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Abstract

Ensemble for Deterministic Sampling with positive
weights

Arne Sahlberg

Knowing the uncertainty of a calculated result is always 
important, but especially so when performing 
calculations for safety analysis. A traditional way of 
propagating the uncertainty of input parameters is 
Monte Carlo (MC) methods. A quicker alternative to MC, 
especially useful when computations are heavy, is 
Deterministic Sampling (DS).

DS works by hand-picking a small set of samples, rather 
than randomizing a large set as in MC methods. The 
samples and its corresponding weights are chosen to 
represent the uncertainty one wants to propagate by 
encoding the first few statistical moments of the 
parameters' distributions.

Finding a suitable ensemble for DS in not easy, however. 
Given a large enough set of samples, one can always 
calculate weights to encode the first couple of 
moments, but there is good reason to look for an 
ensemble with only positive weights. How to choose the 
ensemble for DS so that all weights are positive is the 
problem investigated in this project.

Several methods for generating such ensembles have 
been derived, and an algorithm for calculating weights 
while forcing them to be positive has been found. The 
methods and generated ensembles have been tested for 
use in uncertainty propagation in many different cases 
and the ensemble sizes have been compared.

In general, encoding two or four moments in an 
ensemble seems to be enough to get a good result for 
the propagated mean value and standard deviation. 
Regarding size, the most favorable case is when the 
parameters are independent and have symmetrical 
distributions.

In short, DS can work as a quicker alternative to MC 
methods in uncertainty propagation as well as in other 
applications.
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Populärvetenskaplig sammanfattning
Den här rapporten handlar om Deterministisk Sampling vilket är en metod som används
för att uppskatta osäkerheter i beräkningar på ett snabbt och effektivt sätt. Innan
den metoden beskrivs kommer problemet Deterministisk Sampling försöker lösa att
beskrivas.

Problemet med osäkerhetspropagering
Antag att vi skaffat en ny ångpanna som fungerar utmärkt i de flesta fall, men det finns
en risk att det exploderar om trycket i den är högre än 10 kPa. För att ha kunna ha
koll på trycket installerar vi en tryckmätare som visar trycket med två decimaler. Då
och går vi ner i källaren och läser trycket och då vi märker att det inte är samma värde
varje gång skriver vi ner dem på en lista. Under dagen noterar vi några olika värden i
kPa:

9.81 9.89 9.96 9.88 9.98 9.87 9.88

9.86 9.97 9.84 9.73 9.89 9.94 9.90

Vi tittar på våra mätvärden och ser att lyckligtvis är inget av värdena över säkerhets-
gränsen på 10 kPa. Vi pustar ut ännu mer när vi beräknat medelvärdet till 9.89 kPa,
vilket är långt under det högsta tillåtna.

Men kan vi verkligen vara helt lugna? Ett medelvärde under 10 kPa säger inget om
hur högt trycket maximalt är och även om inget mätvärde är över säkerhetsgränsen så
är en del av dem ganska nära.

Standardavvikelse är ett mått på hur mycket ett mätvärde förväntas avvika från
medelvärdet och kan här beräknas till 0.066 kPa. Med lite matematik kan vi med hjälp
av standardavvikelsen räkna ut att vi, baserat på dessa mätdata, förväntar oss en att
98% av gångerna vi läser av tryckmätaren kommer värdet ligga under 10 kPa. Detta
kanske låter bra, men borde inte göra oss helt trygga eftersom vi därmed förväntar oss
att ca 2% av gångerna kommer trycket vara för högt.

Det presenterade problemet handlar om att uppskatta osäkerheter i mätningar och
göra en säkerhetsbedömning. En svårare variant av problemet kommer presenteras
härnäst.

Antag att vi har samma ångpanna, men att vi inte vet något om det högsta tillåtna
trycket, men vet att om spännkrafterna i ångpannans väggar blir för stora kommer
den explodera. Vi kan räkna ut spännkrafterna om vi vet ångpannans tryck, radie och
tjockleken på dess väggar. Alla dessa tre saker kan vi mäta, men alla mätningarna
har någon osäkerhet. Så när vi beräknar spännkrafterna i väggen måste vi återigen
ta hänsyn till dess osäkerhet, som kommer från mätningarna av de tre parametrar vi
använt för att räkna ut dem.

Det här problemet kallas osäkerhetspropagering och frågan som ställs är ”hur påverkar
osäkerheterna i inparametrarna osäkerheten i resultatet?”

Det finns flera metoder för att propagera osäkerheter och vi vissa fall är det ganska
enkelt. I svårare fall måste man ta till numeriska metoder och en av de mest använda
sådana typen av metoder är Monte Carlo metoder. Monte Carlo går ut på att beräkna
resultatet väldigt många gånger (ofta tusentals) med olika variationer på de osäkra
parametrarna. De osäkra parametrarna slumpas fram bland värden som man förvän-
tat sig att inparametrarna skulle få om man gjorde många fler mätningar. Utifrån
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alla dessa beräknade resultat räknas medelvärde och standardavvikelse ut, vilket är en
uppskattning av osäkerheten i resultatet.

Kort sagt, Monte Carlo är en väldigt simpel metod som ofta fungerar utmärkt.
Ibland blir det dock problem. Ett exempel på ett sådant fall är när man räknar på
fluiders flöden där en enda beräkning kan ta timmar att genomföra, ibland till och med
dagar. Antag att vi är intresserade av att få veta osäkerheterna i resultatet här och
bestämmer oss för att använda Monte Carlo. Om varje beräkning tar ca 5 timmar och
vi genomför 1000 simuleringar kommer det att ta ca 7 månader innan beräkningen är
färdig, och så länge är det knappt värt att vänta.

Så det här är det stora problemet med Monte Carlo. Det krävs väldigt många
körningar och ibland blir tidskostnaden orimligt hög. Om det bara fanns något sätt att
få ett bra resultat utan att behöva så extremt många beräkningar. Det är det problemet
Deterministisk Sampling löser. Innan det beskrivs ska vi dock jämföra med ett liknande
historiskt exempel.

En historisk liknelse
Att göra opinionsundersökningar innan 1936 krävde betydligt mer jobb än det gör idag.
Inte bara på grund av ny teknik som gör det lättare att nå ut till fler personer utan för
att deras metod för att göra själva undersökningen inte var speciellt välutvecklad. Den
enda taktiken som användes var i princip ”ju fler personer tillfrågade, desto bättre”, så
när opinionsundersökningar gjordes samlades enorma mängder data in. Fler personer
som svarat är förvisso bättre, men det är inte det enda som är viktigt.

Statistikern George Gallup förutspådde 1936 med en undersökning som endast sam-
lat in 50 000 svar att den demokratiske presidentkandidaten Franklin D. Roosevelt skulle
vinna valet. Detta gick direkt emot den väl betrodda tidningen Literary Digest’s under-
sökning som förutspådde att Republikanernas kandidat Alf Landon skulle vinna med
hela 57% av rösterna. Detta var något Literary Digest var väldigt säkra på eftersom
det här var en av de mest ambitiösa och påkostade undersökningarna någonsin med 2.4
miljoner insamlade svar.

Literary Digest’s förutsägelse visade sig inte bara vara fel, den var rejält fel. Roo-
sevelt vann med 62% av rösterna, något som Gallups undersökning med bara 50 000
svar kunnat förutse.

Insikten Gallup kom med var att det viktigaste inte är mängden insamlad data utan
att insamlad data är representativ för populationen. Det var här Literary Digest gjorde
fel. De hade valt ut sina namn från telefonkataloger, tidningsprenumeranter, listor
på medlemmar i olika klubbar osv. och fått en överrepresentation av mer förmögna
personer (telefoner var mera av en lyxprodukt på den tiden) som var mer benägna att
rösta på den republikanske kandidaten. Gallup gjorde allt han kunde för att se till att
den relativt lilla grupp som tillfrågades var representativ för befolkningen i stort och
kunde därmed få ett betydligt mer korrekt resultat.

Ju mindre data som samlas in desto viktigare är det att den väljs smart och Gallup
visade att få datapunkter smart utvalda kan ge en bra uppskattning av det sökta resul-
tatet. Deterministisk Sampling är den matematiska motsvarigheten till den insikten.

Deterministisk Sampling
Antag att vi har en funktion f(x) där x är någonting vi mäter med en viss osäkerhet
och att osäkerheterna är normalfördelade. Om vi vill veta osäkerheterna i f(x) kan
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vi använda Monte Carlo, göra beräkningen 1000 gånger och få en bra uppskattning
av medelvärde och standardavvikelse hos f(x). Att vi måste göra beräkningen 1000
gånger kan som tidigare påpekats vara ett problem om uträkningen tar lång tid. Med
Deterministisk Sampling kan vi plocka fram en ensemble med endast tre väl valda
värden, göra beräkningen tre gånger och få ett bra resultat.

Knepet bygger på att man dels låter varje värde i ensemblen ha en tillhörande
viktfaktor, som ger lite extra flexibilitet, och att man dels sätter värdena och vikterna
så att de är representativa för parameterns fördelning. I fallet av en normalfördelning
kommer dessa tre väl valda värden vara

µ−
√
3σ µ µ+

√
3σ

där µ är parameterns medelvärde och σ standardavvikelsen. Deras vikter är

1

6

2

3

1

6

vilka ska ha summan 1 och helst vara positiva. Varför detta gäller visas i arbetet. Om
några vikter är negativa så kan det i vissa fall fungera ändå, men i andra fall ge orimliga
resultat.

Problemet
Kort sagt, Deterministisk Sampling är en teknik som kan göra det som Monte Carlo gör,
fast betydligt effektivare. När en ensemble för Deterministisk Sampling, dvs. de värden
beräkningen ska genomföras med, är bestämd är metoden identisk med Monte Carlo.
Hela svårigheten med Deterministisk Sampling handlar om att bestämma ensemblen
och dess vikter, vilket det här projektet handlar om.

Mer specifikt är syftet med det här projektet att ta fram pålitliga metoder för att
hitta ensembler med positiva vikter. Ju fler osäkra parametrar som är med i beräknin-
gen desto krångligare blir problemet att bestämma ensemblen och låta alla vikter vara
positiva.

Lösningen
Att hitta en ensemble med positiva vikter görs på olik sätt beroende på hur parame-
trarnas fördelning ser ut och om de har någon korrelation mellan varandra.

En av de viktigaste metoderna som tagits fram här, och som fungerat som en nyckel
till många av framstegen är metoden som kallas Simplex Reduktion. Den används
för att fördela vikter till en mängd punkter, givet vilken statistisk fördelning de ska
ha. Den fungerar i flera dimensioner, för godtycklig mängd statistisk information, med
korrelation mellan vikterna, och delar ut positiva vikter till punkterna så att de uppfyller
den statistiska fördelningen de ska. En viktig egenskap är att den här metoden delar ut
vikten noll till de punkter som är överflödiga, vilket varit en nyckel både för att slumpa
fram ensembler där ett explicit uttryck inte finns och kunna ta bort överflödiga punkter
i en färdig ensemble.

Det bästa fallet är om parametrarna har en symmetrisk fördelning, t.ex. är nor-
malfördelade. I det fallet har ett färdigt uttryck för ensembler tagits fram, som alltid
fungerar och ger en liten ensemble.

För fallet då parametrarna har någon annan fördelning har en slump-baserad algo-
ritm utvecklats. Där slumpats väldigt många fler punkter än vad som behövs fram, vilka
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analyseras och de som inte behövs plockas bort, vilket görs med Simplex Reduktion.
Kvar finns en liten mängd punkter med positiva vikter.

Två metoder för att representera korrelation mellan parametrar har tagits fram
och de fungerar bra för olika fall. Båda metoderna börjar med att en fungerande
ensemble för oberoende parametrar plockas fram. Därefter kommer, i en av metoderna,
punkterna flyttas runt lite, ensemblen blir lite ”skev”, vilket kommer ge korrelation
mellan parametrarna. Den andra metoden låter punkterna ligga kvar på samma plats
som i den oberoende ensemblen men skruvar in korrelation genom att justera vikterna.

Tester och Resultat
De metoder för att konstruera ensembler med positiva vikter har testats för att användas
i osäkerspropagering med Deterministisk Sampling genom flera olika funktioner. De
funktioner som testats är valda för att täcka in många olika typer av funktioner och vara
svåra nog att hitta begränsningarna hos DS. Testen har genomförts både med funktioner
av en, tre och fem parametrar, både med och utan korrelation. Som jämförelse har
Monte Carlo använts.

Resultaten visar att det oftast räcker med att koda in två eller fyra moment i en-
semblen och i de flesta realistiska fall ger detta ett bra resultat. Det finns fall då DS
får problem och behöver skruva in högre moment eller är helt orealistiskt att använda.
Dessa fall innefattar när t.ex. det är väldigt hög spridning på parametrarna, dvs de har
väldigt hög standardavvikelse, samtidigt som funktionerna beter sig på speciella sätt. I
de realistiska fall som testats har dock DS gett goda resultat.

Vad som också testats är storleken på ensemblen som ges utifrån de olika metoderna,
eftersom DS har som syfte att hålla mängden beräkningar som behöver utföras så liten
som möjligt. Storleken på ensemblen har visat sig kunna hålla sig inom en rimlig
storlek i de flesta fall, undantaget möjligen då det är väldigt många parametrar med
osymmetrisk fördelning.

Överlag har testerna givit positiva resultat.

Framtidsutsikt
Deterministisk Sampling är ett relativt nytt koncept som tycks lovande, även om det
finns utrymme att undersöka området mer. Något att titta vidare på kan t.ex. vara om
DS kan användas i fler sammanhang än just osäkerhetspropagering.
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1 Background
Before a nuclear power plant is put in use, or its performance is changed in any way,
thorough security assessments have to be made with deterministic methods. Any models
and calculations being used for safety analysis and for assessing limits in its construction
performance need to be verified and validated as well as take uncertainties into account.
Those are dictations from the Swedish Radiation Safety Authority (SSM) about safety
at Swedish nuclear power plants[9].

One of the tasks of SSM is to inspect the Swedish nuclear power industry and
make sure that the nuclear power plants operate well within safety margins and, hence,
they demand that uncertainties be taken into account in calculations made for safety
analysis. SSM recommends that these uncertainty estimates be made by either making
conservative estimates, i.e., looking at worst reasonable case scenarios, or by making
realistic calculations combined with analysis of uncertainty[9], often known as Best
Estimate Plus Uncertainty.

This thesis is specifically concerned with the Best Estimate Plus Uncertainty ap-
proach. In such an approach a calculation is made to the best estimate of the value
of used model’s input parameters, which gives a result. The question is then what
the uncertainty of the result is. Often one has some idea of the uncertainty of the
measured input parameters, so the question becomes how these uncertainties affect the
uncertainty of the calculated result. This is the problem of uncertainty propagation.

Today, there are several methods of propagating uncertainties through functions; a
big class of these methods is sampling methods, of which Random Sampling and Latin-
Hypercube Sampling are two examples[12]. Those mentioned are both called Monte
Carlo methods, meaning they are based on calculating many randomized samples of the
function and analyzing the statistics from these samples.

Random Sampling is a traditional way of propagating uncertainty, but in some cases
using such methods is not an option. One such case, which occurs in the modeling of
a nuclear reactor, is Computational Fluid Dynamics (CFD) where a single simulation
can take several hours. Since Random Sampling can require up to thousands of simu-
lations, depending on what the distribution looks like, those are not useful here due to
unreasonably high time cost.

A counterpart to the Monte Carlo methods is Deterministic Sampling, a concept
which was introduced in 2013[1] but has its roots in the Unscented Transform from
1995[3], in which a smaller set of samples is determined to fit the statistical distribution
of the input parameters. If such an ensemble can be determined, the required number
of simulations needed for uncertainty propagation can be decreased significantly.

Propagating error with deterministic sampling is, in short, similar to Monte Carlo
methods, but instead, of randomizing thousands of samples and evaluating the function
at each of these, one uses a small well-chosen ensemble with much fewer samples.

The ensemble used in Deterministic Sampling consists of a small set of samples,
called sigma-points, which have a weight attached to them. This weighted set of points
should represent the distribution of the parameters as well as possible, which means
they should have the same average value, the same variance, the same covariance and
preferably the same higher order moments as well. Once such an ensemble is determined
the process is the same as with Random Sampling i.e. the function is evaluated at each
sigma-point and the mean value and variance of the result is calculated.

Deterministic Sampling has been used for uncertainty propagation in CFD simula-
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tions at SSM with success, but in some cases, it has shown to give unrealistic values for
higher statistical moments, such as even moments which are negative, which is prohib-
ited. This problem seems to arise when the function evaluated is not monotonous, if the
ensemble has negative weights. When determining an ensemble with previously used
methods, some of the weights have often been negative, which has caused problems.

1.1 Scope
The aim of this project is to find a reliable method for determining an ensemble for
Deterministic Sampling with only positive weights. This thesis is intended to work as
a presentation of the project, as well as to work as a beginner’s guide to DS.

The main focus is to create ensembles encoding up to four moments. Some of the
methods presented can be used to encode even higher order moments, but usually, in
DS no greater than two to four moments are used.
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2 Theory
2.1 Statistical concepts
This section consists of a short primer on some concepts from the field of statistics and
probability theory which is used throughout this thesis. The reader well versed in those
fields can skip to the next section.

Probability Distribution Function (PDF)

A PDF is a function f(X) which shows the probability distribution of a continuous
random variable X. The probability that X will be within an interval [a, b] is calculated
as

P (X ∈ [a, b]) =

b∫
a

f(X)dX (2.1)

Expectation value ⟨X⟩

The expectation value is a way of measuring the average value of a random variable,
meaning if we sample the random variable enough times, this value will be the average
of the samples. For a continuous random variable, it is calculated as

⟨X⟩ =
∞∫

−∞

Xf(X)dX (2.2a)

and for a discrete random variable which can take only certain values, X ∈ {x1, x2 . . . xn}
as

⟨X⟩ = 1

n

n∑
i=1

xiP (X = xi). (2.2b)

Variance
⟨
δ2X

⟩
The variance of a random variable measures how much the variable is expected to differ
from its expectation value. The variance is calculated as the average of the square
deviation from the expectation value. With δX defined as X − ⟨X⟩ and δ2X as (δX)2

this becomes simply a matter of taking the average of δ2X with equation (2.2a). For a
continuous random variable is calculated as

var(X) =
⟨
δ2X

⟩
=

∞∫
−∞

(X − ⟨X⟩)2f(X)dX =

∞∫
−∞

δ2Xf(X)dX (2.3a)

and for a discrete random variable X ∈ {x1, x2 . . . xn} one has to calculate it with the
discrete expressions for the expectation value from equation (2.2b) which becomes

var(X) =
1

n

n∑
i=1

(xi − ⟨X⟩)2P (X = xi). (2.3b)
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Note that this is the variance calculated when the probability distribution is com-
pletely known. The variance from a set of samples x̃ = {x1, x2 . . . xN}, called Sample
Variance, is calculated as the average square of the samples deviation from the mean
value of the sample, (xi−⟨x̃⟩)2, since the expectation value is not known. This variance
would be slightly too small since the sample mean will lie closer to the measured samples
than the to ⟨X⟩ and to compensate for this one divides by N−1 instead of N in Sample
Variance. The expression becomes

var(X)smp =
1

N − 1

N∑
i=1

(xi − ⟨x̃⟩)2. (2.3c)

If the number of samples is large enough, though, dividing by N − 1 does not make
much different from dividing by N . Hence, the Population Variance is defined as

var(X)pop =
1

N

N∑
i=1

(xi − ⟨x̃⟩)2. (2.3d)

In this thesis, the Population Variance is the expression for the variance which is used
when calculating the variance for any set of samples. The reason for this is that the
ensembles used in Deterministic Sampling have the exact same mean value as the ex-
pectation value of the probability distribution they represent.

Closely related to the variance is the Standard Deviation σ =
√

⟨δ2X⟩. This is
the actual expectation of how much the random variable deviates from its expectation
value, as the variance is the square of this value.

Covariance ⟨δXiδXj⟩

Assume we have a set of random variables X = {X1, X2 . . . Xn}. Sometimes random
variables are not independent but vary together. This is calculated as the average
product of the two random variables deviation from their mean value.

⟨δXiδXj⟩ =
∫
Rn

δXiδXjf(X1, X2, . . . Xn)dX1dX2 . . .dXn (2.4)

The covariance between the entire set of random variables can be described by the
covariance matrix as

cov(X) =


⟨
δ2X1

⟩
⟨δX1δX2⟩ . . . ⟨δX1δXn⟩

⟨δX2δX1⟩
⟨
δ2X2

⟩
. . . ⟨δX2δXn⟩

...
... . . . ...

⟨δXnδX1⟩ ⟨δXnδX2⟩ . . .
⟨
δ2Xn

⟩
 (2.5)

where we note the diagonal is just the variance of each random variable. We can also
note that the covariance matrix is symmetric since ⟨δXiδXj⟩ = ⟨δXjδXi⟩.

The moments of a random distribution

The moments of a probability distribution is an important feature, which can be seen
as a class of expectation values[6]. For a random variable X with PDF f(X) and every
integer n the raw moment is
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⟨Xn⟩ =
∞∫

−∞

Xnf(X)dX. (2.6)

Note that the first raw moment is the expectation value. The nth central moment is
the moment centred around the expectation value and is calculated as

⟨δnX⟩ = ⟨(X − ⟨X⟩)n⟩ =
∞∫

−∞

(X − ⟨X⟩)nf(X)dX. (2.7)

We can now note that the first central moment is always be zero and the second central
moment is the variance. The third and fourth central moments are related to what is
known as skewness and kurtosis.

If the random variable is discrete, we have to use the discrete expression for the
expectation value from equation (2.2b).

When calculating the central moment of a set of samples X̃ = {x1, x2 . . . xN} one
uses the following expression

⟨
δnX̃

⟩
=

1

N

N∑
i=1

(
xi −

⟨
X̃
⟩)n

, (2.8)

which is the expression which is used throughout the rest of this thesis when calculating
the moments of an ensemble.

In this thesis, when moments are mentioned from now on, it refers to the central
moments, except for the first moment which indicates the expectation value.

Mixed moments

In the same way, as the moments are related to the variance, the mixed moments are
linked to the covariance. If there are n random variables {X1, X2 . . . Xn}, the mixed
moment of order m is

⟨δXi1δXi2 . . . δXim⟩ =
∫
Rn

δXi1δXi2 . . . δXimf(X)dXi1dXi2 . . . dXin , (2.9)

where i1, i2 . . . im can be any index of the variables, even all the same. The second
order mixed moment is the covariance (or variance if the indexes are the same) and
higher order mixed moments describe higher orders of interdependence between random
variables.

Independent variables have covariance zero. Higher order mixed moments are not
necessarily zero for independent variables, however. For example one of the fourth order
mixed moments for two random variables X1 and X2 is

⟨
δ2X1δ

2X2

⟩
=

∫
R2

(X1 − ⟨X1⟩)2(X2 − ⟨X2⟩)2f(X1, X2)dX1dX2, (2.10)

which is not zero in general, even for independent variables, since the quantity being
integrated is positive or zero.
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2.2 Input-parameter uncertainty and the propagation of such
Uncertainty of measurements

All measured values have some level of uncertainty associated with them. It can come
from the finite resolution of the instrument, such as a ruler not giving an accurate
measurement smaller than the millimeter scale or the digital thermometer only showing
one decimal. It can come from the skill of the operator, such as the problem of pressing
the button on a stopwatch at the exact right time. It can be a systematic uncertainty,
such as the instrument having some error in its calibration. In short, when performing
any kinds of measurements, there is always an uncertainty to take into account. If we
do not know anything about the uncertainty of a measurement, the measurement is
practically worthless.

Uncertainty in the physical quantity

The uncertainty of a value does not always come from the measurement, but can origi-
nate from the fact that the physical quantity which is being measured is not constant,
such as measuring the room temperature at different times during a day.

As an example, assume we have built a steam-boiler, and we want to measure the
pressure in it to be sure it is not too high. We put a sensor in it and read its value. The
pressure in the steam boiler will not be constant, but is expected to vary slightly during
the day. Assume that these variations are larger than the uncertainty in the sensor so
that the sensor’s uncertainty can be neglected.

From time to time we take a look at the sensor note the value. After a few days, we
have gathered some measurements which have all given slightly different results. The
different measurements are shown in a blob plot in Figure 2.1. The average value of the
measurements is marked by the dotted line.

13



9.7 9.8 9.9 10
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Figure 2.1: A example blob plot showing the distribution of measured values. The
average value is marked by a dotted line.

If someone were to ask what the pressure in the boiler is, we could answer with the
mean value, around 9.89 kPa, and believe that this is a decent approximation. However,
if there were known safety issues with running the boiler with a pressure higher than 10
kPa, we should probably not feel safe in knowing our boiler runs at pressure 9.89 kPa
without taking the value’s uncertainty into account.

The question of how far from the mean value the actual value is expected to be can
be answered with the standard deviation, which represents the average deviation from
the mean value. This can be calculated by taking the square root of the sample variance
from equation (2.3c), and in this example, we would maybe get a standard deviation of
σ ≈ 0.07 kPa. If the measurements are distributed with a Gaussian distribution, which
is the most common distribution, it means that based on those measurements there is
a probability of 68% that the a measurement lies within one standard deviation or one
sigma. The likelihood that the a measurement lies within two sigmas is 95% and that
it lies within three sigmas 99.7%.

In this example though we only care about the pressure not being too high, so we
just need to look at the one-sided probability. The probability of the value not being
greater than one sigma from the mean value is around 84% and that it is bellow two
sigma around 98%

This means that in the example with the steam boiler we could say that with 84%
confidence the pressure will be bellow 9.96 kPa, which is below the safety limit, but we
cannot promise 98% confidence since two sigmas above the mean would be 10.03 kPa
which is too large.

14



2.2.1 Uncertainty propagation

Let’s now assume a harder problem. Suppose we have the same steam boiler but instead
of knowing a safety limit on the pressure, we now that the walls of the boiler can only
take a maximum amount of stress to run safely. We can calculate the stress S on the
boiler’s walls by knowing the boiler’s pressure p along with its dimensions, i.e. radius r
and wall thickness t, all of which can be measured, but with some uncertainties.

The question is now what the uncertainty in S(p, r, t) is and what is the probabil-
ity that this stress will not be too high, which will depend on the uncertainty of the
parameters p, r and t. This is the problem of uncertainty propagation.

In general uncertainty propagation includes some function f(Q1, Q2, . . . Qn) depend-
ing on a number of measured parameters. These parameters are random variables and
have some probability distribution which describes our uncertainty in what their ac-
tual value is. Uncertainty propagation is the problem of using the input parameters
distribution to find out what the uncertainty in f is. Figure 2.2 illustrates this for two
parameters.

Figure 2.2: Uncertainty propagation through a function of two parameters. The input
parameters have some distribution and the distribution of the function will depend on
those.

In some simple cases this can be calculated analytically, but often one needs to use
numerical methods. There are many numerical methods for uncertainty propagation,
a class of such methods commonly used is Monte Carlo-methods. One of the most
straightforward Monte Carlo methods is the Random Sampling.

2.3 Random Sampling for uncertainty propagation
Propagating uncertainty with Random Sampling is a very simple brute-force approach.
Assume we have a model f(Q) which takes a parameter Q as input. Assuming the
statistical distribution of Q is known Random Sampling works by randomizing a large
set of samples q̃ = {q(1), q(2) . . . q(N)} from the known (or assumed) distribution of Q.
The function values f(q(i)) are calculated at each point, and the mean value and variance
are calculated from the result. If this is done with enough samples, the output values
will give an accurate picture of the statistical distribution the model gives based on the
distribution of the input parameters.

The upside to RS is that it is simple to perform, and it scales well with higher
number of parameters. The estimated uncertainty of the standard deviation gained in
RS with N samples is, when the output has a Gaussian distribution,
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std [std (f(q̃))]

σf
=

√
1

2(N − 1)
(2.11)

where σf is the actual standard deviation of the result. This means the uncertainty
in the propagated standard deviation will scale as roughly 1√

N
[6]. This behaviour is

expected to be roughly the same regardless of the number of parameters.
The problem with RS is, as stated in the introduction, that it requires many samples.

To get an error in the standard deviation 2% would have to use 1500 samples, and many
more may be needed if the output does not have a Gaussian distribution. In many cases
running many simulations is not an issue, but in some cases where the computational
load is heavy, for example in CFD where a single simulation can take hours, or even
days[2], the Random Sampling approach is not an option. This high time-cost is a
problem intended to be fixed by Deterministic Sampling.

2.4 Deterministic Sampling
Uncertainty propagation is a problem which can be solved by Monte Carlo methods, but
as noted, there can be a problem with high computational time-cost. However, what
if we could perform Monte Carlo with just a few samples? Random Sampling works
by randomizing a large number of samples which, due to probability, will give a good
result if there are enough of them. If we could instead pick a small set of points, which
represents the input parameters distribution well, this could give a good result when
used to propagate uncertainty.

Deterministic Sampling (DS) as a concept was introduced by Hessling in 2013[1]
but has its origin in the Unscented Transform from back in 1995[3]. It works similarly
to Random Sampling, but instead of randomizing thousands of points it determines a
small ensemble of weighted points which can operate as a quicker alternative to Random
Sampling. An illustration of this is shown in Figure 2.3.

Figure 2.3: An illustration of how a set of samples, randomized from a probability dis-
tribution, can be approximated by a small deterministically chosen weighted ensemble.

This section begins with a mathematical motivation intended to show why the idea
of DS makes sense. The DS as a method is described in more detail before describing
how such an ensemble can be determined, and why a weighted ensemble is used rather
than keeping all weights equal. It also intends to show why determining an ensemble
with only positive weights is not trivial but a goal worth striving for.
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2.4.1 Motivation

Assume uncertainty propagation through a function f(Q) is being performed by Ran-
dom Sampling with N samples q̃ = {q(1), q(2) . . . q(N)}. The mean and variance, which
one is usually looking for, is

⟨f(q̃)⟩ = 1

N

N∑
i=1

f(q(i)) (2.12a)

and

⟨
δ2f(q̃)

⟩
=

1

N − 1

N∑
i=1

[
f(q(i))− ⟨f(q̃)⟩

]2
(2.12b)

Expressing everything in the deviation from µ = ⟨q̃⟩, i.e. q(i) = δq(i) + µ and by
performing a Taylor expansion around ⟨q̃⟩ one gets

f(q(i)) = f(µ+ δq(i)) =
∞∑
j=0

1

j!
δjq(i)

djf

dQj
(µ) = (2.13)

= f(µ) + δq(i)
df
dQ (µ) +

1

2
δ2q(i)

d2f

dQ2
(µ) + . . .

Let’s insert this expression for f(q(i)) into equation (2.12a) and hence find a new ex-
pression for the propagated mean value. We get

⟨f(q̃)⟩ = 1

N

N∑
i=1

 ∞∑
j=0

1

j!
δjq(i)

djf

dQj
(µ)


which can be rewritten as

⟨f(q̃)⟩ =
∞∑
j=0

1

j!

[
1

N

N∑
i=1

δjq(i)

]
djf

dQj
(µ).

One can now notice that the sum inside the bracket is the expression for the moment
of order j. Hence an expression for the propagated mean value is

⟨f(q̃)⟩ =
∞∑
j=0

1

j!

⟨
δj q̃
⟩ djf

dQj
(µ). (2.14a)

The same thing can be done for the propagated variance by inserting equation (2.13) into
(2.12b). The derivation becomes a bit more complicated but the propagated variance
expressed in the moments becomes

⟨
δ2f(q̃)

⟩
=

∞∑
i=1

∞∑
j=1

1

i!j!

[⟨
δi+j q̃

⟩
−
⟨
δiq̃
⟩ ⟨

δj q̃
⟩] dif

dQi

djf

dQj
. (2.14b)

The important thing to notice here is that what matters for the calculated mean
and variance of the output is not the number of points in the ensemble, but only its
statistical moments. This means there is not necessarily a reason to perform thou-
sands of simulation. If a small ensemble fulfills enough moments, it will give a good
approximation of the propagated uncertainty.
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2.4.2 Description

Deterministic Sampling is a method for propagating uncertainty through a model using
a small set of samples (called sigma-points) which represent the statistical distribution
of the model’s parameters.

Once the sigma-points are chosen the method works just like Monte-Carlo methods,
meaning the function is evaluated at each of the points and the statistical properties of
the function-values are calculated.

For example, assume a function f(Q), depending on the parameter Q which has
some known uncertainty with mean value ⟨Q⟩ and variance

⟨
δ2Q

⟩
. Also, assume the

mean value and variance of f(Q) is sought. This can be approximated by selecting an
ensemble of two sigma-points, both one standard deviation away, which would be the
points

q̃ = {q(1), q(2)}

q(1) = ⟨Q⟩+
√
⟨δ2Q⟩ (2.15)

q(2) = ⟨Q⟩ −
√
⟨δ2Q⟩

Note that this ensemble has the same average value and variance as the the parameter
Q. Now we can approximate ⟨f(Q)⟩ and

⟨
δ2f(Q)

⟩
by calculating the mean and variance

for f(q̃) as

⟨f(Q)⟩ ≈ ⟨f(q̃)⟩ = f(q(1)) + f(q(2))

2

and

⟨
δ2f(Q)

⟩
≈
⟨
δ2f(q̃)

⟩
=

(f(q(1))− ⟨f(q̃)⟩)2 + (f(q(2))− ⟨f(q̃)⟩)2

2
.

If f(Q) happens to be a linear function this would be an equality, but for non-linear
functions, it is just an approximation.

This idea can be extended to functions of several parameters. A variant of De-
terministic Sampling used for propagating the uncertainty of several parameters with
covariance is called the unscented Kalman filter[1]. It builds an ensemble which encodes
covariance in the following way. Assume n parameters {Q1, Q2 . . . Qn} with a depen-
dence described by covariance matrix C. An ensemble of 2n sigma-points which encode
this covariance is

q(±,i) =
⟨
Q̄
⟩
±

√
n∆(i, :), (2.17)

∆∆T = C,

where ∆(i, :) refers to the ith row of ∆ and Q̄ is a vector with all the random variables
Qi. In this ensemble each sigma-point is now a point in n-space. Note how ensembles
(2.15) and (2.17) are quite similar. For several parameters

√
⟨δ2Q⟩ has been changed

to the rows of the matrix ∆, which is the matrix square root of the covariance matrix,
and would in the case n = 1 revert to ensemble (2.15).

The ensembles mentioned here encodes the first two statistical moments. The equa-
tions (2.14) tells us that to make a better approximation, the way to do this is to encode
more of the statistical moments into the ensemble.
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In principal, this is the only thing one needs to know about deterministic sampling.
Select an ensemble which satisfies the statistical moments of the parameter to a suf-
ficiently high order and evaluates the function at these points to get the propagated
uncertainties. This works for functions in several dimensions and with interdependent
variables. The entire difficulty when solving the problem of error propagation with
Deterministic Sampling is to find the ensemble.

2.4.3 Determining the ensemble

The more statistical moments an ensemble fulfills, the more precise the result of the
uncertainty propagation will be. Hence, we shall force our set of sigma-points to contain
the correct mean value, variance, third moment and so on.

In this section, the problems with determining an ensemble is presented in a general
theoretical manner. A more practical example of this can be found in Appendix E.1.

So the equations our ensemble q̃ = {q(1), q(2) . . . q(N)} should fulfil, with δkq(i) de-
noting (q(i) − ⟨q̃⟩)k, are 

⟨Q⟩ = 1
N

N∑
i=1

q(i)⟨
δ2Q

⟩
= 1

N

N∑
i=1

δ2q(i)⟨
δ3Q

⟩
= 1

N

N∑
i=1

δ3q(i)

...
...

⟨δmQ⟩ = 1
N

N∑
i=1

δmq(i)

(2.18)

Note that the expression used to calculate the variance, as well as higher order
moments, is the Population Variance from equation (2.3d) and not the Sample Variance
from equation (2.3c), even though we have a small set of samples. This is because the
set is chosen to encode the exact mean value hence the correction gained from dividing
by N − 1 instead of N is not needed and would, in fact, give an incorrect value.

So if the ensemble should encode m moments, a system of m non-linear equations
need to be solved. This system has a finite set of solutions if m = N , which seems
splendid at first sight. There are two problems here, however. One is that equation
(2.18) is messy to work with since it is a system of non-linear equations. There are
algorithms which solve these equations numerically, so this may be manageable, but
the other problem is that while the system is guaranteed to have solutions, they are
not guaranteed to be real-valued. Complex sigma-points can be a problem both since
representing a real valued probability distribution with complex samples is inherently
flawed, since the model or software used for the simulation may not support complex
parameters. If the sigma-points are all real DS is a non-intrusive method, meaning no
change to existing models or software need to be made.

If there are several parameters Q1, Q2 . . . Qn we get the same set of equations for each
parameter Qi. We may also care about the mixed moments, meaning the parameters
Qi1 and Qi2 may or may not be dependent on each other and we may want to encode
this into our ensemble. The system now becomes even more complicated.
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⟨Qi1⟩ = 1
N

N∑
i=1

q
(i)
i1

⟨δQi1δQi2⟩ = 1
N

N∑
i=1

δq
(i)
i1
δq

(i)
i2

⟨δQi1δQi2δQi3⟩ = 1
N

N∑
i=1

δq
(i)
i1
δq

(i)
i2
δq

(i)
i3

...
...

(2.19)

Here there is one equation for each moment and each combination of i1, i2, i3, i4 . . . ∈
{1, 2, 3 . . . n}.

So, there is a solution, but it may be hard to find, and it may not be real valued.
We may hence not always be able to find an ensemble to fulfill the moments we want
by solving (2.18). However, there is a way of making this system of equations easier to
solve, and making sure the solution is real, by associating a weight to each sigma-point
in the ensemble[2].

2.4.4 A weighted ensemble

This section describes the weighted ensemble in a general and theoretical manner. For
a clarifying example see Appendix E.2.

Instead of doing the tough job of solving the system of nonlinear equations, with
potentially complex solutions, from equation (2.18) and (2.19), we could associate a
weight w(i) to each sigma-point q(i). The mean value and statistical moments are then
calculated as

⟨q̃⟩ =
N∑
i=1

w(i)q(i) (2.20a)

and

⟨δmq̃⟩ =
N∑
i=1

w(i)(q(i) − ⟨q̃⟩)m (2.20b)

for the ensemble and the propagated mean value and moments become

⟨f(q̃)⟩ =
N∑
i=1

w(i)f(q(i)) (2.21a)

and

⟨δmf(q̃)⟩ =
N∑
i=1

w(i)(f(q(i))− ⟨f(q̃)⟩)m (2.21b)

given that
∑

w(i) = 1, otherwise one would have to divide by the sum. Note that setting
w(i) = 1

N the non-weighted state is returned.
The equation to solve for the weighted ensemble would now be
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1 =
N∑
i=1

w(i)

⟨Q⟩ =
N∑
i=1

w(i)q(i)⟨
δ2Q

⟩
=

N∑
i=1

w(i)(q(i) − ⟨Q⟩)2⟨
δ3Q

⟩
=

N∑
i=1

w(i)(q(i) − ⟨Q⟩)3

...

⟨δmQ⟩ =
N∑
i=1

w(i)(q(i) − ⟨Q⟩)m

(2.22)

So instead of solving equation (2.18) for the values of q(i) one can now set q(i) to
any reasonable value and solve equation (2.22) for the weights wi. Now there are m+1
equations for an ensemble with m encoded moments, and need hence set N = m+1 for
the system to have a unique solution. This system is linear when solving for wi. Hence,
it is easy to solve and will always have a real-valued solution.

This means we can always find a weighted ensemble with any amount of statistical
moments encoded. This can be extended to several parameters, with correlations, yet
one problem remains. There is no guarantee that the weights are positive. In fact, they
may be any real number, depending on what the sigma-points are. In some cases this is
not a problem, the ensemble still fulfills the requirements and can be used to propagate
uncertainty in some cases.

However, using negative weights is not a good idea. A weighted ensemble is intended
to work as a discrete approximation of a continuous probability distribution. An en-
semble with negative weights is, in principle, a poor approximation since a probability
can not be negative. Even if the first moments of the ensemble are correct, the higher
order moments can be way off, even get unrealistic values. The propagated results from
the use of such an ensemble can also be wrong and even give prohibited values, such as
negative even moments[2]. An example of this is shown in Appendix E.2.

It is then clear that for deterministic sampling to be useful in the general case a way
of finding an ensemble with positive weights is needed.

2.5 Linear optimization with the Simplex Method
A significant tool for finding an ensemble with positive weights has shown to be the linear
optimization method known as the Simplex Method and for this reason, the concept is
described briefly. For a more detailed explanation see Appendix B.1.

Assume we want to maximize or minimize some quantity z which depends linearly
on some parameters,

z = c1x1 + c2x2 + . . .+ cnxn,

and who’s parameters are subject to some linear constraints
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a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2
...

am1x1 + am2x2 + . . .+ amnxn = bm.

The Simplex Method is an algorithm which will optimize the quantity z subject to
the defined constraints. It does so with two important features which are the reason
this method is useful here.

1. None of the parameters xi will get a negative value.

2. If the optimization can be done with some parameters xi equal to zero, they will
be set to zero.

It is for these two reasons the Simplex Method is used in this project, rather than
for optimization.
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3 Methodology
The problem of finding a reliable method of generating an ensemble of sigma-points
representing an arbitrary distribution is approached by a few different strategies. Since
an important part of the projects aim is to find ensemble with positive weights, how
to calculate weights of an ensemble has here given extra thought. All methods and
algorithms presented in this chapter have unless otherwise stated, been developed in
this project.

For computations, the interpretive language GNU Octave[13], which is very similar
to MATLAB, has been used.

This chapter begins with a description notation utilized in this thesis. Ensembles
and their weights are here represented by matrices and vectors, and this representation
is described in Section 3.1.

Next up, in Section 3.2, is a description of Simplex Reduction, a new method based
on the Simplex Method for Linear optimization. Simplex Reduction, which is used for
calculating ensemble weights and reducing ensemble size, is very central to many of the
other new approaches presented in this thesis.

Subsequently, there is a short primer on how to create an ensemble for parameters
with a Gaussian distribution in Section 3.3. This leads into the presentation of the
Block-Diagonal Gaussian ensemble in Section C.1 which can represent any number of
independent Gaussian parameters.

After this, the Shotgun Algorithm is presented in Section 3.4, which is a new method
for generating a one-dimensional ensemble for any parameter with any statistical dis-
tribution. It uses a combination of randomization and Simplex Reduction.

This is followed by a by a description of how to combine ensembles and build a
multidimensional ensemble with any distribution, which is presented in Section 3.5.

Following this, the problem of encoding correlation into an ensemble is addressed.
A solution is shown in two cases, both for Gaussian parameters, in Section 3.6.2 and
for parameters with general distributions in Section 3.6.1.

In Section 3.7.1 methods for creating an ensemble for symmetrical distributions, in
general, is described. The Heavy Middle ensemble, which can represent four moments
for any symmetric distribution is presented in Section C.1.1.

Finally, in Section 3.9, there is a short description of how the methods have been
tested for their use in uncertainty propagation with deterministic sampling.

3.1 Notation used for representing an ensemble
This section describes how an ensemble for Deterministic Sampling is represented through-
out this thesis.

Here an ensemble refers to a set of samples (called sigma-points). The ensemble is
intended to represent the probability distribution of a random variable Q or a set of
random variables {Q1, Q2, . . . Qn} and is denoted q̃.

The sigma-points in an ensemble is represented with an upper index, i.e. q̃ =
{q(1), q(2) . . . q(N)}. Note that the ensemble q̃ here represents an ensemble for any number
of parameters, and hence its sigma-points q(i) can have several components, i.e. q(i) =

(q
(i)
1 , q

(i)
2 , . . . , q

(i)
n ).

For convenience, an ensemble is usually represented in matrix form where each row
is a sigma-point, and each column represents the components for each random variable.

23



The corresponding set of weights w̃ is represented by a column vector. In the general
case with an ensemble for n parameters with N sigma-points is

q̃ =


q
(1)
1 q

(1)
2 . . . q

(1)
n

q
(2)
1 q

(2)
2 . . . q

(2)
n

...
...

...
...

q
(N)
1 q

(N)
2 . . . q

(N)
n


N×n

w̃ =


w(1)

w(2)

...
w(N)


N×1

. (3.1)

This way of writing the ensemble turns out to be useful for two reasons. For one, the
ensemble in matrix form can be scaled, translated, skewed by well-known mathematical
operations. Those operations can also be used to calculate the statistical moments of the
ensemble. Secondly, this fits very well when implementing DS in MATLAB or Octave.

In this notation the mean value of the ensemble is calculated as

⟨q̃⟩T = q̃Tw̃ (3.2a)

and the moment of order m is calculated as

⟨δmq̃⟩T =
(
q̃T − 11×N ⊗ q̃Tw̃

)◦m
w̃. (3.2b)

Here 11×N refers to a matrix of ones with dimension 1×N , the symbol ⊗ is the Kronecker
product and the notation A◦m is the Hadamard power m of A, i.e. denotes that each
element of A is taken to the power of m.

The mean value and moments are in this definition row vectors containing the values
for each parameter, i.e.

⟨q̃⟩ =
(
⟨Q1⟩ ⟨Q2⟩ . . . ⟨Qn⟩

)
(3.3a)

and
⟨δmq̃⟩ =

(
⟨δmQ1⟩ ⟨δmQ2⟩ . . . ⟨δmQn⟩

)
. (3.3b)

Finally, the vector Q̄ refers to a row vector of all random variables and is used as
when denoting the mean value and moments of several random parameters, i.e

Q̄ =
(
Q1 Q2 . . . Qn

)⟨
δmQ̄

⟩
=
(
⟨δmQ1⟩ ⟨δmQ2⟩ . . . ⟨δmQn⟩

)
(3.4)

Example

As an example, assume two parameters Q1 and Q2 with a Gaussian distribution. Let
them have mean values

⟨
Q̄
⟩
=
(
0 0

)
and variance

⟨
δ2Q̄

⟩
=
(
1 1

)
. Their third moment

would then be
⟨
δ3Q̄

⟩
=
(
0 0

)
and their fourth moment

⟨
δ4Q̄

⟩
=
(
3 3

)
.

One ensemble which encodes these first four moments is the five points

q̃ = {(
√
3,
√
3), (

√
3,−

√
3), (−

√
3,
√
3), (−

√
3,−

√
3), (0, 0)} (3.5a)

with weights
w̃ =

{
1

12
,
1

12
,
1

12
,
1

12
,
2

3

}
. (3.5b)

How such an ensemble can be found is described in Section 3.7.1.
This ensemble is here represented in matrix form as
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q̃ =
√
3


1 1
1 −1
−1 1
−1 −1
0 0

 w̃ =


1/12
1/12
1/12
1/12
2/3

 . (3.6)

The mean value of the ensemble is, when calculated from equation (3.2a),

⟨q̃⟩T = q̃Tw̃ =
√
3

(
1 1 −1 −1 0
1 −1 1 −1 0

)
1/12
1/12
1/12
1/12
2/3

 =

(
0
0

)
. (3.7)

Its variance, calculated from equation (3.2b), becomes⟨
δ2q̃
⟩T

=
(
q̃T − 11×5 ⊗ q̃Tw̃

)◦2
w̃ =

=

[
q̃T −

(
1 1 1 1 1

)
⊗
(
0
0

)]◦2

1/12
1/12
1/12
1/12
2/3

 =

=

[√
3

(
1 1 −1 −1 0
1 −1 1 −1 0

)
−
(
0 0 0 0 0
0 0 0 0 0

)]◦2

1/12
1/12
1/12
1/12
2/3

 = (3.8)

=

(
1
1

)
.

Performing the same calculation for the third and fourth moments would also produce
the correct results.

3.2 Calculating positive weights and reducing ensemble size with Sim-
plex Reduction

The aim of this project is to find a way to create ensembles for Deterministic Sampling
with positive weights. This is difficult since, for general distributions, there is no known
way of finding a mathematical expression to calculate where the sigma-points should be
to get positive weights.

What is known is that the weighted set of points need to fulfill equation (2.22).
This could be done by either letting all weights be equal and then solving for the sigma-
points q(i), which will usually give complex solutions. Alternatively, one could pick some
reasonable sigma-points q(i) and then solving for the weights, which will usually give
negative weights.

The method called Simplex Reduction is a new approach to this problem, developed
in this project, and can be used to find an ensemble with positive weights. It is based
on the Simplex Method for Linear optimization, described in Section 2.5 and Appendix
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B.1, hence its name, and will seek positive solutions for the weights of equation (2.22)
and, if possible, give unnecessary points the weight zero. This means that if there are
more points than needed Simplex Reduction can find a solution with positive weights
and reduce the ensemble size.

This method is the central part of the Shotgun Algorithm described in Section 3.4
and can be used to reduce the size of most other ensembles presented in this thesis.
It is also used to recalculate weights to encode covariance in Gaussian ensembles, as
described in Section 3.6.2.

In this section, it is only stated that Simplex Reduction is an algorithm that calcu-
lates weights to a set of sigma-points given a set of moments that are to be encoded. If
there are more sigma-points than needed these get the weight zero and hence these can
be removed to reduce the ensemble size. A more detailed explanation of the algorithm
can be found in Appendix B.2.

Note that it is not claimed that the reduced ensemble gained is the of the minimum
size, just that it is a working set of positive weights which may reduce ensemble size.

3.3 Creating Gaussian ensembles
An ensemble for parameters with Gaussian distributions can be found by the Shotgun
Algorithm described in chapters 3.4, but with Gaussian parameters a better solution
exists. For the Gaussian distribution, an expression for an ensemble can be derived
analytically. The Gaussian ensemble presented here is a lot quicker to create, and be
much smaller is size than the ensemble for general distributions. Since the Gaussian
distribution is the most common its special treatment is well motivated.

This chapter begins with a short primer on the Gaussian ensemble and then continue
to derive a general expression for a Gaussian ensemble encoding four moments without
dependence. The ensemble presented is called the Block-Diagonal Gaussian ensemble.

3.3.1 A primer on Gaussian ensembles

Assume a random parameter Q distributed by a Gaussian distribution with mean value
µ and standard deviation σ. Since a Gaussian ensemble can be translated and scaled to
have any mean value and standard deviation we can, without loss of generality, assume
than µ = 0 and σ = 1 for all Gaussian distributions here, but any reasoning done is
valid in the general case.

Two moments

To encode two moments in an ensemble is trivial and what it looks like has already
been presented in section 2.4.2, but let’s explore more precisely how one can derive it.
Assume it was not obvious how to find it, but we wanted a weighted ensemble encoding
mean value and variance.

Our ensemble should fulfill two moments, and we want the weights to have the sum
one. This means there should be three equations fulfilled. The ensemble is written

q̃ =

(
q(1)

q(2)

)
w =

(
w(1)

w(2)

)
, (3.9)

which is four unknowns with only three equations. This problem is avoided by realizing
that since our distribution is symmetric our ensemble could be symmetric as well. Hence
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we choose to look for a symmetric ensemble and thus get the relation q(1) = −q(2) = q′.
If so, the weights must be equal as well, which means w(1) = w(2) = w′. Now there
are two unknowns but the mean value is automatically fulfilled and the three equations
become

w′ + w′ = 1

w′q′ − w′q′ = 0 Automatically fulfilled (3.10)
w′(q′ − 0)2 + w′(−q′ − 0)2 = 1

The system is easily solved by w′ = 1
2 and q′ = 1. So the ensemble becomes

q̃2moms =

(
1
−1

)
w̃ =

(
1/2
1/2

)
. (3.11)

Four moments

To encode four moments in a weighted ensemble one usually needs five points to fulfill a
system of five equations. Since all the odd moments are zero in the symmetric distribu-
tion, the third moment is encoded by default, if the ensemble is symmetric. So as long
as the ensemble is symmetric and centered around zero both the mean value and third
moment is already fulfilled. Hence, there are only three equations left not automatically
fulfilled. Let’s look for an ensemble encoding four moments in the form

q̃ =

 q(±)

0

−q(±)

 w̃ =

w(±)

w(0)

w(±)

 (3.12)

i.e. one sample locked in the center and two equally weighted samples ±q(±). This
means three unknowns have to be found from the system

w(±) + w(0) + w(±) = 1

w(±)q(±) + w(0)0− w(±)q(±) = 0 Automatically fulfilled

w(±)
(
q(±)

)2
+ w(0)02 + w(±)

(
q(±)

)2
= 1 (3.13)

w(±)
(
q(±)

)3
+ w(0)03 − w(±)

(
q(±)

)3
= 0 Automatically fulfilled

w(±)
(
q(±)

)4
+ w(0)04 + w(±)

(
q(±)

)4
= 3,

since the fourth moment of the standard Gaussian distribution is 3.
From the three equations not already fulfilled one can solve w(±) = 1/6, w(0) = 2/3

and q(±) =
√
3. So the Gaussian ensemble fulfilling four moments is

q̃4moms =

 √
3
0

−
√
3

 w̃ =

1/6
2/3
1/6

 . (3.14)

Ensembles with more than four moments are usually not needed and they are not
explored here. They can be found, though, with the Shotgun Algorithm described
in section 3.4. The rest of section 3.3 explores a way to generalize the four-moment
Gaussian ensemble for many parameters while keeping all weights positive.
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3.3.2 Generalize to higher dimensions - The idea

Assume n independent parameters Qi all distributed with the Gaussian distribution
having a standard deviation σi. Since a Gaussian distribution always can be scaled to
fulfill any other standard deviation, and translated to any expectation value, all of the
distributions are assumed, without loss of generality, to have σi = 1 and ⟨Qi⟩ = 0. The
requirements of an ensemble q̃ representing this distribution is then to have the same first
four moments as the parameters Q̄, meaning, ⟨q̃⟩ =

⟨
Q̄
⟩
= 0n×1,

⟨
δ2q̃
⟩
=
⟨
δ2Q̄

⟩
= 1n×1,⟨

δ3q̃
⟩
=
⟨
δ3Q̄

⟩
= 0n×1 and

⟨
δ4q̃
⟩
=
⟨
δ4Q̄

⟩
= 3n×1, since those are the moments of a

standard Gaussian distribution which can be calculated from equation (2.7). For several
parameters, since the parameters are assumed to be independent, the covariance and
should be zero as well as most of the higher order mixed moments.

An ensemble q̃n fulfilling the first four moments of such a set of parameters can be
calculated as described below.

For the one-dimensional case, as has just been shown, the ensemble is

q̃1 =
√
3σ

 1
−1
0

 w̃1 =

1/6
1/6
2/3

 (3.15)

Since σ is set to be one, it is no longer included in the following equations.
Ensemble (3.15) can be extended to more dimensions, but not trivially. If we seek

an ensemble working in two dimensions one could think it could simply be set to

q̃2 =
√
3

 1 1
−1 −1
0 0

 w̃2 =

1/6
1/6
2/3

 (3.16)

This is indeed a working ensemble for two parameters fulfilling the first four mo-
ments, and the same pattern will work for more parameters by just adding more identical
columns. It can seem as if this is a valid solution, and that one could simply add more
columns if one has more parameters. This is wrong, though, since the parameters are
assumed to be independent, but this ensemble clearly has some covariance, which can
be verified with equation (2.5).

So, to satisfy two independent parameters with Gaussian distributions one will have
to include more sigma-points. This can be done by doing the equivalent of ”splitting”
the zero-point into the added dimension. This form of adding a dimension is shown in
Figure 3.1.
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Figure 3.1: Expanding the one dimensional Gaussian ensemble into two dimensions by
”splitting” the center sample into the added dimension.

For two dimensions a working ensemble with five sigma-points is

q̃2 =
√
3


1 0
−1 0
0 1
0 −1
0 0

 w̃2 =


1/6
1/6
1/6
1/6
1/3

 (3.17)

Note how the weight of the zero-point has been decreased while both of the parameters
still fulfill equation (2.18) independently and their covariance is zero, as seen from (2.5).
One can see it as ”splitting” the zero sample, i.e, taking pieces of it and creating new
samples for a new parameter. This means decreasing it’s weight and adding more points
around it. Here both of the parameters still independently have a total weight of 2/3
at their zeros if counted.

To increase this to three parameters, the same procedure is used, meaning the weight
of the middle sample is once decreased when it is split into the next dimension, and a
working ensemble is

q̃3 =
√
3



1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

 w̃3 =



1/6
1/6
1/6
1/6
1/6
1/6

 . (3.18)

Ensemble (3.18) is an extension in the same way as the two parameter case, but now the
zero-point has weight zero and is hence not needed. This splitting is shown in Figure
3.2.
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Figure 3.2: Expanding the two dimensional Gaussian ensemble into three dimensions
by ”splitting” the center sample into the added dimension.

One can verify all moments still are the fulfilled. The problem next is how to advance
beyond this point since the central point now has weight zero and cannot be decreased
further if all weights are supposed to be positive. Hence adding another parameter by
”splitting” the zero sample will not work any more. So let’s split another point instead.

Due to symmetry one can’t just split one point (unless it is the middle point), but
two points in one dimension (

1
−1

)
can be split into four points in two dimensions as

(
1
−1

)
↪→


1 1
1 −1
−1 1
−1 −1

 , (3.19)

which means our three dimensional ensemble is extended to four dimensions as



1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

 ↪→



1 1 0 0
1 −1 0 0
−1 1 0 0
−1 −1 0 0
0 0 1 0
0 0 −1 0
0 0 0 1
0 0 0 −1


.

The reason this works is that the columns still have a mean value of zero, variance
one and are orthogonal to each other, which is important since this ensures that the
ensemble doesn’t have any covariance.

By applying this transformation to the matrix, one can add another parameter.
The weights of these points have to be halved now, though, and the expression for the
four-parameter ensemble is
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q̃4 =
√
3



1 1 0 0
1 −1 0 0
−1 1 0 0
−1 −1 0 0
0 0 1 0
0 0 −1 0
0 0 0 1
0 0 0 −1


w̃4 =



1/12
1/12
1/12
1/12
1/6
1/6
1/6
1/6


. (3.20)

If one were to perform the calculations one could see that this ensemble still fulfills all
the moments while being free from dependence.

This should, of course, be generalized to an arbitrary number of parameters and one
way of doing this is to view the ensemble as a diagonal-block-matrix where all columns
are orthogonal. It can be described, for n ≥ 3, on the form

q̃n =
√
3

 Ca
Cb

Cc

 w̃n =

Wa

Wb

Wc

 (3.21)

Where the matrices Ck can be any matrix with k columns where all elements C(i,j)
k ∈

{−1, 1} and the columns have mean value zero, variance one and are orthogonal to
eliminate covariance. Ck could be any matrix fulfilling these requirement, for example
the Modified Hadamard Matrix described in Appendix D.2. Wk is the weights for each
of the rows containing Ck.

In the case of 4 parameters as in equation (3.20), the parameters in (3.21) would be

Ca = C2 =


1 1
1 −1
−1 1
−1 −1

 , Cb = Cc = C1 =

(
1
−1

)
(3.22)

Wa = W2 =


1/12
1/12
1/12
1/12

 , Wb = Wc = W1 =

(
1/6
1/6

)

This ensemble for Gaussian parameters, shown in equation (3.21), is due to it’s block-
diagonal shape called the Block-Diagonal Gaussian ensemble. The explicit formula for
how to generate it in any dimension is shown in Appendix C.1.

3.4 Creating an ensemble with the Shotgun Algorithm
Finding an ensemble for just one parameter is, for parameters with a Gaussian distri-
bution solved for up to four encoded moments. The problem is figuring out such an
ensemble for any distribution while keeping all weights positive. For non-symmetric
distributions, there is no known general expression for an ensemble with four moments.
Instead, randomization has been used to find such an ensemble.

The process of annealing, described by Hedberg and Hessling[2] has shown to work
for this. Annealing means an ensemble of five (or as many points as needed to fulfill
the moments) sigma-points is randomized, and weights are calculated. This is repeated
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many times and the best ensemble, which is the one with positive weights and most
evenly distributed sigma-points, is saved.

Here, a new way of performing the randomization of an ensemble is described. In-
stead of randomizing just as many points as needed, it randomizes many times more
and then removes the points not needed. This approach can be generalized to several
parameters, and it has been named the Shotgun Algorithm.

The Shotgun Algorithm for one parameter

Assuming a parameter Q with a known distribution. To create an ensemble fulfilling
the m first moments, one can generate a working ensemble by following these steps:

1. Randomise N ≫ m points {q(1), q(2) . . . q(N)} from the distribution of Q, i.e. many
more points than is expected to be required to encode the moments wanted. For
m = 4, N = 100 has been used by the author.

2. Use Simplex Reduction described in Section 3.2 to get a solution where all of the
weights which can be set to zero, will be set to zero while fulfilling wi ≥ 0. If no
solution exists for the randomized samples, steps 1-2 are repeated.

3. All of the sigma-points which have zero-weights are removed. What remains is an
ensemble with a small number of points and weights fulfilling the desired moments.

3.5 Combining ensembles, creating a multi-parameter ensembles with-
out correlation

By this point, we have a way of creating an ensemble for a parameter with any distribu-
tion by the Shotgun Algorithm, and a way of generating a multi-dimensional ensemble
of Gaussian parameters. A method for creating an ensemble for several parameters with
an arbitrary distribution has not been presented, however.

One could, as stated, use the Shotgun Algorithm in several dimensions, which works
but will have a problem with higher dimensions. This issue arises because the proba-
bility for a single randomized sample to fall in a correct position decreases with higher
dimensions, so the more dimensions, the more sigma-points need to be sampled. For
some number of dimensions, the problem becomes unreasonably large.

The solution presented here is to first generate one-dimensional ensembles for the in-
dividual parameters and then combine them with each other to form a multi-dimensional
ensemble. The process of combining the ensembles is simple in principal but can cause
practical problems with the ensemble size growing too much for many parameters.

Assume one is looking for an ensemble representing the first 4 moments of n uncor-
related parameters {Q1, Q2 . . . Qn}. Individually ensembles {q̃1, q̃2 . . . q̃n} can be found
with the Shotgun Algorithm, or some other way. If one wants to propagate the uncer-
tainty through a function of all parameters f(Q1, Q2 . . . Qn), an n-dimensional ensemble
is needed. This can also be found with the Shotgun Algorithm by randomizing points in
n dimension and removing unneeded points with Simplex Reduction. This is not needed
though since n one-dimensional ensembles can be combined into an n dimensional en-
semble fulfilling their individual moments, and encoding dependence or independence
between them. In this section, the simpler process for independent parameters is de-
scribed. How to get an ensemble with dependence is outlined in section 3.6.1.
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Combining Ensembles

Two ensembles q̃1 and q̃2 can be combined into a higher-dimensional ensemble by simply
taking every combination (q

(i)
1 , q

(j)
2 ) and for each such sigma-point multiplying the in-

dividual weights together as well, getting the corresponding weight w(i)
1 w

(j)
2 . This gives

the ensemble

q̃ =



q
(1)
1 q

(1)
2

q
(1)
1 q

(2)
2

...
...

q
(1)
1 q

(N2)
2

q
(2)
1 q

(1)
2

...
...

q
(N1)
1 q

(N2−1)
2

q
(N1)
1 q

(N2)
2


w̃ =



w
(1)
1 w

(1)
2

w
(1)
1 w

(2)
2

...
w

(1)
1 w

(N2)
2

w
(2)
1 w

(1)
2

...
w

(N1)
1 w

(N2−1)
2

w
(N1)
1 w

(N2)
2


, (3.23)

assuming each ensemble q̃i has Ni sigma points.
From now on, when this thesis mentions that two ensembles are combined, this is

what is meant. Note that there is no assumption about the dimension of the ensembles
q̃1 and q̃2 made. In other words the sigma-points q

(i)
k could have several components,

the expression for their combined ensemble would be the same. Hence, this method can
be used to combine and create ensembles for any number of parameters.

This new ensemble will, according to Theorem A.1 fulfill the individual moments of
the distributions and according to Theorem A.2 have the mixed moments representing
independent parameters, both of which are presented and proven in Appendix A.1. It
is also easy to verify that the weights will sum up to one.

An example of two one-dimensional ensembles being combined into a two-dimensional
ensemble is visualized in Figure 3.3
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Figure 3.3: The initial ensembles for two parameters in blue and red. Their combined
ensemble in black.

Hence, the problem is solved, in principle. One problem with this solution, though,
is that the number of sigma-points is now N1N2, i.e. as several ensembles are combined
the ensemble’s size grows exponentially. This growth is a problem since one of the aims
of Deterministic Sampling is to keep the number of samples needed low.

The number of sigma points can be significantly reduced, though, by applying Sim-
plex Reduction to the problem, as described in section 3.2, and it turns out many of
the points can be removed if one alters the weights.

The final result in the example with two dimensions is shown in Figure 3.4.
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Figure 3.4: The combined ensemble for the two-dimensional example-ensemble after
excessive weights have been removed with Simplex Reduction.

This method can in principle be used for any number independent parameters, al-
though creating them can become a practical problem due to finite computer memory.

In this thesis an ensemble built like this is called a combined ensemble and when it
is mentioned that ensembles have been combined, this is what is meant.

3.6 Covariant ensembles
By now we have working methods for creating ensembles for any distribution and, in
principle, an arbitrary number of parameters. What remains to be explored is how to
encode covariance into an ensemble.

What would an ensemble with covariance look like? If we use Random Sampling
and sample from two covariant variables the ensemble will look slightly ”squished”, or
”skewed” in some direction. This difference is shown in Figure 3.5.

Figure 3.5: Left: RS ensemble without covariance. Right: RS Ensemble with positive
covariance.
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This section’s approach for encoding covariance into a deterministic ensemble works
by replicating the skewing shown here. The question is of course how to skew the
ensemble in the correct way. The method described here uses the covariance matrix to
construct a new basis for the sigma-points, and then moves all the points over to the
new basis. This keeps the mean value and variance as well as encodes the covariance.
It might alter the higher order moments, though, this can be reclaimed by recalculating
the weights with Simplex Reduction as long as the ensemble has not been reduced
beforehand. This Skewing Method is described in Section 3.6.1.

Another approach which works for Gaussian ensembles, and symmetric distributions
in general, is presented in Section 3.6.2. It works not by altering the covariance by
moving the sigma-points around, but by placing the sigma-points in a favorable place
and from there any covariance can be encoded simply by changing the weights.

3.6.1 Covariant ensembles with the Skewing-method

When creating an ensemble for general distributions, with covariance encoded, one
working method is to use a variant of the method for combining ensembles described
in section 3.5. When creating a covariant ensemble, the individual ensembles are here
combined in a slightly different way which skews the ensemble to encode covariance.
After all parameters are combined Simplex Reduction is used to decrease the number
of parameters and make sure all marginal moments are correct.

Skewing the ensemble is accomplished in a similar way to how the unscented Kalman
filter[1] encodes covariance in an ensemble, as shown in equation (2.17), with the dif-
ference that this can encode higher marginal moments and works for a distribution of
any shape.

Assume n parameters {Q1, Q2 . . . Qn}, with known distributions and a known in-
terdependence described by a covariance matrix C. This is shown in figures for two
parameters, but the reasoning is done for a general n.

The covariance Matrix Cn×n is used to create a new set of vectors {b̂1, b̂2 . . . b̂n}
which can work as a new basis when skewing the ensemble. This is done by finding a
matrix ∆n×n s.t.

∆∆T = C. (3.24)

The matrix square root ∆ can be found in several ways, for example by diagonalizing
C = SDST and then taking ∆ = S

√
DST.

A new set of basis vectors {b̂1, b̂2 . . . b̂n} is built up from

b̂i =
∆(i, :)

||∆(i, :)||
, (3.25)

where ∆(i, :) refers to the ith row of ∆, meaning each row of ∆ normalized becomes a
new basis vector.

Now assuming every parameter Qi has an individual ensemble of Ni sigma-points

q̃i = {q(1)i q
(2)
i . . . q

(Ni)
i },

a new grid can be constructed in a similar way to how it is done in section 3.5. Every
sample of every distribution is combined in every possible combination, but this time
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the sigma points are moved out into the new base, encoding the covariance, meaning
the new sigma points will be

q(k) = q
(i1)
1 b̂1 + q

(i2)
2 b̂2 + . . .+ q(in)n b̂n (3.26a)

with every possible combination of i1, i2, . . . , in. The weights are multiplied together
like before

w(k) = w
(i1)
1 w

(i2)
2 . . . w(in)

n . (3.26b)

In matrix form the ensemble would be

q̃ =



q
(1)
1 b̂1 + q

(1)
2 b̂2 + . . .+ q

(1)
n b̂n

q
(1)
1 b̂1 + q

(1)
2 b̂2 + . . .+ q

(2)
n b̂n

q
(1)
1 b̂1 + q

(1)
2 b̂2 + . . .+ q

(3)
n b̂n

...
q
(N1)
1 b̂1 + q

(N2)
2 b̂2 + . . .+ q

(Nn−1)
n b̂n

q
(N1)
1 b̂1 + q

(N2)
2 b̂2 + . . .+ q

(Nn)
n b̂n


(3.27a)

with the corresponding weights

w̃ =


w

(1)
1 w

(1)
2 . . . w

(1)
n

w
(1)
1 w

(1)
2 . . . w

(2)
n

...
w

(N1)
1 w

(N2)
2 . . . w

(Nn−1)
n

w
(N1)
1 w

(N2)
2 . . . w

(Nn)
n

 . (3.27b)

Another way of viewing this would be to see it as a transformation of an ensemble
without covariance to one with covariance using the matrix multiplication

q̃cov = q̃indep


b̂1
b̂2
...
b̂n

 . (3.27c)

If there is no covariance this would result in the same combination as in section
3.5, but if there is interdependence, this will skew the ensemble making it include the
covariance wanted. This difference is shown in Figure 3.6.
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Figure 3.6: The ensembles of two parameters combined without any covariance (left)
and skewed to encode a positive covariance (right).

This will create an ensemble of size N1N2 . . . Nn, which fulfills the covariance. Two
problems now arise, however. Firstly, other moments than the second may change, and
secondly, the ensemble size grows exponentially with the number of parameters. These
problems can be fixed, however. An incorrect mean value is corrected by translation
of the ensemble and both the problem of incorrect higher moments and large ensemble
size are fixed with Simplex Reduction. It can be used to both set weights so that the
higher moments are corrected, and the ensemble size can be reduced drastically. The
covariant ensemble from Figure 3.6 is shown in Figure 3.7 after Simplex Reduction.
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0
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1

1.5

Figure 3.7: The covariant ensemble after Simplex Reduction.
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This method is here called the Skewing-method.

3.6.2 Covariant Gaussian ensembles with the Corner-method

Encoding covariance into an ensemble where all of the parameters have a Gaussian
distribution turns out to be a particular case and because of this, it is also given its own
section. Such ensembles can also be calculated with the technique described in section
3.6.1. Here a shortcut is described where all parameters have a Gaussian distribution,
for an ensemble with four moments encoded.

Assume n parameters {Q1, Q2 . . . Qn}, with known distributions and a known inter-
dependence described by a covariance matrix C. Without loss of generality, it is once
again assumed that each parameter has expectation value zero and variance one.

It is already known that for one parameter a working ensemble is q̃ =
√
3
(
1 0 −1

)T.
One way of creating a working ensemble for any number of parameter with Gaussian
distribution is to put one sample in each corner of the room [−

√
3,
√
3]n and one sample

in the center, and then calculate the weights with Simplex Reduction. In two dimensions
this ensemble would look like in Figure 3.8.

-2 -1 0 1 2
-2

-1

0

1

2

Figure 3.8: The 2D variant of the ensemble which can be weighted to include any
covariance.

This ensemble can be adjusted to encode any covariance by changing the weights of
the samples. An example of this is shown in Figure 3.9.
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Figure 3.9: Left: Weights set to encode no covariance. Right: Weights set to encode a
covariance of -0.5. Both weights encode four marginal moments.

Adjusting the weights is easiest done by Simplex Reduction, which will enforce the
covariance wanted and also remove points which are not needed. Removing excessive
points becomes important in higher dimensions since the ensemble grows in size very
fast with higher dimensions otherwise.

In general such an ensemble can be built with the Corners Matrix defined in Ap-
pendix D.1. The ensemble becomes the Corners Matrix with a zero row added, i.e.

q̃n =
√
3

(
Cn

01×n

)
, (3.28)

with corresponding weights calculated by Simplex Reduction.
This method is here called the Corner-method.

3.7 An ensemble for Symmetric Distributions in general
The Shotgun algorithm, as described in Section 3.4 can create ensembles for any one-
dimensional distribution and by combining such ensembles, as outlined in section 3.5,
one can create a multi-dimensional ensemble for any distribution. Still the special cases
are relevant to study, such as ensembles for the Gaussian distribution, as described in
Section 3.3. This ensemble is much smaller than the ensembles created by combining
ensembles. One reason for this is that the Gaussian ensemble is symmetric. It turns out
that symmetric ensembles, in general, is a particular case and even though the Gaussian
distribution is the most common one, for completeness sake the general case of creating
ensembles for symmetric distributions is examined here.

Creating an ensemble for a symmetrically distributed parameter resembles the rea-
soning done for the Gaussian parameter in Section 3.4, but it will not lead to the same
final ensemble. In fact, the Block-Diagonal Gaussian Ensemble will not work in the
general case, but this reasoning leads to an ensemble which does.

Assume a random parameter Q with some symmetric distribution. When creating an
ensemble with only two moments encoded, i.e., only mean and variance, the ensemble
takes the same form for any distribution. Hence, an ensemble with four moments is
derived here.
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3.7.1 1D symmetric ensemble with four moments

Let us try to find an ensemble with three sigma-points, encoding four moments for a
symmetric distribution. Without loss of generality it is assumed to have mean value
zero and we let one of the sigma-points be located there, i.e. q(0) = 0. Due to it being
symmetric we can now have both of the remaining two sigma-points be mirrored around
this point, i.e., the other points are q(+) = −q(−) = q(±). In other words, we try to find
an ensemble on the form

q̃ =

−q(±)

0

q(±)

 w̃ =

w(±)

w(0)

w(±)

 ,

which encodes four moments. This ensemble needs to fulfil the equations

w(±) + w(0) + w(±) = 1

−w(±)q(±) + 0 + w(±)q(±) = 0

w(±)
(
−q(±)

)2
+ 0 + w(±)

(
q(±)

)2
=
⟨
δ2q
⟩

(3.29a)

w(±)
(
−q(±)

)3
+ 0 + w(±)

(
q(±)

)3
= 0

w(±)
(
−q(±)

)4
+ 0 + w(±)

(
q(±)

)4
=
⟨
δ4q
⟩

with the third moment being set to zero due to the distribution being symmetric. The
second and fourth equations are fulfilled automatically and the three equations that
need to be solved to get the three parameters q(±), w(±) and w(0) are

2w(±) + w(0) = 1

2w(±)
(
q(±)

)2
=
⟨
δ2q
⟩

(3.29b)

2w(±)
(
q(±)

)4
=
⟨
δ4q
⟩
.

which is solved by

w(±) =

⟨
δ2Q

⟩2
2 ⟨δ4Q⟩

w(0) = 1−
⟨
δ2Q

⟩2
⟨δ4Q⟩

q(±) =

√
⟨δ4Q⟩
⟨δ2Q⟩

and the ensemble for a one dimensional symmetric distribution with four moments is

q̃ =

√
⟨δ4Q⟩
⟨δ2Q⟩

 1
−1
0

 , w̃ =


⟨δ2Q⟩2
2⟨δ4Q⟩
⟨δ2Q⟩2
2⟨δ4Q⟩

1− ⟨δ2Q⟩2
⟨δ4Q⟩

 , (3.29c)

which is easily verified to, in the Gaussian case, be the same ensemble as (3.14).
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3.8 Symmetric distributions in higher dimensions
When the Block-Diagonal Gaussian Ensemble was derived in Section 3.3 the one-
dimensional ensemble was extended by ”splitting” the point in the middle and extend
it into higher dimensions and after this was no longer possible start ”splitting” the
edge-points instead.

The same line of thinking could work here, but there is not a reliable way of splitting
the midpoint since there is no guarantee that the weight in the middle is large enough.
In more precise terms, dividing the midpoint would mean one were to create the new
two-dimensional ensemble as

q̃2 =

√
⟨δ4Q⟩
⟨δ2Q⟩


1 0
−1 0
0 1
0 −1
0 0

 , w̃ =



⟨δ2Q⟩2
2⟨δ4Q⟩
⟨δ2Q⟩2
2⟨δ4Q⟩
⟨δ2Q⟩2
2⟨δ4Q⟩
⟨δ2Q⟩2
2⟨δ4Q⟩

1− 2
⟨δ2Q⟩2
⟨δ4Q⟩


,

but there is no guarantee that 1−2
⟨δ2Q⟩2
⟨δ4Q⟩ will always be greater than or equal to zero. In

fact, it is easy to find an example when this is not the case. For example if a parameter
q is uniformly distributed in [−1, 1] it will have

⟨
δ2Q

⟩
= 1

3 and
⟨
δ4Q

⟩
= 1

5 . The mid
point weight would be, with this split,

1− 2

⟨
δ2Q

⟩2
⟨δ4Q⟩

= −1

9

which is prohibited and thus splitting the mid point does not work in the general case.
This is why, for a general symmetric distribution the ensemble is created by keeping

the mid-point’s weight constant and splitting the other points. Once again one wants
to maintain the covariance to zero, i.e. each row must be orthogonal to every other. In
two dimensions this is accomplished by letting the two-dimensional ensemble q̃2 be

q̃2 =

√
⟨δ4Q⟩
⟨δ2Q⟩


1 1
1 −1
−1 −1
−1 1
0 0

 , w̃2 =



⟨δ2Q⟩2
4⟨δ4Q⟩
⟨δ2Q⟩2
4⟨δ4Q⟩
⟨δ2Q⟩2
4⟨δ4Q⟩
⟨δ2Q⟩2
4⟨δ4Q⟩

1− ⟨δ2Q⟩2
⟨δ4Q⟩


.

This ensemble has kept the centre point but doubled the number of points not in the
centre. Their weights have therefore been halved. In general, this can be done for
any number of dimensions, just keep the zero point the same, add orthogonal columns
of -1 and 1 for each parameter and multiply by

√
⟨δ4Q⟩ / ⟨δ2Q⟩. The weights of the

non-center points are set equal and to have the sum
⟨
δ2Q

⟩2
/
⟨
δ4Q

⟩
.

This ensemble is the final ensemble presented and can be used for any symmetric
distribution. Due to it always having the same, often larger, weight in the mid-point

42



while the surrounding weights decrease with increasing dimension this ensemble is here
called the Heavy Middle Ensemble. Its general expression is presented in Appendix
C.1.1.

3.9 Evaluating the methods
The methods for finding an ensemble for Deterministic Sampling described in this chap-
ter have been tested in various cases. They have been evaluated by two criteria, the
first being the correctness of the propagated uncertainty. This study looks no further
than propagated mean value and variance since those are usually most relevant when
looking at a result. The second criteria considered is ensemble size, since keeping the
number of samples low is one of the aims of deterministic sampling.

Deterministic Sampling has been tested in both one or more dimensions and with
different kinds of distributions. Uncertainty propagation with one parameter has been
done with Gaussian distribution with both a broad distribution with σ = 1 and a more
narrow distribution with σ = 0.2. Similar tests with three parameters have been done
with a combination of Weibull and Gaussian parameters without any covariance and
three Gaussian parameters with some dependence involved. The three parameter tests
have been made with parameters who’s distributions have a standard deviation around
0.1.

The classes of functions used to benchmark uncertainty propagation with DS are
polynomials, which have a limited number of non-zero derivatives, exponential functions,
which have an unlimited number of non-zero derivatives and trigonometric functions,
which are periodic. Discontinuous functions have also been tested. Here the Heaviside
function

H(x) =

{
1, n ≥ 0

0, n < 0

has been used to create a discontinuity in the tested function and the discontinuity is
set to occur close to the ensemble’s mean value.

For comparison Random Sampling is used.
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4 Tests and Results
4.1 Propagation
This section intends to show an overview of the results from performing uncertainty
propagation with Deterministic Sampling. The results are presented graphically, and the
figures aim to show a pattern rather than give the exact results. A detailed presentation
of the results is available in Appendix F.

The propagated uncertainty is presented as error bars with the marked midpoint
representing the mean value, and the error bar reaches one standard deviation away.
An illustrative example is shown here.

Assume uncertainty propagation has been performed with DS using three ensem-
bles encoding 2, 4 and 6 moments respectively and that RS has been carried out as a
reference. The example’s propagated mean and standard deviation is shown in Table
4.1.

Table 4.1: An example of the data generated from testing uncertainty propagation with
DS and RS.

Mean Std
DS 2 moments 0.56 0.35
DS 4 moments 0.67 0.30
DS 6 moments 0.66 0.31
RS 0.66 0.32

Such data is here presented as in Figure 4.1.

Figure 4.1: The example data from Table 4.1 presented as error bars spanning one
standard deviation away from the mean value. The bottom error bar, representing the
data gained from RS, is interpreted as the correct uncertainty.
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The error bar gained from RS are assume to be the correct uncertainty and hence
how much the other error bars agree with the bottom one measures how accurate they
are.

In this section, the results of the uncertainty propagation are only presented as error
bars. Tables with the data are, as stated, available in Appendix F

4.1.1 One dimensional ensembles

Propagation of uncertainty with Deterministic Sampling has here been tested through
functions of one parameter with a Gaussian distribution. Several functions have been
used for testing.

The calculation has been done with Deterministic Sampling (DS) with 2, 4 and 6
encoded moments. A Random Sampling (RS) simulation has been done as a reference.

The tests have been done in two cases, one where the parameter had a relatively
thin Gaussian distribution (σ = 0.2) and one where it had a wide Gaussian distribution
(σ = 1). Here the results are shown as figures while Appendix F.1 shown the ensembles
used and the tables of the data.

Narrow Gaussian distribution, σ = 0.2

In the case of a narrow distribution DS has shown to, in most cases, produce a good
value with two, four or six moments. The propagated uncertainties are shown in Figures
4.2 to 4.5.

(a) f(Q) = Q4, σQ = 0.2 (b) f(Q) = Q8, σQ = 0.2

Figure 4.2: Uncertainties propagated through polynomials.
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(a) f(Q) = cos(Q), σQ = 0.2 (b) f(Q) = cos(4Q), σQ = 0.2

Figure 4.3: Uncertainties propagated through periodic functions.

(a) f(Q) = eQ, σQ = 0.2 (b) f(Q) = e2Q, σQ = 0.2

Figure 4.4: Uncertainties propagated through exponential functions.

f(Q) = QH(Q− 1.1), σQ = 0.2

Figure 4.5: Uncertainties propagated through a discontinuous function.
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Wide Gaussian distribution, σ = 1

In the case of a wide distribution DS has shown to have some more problems, depending
on what the function looks like. The propagated uncertainties are shown in Figures 4.6
to 4.9.

(a) f(Q) = Q4, σQ = 1 (b) f(Q) = Q8, σQ = 1

Figure 4.6: Uncertainties propagated through polynomials.

(a) f(Q) = cos(Q), σQ = 1 (b) f(Q) = cos(4Q), σQ = 1

Figure 4.7: Uncertainties propagated through periodic functions.
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(a) f(Q) = eQ, σQ = 1 (b) f(Q) = e2Q, σQ = 1

Figure 4.8: Uncertainties propagated through exponential functions.

f(Q) = QH(Q− 1.1), σQ = 1

Figure 4.9: Uncertainties propagated through a discontinuous function.

4.1.2 Three-dimensional independent ensembles

Here propagation of uncertainty has been tested with functions of three parameters.
The parameters chosen here are of one Gaussian parameter Q1 with µ = 1 and σ = 0.1
and two Weibull-distributed parameters, Q2 and Q3, with α = 6 and β = 1, giving
them a mean value of ≈ 0.93 and a standard deviation of ≈ 0.18.

The testing has been done by Deterministic Sampling with 2 and 4 moments en-
coded. In the case of 4 moments, the test has been performed in one case with only the
covariance set to zero while the higher order mixed moments left unchecked and in one
instance with up to the first four mixed moments set to represent independence. RS
with 107 samples is used as a reference.

Once again, the propagated uncertainty is shown as error bars where the midpoint
is the gained mean value, and the edges are one standard deviation away. The results
are shown in Figures 4.10 to 4.12. A table with the data is avalible in Appendix F.2.
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(a) (Q1 +Q2 +Q3)
4 (b) (Q1 +Q2 +Q3)

6

Figure 4.10: Uncertainties propagated through polynomials.

(a) cos(Q1 +Q2 +Q3) (b) cos
(
(Q1 +Q2 +Q3)

4
)

Figure 4.11: Uncertainties propagated through trigonometric functions.

eQ1+Q2+Q3

Figure 4.12: Uncertainties propagated through an exponential function.
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4.1.3 Three-dimensional ensembles with dependence

Tests have also been done for three parameters with dependence. Here three Gaussian
parameters, all with σ = 0.1 and a covariance matrix

C = σ2

 1 0.02 0
0.02 1 0.6
0 0.6 1


have been propagated through several functions with three different ensembles. The
ensembles have encoded 2, 4 and 6 marginal moments respectively. They all have the
correct covariance encoded but no higher order mixed moments are set.

The results are shown in Figures 4.13 to 4.15. A table with the data is avalible in
Appendix F.3.

(a) (Q1 +Q2 +Q3)
4 (b) (Q1 +Q2 +Q3)

6

Figure 4.13: Uncertainties propagated through polynomials.

(a) cos(Q1 +Q2 +Q3) (b) cos
(
(Q1 +Q2 +Q3)

4
)

Figure 4.14: Uncertainties propagated through trigonometric functions.
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eQ1+Q2+Q3

Figure 4.15: Uncertainties propagated through an exponential function.

4.1.4 A semi-real-world example

When modeling turbulence in computational fluid dynamics the so-called κ-ε-model[10]
is commonly used. It contains five independent uncertain parameters Cµ, Cε, σκ, κ
and B. This model was used by Dunn[11] to study uncertainty quantification by Latin
Hypercube Sampling and by Hedberg and Hessling[2] to study Deterministic Sampling.
Here, the same model is used with the same parameters as Hedberg and Hessling uses,
which are presented in Table 4.2.

Table 4.2: The uncertain parameters in the κ-ϵ-model of turbulence.

Parameter Probability distribution func. f(x) Constants

Cµ Weibull α
β

(
x
β

)α−1
e−(x/β)α α = 45.54

β = 8.77 · 10−2

Cε2 Beta (x−A1)p−1(A2−x)q−1

A2∫
A1

(x−A1)p−1(A2−x)q−1dx

A1 = 1.8, A2 = 2.2
p = 1.2, q = 2.0

σκ Gaussian 1
σ
√
2π
e

−(x−µ)

2σ2
µ = 1.0

σ = 1.67 · 10−2

κ Gaussian 1
σ
√
2π
e

−(x−µ)

2σ2
µ = 0.41

σ = 4.89 · 10−3

B Gaussian 1
σ
√
2π
e

−(x−µ)

2σ2
µ = 5.2
σ = 0.10

Two ensembles representing these distributions have been built. Both encode four
moments and sets covariance to zero. One of them encodes the higher order mixed mo-
ments, though while the other leaves the mixed moments beyond covariance unenforced.

The ensemble was built by first creating a three-dimensional independent Gaus-
sian ensemble for σκ, κ and B from the Block-Diagonal Gaussian ensemble. A two-
dimensional ensemble for Cµ and Cε2 has then been created by generating the individ-
ual ensembles with the Shotgun Algorithm, combining them and then reducing the size
with Simplex Reduction. The 3D and 2D ensembles have then been combined into a
full 5D ensemble for the entire model and once again reduced in size again with Simplex
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Reduction. In one of the cases, only the covariance was forced in the Simplex Reduc-
tion, while in the other case up to four mixed moments was forced. The ensemble with
only the covariance forced has 20 sigma-points and the ensemble with up to the fourth
mixed moment has 54 points.

These ensembles have not been tested on actual CFD-simulations, but evaluated by
test-functions. The results are shown in Figures 4.16 to 4.18. The data is shown in
more detail in Appendix F.4.

(a) (
∑

Qi)
4 (b) (

∑
Qi)

8

Figure 4.16: Uncertainties propagated through polynomials.

(a) cos((4
∑

Qi)) (b) e(
∑

Qi)

Figure 4.17: Uncertainties propagated through a trigonometric function and an expo-
nential function.
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H(−8.6 +
∑

Qi)
∑

Qi

Figure 4.18: Uncertainties propagated through a discontinuous function.

4.2 Ensemble size
The size of the ensembles has been tested by constructing ensembles for different num-
bers of parameters with the methods described. The ensemble sizes gained by the
different methods have been compared and graphed. All the ensembles examined in
this section encode four moments.

4.2.1 Size of the symmetrical ensembles

The size of the two ensembles for symmetrical ensembles is presented here. These are the
ensembles which have an explicit mathematical expression and can be created without
randomizing or using Simplex reduction to calculate the weights and are by far the most
efficient in size.

Block-Diagonal Gaussian Ensemble size

The size of Gaussian ensembles which have been created by the expression presented in
Appendix C.1 are shown in Figure 4.19.
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Figure 4.19: The size of the Block-Diagonal Gaussian ensemble.

Heavy Middle Ensemble size

The size of the Heavy Middle Ensemble has been calculated for up to a hundred pa-
rameters and its size is graphed in Figure 4.20.

Figure 4.20: The size of the Heavy-Middle ensemble.
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4.2.2 Combined ensembles

Gaussian ensembles, which are symmetric and thus their ensemble can be smaller, and
Weibull ensembles, which are non-symmetric, have been created with an increasing num-
ber of parameters. The ensembles have been created by generating a one-dimensional
ensemble and combining it with itself several times and at each point decreasing en-
semble size with Simplex Reduction enforcing four moments and setting covariance to
zero. Their resulting ensemble size has been graphed in Figure 4.21.

Note that the Gaussian ensemble constructed in this way is much larger than the
BDG and HM ensembles and should not be generated in this way, but is shown simply
for testing purposes.

Figure 4.21: The size of ensembles created from combining one dimensional ensembles
with increasing number of parameters.

4.2.3 Dependent ensembles

The ensemble size of the covariant Gaussian ensemble generated by the Corner Method
is shown in Figure 4.22.
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Figure 4.22: Ensemble size of the ensemble created by the Corner Method.

The ensemble size as of covariant ensembles generated by the Skewing Method is
shown in Figure 4.23 for parameters with Gaussian distributions and Weibull Distribu-
tions.

Figure 4.23: Ensemble size of ensembles created by the Skewing method.
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5 Discussion
5.1 Correctness of the propagation
The tests of the propagation of mean value and variance, done in section 4.1, clearly
show the general pattern that including more moments in the ensemble will give a more
accurate result. The issue is only a matter of how many moments one need to encode.
This question has a definitive answer which can be found when the function propagated
through is explicitly known. Then it simply becomes a matter of calculating the size of
the Taylor-terms in equations (2.14), or its higher-dimensional counterpart, and seeing
when the terms are small enough to ignore. Often in the case of performing a simulation,
though, an explicit expression for the function is not known, and if one did, and if its
derivatives were easily calculated, one could just calculate the uncertainty from the
Taylor expansion. So in the cases when deterministic sampling is likely to be used, the
number of moments to be encoded needs to be estimated in some way.

5.1.1 The tests with one parameter

The tests which were done with a reasonably ”narrow” distribution with σ = 0.2 shown
in Figures 4.2 to 4.5 (and Table F.1) revealed that for many functions, even functions
very non-linear such as e2q two moments are enough to give a good approximation for
the propagated mean and variance.

The most difficult function of the once tested showed to be Q8, in the case of σ = 0.2,
where six moments were needed to give a good estimation of the variance. One has to
remember, though, that a standard deviation of 3.7, which was provided by the ensemble
with four moments compared to a variance of 4.5, which is here interpreted as the actual
value, are not extremely far apart. If the computations were massive, it might be worth
losing a certain precision since the ensemble with four moments only needs to run three
simulations compared to running 7 for the better value.

For the other functions tested two or four moments has shown to work well.
The tests with a wider distribution where σ = 1, shown in Figures 4.6 to 4.9, illus-

trates a similar pattern, but with a higher threshold for a good value of the propagated
mean and variance. With such a wide distribution the error can become extremely high,
even orders of magnitude, for the variance in difficult functions.

The function which was most difficult in the case of the narrow distribution, Q8,
became with a wider distribution even more of a problem. A new issue arises from
e2Q which wasn’t a big issue in the case of a narrow distribution, has now become
one. For Q8 and e2Q not even six moments were enough to get an accurate estimation
of the uncertainty when the distribution was wide. For those functions, the ensemble
with six moments underestimated the standard deviation by around 80% and the other
ensembles were even further off.

An interesting aspect is that periodic function cos(4Q) has, in this case, caused very
much trouble, which it did not do at all for the narrow distribution. This becomes a
problem as the distribution has become broad enough to ”feel” the periodicity of the
function. Since the period now is 2π/4 and the distribution has σ = 1 the determinis-
tic ensemble now has points distributed over different periods, which makes both the
propagated mean and variance get values distributed all over the map and including
more moments are not necessarily better. The ensemble with four moments actually
gave worse values than the one with only two. One might think that, since the six-
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moment-ensemble got better values again it is on its way of converging to the right
value, but this turns out to just be a lucky coincidence. For example, one calculation of
the propagated mean and variance with an eight-moment-ensemble is further off from
the true values than the six-moment ensemble was.

The difference between these two cases is shown in Figure 5.1. One can see that
in the case where σ = 0.2 there is no problem with periodicity since the function has
no periodicity in the region where the ensemble has sigma-points. Here a curve can
be traced through the points and will give an estimation of the functions shape. The
ensembles for the wider distribution with σ = 1 does not have these properties. If one
were to trace a curve through these sigma-points, one would not recognize the function
at all.

(a) σ = 0.2 (b) σ = 1

Figure 5.1: The sigma-points for Deterministic Sampling applied to cos(4Q) when Q
has (a) a thin distribution with σ = 0.2 and (b) a wide distribution with σ = 1. It is
shown with three ensembles with 2, 4 and 6 moments encoded.

These cases when Deterministic Sampling fails are addressed in more detail in Sec-
tion 5.3. It should be emphasized that the situations where deterministic sampling has
problems are rare occasions constructed for testing purposes and in general real-world
scenarios it usually works perfectly well, especially in CFD where oscillating functions
are uncommon.

5.1.2 Tests with three independent parameters

The tests with three parameters showed a similar result as the one-parameter test, but
the problem now has an extra layer of complexity added, since there are mixed moments
to encode, which also affect the result.

In most of the cases tested encoding four moments and keeping the covariance zero
gives a good result for both mean and variance.

Again some problems occur with the more difficult trigonometric function but in the
other cases, it works fine.

In short, it operates in the same way as the one-dimensional case.
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5.1.3 Tests with three covariant parameters

The tests with dependence encoded shown in Figures 4.13 to 4.15 (and Table F.4) also
indicates that encoding more moments gives a better result. Interestingly, this one has
more trouble propagating the variance correctly in some of the cases.

An issue when only encoding covariance and leaving higher order mixed moments
untouched is that many of those may be relevant, in some cases maybe even more useful
than the non-mixed moments.

5.1.4 Tests with discontinuous functions

Applying Deterministic Sampling to propagate uncertainty through discontinuous func-
tions, or non-analytic functions in general, could potentially be a problem. Since the
concept of Deterministic Sampling has been, in this thesis, motivated solely by a Taylor
expansion, but a Taylor expansion is not valid for discontinuous functions.

This does not mean Deterministic Sampling should be discarded here. There is
another motivation for Deterministic Sampling, used by Hessling[1], which is that there
is an inherent truthfulness in encoding statistical knowledge in an ensemble, whatever
that knowledge may be. Encoding the lowest order moments is still a true, although
not complete, representation of the uncertainty of the parameters and by this reasoning
one can see a reason as to why Deterministic Sampling may work in this case as well.

The results when the functions had discontinuities, which were presented in Figures
4.5, 4.9 and 4.18 (and Table F.1, F.2 and F.5), show that the method does indeed give
a reasonable estimation, but the discontinuity can cause problemss. The mean value is
off, significantly so in some cases. An interesting finding is that the mean value is, in
the tests done here, more wrong than the standard deviation. This differs from all the
other cases it has been the other way around.

It is not difficult to imagine that a discontinuous step can bias the mean and vari-
ance in Deterministic Sampling since the ensemble has so few points and if there is a
discontinuity at some place, this may be missed by the ensemble or affect the result
more than it should.

The one-dimensional tests when the mean and standard deviation is propagated
through the function f(Q) = QH(Q − 1.1), who’s ensemble is visualized i Figure 5.2
and results are shown in Figure 4.5, gets the mean value wrong consistently, although
it seems to become better with more moments, at least with six moments. This pattern
can be both due to a more accurate representation of the distribution as well as because
the six-moment-ensemble has more points and is less likely to miss a discontinuity or
simply more likely to get the points more evenly distributed on either side of the step.
A problem occurs in the four-moment-ensemble which gives a worse result than the
two-moment ensemble here. Why this happens is likely since the three points of the
four-moment ensemble get a more uneven distribution around the discontinuity than
the two points in the two-moment ensemble, which can be seen in Figure 5.2. The six-
moment-ensemble gives the most accurate result since it has points distributed more
evenly on both sides the discontinuity.
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Figure 5.2: The three ensembles tested for propagating uncertainty of Gaussian param-
eter with σ = 0.2 through the function f(Q) = QH(Q− 1.1).

Both the results for the wider Gaussian distribution from Figure 4.9 and the real-
world parameters from Figure 4.18 the mean misses a little, but the standard deviation
is very close to the actual value.

5.2 Ensemble size
5.2.1 Symmetrical ensembles size

Block-Diagonal Gaussian Ensemble size

 The size of the Block-Diagonal Gaussian (BDG) ensemble can be seen in Figure 4.19
which shows that this ensemble grows in steps. This behavior is expected since this
ensemble is built up from Modified Hadamard Matrices and they grow in steps as well.
On average it seems to increase linearly. If a linear function is fitted to its growth rate,
it will be roughly 1.06x + 5.06. This line plotted along with the actual values is shown
in Figure 5.3.
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Figure 5.3: The size of the BDG ensemble along with a fitted linear function.

The approximated linearity is probably true for a higher number of parameters as
well. One can calculate the ensemble sizes for ensembles with 100, 200, 400 and 800
parameters to 120, 240, 480 and 960 samples respectively, which is exactly behaving as
a linear growth.

This ensemble is very quick to build and can be generated almost instantaneously.

Heavy-Middle Ensemble size

The Heavy Middle (HM) ensemble grows in a similar way as the BDG ensemble, in the
way that its size increases in steps in steps, which can be seen in Figure 4.20.

  It also appears to, on average, grow linearly. If a linear function is fitted to this
growth rate is will be approximately 1.09x+ 2.12.

Comparison

Both the HM ensemble and the BDG ensemble can be used to encode the moments of a
Gaussian distribution, but only the HM ensemble can represent symmetric distributions
in general. In the real world most parameters will be Gaussian, though, and assuming
a set of Gaussian parameters the question is now which ensemble to use.

Comparing the HM ensemble to the growth of the BDG ensemble they seem to grow
roughly as quickly. In Figure 5.4 these ensembles are plotted next to each other.
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Figure 5.4: The size of the BDG ensemble and the HM ensemble.

It does seem like they are indeed roughly growing at the same rate. So on average
they are both equal in size, but at specific positions they can differ a lot. In Figure 5.5,
one can see that which ensemble is the most efficient differs from point to point. For 12
parameters the difference is 7 samples less for the HM ensemble and for 80 parameters
the BDG has 13 samples less.

One could define a new Gaussian ensemble which is the smallest one of the BDG or
HM ensembles for that number of parameters. This approach can make sure one has
the minimum Gaussian ensemble and is illustrated in Figure 5.5.
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Figure 5.5: The BDG and HM ensembles along with the minimum of both of them.

5.2.2 Combined ensemble size

The combined ensembles grow much quicker, as seen in Figure 4.21. This technique
for building an ensemble turns out to be much less efficient in that sense. Already at
20 parameters the ensemble has over 250 sigma-points. The Gaussian ensemble which
was built by combining ensembles and reducing them can be compared to the Block-
Diagonal Gaussian ensembles, which shows the ineffectiveness of this way of combining
ensembles when the number of parameters gets too big.

Another downside to this method is that the ensembles shown in Figure 4.21 only
has the covariance set to zero while higher mixed moments are left unchecked. Often
this is enough, but the much smaller Gaussian ensembles from Figure 4.19 has up to
most of the fourth mixed moments encoded correctly. The Gaussian ensemble seems
to be simply a better ensemble, but for now, there is no known way of making the
non-symmetric ensembles better.

One could estimate the growth rate of combined ensembles to appear quadratic.
A quadratic function fitted to the growth rate, about 0.50x2 + 3.52x + 0.39, seems to
work well with the data. It is plotted in Figure 5.6 for up to 30 parameters and one
would expect over 500 samples for such an ensemble. This number of sigma-points is
larger than one wants to use with DS and is a problem with this technique for creating
ensembles if the number of parameters is too high.
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Figure 5.6: Growth rate of combined and reduced Weibull ensembles along with a second
degree polynomial fitted to the data.

The combined ensemble has not been tested for ensembles with more than 24 pa-
rameters since the ensembles become so large, before reduction, that computer memory
becomes an issue. Due to the combined ensemble’s tendencies to grow exponentially
before reduction there is a problem with creating too large ensembles.

One way around this is to, when combining several ensembles, to reduce the size
before each new ensemble is added. This technique eliminates the problem of having the
ensemble size grow exponentially and potentially becoming too large for the computer
to handle, before finally being reduced in size. Using this technique does not mean the
problem has gone away completely, just that the number of parameters which can be
included in a combined ensemble has been increased.

In practice, this could mean creating an ensemble as described by the example from
Appendix E.3.3. This case gives a final ensemble with 280 sigma-points, which may be
a bit more than one wants. One has to remember though that this is an extreme case
with 21 parameters all with unsymmetrical distributions and dependence. Often the
case is rather that most parameters have Gaussian distributions and for such the number
of parameters is decreased a lot. In the example from section E.3.2 the same case is
presented but with Gaussian distributions instead of Weibull distributions. Here the
number of sigma-points of the final ensemble is only 34, which is much more reasonable.

5.2.3 Size of covariant ensembles

Corner Method

The size of covariant Gaussian ensembles built with the Corner Method can in Figure
4.22 be seen for up to 17 parameters. The curve seems to behave in a quadratic way, and
if a quadratic polynomial is fit to this data, it will indeed show to be a second-degree
polynomial. The polynomial x2

2 + x
2 +2 fits the data exactly and this is shown in Figure
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5.7.

Figure 5.7: The size of the covariant Gaussian ensemble from the Corner Method fit to
a second degree polynomial.

Since the size of the ensemble is huge before it is reduced, due to how it is con-
structed, there are memory issues with creating an ensemble much larger than this with
the only the Corner Method.

Skewing method

The more general way of setting up a covariant ensemble which works for any distribu-
tion, the Skewing method, has even bigger problems creating large ensembles where all
parameters are interdependent. The ensemble sizes for covariant Weibull and Gaussian
distributions set up with the Skewing method shown in Figure 4.23 shows ensembles for
up to 7 parameters for Weibull distributions and 9 parameters for Gaussian distribu-
tions. This is due to memory issues with a higher number of parameters than this. This
problem appears due to the exponential increase in size as the ensemble is combined
and skewed and since it cannot be reduced until all covariant ensembles are combined
it will become gigantic before it is reduced.

One can see that this ensemble grows quicker than the one created with the Corner
method. There can be a problem if too many non-Gaussian variables are all interde-
pendent on each other, but usually, this will not be a problem. In general, the ensemble
size can be kept down by combining the different techniques for creating ensembles and
only use the Skewing Method on small subsets of the parameters.

5.2.4 In general on ensemble size

In general, one wants the ensemble size to be as small as possible since the idea of
Deterministic Sampling is to keep this number down. For the average model, most of
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the parameters will likely be Gaussian and if so the ensemble size will not be a problem.
Both the Block-Diagonal Gaussian ensemble and the Heavy Middle ensemble can be
created for any number of parameters and will keep the ensemble size reasonably small.

If some of the parameters have non-Gaussian distributions, it is still not a problem,
since an ensemble for the Gaussian parameters can be created, be combined with the
non-Gaussian parameters and reduced to give it it a decent size.

If some parameters have covariance, they also need to be combined separately. For
Gaussian parameters with covariance, one can use the Corner-method to create a co-
variant ensemble for up to around 17 parameters before the Corner Matrix becomes
too large and computer memory becomes an issue. There is usually no need to create
an ensemble with this many dependent parameters, however. Usually, there are rather
many small sets of parameters with interdependence and not one large set of parame-
ters depending on each other, which means one can create several small ensembles with
covariance encoded and then combine them to one larger ensemble.

If there are non-Gaussian parameters with covariance an ensemble for those is set
up with the Skewing Method and combined with the rest of the ensemble.

In short, for an ensemble of small size independent Gaussian, or other symmetric,
parameters are preferred. The more parameters which are not independent Gaussian,
the more compromised the ensemble size will be.

Since the ensemble size will always grow with increasing number of parameters, at
some point Random Sampling will be more effective than Deterministic Sampling.

5.2.5 On computer time

While the BDG and HM ensembles can be constructed almost instantaneously, the
ensembles made by combining and reducing takes more time, as well as the covariant
Gaussian ensemble generated from the Corner Method, for ensembles of many param-
eters. On the tested hardware, this has been a matter of minutes and is unlikely be a
significant obstacle in the use of DS. The obstacle when creating large ensembles with
those methods has been computer memory, rather than a long computational time.

5.3 Limitations of Deterministic Sampling
The correctness of the propagation in Deterministic Sampling is dependent on how
well the moments can be encoded in the ensemble represent the actual value of the
uncertainty. Equations (2.14) show the series expression of the propagated mean value
and variance in the one-dimensional case.

The answer to the question of how many moments need to be encoded can not
be answered completely without knowing the function through which uncertainty is
propagated, but as a general rule one can say that four moments in usually fine and
the more the better. This rule is not the entire truth, however. What is needed is for
the largest terms in equations (2.14) to be fulfilled, and while those usually are the first
terms, which correspond to the lowest order moments, examples can be constructed
where the dominating terms are those corresponding to much higher order moments.

For example, the mean value propagated by an ensemble is in one dimension

⟨f(q̃)⟩ =
∞∑
i=0

1

i!

⟨
δiq̃
⟩ dif

dQi
(µ)
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and if this is calculated for a very wide Gaussian distribution with, for example, σ = 4
one gets

⟨f(q̃)⟩ = f(µ) + 8
d2f

dQ2
+ 32

d4f

dQ4
+ 85.333

d6f

dQ6
+ 170.667

d8f

dQ8
+

+273.1
d10f

dQ10
+ 364.1

d12f

dQ12
+ 416.1

d14f

dQ14
+ 416.1

d16f

dQ16
+

+369.1
d18f

dQ18
+ 295.9

d20f

dQ20
+ 215.2

d22f

dQ22
+ 143.5

d24f

dQ24
+ . . . .

Depending on how the derivatives of f are, the terms corresponding to very high order
moments may be the dominating terms. If, for example, all derivatives were equal (i.e. if
f(Q) = eQ) there would be no use encoding even the first ten moments in the ensemble
since the largest terms in the series would be the ones corresponding to moments of
order 12-18. In fact, an ensemble with just the four moments 12-18 encoded would, in
this case, give a more accurate estimation of the mean value than even encoding the
first twelve moments in the ensemble.

The variance, which is

⟨
δ2f(q̃)

⟩
=

∞∑
i=1

∞∑
j=1

1

i!j!

[⟨
δi+j q̃

⟩
−
⟨
δiq̃
⟩ ⟨

δj q̃
⟩] dif

dQi

djf

dQj
,

would in the same example need to go much higher to get anything close to a good
estimation. In fact, it is completely unrealistic to use Deterministic Sampling at all
here. The calculated expression for the variance is not written out here, but it is first
at the term

1

33!2
[⟨
δ66q̃

⟩
−
⟨
δ33q̃

⟩ ⟨
δ33q̃

⟩]( d33f

dQ33

)2

≈ 5.3 · 1011
(

d33f

dQ33

)2

that the sum’s terms stop increasing in size, of course still assuming all derivatives are
equal. So in this example, if the function has higher order derivatives not decreasing is
size sufficiently fast this example shows a case where Deterministic Sampling is useless.

The described example is, of course, an extreme case constructed to break the con-
cept of Deterministic Sampling. An important thing to learn though is that if the
probability distribution is very broad, and the model used has significant high-order
derivatives, DS is not the method to choose for uncertainty propagation.

This is what happens in the tests shown in Figure 4.7 (and Table F.2), when mean
and standard deviation is propagated through the function cos(4Q), with Q having a
Gaussian distribution with µ = 1 and σ = 1. Here neither mean nor standard deviation
gets an accurate result even with six moments encoded in the ensemble. The terms for
the mean value will be

⟨cos(4q̃)⟩ =
∞∑
i=0

1

i!

⟨
δiq̃
⟩ di cos(4Q)

dQi

∣∣∣∣
Q=1

≈

≈ −0.65 + 5.23− 20.9 + 55.8− 111 +

+178− 238 + 272− 272 + 242− 193 + . . .
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where it is first at the term representing order 16 where the terms start decreasing in size.
This explains why 6 moments encoded, or even 10, would not give a good estimation of
the propagated mean. This is even worse for the propagated variance who’s terms are
too many to write down explicitly, but it is series does not start decreasing in size until
the term

1

31!2
[⟨
δ62q̃

⟩
−
⟨
δ31q̃

⟩ ⟨
δ31q̃

⟩](d31 cos(4Q)

dQ31

)2∣∣∣∣
Q=1

≈ 3.2 · 1011.

The problem goes away if the distribution is thinner, however. The result shown in
Figure 4.3 (and Table F.1) indicates that if the standard deviation instead is σ = 0.2
there is no problem getting the propagated mean and standard deviation correct. This
is also explained by the equations (2.14). The propagated mean value now becomes,
with only the terms corresponding to the first four moments

⟨cos(4q̃)⟩ =
∞∑
i=0

1

i!

⟨
δiq̃
⟩ di cos(4Q)

dQi

∣∣∣∣
Q=1

≈ −0.65 + 0.21− 0.033 = −0.47

which is very close to the real value. The variance becomes, if only the terms including
moments up to the fourth

⟨
δ2 cos(4q̃)

⟩
=

∞∑
i=1

∞∑
j=1

1

i!j!

[⟨
δi+j q̃

⟩
−
⟨
δiq̃
⟩ ⟨

δj q̃
⟩] di cos(4Q)

dQi

dj cos(4Q)

dQj
≈

≈ 0.367− 2 · 0.117 + 0.0875 = 0.2195,

giving a propagated standard deviation of σ ≈ 0.469, which is also close to the actual
value of around 0.50. The value calculated here differs some from the value gotten
from the Deterministic Sampling, 0.498, (shown in Table F.1) since this calculation
has simply cut the higher order terms but the deterministic ensemble actually has
higher order moments, they are just not exactly the same as those of the parameter’s
distribution.

In summary, when using Deterministic Sampling, it is important to know it is limi-
tations and if the simulation behaves in a periodic way or has large higher order deriva-
tives, and the distributions of the parameters have large standard deviations, then one
should use another method. If the distributions are not very wide, or the simulation
behaves well, Deterministic Sampling will likely work well for the problem. It is also
worth noting that the results for the real-world parameters of the κ-ε-model presented
in Figures 4.16 to 4.18 there is no function tested which does not work, and even the
discontinuous function worked fine.

6 Conclusion
In this thesis, the concept of Deterministic Sampling has been explained, and several
methods for finding ensembles have been derived and examined.

The concept has been sold as a quicker alternative to Random Sampling and Monte
Carlo methods, and in many cases, it is a good alternative.
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The most important outcome of this work is the methods for creating the ensembles
for DS, which are presented throughout Section 3. Those can be used to approximate
any continuous probability distribution with a finite set of weighted samples. This
section shortly presents the most important conclusions from the project.

• In most cases encoding two or four statistical moments into the ensemble is enough
to give a good estimation of the propagated uncertainty. This can be achieved by
the methods presented in this project.

• DS can encounter problems when the function is periodic and the period is small
compared to the parameter’s distribution as well as with discontinuous functions.
In real applications, especially in CFD, this is very uncommon.

• As long as all parameters are Gaussian and independent, there is no problem
creating an ensemble which encodes four moments for over a hundred parameters.

• If there is a correlation between some parameters, they need to be handled sep-
arately, when creating the ensemble. A separate ensemble for those parameters
which depend on each other can be created and then be combined with the en-
semble for the independent parameters.

• The number of sigma points needed increases with higher dimensions, and for
some large number of parameters the purpose of DS is lost, and Random Sampling
becomes just as useful.

Deterministic Sampling, together with the developed methods can be used for un-
certainty quantification. It has applications at SSM, in the nuclear power industry and
with heavy calculations done in general.

7 Outlook
7.1 Exploring and improving the ensembles for DS
The problem of uncertainty propagation with Deterministic Sampling may appear to
be solved, and in principle it may be, but naturally there are aspects which can be
improved.

For example, the covariant Gaussian ensemble gained from the Corner method does
have some problems being constructed for a high number of parameters which all have
interdependence. The inability to create such an ensemble hints of a lack of under-
standing of what such an ensemble should be like. Perhaps there could be a more
memory efficient way of producing such an ensemble, or perhaps an expression of it
could be derived, instead of generated with Simplex Reduction. The same thing goes
for the covariant ensembles with general distributions found from the Skewing method.
This approach has an even bigger problem producing large ensembles than the Corner
method. Although this is probably not a big issue in the most cases either, it should
probably be explored further.

Both of the mentioned methods for covariance can be improved upon.
The ensembles for general distributions, which here is built by generating ensembles

for the marginal distributions with the Shotgun Algorithm and then combining them,
does have problems with size as well when the number of parameters becomes large.
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Perhaps further work could be done to improve this method, or find an expression for
ensembles representing more distributions.

The Gaussian ensemble generated with the Shotgun Algorithm, and combining en-
sembles, is a lot larger than the Gaussian ensembles made from the BDG and HM
ensembles, as can be seen by comparing Figures 4.19, 4.20, and 4.21. This hints that
the ensembles for the non-symmetrical distributions probably could be improved upon
if an expression for them was be found, and searching for such could be a subject of
further study.

7.2 Other potential applications of Deterministic Sampling
Although this thesis specifically has looked at the use of Deterministic Sampling for
uncertainty propagation, it has been sold as an alternative to Monte Carlo-methods.
Since Monte Carlo methods have all kinds of applications this begs the question, can
we replace Monte Carlo methods with Deterministic Sampling in other applications, for
example, integration?

Doing integration with Monte Carlo is often used when performing integration in
higher dimensions, and it turns out that Deterministic Sampling can be used here, with
some limitations and some cases where it works excellently well. Although this is not
the purpose of the thesis, a quick, preliminary, investigation of this has been made as
some final thoughts.

Integration with Monte Carlo can be done by using that

b∫
a

f(x)dx = (b− a) ⟨f(x)⟩x∈[a,b] = (b− a) lim
N→∞

1

N

N∑
i=1

f(xi),

where xi is random variables uniformly sampled from [a, b], and approximating this by
letting N be some high value. Usually in MC-integration one does not use uniform
samples, but for the sake of this argument let’s consider such a case. One could use
Deterministic Sampling for this, that is one could calculate an ensemble q̃ representing
the uniform distribution used in the Monte Carlo integration and use this ensemble to
calculate an approximated value of the integral as

b∫
a

f(x)dx = (b− a) ⟨f(x)⟩x∈[a,b] = (b− a)

n∑
i=1

w(i)f(q(i)), (7.1)

which would of course use way less points than the Monte Carlo integral. In general one
will only use the Monte Carlo integral if integrating over very many variables though,
but if it works in one variable there should not be any problem scaling it up. An
ensemble for a hundred uniformly distributed variables can easily be created with the
Heavy Middle ensemble.

The question remains, though, would equation (7.1) be a good approximation of
the integral? This is, of course, an equivalent question to how well the ensemble can
approximate ⟨f(x)⟩x∈[a,b] and it turns out that this depends greatly on what the function
looks like and often on what the interval is. For some classes of functions, though, this
method can work extremely well.

The expression for the mean value as calculated from a set of weighted points is as
previously noted
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⟨f(x)⟩x∈[a,b] ≈ ⟨f(q̃)⟩ =
∞∑
i=0

1

i!

⟨
δiq̃
⟩ dif

dQi
(µ). (7.2)

where, in a uniform distribution the moments are

⟨
δiq̃
⟩
=

1

b− a

b∫
a

(
x− a+ b

2

)i

dx =

{
0, i odd
(b−a)i

2i(i+1)
, n even.

(7.3)

Those moments will grow with increasing i and with an increasing integration in-
terval [a, b]. In Deterministic Sampling, the four first moments are usually encoded so
either the interval or the higher order derivatives must be sufficiently small.

A few tests have been done to check how integration with DS works, and the result
is shown in Table 7.1, along with the analytically calculated value. The interval used is
[0, 4] in each case. The function with two variables have been integrated over x, y ∈ [0, 4].
The results have some interesting properties.

Table 7.1: Tests for integration of some functions over the interval [0, 4] with DS. In
the case of the function of two variables both variables have been integrated from 0 to
4. The analytically calculated result is shown for comparison.

Function DS Analytical
x4 − 4x3 + 3x2 − 2x+ 1 0.800 0.800

x4 + y3 − 3(x+ y)2 179.20 179.20
ex 53.530 53.598

One can note that this technique of numerical integration does work fine for all of
the functions tested at this interval. Actually, the two first functions, the polynomials
of order 4, are more than fine. They do, in fact, get the exact result.

This is not an approximation, and the reason is the way the mean value depends
on the encoded moments, as in equation (7.2). Since the first four moments are exactly
correct and the function, being a polynomial of order four, has no higher derivatives
than the first four, the result is not an approximation but an exact result.

This means that the integral of any polynomial of order four or less can be calculated
exactly from this ensemble, and other functions integrals may be approximated by this.

One subject for further study would be to examine whether Deterministic Sampling
works as a substitute for Monte Carlo integration in the real world application when
it is used and whether this can be a more efficient way of performing integrations in
higher dimensions.
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Appendices
A Theorems
A.1 About combining ensembles
Assume two ensembles q̃1 and q̃2. Those can be combined, as described in section 3.5,
to create the new ensemble

q̃ =



q
(1)
1 q

(1)
2

q
(1)
1 q

(2)
2

...
...

q
(1)
1 q

(N2)
2

q
(2)
1 q

(1)
2

...
...

q
(N1)
1 q

(N2−1)
2

q
(N1)
1 q

(N2)
2


w =



w
(1)
1 w

(1)
2

w
(1)
1 w

(2)
2

...
w

(1)
1 w

(N2)
2

w
(1)
2 w

(1)
2

...
w

(1)
N1

w
(N2−1)
2

w
(1)
N1

w
(N2)
2


. (A.1)

This is what is here referred to when it is said that ensembles are combined.
Here the combined ensemble is written as just two parameters, but the reasoning

could be generalized for an arbitrary number of parameters.
Two theorems about combined ensembles are here presented.

Theorem A.1. Two ensembles combined will give an ensemble where all the moments
of the original ensembles are conserved.

Proof. The n-th moment of q̃ is calculated by summing the points distance to the mean
value, to the power of n, multiplied by corresponding weights. It can in general terms
for a combined ensemble q̃ be expressed as

⟨δnq̃⟩ =
Ncmb∑
i=1

w
(i)
cmbδ

nq
(i)
cmb, (A.2)

but in this case we can rewrite the sum in terms of the original ensembles which becomes

⟨δnq̃⟩ =
N1∑
i=1

N2∑
j=1

w
(i)
1 w

(j)
2

(
δnq

(i)
1 δnq

(j)
2

)
. (A.3a)

Moving the sums inside the vector, the expression can be rewritten as

⟨δnq̃⟩ =

(
N1∑
i=1

N2∑
j=1

w
(i)
1 w

(j)
2 δnq

(i)
1

N1∑
i=1

N2∑
j=1

w
(i)
1 w

(j)
2 δnq

(j)
2

)
(A.3b)

and noting that w(i)
1 can be extracted from one of the sums and w

(j)
2 from the other we

get

⟨δnq̃⟩ =

(
N2∑
j=1

w
(j)
2

N1∑
i=1

w
(i)
1 δnq

(i)
1

N1∑
i=1

w
(i)
1

N2∑
j=1

w
(j)
2 δnq

(j)
2

)
. (A.3c)
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Since the sum of the weights always is 1, the expression finally becomes

⟨δnq̃⟩ =

(
N1∑
i=1

w
(i)
1 δnq

(i)
1

N2∑
j=1

w
(j)
2 δnq

(j)
2

)
=
(
⟨δnq̃1⟩ ⟨δnq̃2⟩

)
(A.3d)

meaning that both parameters in the new ensemble have the same moments as before.

The proof can be done in the same way for raw moments, meaning the mean value
is also conserved. Now, let’s look at the combined ensemble’s mixed moments.

Theorem A.2. Two ensembles combined will give an ensemble where all the mixed
moments, up to the order encoded in the original ensembles, represent independence.

Proof. The mixed moments of order n+m of an ensemble q̃ is in general calculated as

⟨δnq̃aδmq̃b⟩ =
N∑
i=1

w(i)δnq(i)a δmq
(i)
b . (A.4a)

The sum can be rewrite rewritten in terms of the original ensembles leading to the
expression as

⟨δnq̃1δmq̃2⟩ =
N1∑
i=1

N2∑
j=1

w
(i)
1 w

(j)
2 δnq

(i)
1 δmq

(j)
2 (A.4b)

which can be rewritten as

⟨δnq̃1δmq̃2⟩ =
N1∑
i=1

w
(i)
1 δnq

(i)
1

N2∑
j=1

w
(j)
2 δmq

(j)
2 (A.4c)

giving the final result for the mixed moments of combined ensembels.

⟨δnq̃1δmq̃2⟩ = ⟨δnq̃1⟩ ⟨δmq̃2⟩ . (A.4d)

From (A.4d) we can see that the covariance of the combined ensemble, which we get
when n = m = 1, will be zero. All mixed moments won’t be zero though, but expression
(A.4d) is in fact the expression for mixed moments for independent variables.

To show that these mixed moments are the correct ones for independent ensembles
this case will now be examined. Assume two parameters Q1 and Q2 are independent
random variables and are sampled independently N times. Also, let N be a sufficiently
high number so that the samples represents the distribution of Q1 and Q2 well. Just
calculating the mixed moments of order n+m between them would give

⟨δnQ1δ
mQ2⟩ =

1

N

N∑
i=1

δnq
(i)
1 δmq

(i)
2

which does not seem to be equal to ⟨δnQ1⟩ ⟨δmQ2⟩ in general. Let’s instead start from
the other side and see that

⟨δnQ1⟩ ⟨δmQ2⟩ =
1

N

N∑
i=1

δnq
(i)
1

1

N

N∑
i=1

δmq
(i)
2 (A.5a)
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which can be rewritten as

⟨δnQ1⟩ ⟨δmQ2⟩ =
1

N2

N∑
i=1

N∑
j=1

δnq
(i)
1 δmq

(j)
2 . (A.5b)

This sum can be written in many ways, but one way is to first write all the terms where
i = j and then all terms where j is shifted one cyclic step from i and next all terms
where j is shifted two steps and so on which will include all the terms in the sum and
in this case be useful. The expression would be

⟨δnQ1⟩ ⟨δmQ2⟩ =
1

N2

N∑
i=1

N∑
j=1

δnq
(i)
1 δmq

(j)
2 =

=
1

N2

(
δnq

(1)
1 δmq

(1)
2 + δnq

(2)
1 δmq

(2)
2 + . . .+ δnq

(N)
1 δmq

(N)
2 +

δnq
(1)
1 δmq

(2)
2 + δnq

(2)
1 δmq

(3)
2 + . . .+ δnq

(N)
1 δmq

(1)
2 + (A.5c)

+δnq
(1)
1 δmq

(3)
2 + δnq

(2)
1 δmq

(4)
2 + . . .+ δnq

(N)
1 δmq

(2)
2 +

...
+δnq

(1)
1 δmq

(N)
2 + δnq

(2)
1 δmq

(1)
2 + . . .+ δnq

(N)
1 δmq

(N−1)
2

)
.

Looking at this expression one can realize another way of writing the sums which is

⟨δnQ1⟩ ⟨δmQ2⟩ =
1

N

N−1∑
k=0

(
1

N

N∑
i=1

δnq
(i)
1 δmq

((i+k)modN)
2

)
(A.5d)

where (i + k)modN is the modulo operator making (i + k) cyclic with period N . We
now note that since Q1 and Q2 are independently sampled it does not matter which
point get’s paired with which when taking the sum. Each of the inner sums inside the
parenthesis in (A.5d) results in the mixed moment we were looking for, i.e.

⟨δnQ1⟩ ⟨δmQ2⟩ =
1

N

N−1∑
k=0

⟨δnQ1δ
mQ2⟩ (A.5e)

and since the sum is over a constant now we get the final result for the sampling

⟨δnQ1⟩ ⟨δmQ2⟩ = ⟨δnQ1δ
mQ2⟩ (A.5f)

which is the same expression as in equation (A.4d). This means that the mixed moments
of the combined ensemble be those representing independence between the parameters.

Note that this is a relation between mixed moments and marginal moments. For
marginal moments ⟨δn+mQ⟩ ̸= ⟨δnQ⟩ ⟨δmQ⟩.
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B Theory
B.1 A more detailed description of linear optimization with the Sim-

plex Method
Assume we have a quantity z we want to maximize or minimize, and that z can be
written as a linear function of some positive parameters {x1, x2, . . . xn} : xi > 0 ∀ i.

z = c1x1 + c2x2 + . . .+ cnxn (B.1a)
Also assume there are some linear constraints to these parameters described as

a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2 (B.1b)
...

am1x1 + am2x2 + . . .+ amnxn = bm

This can be written as a linear system of equations as

z − c1x1 − c2x2 − . . .− cnxn = 0

a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2 (B.1c)
...

am1x1 + am2x2 + . . .+ amnxn = bm

and in matrix form as


1 −c1 −c2 . . . −cn
0 a11 a12 . . . a1n
0 a21 a22 . . . a2n
...

...
... . . . ...

0 am1 am2 . . . amn




z
x1
x2
...
xn

 =


0
b1
b2
...
bm

 . (B.1d)

Unless n = m this will not have a unique solution, but can be subject to optimization,
in this case, assume we want to maximize z.

By using the technique from linear algebra known as Gaussian elimination, one can
rewrite the system into the following equivalent form


1 0 0 . . . 0 a′0m+1 . . . a′0n
0 1 0 . . . 0 a′1m+1 . . . a′1n
0 0 1 . . . 0 a′2m+1 . . . a′2n
...

...
... . . . ... . . . . . . ...

0 0 0 . . . 1 a′mm+1 . . . a′mn




z
x1
x2
...
xn

 =


b′0
b′1
b′2
...
b′m

 . (B.2)

Upon visual inspection one can note that one solution to (B.2) is to set all xi which
appear in more than one row to zero which leads to the solution

76



xi =

{
b′i i ≤ m

0 i > m
(B.3)

z = b′0.

This is at least one working solution, and it gives z = b′0, which is some number
gained from the Gaussian elimination. This solution is valid as long as all b′i are positive
since all xi are supposed to be positive, so if we are really lucky, this will be a valid
solution.

There is little chance that just pivoting the first m columns this way would give
a solution with only positive xi, but there is a way to find one, or see that one does
not exist. If we choose very carefully which columns and rows to pivot we can get the
system into some form,



1 . . . 0 0 . . . 0 0 0 . . . 0
a11 . . . 0 a1,i . . . 0 a′1j 1 . . . a′1N

a21 . . .
... a2,i . . . 0 a′2j

... . . . a′2N
... . . . 1

... . . .
...

...
... . . .

...
... . . .

... a2,i . . .
...

...
... . . .

...
... . . .

... a2,i . . . 1 a′m,j 0 . . .
...

am+1,1 . . . 0 a2,i . . . 0 a′m+1,j 0 . . . a′m+1,N




z
x1
x2
...

xN

 =


1
b′1
b′2
...

b′m+1

 , (B.4)

where all b′i are greater than or equal to zero and hence find a solution where all xi ≥ 0.
Assuming this is done, the question is now, is this the optimal solution which maxi-

mizes z? To know this one need only look at the top row of (B.2) and see the values of
the coefficients a′0i. If they are all positive we know any change in any of the parameters
would give a smaller z, and hence z is maximized by this solution.

The Simplex Method offers an algorithm for performing the Gaussian elimination
according to certain rules which give only positive coefficients in the top row, and keeps
all b′i > 0, or shows that such a solution does not exist[8], hence finding a valid solution
which maximizes z. This method will not be described any further here, however.

A note is that same approach can be used to minimize z, simply by choosing to
maximize z′ = −z.

Another more important note, in this case, is that many of the xi will be set to
zero, if possible. It is for this feature the Simplex algorithm will be used in this project,
rather than for optimization.

B.2 A more detailed description of Simplex Reduction
Assume a set of N sigma points q̃ intended to represent the distribution of a parameter
Q and encode the first m moments. Hence, the ensemble should, with weights fulfill
equation (2.22). This can be set up in matrix form as


1 1 . . . 1

q(1) q(2) . . . q(N)

δ2q(1) δ2q(2) . . . δ2q(N)

...
...

...
...

δmq(1) δmq(2) . . . δmq(N)


(m+1)×N


w(1)

w(2)

w(3)

...
w(N)


N×1

=


1

⟨Q⟩⟨
δ2Q

⟩
...

⟨δmQ⟩


(m+1)×1

(B.5)
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Note that, if N > m + 1, this equation has not a unique solution in general. This can
now be treated as an optimization problem. Since the weights should all fulfil wi ≥ 0
the Simplex Method described briefly in Section 2.5 and more in depth in Appendix
B.1, turns out to be useful here. This may seem counter-intuitive since the Simplex
Method is designed specifically for minimization or maximisation of a quantity, which
is not the aim here. The aim here is a solution where all weights are positive or zero
and this is something the Simplex Algorithm can find.

What is done here is to define the quantity z = w1 + w2 + . . . + wn and apply the
Simplex Algorithm to it for minimization or maximization. This is fed into the Simplex
Algorithm, along with equation (B.5) as constraints. The Simplex Algorithm will set
up the system as

1 −1 −1 . . . −1
0 1 1 . . . 1

0 q(1) q(2) . . . q(N)

0 δ2q(1) δ2q(2) . . . δ2q(N)

0
...

...
...

...
0 δmq(1) δmq(2) . . . δmq(N)





z

w(1)

w(2)

w(3)

...
w(N)


=



0
1

⟨Q⟩⟨
δ2Q

⟩
...

⟨δmQ⟩


(B.6)

It is now apparent that whether the algorithm intended to minimize or maximize z
is irrelevant, it will always be 1 and the whole first row is unnecessary, but most pre-
written Simplex Methods require it as input. The Simplex method will still start working
and perform the Gaussian elimination according to certain rules which, if possible, gets
the system in the following form, with all of the constants on the right-hand side are
positive. If this procedure is successful, the system will be in the form



1 . . . 0 0 . . . 0 0 0 . . . 0
a11 . . . 0 a1,i . . . 0 a′1j 1 . . . a′1N

a21 . . .
... a2,i . . . 0 a′2j

... . . . a′2N
... . . . 1

... . . .
...

...
... . . .

...
... . . .

... a2,i . . .
...

...
... . . .

...
... . . .

... a2,i . . . 1 a′m,j 0 . . .
...

am+1,1 . . . 0 a2,i . . . 0 a′m+1,j 0 . . . a′m+1,N




z

w(1)

w(2)

...
w(N)

 =


1
b′1
b′2
...

b′m+1

 , (B.7)

where for every row there is a column with the number one in that row and zeroes
everywhere else. From this form one can trivially find a solution by setting w(i) = b′i for
weights corresponding to these columns and all other weights zero.

A pre-written Simplex Method will perform all of this automatically and return a
vector of weights where some of them may be zero. If some weights are zero, this means
those points are not needed in the ensemble and can be removed.

This method of using the Simplex Algorithm to not only calculate a valid set of
positive weights but also to remove unnecessary sigma-points has been named Simplex
Reduction.

Simplex Reduction can be used just as well for ensembles with several parameters.
If this is done, the equations for each of the parameters moments should be included in
(B.5), as well as the equations for mixed moments one wants to encode. This is a way
of encoding dependence or independence into the ensemble.

If one wanted, one could write an algorithm not requiring the top row of (B.6) as
input since for this purpose it is not needed. The author has used the open source GNU
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Linear Programming Kit (GLPK) for the Simplex Method. In MATLAB’s optimization
toolkit there is a linear programming function which also works for this purpose, but only
if it is set to specifically use the Simplex Method. Other linear optimization methods
will give a result, but not set the excessive weights to zero. This is why Simplex is used.

C Expressions for the ensembles
C.1 The Block-Diagonal Gaussian Ensemble
Extending the reasoning about Gaussian ensembles done in Section ??, a general expres-
sion for independent Gaussian parameters can be written. Now the standard deviation
and mean value will be taken into account which means the ensemble will be scaled
to fulfill the standard deviation and translated to fulfill the mean value. The general
expression for the Block-Diagonal Gaussian Ensemble, encoding four moments of n
independent parameters, is

q̃n =



√
3σ

 1

−1

0

+

⟨Q⟩
⟨Q⟩
⟨Q⟩

 n = 1

√
3


1 0

−1 0

0 1

0 −1

0 0

Σ+M, n = 2

√
3

 Ca

Cb

Cc

Σ+M, n ≥ 3.

(C.1a)

The scaling is done by the matrix Σ, which is a diagonal matrix including all the
standard deviations. Multiplying with this from the right scales the ensemble to give
each parameter the correct standard deviation. It is written as

Σ =


σ1 0 . . . 0
0 σ2 . . . 0
...

... . . . ...
0 0 . . . σn

 . (C.1b)

The matrix M provides the translation of the ensemble giving each parameter the
correct mean value. It is written as

M =

⟨Q1⟩ ⟨Q2⟩ . . . ⟨Qn⟩
⟨Q1⟩ ⟨Q2⟩ . . . ⟨Qn⟩

...
...

...
...

 . (C.1c)

The weight-vector wn corresponding to the ensemble q̃n is
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w̃n =



(
1/6 1/6 2/3

)T
, n = 1(

1/6 1/6 1/6 1/6 1/3
)T

, n = 2Wa

Wb

Wc

 , n ≥ 3.

(C.1d)

Here, for n ≥ 3, the weights come in chunks Wk corresponding to the rows with the
matrix Ck. If the number of rows in Ck is r, Wk will simply be

Wk =
1

3r

1
...
1


r×1

(C.1e)

In equation (C.1), the order of the matrices Ca, Cb and Cc are increased incremen-
tally, i.e. one of them increases per added dimension according to

a = ⌊n3 ⌋+ δrem(n
3
),2

b = ⌊n3 ⌋+ δrem(n
3
),1 (C.1f)

c = ⌊n3 ⌋,

where ⌊n3 ⌋ is the floor function, rem(n3 ) is the remainder from the division and δij is
Krönecker’s delta function.

For the actual matrices Ck the Modified Hadamard Matrices described in Appendix
D.2 are recommended. The Corner Matrix described in Appendix D.1 also works but
gives a much larger ensemble if the number of parameters is big.

This way an ensemble can be constructed for any number of independent parameters
with a Gaussian distribution, with the first four moments encoded.

C.1.1 The Heavy Middle Ensemble

Assume n independent parameters Qi all with symmetric distributions of the same
shape. Their ensemble can be written as

q̃n =

(
Cn

01×n

)
Ω+M, w̃ =

(
W

1− ⟨δ2Q⟩2
⟨δ4Q⟩

)
. (C.2a)

The scaling is here done by the matrix Ω, similarly to how the matrix Σ scales the
Block-Diagonal Gaussian ensemble. Ω is defined as

Ω =



√
⟨δ4Q1⟩
⟨δ2Q1⟩ 0 . . . 0

0
√

⟨δ4Q2⟩
⟨δ2Q2⟩ . . . 0

...
... . . . ...

0 0 . . .
√

⟨δ4Qn⟩
⟨δ2Qn⟩

 (C.2b)
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The matrix M translates the ensemble to the correct mean value and is defined the
same way as in equation (C.1c). The weights to the non-zero samples, which here are
collected in the column vector W , will all be equal and

W =
1

r

⟨
δ2Q

⟩2
⟨δ4Q⟩

1
...
1


r×1

where r is the number of rows in the matrix Cn.
Just as in the Section C.1 the matrix Cn can be any matrix with where all columns

have mean value 0, each point is -1 or 1, and all columns are orthogonal. The Modified
Hadamard Matrix defined in Appendix D.2 is recommended.

This ensemble has been named the Heavy Middle Ensemble since the weight of the
middle point stays the same while the weights of the surrounding points decrease with
the number of parameters.
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D Definitions
D.1 The Corner Matrix
The Corner Matrix of order n is here defined as a matrix which has, if each row is
considered a point in space, one point in each corner of the n dimensional room [−1, 1]n.
It can be recursively constructed as

Cn =



(
1

−1

)
, n = 1(

12n−1×1 Cn−1

−12n−1×1 Cn−1

)
, n ≥ 1

(D.1)

The first order Corner Matrices are

C1 =

(
1
−1

)
(D.2a)

C2 =


1 1
1 −1
−1 1
−1 −1

 (D.2b)

C3 =



1 1 1
1 1 −1
1 −1 1
1 −1 −1
−1 1 1
−1 1 −1
−1 −1 1
−1 −1 −1


(D.2c)

C4 =



1 1 1 1
1 1 1 −1
1 1 −1 1
1 1 −1 −1
1 −1 1 1
1 −1 1 −1
1 −1 −1 1
1 −1 −1 −1
−1 1 1 1
−1 1 1 −1
−1 1 −1 1
−1 1 −1 −1
−1 −1 1 1
−1 −1 1 −1
−1 −1 −1 1
−1 −1 −1 −1



(D.2d)
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D.2 The Modified Hadamard Matrix
When constructing the Block-Diagonal Gaussian Ensemble described in section C.1,
a special class of matrices is used. The kind of matrix used is a matrix where every
column has mean value zero, standard deviation one, every element either 1 or −1 and
every column orthogonal to every other. One matrix fulfilling these requirements is a
modification of the Hadamard matrices which will be described here.

A Hadamard Matrix

A Hadamard Matrix, Hn, of order n is a square n × n matrix who’s elements H
(i,j)
n ∈

{−1, 1}, and who’s rows are all orthogonal to each other.
One way of constructing Hadamard matrices, invented by Sylvester in 1867, is the

recursive rule

H2n =


(
1
)
, 2n = 1(

H2n−1 H2n−1

H2n−1 −H2n−1

)
, 2n > 1

(D.3)

which limits their construction to order’s 1, 2, 4, 8 . . .. The Hadamard Conjecture,
though, proposes that a Hadamard Matrix or order 4k exists for every positive integer
k. Although this has not been proven, many more ways of constructing Hadamard
Matrices has been found since then.

This means the first order Hadamard Matrices are as follows.

H1 =
(
1
)

(D.4a)

H2 =

(
1 1
1 −1

)
(D.4b)

H4 =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 (D.4c)

The Modified Hadamard Matrix

It can be verified that each column in the Hadamard Matrix will have mean value 0 and
standard deviation one, except for the first column, so if we remove the first column
we have a working matrix for our purpose. Hence we define the Modified Hadamard
Matrix as

Mn−1 = Hn(:, 2 : n) (D.5a)

where Hn(:, 2 : n) denotes columns 2 to n from the matrix H : n.
Since n can only be a power of 2, but we want, for the purpose of building an

ensemble, such a matrix but allowing n to be any integer. This is simply done by, if we
want a matrix with n columns, letting

Mn = Hm(:, 2 : n+ 1), (D.5b)
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where n is any integer, and m is the smallest integer ≥ n + 1 for which a Hadamard
Matrix can be constructed. Hm(:, 2 : n + 1) refers to the n + 1 first columns of Hm,
starting from 2.

The matrix Mn is here called the Modified Hadamard Matrix of order n, although
it bears a strong resemblance to the matrix for the Binary Ensemble described by
Hessling[1].

The first orders matrices are as follows.

M1 =

(
1
−1

)
(D.6a)

M2 =


1 1
−1 1
1 −1
−1 −1

 (D.6b)

M3 =


1 1 1
−1 1 −1
1 −1 −1
−1 −1 1

 (D.6c)

M4 =



1 1 1 1
−1 1 −1 1
1 −1 −1 1
−1 −1 1 1
1 1 1 −1
−1 1 −1 −1
1 −1 −1 −1
−1 −1 1 −1


(D.6d)

M5 =



1 1 1 1 1
−1 1 −1 1 −1
1 −1 −1 1 1
−1 −1 1 1 −1
1 1 1 −1 −1
−1 1 −1 −1 1
1 −1 −1 −1 −1
−1 −1 1 −1 1


(D.6e)

M6 =



1 1 1 1 1 1
−1 1 −1 1 −1 1
1 −1 −1 1 1 −1
−1 −1 1 1 −1 −1
1 1 1 −1 −1 −1
−1 1 −1 −1 1 −1
1 −1 −1 −1 −1 1
−1 −1 1 −1 1 1


(D.6f)
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M7 =



1 1 1 1 1 1 1
−1 1 −1 1 −1 1 −1
1 −1 −1 1 1 −1 −1
−1 −1 1 1 −1 −1 1
1 1 1 −1 −1 −1 −1
−1 1 −1 −1 1 −1 1
1 −1 −1 −1 −1 1 1
−1 −1 1 −1 1 1 −1


(D.6g)
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E Examples
E.1 Determine ensemble without weights
This section is intended to be a clarifying example of what is described in Section 2.4.3

Assume we have one uncertain parameter Q with the standard exponential distri-
bution, i.e. it has the PDF

f(Q) = e−Q.

Its first four moments would then be

⟨Q⟩ = 1⟨
δ2Q

⟩
= 1⟨

δ3Q
⟩
= 2⟨

δ4Q
⟩
= 9.

Also assume we want use Deterministic Sampling to find the mean value and stan-
dard deviation of this the function cos(Q) when Q has this distribution.

If we want to encode these four moments into an ensemble for Deterministic Sam-
pling, we need to force them to fulfill four equations and hence four points are required.
So we look for an ensemble q̃ = {q(1), q(2), q(3), q(4)} fulfilling these moments and the
equation becomes

1 = 1
N

[
q(1) + q(2) + q(3) + q(4)

]
1 = 1

N

[
(q(1) − 1)2 + (q(2) − 1)2 + (q(3) − 1)2 + (q(4) − 1)2

]
2 = 1

N

[
(q(1) − 1)3 + (q(2) − 1)3 + (q(3) − 1)3 + (q(4) − 1)3

]
9 = 1

N

[
(q(1) − 1)4 + (q(2) − 1)4 + (q(3) − 1)4 + (q(4) − 1)4

]
This is a very messy system of equations, but its solutions can be found numerically.

One solution is

q(1) ≈ 0.76− 1.36i

q(2) ≈ 3.17

q(3) ≈ −0.69

q(4) ≈ 0.76 + 1.36i.

The system did, in this case, turn out to only have complex solutions. This is what is
expected, in the general case, since there is no guarantee that real solutions will exist.

So we have an ensemble. Now let’s calculate the propagated mean value and vari-
ance. The propagated mean value becomes

⟨cos(Q)⟩ ≈

≈ 1

4

[
cos(q(1)) + cos(q(2)) + cos(q(3)) + cos(q(4))

]
≈

≈ 1

4
[cos(0.76− 1.36i) + cos(3.17) + cos(−0.69) + cos(0.76 + 1.36i)] ≈

≈ 0.69.
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The propagated variance becomes

⟨
δ2 cos(Q)

⟩
≈

≈ 1

N

[
(cos(q(1))− 0.69)2 + . . .+ (cos(q(4))− 0.69)2

]
≈

≈ 0.26.

Are complex sigma-points a problem? Not necessarily, but it should be avoided.
This solution does indeed encode the first four moments, and using it to perform un-
certainty propagation would probably work in most cases. A problem is though that
the parameters usually represent some physical quantity, which should be a real value.
Therefore, the software used for simulations will in many cases not support complex
values for the parameters. The complex parameters are also in principal a bad repre-
sentation of the probability distribution which should be strictly real-valued.

The problem of getting a complex ensemble can be solved by using a weighted
ensemble instead.

E.2 Encoding moments into a weighted ensemble
This section is intended as a clarifying example of what is described in Section 2.4.4.

Assume, just as in Section E.1, that we have one uncertain parameter Q with the
standard exponential distribution, i.e. it has the PDF

f(Q) = e−Q, Q ∈ [0,∞).

Its first four moments would then be

⟨Q⟩ = 1⟨
δ2Q

⟩
= 1⟨

δ3Q
⟩
= 2⟨

δ4Q
⟩
= 9.

Also assume we want use Deterministic Sampling to find the mean value and stan-
dard deviation of this the function cos(Q) when Q has this distribution.

To avoid an ensemble with complex sigma-points, we want to use a weighted ensem-
ble. This means each sigma-point q(i) gets an associated weight w(i).

Now we want the ensemble to encode the first four moments, but also make sure
the sum of the weights is 1. This means there are five constraints, and we need five
sigma-points to fulfill this. The equations are now



1 = w(1) + w(2) + w(3) + w(4) + w(5)

1 = w(1)q(1) + w(2)q(2) + w(3)q(3) + w(4)q(4) + w(5)q(5)

1 = w(1)(q(1) − 1)2 + w(2)(q(2) − 1)2 + w(3)(q(3) − 1)2 + w(4)(q(4) − 1)2 + w(5)(q(5) − 1)2

2 = w(1)(q(1) − 1)3 + w(2)(q(2) − 1)3 + w(3)(q(3) − 1)3 + w(4)(q(4) − 1)3 + w(5)(q(5) − 1)3

9 = w(1)(q(1) − 1)4 + w(2)(q(2) − 1)4 + w(3)(q(3) − 1)4 + w(4)(q(4) − 1)4 + w(5)(q(5) − 1)4

This system should be solved for the weights, meaning we need to set the sigma-
points q(i) to some reasonable values. Any distinct five points will guarantee a solution,
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but knowing what the distribution looks like one should try to pick some points which
are reasonable.

Let’s pick points within two standard deviations from the mean value. Since the
mean value is 1 and the standard deviation also is 1, let’s pick

q(1) = 0

q(2) = 1

q(3) = 1.5

q(4) = 2

q(5) = 3.

We now get a linear system guaranteed to have real solutions. The system becomes

1 = w(1) + w(2) + w(3) + w(4) + w(5)

1 = 0w(1) + 1w(2) + 1.5w(3) + 2w(4) + 3w(5)

1 = 1w(1) + 0w(2) + 0.52w(3) + 1w(4) + 22w(5)

2 = −1w(1) + 0w(2) + 0.53w(3) + 1w(4) + 23w(5)

9 = 1w(1) + 0w(2) + 0.54w(3) + 1w(4) + 24w(5).

Solving this system gives the weights

w(1) ≈ 0.61

w(2) ≈ −3.0

w(3) ≈ 7.1

w(4) ≈ −4.5

w(5) ≈ 0.78.

Let’s use this ensemble to propagate uncertainty through the function cos(Q). The
propagated mean value is calculated as

⟨cos(Q)⟩ ≈
≈ w(1) cos(q(1)) + w(2) cos(q(2)) + w(3) cos(q(3)) + w(4) cos(q(4)) + w(5) cos(q(5)) ≈

≈ 0.61 cos(0)− 3.0 cos(1) + 7.1 cos(1.5)− 4.5 cos(2) + 0.78 cos(3) ≈
≈ 0.60.

The propagated variance is then

⟨
δ2 cos(Q)

⟩
≈

≈ w(1)
(
cos(q(1))− 0.60

)2
+ . . .+ w(5)

(
cos(q(5))− 0.60

)2
≈

≈ −0.60.

Here we have run into a serious problem. The variance is not only wrong but
completely unreasonable. The variance, defined as a sum of square values, can not
possibly be negative. This is a problem which can arise if negative weights are used and
is the reason for this project.
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E.3 Examples of how to create ensembles
This section contains some examples of how the different methods for creating ensembles
can be used together. The examples chosen here are picked to represent how ensembles
can be created in general, and the process is shown as pseudo-Octave-Code

E.3.1 5 Gaussian parameters without covariance

An ensemble for five independent parameters without dependence can be generated with
the process shown here.

1 %Five Gaussian parameters without covar iance
2 %with four moments encoded
3

4 %de f ine moments , f o r example
5 moments = [0 ,2 , 4 , 3 , 1 % mean value f o r each parameter
6 1 ,2 ,1 ,0 .2 , 0 . 3 % var iances
7 0 ,0 ,0 ,0 ,0 % mom 3 = 0
8 3 ,12 ,3 ,0 .12 ,0 .27 ] ; % mom 4 = 3* var iance ^2
9

10 % Create ensemble with Heavy Middle ensemble
11 [ q ,w] = HeavyMiddleEnsemble (moments)
12

13 %Could a l so have used the BDG- ensemble
14 %[ q ,w] = BlockDiagonalGaussian (moments)
15

16 %Reduce ensemble s i z e to get f i n a l ensemble
17 [ q ,w] = reduceEnsemble (q ,moments) %Final ensemble has 9 sigma - po ints
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E.3.2 21 parameters with Gaussian distributions and some dependence

Assume 21 Gaussian parameters, three of which have some interdependence with each
other. An ensemble for this can be generated by the steps shown bellow. The final
ensemble will have 34 sigma-points.

1 % Example o f 21 Gaussian parameters , 3 o f which have covar iance ...
descr ibed by matrix

2 C = [1 0 .5 -0 . 2
3 0 .5 1 0 .3
4 -0 . 2 0 .3 1 ] ;
5

6 % Ensemble f o r the 18 independent parameters . Let ’ s pick the simple ...
moments

7 m1 = [0 ,0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0
8 1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1 ,1
9 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0

10 3 ,3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 , 3 ] ;
11

12 [ q1 , w1 ] = BlockDiagonalGaussian (m1) ;
13

14 % Ensemble f o r the 3 covar iant parameters
15 m2 = [0 ,0 , 0
16 1 ,1 ,1
17 0 ,0 ,0
18 3 , 3 , 3 ] ;
19 % Use the Corner method to get a covar iant ensemble f o r the covar iant ...

parameters .
20 [ q2 ,w2 ] = CornersEnsemble (m2,C) ;
21

22 %Combine them
23 [ q ,w] = combineEnsembles (q1 ,w1 , q2 ,w2) ;
24

25 %Reduce ensemble to smal l e r s i z e must en force the t o t a l covar i ance . ...
That i s why a la rge covar iance matrix i s created , and the lower ...
r i gh t corner becomes the one f o r the three dependent parameters

26 Ctot = diag ( ones (1 ,21) ) ;
27 Ctot (19 :21 , 19 :21) = C;
28

29 %and to t a l moments va r i ab l e
30 mtot = [m1, m2 ] ;
31

32 % now reduce and get f i n a l ensemble , which w i l l have 34 sigma - po i n t s .
33 [ q ,w] = reduceEnsembleCovar (q , mtot , Ctot ) ;
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E.3.3 21 parameters with unsymmetrical distributions and some depen-
dence

Assume a model through which uncertainty should be propagated. Also assume that
the model has 21 uncertain parameters, off which three have some known interdepen-
dence. Assume also all of them are Weibull-distributed and the ensemble should have
four moments should be encoded, which means the individual parameters will have an
ensemble of five sigma-points since the distribution is unsymmetrical.

The main point of this example is to show how the problem of combined ensembles
growing exponentially in size as many parameters are combined, if in each step of
combining two ensembles; they are reduced before combining with another parameters
ensemble.

This ensemble is built by first creating an ensemble for the independent parameters
by combining and reducing. Then an ensemble for the dependent part is created, and
covariance is encoded. The two parts are then combined and reduced. The process is
described step by step bellow and shown as pseudo-Octave-code.

1. Individual ensembles for each parameter are created with the Shotgun Algorithm.
They get five sigma-points each.

2. The ensembles for the 18 independent parameters are combined and reduced.
Their ensemble will have 221 points.

3. Now ensembles for the three dependent parameters are combined and skewed.
Their resulting ensemble now has 125 samples.

4. The ensemble for the dependent parameters is skewed to encode their covariance,
and Simplex Reduction is used to reduce it is size and make sure four moments
are encoded. Now this ensemble has 14 samples.

5. Combine those ensembles resulting in a single ensemble for everything. It has
3094 samples.

6. The final ensemble is once again reduced by in size by Simplex Reduction, and
covariance is forced in the process. The resulting ensemble has 280 sigma points.
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1 % Example o f how to generate 18 independent ensembles with the ...
shotgun - algorithm

2

3 %Create and combine the independent ensembles
4 [ qind , wind ] = shotgunAlgorithm (moments) ;
5 f o r i =2:18
6 [ qtemp , wtemp ] = shotgunAlgorithm (moments) ;
7 [ qind , wind ] = combineEnsembles ( qind , wind , qtemp , wtemp) ;
8 %It i s important to reduce ensemble s i z e between each step , otherwise ...

i t w i l l grow unreasonably l a rge
9 [ qind , wind ] = reduceEnsemble (qcmb , moments) ;

10 end
11

12 %Now make the covar iant part
13 f o r i =1:3
14 [ qdep{ i } , wdep{ i } ] = shotgunAlgorithm (moments) ;
15 end
16

17 %Combine those
18 [ qdep , wdep ] = shotgunAlgorithm (moments) ;
19 f o r i =2:3
20 [ qtemp , wtemp ] = shotgunAlgorithm (moments) ;
21 [ qdep , wdep ] = combineEnsembles (dep , dep , qtemp , qtemp) ;
22 %This time we do NOT reduce at each combination
23 end
24

25 % Skew Ensemble to encode covar iance
26 qdep = skewEnsemble (qdep , covar iance ) ;
27 % Reduce to make sure higher moments are co r r e c t and reduce s i z e
28 [ qdep ,wdep ] = reduceEnsembleCovar (qdep , moments , covar iance ) ;
29

30

31 %Now combine both dependent and independent part and reduce
32 [ q ,w] = combineEnsembles ( qind , wind , qdep ,wdep) ;
33 [ q ,w] = reduceEnsembleCovar (q ,moments , covar iance ) ;
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F Detailed results
F.1 1D ensembles
Propagation of uncertainty with Deterministic Sampling has here been tested through
functions of one parameter with a Gaussian distribution. Several functions has been
tested.

The calculation has been done with Deterministic Sampling (DS) with 2, 4 and 6
encoded moments. A Random Sampling (RS) simulation has been done as reference.

The ensembles used are for 2 and 4 moments

q̃2mom =

(
µ− σ
µ+ σ

)
w̃2mom =

(
1/2
1/2

)
, (F.1a)

q̃4mom =

µ−
√
3σ

µ

µ+
√
3σ

 w̃4mom =

1/6
2/3
1/6

 , (F.1b)

which are the previously known expressions. The ensemble with 6 moments is

q̃6mom =



−2.304616σ + µ
−0.016909σ + µ
0.970453σ + µ
2.557482σ + µ
1.565832σ + µ
−0.606727σ + µ
−0.845351σ + µ


w̃6mom =



0.047800
0.250499
0.316545
0.025754
0.016841
0.019078
0.323482


, (F.1c)

which has been found with the Shotgun Algorithm.
For a Gaussian distribution with mean value µ = 1 and standard deviation σ = 0.2

the propagated mean and standard deviation are shown in Table F.1.

Table F.1: The propagated mean value and standard deviation of a Gaussian parameter
with µ = 1 and σ = 0.2 through various functions.

f(Q)
DS 2 mom
2 samples

DS 4 mom
3 samples

DS 6 mom
7 samples

RS
107 samples

Q4 Mean 1.2416 1.2448 1.2448 1.2451
Std 0.83200 0.96056 0.96627 0.96628

Q8 Mean 2.2338 2.4722 2.4833 2.4830
Std 2.0660 3.7410 4.5519 4.5240

cos(Q)
Mean 0.52953 0.52960 0.52960 0.52965
Std 0.16717 0.16564 0.16566 0.16564

cos(4Q)
Mean -0.45540 -0.47587 -0.47462 -0.47465
Std 0.54290 0.49764 0.50729 0.50440

eQ
Mean 2.7728 2.7732 2.7732 2.7733
Std 0.54728 0.56001 0.56022 0.56042

e2Q
Mean 7.9881 8.0042 8.0045 8.0044
Std 3.0351 3.3141 3.3318 3.3347

QH(Q− 1.1)
Mean 0.60000 0.22440 0.43903 0.37785
Std 0.60000 0.50178 0.58863 0.56974
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For a wider Gaussian distribution, with σ = 1 and µ = 1 the propagated results
show in Table F.2.

Table F.2: The propagated mean value and standard deviation of a Gaussian parameter
with µ = 1 and σ = 1 through various functions.

f(Q)
DS 2 mom
2 samples

DS 4 mom
3 samples

DS 6 mom
7 samples

RS
107 samples

Q4 Mean 8.0 10.0 10.0 10.003
Std 8.0 20.445 25.785 25.721

Q8 Mean 128 518.00 764.88 766.09
Std 128 1156.5 4054.5 6812.3

cos(Q)
Mean 0.29193 0.33129 0.32785 0.32762
Std 0.70807 0.56331 0.62148 0.60377

cos(4Q)
Mean 0.42725 -0.60987 0.088038 -1.1963e-4
Std 0.57275 0.26989 0.59168 0.70723

eQ
Mean 4.1945 4.4531 4.4817 4.4825
Std 3.1945 4.9476 5.7460 5.8807

e2Q
Mean 27.799 44.309 53.102 54.696
Std 26.799 85.795 193.63 373.34

QH(Q− 1.1)
Mean 1.000 0.45534 0.75857 0.86629
Std 1.000 1.0182 1.0442 1.0155

F.2 3D independent ensembles
Here propagation of uncertainty has been tested with functions of three parameters.
The parameters chosen here are of one Gaussian parameter Q1 with µ = 1 and σ = 0.1
and two Weibull-distributed parameters, Q2 and Q3, with α = 6 and β = 1, giving
them a mean value of ≈ 0.93 and a standard deviation of ≈ 0.18.

The testing has been done by Deterministic Sampling with 2 and 4 moments encoded.
In the case of 4 moments the test has been performed in one case with only the covariance
set to zero while the higher order mixed moments left unchecked and in one case with
up to the first four mixed moments set to represent independence. RS with 107 samples
is used as reference.

The ensembles have been found by finding the parameters individual ensembles
with the Shotgun Algorithm, combined them as described in section 3.5 and Simplex
Reduction has been used to reduce the number of samples. The ensembles used can be
viewed in Appendix G.1.

The results as these ensembles are used to calculate the propagated mean value and
variance through some test functions is shown in Table F.3.

94



Table F.3: The mean value and standard deviation propagated through various functions
with deterministic sampling using various ensembles. The ensemble with 2 moments
encoded has covariance set to zero. One of the ensembles with 4 moments encoded
has covariance set to zero while higher mixed moments are left unchecked. The other
ensemble with 4 moments encoded has the first 4 mixed moments set to represent
independence. Random Sampling with 107 samples is used as reference.

f(Q1, Q2, Q3)
DS 2 mom
cov zero
9 smp

DS 4 mom
cov zero
14 smp

DS 4 mom
4 mixed
31 smp

RS
107 smp

(Q1 +Q2 +Q3)
4

Mean 70.569 70.073 70.098 70.087
Std 34.453 26.058 25.897 25.852

(Q1 +Q2 +Q3)
6

Mean 638.34 616.14 616.49 616.67
Std 560.49 353.61 343.31 340.10

e(Q1+Q2+Q3)
Mean 18.167 18.028 18.030 18.035
Std 6.5899 4.9255 4.8854 4.8637

cos(Q1 +Q2 +Q3)
Mean -0.92676 -0.92363 -0.92440 -0.92432
Std 0.13768 0.070309 0.095134 0.094377

cos((Q1 +Q2 +Q3)
4)

Mean 0.50285 0.76876 -0.035705 -3.4515e-4
Std 0.35402 0.42882 0.72885 0.70692

F.3 3D dependent ensembles
The results from the tests with three dependent parameters, described in Section 4.1.3,
are shown in Table F.4. The three parameters all have Gaussian distributions with
σ = 0.1. The ensembles have encoded 2, 4 and 6 moments respectively. They all have the
correct covariance encoded but no higher order mixed moments are set. The ensembles
used are shown in Appendix G.2. Table F.4 shows the mean value and variance gained
by propagating uncertainty with these ensembles through different functions.

Table F.4: The mean value and standard deviation propagated uncertainty through
various functions with Deterministic Sampling. All of the ensembles have encoded
covariance but no higher mixed moments. Random Sampling is used as reference, also
with the same covariance encoded.

f(Q1, Q2, Q3)
DS 2 mom

7 smp
DS 4 mom

8 smp
DS 6 mom

22 smp
RS

107 smp

(Q1 +Q2 +Q3)
4

Mean 1.2736 1.2938 1.3140 1.3074
Std 0.92550 1.3430 1.1115 1.1744

(Q1 +Q2 +Q3)
6

Mean 1.7107 1.9178 1.8727 1.8755
Std 1.7701 3.7320 2.4291 2.9516

e(Q1+Q2+Q3)
Mean 2.7901 2.7915 2.7979 2.7961
Std 0.56182 0.61858 0.61515 0.61309

cos(Q1 +Q2 +Q3)
Mean -0.9692 -0.96951 -0.96911 -0.96923
Std 0.03882 0.056749 0.031321 0.040674

cos((Q1 +Q2 +Q3)
4)

Mean -0.27913 0.67729 0.29426 -4.50e-05
Std 0.52662 0.37705 0.69734 0.70714
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F.4 Semi-real world example
This is a more detailed presentation of the data from the tests described in section 4.1.4.

Two ensembles representing the five parameters of the κ− ε-model has been tested.
One of the ensembles encode four marginal moments and enforces covariance to zero, but
does not set any restrictions on the higher order mixed moments. The other ensemble
encodes both four marginal moments as well as sets all of the mixed moments up to
order four to represent independence.

These ensembles have not been tested on actual CFD-simulations, but evaluated by
test-functions. The mean value and standard deviation of those tests are presented in
Table F.5.

Table F.5: The mean and standard deviation as ensembles representing the κ-ε-model’s
uncertain parameters are propagated through various test functions.

Function
DS 4 moms

cov zero
20 smp

DS 4 moms
4 mixed
53 smp

RS
107 smp

(
∑

Qi)
4

Mean 5598.2 5598.3 5598.4
Std 350.50 360.21 360.28

(
∑

Qi)
8

Mean 3.1470e7 3.1471e7 3.1470e7
Std 4.0231e6 4.0700e6 4.0710e6

cos((4
∑

Qi))
Mean -0.86004 -0.85640 -0.85677
Std 0.22535 0.18376 0.18317

e(
∑

Qi)
Mean 1.2107e15 1.2266e15 1.2264e15
Std 6.4531e14 7.4206e14 7.5010e14

H(−8.6 +
∑

Qi)
∑

Qi

Mean 5.4516 5.8101 5.6261
Std 4.1703 4.1120 4.1102

G Ensembles used in the tests
G.1 Independent 3D ensembles from section 4.1.2
Q1 is a Gaussian parameter with µ = 1 and σ = 0.1. Q2 and Q3 are Weibull-distributed
parameters, with α = 6 and β = 1. Ensemble q̃2mom has the first 2 moments encoded,
q̃4mom has the first 4 and q̃4mix has the first 4 moments encoded as well as all mixed
moments up to the 4th forced. All ensembles has the covariance set to zero.

The ensemble for 2 moments is

q̃2mom =



0.9 0.92693 0.92801
0.9 0.92693 0.35668
0.9 1.3857 0.92801
1.1 0.44957 0.92801
1.1 0.44957 1.3104
1.1 0.92693 0.92801
1.1 0.92693 0.35668
1.1 1.3857 0.92801
1.1 1.3857 1.3104


w̃2mom =



0.49889
0.00025367
0.00085789
0.028309
0.043198
0.29398
0.059255
0.030315
0.044945


. (G.1a)
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For 4 moments where the covariance has been set to zero, but no higher mixed
moments have been forced, the ensemble used is

q̃4mom =



0.82679 0.62283 0.58692
0.82679 0.62283 1.2123
0.82679 0.95649 0.93679
0.82679 0.95649 1.1932
0.82679 1.2476 0.58692

1 0.99012 0.93679
1 0.62283 1.1932
1 0.95649 0.9262
1 0.95649 0.93679
1 1.2476 1.2123

1.1732 0.99012 1.1932
1.1732 0.95649 0.9262
1.1732 1.2476 0.9262
1.1732 0.59595 0.58692



w̃4mom =



0.027618
0.060407
0.012344
0.0099932
0.056304
0.0457
0.035929
0.4912
0.067585
0.02625
0.058251
0.0017574
0.036087
0.070572



(G.1b)

and for 4 moments where all the first 4 mixed moments have been fixed
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q̃4mix =



0.82679 1.3012 0.96052
0.82679 0.61074 0.35621
0.82679 0.61074 0.96052
0.82679 0.94864 0.99418
0.82679 0.94864 0.61386
0.82679 0.94864 1.2499
0.82679 0.94864 0.35621
0.82679 0.94864 0.96052
0.82679 0.3125 0.61386
0.82679 1.2177 0.61386
0.82679 1.2177 1.2499
0.82679 1.2177 0.96052

1 0.61074 0.61386
1 0.61074 1.2499
1 0.61074 0.96052
1 0.94864 0.61386
1 0.94864 1.2499
1 0.94864 0.96052
1 0.3125 0.96052
1 1.2177 0.61386
1 1.2177 0.96052

1.1732 1.3012 0.96052
1.1732 0.61074 0.61386
1.1732 0.61074 0.96052
1.1732 0.94864 0.99418
1.1732 0.94864 0.61386
1.1732 0.94864 1.2499
1.1732 0.94864 0.96052
1.1732 0.3125 0.96052
1.1732 1.2177 0.61386
1.1732 1.2177 1.2499



w̃4mix =



0.00068992
8.0458e-5
0.030937
0.021847
0.026005
0.0088534
5.5219e-5
0.053019
2.7124e-5
0.0069034
0.0094503
0.0087998
0.03591
0.022321
0.065428
0.076958
0.057431
0.30383

0.00039582
0.016791
0.087604
0.0061707
0.00021641
0.028191
0.027613
0.026413
0.0086525
0.052506

0.00067619
0.0068636
0.0093649



(G.1c)

G.2 Covariant 3D Gaussian ensembles from section 4.1.3
Three gaussian parameters, all with σ = 0.1 and a covariance matrix

C = σ2

 1 0.02 0
0.02 1 0.6
0 0.6 1


are represented in three ensembles with 2, 4 and 6 moments encoded along with the
covariance. Mixed moments of higher order than 2 is not forced in any way.

The ensembles for 2 and 4 moments have been calculated with the Corner-method
described in section 3.6.2, while the one with 6 moments has been calculated with the
Skewing-method from section 3.6.1.

The ensemble with 2 moments is
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q̃2moms =



1.1 1.1 1.1
1.1 1.1 0.9
1.1 0.9 1.1
1.1 0.9 0.9
0.9 1.1 1.1
0.9 0.9 1.1
0.9 0.9 0.9


w̃2moms =



0.155
0.100
0.095
0.150
0.245
0.005
0.250


, (G.2a)

the one with 4 moments is

q̃4moms =



1.1732 1.1732 1.1732
1.1732 1.1732 0.82679
1.1732 0.82679 1.1732
1.1732 0.82679 0.82679
0.82679 1.1732 1.1732
0.82679 0.82679 1.1732
0.82679 0.82679 0.82679

1 1 1


w̃4moms =



0.051667
0.033333
0.031667

0.05
0.081667
0.0016667
0.083333
0.66667


(G.2b)

and the one with 6 moments is

q̃6moms =



1.2491 1.1209 0.91764
0.85459 0.87524 0.97737
0.85626 1.0258 1.0276
0.8631 1.0232 1.0194
1.0112 0.91821 1.1183
1.0094 0.47851 0.47832
1.0151 1.1184 0.91804
1.0146 1.2186 1.2184
1.0133 1.0248 1.0192
0.58902 1.2376 1.2897
1.1719 0.73486 0.56295
1.1708 0.94989 1.1907
1.1729 1.0264 1.0189
1.0238 1.3127 1.3125
1.0239 1.2892 1.2419
1.0204 0.82464 0.82005
1.0201 0.87699 0.97709
1.0168 0.68715 1.1039
1.0175 0.5635 0.73299
1.0234 1.1709 1.0751
1.0221 0.97735 0.87672
1.0215 1.0753 1.1706



w̃6moms =



0.013112
0.036678
0.15967
0.055697
0.0048227

1.2252e− 05
0.0085342
0.0079886
0.075825
0.0013674
0.00068884
0.034299
0.085541
0.0010115
0.003553
0.0777
0.11153

0.0017618
0.00046851
0.10505
0.15007
0.064616



(G.2c)

H Code
The Octave-code developed in this thesis is available at
github.com/arnesahlberg/deterministic_sampling
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