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Abstract

Non-perturbative renormalization of local operators
in lattice QCD

Linus Wrang

Lattice QCD provides a framework for performing numerical simulations of quantum
chromodynamics. In lattice QCD—as a step towards obtaining quantities which can
be compared with experiment—it is in general necessary to determine
renormalization factors for the operators being studied. In this master thesis, the
renormalization factors for several local operators are determined non-perturbatively
in lattice QCD, by utilizing the RI'–MOM scheme. Numerical simulations are
performed for a wide range of quark masses which allow for the chiral limit to be
taken. As an essential step in the calculation, a subtraction of leading lattice artifacts is
performed by utilizing (boosted) lattice perturbation theory at one loop. The final
renormalization factors are presented in the RGI scheme, for several values of the
inverse coupling: ß = 5.20, 5.30 and 5.50.
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Populärvetenskaplig
sammanfattning

All materia omkring oss best̊ar av atomer, som i sin tur best̊ar av en positiv
kärna och ett moln av negativa elektroner som omger kärnan. I atomkärnan
finns positivt laddade protoner och elektriskt neutrala neutroner. Experiment
som utfördes i slutet av 1960-talet visade att protoner och neutroner i sin tur
best̊ar av ännu mindre partiklar, som m̊aste vara sammanbundna med en kraft
som helt och h̊allet dominerar över den elektriska kraften p̊a korta avst̊and: denna
nya kraft kom att kallas den starka kraften. Att den starka kraften inte märks av
i v̊ara vardagliga liv förklarades med att den starka kraften har en mycket kort
räckvidd.

Under 1970-talet föreslogs en matematisk modell för hur protonens och neutro-
nens inre fungerar. Denna modell—kallad kvantkromodynamik—var en kandidat
till en modell för den starka kraften. I kvantkromodynamik identifieras de fun-
damentala byggstenarna med kvarkar och gluoner, där gluonerna agerar som ett
slags limpartiklar som kan h̊alla samman flera kvarkar, och p̊a s̊a sätt bilda större,
sammansatta partiklar, som tex protoner och neutroner.

I de experiment som utfördes s̊ag man att b̊ade protoner och neutroner best̊ar
av tre stycken mindre partiklar; dessa mindre partiklar kom att identifieras med
kvantkromodynamikens kvarkar. Senare experiment har även kunnat säkerställa,
genom indirekta observationer, att gluoner existerar.

Denna matematiska modell—kvantkromodynamik—har visat sig vara olika
sv̊ar att hantera i olika situationer. D̊a en process involverar höga energier, till
exempel d̊a partiklar kolliderar med väldigt höga hastigheter, ger modellen exakta
matematiska förutsägelser som kan beräknas med papper och penna. Dessa för-
utsägelser kan sedan jämföras med experiment. I denna situation, med processer
som involverar höga energier, har kvantkromodynamiken visat sig ge förutsägelser
som stämmer väl överens med experiment.

Men d̊a en process involverar l̊aga energier, till exempel en ensam proton i vila,
s̊a g̊ar m̊anga av modellens exakta förutsägelser inte att räkna ut med papper och
penna. För att bättre kunna testa kvantkromodynamiken kan man göra en dator-
simulering och l̊ata en dator räkna ut modellens förutsägelser. Dessa förutsägelser
kan sedan jämföras med experiment för att se om kvantkromodynamiken ger en
korrekt beskrivning av den starka kraften vid l̊aga energier. S̊adana datorsimu-
leringar har utförts i flera årtionden och har vuxit till ett eget forskningsfält.
Slutsatsen än s̊a länge av dessa simuleringar är att kvantkromodynamiken verkar
ge en korrekt beskrivning av den starka kraften även vid l̊aga energier.

I vissa fysikaliska teorier—tex kvantkromodynamik—kan det vara sv̊art att
identifiera de storheter som är fysikaliskt meningsfulla, dvs de storheter som kan
mätas i experiment. I m̊anga fall är det nödvändigt att använda en matema-
tisk procedur—som g̊ar under namnet renormering—för att kunna identifiera de
fysikaliskt meningsfulla storheterna.

Detta examensarbete handlar om att göra datorsimuleringar—om renormering—
inom kvantkromodynamik.
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Chapter 1

Introduction

1.1 Background

In the early 1900s, physicists came across two beautiful descriptions of our world—
special relativity and quantum mechanics. Despite their counter-intuitive nature
and sometimes seemingly absurd predictions, these theories were compatible with
experiments and hence, within their respective range of applicability, provided a
mathematical description of nature. Due to their experimental success, a lot of
effort was devoted to combine these theories into a single theory, which would
unify the ideas of special relativity and quantum mechanics and thus provide a
more unified description of our world. This effort was not in vain, for indeed such
a unified theory was found: quantum field theory (QFT).

QFT—much like special relativity and quantum mechanics—can be thought
of as a mathematical framework, within which one can formulate theories about
interactions between different particles. Within this framework of QFT, electro-
magnetic interactions are accounted for by the theory of quantum electrodynamics
(QED), a theory finalized in the late 1940s [1, 2], which has shared a tremendous
level of experimental success—and remains to this day one of the most precisely
tested theories in all of physics.

In the late 1960s, in a laboratory outside of Menlo Park, California, an amazing
discovery was made: the proton is not a point-like particle, as was then commonly
believed, but is rather a composite particle with internal structure [3, 4]. It was
found that the proton consists of several smaller particles—this was an astounding
finding, and it raises the obvious question: what, exactly, are the properties of
these smaller particles which make up the proton?

This new interaction between particles—called the strong interaction—is re-
sponsible for, among other things, holding together the proton, and also the neu-
tron, and also for binding protons and neutrons together to form atomic nuclei. It
is natural to ask: does the strong interaction admit a mathematical description?
Inspired by the experimental success of QED, quantum field theory seemed like
the natural stage for such a mathematical formulation.

In the 1970s, after an accumulating theoretical effort, a satisfactory mathe-
matical formulation of the strong interaction was proposed—quantum chromo-
dynamics (QCD). In high-energy collisions of particles, the predictions of QCD
agreed well with experiments and was soon adopted as the theory of the strong
interaction.
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In QCD, the fundamental building blocks are identified with quarks and glu-
ons. The small particles which were found in the proton, and later also in the neu-
tron, were identified as quarks, and the particles which hold the quarks together—
the mediator of the strong interaction—were identified as gluons.

For a review on the history of the strong interaction, see e.g. [5, 6].

1.2 Basics of QCD

QCD is a non-abelian gauge theory whose gauge group is SU(3) [7, 8, 9]. The
fundamental particle content of QCD are quarks (spin-1/2 fermions, in the fun-
damental representation 3 of SU(3)), antiquarks (spin-1/2 fermions, in the anti-
fundamental representation 3̄) and gluons (massless spin-1 bosons, in the adjoint
representation 8).

In the lattice formulation of QCD it turns out that in order to be able to
perform computer simulations of physical observables, it is necessary to work
in Euclidean spacetime, as opposed to the physical Minkowski spacetime [10].
Although restricted to a non-physical spacetime, it turns out that one can still
extract quantities which have physical meaning, e.g. hadron masses, form factors
and decay constants.

A comment about indices is in order. Euclidean spacetime indices are denoted
by µ, ν, . . . and take the values 1, 2, 3, 4 with the fourth value denoting the time
component. Spinor indices are denoted by α, β, . . . and take the values 1, 2, 3, 4.
SU(3) indices, for fields in representations 3 and 3̄, are denoted by c, d, . . . and
take the values 1, 2, 3. Indices for fields in the adjoint representation 8 are denoted
i, j, k, . . . and take the values 1, . . . , 8. Einstein’s summation convention is used,
as well as natural units: c = 1 and ~ = 1.

In Euclidean spacetime, there is no distinction between upper and lower space-
time indices, since the metric is just δµν . The Euclidean gamma matrices are
denoted by γµ, and they obey {γµ, γν}αβ = 2δµνδαβ .

The classical QCD Lagrangian in Euclidean spacetime, forNf flavors of quarks,
is

LQCD(x) =
1

4g2
0

Gkµν(x)Gkµν(x)

+

Nf∑
f=1

ψf (x)cα

[
(γµ)αβDµ(x)cd +mf

0δαβδ
cd

]
ψf (x)dβ (1.1)

where g0 is the (bare) strong coupling and mf
0 is the (bare) mass of quark flavor

f . The covariant derivative D is defined as

Dµ(x)cd := δcd∂µ + iAkµ(x)(tk)cd,

where tk denotes the hermitian su(3) generators in the fundamental representa-
tion, and ψ and A are the quark and gluon fields, respectively. The gluon field
strength tensor G is defined as

Gkµν(x) := ∂µA
k
ν(x)− ∂νAkµ(x)− f ijkAiµ(x)Ajν(x),

where f ijk are the structure constants of su(3).
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Note that the gauge field A differs by a factor of g0 from the usual continuum
definition found in e.g. [7, 8, 9].

The physical quark masses are known to vary over several orders of magnitude
[8]. Since we focus on low-energy quantities which only involve hadrons which
contain the lightest quark flavors, i.e. up and down, we will use the following
approximation: the heavier quarks (strange, charm, bottom and top), will not be
included in the simulations.

Furthermore, it is known that the up and down quark masses are small on
a hadronic scale [8], i.e. when compared to hadron masses, so we will also use
the following approximation: the up and down quark mass difference will be
neglected, i.e. both the up and down quark mass will be replaced by the average
light quark mass. Since both quarks have the same mass after this replacement,
they are referred to as degenerate. This means that isospin-breaking effects are
ignored in this work.

1.3 Goal of the master thesis

Lattice QCD (introduced in Chapter 2) provides a non-perturbative regulariza-
tion (see Section 3.1) and a computationally tractable framework for perform-
ing numerical simulations of QCD. Lattice QCD allows for, among other things,
the computation of certain quantities which are of physical interest, e.g. hadron
masses, the strong coupling constant, form factors, decay constants and moments
of hadronic structure functions.

Much like in continuum QCD, one has to be careful in lattice QCD when iden-
tifying the quantities that have physical meaning. In some cases, e.g. concerning
hadron masses, this is relatively straightforward. However, in general, it turns
out that in order to identify the physically meaningful quantities, it is necessary
to perform an additional step in the calculation. This additional step is called
renormalization (introduced in Section 3.1), and will be the prime focus of this
thesis.

The goal of this master thesis is to calculate renormalization factors in the
RI′–MOM scheme (introduced in Section 3.2) of several local operators. This
calculation is performed numerically in lattice QCD . The renormalization factors
are required in order to be able to convert bare matrix elements, computed in
lattice QCD, into renormalized matrix elements.

Such renormalized matrix elements of local operators can be used to com-
pute quantities such as form factors, decay constants and moments of hadronic
structure functions.

1.4 Outline of the master thesis

This master thesis is organized as follows:

• Chapter 1 gives a brief historical background of QCD as well as the goal of
the thesis. Also, some basic facts about continuum QCD are presented.

• Chapter 2 contains the main foundations of lattice QCD, including the dis-
cretization of the continuum QCD action as well as how (estimates of)
operator matrix elements are computed in lattice QCD.
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• Chapter 3 presents the renormalization scheme considered in this thesis: the
RI′–MOM scheme, as well as the operators considered in this thesis.

• Chapter 4 describes the numerical implementation of the RI′–MOM scheme,
as well as the chiral extrapolation and the subtraction of leading lattice ar-
tifacts. Also discussed is how the final renormalization factors are extracted
from the numerical data.

• Chapter 5 lists the final values of the renormalization factors, with statistical
and systematic errors, together with a discussion of these errors.

• Chapter 6 contains some conclusions and final remarks.
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Chapter 2

Lattice QCD

2.1 General idea

In order to perform computer simulations of QCD, it is necessary to discretize
the Euclidean spacetime. To this end, let us introduce a spacetime lattice

Λ :=

{
x := (an1, an2, an3, an4) : n1, n2, n3 = 0, 1, . . . , NL−1, n4 = 0, 1, . . . , NT−1

}
(2.1)

with NL and NT denoting the number of lattice points in the spatial and temporal
directions, respectively. The lattice spacing, a, which has units of length, denotes
the distance between neighboring points, and is taken to be the same in all spatial
directions as well as in the temporal direction. The discretized quark fields are
defined only at these lattice points, and the discretized gluon fields are (in some
sense) defined on the lines which connect the lattice points, as will be discussed in
Section 2.3. The boundary conditions for the discretized fields will be discussed
in Section 2.6. The study of different formulations of QCD on a spacetime lattice
is called lattice QCD, and was pioneered by Kenneth Wilson in 1974 [11].

The discretization of the continuum QCD action

SQCD :=

∫
d4xLQCD(x),

with LQCD(x) given by Equation 1.1, is not unique. There are many ways of dis-
cretizing the action such that the correct continuum result is obtained in the limit
of vanishing lattice spacing, and each such choice of discretization corresponds to
a different regularization.

The continuum (Euclidean) formulation of QCD has the symmetry of Eu-
clidean spacetime: O(4), which can be thought of as the Euclidean version of
the Lorentz group. However, the introduction of a finite cubic spacetime lattice
breaks the full O(4) symmetry down to a discrete O(4) subgroup: H(4), the hy-
percubic group in 4 dimensions, which can be thought of as the lattice version of
O(4) [12].

Interestingly, it turns out that it is still possible to formulate lattice versions
of QCD which keep the SU(3) gauge symmetry of the continuum formulation, as
will now be described.
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2.2 Lessons from continuum QCD

2.2.1 The covariant derivative

Discretizations of the derivative ∂ which appear in the continuum QCD La-
grangian in Equation 1.1 will undoubtedly involve terms which contain two fer-
mionic fields evaluated at different lattice points. In order to still have the gauge
symmetry in the lattice formulation, it is necessary to introduce objects which
can transport the gauge dependence between different spacetime points.

Such an object is known from continuum (Euclidean) QCD: the Wilson line

U(x, y)γ := P

{
exp

(
i

∫
γ

dzµA
k
µ(z)tk

)}
, (2.2)

where tk is a generator of su(3) in the fundamental representation, γ is a path
which connects the spacetime points x and y, and P denotes a path-ordered
exponential. Details of the (Minkowski) Wilson line are given in [7]; the property
of interest here is that under a gauge transformation{

ψ(x)→ ψ(x)′ = Ω(x)ψ(x)

Akµ(x)tk →
(
Akµ(x)tk

)′
= Ω(x)

(
Akµ(x)tk + i∂µ

)
Ω(x)†

,

with Ω(x) ∈ SU(3), the Wilson line transforms as

U(x, y)γ → U(x, y)′γ = Ω(x)U(x, y)γΩ(y)†.

Hence it follows that the combination ψ(x)U(x, y)γψ(y) is gauge invariant. It
can be shown, using Equation 2.2 and the property U(x, y)† = U(y, x), that the
covariant derivative D can be defined as [7]

Dµ(x)ψ(x) := lim
ε→0

1

2ε

[
U(x, x+ εµ̂)ψ(x+ εµ̂)− U(x− εµ̂, x)†ψ(x− εµ̂)

]
, (2.3)

where µ̂ is a unit vector in direction µ, and there is no implicit sum over µ on
the right-hand side. We adopt the convention that U(·, ·) is to be understood as
U(·, ·)γ , where γ is a straight line. Equation 2.3 will be useful for discretizing the
covariant derivative.

In the lattice formulation of QCD, the gauge fields are introduced in terms of
group-valued fields which mimic the Wilson line. This is in stark contrast to the
continuum formulation of QCD, where the gauge fields are introduced in terms
of algebra-valued fields.

2.2.2 The gauge term

Let us now turn to the gauge term Gkµν(x)Gkµν(x)/4g2
0 of the continuum QCD

action. It turns out that it is possible to also express the gauge term in terms
of group-valued fields. By taking γ as a closed loop γC , that is, taking y = x in
Equation 2.2, one obtains an object which transforms as

U(x, x)γC → U(x, x)′γC = Ω(x)U(x, x)γCΩ(x)†.

7



x x+ εµ̂

x+ εν̂ x+ ε(µ̂+ ν̂)

γS(µ,ν)

Figure 2.1: The closed curve γS(µ,ν) that can be used to define the gauge term of
the continuum QCD action in terms of group-valued fields.

This object is not gauge invariant. However, due to the cyclicity of the trace, the
object

tr
[
U(x, x)γC

]
is gauge invariant, and is called a Wilson loop. More specifically, consider the
closed curve γS(µ,ν) shown in Figure 2.1: a square with vertices at spacetime
points x, x + εµ̂, x + εν̂ and x + ε(µ̂ + ν̂). It can be shown that the gauge term
can be defined as [10]

1

4g2
0

∑
µ,ν

Gkµν(x)Gkµν(x) := lim
ε→0

2

ε4g2
0

∑
µ<ν

Re

{
tr
[
1− U(x, x)γS(µ,ν)

]}
. (2.4)

Note the explicit sums over spacetime indices. Furthermore, the Wilson line of
γS(µ,ν) can be factorized as [13]

U(x, x)γS(µ,ν) = U(x, x+ εµ̂)U(x+ εµ̂, x+ εµ̂+ εν̂)×
× U(x+ εν̂, x+ εµ̂+ εν̂)†U(x, x+ εν̂)† (2.5)

which is not a trivial fact, seeing as how the Wilson line contains the generators of
a non-abelian group. Equation 2.5 can be proved by expanding both sides, using
the definition of the Wilson line in Equation 2.2, and utilizing the path-ordering
property of the Wilson line. The key point is that a complicated path can be
divided into smaller, simple paths, and the Wilson line of the complicated path
can be obtained by gluing together the Wilson lines of the simple paths.

Equation 2.4 together with Equation 2.5 will be useful for discretizing the
gauge term.

2.3 Discretization of the continuum QCD action

2.3.1 Discretization of the gauge action

In the continuum, the gauge part of the QCD action is given by

Scont
G :=

∫
d4x

1

4g2
0

Gkµν(x)Gkµν(x).
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Using Equation 2.4, one finds

Scont
G =

∫
d4x lim

ε→0

2

ε4g2
0

∑
µ<ν

Re

{
tr
[
1− U(x, x)γS(µ,ν)

]}
. (2.6)

where U(x, x)γS,µ,ν can be factorized according to Equation 2.5. In the lattice
formulation, one introduces so called gauge links Uµ(x) which only take values on
lattice sites x ∈ Λ. Such a gauge link Uµ(x) can be thought of as a discretized
version of the Wilson line U(x, x + aµ̂) for a straight line joining x and x + aµ̂.
The gauge links, per definition, transform under a gauge transformation in the
same way as the Wilson line.

Equation 2.6 defines the continuum gauge term using a small square in space-
time, the lattice analog of such a curve is a square with side length a, called a
plaquette. By inspecting Equation 2.5, one realizes that it is possible to define,
using only the gauge links, a lattice analog of the continuum Wilson line for a
square:

Uµν(x) := Uµ(x)Uν(x+ aµ̂)Uµ(x+ aν̂)†Uν(x)†. (2.7)

A lattice version of the gauge action can now be obtained by discretizing Equation
2.6: replace U(x, x)γS(µ,ν)

→ Uµν(x),
∫

d4x →
∑
x∈Λ a

4 and set ε = a instead of
taking the limit ε→ 0. The resulting equation is

SG :=
2

g2
0

∑
x∈Λ

∑
µ<ν

Re

{
tr
[
1− Uµν(x)

]}
.

It can be shown, using Taylor expansion, that

SG = Scont
G +O(a2).

This is an important observation, since a major problem in lattice simulations is
to reduce the discretization errors which stem from the use of non-zero a.

2.3.2 Discretization of the fermionic action

In the continuum, the fermionic part of the QCD action is given by

Scont
F :=

∫
d4x

Nf∑
f=1

ψf (x)cα

[
(γµ)αβDµ(x)cd +mf

0δαβδ
cd

]
ψf (x)dβ .

Using Equation 2.3, and suppressing all spinor and color indices, one finds

Scont
F =

∫
d4x

Nf∑
f=1

ψf (x)

{
γµ lim

ε→0

1

2ε

[
U(x, x+ εµ̂)ψf (x+ εµ̂)

− U(x− εµ̂, x)†ψf (x− εµ̂)

]
+mf

0ψ
f (x)

}
. (2.8)

In the form Equation 2.8, Scont
F is readily discretized: again, replace

∫
d4x →∑

x∈Λ a
4 and set ε = a instead of taking the limit ε → 0. The resulting (naive)
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discretized fermionic action is

Snaive
F = a4

∑
x∈Λ

Nf∑
f=1

ψf (x)

{
γµ

1

2a

[
U(x, x+ aµ̂)ψf (x+ aµ̂)

− U(x− aµ̂, x)†ψf (x− aµ̂)

]
+mf

0ψ
f (x)

}
. (2.9)

The reason for the nomenclature “naive” stems from the fact that this particular
discretization leads to an unwanted phenomenon called fermion doubling, in which
every fermion flavor is realized as 16 distinct physical particles. A crucial property
of the fermion doublers is that this effect does not decouple in the limit a→ 0. In
order to remedy this problem, Wilson [14] added a term—now called the Wilson
term—to Equation 2.9. The Wilson term makes sure that the effect of fermion
doublers vanishes in the limit a → 0, and this choice of lattice fermions is called
Wilson fermions.

The naive fermion action in Equation 2.9 has an order of accuracy (compared
to the continuum action) of O(a2), but adding the Wilson term reduces this to
O(a). However, it is possible to do a non-perturbative improvement in order to
obtain an action which has an order of accuracy of O(a2). The general idea behind
such an improvement was introduced by Symanzik in [15, 16].

For Wilson fermions it is shown in [17] that O(a)-improvement can be achieved
by adding one term, usually called the clover term, to the Wilson action. This
process involves a non-perturbative tuning [18] of a real-valued coefficient cSW—
the Sheikholeslami–Wohlert coefficient—to cancel the O(a)-terms of the Wilson
action. The resulting choice of lattice fermions is called O(a)-improved Wilson
fermions.

2.4 Matrix elements in lattice QCD

After quantizing the theory, using path integral quantization [10], one can derive
the following formula for the vacuum expectation value of an operator O:

〈O〉 =
1

Z

∫
D[U ]D[ψ,ψ]e−S[U,ψ,ψ]O[U,ψ, ψ]

where 〈O〉 := 〈0|O|0〉, with |0〉 denoting the vacuum state. The normalization
factor Z is defined as

Z :=

∫
D[U ]D[ψ,ψ]e−S[U,ψ,ψ]

The discretized QCD action can be decomposed as S = SU + SF . The fermionic
fields ψf , ψf (x) are Grassmann-valued [10]—which incorporates their anticom-
muting nature—and can be integrated out to obtain, assuming Nf degenerate
flavors, [19]

〈O〉 =
1

Z

∫
D[U ]e−SU [U ]

(
det
(
DDirac[U ]

))Nf
Õ[U ], (2.10)

where DDirac is the lattice Dirac operator and Õ is what remains of O after
the Grassmann integration has been carried out. The integral in Equation 2.10
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cannot, in general, be performed analytically, but has to be evaluated numerically
using Monte-Carlo methods [10]. The idea is to use the estimate

〈O〉 ≈ 1

N

N∑
n=1

Õ[Un], (2.11)

where the N gauge configurations Un = {Uµ(x) : µ = 1, . . . , 4;x ∈ Λ} are selected
according to the probability distribution

1

Z
e−SU [U ]

(
det
(
DDirac[U ]

))Nf
,

which ensures that Equation 2.10 holds in the limit N →∞.

2.5 Gauge ensembles used in this thesis

A gauge ensemble is a set of gauge configurations, all of which share certain
properties like lattice grid size, lattice spacing, quark masses etc. It is customary
to introduce two dimensionless parameters

β :=
6

g2
0

,

and

κ :=
1

2am0 + 8

which indirectly specify the bare gauge coupling g0 and bare quark mass m0

(degenerate quarks are assumed). This β should not to be confused with the
usual QCD beta function.

Using the renormalization group equation, it can be shown that there is a one-
to-one correspondence between a and g0, or, equivalently, between a and β. Such
a relation necessarily introduces a scale parameter ΛL, which is not, in general,
equal to the continuum scale parameter ΛQCD [9, 10, 12].

In this thesis we will use gauge ensembles generated by the Coordinated Lattice
Simulations (CLS) effort [20], which utilize O(a)-improved Wilson fermions, with
Nf = 2 degenerate light quark flavors. The quark flavors will be called u and d.
A list of the CLS gauge ensembles used in this thesis is shown in Table 2.1, where
the spatial extent is denoted by L := aNL. The values of mπ and mπL have been
taken from [21].

As for the lattice spacing: each ensemble is generated not using a given a, but
instead, using a given β. The lattice spacing a has to be determined separately.
Perhaps the most straightforward way to proceed is to calculate, in lattice QCD,
the mass of some hadron H in lattice units: (amH)lat and then calculate a using
[19]

a =
(amH)lat

mphys
H

,

where mphys
H is the physical mass of the hadron H. In [22] the lattice spacings for

the CLS ensembles have been determined using the mass of the Ω baryon. The Ω
baryon consists of three strange quarks, however, (amΩ)lat can still be computed

11



Table 2.1: The CLS gauge ensembles used in this thesis. The lattice spacings
are computed in [23] using the kaon decay constant, and mπ and mπL have been
taken from [21].

Name β a [fm] Grid size κ mπ [MeV] L [fm] mπL

A3

5.20 0.0755

64× 323 0.13580 473 2.5 6.0
A4 64× 323 0.13590 364 2.5 4.7
A5 64× 323 0.13594 316 2.5 4.0
B6 96× 483 0.13597 268 3.8 5.0

E5

5.30 0.0658

64× 323 0.13625 457 2.0 4.7
F6 96× 483 0.13635 324 3.0 5.0
F7 96× 483 0.13638 277 3.0 4.2
G8 128× 643 0.136417 193 4.0 4.0

N5
5.50 0.0486

96× 483 0.13660 429 2.4 5.2
N6 96× 483 0.13667 331 2.4 4.0
O7 128× 643 0.13671 261 3.2 4.4

on ensembles which only have Nf = 2 light quark flavors, and hence no analog
of the strange quark. This is done by taking selected ratios of physical hadron
masses as experimental input [22].

However, in an effort to keep the uncertainties as small as possible, we will
take the lattice spacings from [23], in which a has been determined using the kaon
decay constant. The reason for using a scale-setting quantity which involves the
strange quark is that the chiral extrapolation—to the physical point—is expected
be more well-behaved, which leads to a more precise determination of the lattice
spacing. To introduce a notion of a strange quark on an ensemble with only u
and d, one uses quenching [10], which has the benefit that one does not need to
generate new ensembles. See e.g. [23] for more details.

One source of systematic error in lattice simulations in the fact that the lattice
volume is finite. However, as a general rule of thumb, the uncertainties due to
the finite volume are expected to be sub-percent and scale roughly as e−mπL, if
L & 2 fm and mπL & 4 [19, 24], and hence this error is often negligible. As can be
seen in Table 2.1, all ensembles considered here satisfies these requirements. This
eliminates the need to perform an infinite-volume extrapolation of the numerical
data.

However, as discussed in Section 5.1.2, finite volume effects may be non-
negligible when calculating the Z-factors.

2.6 Boundary conditions

Due to the fact that the lattice Λ has a finite spatial and temporal extension, it
is necessary to impose boundary conditions on the fields. In this thesis we use
periodic boundary conditions for the gauge links, and twisted boundary conditions
[25, 26] for the quark fields:

ψ(x+ aNµµ̂) = ei2πθµψ(x) (2.12)
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where Nµ = NL for µ = 1, 2, 3, and N4 = NT , and there is no sum over µ on the
LHS (left-hand side). The components of the four-vector θ, the so called twist
angles, can take continuous values.

The discrete Fourier transform of Equation 2.12 is∑
x∈Λ

e−ipxψ(x+ aNµµ̂) =
∑
x∈Λ

e−ipxei2πθµψ(x),

which can be rewritten as[
e−i(2πθµ−pµaNµ) − 1

]∑
x∈Λ

e−ipxψ(x) = 0.

Hence it can be concluded that

pµaNµ − 2πθµ = 2πkµ,

or

pµ =
2π

aNµ
(kµ + θµ), (2.13)

where kµ is an integer. It is conventional to only consider, assuming N is even,
kµ = −Nµ/2 + 1, . . . , Nµ/2. Choosing other integers would provide no new infor-
mation, as can be seen e.g. by shifting pµ → pµ + 2π/a in the plane wave e−ipx

and using the fact that xµ ∈ Λ (see Equation 2.1).
From these considerations it is seen that introducing a lattice spacing a gives

rise to a momentum cutoff π/a. It is interesting to note that this cutoff does
not depend on the number of grid points, which means that in lattice simulations
one is always restricted to (possibly a discrete subset of) momenta in the range
(−π/a, π/a].

The main motivation behind twisted boundary conditions is that it allows one
to access the momenta that lie in between the Fourier modes

2π

aNµ
kµ,

and since the twist angles θµ are continuous parameters, it becomes possible to
access a more dense set of momenta in simulations, as opposed to not using twisted
boundary conditions.

It is important to note that the CLS ensembles are generated independently
of the twist angles; the twist angles are implemented in the non-perturbative
simulation—of the quark propagator and amputated Green’s function (see Sec-
tion 4.1)—by performing a rotation of the quark and gluon fields [26]. The ro-
tation is carried out at the start of the non-perturbative simulation, i.e. before
the calculation of the quark propagator and amputated Green’s function, which
allows one to evaluate these quantities at the momenta in Equation 2.13.
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Chapter 3

Renormalization

3.1 General idea

Regularization and renormalization are two central concepts in QFT [8]. The
natural starting point for these topics is the original (bare) Lagrangian L of some
QFT defined on a continuous spacetime, e.g. QCD. The parameters e0 (e.g. mass,
coupling) of the original (bare) Lagrangian L(e0) are called the bare parameters.
If one naively identifies the bare parameters e0 with the physical, measurable
parameters eph, one quickly finds that many of the observables of the theory are
mathematically ill-defined. The way out of this dilemma is to abandon the idea
that the bare parameters have physical meaning.

Regularization is the process where the QFT under consideration is made
mathematically well-defined, which is usually done by introducing some regular-
ization parameter r. This parameter has the property that for one specific value,
say r = r′, one obtains the original theory, which is known to be ill-defined when
it is expressed in terms of the bare parameters. But for any other value of r, the
QFT is mathematically well-behaved. However, since the Lagrangian L(e0, r) is
still expressed in terms of the bare parameters, it has no obvious physical mean-
ing. Also, the regularization parameter r is just a temporary solution to make
the theory mathematically well-defined, and in the end we would like to take the
limit r → r′ to get the original theory back. This is where renormalization comes
in.

Renormalization is the process by which one rewrites all observables in terms
of the physical parameters eph instead of the bare parameters e0. After this process
has been done, the Lagrangian L(eph, r) does not depend on the bare parameters.
Since the theory now only contains well-defined, physical parameters, the regu-
lator r has played out its role and we can safely take r → r′ to get the original
theory back: L(eph). This time around, however, everything is expressed in terms
of physical quantities eph and the QFT makes both mathematical and physical
sense. In this renormalized theory, all observables are mathematically well-defined
and make physical sense.

The process of renormalization is often performed at some fixed momentum
scale µ, at which a set of one or more renormalization conditions are prescribed.
These conditions ensure that the theory is described only in terms of physical
quantities. The scale µ is referred to as the renormalization point. At the end
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of the day, µ is just a physically arbitrary scale at which the renormalization
conditions are prescribed, and hence physical observables must be independent of
the renormalization point µ. This does not mean that physical parameters and
observables can’t depend on the momentum scale involved (indeed, many of them
do!), it is simply a statement that the reference point itself is arbitrary.

3.2 In lattice QCD: the RI′–MOM scheme

3.2.1 Renormalization of operators

The introduction of a spacetime lattice, as discussed in Section 2.1, regularizes
QCD with the lattice spacing a taking the role of the regularization parameter.
To get the original (continuous) theory back, one has to take the number of
lattice points to infinity and take a → 0. In practice, a is always finite in a
computer simulation, and the idea is then to make a sequence of measurements
with decreasing lattice spacing a, and increasing number of lattice sites, and try
to extrapolate to the continuum case. This is referred to as taking the continuum
limit [19].

Operators in QFT also need to be renormalized. Given a bare operator O0,
one can introduce a renormalized operator OR via [7]

OR := ZOO0. (3.1)

The renormalization factor ZO is determined by the renormalization conditions
that are imposed. One renormalization scheme which is commonly employed for
operators in lattice QCD is the so called Regularization-independent momentum
subtraction scheme, denoted by RI′–MOM [27].

The renormalized quark propagator is denoted by [7]

SR(p) := Z ′qS0(p), (3.2)

where S0 is the bare propagator and Z ′q is the quark field renormalization factor.
All propagators S in this thesis have both color and spinor indices, however,
these indices will sometimes be suppressed if it is clear from context how the
indices should be combined. Furthermore, only dimensionless quantities can be
computed numerically, and for this reason it is usually assumed that propagators
and Green’s functions are scaled by factors of a to form dimensionless quantities.

3.2.2 The quark field renormalization factor

The quark field renormalization factor Z ′q is chosen so that the renormalized quark
propagator SR satisfies the following condition:

1 =
1

12
tr
[
S−1
R (p)Sfree

0 (p)
]∣∣∣∣∣
p2=µ2

(3.3)

at some fixed momentum scale µ, where Sfree
0 is the free bare Euclidean massless

(lattice) propagator. In this equation, the trace and the inverse refer to both
color and spinor indices.
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It can be shown that [10]

Sfree
0 (p)cdαβ =

−i
∑
ν(γν)αβ sin(apν)∑
ρ sin(apρ)2

δcd. (3.4)

The idea behind this renormalization condition is that the dimensionless, bare
quantity S0(p)cdαβ can be computed on the lattice, and together Equations 3.2, 3.3
and 3.4 will determine the renormalization factor Z ′q. So the final formula for Z ′q,
which will be implemented in this thesis, is

Z ′q =
1

12
tr

{
S−1

0 (p)
−i
∑
ν γν sin(apν)∑
ρ sin(apρ)2

}∣∣∣∣∣
p2=µ2

. (3.5)

It is important to note that the existence of doublers (see Section 2.3) is related
to the locations of the poles of the propagator [10]. In this thesis, we remedy
the problem of lattice doublers by using (O(a)-improved) Wilson fermions. The
propagator in Equation 3.4—which is derived using naive fermions (again, see
Section 2.3)—has unphysical poles [10], however, this propagator is not the one
which generates the dynamics of the QFT, and hence the unphysical poles are
not expected to cause any problems.

3.2.3 The operator renormalization factor

The operator renormalization factor ZO is fixed by requiring certain conditions on
the matrix elements of the renormalized operator OR, where the matrix elements
are taken between two external quark states at zero momentum transfer, that is,
both quarks have the same momentum p. Such matrix elements take the general
form 〈

qf (p)cα

∣∣∣OR∣∣∣qf ′
(p)dβ

〉
and hence carry both color and spinor indices. It will always be clear from context
which quark flavors f and f ′ are being used, and hence an abbreviation |p〉 can
be introduced for both quark states.

The operator renormalization factor is chosen so that the (quark) matrix ele-
ments of OR satisfies the following condition

1

12
tr
[
〈p|OR|p〉〈p|O0|p〉−1

tree

]∣∣∣∣∣
p2=µ2

= 1 (3.6)

at some fixed momentum scale µ, where the subscript “tree” refers to the tree-
level matrix element. All color and spinor indices have been suppressed. The
trace and the inverse refer to both color and spinor indices.

It is common to introduce a vertex function (amputated Green’s function) ΛO
as ΛO(p) = Z ′q〈p|O0|p〉 for the full matrix element, and ΛO,tree(p) = 〈p|O0|p〉tree

for the tree level matrix element. By using Equation 3.1, it is possible to refor-
mulate Equation 3.6 as a condition on ZO:

ZO tr
[
ΛOΛ−1

O,tree

]∣∣∣∣∣
p2=µ2

= 12Z ′q (3.7)
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The vertex function ΛO(p) can be calculated on the lattice using

ΛO(p) = S−1
0 (p)GO(p)S−1

0 (p), (3.8)

where GO(p) denotes the bare Green’s function of the operator O0. This will be
explained in more detail in Section 4.1.

For operators that belong to the same irrep (irreducible representation) of
H(4), it is expected that performing an average in Equation 3.7 over the members
of the H(4) irrep will reduce the O(4) violation and hence lead to more reliable
results [28]. This will lead to having the same renormalization factor for all mem-
bers of every H(4) irrep. So the final formula for ZO, which will be implemented
in this thesis, is

ZO
1

K

K∑
l=1

tr
[
ΛlO(ΛlO,tree)−1

]∣∣∣∣∣
p2=µ2

= 12Z ′q (3.9)

where the index l = 1, . . . ,K enumerates the different members of the correspond-
ing H(4) irrep. In an effort to reduce O(4) violations, all momenta used in this
thesis are diagonal.

The RI′–MOM scheme is mass independent, which means that Equations 3.5
and 3.9 are considered in the limit of vanishing quark masses.

3.3 Landau gauge fixing

Due to the fact that a matrix element between external quark states〈
qf (p)cα

∣∣∣OR∣∣∣qf ′
(p)dβ

〉
is gauge dependent (it has two free color indices c and d), it is necessary to fix
the gauge. If one does not fix the gauge, it can be shown that all these matrix
elements will vanish [10] and hence it would not be possible to determine ZO. In
this thesis the Landau gauge will be employed, due to the fact that Landau gauge
fixing is relatively straightforward to implement numerically.

In continuum QCD, the Landau gauge is defined by the condition

∂µA
k
µ = 0, (3.10)

for k = 1, . . . , 8. This condition can be recast as an optimization problem [10]:
Equation 3.10 is equivalent to extremizing the functional

W [A] :=

∫
d4xAjµ(x)Ajµ(x) (3.11)

with respect to SU(3) gauge transformations. To show this, consider a gauge
transformation

Ω(x) = exp
[
iεHk(x)tk

]
,

with small ε and arbitrary functions Hk(x). Using the usual gauge transformation
rule for Akµ(x), one finds, to first order, that under such a gauge transformation
[10]:

W [A]→W [A]− 2ε

∫
d4xHk(x)∂µA

k
µ(x).
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For an extremum, it is well known that the first order variation must vanish. Since
the functions Hk(x) are arbitrary, it follows that for an extremum, Equation 3.10
must hold for k = 1, . . . , 8. The reason for formulating Equation 3.10 as an
optimization problem is that this is easier to implement numerically.

To mimic this procedure in lattice QCD, one extremizes the functional

W [U ] :=
∑
x∈Λ

4∑
µ=1

tr
[
Uµ(x) + Uµ(x)†

]
(3.12)

with respect to SU(3) gauge transformations. It is straightforward to show that,
upon expanding the gauge links U in terms of the regular gauge fields A, Equation
3.11 is obtained to first order (up to some irrelevant constants).

This optimization prescription for Landau gauge fixing was implemented in
this work using the Cabibbo-Marinari algorithm [29], together with an overrelax-
ation procedure which speeds up the convergence rate [30].

In a continuum non-abelian gauge theory, such as QCD, the Landau gauge
condition does not unambiguously fix the gauge [31], which is called the Gribov
ambiguity. It is known that this ambiguity is present also in the lattice formula-
tion of non-abelian gauge theories [32]. The effect of the Gribov ambiguity has
been investigated in lattice QCD [33, 34], with the conclusion that, at least for
the investigated quantities, the numerical uncertainty associated with the Gribov
ambiguity is below the statistical uncertainty. Based on these results, any po-
tential uncertainties arising from the Gribov ambiguity will be neglected in this
thesis.

3.4 Operators under consideration

In this thesis we will focus on the (flavor non-singlet) operators

O(z) = u(z)Γd(z), (3.13)

referred to as currents, where Γ = 1, γµ, γµγ5,
i
2 [γµ, γν ], corresponding to the

scalar, vector, axial vector and tensor current, respectively. Each current (scalar,
vector, axial vector and tensor) falls into a separate H(4) irrep, and hence gets its
own Z-factor.

Also, operators containing one covariant lattice derivative (referred to as one-
link operators) will be considered:

Oµν(z) = [uγµa
←→
Dνd](z), (3.14)

where
←→
Dν := 1

2 (
−→
Dν −

←−
Dν), with

[
−→
Dνf ](x) :=

1

2a

[
Uν(x)f(x+ aν̂)− Uν(x− aν̂)†f(x− aν̂)

]
denoting a derivative acting on the right, and

[f
←−
Dν ](x) :=

1

2a

[
f(x+ aν̂)Uν(x)† − f(x− aν̂)Uν(x− aν̂)

]
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denoting a derivative acting on the left. The reason for including both forward
and backward derivatives in Equation 3.14 is to obtain an operator which has a
simple charge conjugation transformation [35].

In order to avoid mixing with operators of lower dimension under renormal-
ization, is it customary to only consider the symmetrized, traceless operators [36]

O{µν} :=
1

2
(Oµν +Oνµ)− 1

4
δµνOλλ.

The ten possible index combinations of O{µν} corresponds to nine linearly inde-
pendent operators, and these nine operators fall into two different H(4) irreps
[35]. Hence these operators renormalize differently, which leads to two separate
lattice renormalization factors, one for each of the two H(4) irreps.

These two H(4) irreps will be called DV1 and DV2, and have dimension 3 and
6, respectively. The operator basis

O{11} −O{22}, O{33} −O{44}, O{11} +O{22} −O{33} −O{44}

will be used for DV1, and the operator basis

O{µν}, 1 ≤ µ < ν ≤ 4

will be used for DV2.
The motivation behind studying these currents and one-link operators is the

following. Hadronic matrix elements of the currents can be used to calculate
form factors and decay widths [19], and hadronic matrix elements of the one-link
operators can be used to determine the first moment of (unpolarized) hadronic
structure functions [35].

3.5 Renormalized matrix elements

The Z-factors do not have a well-defined continuum limit, since they typically
diverge as a → 0. Instead, the continuum limit is performed on renormalized
matrix elements

〈·|OR|·〉 := ZO〈·|Obare|·〉,

where the states are not limited to one-quark states. Renormalized matrix ele-
ments do have a well-defined limit as a→ 0, owing to the process of renormaliza-
tion (see Section 3.1).

In lattice QCD, with Wilson fermions, the Ward identities are not fulfilled [10].
This has as a consequence that the vector and axial vector currents (the Z-factors
are computed in the chiral limit) have to be renormalized.

We now list two simple examples which serve to demonstrate the important
role played by renormalized matrix elements in particle physics phenomenology.

3.5.1 Example 1: the pion decay constant

Let AR
µ (x) := ZAA

bare
µ (x) denote the renormalized axial vector current, where the

bare axial vector current is defined as

Abare
µ (x) := d(x)γµγ5u(x).

19



The pion decay constant fπ, which measures the strength of leptonic pion decays
π → `ν`, with ` = e, µ, can be obtained from a renormalized matrix element:〈

0
∣∣AR

µ=4(0)
∣∣π+(p = 0)

〉
= mπfπ.

Details are given in e.g. [37, 38].

3.5.2 Example 2: the pion electromagnetic form factor

This example involves a flavor neutral operator. Let V R
µ (x) := ZEMV

bare
µ (x)

denote the renormalized electromagnetic current, where the bare electromagnetic
current is defined as

V bare
µ (x) :=

2

3
u(x)γµu(x)− 1

3
d(x)γµd(x).

The pion electromagnetic form factor Fπ(Q2), which measures the πγ-coupling,
can be obtained from renormalized matrix elements:〈

π+(pf )
∣∣V R
µ (0)

∣∣π+(pi)
〉

= (pi + pf )µFπ(Q2),

where pi and pf are the momenta of the initial and final pion state, respectively,
and Q2 := (pf − pi)2 denotes the momentum transfer [10, 39].
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Chapter 4

Computing the
renormalization factors

4.1 Numerical implementation

In order to implement the RI′–MOM scheme, defined in Equations 3.5 and 3.9, one
has to compute the quark propagator and the vertex functions at a momentum
scale µ. One way to proceed would be to use lattice perturbation theory (a
review is given in [12]), however—due to slow convergence rates—such results
are often unreliable [40]. Another way to proceed is to compute these quantities
non-perturbatively using Monte-Carlo methods. This non-perturbative approach
was first suggested in [27], however, in order to obtain a clearer signal, it was
suggested in [41] to use momentum sources instead of the point sources that had
originally been used.

In this thesis we will take the non-perturbative approach of [27], with the use
of momentum sources from [41].

Let V := NTN
3
L denote the total number of lattice points. The Green’s

function for an operator O(z) is defined as

GO(p)cdαβ :=
1

V

∑
x,y,z

e−ip(x−y)
〈
u(x)cαO(z)d(y)dβ

〉
, (4.1)

and the quark propagator is defined as

S(x, y)cdαβ :=
〈
u(x)cαu(y)dβ

〉
=
〈
d(x)cαd(y)dβ

〉
, (4.2)

where the last equality follows from the fact that the gauge ensembles considered
in this thesis have two degenerate quark flavors (see Section 2.5). In an actual
simulation, the gauge part of the expectation values in Equations 4.1 and 4.2 will
be estimated by averaging over N gauge configurations, as will now be discussed.

A quark propagator which is only evaluated on a single gauge configuration n
will be denoted by S(n)(x, y). It can be shown that S(n) satisfies

S(n)(x, y)† = γ5S
(n)(y, x)γ5, (4.3)

which typically holds for lattice propagators, for instance, it holds for Wilson
fermions [10].
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The Green’s function for the currents is, with spinor and color indices sup-
pressed,

GO(p) =
1

V

∑
x,y,z

e−ip(x−y)
〈
u(x)u(z)Γd(z)d(y)

〉
.

By factorizing the path integral in the expectation value and using the estimate
in Equation 2.11, one finds

GO(p) ≈ 1

N

N∑
n=1

1

V

∑
x,y,z

e−ip(x−y)S(n)(x, z)ΓS(n)(z, y).

Now, use Equation 4.3 to write this as

GO(p) ≈ 1

N

N∑
n=1

1

V

∑
z

γ5

(∑
x

eipxS(n)(z, x)

)†
γ5Γ

(∑
y

eipyS(n)(z, y)

)
. (4.4)

The idea here is that in order to calculate GO(p), only the function

S(n)(x|p) :=
∑
y

eipyS(n)(x, y) (4.5)

needs to be computed numerically, leading to the final formula [41]

GO(p) ≈ 1

N

N∑
n=1

1

V

∑
z

γ5S
(n)(z|p)†γ5ΓS(n)(z|p).

Once the functions S(n)(x|p) have been computed numerically, the quark propa-
gator in Equation 4.2 can be computed as

S(p) ≈ 1

N

N∑
n=1

1

V

∑
x,y

e−ip(x−y)S(n)(x, y)

=
1

N

N∑
n=1

1

V

∑
x

e−ipxS(n)(x|p). (4.6)

In order to compute the quantities in Equation 4.5, consider the lattice Dirac
equation ∑

y

DDirac(x, y)cc
′

αα′S(n)(y, z)c
′d
α′β = δxzδ

cdδαβ ,

where the Dirac operator is evaluated at the gauge configuration Un, and δxy :=
δx1y1 · · · δx4y4 . By multiplying with eipz and summing over z, we obtain∑

y

DDirac(x, y)S(n)(y|p) = eipx, (4.7)

where spinor and color indices have been suppressed, with the RHS (right-hand
side) commonly referred to as a momentum source.

It is straightforward to perform a similar calculation for the one-link operators,
and one finds in the end [41]

GO,µν(p) ≈ 1

N

N∑
n=1

1

V

∑
z

1

2

[
γ5S

(n)(z|p)†γ5γµUν(z)S(n)(z + aν̂|p)

− γ5S
(n)(z + aν̂|p)†γ5γµUν(z)†S(n)(z|p)

]
. (4.8)
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The tree level vertex functions Λtree(p) which appear in Equation 3.9, can be
computed from Equations 3.13 and 3.14. One finds, for the currents,

Λtree(p) = Γ, (4.9)

and for the one-link operators,

Λtree(p) = iγµ sin(apν). (4.10)

To summarize: Equation 4.7 has to be solved numerically, and once this is
done, all propagators and Green’s functions can be computed using Equations
4.4, 4.6 and 4.8. We are now at a stage where we can compute the renormalization
factors in the RI′–MOM scheme for every operator under consideration, on each
of the ensembles listed in Table 2.1.

One example is shown in Figure 4.1, which shows the tensor current renor-
malization factor ZT (unsubtracted, as explained in Section 4.4) as a function of
the renormalization scale µ, computed on ensemble O7. The error bars in this
figure show the statistical uncertainty, which has been estimated using jackknife
resampling (see Section 5.1). All non-perturbative measurements in this thesis
used 20 gauge configurations on each ensemble.

If one only considers one specific Z-factor in the RI′–MOM scheme, e.g. ZT ,
one finds the same qualitative behavior, w.r.t. µ, for all gauge ensembles. How-
ever, different Z-factors do not, in general, have the same qualitative features.
One thing all Z-factors do have in common is that they are of O(1).
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Figure 4.1: The tensor current renormalization factor in the RI′–MOM scheme,
as a function of the renormalization scale µ, computed on ensemble O7 (see Table
2.1). No chiral limit has been performed at this stage and no subtraction has
been made (see Sections 4.2 and 4.4, respectively).
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4.2 Chiral extrapolation

Since the RI′–MOM scheme is mass independent, it is necessary to take the limit
of vanishing quark masses, which directly translates into a limit of vanishing pion
(pseudoscalar) mass. This was done by performing simulations on ensembles with
different pion masses and extrapolating to the chiral (i.e. massless) case. This is
referred to as taking the chiral limit. It is important to note that such a limit has
to be taken at fixed µ and β, or, equivalently, fixed µ and a.

Figure 4.2 shows the pion masses (squared) and lattice spacings of the en-
sembles used in this thesis (see Table 2.1). Since three distinct values of a were
considered, it was necessary to perform three separate chiral limits, each of which
were performed at fixed µ, for every Z-factor. The dashed lines in Figure 4.2
indicate which ensembles were used in the different chiral limits, and the open
symbols show the chiral points.
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Figure 4.2: The filled symbols show the ensembles used in this thesis, as a function
of the pion mass (squared) and lattice spacing. The dashed lines indicate how the
chiral limits are taken, and the open symbols show the chiral points.

Motivated by results from chiral perturbation theory, a fit of the from (see e.g.
[28])

ZRI′–MOM(a, µ,mπ) = z0 + z1(amπ)2 (4.11)

was used, where the fit parameter z0 was identified with ZRI′–MOM at the chiral
point. It should be noted that, in general, z0 and z1 depend on a and µ.

The fit in Equation 4.11 is not expected to work for the pseudoscalar current,
due to the so-called pion pole [42], and one must resort to a fit which involve more
parameters (see e.g. [28]). For this reason, the pseudoscalar current renormaliza-
tion factor was not considered in this thesis.

The ensembles used for each chiral limit did not, in general, have the same
grid size. For this reason, the simulations performed on different ensembles at
fixed β did not, in general, have measurements at exactly the same values of µ.
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However, an effort was made to make sure that there was a large overlapping
region of µ-values on the different ensembles. Since the chiral limit is taken at
fixed µ, it was necessary to perform an interpolation on some of the ensembles.

Following [28], we perform an interpolation on the larger (in terms of grid
points) ensembles, since the signal is expected to have less noise on the larger
lattices. One then evaluates the interpolation function at the momentum points
that were used on the smaller lattices.

The interpolation was performed with cubic splines in µ with three equidis-
tant (internal) knots (a knot is defined as a point where two neighboring spline
functions meet). The interpolation was carried out in Python [43], using the
LSQUnivariateSpline routine from the scipy package.

One example of the interpolation is shown in Figure 4.3 for the quark renor-
malization factor on the ensemble F7. The central curve shows the result of the
interpolation, and the two neighboring curves—which both lie very close to the
central curve—represent the statistical uncertainty involved in the interpolation,
the construction of the latter curves is discussed in Section 5.1.1.

The interpolations seemed to work rather well in general, sometimes with the
exception of the smallest values of µ, which in any case did not enter in the
final analysis (see Section 4.5). Any systematic uncertainty associated with the
interpolation was therefore neglected.

Examples of the chiral extrapolation of the vector current Z-factor are shown
in Figures 4.4, 4.5 and 4.6, for β = 5.20, 5.30 and 5.50, respectively. The chi-
ral extrapolations for the other Z-factors have, in general, the same qualitative
features.
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Figure 4.3: Interpolation of the quark renormalization factor on ensemble F7. The
red circles show the non-perturbatively computed data points, and the central
blue curve shows the result of the interpolation, and the two neighboring curves
(which both lie very close to the central curve, almost forming a continuous band)
represent the statistical uncertainty involved in the interpolation.
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Figure 4.4: The chiral extrapolation of ZV at β = 5.20 in the RI′–MOM scheme
for different values of µ. The ensembles A3, A4, A5 and B6 were used in this
extrapolation. The extrapolated values are shown with the symbol ×.
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Figure 4.5: Similar to Figure 4.4, but for β = 5.30, and using ensembles E5, F6,
F7 and G8.
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Figure 4.6: Similar to Figure 4.4, but for β = 5.50, and using ensembles N5, N6
and O7.

These linear fits did not work quite as well as hoped; it is seen that these fits
did not capture the full behavior of the Z-factors in the chiral limit: the error
bars—which only represent the statistical error—are typically not contained in
the fit, i.e. the fits typically lie outside of some of the data. Hence it would seem
to be a systematic deviation, and the error associated with this deviation will be
treated in Section 5.1.2.

4.3 The RGI scheme

The RI′–MOM scheme, defined in Section 3.2, works both perturbatively and
non-perturbatively. The fact that it works non-perturbatively means that the
renormalization coefficients can be computed numerically in lattice QCD, and the
fact that it works perturbatively allows one to perform a (finite) renormalization
to a scheme which is more commonly used in continuum QCD, e.g. the modified
minimal subtraction scheme MS.

It is expected that this non-perturbative renormalization prescription is suc-
cessful if µ satisfies [27]

a2Λ2
QCD � a2µ2 � 1, (4.12)

where the lower bound stems from the fact that continuum perturbation theory
has to be valid, allowing for conversions to different schemes, and the upper bound
stems from the fact that lattice artifacts—arising from the use of non-zero a—
should be small. One does not assume a priori that such a momentum window
for µ exists, rather, this is something which one must investigate carefully in the
actual simulations.

The Renormalization Group Invariant (RGI) scheme (see e.g. [28]) can provide
a clue whether the window in Equation 4.12 is realized in an actual simulation.
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Table 4.1: The lattice spacings a, chirally extrapolated average plaquettes P , and
values of aΛMS

Nf=2 that are used in this thesis. The lattice spacings, together with
their statistical and systematic errors, are taken from [23]. The values of aΛMS

Nf=2

and the associated errors are determined from [23], as described in Section 4.3.
See Appendix A for the calculation of P .

β a [fm] P aΛMS
Nf=2

5.20 0.0755(9)(7) 0.5388 0.119(8)
5.30 0.0658(7)(7) 0.5510 0.103(7)
5.50 0.0486(4)(5) 0.5731 0.076(5)

The RGI scheme is defined by

ZRGI := ∆ZS(µ)ZSbare(a, µ) (4.13)

where S is any renormalization scheme, and

∆ZS(µ) :=

(
2β0

gS(µ)2

16π2

)− γ0
2β0

exp

{∫ gS(µ)

0

dg′
(
γS(g′)

βS(g′)
+

γ0

β0g′

)}
(4.14)

where gS , γS and βS are the renormalized coupling, anomalous dimension, and
beta function, respectively, in scheme S, and γ0 and β0 are the respective (uni-
versal) 1-loop coefficients. See [28] for details. We employ the 3-loop expansion
of Equation 4.14 found in e.g. [36].

Following [28], we did not convert directly from RI′–MOM to RGI, but rather,
we used an intermediate scheme which is O(4) covariant in order to obtain more
reliable results (the RI′–MOM scheme is, in general, not covariant, and hence not
apt for computing anomalous dimensions [28]). For such an intermediate O(4)
covariant scheme, we used MS. This means that ΛQCD in Equation 4.12 is taken

as ΛMS
Nf=2. Hence ZRGI was computed as

ZRGI := ∆ZMS(µ)ZMS
RI′–MOM(µ)ZRI′–MOM(a, µ). (4.15)

The conversion in Equation 4.15 involves the scale parameter of continuum
QCD—with Nf = 2—in the MS scheme, in lattice units: aΛMS

Nf=2. Again, see
[28] for details of the conversions between schemes. Table 4.1 shows the values
of aΛMS

Nf=2 that are used in this thesis. Also shown in Table 4.1 are the lattice
spacings a that are used in this thesis, together with the statistical and systematic
errors, which have been taken from [23].

In [23], the numerical result ΛMS
Nf=2 = 310(20) MeV is determined. This value,

together with the lattice spacings in Table 4.1, allows one to compute the products
aΛMS

Nf=2, which is also shown in Table 4.1. The errors in aΛMS
Nf=2 have been

computed by first adding the two errors for the lattice spacing (see Table 4.1) in
quadrature, and then using the usual error propagation formula for a product of
two (uncorrelated) random variables.

The main idea behind the RGI scheme is that the renormalization factors in
this scheme are independent of µ,

d

dµ
ZRGI = 0, (4.16)
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if the lattice artifacts are small. In such a case we have ZRGI = ZRGI(a). Equa-
tion 4.16 is straightforward to prove by simply differentiating Equation 4.13 with
respect to µ, and using Equation 4.14 together with the definitions [28]

γS := − 1

ZSbare

µ
d

dµ
ZSbare,

and

βS := µ
d

dµ
gS(µ).

In practice, one can not assume a priori that the lattice artifacts are small,
and one should expect to have

ZRGI = ZRGI(a, µ) = ZRGI
a + d1(aµ)2 + d2(aµ)4 + . . . .

where ZRGI
a is independent of µ (see [28] for an explanation of why only even

powers of aµ are expected to appear). To get an idea of the effect of such lattice
artifacts, we compared ZRGI (unsubtracted, as explained in Section 4.4) for the
one-link irrep DV2 for two different lattice spacings: a = 0.0486 fm and a = 0.0755
fm (corresponding to β = 5.50 and β = 5.20, respectively). This is shown in
Figure 4.7, and it is seen that the µ-dependence is more prominent in the case of
a larger lattice spacing, just as one would naively expect.

0 2 4 6 8 10 12 14

1.5

1.6

1.7

µ [GeV]

Z
R
G
I

D
V
2

β = 5.50, a = 0.0486 fm

β = 5.20, a = 0.0755 fm

Figure 4.7: The renormalization factor ZDV2 in the RGI scheme, for β = 5.50 and
β = 5.20. The chiral limit has been taken, but no subtraction has been performed
(see Section 4.4). Note that the µ-dependence is less prominent for the smaller
lattice spacing a, at least in a region where continuum perturbation theory safely
can be used. This is just as one would expect in the RGI scheme—a scheme where
lattice artifacts manifest themselves only as deviations from dZRGI/dµ = 0 (see
Equation 4.16).

However, it is also seen in Figure 4.7 that, although there are points where
the slope vanishes, there is no distinguished plateau in µ were one could safely
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conclude that Equation 4.16 holds. Also, it is easy to show that, in both cases,
the slope vanishes in a region where aµ ∈ [1, 2], which means that the upper
bound of Equation 4.12 is not satisfied. Hence, at this stage that we do not have
a momentum window in which we expect our non-perturbative renormalization
prescription to be successful.

There is still a way forward, however, since it is possible, using lattice per-
turbation theory, to subtract some of the lattice artifacts, and hence enlarge the
momentum window. This amounts to dealing with the lattice artifacts explicitly
instead of simply relying on the upper bound of Equation 4.12 to hold. We now
turn to such a subtraction of lattice artifacts.

4.4 Subtraction of lattice artifacts at one loop in
lattice perturbation theory

As described in Section 4.3, it is necessary to remove lattice artifacts in order
to find a sufficiently distinguished plateau in ZRGI. The lattice artifacts which
are present in ZRGI are inherited from the lattice artifacts present in ZRI′–MOM.
Because of this, the subtraction of lattice artifacts is performed in the scheme
from which they originate, namely the RI′–MOM scheme. Since this scheme is
massless, the chiral limit is taken before the subtraction is carried out.

On a conceptual level, lattice perturbation theory is similar to the more famil-
iar continuum perturbation theory [12]. The Feynman rules in lattice perturbation
theory are derived from the chosen action by performing an expansion in terms
of some expansion parameter gexp. In our case, the O(a)-improved Wilson action
is used. Propagators and vertex functions can then be computed to any order
in the expansion parameter by writing down all allowed diagrams and using the
Feynman rules.

On a technical level, however, lattice perturbation theory is quite different
from continuum perturbation theory. For instance [12]:

• There are infinitely many vertices in lattice perturbation theory. They arise
from expanding the gauge links U in terms of the continuum gauge fields
A, which are the relevant fields for performing a perturbative expansion.
Fortunately, at any finite order in the expansion parameter gexp, there are
only a finite number of vertices that are allowed.

• Analytical calculations are in general much more cumbersome in lattice
perturbation theory compared to continuum perturbation theory. This is
partially due to the frequent appearance of trigonometric functions, e.g.
sin[a(p − p′)µ/2], since such functions appear in all of the Feynman rules.
The appearance of periodic functions is consistent with the periodic nature
of the momentum in lattice QCD (see Section 2.6).

In continuum perturbation theory one relies heavily on certain algebraic
manipulations to achieve simplifications, however, due to the appearance of
trigonometric functions, such manipulations are not necessarily possible in
lattice perturbation theory.

• The integrals which arise from loop diagrams cannot, in general, be calcu-
lated in closed form. Instead, these integrals have to be evaluated numeri-
cally.
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Lattice perturbation theory is carried out in the infinite volume limit, which
explains the appearance of momentum integrals instead of discrete momentum
sums when loop diagrams are calculated. In such an integral one integrates over
momenta in the range (−π/a, π/a] (see Section 2.6).

As explained in Section 4.1, lattice perturbation theory is not commonly em-
ployed to calculate e.g. propagators and vertex functions, due to slow convergence
rates. However, it is important to note that we will utilize lattice perturbation
theory in a conceptually different way—in this thesis, all propagators and vertex
functions have already been computed non-perturbatively, and lattice perturbation
theory is only used to remove lattice artifacts.

We begin by writing down all allowed Feynman diagrams up to 1-loop order
for the quark propagator and the amputated Green’s functions. This is shown in
Figures 4.8 and 4.9 respectively, where the operator insertion—which arises from
the insertion of the operator O in Equation 4.1—is denoted by ⊗. The vertices
and Feynman rules associated with the operator insertion can be found simply by
expanding the relevant amputated Green’s function in terms of gexp, see e.g. [12]
for an explicit calculation.

The respective tree level diagrams are shown in Figures 4.8a and 4.9a. Since
the currents do not contain any gluon fields, only the diagrams shown in Figure
4.9a–4.9b are allowed. For the one-link operators—which do contain gluon fields—
one needs the full set of diagrams in Figure 4.9.

(a) (b) (c)

Figure 4.8: All Feynman diagrams up to 1-loop order for the quark propaga-
tor. The tree level diagram is shown in (a). The vertex in diagram (c) has no
continuum analog.

(a) (b)

(c) (d) (e)

Figure 4.9: All Feynman diagrams up to 1-loop order for the amputated Green’s
functions. Since the Green’s functions are amputated, the external propagators
are not to be included when evaluating the diagrams. The tree level diagram is
shown in (a) and the operator insertion is denoted by ⊗. Only diagrams (a)–
(b) are relevant for the currents, whereas all diagrams (a)–(e) are needed for the
one-link operators.
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Using the Feynman rules, one can now in principle write down explicit formu-
las for the quark propagator and amputated Green’s functions to 1-loop order.
Inserting these expressions into Equations 3.5 and 3.9 we obtain the Z-factors in
the RI′–MOM scheme to 1-loop order, which is written schematically as

ZRI′–MOM
pert., 1-loop(a, µ) = 1 + g2

expF (g2
0 , aµ),

where F can in principle be obtained from the Feynman rules.
Now, there is a trick, first suggested in [28], that will allow us to subtract (i.e.

remove) all lattice artifacts of the form g2
exp(c1(aµ)2 + c2(aµ)4 + . . .). The trick is

to realize that F contains the same lattice artifacts as a non-perturbative calcu-
lation would produce, and based on this perform two separate, slightly different
evaluations involving F :

1. The analytical approach: F can be divided into two parts: one part which
only contains the lattice artifacts (c1(aµ)2 + c2(aµ)4 + . . .), and one part
which only contains pieces which are either finite or divergent as a → 0.
The former part cannot be computed analytically, however, the latter part,
which will be denoted F ′, can be computed analytically.

2. The numerical approach: simply compute F numerically.

It is now seen that one can isolate the lattice artifacts which are present at order
g2

exp:

c1(aµ)2 + c2(aµ)4 + . . . = F (g2
0 , aµ)− F ′(g2

0 , aµ), (4.17)

where F (g2
0 , aµ) can be computed numerically and F ′(g2

0 , aµ) can be computed
analytically.

The 1-loop artifacts were only computed for Zq and the Z-factors of the cur-
rents; the subtraction of lattice artifacts for the one-link operators is outside the
scope of this thesis and remains a topic for future work. From here and on, the
analysis will not include the one-link operators, only Zq, ZS , ZV , ZA and ZT .

This thesis uses [44] for the analytical results F ′. In the analytical calculations,
the Sheikholeslami–Wohlert coefficient is set to its tree-level value cSW = 1, which
is consistent to 1-loop order [44]. The routines HiPPy and HPsrc [45] are used
for the calculation of the Feynman rules and for the numerical evaluation of the
Feynman diagrams, respectively. For a review on automated lattice perturbation
theory, see [46].

Figure 4.10 shows the 1-loop lattice artifacts for Zq, ZS , ZV , ZA and ZT , for
β = 5.30, in the RI′–MOM scheme. The lattice artifacts have been computed
using Equation 4.17. Note that the lattice artifacts tend to zero as aµ → 0, just
as expected. Also note that the lattice artifacts are quite large for ZS .

Now that all lattice artifacts to order g2
exp are known, it is a simple matter to

subtract them from the non-perturbatively computed Z-factors. Using Equation
4.17 one finds

ZRI′–MOM
sub., 1-loop(a, µ) := ZRI′–MOM(a, µ)− g2

exp

{
c1(aµ)2 + c2(aµ)4 + . . .

}
(4.18)

= ZRI′–MOM(a, µ)− g2
exp

{
F (g2

0 , aµ)− F ′(g2
0 , aµ)

}
. (4.19)

One obvious choice for the expansion parameter gexp is the bare (lattice) cou-
pling g0. However, it turned out that one obtained more distinguished plateaus
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Figure 4.10: The 1-loop lattice artifacts, computed from Equation 4.17, for
Zq, ZS , ZV , ZA and ZT in the RI′–MOM scheme at β = 5.30.

for ZRGI by using instead the so called boosted coupling gb [40]:

g2
b :=

g2
0

P (g0)
, (4.20)

where P is the average plaquette, which will now be discussed. Similar conclusions
regarding the preferred choice of gexp have been reported in e.g. [28, 36, 47, 48].

The average plaquette P is defined as

P (g0) :=
1

3

〈
trUplaq

〉
P

(4.21)

where 〈·〉P is a gauge average, as well as an average over all (oriented) plaquettes
(defined in Equation 2.7). The trace is taken over color indices. The normalization
in Equation 4.21 is chosen so that P is unity for the free theory, i.e. when all gauge
links are trivial.

The subtraction is carried out in the chiral limit, which means that P must be
taken at the chiral point. Table 4.1 shows the average plaquettes that were used
in this thesis. The chiral extrapolation that was performed to obtain the values
in Table 4.1 is deferred to Appendix A.

After the subtraction in Equation 4.18 had been carried out, it was noted
that there was, for sufficiently large values of µ, a substantial reduction in the
µ-dependence of ZRGI. This is shown in Figures 4.11, 4.12, 4.13, 4.14 and 4.15,
for Zq, ZS , ZV , ZA and ZT , in the RGI scheme, for β = 5.50. However, there was
still a definite residual µ-dependence, which will be treated in the next section.
From here on we will always assume that the subtraction in Equation 4.18 has
been carried out, unless stated otherwise.

One could in principle repeat this entire procedure including also the 2-
loop diagrams, and hence ultimately remove all artifacts which have the form
g2

exp(c1(aµ)2 + c2(aµ)4 + . . .) and g4
exp(c′1(aµ)2 + c′2(aµ)4 + . . .). However, to carry
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out such a calculation would be extremely challenging, owing to the fact that, first
of all, there is a substantial number of diagrams, and secondly, the loop integrals
are much more involved.
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Figure 4.11: The unsubtracted and subtracted values of Zq, in the RGI scheme,
for β = 5.50.
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Figure 4.12: Similar to Figure 4.11, but for ZS .
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Figure 4.13: Similar to Figure 4.11, but for ZV .
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Figure 4.14: Similar to Figure 4.11, but for ZA.
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Figure 4.15: Similar to Figure 4.11, but for ZT .

4.5 Extracting the renormalization factors

If one were to observe a perfect plateau according to Equation 4.16 for ZRGI, one
could simply fit a constant to the data and subsequently read off one final value
for this particular ZRGI. One could then use continuum perturbation theory (see
Section 4.3) to convert this result to any renormalization scheme, at any chosen
renormalization scale—where perturbation theory works—e.g. MS at 2 GeV. It
should be noted, however, that such a conversion would introduce an additional
statistical uncertainty, since the conversion factors are only known up to 3-loop
order.

However, as noted in Section 4.4, we did not observe perfect plateaus for ZRGI.
Instead, we found that there was typically some remaining µ-dependence, which
has also been reported in e.g. [28, 36, 47, 48]. Such a remaining µ-dependence may
indicate that there are still lattice artifacts present, which is not very surprising
seeing as how the subtraction performed in Section 4.4 was only a subtraction of
the leading (i.e. 1-loop) lattice artifacts.

As argued in Section 4.4, the lattice artifacts originate from the non-perturbative
calculation in the RI′–MOM scheme. Since we want to perform a fit in the RGI
scheme, the conversion factors of Equation 4.15 have to be taken into account
when selecting the fit function.

We took the fit function [28]

ZRGI
sub (a, µ) = d0

{
1 + d1

[
gMS(µ)

]8}
+ d2(aµ)2∆ZMS(µ)ZMS

RI′–MOM(µ) (4.22)

where gMS(µ) is the renormalized coupling in the MS scheme. The term d1

[
gMS(µ)

]8
takes into account that the conversion factors between the different renormaliza-
tion schemes is known up to 3-loop order only (again, see [28] for details). Because
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such conversion factors are calculated in continuum perturbation theory, they do
not depend on β (or, equivalently, on a). For this reason the fits in Equation 4.22
were performed simultaneously for all values of β, where the fit parameters d0

and d2 were allowed to depend on β, but d1 was not.
Not all values of µ were included in the fit; to conform with the lower bound

Λ2
QCD � µ2 (actually, we want to have

(
ΛMS
Nf=2

)2 � µ2) from Equation 4.12, we
took µmin = 3 GeV as the lower limit of the fit interval.

In general, the upper bound a2µ2 � 1 from Equation 4.12 is not fulfilled.
Instead, relying on the perturbative subtraction to remove the leading lattice
artifacts, we took (aµ)max = 2.75 as the upper limit of the fit interval. This
corresponds to µmax = 7.2 GeV, 8.2 GeV and 11.2 GeV, for β = 5.20, 5.30 and
5.50, respectively.

The fit in Equation 4.22, applied to the subtracted data, is shown in Fig-
ures 4.16, 4.17, 4.18, 4.19 and 4.20, for Zq, ZS , ZV , ZA and ZT , respectively. All
available values of β are shown.

The fits typically worked well for large and intermediate values of µ in the fit
intervals, however, it is seen that the fits did not work very well near the lower
limit µmin = 3 GeV of the fit interval. This is not surprising: the statistical error
is typically smaller for higher values of µ, and since all fits are χ2-fits (see Section
5.1.1), this means that measurements at higher values of µ are typically assigned
higher statistical weights.

For each of the operators, the fit parameter d0 in Equation 4.22 was taken as
the final value of the Z-factor in the RGI scheme. The final results are presented
in Chapter 5.
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Figure 4.16: The values of Zq in the RGI scheme, together with the fit from
Equation 4.22. The fit interval is chosen as µmin = 3 GeV and (aµ)max = 2.75,
the latter corresponds to µmax = 7.2 GeV, 8.2 GeV and 11.2 GeV, for β = 5.20,
5.30 and 5.50, respectively. The subtraction of leading lattice artifacts, described
in Section 4.4, has been carried out. All available values of β are shown.
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Figure 4.17: Similar to Figure 4.16, but for ZS
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Figure 4.18: Similar to Figure 4.16, but for ZV
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Figure 4.19: Similar to Figure 4.16, but for ZA
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Figure 4.20: Similar to Figure 4.16, but for ZT
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Chapter 5

Results and analysis

5.1 Error estimation

In order to have some understanding of the reliability of our estimates of the
Z-factors, it is paramount to attempt to account for all uncertainties in these es-
timates. Such uncertainties are divided into two separate categories, which stems
from the fact that an uncertainty can have two conceptually different origins. One
considers

• Statistical errors, which arise due to statistical fluctuations in the measure-
ments. Such errors are expected to decrease as one increases the number of
measurements.

• Systematic errors, which arise due to a systematic mistreatment of the data.
Such errors are not expected to decrease as one increases the number of
measurements.

We now investigate the influence of such uncertainties in detail.

5.1.1 Estimating the statistical errors

Due to the fact that we used Monte Carlo integration to estimate path integrals, it
is inevitable that the final results have statistical errors. The statistical error asso-
ciated with the Monte Carlo simulations was estimated using jackknife resampling
[49], which utilizes so called statistical resampling, as will now be explained.

Assume that one has performed N uncorrelated measurements Qk, with k =
1, 2, . . . , N , of some quantity Q. Using these measurements, one can calculate an
estimate of Q:

Q :=
1

N

N∑
k=1

Qk.

Note that such an estimate uses all N measurements. The idea behind jackknife
resampling is to also consider additional estimates of Q, which are computed using
only N − 1 of the measurements. Let Ql denote an estimate which excludes the
measurement Ql:

Ql :=
1

N − 1

∑
k 6=l

Qk.
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Such a quantity is called a resampling of Q. The jackknife estimate of the error
is [49]

σ2
Q =

N − 1

N

N∑
l=1

(
Ql −Q

)2
. (5.1)

The final result for the estimate of Q will be given as Q ± σQ. The prefactor
(N − 1)/N stems from the fact that one ultimately reuses measurements. The
statistical error is expected to scale as 1/

√
N .

We now comment on the case where one is interested in a function h(Q,R, . . .)
of several different quantities Q,R, . . .. Assuming one has performed measure-
ments Qk, Rk, . . . , where k = 1, 2, . . . , N , one takes

h := h
(
Q,R, . . .

)
as an estimate of h, and one combines the jackknife samples according to [50]

hl := h
(
Ql, Rl, . . .

)
. (5.2)

An example where jackknife samples were combined in this way is found in
Section 4.2: the chiral fits. In the calculations leading up to the chiral fits,
measurements were performed separately on each ensemble, and jackknife samples
were formed on each ensemble. These jackknife samples were then combined
according to Equation 5.2 to form the jackknife samples for the chiral fit.

The statistical error associated with the interpolation (with cubic splines) in
Section 4.2 was also estimated using jackknife resampling. A separate interpola-
tion was performed on each jackknife sample, and by evaluating these interpolated
curves at some µ, Equation 5.1 was used to estimate the error at this µ (where Q
now denotes the result from the interpolation, where all samples were used; and
Ql denotes the result from the interpolation, where the l-th sample was left out).

This procedure is illustrated in Figure 4.3, were the central curve is the result of
the interpolation, and the two neighboring curves—which represent the statistical
error—have been constructed by computing the jackknife error of the interpolation
for a large set of µ-values, and then drawing a curve which shows the values of
Q + σQ (the upper curve), and a curve which shows the values of Q − σQ (the
lower curve).

A comment about how the fit parameters in Equations 4.11 and 4.22 were
obtained is in order. Assume a fit function f is to be fitted to a set of uncorrelated
data points (xk, yk, σk), where σk is the statistical error of yk. The fit parameters
in f are chosen such that χ2, defined as

χ2 :=
∑
k

(
yk − f(xk)

σk

)2

, (5.3)

is minimized. The fits were carried out in Python [43], using the leastsq routine
from the scipy package. The statistical errors in the fit parameters were estimated
using jackknife resampling: we performed a separate fit on each jackknife sample,
and used Equation 5.1 to estimate the statistical error of each fit parameter (where
Q now denotes a fit parameter, where all samples were used in the fit; and Ql
denotes a fit parameter, where the l-th sample was left out in the fit) [51].

One of the major benefits of using statistical resampling is that one does not
have to deal with calculating error propagation, which can be quite cumbersome
when dealing with fits and interpolations.
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5.1.2 Estimating the systematic errors

There are several sources of systematic errors that have already been discussed,
e.g. the Gribov ambiguity (Section 3.3) and interpolation with cubic splines (Sec-
tion 4.2), and, as argued in their respective sections, these uncertainties will be
neglected.

We now turn our attention to sources of systematic errors which require a
more detailed study.

Errors from the chiral extrapolation

As noted in Section 4.2, the linear chiral extrapolation did not fully capture the
mπ-dependence in the chiral limit. If one were to note a linear behavior for small
values of m2

π, one could attempt to estimate the systematic error by repeating
the analysis with fits quadratic in m2

π, i.e. adding a term z2(amπ)4 to the linear
fit in Equation 4.11.

However, such a linear behavior was not noted. However, it was noted that
the linear fits worked very well for β = 5.20 if the ensemble B6 was excluded,
i.e. if only ensembles A3, A4 and A5 were used in the fit. This may indicate
that the Z-factors have a mild, non-negligible volume dependence; seeing as how
A3, A4 and A5 all have the same volume, and B6 have a larger volume. This
observation does of course not prove that there is a volume-dependence, and a
thorough investigation would be needed in order to reach a clear conclusion.

We will repeat the analysis using

ZRI′–MOM(a, µ,mπ) = z0 + z1(amπ)2 + z2e−mπL (5.4)

in order to estimate the systematic error from the chiral extrapolation. Recall
from Section 2.5 that finite-volume effects are expected to be of order e−mπL.
This type of fit has been used in e.g. [52], to estimate finite volume effects when
calculating the nucleon axial charge.

The difference between the results of the original and repeated analyses was
used to estimate the systematic error from the chiral extrapolation.

Errors from the continuum perturbation theory

It was noted in Section 4.3 that the numerical value of aΛMS
Nf=2 enters in the

conversion factors that are used to change renormalization schemes. Following
[28], in order to estimate the systematic error associated with the particular choice
of this numerical value, we repeated the analysis using two different sets of values

for aΛMS
Nf=2—these two sets were formed by adding, respectively subtracting, the

error of aΛMS
Nf=2, found in Table 4.1.

The difference between the results of the original and repeated analyses serve
as an estimate of the systematic error. We took the largest such difference as the
estimate of the systematic error.

Errors from the final extraction

In Section 4.5, where we performed a fit to extract the final values of the Z-factors,
it was necessary to choose a lower bound µmin and an upper bound (aµ)max, which
together determined the interval in which the fit was performed. To estimate the
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systematic error associated with the choice of µmin and (aµ)max, we repeated
the analysis using two new intervals: first, setting µmin = 4 GeV and keeping
(aµ)max = 2.75; and second, keeping µmin = 3 GeV and setting (aµ)max = 2.5.

Again, the largest difference between the results of the original and repeated
analyses was used as an estimate of the systematic error.

5.2 The renormalization factors

Our final results for the renormalization factors in the RGI scheme were obtained
from the fit in Equation 4.22. The subtraction described in Section 4.4 had
been utilized to remove the leading lattice artifacts, using 1-loop (boosted) lattice
perturbation theory. The final results, including their respective errors, are shown
in Table 5.1. The error estimation is described in Section 5.1, and the errors are
presented in the following order:(

statistical
fluctuations

)
︸ ︷︷ ︸

Statistical
error

(
chiral

extrapolation

) (
value of
aΛMS

Nf=2

) (
final fitting
procedure

)
︸ ︷︷ ︸

Systematic
errors

,

where the origin of each error is listed within their respective parentheses.
We adopt the convention set out in [53] regarding the number of significant

digits used in the final results. It is seen from Table 5.1 that the statistical error
is never dominant, instead, it is always the systematical errors that are dominat-
ing. Among the different systematic errors, no error is seen to be consistently
dominating.

Table 5.1: The final results for the Z-factors, in the RGI scheme, for different val-
ues of β. In obtaining these results, leading lattice artifacts were subtracted using
1-loop (boosted) lattice perturbation theory (see Section 4.4). The fit function in
Equation 4.22 was used to extract the final results. The first error is statistical,
and the last three errors are systematic, as described in the text.

Op. ZRGI(β = 5.20) ZRGI(β = 5.30) ZRGI(β = 5.50)

Zq 0.7407(1)(21)(0)(19) 0.7522(1)(8)(0)(19) 0.7719(0)(22)(0)(16)

S 0.475(3)(15)(4)(7) 0.473(2)(9)(4)(7) 0.458(1)(9)(3)(5)

V 0.727(0)(5)(0)(2) 0.7425(1)(12)(2)(18) 0.761(0)(5)(0)(1)

A 0.7535(2)(7)(0)(2) 0.7662(2)(10)(0)(2) 0.7840(1)(23)(0)(2)

T 0.8989(2)(20)(24)(10) 0.9147(1)(1)(25)(4) 0.9453(1)(16)(24)(3)
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Chapter 6

Conclusions and discussion

In this master thesis, the RI′–MOM renormalization scheme was implemented
non-perturbatively using lattice QCD. Numerical simulations were performed on
gauge ensembles with different pion masses, which allowed for the chiral limit to
be taken. In an effort to reduce the influence of lattice artifacts—which arise
due to a non-zero spacetime lattice spacing—a subtraction of the leading lattice
artifacts was carried out using (boosted) lattice perturbation theory at one loop.
It was found that the subtraction was an essential step in the calculation, ensuring
that the effects from lattice artifacts were manageable.

The RGI renormalization scheme was used as a tool to understand the influ-
ence of the lattice artifacts, as well as for providing some idea of when continuum
perturbation theory becomes applicable. A final fit was carried out in the RGI
scheme in order to extract the final values of the renormalization factors. The
final fits worked well in general. It was found for the final results that the dom-
inating errors were systematic, which means that one cannot reduce the overall
uncertainty simply by performing more measurements.

The chiral fits, however, did not work as well as hoped. The systematic error
associated with the chiral fits was estimated by considering a fit which attempts
to account for finite volume effects. This was motivated by noting that the chiral
fits worked very well for β = 5.20, if restricted to ensembles which have the same
volume, but smaller L, i.e. A3, A4 and A5.

However, in order to make a conclusive statement regarding the volume-
dependence, it would be necessary to investigate more carefully how the Z-factors
depend on the volume. One way to proceed would be to perform measurements on
additional gauge ensembles, preferably ensembles which have the same pion mass
and lattice spacing, but different volumes. This would allow a non-ambiguous
determination of the volume-dependence of the Z-factors.

If such ensembles are not available, or if such simulations would prove to be
too expensive, one might use ensembles which have the same lattice spacing and
volume, but different pion masses. One could then observe how well the chiral fits
work when restricted to ensembles with the same volume, and compare this to the
case where there is no such restriction. This way of proceeding may give a hint if
the observed trend at β = 5.20 for the ensembles A3, A4 and A5 is statistically
significant.

As is inevitable in lattice QCD, all simulations were performed at non-zero
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lattice spacing a, and hence one must perform a continuum limit (see Section 3.2).
As briefly described in Section 3.5, this limit is not performed for the Z-factors
themselves, but rather, for renormalized matrix elements.

The study of the continuum limit of renormalized matrix elements would be a
natural next step to the analysis presented in this thesis. Depending on existing
measurements, such a study may require the calculation, in lattice QCD, of the
relevant bare matrix elements—which by no means is a trivial task. By analyzing
the smoothness of the continuum limit for the renormalized matrix elements, one
may get an idea of the reliability of the Z-factors that have been computed in
this thesis.

Another topic of future work would be to perform both the subtraction and
the final fits for the Z-factors of the one-link operators (see Section 3.4).
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Appendix A

The average plaquette

In this appendix we perform the chiral limits of the average plaquettes P (defined
in Equation 4.21) for the CLS ensembles (see Table 2.1). The ALPHA Collab-
oration [54] has performed measurements of the average plaquette on the CLS
ensembles, and these measurements, available at [54], will be used to perform the
extrapolations.

Following [55], a fit of the form

P (g0) = p0 + p1(amπ)2 (A.1)

was used, where the fit parameter p0 was identified with P (g0) at the chiral point.
The chiral fits, along with the measurements, are shown in Figure A.1. It is seen
that the linear fits works rather well, and that the pion mass dependence was
quite mild for all the considered values of β.

The values of the chirally extrapolated average plaquettes are listed in Ta-
ble 4.1. The statistical errors in the ALPHA Collaboration measurements were
typically smaller than 0.01% and the errors in the fit parameters were therefore
neglected.
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Figure A.1: The chiral extrapolations of the average plaquette on the CLS en-
sembles. The measurements of P on the CLS ensembles were carried out by the
ALPHA Collaboration [54]. The filled symbols show the values of P at the chiral
point.
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