and REGB) while the average power in the shorter wave (REGC) is 
strongly affected. 

In figure 6.2 the results of figure 6.1 is presented in terms of the q-factor and the peak-to-average 
ratio. The q-factor is the ratio of the WEC array output to the summed output from all the WECs in 
isolation (a more detailed description was given in section 2), shown in eq 6.1.

40

Figure 6.1. Effect of separation distance in surge direction on average and peak power for an  
array with two WECs in regular waves.



q=
Parray

∑
all WECs

P
WEC isolated

Where: 
q  is the q-factor
Parray  is the average power from the array

P
WEC isolated  is the average power for an isolated WEC unit

(6.1)

Figure 6.3 shows how the power output of the array is affected by the separation distance in sway 
direction, and it can be seen that the separation distance in surge (the direction of propagation of 
the wave) is of much greater significance than the sway direction distance.
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Figure 6.2. Effect of separation distance in surge direction on q-factor and peak-to-average ratio in  
regular waves.

Figure 6.3. Effect of separation distance in sway direction on average and peak power for an array  
with two WECs in regular waves.



As simulations in regular waves are fast a wide range of separation distances, wave periods and 
wave directions can be investigated. Figure 6.4 below shows how the q-factor and the peak-to-
average ratio for the two WEC array is affected by varying separation distance in surge and wave 
period. In figure 6.5 the separation distance is kept constant (50m) while the wave heading angle 
and the wave period are varied. The wave height is 2m over the entire range of frequencies. From 
figure 6.4 it can be seen that the q-factor, as a function of separation distance and wave frequency, 
has the appearance of subsequent hyperbolas. Figure 6.5 shows that the wave direction can have a 
strong impact on the q-factor if the wave frequency is high.
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Figure 6.4. Array behavior as a function of wave frequency and separation distance, for an  
array of two WECs in regular waves (wave heading angle 0°). 
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Figure 6.5.Array behavior as a function of wave frequency and wave heading angle, for an  
array of two WECs (50m apart) in regular waves.



The hyperbolic behavior of figure 6.4 has been observed and explained by Child B., 2011.73 
Interactions between the different WECs can be significant but the ambient incident wave will 
always be much stronger, making it the most important wave present. The peaks in the hyperbolas 
occur where the incident wave is in phase with the dominating interaction wave (which can be 
either the diffracted wave or the radiated wave). In the case of the diffracted wave components 
the wave field is altered to form a set of parabolas, where the total wave amplitude increases and 
decreases with distance as the diffracted wave components go in an out of phase with the incident 
wave. Behind the WEC there is a wake, where the diffracted wave component stays partly out of 
phase with the incident wave reducing the combined wave amplitude but not varying strongly with 
frequency. The characteristics of the  diffraction interactions is thus that the WEC up-wave of 
another WEC will experience interactions that oscillate rapidly with frequency and distance, while 
the down-wave WEC suffers from a slightly reduced wave height for all frequencies.74 On the 
contrary the radiated waves interactions are the same in both up-wave and down-wave directions. 
See figure 4.3 in chapter 4 for an illustration of the principal appearance of the wave fields. 

For a WEC with real damping the diffraction interactions are generally stronger than the radiation 
interactions but in the case of reactively tuned devices the radiated waves can be dominating if the 
wave frequency is close to the resonance frequency of the WEC. Radiation and diffraction 
components are generally not in phase with each other, since the nature of the interactions are 
different. In regular waves you can therefore find distances where the phase of the diffraction 
components are in phase with the incident wave and other distances where the radiation 
components are in phase with the incident wave.75 As the CorPower Ocean WEC is phase 
controlled for resonance over a wide range of frequencies the radiated waves are expected to be 
significant, but the motion of the WEC is also limited to the available stroke (for economical 
dimensioning of the device) so the radiated wave could still be smaller than the diffracted wave. 

The key parameter to how far it is between subsequent peaks in the q-factor hyperbolas in figure 
6.4 is the interaction distance, which is the difference in traveling distance between the incident 
wave and the wave due to interactions with the WEC behind. The situation is shown in figure 6.6.76 
Notice how the interactions distance, Dint, differs from the separation distance, Dsep. With the 
simplifications of deep water and neglecting the phase shift caused by interaction with the WEC as 
well as neglecting the WEC radius compared to the separation distance a simple formula can be 
found for the hyperbolas, given as eq 6.2.77

D
sep

=
c g

ω 2

(1−cos(α i , j−θ ))
Where 
Dsep  is the separation distance between the WECs

ω  is the angular frequency of the incident wave. 
θ  is the wave heading
α i , j  is the relative angle of the WECs as shown in figure 6.6

c  is a real valued constant and adding 2π  means moving to the next hyperbola.

(6.2)

73 Child B., 2011, On the configuration of arrays of floating wave energy converters,  The University of Edinburgh, PhD.
74 Child B., 2011, p. 110-115.
75 Child B., 2011, p. 115-122.
76 Picture based on information in Child B., 2011, p. 117.
77 Child B., 2011, p. 122-125.
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By using the expression in eq 6.2 together with figure 6.4 the theoretical diffraction hyperbolas can 
be fitted into the simulated behavior of the CorPower Ocean WEC, as shown in figure 6.7 below. 
The theoretical hyperbolas are marked as dashed lines (peaks in red and troughs in blue).

The hyperbolas are especially pronounced at high frequencies, where diffraction generally 
dominates over radiation. The hyperbolas are somewhat distorted, especially in the region 0.65-
0.85 rad/s, which is the region where the radiated waves are most significant. In this region the 
CorPower Ocean WEC moves with a large stroke causing radiated waves to interfere with the 
diffraction. At low frequencies, 0.55-0.60 rad/s, the hyperbolas abruptly disappear, which could be 
explained by the WEC reaching such a high stroke that braking becomes highly significant. The 
fitted hyperbolas from eq 6.2 (dashed lines in figure 6.7) gradually drift out of phase with the 
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Figure 6.7. Comparison of theoretical q-factor hyperbolas to simulated response for  
a two WEC array, separated in surge with regular waves (wave heading angle 0°) .

Figure 6.6. Definition of interaction distance, separation distance  
and definitions of variables in equation 6.2.



simulated hyperbolas at high frequencies and large separation distances. The reason that the fitted 
hyperbolas are not in perfect phase over the entire range of distances and frequencies can be that 
eq 6.2 does not take the phase shift caused by interaction with the WEC into account, as the phase 
shift need not be the same for all frequencies and also might be of greater significance at high 
frequencies. Even so, the hyperbolas from eq 6.2 fit well for most of the distances and frequency 
range and provide a simple explanation for the interactive behavior observed in figure 6.7.

To analyze the peak-to-average behavior of figure 6.4 it is seen that the same hyperbolas that were 
observed in the q-factor are visible and that the q-factor peaks roughly correspond to the troughs 
in the peak-to-average. Even though the  hyperbolas are discernible the peak-to-average behavior 
is far less clear than the q-factor.  However this is only to be expected as the interactions are not 
the strongest power smoothening function. The incident wave is much stronger than both the 
diffraction and radiation components. Therefore the best power smoothening is to be expected 
when the separation distance between the two WECs (along the direction of incident wave 
propagation) equals an odd quarter of a wave length, which was also previously observed in figure 
6.1. At these distances power smoothening is beneficial since one WEC is always at either a peak 
or a trough when the other passes the mean water line. In the same way the power smoothing is 
disadvantageous if the separation distance equals an integer number of half wave lengths. By 
plotting the q-factor hyperbolas together with quarters of the wave length over the full range of 
frequencies, shown in figure 6.8, the combined effect can be seen. According to this reasoning the 
peak-to-average is expected to be best (of a low value) at points where the peaks in the q-factor 
(red dashed lines) are close to the odd quarters of the wave length (light blue dotted line). 
Comparing the places in figure 6.8 where such intersections occur with the regions of figure 6.4 
that has the lowest peak-to-average they match fairly well. 

At high frequencies or very large separation distances the behavior changes very rapidly. However 
for frequencies below 0.9 rad/s (period over 7s) and separation distances below 120m it might be 
possible to target a certain intersection of q-factor peak and wave length quarter line.
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Figure 6.8. Interaction hyperbolas and quarters of the wave length 
over the full range of frequencies and separation distances.



6.2 Interactions in multi-directional irregular waves
The array behavior in multi-directional irregular waves is the most important situation, since it 
resembles a real ocean the most. As a realistic ocean surface consists of many frequency 
components the behavior of the WEC array is expected to be more complicated and harder to 
identify in irregular waves compared to regular waves. From figure 6.9-6.10 below it can clearly be 
seen that the qualitative array behavior is very hard to observe in the case of multi-directional 
irregular waves. Especially the peak power is very sensitive to the wave realization. As the phase of 
the wave components in an irregular sea state are randomized each simulation will be slightly 
different. This randomization means that a high peak power can be triggered in one simulation but 
not in another, even if both simulations are samples of the same sea state. As the peak power is a 
single event in an entire simulation it is expected to be more sensitive to the surface realization 
than the mean power is. Simulations in irregular waves are very time consuming since one needs 
to simulate at least 30 minutes for a statistically representative sample of the sea state. This makes 
simulations over a wide range of separation distances and peak periods near impossible. Therefore 
an optimization algorithm is suggested to further to approach the optimal array configuration. 
How such an optimization algorithm can be designed is described in the following chapter.
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Figure 6.9. Effect of separation distance in surge direction on average and peak power for an array  
with two WECs in multi-directional irregular waves.

Figure 6.10. Effect of separation distance in sway direction on average and peak power for an  
array with two WECs in multi-directional irregular waves.



7. Optimization of WEC array layout
In this chapter the optimal WEC array configuration is approached using a genetic algorithm (GA) 
for optimization. The design of the GA is described in section 7.1 and the results obtained using 
the GA for the WEC array layout optimization are given in section 7.2.
7.1 Design of a genetic algorithm
The optimization method suggested here is a genetic algorithm (GA). This type of algorithm was 
invented by John Holland in the 1960's, based on the idea of using the principles of evolution to 
solve complicated engineering problems.78 The principles of a GA is to define a set of candidate 
solutions (called individuals of the starting population). In the case of the array configuration 
problem each individual is a WEC array. The individuals are assigned a score (fitness value) by 
evaluating their performance. In the next step individuals are selected as parents to form the next 
generation, and the best performing individuals have a greater chance of being selected and have 
many offspring. To form an offspring the two parents are mixed (called cross-over). A few offspring 
are also created by mutation (randomly changing the parent). It is also common to include 1-2 
offspring that are clones of the best 1-2 individual of the previous generation. As the GA proceeds 
the population evolves towards an optimum with each generation.79     

A GA is an existing method which has previously been applied to the WEC array configuration 
problem by Child B., 2011.80 There a GA was shown to work well for optimizing the average power 
output of an array with five WECs. Only average power output, in terms of the q-factor, was 
considered for optimization and the WECs had a very high degree of freedom in their positions. 
The GA constructed by Child is time-consuming, with a population size of 50 and 100 generations it 
amounts to 5000 simulations. In this thesis a simpler version of a GA is suggested, in hope of 
reducing the number of simulations needed. By restricting the array layout to a specific pattern the 
GA can vary the positions of all WECs using only a few key variables (referred to as genes). Of 
course the pattern restriction means that the GA will only be able to find an optimum within that 
pattern, which need not be a global optimum of array configuration in general. Even so it is 
considered valuable to examine local optima for two different patterns, a rectangular pattern and a 
semi-circular pattern, in order to evaluate which type off pattern is preferable. An important 
difference from the GA used by Child is that the target of optimization in this thesis is the peak-to-
average of the array output instead of the average power. The peak power is important for the 
dimensioning of the system. The long electric cable from the WEC array to the onshore electric grid 
needs to be sized for the peak in array electric power. As shown in section 6 the peak array power 
is also more sensitive to separation distance than the average array power is. At the same time the 
average electric power output is very important as the delivered electric energy over the lifetime 
of the WEC array determines the economic income. The peak-to-average is the simplest way to 
include both peak and average power in the optimization, shown in eq 7.1. 

GA score=
P peak

Pavg
Where: 
Pavg  is the average power for the array

P peak  is the peak power of the array.

        (7.1)

78 Mitchell M., 1996, An Introduction to Genetic Algorithms, A Bradford Book the MIT Press, fifth printing, p.3
79 Mitchell M., 1996, p. 2-24.
80 Child B., 2011, p. 155
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A more complicated, but also more useful, measure would be to assign a score by summing the 
average power, weighted by a factor corresponding to the economic income related to it, and the 
peak power, weighted with a factor for the cost for up-sizing the system. Due to the limited scope 
of this master thesis and difficulty of accurately setting economic weighting parameters the simple 
peak-to-average measure is used here. An overview of the GA designed here shown in figure 7.1.

The patterns used and definition of the characteristic variables (genes) are shown in figure 7.2, for 
the case of 4 WECs and the case of 6 WECs separately. The rectangular pattern and the semi-
circular pattern are considered to be most interesting based on previous array studies (see chapter 
2 for more details). The GA used in this thesis is the genetic algorithm tool in Matlab, Global 
Optmization Toolbox.81 The detailed settings of the GA is presented in Appendix 3.

81 MathWorks, 2015, Global Optmization Toolbox – User's Guide, version 3.3.2 (Matlab 2015b), The Math Works Inc.
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Figure 7.1. Principles of the genetic algorithm.

Figure 7.2. The patterns used in the genetic algorithm (for 4 WECs and for 6 WECs)



7.2 Results for WEC array layout using the genetic algorithm
This section shows the results obtained using the genetic algorithm (GA) described in section 7. 
First the GA was used for a small array of 4 WECs, evaluating the rectangular and the semi-circular 
patterns separately. Thereafter the array size was increased to 6 WECs. The wave used was a 
regular wave of 3m wave height and 9s period. An overview of the bounds and range of the genes 
in the starting population are shown in table 8.1 below.

Table 8.1 Bounds and initial population range used in the GA
Number of WECs Pattern Bounds Starting population range

4 Rectangular D1: [30,200]m, D2 [30,200]m, 
D3: [30,200]m

D1: [45,140]m, D2 [45,140]m, 
D3: [45,165]m

4 Semi-circular r1: [-10,30]m, r2 [30,150]m,
α : [15°,90°]

r1: [-5,15]m, r2 [55,140]m,
α : [40°,85°]

6 Rectangular D1: [60,400]m, D2 [60,400]m, 
D3: [30,200]m

D1: [70,190]m, D2 [90,240]m, 
D3: [50-130]m

6 Semi-circular r1: [10,35]m, r2 [35,150]m,
α : [15°,90°]

r1: [15,30]m, r2 [55,100]m,
α : [30°,80°]

Figure 8.1 illustrates the convergence process of the GA for one of the runs. It can be seen how 
both the mean fitness score and the best fitness score in the population improves as the algorithm 
proceeds through the generations. At the final generation of figure 8.1 the best individual had 
been the best performer for the last four generations. 

The array configuration of the best individuals found from the GA optimization runs are shown in 
figure 8.2 and their gene values are given in table 8.2. For the 4 WEC arrays two arrays per pattern 
are presented, solutions from two different GA runs, while only one array per pattern is given in 
the 6 WEC case. It is important to note that since the GA has only been run a handful of times 
within the time of this master thesis the results should be viewed as a test, giving an initial view on 
what can be achieved but not capturing the full potential of the GA. The population size and the 
number of generations were also low (19 and 15 respectively). It is likely that the performance of 
the GA would improve with a higher number of generations and increased population size, but 
that would of course also come at the cost of a more time-consuming optimization.
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Figure 8.1 Example of the convergence process of the genetic algorithm for the  
rectangular 4 WEC array, showing how the fitness of the best individual and  

the mean fitness of the population evolves over 15 generations.



Table 8.2 Overview on the array configurations found from the genetic algorithm 
Number of WECs Pattern Genes Score* 

4 Rectangular D1: 67.0m, D2: 89.5m, D3: 153.0m 1.40

4 Rectangular D1: 76.3m, D2: 82.6m, D3: 94.7m 1.50

4 Semi-circular r1: 4.4m, r2 54.0m, α : 58.6° 1.41

4 Semi-circular r1: 0.8m, r2 51.8m, α : 51.4° 1.39

6 Rectangular D1: 168.1m, D2: 178.8m, D3: 95.8m 1.41

6 Semi-circular r1: 27.7m, r2 63.2m, α : 53.5° 1.43
* The score is the peak-to-average value of the electric power.

From figure 8.2 it is noted that the configurations do not strive to place a WEC directly behind 
another instead it generates a small misalignment whenever the pattern allows it. The 
misalignment is small (about 5m) even though the variation in the starting population allowed for 
a much greater misalignment. Figure 8.2 clearly shows that the patterns utilize odd quarters of the 
wave length in surge direction for power smoothening. Nearly all the configurations have a surge 
separation distance of about 90m, close to 94m which is 3/4 of the wave length. One of the 
rectangular 4 WEC arrays differs, with a separation distance in surge of 153m which is close to 5/4 
of the wave length. The WECs in the middle of the semi-circular arrays tend to be placed so that 
they have surge separation distances of about 1/4 wave length to the WECs in front and about 3/8 
wave length to the WECs in the back.  
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Figure 8.2. Array configurations found using a genetic algorithm.



For further insight into the interactive behavior of the 6 WEC patterns the wave fields around the 
operating arrays have been computed, shown in figure 8.3-8.4. The wave field calculations are 
done in frequency-domain so the motion of each WEC has been approximated by a sinusoidal 
motion (based on the simulated motion amplitude and phase). Thus the wave fields are 
approximate but capture the over-all appearance of the situation. The total wave field is given in 
surface elevation, a snapshot of the surface, for the rectangular and the semi-circular WEC arrays 
in figure 8.3. Figure 8.3 shows that the interactions distort the total wave field to an extent where 
it is visible that the wave is no longer perfectly plane in the WEC array region. Figure 8.3 also 
illustrates how these array layouts spread the separation distances in surge direction to sample the 
incident wave at different phases.

Figure 8.4 shows the distortion of the wave field. The distortion is given as the ratio of the wave 
amplitude at that location (the maximum wave elevation seen at that point under an entire wave 
period) relative to the wave amplitude of the incident wave. Thus figure 8.4 does not show the 
wave fields at any specific time but instead the ratio of distortion at each point. 
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Figure 8.3. The wave field around the rectangular and semi-circular 6 WEC arrays from the GA (in a regular  
wave with period 9s and wave height 3m) shown as a snapshot of the surface.

Figure 8.4. The distortion of the wave field around the rectangular and semi-circular 6 WEC arrays from the  
GA (in a regular wave with period 9s and wave height 3m) shown as the ratio of the max wave elevation at  

each point to the incident wave amplitude. Distortion ratio 1 means same elevation as incident wave.



The array configurations shown in figure 8.2 were obtained by optimizing in regular waves but the 
performance in more realistic waves is of greater interest. As genetic algorithms are known to 
produce results that are highly specific to the environment they were optimized in it would be best 
to optimize in waves that closely resemble real ocean waves. Due to the long simulation time in 
irregular waves it has not been possible to run the GA in such conditions within the time frame of 
this master thesis. Therefore it is important to evaluate the performance of the obtained array 
configurations in multi-directional irregular waves, the result is shown in table 8.3 below. In the 
evaluation the 6 WEC arrays from figure 8.2 have been simulated in the selected sea states (A,B 
and C). In sea state C the array configuration is the one found from the GA. In the other sea states 
the configuration is resized, using the ratio of the dominating wave length of the current sea state 
to the dominating wave length of sea state C. As sea state A and B are from the same site they 
need a common array configuration and resizing is done for the mean wave length of A and B. 

Table 8.3 Evaluation of the array configurations in multi-directional irregular waves
Sea state Pattern (6 WECs) q-factor Peak-to-average 

for the array
Peak-to-average 
for single WEC

REGC Rectangular array from GA 0.91 1.40 2.1

C Rectangular array from GA 1.00 2.50 5.0

A Resized rectangular array 1.06 3.23 5.6

B Resized rectangular array 0.98 2.44 4.7

REGC Semi-circular array from GA 0.89 1.43 2.1

C Semi-circular array from GA 1.06 2.73 5.0

A Resized semi-circular array 1.07 3.30 5.6

B Resized semi-circular array 1.04 2.68 4.7

It is not clear which of the array patterns is most beneficial. In regular waves the peak-to-average 
scores as well as q-factor values are even but the semi-circular version is more compact which 
reduces the length of the electric cable. In multi-directional irregular sea states the behavior is less 
certain. Since the results of table 8.3 are based on single simulation runs the results should be 
regarded as samples rather than a fully representative view on the different patterns. It should also 
be noted that the patterns are not very well defined with only 6 WECs. The indication from the 
results is that the rectangular array used in the simulations is slightly better at reducing the peak 
power, at the cost of a small reduction in the q-factor, compared to the semi-circular array. 
Nevertheless it is clear that the power smoothening effect of array configuration remains to a 
significant extent also in multi-directional irregular waves as the peak-to-average power is strongly 
decreased for the array compared to the single WEC for all sea states. The q-factor value is close to 
1 for the realistic sea states. In some cases the q-factor is slightly above 1 but that is likely caused 
by the specific wave realization or a small underestimation of the single WEC power output. The 
array configurations perform best in sea state C, which has the same dominating wave length as 
the regular wave used in the array layout optimization. In this sea state the peak-to-average value 
of the combined array power is down to about 50% of the peak-to-average power for the single 
isolated WEC.
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8. Conclusions and discussion
In this thesis a simulation model for arrays of CorPower Ocean wave energy converters (WECs) has 
been developed. The model includes hydrodynamic interactions, calibrated for the CorPower 
Ocean WEC shape. Simulation of the motion and electric power output is done in time-domain. 
The model is in principle able to handle an array of any size but in practice the simulation time 
limits the size to about 12 WECs. The positions of the WECs in the array can be changed as wished. 
Options of both regular waves and more realistic multi-directional irregular waves are included. 
With this model a new array configuration can easily be evaluated. The model can also be updated 
to cope with changes to the power extraction or control system of the CorPower Ocean WEC. The 
model can handle a different shape of the WEC, provided it is re-calibrated for the new shape. 
Research on array configuration is still at an early stage and great progress is expected in the 
coming years. The WEC design is also a field under successive improvement. Therefore the ability 
to update the model and evaluate new array designs is considered to be very valuable.

In addition to the simulation model this thesis gives an initial view on the interactive array 
behavior of the phase controlled CorPower Ocean WEC, analyzing the average value and the peak-
to-average value of the electric power output. For a small array of 2 WECs in regular waves the 
effect of separation distance on both the q-factor and the peak-to-average power is investigated. It 
is observed that the best separation distances for maximizing the average power does not exactly 
correspond to the distances with the best power smoothening. Furthermore the beneficial 
separation distances vary strongly with the wave length, especially for short waves. Additionally, 
the thesis demonstrates a genetic algorithm (GA) for optimization of array configuration taking 
both average power and power smoothness into account. The GA is designed to minimize the 
peak-to-average power using two different array patterns (a rectangular and a semi-circular 
pattern). Testing the GA in regular waves shows that it is possible to achieve significant power 
smoothening in an array without decreasing the average power too much. Evaluating the array 
configurations in multi-directional irregular waves indicate that the power smoothening effect is 
pronounced even under realistic conditions while the effect on the average power is limited. Even 
though the alteration of average power is seen to be small for the 6 WEC arrays here it should not 
be taken for granted that the same holds for a larger array. Previous studies on WEC arrays have 
shown that wake effects increase in importance with the number of rows. It is not clear which 
pattern is most beneficial, the rectangular pattern performs slightly better but the semi-circular 
pattern is more compact reducing the electric cable length. The distribution of surge separation 
distances appears to be more important for power smoothening than the pattern itself.

In regular waves the power smoothening capacity of the array configuration is evident. In realistic 
waves the power smoothening is seen to remain but the exact extent of it is uncertain. Further 
studies are needed to find an optimal array configuration, which gives the economically best trade-
off between income from keeping the average power high and reduced cost of the electric 
transmission system by lowering the peak power. Suggestions for future work is to improve the 
simple peak-to-average measure by instead using a GA set to optimize the economically weighted 
sum of both average and peak power. Simulating the WEC array power in frequency domain would 
greatly reduce the simulation time but it is very uncertain if a frequency-domain approximation is 
accurate enough for the resonant CorPower Ocean WEC. Once an array configuration is decided it 
is also important to analyze the force differences on the WECs. As the wave field is altered in an 
array the WECs will move differently due to their different positions in the array. Some WECs could 
experience greater forces than they would in isolation and therefore be at a greater risk of fatigue.
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Appendix 1. Derivation of the hydrodynamic problem for a WEC

The derivation of the hydrodynamic problem for a single WEC is shown here, the derivation follows 
that of Fossen (2002). 1 Linear wave theory starts from the continuity equation and assuming an 
irrotational fluid with constant density it is reformulated into the Laplace equation, as shown in eq 
A1.1.

The continuity equation : 
δρ

δ t
+∇⋅(ρ v̄ )=0

For constant ρ  the continuity equation above becomes: ∇⋅̄v=0
For an irrotational fluid the velocity is given by the potential, Φ , as: v̄=∇(Φ )

This gives Laplace equation: ∇2
(Φ )=0

Where: 
ρ  is the fluid density
v̄  is the fluid velocity.
Φ  is the velocity potential

(A1.1)

The second fundamental equation in linear wave theory is Navier-Stokes equation, shown in eq 
A1.2. The left hand side is the fluid acceleration (given in Eulerian description) while the right hand 
side is the forces per unit mass.2  

δ v̄
δ t

+( v̄⋅∇)v̄=−
1
ρ ∇ ( p)+μ ∇

2 v̄−g ẑ

Where:
g is the gravitational constant
ẑ  is a unit vector pointing upwards from the water surface
p  is pressure
ρ  is the fluid density
v̄  is the fluid velocity.
μ  is the kinematic viscosity.

(A1.2)

Neglecting the viscous forces and using a linear approximation of the velocity (assuming that v2 

and higher orders of v are all negligible compared to the linear term v) eq A1.2 can be 
reformulated into the Bernoulli equation, in eq A1.3.3

∇(δΦ
δ t

+
p
ρ +g z )=0

δΦ
δt

+
p
ρ +g z=constant

(A1.3)

The Bernoulli equation is used to derive the boundary conditions for the hydrodynamic problem. 
The boundaries is at the surface (z=0), at the bottom and at the surface of the WEC body. The 
derivation of these boundary conditions is shown below. The full hydrodynamic problem is then 
presented in eq A1.4 below.4

1 Falnes J, 2002, Ocean Waves and Oscillating Systems, Cambridge University Press, ISBN 0 521 78211 2, p. 58-70.
2 Ibid
3 Ibid
4 Ibid



At the bottom (z=-h) the z-component of the velocity is 0 (no motion through the bottom). Thus:

δΦ
δ z

=0  , at z=−h (A1.4)

At the surface we can use Bernoulli equation, with atmospheric pressure.

δΦ
δ t

+
patm
ρ +gη=constant=[From calm sea situation

the constant is determined ]=
patm
ρ

Where: 
η  is the surface elevation
p
atm

 is the atmospheric pressure

(A1.5)

The Bernoulli eq gives :

η=−
1
g
δΦ
δ t

 , at the surface (A1.6)

 Using the relation

δη

δ t
=vz=

δΦ
δ z

, at z=η (A1.7)

The surface boundary condition can be expressed as 

δ
2Φ

δ t 2 +g δΦ
δ z

=0, at z=η (A1.8)

It should also be noted that with the linear theory approximations it is consistent to use the 
boundary conditions for the mean free surface (z=0) and the mean wetted surface of the WEC. 5

At the surface of the WEC body the fluid velocity in the normal direction of the body surface must 
equal the body velocity (no motion through the WEC). Therefore:

δΦ
δn

=vn  , at AWEC

Where:
AWEC  is the WEC body surface
vn  is the velocity of the WEC in direction n  perpendicular to the body surface.

(A1.9)

There is also a final boundary condition, the Sommerfeld condition, specifying that the radiated 
and scattered waves tend to zero at infinity.6 The full hydrodynamic problem is given as eq A1.10.

5 Falnes J, 2002, p. 61-70.
6 Child B. & Venogupal V., 2010



∇
2
(Φ )=0  , Laplace equation

δΦ
δ z

=0  , at z=−h  Boundary condition at the bottom

δ
2Φ

δ t 2 +g δΦ
δ z

=0  , at z=η≈0  Boundary condition at the surface

δΦ
δn

=vn  , at AWEC  Boundary condition at the WEC body's wetted surface

lim √(r )(δΦ
δ r

−ik 0Φ ) , as rk 0  tends to infinity. Sommerfeld condition at the sides

Where: 
Φ  is the velocity potential of the water
z  is the position in the z -coordinate
h  is the water depth
g is the gravitational constant
AWEC  is the WEC body surface
vn  is the velocity of the WEC in direction n  perpendicular to the body surface.

r  is distance from the origin
k0  is the propagating wave number

(A1.10)



Appendix 2. The cylindrical solution for the wave field

This appendix presents the details of how the cartesian wave field solution from standard BEM 
software (such as WAMIT) can be reformulated into a cylindrical wave field solution. The incident 
wave velocity potential, in phasor form, for regular incident plane wave traveling in the direction β 
is given by eq A2.1.7

Φ0=
i gη
ω

cosh(k 0(h+z ))

cosh(k 0h)
e
−ik 0 (x cos β +y sin β )

Where: 
Φ0  is the complex phasor of the incident wave velocity potential
η  is the complex amplitude of the wave 
β  is the propagation direction of the wave
x , y , z  are the cartesian coordinates
i  is the complex unit
h  is the water depth
k0  is the propagating wave number, given from ω 2=g k 0 tanh(k 0h).
ω  is the angular frequency

(A2.1)

This can be written in cylindrical coordinates (about the body coordinates of the i:th WEC body) as 
eq A2.2.

Φ
0,i=i

g
ω (ā0,i )

T
Ψ̄

0,i

ā
0, i  is a coefficients vector, where the m :th value is given by: 

(ā0,i)m=η e
−i k0 (x

glob
cos β+y

glob
sin β )

Ψ̄
0,i  is a vector of basis functions, given as: 

(Ψ̄0,i)m=
cosh(k 0(h+z ))

cosh(k 0h)
a0m J m(k 0 r )e

i mθ i

Where: 
xglob , y glob  are the global x , y  coordinates of the WEC

J m  is the m:th order Bessel function of the second kind.

Superscript T denotes vector transpose

(A2.2)

For the solution of the scattered and radiated velocity potentials we need to look at the Laplace 
equation in cylindrical coordinates, given in eq A2.3.

1
r

δ
δ r (r δΦ

δ r )+
1

r2
δ

2Φ
δθ 2

+δ
2Φ

δ z 2
=0

Where: 
r ,θ , z  are the cylindrical coordinates.

(A2.3)

In the exterior region of the fluid, where the fluid is not constrained in z-direction (that is 
everywhere except underneath the body), the solution is given as eq A2.4 . The first term of 

7 McNatt C. et.al., 2013, The Cylindrical Wave Field of Wave Energy Converters,  International Journal of Marine Energy 
-Selected Papers EWTEC 2013, vol 3-4 p.26-39.



X m  in eq A2.4 corresponds to propagating (or progressive) wave components while the second 

term describes evanescent wave components (which decrease quickly with the distance from the 
body). The index m denotes a cylindrical wave component, called a partial wave. The m=0 
component would fully describe the cylindrical wave from an axi-symmetric body in heave motion. 
For a symmetric surging body the indices m=+1 and -1 would describe the radiated wave. Using 
more terms, m∈[−M ,M ] , the sum can be used to represent any wave.8

Φ=ℜ(Φeiω t) ,Φ=i
g
ω ∑

m=−∞

∞
X m eimθ

Where the elements X m  are given by:

X m=
cosh(k 0(h+z ))

cosh (k 0h)
a0m H m

(2)(k 0 r )+∑
l=1

l=∞
cos (kl (z+h))alm Km(k l r )

Where: 
a0m  is the coefficient of the m :th propagating wave

alm  is the coefficient of the lm :th evanescent wave

Hm
(2)  is the m :th order Hankel function of the second kind. 

Km  is the m :th modified Bessel function, of the second kind.

(A2.4)

The cylindrical wave coefficients can be found by utilizing orthogonality of the depth dependence 
functions (the cosh and cos parts), similar to how the coefficients of a Fourier series can be found 
from orthogonality of the cos and sin functions. To find the cylindrical wave coefficients the 
velocity potential of the flow needs to be integrated over a circular-cylindrical surface enclosing 
the WEC body. In the following interaction theory the evanescent wave modes will not be 
included, and therefore only the progressive wave coefficient calculation is given in eq A2.5 below. 
Thus the integration of X m (found from the velocity potential Fourier transform) can be used to 

isolate the propagating cylindrical partial waves.9 

a0m=
−i
2π

ω
g

1

H m
(2)(k 0 rcyl )

∫
−h

0

∫
0

2π

Φ(r cyl ,θ , z)e−imθ cosh (k 0(h+z ))d θd z

Where: 
r cyl  is the radius of the cylinder encloseing the WEC

h  is the water depth, same as the height of the cylinder.

(A2.5)

We can now express the velocity potentials of the scattered and radiated wave in cylindrical 
coordinates, as eq A2.6.10

8 McNatt C. et.al., 2013.
9 McNatt C. et. al., 2014, A novel method for deriving the diffraction transfer matrix and its application to multi-body 

interactions in water waves, Ocean Engineering 94 (2015) , p. 173-185.
10 McNatt C. et. al., 2014.
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Where: 
ā
S ,i  and ā

R, i  are coefficients vectors, for the scattering and radiation situations,

found by integrating the potential over a cylindrical surface
Ψ̄

S ,i  and Ψ̄
R ,i  are vectors of basis functions

Note that the basis functions are the same for the scatter and radiation parts.

H m
(2)  is the m:th order Hankel function, of the second kind.

(A2.6)

The interaction theory itself is able to take evanescent modes into account, but the needed 
scattering coefficients of evanescent incident wave modes are not possible to obtain using 
standard BEM software for the measurements. In previous work by McNatt (in 2014) it was also 
shown that neglecting the evanescent modes had only a small impact on the final wave field. In an 
example of heaving cylinders the evanescent wave modes represented about 4% of the wave field 
at points very close to the body and, due to the fast decay nature of evanescent wave modes, the 
relative error was only around 0.2% at distances of practical interest for a WEC array situation.11 In 
the model the circular-cylindrical surface specified in the BEM software Wamit, as discrete 
pressure points (as the velocity potential can be obtained from the pressure using the Bernoulli 
equation). The depth integral is done with the trapezoidal method and a Fast Fourier Transform 
(FFT) is used to compute the X m .12

11 McNatt C. et. al., 2014.
12    McNatt C. et.al., 2013.



Appendix 3. Settings in the genetic algorithm

The settings used in the genetic algorithm (GA) are presented here. The genetic algorithm in this 
thesis has been implemented using the genetic algorithm function in Matlab, Global Optimization 
Toolbox. The optional settings used in the genetic algorithm function in this thesis are summarized 
in table A3.1 below. For details on the different options and the working principles of this Matlab 
genetic algorithm function the reader is referred to MathWorks user's guide to the Global 
Optimization Toolbox.13

Table A3.1 Optional settings used in the genetic algorithm
Option name Setting Description

Population size 19 Number of arrays in each generation.

Generations 15 Number of generations.

Elite count 2 Number of cloned offspring.

Cross-over fraction 0.8 Ratio of offspring produced by cross-over.

Fitness function WEC array simulatior 
function

The fitness function evaluates the fitness of 
each individual, in this case it is the simulated 
peak-to-average power.

Time limit Inf Time limit is disabled due to the long 
simulation times.

Fitness limit -Inf No limit for the lowest peak-to-average 
power is specified.

Initial population Given by user The arrays in the starting population are 
specified as input in the function call.

Fitness scaling function fitscalingrank Rank scaling is applied to scale the raw fitness 
scores into the expected number of offspring 
for each individual.

Selection function selectrionstochunif Selection method used to select parents for 
the offspring. In the stochastic uniform option 
the parents are drawn from a roulette wheel 
where the size of each segment corresponds 
tot the scaled fitness score of each individual.

Cross-over function crossoverscattered Method of mixing the two parents, with this 
option the gene of the offspring is randomly 
drawn from one of the two parents.

Mutation function mutationgaussian Method of mutating the parent to form a 
mutation offspring, with this option the genes 
of the parent is randmoly changed by adding 
a change drawn from a gaussian distribution.

Vectorized on Indicates that the fitness function evaluates 
the fitness score of all individuals in the 
generation. Improves the speed of the GA.

13 MathWorks, 2015, Global Optmization Toolbox – User's Guide, version 3.3.2 (Matlab 2015b), The Math Works Inc.



The starting population was specified, so the option of specifying initial range of gene variation 
was not needed. The range of values of the starting population is important for the convergence of 
the GA (even tough mutation allows the GA can search outside the initial range). The bounds on 
the other hand are absolute, no offspring is allowed to violate the specified upper and lower 
bounds for the genes. The starting population is given in table 8.1 and the bounds in table 8.2 in 
section 8 of this thesis report.


