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Abstract

In this project we introduce the general idea of geometric quantization and demonstrate
how to apply the process on a few examples. We discuss how to construct a line bundle
over the symplectic manifold with Dirac’s quantization conditions and how to determine if
we are able to quantize a system with the help of Weil’s integrability condition. To reduce
the prequantum line bundle we employ real polarization such that the system does not
break Heisenberg’s uncertainty principle anymore. From the prequantum bundle and the
polarization we construct the sought after Hilbert space.

Sammanfattning

I detta arbete introducerar vi geometrisk kvantisering och demonstrerar hur man utför
denna metod på några exempel. Sen diskuterar vi hur man konstruerar ett linjeknippe med
hjälp av Diracs kvantiseringskrav och hur man bedömer om ett system är kvantiserbart
med hjälp av Weils integrarbarhetskrav. För att reducera linjeknippet så att Heisenbergs
osäkerhetsrelation inte bryts, använder vi oss av reell polarisering. Med det polariserade
linjeknippet och det ursprungliga linjeknippet kan vi konstruera det eftersökta Hilbert
rummet.
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1 Introduction

Classical physics gives us a very satisfactory description of the macroscopic level of our
world. It does not though, provide an explanation at the microscopic level. Here it fails
to provide an explanation for numerous phenomena and directly contradicts experimental
results. One experiment that classical physics failed to provide an answer for is the Stern-
Gerlach experiment.

The stability of atoms is one of the areas that classical physics failed to provide an answer.
We knew back in the early 1900s that the atom consisted of smaller nucleus and the point-
like electron but in classical physics these type of structure would be highly unstable and
collapse immediately. Another area were classical physics could not provide an explanation
is the appearance of wave particle duality, that resulted from the two-slit experiment. An
extensive treatment on these concepts and experiments can be found in any quantum me-
chanics book, for example see [9].

Two equivalent mathematical models were provided by Heisenberg and Shrödinger which
were able to explain these areas, where classical physics failed. These models are known
as quantum mechanics. It describes quantum behaviour of point particles under external
forces in flat space. Quantization is the process that takes you from classical mechanics to
quantum mechanics.

In Bohr’s and Heisenberg’s correspondence principle it was suggested that the system
described by quantum theory must tend asymptotically to those results obtained from
classical physics, in the limit of large quantum numbers. Geometric quantization follows
more along the path that Dirac suggested: that the correspondence should not come from
the amount of quantum numbers; it should be based on the mathematical structure.

As the name implies this scheme tries to provide a geometric understanding of quantization,
within a rigorous mathematical frame work of symplectic geometry. It is the purpose of
this project to give an insight to this method and to demonstrate how symplectic geometry
can be used for quantization.

Out of the different quantization methods, the first procedure that physicist students is
introduced to is the canonical quantization; where the canonical coordinates are variables
expressed in phase space characterized by the Lie algebra formed using Poisson brackets.
Canonical quantization consists in expressing the same Lie algebra with the coordinates in
Hilbert space.

Even though canonical quantization was applied successfully, this quantization method
comes with some drawbacks. In fact it depends on the initial choice of generalized coordi-
nates, it is not invariant under canonical transformation and the domain of the operator
is undetermined. Geometric quantization is a method to overcome and answer these pro-
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blems, within the extended mathematical framework of symplectic geometry.

2 Symplectic Geometry

2.1 Symplectic vector space

A skew-symmetric bilinear map ω, is symplectic if it is bijective (injective and surjective).
Then it is a map called a symplectic structure on the vector space V and (V,ω) is called
a symplectic vector space. That is, a symplectic vector space (V,ω) where

ω(αX + βY,Z) = αω(X,Z) + βω(Y,Z) (2.1a)
ω(X,Y ) = −ω(Y,X) (2.1b)
X ⌟ ω = 0 iffX = 0 (2.1c)

for all X,Y ∈ V and α,β ∈ R or in C.

As the skew-symmetric differential form is bijective it cannot have an odd dimension,
since an odd dimensional differential form is not invertible. Hence the symplectic vector
space always has to have an even dimension.

A symplectic vector space (V,ω) of dimension 2n has a basis {e1, . . . , en, f1, . . . , fn} cal-
led a symplectic frame, that satisfies

ω(fi, ej) =
δji
2

(2.2a)

ω(ei, ej) = 0 (2.2b)
ω(fi, fj) = 0 (2.2c)

for i, j = 1 . . . n, where the Einstein summation convention has been used. If one takes F
to be spanned by {fi} and E to be spanned by {ej} then V is the direct sum of E and F .
Then with the two-form we are able to identify F with the dual space of E, as ω maps F
to E∗

ω ∶F → E∗ (2.3a)
fi ↦ 2ω(fi, ●). (2.3b)

This map is an isomorphism, because it is only zero when the subspace is Lagrangian. This
means that one can represent the vector space (V,ω) as V = E∗ ⊕E.

If we have a symplectic vector space, (V,ω) then a linear map that maps

ρ ∶ V → V

ω(ρX,ρY ) = ω(X,Y )
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is called a canonical transformations of a symplectic vector space, for every X,Y ∈ V . As
this type of transformation has a unit determinant the symplectic vector space has then a
natural orientation and a volume form [11].

The symplectic complement of N ⊂ V where V is the symplectic vector space (V,ω),
is

N⊥ = {X ∈ V ∣ω(X,Y ) = 0∀Y ∈ N}. (2.4)

With this complement, different types of subspaces can be defined as following:

N is a isotropic subspace whenever N ⊂ N⊥

N is a coisotropic subspace whenever N⊥ ⊂ N
N is a symplectic subspace whenever N⊥ ∩N = {0}
N is a Lagrangian subspace whenever N⊥ = N

From eq.(2.2c) it is deductible that when the subspace is Lagrangian, then the differential
two-form is always zero. It is feasible to demonstrate that we can always find a Lagrangian
subspace, and that it has half the dimension of the vector space. This is also the alternative
way to prove that every symplectic vector space has an even dimension. The proof of this
can be read in [11].

2.2 Symplectic manifolds

Symplectic geometry is the study of symplectic manifolds; a symplectic manifold, (M,ω)
is a smooth manifold combined with a closed non-degenerate bilinear invertible global
two-form. The closed condition implies that the exterior derivative of the two-form is zero,

dω = 0
d2 = 0

d ∶ Ωk(M)→ Ωk+1(M).
(2.6)

The symplectic manifold arise as naturally as both the phase space and configuration space
of classical systems, where the two-form is the geometrical structure.

For the same reasoning as for the symplectic vector space, the bijective skew-symmetric
two-form forces the symplectic manifold to be of an even dimension.

Another type of transformations that is of importance is the symplectic map. With two
symplectic manifolds (M,ω) and (N,σ) then

φ ∶M → N (2.7a)
φ∗σ = ω (2.7b)

where φ∗ is the pullback; φ is then called a symplectomorphism.
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With the help of a few example we can demonstrate what a symplectic manifold is. Then
we conclude this section with an example on how to use this language.

Example. If we let M = R2n with the linear coordinates x1, . . . , xn, y1, . . . , yn. Then the
two-form

ω =
n

∑
i=1
dxi ∧ dyi (2.8)

is a symplectic structure and hence (M,ω) is a symplectic manifold. ◻

Example. If M is a two-dimensional orientable manifold and ω is the volume form. Then
(M,ω) is always a symplectic manifold because ω is both closed and nondegenerate. ◻

Example. If we have a symplectic manifold (M,ω) then we want to prove that σ ∈ Ω2(M)
is closed when

σ = 1
r3(xdy ∧ dz + ydz ∧ dx + zdx ∧ dy) (2.9a)

r2 = x2 + y2 + z2. (2.9b)

When we deal with differential forms in calculations, it is important to remember that they
are antisymmetric, eq. (2.1b). With that in mind

dσ = −3
2

2x 1
(x2 + y2 + z2)5/2xdy ∧ dz ∧ dx +

1
(x2 + y2 + z2)3/2dy ∧ dz ∧ dx

−3
2

2y 1
(x2 + y2 + z2)5/2 ydz ∧ dx ∧ dy +

1
(x2 + y2 + z2)3/2dz ∧ dx ∧ dy

−3
2

2z 1
(x2 + y2 + z2)5/2 zdx ∧ dy ∧ dz +

1
(x2 + y2 + z2)3/2dx ∧ dy ∧ dz =

( 3
(x2 + y2 + z2)3/2 −

3(x2 + y2 + z2)
(x2 + y2 + z2)5/2)dx ∧ dy ∧ dz =

( 3
(x2 + y2 + z2)3/2 −

3
(x2 + y2 + z2)3/2)dx ∧ dy ∧ dz = 0,

(2.9c)

which is the sought after result. ◻

2.3 Cotangent bundles and Canonical coordinates

A useful mathematical abstraction is the cotangent bundle as they can always be made
into a symplectic manifold; this property will be of importance later. A symplectic manifold
Q with the coordinates {qi} has a tangent space TQ, an element of the tangent space is
specified by a point q ∈ Q and a vector V = V µ(q)∂/∂x(q)µ∣q ∈ TqQ. The TqQ is called a
fibre and the collection of all fibres makes up the tangent bundle

TQ ∶= ⋃
q∈Q

TqQ. (2.10)
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The dual to the tangent bundle is then the cotangent bundle T ∗Q. It is defined in a similar
way

T ∗Q ∶= ⋃
q∈Q

T ∗q Q, (2.11)

the difference is that the basis is {dpi} i.e the differential form [8]. The pair (q, p) specifies
a point in the cotangent bundle, in which one can have a one-form θ = θµdpµ

It is possible to construct a one-form on the cotangent bundle in a coordinate free way
so that the two-form is exact, i.e ω = dθ. Clearly exactness is a stricter definition then
closeness. With the one-form

θ =
n

∑
i=1
pidq

i (2.12a)

then evidently the two-form is

ω =
n

∑
i=1
dpi ∧ dqi (2.12b)

Proof. With π as the projection from cotangent space down to the base space, π−1 ∶ Q →
M = T ∗Q, q ↦m = (q, p). Then the canonical one-form may be defined pointwise as

θm ∶= p(π∗)∗ ∈ T ∗mM (2.13)

where π∗ is the push forward and it maps

π∗ ∶ T ∗mM → T ∗q Q (2.14a)
(π∗)∗ ∶ T ∗q Q→ T ∗mM (2.14b)

◻

A symplectic potential1 is a one-form which is equal to the two-form when the exterior
derivative is applied, i.e the two-form is exact. On most symplectic manifolds it is only
possible to find it locally and is not unique, but on a cotangent bundle there always exists
a global one.

One of the most useful theorem to geometric quantization is the Darboux’s Theorem,
which will be used implicit in the process of geometric quantization.

Darboux’s Theorem. Let (M,ω) be a 2n dimensional symplectic manifold and letm ∈M
be a point of the manifold. Then there will be a neighbourhood U of the point m and a
canonical coordinate system {pj , qj} on U so that ω∣U = dpi ∧ dgj [11].

The theorem implies that all symplectic manifolds have the form locally of a cotangent
bundle of the same dimension. It also means that there always exists a local symplecto-
morphism between different symplectic manifolds, for example: to the “trivial” symplectic

1Various other names exist for it: the tautological one-form, Poincaré one-form, Liouville one-form or
the canonical one-form
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manifold (R, ω0). Hence in symplectic geometry there exists no local invariants except the
dimension of the manifold.

If there exist a diffeomorphism ρ ∶ M1 → M2 (local or global), between two different
symplectic manifolds. Then the diffeomorphism is said to be canonical whenever the pull-
back of it satisfies ρ∗(ω2) = ω1.

From Darboux’s theorem one gets a corollary, that with two points on any different
symplectic manifolds m1 ∈ M1 and m2 ∈ M2 of the same dimension. Then there always
exist a canonical diffeomorphism ρ ∶ U1 → U2„ where U1 and U2 are subspace of their
respective manifold.

2.4 Hamiltonian vector fields and flow

In classical mechanics an observable serves both as a measurable object in phase space,
and as a generator of canonical transformations. The Hamiltonian generates time evolu-
tion and linear and angular momentum creates translation and rotation respectively. With
symplectic geometry one typically identifies (Q,ω) as the configuration space andM = T ∗Q
as the phase space, then observables f ∈ C∞(M) are maps f ∶M → R.

The Hamiltonian vector field Xf of a smooth function f ∈ C∞(M) is determined by

Xf ⌟ ω = −df, (2.15)

restated in canonical coordinates it is

Xf =∑
j

∂f

∂pj

∂

∂qj
− ∂f

∂qj

∂

∂pj
. (2.16)

The vector field Xf preserves the two-form ω ∈ Ω2(M), such that the Lie derivative of the
differential form over the vector field is zero. This can be shown by using the identity

LXα = d(X ⌟ α) +X ⌟ dα, (2.17)

combined with the knowledge that the two-form is closed and with eq. (2.15)

LXfω = d(Xf ⌟ ω) +Xf ⌟ dω = d(−df) = 0. (2.18)

Each function f then determines the canonical flow, ρt ∶M →M , a one-parameter family
of diffeomorphism through the Hamiltonian vector field Xf .

If there exists a local function that generates a vector field, X that preserves the two-
form we say that the field is locally Hamiltonian, X = Xf ∈ V LH(M). Where V LH(M) is
the notation for the set of all the locally Hamiltonian vector fields of the manifoldM . If the
function is instead global it is just simply called Hamiltonian, the set of all Hamiltonian
vector fields is denoted by V H(M) [11].
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A Hamiltonian vector field can be generated from two locally Hamiltonian vector fields, X
and Y by the operation of Lie bracket.

Proof. This can be proved by using the identity

LX(Y ⌟ α) = [X,Y ] ⌟ α + Y ⌟LXα (2.19)

Two vector fields X,Y ∈ V LH

[X,Y ] ⌟ ω = LX(Y ⌟ ω) − Y ⌟LXω (2.20a)

as the two-form is preserved under the Lie derivative, eq.(2.18) and with Cartan’s magic
formula

LX(Y ⌟ ω) =X ⌟ d(Y ⌟ ω) + d(X ⌟ (Y ⌟ ω)) (2.20b)

where
f = 2ω(X,Y ), (2.20c)

the last step is to use eq.(2.15) and we get

[X,Y ] ⌟ ω = −df. (2.20d)

Which proves that the Lie bracket of two local Hamiltonian, yields a globally defined
Hamiltonian. ◻

2.5 Poisson bracket

With two functions, f, g ∈ C∞(M) on the symplectic manifold (M,ω), it is possible to
define the Poisson bracket by

{f, g} = 2ω(Xf ,Xg) =Xf(g) (2.21a)

or in local coordinates
{f, g} = ∂f

∂pi

∂g

∂qi
− ∂g

∂pi

∂f

∂qi
. (2.21b)

If the Poisson bracket is zero then the functions are in involution. A function that is in
involution with the Hamiltonian is a constant of the motion or integral of motion. A system
is integrable when there exist enough commuting integrals of motion.

The Poisson bracket is a key feature in classical mechanics as it possible to determine
with it how an observable evolves under time evolution. It is also an useful method to
study conserved quantities and symmetries.
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2.6 Classical mechanics

To highlight the difference with classical mechanics stated in the “familiar” way and in
symplectic geometry, we will present the Hamiltonian formalisms with symplectic geometry.
In the Hamiltonian formalism a system is described in the real 2n dimensional vector
space, called phase space; a point on the phase space is represented by the coordinates
q1 . . . qn, p1 . . . pn, the velocity and respectively momentum of the particles. The evolutions
of the system is described by Hamilton’s equations

dqj

dt
= ∂H
∂pj

dpj

dt
= −∂H

∂qj
.

(2.22)

where the function H(qk, pk) is the Hamiltonian. The function often correspondence to the
total energy of the system and if the system is closed it is equal to the kinetic and potential
energy.

In the case of the harmonic oscillator the Hamiltonian is H = (p2 + q2)/2 which yields
that the Hamilton’s equations is q̇ = p and ṗ = −q. These equations then leads to the cha-
racteristic oscillation q(t) = q(0) cos t + p sin t [1].

If the Hamiltonian does not explicitly depend on the time then it is conserved along any
orbit in phase space

dH

dt
= 0 (2.23)

The dynamics of any function is given by

df

dt
= ∂f

∂qk
∂H

∂pk
− ∂f

∂pk

∂H

∂qk
. (2.24)

If we consider the same R2n but as a cotangent bundle instead, T ∗R2n then the formalism
comes naturally. The Hamiltonian vector field is, as stated before

Xf =
∂f

∂pj

∂

∂qj
− ∂f

∂qj

∂

∂pj
(2.25)

and with the canonical two-form ω = dpj ∧ dqj we get that

Xf ⌟ ω = ( ∂f
∂pj

∂

∂qj
− ∂f

∂qj

∂

∂pj
)dpj ∧ dqj = −

∂f

∂pj
dpj −

∂f

∂qj
dqj =

−df.
(2.26)

The Poisson bracket between two function is

{f, g} = ∂f

∂pj

∂g

∂qk
− ∂f

∂qj
∂g

∂pj
(2.27)

– 9 –



and naturally we get that the relation between momentum and position Poisson bracket
are

{qj , qk} = {pj , pk} = 0 (2.28)

{qj , pk} = δjk. (2.29)

With this formalism the classical equations can be restated in symplectic geometry

(2.22)⇔dqj

dt
= {H,qj},

dpj

dt
= {H,pj} (2.30)

(2.23)⇔{H,H} = 0 (2.31)

(2.27)⇔df

dt
= {H,f} =XHf (2.32)

This formalism has the advantage that it generalizes immediately to more complex systems.
Where the system might be some curved configuration space or the phase space is a compact
symplectic manifold. It also has the form invariance of the equations of classical mechanics
under symplectomorphisms and canonical transformations.

2.7 Lagrangian mechanics

In this chapter we shall consider how it is possible to go from the Lagrange’s equations
to the cotangent bundle with symplectic geometry. This gives us the possibility of regar-
ding the Legendre transformations as a mapping from the tangent bundle to the cotangent
bundle.

In both Hamiltonian and Lagrangian formulation one starts with a configuration space
Q, which has the dimension of the degrees of freedom of the system. Then the velocity
phase space can be constructed from TQ, where the points on the space are specified by
(q, v) and v ∈ TgQ represents a generalized velocity. The dynamical behaviour of the system
is determined by the function L = L(q, v) ∈ C∞(M = TQ), called the Lagrangian.

The equivalent to Euler-Lagrange equation in differential geometry may be written as

X ⌟ ωL + dH = 0, (2.33a)

where ωL ∈ Ω2(M) is closed. The two-form in coordinates

ωL = ∂2L

∂ga∂vb
dqa ∧ dqb + ∂2L

∂va∂vb
dva ∧ dqb (2.33b)

and H is the Hamiltonian
H = va ∂L

∂va
−L. (2.33c)

Proof. If ga(t) 2 is a solution to Euler-Lagrange’s equation then the vector field is

X = q̇a ∂L
∂qa

+ q̈a∂L
q̇a

(2.34a)

2For simplicity va = q̇a.
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together with eq. (2.33b) the interior derivative is

X ⌟ ωL = ∂2L

∂qa∂q̇b
q̇adqb − ∂2L

∂qb∂q̇a
q̇adqb + ∂2L

∂q̇a∂q̇b
(q̈adqb − q̇adq̇b) (2.34b)

and the exterior derivative of the Hamiltonian is

dH = ∂L

∂q̇a∂q̇b
q̇adq̇b + ∂L

∂q̇a
dq̇a + ∂L

∂qb∂q̇a
q̇adqb − ∂L

∂qa
dqa − ∂L

∂q̇b
dq̇b

= ∂L

∂q̇a∂q̇b
q̇adq̇b + ∂L

∂qb∂q̇a
q̇adqb − ∂L

∂qa
dqa.

(2.34c)

Together this yields

X ⌟ ωL + dH = ( ∂2L

∂qb∂q̇a
q̇b + ∂2L

∂q̇b∂q̇a
q̈b − ∂L

∂qa
)dqa = ( d

dt
( ∂L
∂q̇a

) − ∂L

∂q̇a
)dqa = 0 (2.34d)

◻

Instead of working with the velocity phase space it is preferably to work in the dual space
T ∗Q, i.e the momentum phase space. The momentum phase space is preferred because
there we only need to deal with one symplectic structure, whatever the Lagrangian is.

In TQ there is no reason to favour one coordinate system over another. However there
is a preferred set of canonical coordinates that the Lagrangian picks out, where the gene-
ralised momentum is

pa =
∂L

∂va
. (2.35)

Through the Legendre transformation it is then possible to go to the dual tangent space,
as the Legendre transformation maps

ρ ∶ TQ→ T ∗Q

(q, v)↦ (q, p).
(2.36)

The generalised momentum is defined invariantly by

u ⌟ p = FudL u ∈ TqQ (2.37)

where Fu ∈ Tq,v(TQ). Or in coordinate form for comparison with eq.(2.35)

p = ∂L

∂va
dqa. (2.38)

From the definition of the momentum comes

ρ∗θ = θL ⇒ ρ∗ω = ωL, (2.39)

the canonical θ ∈ Ω1(T ∗Q) and ω ∈ Ω2(T ∗Q). Which means that they are the same coor-
dinates on the cotangent bundle as proclaimed by Darboux’s theorem.
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Unfortunataly the Euler-Lagrange equation can be inconsistent even though it is non-
degenerate [4]. An alternative way to determine if the Lagrangian is nondegenerate instead
of looking at the two-form is by

det[ ∂2L

∂va∂vb
] ≠ 0. (2.40)

2.8 Hamilton-Jacobi method

The Hamilton-Jacobi method is useful within geometric quantization for two reasons: for
appearing as the first order approximation of the Schrödinger’s equation; secondly in the
theory of real polarization, this is one of the central parts of geometrical quantization .
In real polarisation we will use the geometric interpretations of complete integrals, which
follows from the Hamilton-Jacobi method.

Hamilton-Jacobi method utilizes the freedom of being able to transform the canonical
coordinates in phase space without destroying any information on the dynamics of the
system. The technique works by replacing the canonical coordinates with new coordinates
(p′a, q′b) where the Hamiltonian only depends on q′b. The new conjugate momentum is
replaced by the partial derivative of S = S(qa, q′b) in the Hamilton-Jacobi equation, and a
runs from a = 1, . . . , n, where n equals the dimension of Q.

H = (gb, ∂S
∂qa

) = constant, (2.41)

where H is the Hamiltonian. Notice that the constant on the right-hand side is allowed to
change with the parameters [11].

The new coordinates is then calculated from the partial differential equations

pa =
∂S

∂qa

p′a = −
∂S

∂q′a

(2.42)

in terms of the old ones. The more interested reader may find a more in-depth introduction
of Hamilton-Jacobi theory in [5].

If there exists a Lagrangian submanifold Λ with a exact one-form α ∈ Ω1(Q) such that
α = dS, then S is called the generating function of Λ. With the submanifold, Λ of the
one-form

Λ = {(p, q)∣p = α(q)}, (2.43)

there is an easy way to determine if it is Lagrangian or not.

Proposition. Let Λ be the graph of a one-form α. Then Λ is Lagrangian iff dα = 0.
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Proof. With the canonical one- and two-form θ respectively ω on the momentum phase
space. Then

α = α∗(θ), (2.44)

where on the left-hand side α is a differential form and the other side is interpretative as
the map q ↦ (α(q), q). Which is why dα = α∗(ω) and therefore dα = 0 iff ωΛ = 0. ◻

The proposition implies that the symplectic potential restricted to the Lagrangian is exact,
θ = dW ; where the function W is named a local phase function.

Hamilton-Jacobi theorem. A function H ∶ R2n → R is locally constant on a connec-
ted Lagrangian submanifold Λ ⊂ R2n if and only if the Hamiltonian vector field XH is
tangent to Λ.

Proof. The Hamiltonian, H is constant on the Lagrangian iff dHΛ = 0 since it is con-
nected. Because

dH = −XH ⌟ ω⇒ dHL = 0 ⇐⇒ XH(m) ∈ TmΛ⊥ = TmΛ∀m ∈ Λ, (2.45)

which means that the exterior derivative of the Hamiltonian is zero if and only if the Ha-
miltonian vector field is tangent to the Lagrangian submanifold. ◻

When the Lagrangian submanifold is tangent to the Hamiltonian vector field its integral
curves in the submanifold projects onto the solution curves of

q̇a = ∂H
∂pa

∣p=dS ∈ Q. (2.46)

Therefore by solving the Hamilton-Jacobi’s equation it will reduce the system from 2k
first-order differential equation down to just k equations. It is possible to further simplify
the system if it fulfils eq. (2.41) for each coordinate q′ and the nondegeneracy condition.
Then the generating function creates a (local) polarization of the momentum phase space
tangent to the Hamiltonian vector field. Therefore the equations of motion simply becomes

⎧⎪⎪⎨⎪⎪⎩

p̈′a = 0
q̇′a = 0.

(2.47)

By solving these equations and then transforming back to the original equations with eq.
(2.42) one gets the explicit solution [11].

Definition. A complete integral of the Hamilton-Jacobi equation is an n-parameter fa-
mily of solution satisfying

det[ ∂2S

∂qa∂q′b
] ≠ 0. (2.48)
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2.9 Reduction of a presymplectic manifold

A symplectic manifold, (C,σ) is presymplectic if σ ∈ Ω2(C) is closed and of constant rank.
If there exists a characteristic distribution K, defined as

Km ∶= {X ∣X ⌟ σ = 0} ⊂ TmC (2.49)

and if the distribution is reducible, then the prysymplectic manifold is also reducible. This
means that all that we need to determine to see if the symplectic manifold is reducible, is
to see if the distribution is reducible; first we need to prove that it is integrable i.e a foliation.

Proof. To prove that it is actually a foliation, the following equation

dα(X1, . . . ,Xr+1) =
r

∑
i=1

(−1)i+1Xiα(X1, . . . ,X̂i, . . . ,Xr+1)+

r

∑
i<j

(−1)i+jα([Xi,Xj],X1, . . . ,X̂i, . . . , X̂j , . . . ,Xr+1)

(2.50)

is used. Terms belowˆis omitted and α ∈ Ωr(M) [8]. Let σ ∈ Ω2(C) and closed, the left-hand
side of the equality side is then equal to zero. The following notation, VK(C) means the
set of all vector fields tangent to K, on the manifold C. So for X,Y ∈ VK(C) and Z ∈ V (C)

0 =Xσ(Y,Z)−Y σ(X,Z)+Zσ(X,Y )−σ([X,Y ], Z)+σ([X,Z], Y )−σ([Y,Z],X). (2.51a)

as X ⌟ σ = 0 = σ(X,Z) then all terms with either X,Y in the argument vanishes. So that
leaves

0 = −σ([X,Y ], Z), (2.51b)

it follows that [X,Y ] ⌟ σ = 0 as the two-form is non-degenerate. We can then conclude
what was desired, [X,Y ] ∈ VK(C), the distribution is integrable. ◻

The last thing it needs to satisfy to be reducible, is that the space of leaves M ′ = C/K
are Hausdorff manifolds3 and that the two-form σ projects onto a two-form on M ′ [11].
When C is a presymplectic manifold then K = TC ∩ TC⊥, where the use of the following
proposition is possible.

Proposition. A subspace F to a symplectic vector space (V,ω) and V ′ = F /(F ∩ F ⊥)
then the two-form ω will project onto the symplectic structure, ω′ and (V ′, ω′) will be a
symplectic vector space.

Proof. If π ∶ F → V ′ represents the projection along F ∪ F ⊥ and we define

ω′(X ′, Y ′) ∶= ω(X,Y ), (2.52)
3A space is Hausdorff if for an arbitary pair of points x and y there exists neighbourhoods Ux and Uy

that are always disjoint, Ux ∩Uy = 0.
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where X,Y ∈ F and π(X) =X ′, π(Y ) = Y ′. Then this mapping is defined, skew-symmetric
and non-degenerate. Which makes (V ′, ω′) a symplectic vector space. ◻

From this proposition it is clear that C is reducible, when it is then the following defi-
nition is significant.

Definition. The submanifold C of a symplectic manifold (M,ω) is isotropic, coisotropic,
Lagrangian or symplectic if its tangent space is of the corresponding type as a subspace of
TmM at every point m ∈ C.

It is only the case when C is coisotropic that reduction is complicated, as the distribution
K has the maximal dimension given the dimension of the subspace C and K = TC⊥ ⊂ TC.
The distribution is spanned by function generated by Hamiltonian vector fields that are
constant on the subspace.

The other cases are simpler: for the isotropic case, because K will be the whole tangent
space and M ′ is of zero dimension; for the symplectic case the characteristic distribution’s
dimension is zero so M ′ = C.

Example. We can end this section with reducing the manifold in the last example from
section 2.1. If C = R−{0} and we have a closed two-form σ = r−3(xdy∧dz+ydz∧dx+zdx∧dy)
where r2 = x2 + y2 + z2. Then reducing it relieves that it identifies (x, y, z) with λ(x, y, z)
for λ > 0. Hence the reduced phase space is the same as a sphere with radius one and where
the area element is the differential form. ◻

2.10 Marsden-Weinstein reduction

If the condition for the observable hb, hA ∈ C∞(M) to each Lie algebra A,B ∈ G

h[A,B] = [hA, hB] ∀A,B ∈ G (2.53)

is imposed then the action of the Lie algebra is said to be Hamiltonian. With the definition
of the moment map the Hamiltonian action is defined.

Definition. Let G be a Lie group with the Lie algebra G and suppose that G acts on
the symplectic manifold M on the right by canonical transformations, so that the elements
g ∈ G determine the diffeomorphisms 4 such that

g∗ω = ω and (mg)g′ =m(gg′).

We say then that the action is Hamiltonian whenever the corresponding infinitesimal ac-
tion of G is Hamiltonian; and, when eq. (2.53) holds, we call µ ∶M → G∗ a moment for the
action of G.

4This is the Lie algebra of Gf = {A ∈ G∣fg = f} g ∶ M →M under the coadjont action.
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Marsden-Weinstein reduction method utilizes that when there is a symmetry group of di-
mension k acting on a system the degrees of freedom may be reduced by 2k. The following
lemma describes the method.

Lemma. Let G be a connected Lie group which has a Hamiltonian action on a symplectic
manifold (M,ω), let µ ∶ M → G∗ be a moment, and for each A ∈ G let XA be the Hamil-
tonian vector field on M generated by A. Let f ∈ G∗ be a regular value of µ and suppose
that C = µ−1(f) is a presymplectic submanifold of M . Then the characteristic foliation of
C is spaned by the vector fields XA where A ∈ Gf .

Gf = {AG∣f([A], ●]) = 0} (2.54)

The lemma says that if a canonical flow generates a Hamiltonian action of a Lie group
G, then the characteristic foliation is identified with the coadjoint action of G on the
constraint manifold. It then generalizes to the case when the constants of motion are in
involution, the constraints of the system is coisotropic, and the foliation is spanned by the
Hamiltonian vector fields that is generated from the constant of motions [11].

If the presymplectic manifold is reducible the new reduced phase space, called Marsden-
Weinstein reduction of M with respect of f , can be calculated by taking the quotient
M/(Gf)0, where (Gf)0 is the identity component from the stabilizer. The dimension of
the reduced phase space is the dimension of M minus two times the dimension of (Gf)0
as desired.

The proof of this lemma is in [11] and a more thorough take on the material is in [2]
and in [6].

2.11 Affine connection

An affine connection is a geometrical object that connects tangent space on a smooth
manifold in such way that differentiation on tangent vector fields is permitted. With this
connection the tangent fields can be differentiated as if they where smooth functions on
the manifold.

An a affine connection, ∇ satisfies

∇X(Y +Z) = ∇XY +∇XZ (2.55a)
∇X+Y Z = ∇XZ +∇Y Z (2.55b)
∇(fX)Y = f∇XY (2.55c)
∇X(fY ) = df(X)Y + f∇XY (2.55d)

where f ∈ C∞(M) and X,Y,Z ∈ V (M). With these requirements it is possible to identify
the affine connections with the covariant derivative on the tangent bundle. Given a curve
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on the manifold we may also define the parallel transport of a vector on the aforementioned
curve with the affine connection, see [8].

3 Prequantization

3.1 Dirac’s quantization conditions

The first part of geometric quantization is to find the geometrical procedure that preser-
ves the important structures of classical mechanics when quantized. As the classical case
is given by the symplectic manifold, (M,ω) where the observables are smooth functions
on the manifold. Whilst the quantum mechanical state is a complexed valued function in
Hilbert space H, called the wave function; which when squared represents the probability
of observing the system at a particular configuration [10].

In order to find this procedure we will start with how to pass from classical observables to
quantum observables; in other words how to pass from f ∶M → R on the phase space to a
quantum observable f̂ in H. The three conditions given by Dirac [3] are:

1. The map f ↦ f̂ is linear over R.

2. If f is constant, then f̂ is the corresponding multiplication operator.

3. If [f1, f2] = f3 then f̂1f̂2 − f̂2f̂1 = −ih̵f̂3.

It is important to notice that the quantum conditions do not, determine the underlying
system. Neither is it possible to have an injective correspondence between the quantum
and classical observables as the Hilbert space would be too large [11].

As discussed before the symplectic form ω gives a natural orientation and volume element;
however to make the wave function dimensionless it needs to be normalized

ε = ( 1
2πh̵

)
n
dp1 ∧ ⋅ ⋅ ⋅ ∧ dpn ∧ dq1 ∧ ⋅ ⋅ ⋅ ∧ dqn. (3.1)

We then construct a norm on L2(M), with the inner product

⟨ψ∣ψ′⟩ = ∫
M
ψ̄ψ′ε (3.2)

of square-integrable complex functions, ψ and ψ′. Which is the associated Hilbert space
over the symplectic manifold.

From Dirac’s conditions the mapping from a smooth function on M to a operator is given
by

f̂ = −ih̵(Xf −
i

h̵
(Xf ⌟ θ)) + f, (3.3)
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where θ is the symplectic potential. To get this expression we start by saying the wave fun-
ction should definitely be in L2(M) so the quantum operator is received from f̂ = −if̂Xf .
Unfortunate this do not satisfy the second condition; so the term f is added, but then this
breaks the third condition. So an additional term is added: the term with the symplectic
potential.

The symplectic potential is though an unwelcome addition to the formula. With it the for-
mula only works when ω is exact and we get an unfortunate dependence of the symplectic
potential for the operator. To make sure the transformation does not only work when ω is
exact, gauge symmetry is used: the potential θ is replaced by θ′ = θ + du for a real valued
u on an open set U . Under this transformation the operator is replaced by

f̂ ′ ∶= f̂ −Xf ⌟ du. (3.4)

This gauge transformation leads to

f̂ ′(eiu/h̵ψ) = eiu/h̵(f̂ ′(ψ) + (Xf ⌟ du)ψ) = eiu/h̵f̂(ψ). (3.5)

We also change the phase of the wave function by imposing that

ψ′ ∶= eiu/h̵ψ, (3.6)

this then means that the operator becomes invariant under choice of symplectic potential
[11].

This does not remove all the problems, there is now an ambiguity in the overall phase
of the wave function. To remedy this the operator f̂ will have to act on sections of a Her-
mitian line bundle, s ∶M → B over the symplectic manifold.

3.2 Weil’s integrability condition

The operator, f̂ now has a U(1) gauge invariance and it can be rewritten to

f̂ = −ih̵∇Xf + f. (3.7)

The Hermitian line bundle that the operator is defined on and its connections exists if and
only if Weil’s integrability condition is fulfilled.

Weil’s integrability condition. The integral of ω over any closed oriented 2-surface
in M is an integral multiple of 2πh̵

With a line bundle B → M that has a curvature h̵−1ω and a connection one-form h̵−1θ

on a simply-connected open set U ⊂M . In Appendix A it is demonstrated how to calculate
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the holonomy around a given curve. Given a closed curve, γ through m ∈M then for this
case

ξ = exp( i
h̵
∫
γ
θ). (3.8)

Assumed that the curve, γ can be spanned by a 2-surface Σ and that we are still in the
potentials domain, then we can use Stoke’s theorem

exp( i
h̵
∮
γ
θ) = exp( i

h̵
∫Σ

ω). (3.9)

We should get the same result if the curve is spanned by a second surface, Σ′ such that
they form a closed orientable surface, Σ ∪Σ′. Then

exp( i
h̵
∮
−γ
θ) = exp( − i

h̵
∫Σ′

ω) (3.10)

where the minus sign comes from the orientation. This means then

exp( i
h̵
∫Σ′

ω + i

h̵
∫Σ

ω) = exp( i
h̵
∫Σ′∪Σ

ω) = 1

⇒ 1
2πh̵ ∫Σ′∪Σ

ω ∈ Z,
(3.11)

which is exactly what we wanted [7].

If the two-form, ω fulfils Weil’s condition it is called quantizable and there is then a Her-
mitian line bundle B →M with a connection ∇ and curvature h̵−1ω. B is then called the
prequantum bundle.

We will now go through a few different examples of prequantization to highlight how
to apply the theory and do the calculations.

Example. The first one is the Heisenberg group where we will calculate the quantum
operator given a smooth real function. If (V,ω) is a 2n dimensional symplectic vector spa-
ce then it has a unique prequantization. If we choose a symplectic frame and then defined
our symplectic potential5 with linear canonical coordinates

θ0 =
1
2
(padqa − qadpa). (3.12)

If we have a real function on the vector space with coordinates p and q in X

f(p, q) = vapa − uaqa = 2ω(X,W ) (3.13)

and u and v are constants, and the vector field W is

W = ua
∂

∂pa
+ va ∂

∂qa
. (3.14)

5The subscriped zero on the potential means that the only place on the vector space that the potential
is zero, is on the origin.
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Then to calculate the quantum operator belong to the function we has to use eq. (3.3), as
we do not have a specified connection.

f̂ = −ih̵((ua
∂

∂pa
+ va ∂

∂qa
) − i

h̵
(ua

∂

∂pa
+ va ∂

∂qa
)1

2
(padqa − qadpa)) + vapa − uaqa =

− ih̵(ua
∂

∂pa
+ va ∂

∂qa
) − 1

2
( − uaqa + vapa) + vapa − uaqa =

− ih̵(ua
∂

∂pa
+ va ∂

∂qa
) + 1

2
(vapa − uaqa).

(3.15)

Note that for this example W correspond to Xf . ◻

Example. This example is of cotangent bundles, M = T ∗Q where Q is as usual the confi-
guration space. The cotangent bundle has both a natural choice of B and of the connection
∇ [11],

B =M ×C (3.16)

∇ = d − i

h̵
θ (3.17)

The quantum operators to the canonical coordinates on M are

p̂a = −ih̵
∂

∂qa
(3.18a)

q̂a = ih̵ ∂

∂pa
+ qa. (3.18b)

which you can get by using the canonical vector field eq. (2.16) for the cotangent bundle
and together with eq. (3.3). For the operator q̂a

q̂a = −ih̵((∂q
a

∂pa

∂

∂qa
− ∂q

a

∂qa
∂

∂pa
) − i

h̵
(∂q

a

∂pa

∂

∂qa
− ∂q

a

∂qa
∂

∂pa
)padqa) + qa =

−ih̵ ∂

∂pa
+ qa

(3.19a)

and then for the momentum operator

p̂a = −ih̵((
∂pa
∂pa

∂

∂qa
− ∂pa
∂qa

∂

∂pa
) − i

h̵
(∂pa
∂pa

∂

∂qa
− ∂pa
∂qa

∂

∂pa
)padqa) + pa =

−ih̵ ∂

∂qa
− pa + pa = −ih̵

∂

∂qa
.

(3.19b)

The full quantization will be discussed later, it will limit the size of the Hilbert space so
that the wave function only depend on q. ◻

Example. Here we will go through the prequantization of angular momentum. If (M,ω) is
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the coadjoint orbit of SU(2) as the phase space of the spin s. Then the symplectic manifold
M is sphere with s as the radius and ω is the area element divided by s [11]. From Weil’s
condition we know that the system is quantizable whenever 4πs is an integer multiple of
2πh̵ or when s = 1

2 h̵n. where n ∈ Z.

Another way to see this is to use that the symplectic manifold M is the reduction of
the presymplectic manifold (M ′, dθ′), where M ′ is the three-sphere

S3 = {z0z̄1 + z1z̄1} = 1 (3.20)

and the potential in M ′ is

θ′ = is(z0dz̄0 + z1dz̄1 − z̄0dz0 − z̄1dz1). (3.21)

IfK is the characteristic foliation then the leaves of it are the circles {eiφ(z0, z1)∣φ ∈ [0,2π]}
and the integrality condition is

1
2πh̵ ∮

θ′ = 1
2πh̵ ∫

2π

0
2sdφ = 2s

h̵
∈ Z, (3.22)

which is the same condition we stated above. ◻

4 Polarization

The prequantization still leaves the Hilbert space too large, because as constructed so far,
it has the same dependency as in the classical case: dependence on both the momentum
and the position. This is a clear violation of Heisenberg’s uncertainty principle. The solu-
tion to this problem is to use only section on the prequantum bundle that are parallel to
a polarization so that it can be reduced down to a dependency of n variables.

The way to reduce the depending variables is to demand that the wave function is con-
stant along n vector fields on M . But as we are on sections of the bundle we must use the
covariant derivative instead of regular differentiation, and thus demand that it is constant.

Definition. A smooth section s ∶ M → B is said to be polarized if ∇X̄s = 0 for every
X ∈ VP (M)

Where P is the polarization subbundle and VP (M) is the set of all vector fields tan-
gent to the polarization. Additional we demand for real polarizations that the dimension
of PM ∩ TmM be constant, Pm is the notation for the fiber over the point m ∈M .

4.1 Real polarization

The goal of real polarization is to reduce the space down to either depend on momentum
or position.

Definition. A real polarization of a symplectic manifold (M,ω) is a foliation of M by
Lagrangian submanifolds; that is, a smooth distribution P which is
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1. integrable: if X,Y ∈ VP (M) then [X,Y ] ∈ VP (M).

2. Lagrangian: for each m ∈M , Pm is a Lagrangian subspace of TmM .

A real polarization have the surfaces of the leaves locally constant and where the coordi-
nates are in involution. The Hamiltonian vector fields are tangent to the leaves and are as
desired parallel to the connection, i.e they are covariant constants.

When the symplectic manifold M is the cotangent bundle, the the real polarization of
it, is the vertical polarization. In which the leaves are the cotangent spaces T ∗q Q. From the
following proposition it is possible to identify all foliation on a cotangent bundle as vertical,
if the leaves are simply-connected [11].

Proposition. Let P be a real polarization of a symplectic manifold (M,ω) with leaves that
are simply-connected and geodesically complete, and let Q be a Lagrangian submanifold
of M that intersects each leaf transversally in exact one point. Then there is a natural
identification of M with T ∗Q under which ω coincides with the canonical two-form, P
coincides with the vertical foliation, and Q coincides with the zero section of T ∗Q.

We will go through here, a few different examples of real polarizations, to clarify this
rather abstract area of geometric quantization.

Example. In the first example we will see two different polarizations of the cotangent
bundle M = T ∗Q. The first is when the leaves, T ∗q Q of the cotangent space vanishes on
restriction to the surfaces of constant q. The leaves are isotropic since ω = dpa ∧ dqa.

The other polarization of M in this example is if F ∈ Ω2(Q) and closed. Then let ωF =
ω + 1/2π∗(F ) be the charged symplectic structure of M and π is the map π ∶ T ∗Q → Q.
Which the vertical foliations structure is a polarization [11]. ◻

Example. An example of when it is possible to have a polarization of a cotangent bundle
that is not vertical is the case of a cylinder M = T ∗S1. The polarization is then called
horizontal and it is spanned by ∂/∂p. This type of polarization will lead to a momentum
representation [1]. ◻

5 Quantization

The last thing to do is to determine the Hilbert space HP from the polarization and the
prequantum line bundle, then the construction of the quantum operators f̂ which acts on
HP .
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If we have the prequantization (B,∇) of a symplectic manifold (M,ω) with a polariza-
tion P . Then the strategy is to construct the Hilbert space from the polarization of the
sections on the line bundle, P (B) such that a smooth section satisfies

∇Xs = 0 ∀X ∈ P. (5.1)

The Hilbert space HP should preferably be defined as

HP ∶=H ∩ P (B) (5.2)

but this does not always work, sometimes there are neither polarized sections or the sec-
tions are not square integrable [1].

5.1 Quantum operators

Only a certain type of prequantum operators can be directly lifted to the polarized line
bundle P (B). Such operators are those that the polarization, P is preserved under the flow
Xf . The operator will only map polarized section to polarized section if

∇X̄(f̂ s) = f̂(∇X̄s) − ih̵∇[X̄,Xf ]s, (5.3)

where s is a section of the prequantum bundle. Then [X,Xf ] ∈ VP (M) on any occasion
X ∈ VP (M), which happens if f̂ s is polarized as the section, s is polarized [11].

For the classical observable, f of real polarization to be preserved under the flow it must
be of the form

f = va(q)pa + u(q), (5.4)

this brings forth a very strict limitation on the type of functions that can be directly quan-
tized. To allow operators that are not only first order differential we will have to modify the
assignment of f̂ . For example we know that the usual kinetic term in quantum mechanics
is quadratic in the momenta.

The more complicated case is when the polarization is not invariant to the flow gene-
rated by the function. To solve this problem we need a method to relate sections that are
polarized by different polarizations. The process to this is called pairing or the Blattner-
Kostant-Sternberg construction.

Given a line bundle B →M then let HP and HP ′ be two Hilbert spaces constructed from
the aforementioned line bundle by the polarizations P and P ′. Then it is clear that they
are both a subspace to the prequantum Hilbert space. Let π be the orthogonal mapping

π ∶HP ′ →HP (5.5)

which has the property that
πf̂ = f̂π (5.6)
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if the flow, Xf preserves both polarization.

In the cases that the quantum Hilbert spaces are not subspaces of H, the orthogonal
map has to be replaced and another less trivial method has to used.

5.2 Vertical polarization

In this section we will go through how to quantize vertical polarizations. A vertical polari-
zation is spanned by tangents to the cotangent bundle, its prequantum bundle B →M is
trivializable. The trivial sections s0(m) = (m,1), with a Hermitian structure

< s0, s0 > (m) = 1 (5.7)

and where the connection potential

β = 1
h̵
θ = 1

h̵
pkdq

k (5.8)

is adapted in such way that

∇ ∂
∂pk

= ∂

∂pk
. (5.9)

To construct the Hilbert space, it is logical to try first with P (B) ∩ H, but this is not
possible. The polarized sections corresponds to functions independent of the momentum
and the integration of these functions over the fibers diverges [1].

The solution to the problem is to use the half-density quantization method. This utili-
zes that the polarized sections on the bundle, is square-roots of densities on Q. Such that
the scalar product between two densities is well defined. This method also has the advan-
tage that it extends the algebra of classical observables for which the Dirac conditions hold
to those that are quadratic in the momenta [11].

If the configuration space Q is orientable then it is possible to define the determinant
line bundle

Det(Q) ∶= Λn((T ∗Q)c), (5.10)

which has complex valued sections on the configuration space. Through the projection
π ∶ T ∗Q→ Q it is possible to use the pull back

π∗(Det(Q)) ∶=KD

π∗(Det1/2(Q)) ∶= δD = (KD)1/2 (5.11)

to return us back to T ∗Q. As Q is orientable and by using real and positive transition
function for the density, we can construct Det1/2(Q). To define polarized sections we need
to determine the covariant derivative of KD along P . The derivative of a section µ of KD,
is defined as

∇Xµ ∶=X ⌟ dµ, (5.12)
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and
LXµ = ∇Xµ. (5.13)

From the definition of the covariant derivative we are able to determine the derivative of a
section, ν of δD

∇Xν2 = 2ν∇Xν. (5.14)

The wave function is then the multiplication sν between sections; s is a section in B and
ν is a section in δD as mentioned.

As the multiplication between sections of δD is still a section of KD and the scalar product

< s1ν1, s2ν2 >∶=< s1, s2 > ν̄1ν2 (5.15)

is parallel along the polarization

∇X(sν) ∶= (∇Xs)ν + s∇Xν = 0, ∀X ∈ P. (5.16)

We can then determine that the wave function is an n-form on the configuration space.
This gives us a way to define a scalar product on the polarized sections such that the
Hilbert space HP is the L2 space

<< s1ν1, s2ν2 >>∶= ∫
Q
< s1, s2 > ν̄1ν2. (5.17)

With this scalar product we can now proceed with constructing the quantum operators in
the same way as was done in section 5.1.

5.3 Real polarizations

Here in the last part we are going to look at the case when the leaves of the real polari-
zation is not simply connected. If we choose Λ to denote a leaf and then Λm as the leaf
passing through the point m ∈ M . Then the covariant derivative along the leaf creates a
flat connection6, ∇Λ on the line bundle. From the definition of a polarization we know that
the sections has to be covariant constant. Which means that they are invariant to parallel
transports and so the sections cannot pick up a phase from ∇Λ. Then either sΛ is zero or
∇Λ is the trivial flat connection.

From the flat connections of the holonomy we get a contribution to Weil’s integrability
condition which modifies it to

∮
γ
pkdq

k = 2πh̵(nγ + dγ), (5.18)

the result is called the modified Bohr - Sommerfeld conditions [1]. To demonstrate how this
conditions arise in calculations we will look at two different examples.

6The curvature form vanishes.
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Example. The first is a cylinder in the momentum representation, which is defined by
its horizontal polarization spanned by ∂/∂φ 7. It then has to satisfy

∇λ∂
∂φ

s = 0 (5.19a)

with the connection

∇λ ∶= d − i

h̵
θ + iλdφ = d − i

h̵
pdφ + iλdφ =

d − i

h̵
(p − h̵λ)dφ, λ ∈ [0,1).

(5.19b)

Together eq. (5.19a) and eq. (5.19b) with d = dφ ∂
∂φ they can be rewritten to

∇λ = dφ( ∂
∂φ

− i

h̵
(p − h̵λ))

⇒ ∂s

∂φ
− i

h̵
(p − h̵λ)s = 0

(5.19c)

which yields
s(φ, p) = exp( i

h̵
(p − h̵λ)φ)ψ(p) (5.19d)

where ψ is a function of the momentum. The peculiar look of the momentum representation
comes from the choice of the symplectic potential θ = pdφ. Had we instead been able to
choose θ = −φdp it would have had the usual appearance. But this potential is not globally
defined. It should also be noted that we are dealing not with quantum mechanics on the real
line but on the circle instead, and this affects the shape of the momentum representation [1].

The prequantum Hilbert space is the space of square integrable functions on the cylin-
der which means that the sections have be to be periodic in φ. This is only possible if the
support of ψ is restricted, hence from eq. (5.19d) we get

p = (n + λ)h̵, n ∈ Z. (5.20)

Which is again the Bohr - Sommerfeld condition. ◻

Example. For a second example we will go through the quantization of the one dimensional
harmonic oscillator. Once again in polar coordinates, we have the Hamiltonian

h = 1
2
r2, (5.21a)

the corresponding vector field
Xh =

∂

∂φ
(5.21b)

and the symplectic two-form
ω = rdr ∧ dφ = d(hdφ). (5.21c)

7In polar coordinates.
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To simplify the calculations we will remove the origin from the plane, the phase space is
thus R2/{0}. From the polarization

∇Xhs = 0 (5.22a)

with the connection
∇ = d − i

2h̵
r2dφ (5.22b)

and in a similar calculation as the previous example, we get that the sections is

s(r) = exp( i

2h̵
r2)ψ(r). (5.22c)

This is though not correct, a way to get the right answer is to consider the contribu-
tions from the bundle of half-forms. Doing that will yield the modified Bohr - Sommerfeld
condition with dγ = 1

2 [1]. ◻

6 Discussion

We first start this work by reviewing basic symplectic geometry, where we define the
symplectic vector space (V,ω) and the symplectic manifold (M,ω). We demonstrate the
form invariance the symplectic structure of classical mechanics has, under symplectomorp-
hisms and canonical transformations. We also demonstrate how it is possible to represent
classical mechanics within symplectic geometry, starting with Lagrange and Hamiltonian
mechanics and ends with the Hamilton-Jacobi method. We end the chapter of symplectic
geometry by discussing two different ways in how to reduce the size of symplectic manifolds.

We then show how to go from a classical function f ∈ C∞(M) on a symplectic manifold
M , to a quantum operator on the line bundle over M with the help of Dirac’s quantization
conditions. To determine if we are able to quantize a system Weil’s integrability condition
is used. As the prequantum bundle breaks Heisenberg’s uncertainty principle we demand
that the sections of the line bundle has to be covariantly constant. In particular we use the
real polarization. Which have the surfaces of the leaves locally constant where the coordi-
nates are in involution.

The last to do is determine the Hilbert space from the polarization and the prequan-
tum line bundle and the operators which acts on it. Depending if the leaves of the foliation
are simply connected or not we have two different ways to achieve that. If the leaves are
simply connected we employ the half-density quantization method to determine the scalar
product on polarized sections, such that we get the Hilbert space. If we do not have simply
connected leaves, we have to use the modified Bohr-Sommerfeld condition. Which we de-
monstrate with a few examples.

In this project I have tried to introduce the interested reader to geometrical quantiza-
tion and give a “feel“ for how different calculations with this method can be carried out.
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To keep it as a introduction there has been areas that I have had to skim over or skip
all together. The treatment for complex polarization as an example. I have simplified the
approach to the subject by minimizing the amount of theorem and definitions when I felt
the opportunity presented itself, so that the reader did not succumb to the mathematical
complexity. For those that are curious about the subject, I recommend [1] as a start which
can be followed by [11].

There are a few ways in which it is possible to continue this work in the future. I ha-
ve not gone into any details on how to treat complex manifolds. A more interesting topic
for future projects is how to apply this construction in quantum field theory.
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A Holonomies on line bundles

With a (complex) line bundle π ∶ B → M that has a connection ∇ on B and a local
trivialization (U, τ) on some neighbourhood U ⊂M where τ ∶M × C → π−1(U). The local
trivialization has a unit section s = τ(●,1) which it is possible to use for defining a one-form,
Φ ∈ Ω1 through the connection

∇s = −iΦs. (A.1)

If there are another section s′ ∈ U , there exists a relation between them s′ = ψs with ψ ∈ Ω0

then
∇Xs′ = (X(ψ) − iX ⨼Φψ)s = (dψ(X) − iX ⨼Φ)s =X ⨼ (d − iΦ)ψs. (A.2)

If the distinction between s′ and the local function ψ is dropped the we are able to write
the connections as ∇ = d − iΦ.

If there is a smooth curve γ ∶ [0,1] → M parametrized by t ∶ [0,1], with the tangent
vector γ̇ and the section s′ is over the curve. Then the section s′ is parallel along the curve
γ if

∇γ̇s′ = (dψ
dt

− iγ̇ ⨼Φ)s = 0. (A.3)

If the curve is closed then s′(1) = ξs′(0) for ξ ∈ C and ξ is called the holonomy of the
connection around the curve [11].

If the ODE A.3 is solved we get the unique solution

ψ(t) = exp(it∫
γ

Φ)ψ(0) (A.4)

where the holonomy of the connection around a closed curve is given by [7]

ξ = exp(i∫
γ

Φ). (A.5)
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