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Abstract

A High Order Finite Difference Method for Simulating
Earthquake Sequences in a Poroelastic Medium

Kim Torberntsson & Vidar Stiernström

Induced seismicity (earthquakes caused by injection or extraction of fluids in Earth's
subsurface) is a major, new hazard in the United States, the Netherlands, and other
countries, with vast economic consequences if not properly managed. Addressing this
problem requires development of predictive simulations of how fluid-saturated solids
containing frictional faults respond to fluid injection/extraction. Here we present a
numerical method for linear poroelasticity with rate-and-state friction faults. A
numerical method for approximating the fully coupled linear poroelastic equations is
derived using the summation-by-parts-simultaneous-approximation-term (SBP-SAT)
framework. Well-posedness is shown for a set of physical boundary conditions in 1D
and in 2D. The SBP-SAT technique is used to discretize the governing equations and
show semi-discrete stability and the correctness of the implementation is verified by
rigorous convergence tests using the method of manufactured solutions, which shows
that the expected convergence rates are obtained for a problem with spatially variable
material parameters. Mandel's problem and a line source problem are studied, where
simulation results and convergence studies show satisfactory numerical properties.
Furthermore, two problem setups involving fault dynamics and slip on faults triggered
by fluid injection are studied, where the simulation results show that fluid injection
can trigger earthquakes, having implications for induced seismicity. In addition, the
results show that the scheme used for solving the fully coupled problem, captures
dynamics that would not be seen in an uncoupled model. Future improvements
involve imposing Dirichlet boundary conditions using a different technique, extending
the scheme to handle curvilinear coordinates and three spatial dimensions, as well as
improving the high-performance code and extending the study of the fault dynamics.
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Populärvetenskaplig sammanfattning

Denna studie syftar i att simulera elastiska deformationer och tryckförändringar i vätske- eller gas-
fyllda porösa material. Dessa deformationer och tryckförändringar hos mediet är sammankopplade
och beskrivs av en uppsättning ekvationer, vilka benämns de linjära poroelastiska ekvationerna.
Ett exempel p̊a ett poroelastiskt material är en tvättsvamp fylld med vatten. När svampen trycks
ihop ökar trycket i porerna, vilket leder till att vatten flödar ur svampen. P̊a liknande sätt kom-
mer tryckförändringar som uppst̊ar genom vätskeinjektion in i svampen ge upphov till att den
deformeras. De poroelastiska e↵ekterna är allts̊a fullt kopplade, eftersom portrycket p̊averkas av
mekaniska förändringar i materialet och vice versa. En ingenjörsapplikation för de linjära poroe-
lastiska ekvationerna är studiet av inducerad seismicitet, det vill säga jordbävningar orsakade av
människan. De senaste åren har inducerad seismicitet f̊att uppmärksamhet och flera vetenskapliga
studier har presenterat det starka samband som finns mellan jordbävningar och injektion av rest-
vatten, en biprodukt av olje- och gasoperationer.

För att simulera beteendet hos porösa material löses de linjära poroelastiska ekvationerna nu-
meriskt. Det matematiska ramverket best̊ar av ett system av fullt kopplade partiella di↵erentialek-
vationer, vilka beskriver förändringar av trycket i porerna och vätskeflödet i mediet simultant med
de mekaniska deformationer i mediet. Den numeriska metod som används i studien är summation-
by-parts-simultaneous-approximation-term (SBP-SAT), där rumsliga derivator approximeras med
s̊a kallade SBP operatorer, baserade p̊a finita di↵erenser. Metoden möjliggör ocks̊a fysikaliska
randvillkor, som sätts med SAT. En annan fördel med SBP-SAT är att man kan bevisa att den nu-
meriska lösningen konvergerar mot den exakta lösningen när fler beräkningspunkter introduceras,
för linjära eller linjäriserade problem.

Det numeriska schemat som byggs upp med hjälp av SBP-SAT används för att lösa olika prob-
lemuppställningar i tv̊a rumsliga dimensioner. För att utvärdera noggrannhet och e↵ektivitet hos
det numeriska schemat appliceras det p̊a ett referensproblem. Vidare simuleras Mandels problem,
ett klassiskt exempel p̊a poroelastisitet och även ett problem där en källa injicerar vätska in i
ett poroelastiskt material studeras. Resultaten visar p̊a att de numeriska schemat approximerar
b̊ada problemen väl och de numeriska lösningarna konvergerar mot de analytiska lösningarna
med ökande antal beräkningspunkter. För att modellera inducerad seismicitet introduceras en
tv̊adimensionell förenklad modell, där en förkastning i det poroelastiska mediet befinner sig i
närheten av en vätskeinjektor. Tv̊a olika problemuppställningar studeras och simuleringar fr̊an
b̊ada uppställningarna visar att jordbävningar kan orsakas av vätskeinjektion. Vidare f̊angar simu-
leringarna beteenden som inte skulle f̊angas av en enkelt kopplad modell vilket vanligtvis används
i ingenjörsapplikationer, i vilken portrycket inte beror av p̊a mediets deformation.
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1 Introduction

Poroelasticity is a branch of continuum mechanics that studies the behavior of fluid-saturated
porous media, such as sand, clay or porous rocks, where pores in the material are filled with
some gas or liquid, most commonly water in application problems. In the poroelastic framework
the pore pressure and the fluid flow are described simultaneously with the deformations of the
porous material. The poroelastic theory was originally developed by K. Terzaghi (1923, 1925)
for one spatial dimension, though he called it the theory of consolidation. His work was later
extended to three dimensions by M.A. Biot (1941). There is a general consensus on the fundamental
equations derived by Biot, but there are many di↵erent formulations using di↵erent sets of material
parameters in the literature. There are even examples where the symbols are not standardized.
[38].

The linear poroelastic equations are a set of fully coupled linear partial di↵erential equations,
composed of the mechanical equilibrium equation and the fluid di↵usion equation. The problem
is fully coupled meaning that changes in stress give rise to pore pressure changes (referred to as
the solid-to-fluid coupling) and that changes in pore pressure give rise to changes in the pore
volume and hence stress (referred to as the fluid-to-solid coupling). The fundamental concepts
can be exemplified by a water-saturated sponge, a porous elastic solid. When the porous medium
i.e. the sponge is compressed, the pore pressure rises and water flows out, corresponding to the
solid-to-fluid coupling. In the poroelastic theory, pore pressure changes also a↵ect the porous
solid. When the pore pressure rises, the pore space expands, changing the stress state within the
solid. In the present study, a quasi-static approximation is considered, where the coupling e↵ects
are assumed to be instantaneous. Problems where the solid-to-fluid coupling can be neglected are
mathematically easier to solve, since one can solve the fluid di↵usion equation for the pore pressure
and then use the solution of the pore pressure to solve the mechanical equilibrium equation for
the displacement fields. A one-way coupled problem is referred to as a uncoupled problem, while
a two-way coupled problem is called a coupled problem [39]. The study presented here addresses
the coupled poroelastic problem

Biot’s poroelastic theory has been used extensively for civil engineering and mechanical engi-
neering applications since its publication. The applications include studies of earthen dams and
reservoir compaction, estimation of ground subsidence due to fluid extraction or heave due to injec-
tion and hydraulic fracturing used for energy resources exploration. More recently the theory has
been used in other research areas as well, such as biomechanics of soft tissues, mechanics of bones
and in geophysical applications studying earthquake phenomena [38] [33]. The earthquake studies
are of a great interest in the present study, particularly the application of induced seismicity i.e.
the triggering of earthquakes by injection or extraction of fluids. There are numerous examples of
such events in recent years. A geothermal project in Basel, Switzerland was canceled when thou-
sands of events were triggered from water injection at high pressures between December 2nd and
December 8th in 2006, some of which exceeded the safety threshold for continued stimulation [8].
There is also concern for hydraulic fracturing, but the triggered earthquakes from such operations
are thus far of lower magnitudes. However, wastewater disposal introduces risks for larger seismic
events, where events exceeding magnitude 5 have been observed. In fact, several of the largest
earthquakes in 2011 and 2012 in the central U.S. may have been triggered by nearby disposal
wells. Two people were injured and fourteen homes were destroyed in the largest event, which
took place in Oklahoma. Another example is the induced seismicity that has been observed in the
Groningen gas field in the Netherlands, where seismic events are related to compaction, caused by
gas production. The largest observed event was of magnitude 3.6, which is not very high. However,
because of the shallow depth of the event and the soft surface in the area, damage was caused to
nearby houses [37]. These examples show the importance of an extensive understanding of the
induced seismic activity and the hazards related to it.

Finite di↵erences, boundary elements and finite elements have all been used to discretize and nu-
merically solve the linear poroelastic equations, oftentimes referred to as the coupled fluid flow and
geomechanics problem in the literature. The majority of the studies in this area have utilized finite
elements for the spatial discretization. The anisotropic Mandel’s problem and an inclined borehole
problem were modeled using finite elements by L. Cui et al. [7]. Minko↵ et al. simulated reservoir
production in structurally weak areas using two 3D finite element simulators, IPARS for fluid flow
and JAS3D for mechanics for the fully coupled problem using a loose staggered-in-time coupling
[25]. Finite elements were used by White and Borja to simulate coupled solid-deformation/fluid-
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di↵usion in earthquake fault zones. A stabilized formulation is obtained by the introduction of an
additional term in the mass balance, which suppresses pore pressure oscillations in the incompress-
ible and nearly incompressible limit [41]. Numerical oscillations in coupled poromechanics have
also been addressed by Preisig and Prévost, who present an overview of the most promising meth-
ods for overcoming the oscillations. The fluid pressure Laplacian stabilization (FPL) using bubble
functions and a method derived using finite increment calculus (FIC) are investigated. On a sim-
ple one-dimensional test problem FIC stabilizes the pressure for all time steps, while the approach
using bubble functions do not remove the oscillations for all time steps [28]. Di↵erent precondi-
tioning techniques were evaluated by White and Borja for fully coupled flow and geomechanics.
E↵ective preconditioners for the various sub-problems appearing within the block decomposition
are identified and the results demonstrate mesh-independent convergence, good parallel e�ciency
and insensitivity to material parameters [42]. Kim et al. performed stability and convergence
analyses of iteratively coupled solution methods for coupled fluid flow and reservoir geomechanics,
where four di↵erent operator-splitting techniques were analyzed, namely the drained, undrained,
fixed-strain and fixed-stress splits. The fixed-stress split is highly recommended for stability, con-
sistency and accuracy reasons [16].

There is also recent research on modeling slip on faults in a poroelastic medium. Jha and
Juanes developed a two-way coupled simulator, using the geomechanics simulator PyLith with a
multiphase flow simulator called GPRS and performed simulations in up to three spatial dimensions
[12]. Miah et al presented a preliminary application, simulating induced earthquakes using the two
open source codes TOUGH2 and PyLith. The code is in 3D and will be used for induced seismicity
risk assessment [24].

A desirable numerical method should satisfy three requirements, namely high order of accuracy,
simplicity and stability. The stability requirement is required for quantification of numerical errors,
while simplicity and accuracy are related to the e�ciency of the method [21]. The finite di↵erence
framework summation-by-parts-simultaneous-approximation-term (SBP-SAT) is employed in the
study, since it fulfills all three criteria. In the SBP-SAT method, central finite di↵erence operators
are used to approximate spatial derivatives. The operators have an summation-by-parts (SBP)
property and the simultaneous-approximation-term (SAT) is used to impose boundary conditions
weakly, while still preserving the SBP property, allowing for implementation of physical boundary
conditions [1]. Another strength of the SBP-SAT method is that one can obtain convergence proofs
for linear and linearized problems. Furthermore, finite di↵erences scale well to multiple dimensions
and are relatively easy to implement.

The purpose of the present study is to derive a high order accurate and stable numerical
approximation of the linear poroelastic equations in 2D using the SBP-SAT technique, that allows
for physical boundary conditions and spatially variable material parameters. Another purpose of
the study is to verify the stability and accuracy of the numerical scheme and to implement and
simulate di↵erent poroelastic problems, including induced seismic events, using Matlab for fast
development and a high-performance code implemented in C/C++ for performance.

Sections 2 - 9 present the linear poroelastic equations and the discretization in space and
time. Section 2 presents the linear poroelastic equations in tensor notation using two formulations,
namely the pressure formulation and the fluid content formulation. The poroelastic material
parameters are introduced and discussed, since many di↵erent sets of parameters are used in
the literature. In Section 3, well-posedness for the governing equations are shown in 1D using the
energy method and the initial boundary value problems for the two formulations are presented.
Section 4 introduces the SBP operators used for the spatial discretization and for the semi-discrete
stability proofs conducted in Section 5. Well-posedness for the two-dimensional problem is proven
in Section 6, which also presents the initial boundary value problems in the two formulations.
The SBP operators are extended to two dimensions and to systems of equations in Section 7.
Semi-discrete stability for the linear poroelastic equations in 2D is shown in Section 8 using the
SBP-SAT discretization and the energy method. In Section 9, some time integrators are presented
for the two formulations.

Sections 10 - 13 present problem setups that have been simulated using the discretization
derived in Sections 2 - 9. Section 10 presents simulations and convergence studies of the linear
poroelastic equations solved using the method of manufactured solutions. Mandel’s problem, a
classical poroelastic problem setup, is presented in Section 11 and the line source problem is
presented in Section 12. Convergence rates and simulations are presented for both problems in
each section. Finally earthquake nucleation is studied using the rate-and-state frictional framework
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in Section 13. Two problem setups are studied, one with an injector placed in the origin and one
with fluid flow entering through the left boundary. Earthquake nucleation is observed for both
problems. The results presented for Mandel’s problem and the line source problem in Sections 11 -
12 are obtained from Matlab scripts, while the results from the earthquake nucleation simulations
are from the high-performance code written in C/C++.

Section 14 discusses the high-performance code developed using the C/C++ framework PETSc,
written in order to obtain an e�cient and scalable implementation. In Section 15 some limitations
to the present study are addressed and some suggestions for future work are presented. Finally
the most important results from the study are concluded in Section 16.

2 The Linear Poroelastic Equations

In this section the linear poroelastic equations are introduced. The equations constitute a system
of fully coupled PDEs describing how pressure changes relate to deformation of an elastic porous
medium. We present the linear poroelastic equations using tensor notation for a general three-
dimensional problem. In this notation, summation over repeated indices is employed. The indices
that appear more than once in a term are called repeated and are summed over. A free index is
an index that only appears once in a term and the number of free indices determines the rank of
the tensor. For example, one free index implies a vector, while two free indices imply a matrix.

2.1 Pressure Formulation

The unknown fields in the linear poroelastic equations are the three spatial displacements ui as
well as the pore pressure p. The material properties are allowed to be spatially dependent, but
are assumed to be independent of time. In the linearized theory the fields are also assumed to be
independent of the displacements and the pore pressure.

We proceed by deriving the linear poroelastic equations. The stress tensor �ij for an isotropic
linear poroelastic solid is obtained from Hooke’s law

�ij = 2Gij +K✏kk�ij � ↵p�ij , (2.1)

where

✏ij =
1

2

✓
@ui

@xj
+

@uj

@xi

◆
=

1

3
✏kk�ij + eij , (2.2)

and where �ij is the Kronecker delta

�ij =

(
0, i 6= j

1, i = j.
(2.3)

Here G � 0 is the shear modulus, K � 0 is the drained bulk modulus and 0  ↵  1 is Biot’s
coe�cient. A quasi-static approximation is used, implying that mechanical equilibrium is fulfilled,
resulting in

@�ij

@xj
= 0, (2.4)

where body forces such as gravity are ignored. Inserting (2.1) into (2.4) results in the mechanical
equilibrium equation

@
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which consists of three elliptic partial di↵erential equations, one for each of the three displacements
ui. The gradient of the pore pressure p in (2.5) can be viewed as a source term. A closed system
can be obtained by deriving a fourth equation. From Darcy’s law, conservation of mass fluid and
thermodynamic considerations, the fluid di↵usion equation is obtained

1

M
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� @
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, (2.6)
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where M � 0 is Biot’s modulus and  � 0 is the permeability of the poroelastic material. Note

that (2.6) is a parabolic equation for the pore pressure p, where the dilation rate @2u
k

@x
k

@t acts as
a source term. Together (2.5) and (2.6) constitute the linear poroelastic equations. Along with
a set of boundary and initial conditions they form an initial-boundary value problem, which can
in principle be solved. For problems with spatially variable coe�cients analytical solutions are in
general very di�cult to derive, and therefore numerical solutions are used instead.

2.2 Fluid Content Formulation

The formulation of the linear poroelastic equations presented in Section 2.1 leads to di�culties
when using an explicit time integration method. This is because (2.6) has two terms with partial
time derivatives, namely the pressure and the dilation rate, making an implicit scheme more
straightforward to construct. For certain problems (typically very sti↵ problems) an implicit scheme
might be preferred as opposed to an explicit scheme, since the scheme is unconditionally stable,
meaning that arbitrarily large time steps can be performed. However, if the time integration is not
limited by the sti↵ness of the problem, then an explicit method is more e�cient. This is because
the time integration is performed as a matrix-vector multiplication as opposed to solving a system
of equations in an implicit method.

In order to derive an alternative formulation more suitable for explicit time integration methods,
the governing equations will be reformulated using the undrained bulk modulus

Ku = K + ↵2M. (2.7)

and the variation of fluid content ⇣. The present study focuses on unstable fault slips, where
mechanical deformations happen over much shorter time scales than fluid flow. The undrained
response is defined as the response over such short time scales, where the di↵usive processes are
negligible compared to the elastic processes. An expression for the undrained pore pressure pu is
obtained by letting the di↵usive term in (2.6) go to zero and integrating in time, resulting in

pu = �M↵
@uk

@xk
. (2.8)

The relation between the pore pressure p, the undrained pore pressure pu and the variation of fluid
content ⇣ is as follows

p = M⇣ + pu = M

✓
⇣ � ↵

@uk

@xk

◆
. (2.9)

We now introduce the field variable p0, referred to as the deviation from the undrained pore pressure,
defined as follows

p0 = M⇣ = p+M↵
@uk

@xk
. (2.10)

From (2.10) it is clear that p0 is proportional to ⇣. Here the relation between the variation of fluid
content ⇣ and the deviation from the undrained pore pressure p0 is a relation between di↵erential

changes, meaning that even for a spatially variable Biot’s modulus M we have that @p0
k

@x
k

= M
@⇣0

k

@x
k

.
To derive the governing equation for p0, (2.10) and (2.8) are inserted into (2.6) resulting in an
uncoupled homogeneous di↵usion equation

1

M

@p0
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� @
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✓

@p0

@xi

◆
= 0, (2.11)

which can be solved explicitly in time once it has been discretized spatially. In addition, the
mechanical equilibrium equations need to be stated in terms of p0 instead of in terms of p. Inserting
(2.10) into (2.5) and using (2.7) directly results in an equation expressed in p0:

@

@xj

✓
Ku +

G

3
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G
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. (2.12)

With (2.11) and (2.12) we have derived an alternative formulation of the linear poroelastic equa-
tions, henceforth referred to as the fluid content formulation. The unknown fields are {ui, p

0}
with material parameters {Ku, G,↵,M,} compared to the unknown fields {ui, p} with material

4



parameters {K,G,↵,M,} in the pressure formulation. Since (2.11) now only has one term with
a temporal derivative, it is more straightforward to time integrate explicitly. The implicit and
explicit time integration is discussed further in Section 9.

Boundary conditions have not been discussed yet, but since the two formulations are equivalent,
if one set of boundary conditions is well-posed for one formulation, it is also well-posed for the
other. Well-posed boundary conditions are introduced in Section 3 for the one-dimensional case
and in Section 6 for the two-dimensional case.

2.3 Poroelastic Material Parameters

There is a general consensus on the fundamental equations for the theory of linear poroelasticity,
but there is great variation in the literature regarding the choice of material parameters, which are
oftentimes not uniformly defined or represented by standardized symbols [38].

For the fully coupled linear poroelastic problems five material parameters are required. In the
pressure formulations, presented in Section 2.1, the set of material parameters is {K,G,↵,M,},
while the fluid content formulation replaces the drained bulk modulus K with the undrained bulk
modulus Ku, resulting in the following set of parameters: {Ku, G,↵,M,}. In Mandel’s problem,
seen in Section 11, and in the line source problem, seen in Section 12, the numerical solutions
are compared to analytical solutions, which are expressed using di↵erent sets of parameters. The
analytical solutions to Mandel’s problem are expressed using Skempton’s coe�cient B, the Poisson
ratio ⌫, the undrained Poisson ratio ⌫u, the shear modulus G and the hydraulic di↵usivity c. In
the line source problem Skempton’s coe�cient B, Biot’s coe�cient ↵, the first Lamé parameter �,
the shear modulus G and the permeability  gives a complete set of material parameters.

In order to compare the numerical solutions to the analytical solutions, some relations between
the material properties in the di↵erent sets are used. The following important relations are used
to express the material parameters in the numerical scheme from the parameters utilized in the
analytical solutions:

� = K � 2

3
G, (2.13)

K =
2G(1 + ⌫)

3(1� 2⌫)
, (2.14)

↵ =
3(⌫u � ⌫)

B(1� 2⌫)(1 + ⌫u)
, (2.15)

M =
2G(⌫ � ⌫)

↵2(1� 2⌫u)(1� 2⌫)
, (2.16)

c =
2B2G(1� ⌫)(1 + ⌫)2

9(1� ⌫u)(⌫u � ⌫)
. (2.17)

3 Well-posedness in One Dimension

This section presents the initial-boundary value problems for the two formulations of the linear
poroelastic equations. Well-posedness is shown with a set of well-posed boundary conditions using
the energy method. The problems in the present study are all two-dimensional, but since the
analysis is more involved in 2D, we first present the analysis in one spatial dimension.

3.1 Initial-Boundary Value Problem for the Pressure Formulation

Let the domain be defined as ⌦ = {x : 0  x  1} and let the displacement u and the pore pressure
p be continuous and real valued functions living on ⌦. The one dimensional versions of (2.5) and
(2.6) can then be written as

0 = (E0ux)x � (↵p)x, 0  x  1, t � 0, (3.1)

1

M
pt = (px)x � ↵uxt, 0  x  1, t � 0, (3.2)
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where E0 = K + 4
3G. The subscript notation indicate partial derivatives (for example ux = @u

@x ).
The initial conditions of the displacement and the pore pressure are given by

u = h1(x), 0  x  1, t = 0, (3.3)

p = h2(x), 0  x  1, t = 0, (3.4)

respectively. The boundary conditions that are considered here are conditions on displacement u
(Dirichlet condition) or traction � = E0ux�↵p (Neumann condition) in the mechanical equilibrium
equation and on pore pressure p (Dirichlet condition) or on discharge velocity q = �px (Neumann
condition) in the fluid di↵usion equation. One way to perform a well-posedness analysis on both
the Neumann and Dirichlet conditions at the same time is to use Robin conditions, in which a
linear combination of Dirichlet and Neumann conditions are imposed. The Robin conditions can
be written in the following way:

�0u� � = g0, x = 0, t � 0, (3.5)

�1u+ � = g1, x = 1, t � 0, (3.6)

�0p+ q = f0, x = 0, t � 0, (3.7)

�1p� q = f1, x = 1, t � 0, (3.8)

where �0, �1, �0, �1 � 0. The Robin conditions in (3.5) - (3.8)imposes Neumann conditions when
�, � = 0 and are equal to Dirichlet conditions in the limit �, � ! 1. Since the Dirichlet conditions
are imposed using the penalty terms �, �, the boundary data is scaled di↵erently when imposing
Dirichlet conditions compared to imposing Neumann conditions. To impose the corresponding
data properly, g and f are set in the following way:

g0 =

(
�0g

D
0

�gN0 ,
, g1 =

(
�1g

D
1

gN1 ,
, f0 =

(
�0f

D
0

fN
0 ,

, f1 =

(
�1f

D
1

�fN
1

, (3.9)

where gD, fD indicates Dirichlet data and gN , fN indicates Neumann data.

3.2 Well-posedness

Before commencing with the derivation of an energy estimate for (3.1) - (3.8) two definitions central
to the coming analysis are introduced. For an initial-boundary value problem well-posedness is
defined as follows:

Definition 3.1. An initial-boundary value problem, with homogeneous boundary data and zero
forcing, is well-posed if for every f 2 C1 that vanishes in a neighborhood of the boundaries, there
exists a unique smooth solution u that satisfies the estimate

ku(·, t)k  Ke↵tkfk, (3.10)

where K and ↵ are constants independent of f .

Furthermore the inner product and the A-norm, which will be used extensively in the coming
analysis, is defined as follows:

Definition 3.2. Let u 2 l2⌦ be a real-valued vector function u = [u(1), u(2), . . . ..., u(k)]T with
k components and let A be a symmetric positive semi-definite matrix, i.e, A = AT � 0. The
inner product for u, v 2 l2⌦ is defined as (u,Av) =

R
⌦ uTAvd⌦ and the A-norm is defined as

kuk2A = (u,Au) =
R
⌦ uTAud⌦.

An important property of the A-norm is that (u,Au) � 0 8 u 2 l2⌦. Well-posedness for (3.1)
- (3.8) is shown using the energy method, which, using integration by parts and inner products,
derives an estimate for the energy of the PDE and its time evolution [36]. For a well-posed
problem it is required that the energy of the system is non-negative. Definition (3.1) allows for
the energy of a system to grow, but since the linear poroelastic equations describe elastic wave
propagation coupled to a di↵usion process, the physical energy of the system is non-increasing
(given homogeneous boundary data and zero forcing). Therefore it is also required that the time

6



derivative of the energy estimate is non-positive given a set of homogeneous boundary conditions
and zero forcing. An energy estimate for the linear poroelastic equations is derived by multiplying
(3.1) with ut, integrating by parts and adding the transpose, multiplying (3.2) with p, integrating
by parts and adding the transpose, (assuming homogeneous boundary conditions and zero forcing)
resulting in

d

dt

�kuxk2E0
�
= �(ut, (↵p)x)� ((↵p)x, ut) + 2(utE

0ux)|10, (3.11)

d

dt

⇣
kpk21

M

⌘
= �2kpxk2 + ((↵p)x, ut) + (ut, (↵p)x)� 2(pq)|10 � 2(↵put)|10, (3.12)

where Definition 3.2 was used to obtain the norms. The energy estimate for the full system is
obtained by adding (3.11) to (3.12).

d

dt

⇣
kuxk2E0 + kpk21

M

⌘
= �2kpxk2 + 2(ut� � pq)|10, (3.13)

where the terms within the temporal derivative on the left-hand side defines the energy of the
system and the right-hand side its time evolution. Imposing homogeneous Dirichlet or Neumann
conditions in (3.5) - 3.8 gives

d

dt

⇣
kuxk2E0 + kpk21

M

⌘
= �2kpxk2, (3.14)

which is a well-posed energy estimate, since the energy is positive and its time evolution is negative
for homogeneous boundary conditions and zero forcing.

Furthermore one wants to show that the obtained energy for Neumann and Dirichlet conditions
imposed with the Robin technique seen in (3.5) - (3.8) is equal to (3.14) in the two limits �, � ! 1
and �, � = 0. For Neumann conditions this is trivial, since the conditions are imposed in the same
way as standard Neumann, but for Dirichlet conditions this is not as simple to show. In (3.13)
one can either substitute � and q or u and p (or any combination) at the boundaries using (3.5) -
(3.8). When substituting � and q the energy estimate results in

d

dt

⇣
kuxk2E0 + kpk21

M

+ �1u
2|1 + �0u

2|0
⌘
= �2kpxk2 � 2�1p

2|1 � 2�0p
2|0, (3.15)

which also is a well-posed energy estimate for �, � > 0. It is not clear that the Robin energy
estimate in (3.15) converges to the Dirichlet energy estimate seen in (3.14) as �, � ! 1. However,
if u and p are substituted at the boundaries in (3.13) using (3.5) - (3.8) we get another equivalent
formulation of the energy estimate in (3.15), but now expressed in terms of � and px

d

dt

✓
kuxk2E0 + kpk21

M

+
1

�1
�2
���
1
+

1

�0
�2
���
0

◆
= �2kpxk2 � 2

(q)2

�1

���
1
� 2

(q)2

�0

���
0
, (3.16)

which is a well-posed energy estimate for �, � > 0. It is also clear that the energy estimate (3.16) is
equal to the energy estimate in (3.14) in the limit �, � ! 1. Since the energy estimates in (3.15)
and (3.16) are equivalent, (3.15) is equal to the energy estimate in (3.16) in the limit �, � ! 1.
This result is of importance for showing that the Robin boundary conditions approximates the
Dirichlet conditions in the limit �, � ! 1 also in the semi-discrete case.

3.3 Initial-Boundary Value Problem for the Fluid Content Formulation

The one dimensional version of the fluid content formulation introduced in Section 2.2 is derived
from the pressure formulation seen in (3.1) - (3.8) using the following relation between the pore
pressure p, the displacement u and the deviation from the undrained pore pressure for the one
dimensional case

p = p0 + pu = p0 �M↵ux. (3.17)

Since the two formulations are equivalent, the well-posedness analysis for the pressure formulation
presented in Section 3.2 is als valid for the fluid content formulation, with the same set of boundary
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and initial conditions. However, both the boundary and the initial conditions should be stated in
terms of the displacement u and the deviation from the undrained pore pressure p0. Inserting (3.17)
into (3.1) - (3.8) results in an initial-boundary value problem for the fluid content formulation

0 = (E0
uux)x � (↵p0)x, 0  x  1, t � 0, (3.18)

1

M
p0t = (p0x)x, 0  x  1, t � 0, (3.19)

with initial conditions

u = h1(x), 0  x  1, t = 0, (3.20)

p0 = h2(x) +M↵
@

@x
h1(x), 0  x  1, t = 0, (3.21)

and boundary conditions

�0u� � = g0, x = 0, t � 0, (3.22)

�1u+ � = g1, x = 1, t � 0, (3.23)

�0p+ q = f0, x = 0, t � 0, (3.24)

�1p� q = f1, x = 1, t � 0, (3.25)

where � = E0
uu � ↵p0, p = p0 � M↵ux and q = �(p0 � M↵ux)x, where E0

u = Ku + 4
3G =

K +M↵2 + 4
3G. Thus a formulation more suitable for explicit time integration has been derived

in the one-dimensional case, where the fields are expressed using the undrained parameters, the
displacement u and the deviation from the undrained pore pressure p0. Note that the boundary
data still is expressed in terms of u and p, as shown in (3.9).

4 Summation By Parts Operators

The acronym SBP stands for Summation By Parts, a property that allows the finite di↵erence
operators to mimic the inner products in Definition 3.2. The SBP finite di↵erence operators are
central schemes with which one can show semi-discrete stability for Cauchy problems i.e. problems
with periodic boundary conditions or infinite domains. Other types of boundary conditions are
enforced using the SAT (Simultaneous Approximation Term) technique. With SAT the boundary
conditions are enforced weakly by penalizing deviations from the boundary conditions using penalty
terms that preserve the SBP property [36],[21]. The definition of a pth-order accurate narrow-
stencil, first introduced in [23], is as follows:

Definition 4.1. An explicit pth-order accurate finite di↵erence scheme with minimal stencil width
of a Cauchy problem is denoted a pth-order accurate narrow-stencil.

Here ‘explicit’ refers to the property that no linear system of equations needs to be solved in
order to compute the derivatives. Now the SBP operator approximating the first spatial derivative
is introduced, also first introduced in [34]

Definition 4.2. A di↵erence operator D1 = H�1(Q + B) approximating @
@x , using a pth-order

accurate narrow-stencil, is said to be a pth-order accurate narrow-diagonal first-derivative SBP
operator if H is diagonal and positive definite and Q+QT = 0. Here B = diag(�1, 0, · · · , 0, 1).

Details about the structure of the matrices D1, H and Q for di↵erent orders of accuracy can be
found in [23]. Furthermore a second order SBP operator is required for the terms of type (aux)x,
where a = a(x) is a material property that may vary spatially. One could apply the first SBP
operator defined in 4.2 twice (D1AD1) (where A is a matrix with the variable coe�cients a(x)
injected on the diagonal, i.e A = diag(a0, . . . , am) for a domain discretized with m points), but
such an operator does not satisfy the narrow-stencil property. Second derivative narrow-stencil
operators were introduced in [26] in the following definition:
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Definition 4.3. Let D
(a)
2 = H�1(�M (a) + ĀS) approximate @

@x

�
a @
@x

�
, where a(x) > 0 is a

smooth function, using pth-order accurate narrow-stencil. D
(a)
2 is said to be a pth-order accu-

rate narrow-diagonal second derivative SBP operator, if H is diagonal and positive definite, M is
symmetric and positive semi-definite, S approximates the first-derivative at the boundaries and
Ā = diag(�a0, 0, . . . , 0, aN ).

Note that in order to obtain energy estimates for schemes using both D1 and D
(a)
2 the norm H

has to be identical for the two operators. It was shown in [23] that for problems with a combination

of mixed ( @2

@x@y ) and non-mixed ( @2

@x2 ,
@2

@y2 ) second order derivatives, stability is not guaranteed from
Definition 4.3 alone. An important relationship between the first order and second order narrow
SBP operators called compatibility was introduced in [23], where it was shown that for problems
with both mixed and non-mixed derivatives, compatible operators are required in order for stability
proofs to be obtained. The following definition of compatibility was first stated in [18]

Definition 4.4. LetD1 andD
(a)
2 be pth-order accurate narrow-diagonal first- and second-derivative

SBP operators. If M (a) = DT
1 HAD1 + R(a), and the remainder R(a) is symmetric positive semi-

definite, D1 and D
(a)
2 are called compatible.

The remainder term is constructed such that the resulting scheme is narrow and that the highest
frequency mode i.e. the pi-mode is dampened. The construction of the remainder term depend
on the operators’ order of accuracy. For example, the second order remainder term used for the
second order accurate narrow-stencil operator is constructed in the following way:

R(a) =
h3

4
(D(2)

2 )TC(2)
2 A

(2)
2 D

(2)
2 , (4.1)

where h is the grid spacing, D(2)
2 are narrow-stencil approximations of @2

@x2 of second order accuracy

and C
(2)
2 are diagonal matrices with non-negative entries. The diagonal and positive matrix A

(2)
2

have special weights to ensure a narrow-stencil also for the variable coe�cient case. This guarantees
that the remainder term R(a) is symmetric and positive definite of second order by construction.
It is possible to construct remainder terms up to eighth order accuracy and full details of the
remainder term can be found in [18].

Compatible narrow-stencil SBP operators for constant coe�cients can be found in [19, 21, 23],
while compatible SBP operators for variable coe�cients can be found in [18]. A more strict condi-
tion than compatibility is full compatibility introduced in [22], where fully compatible SBP operators
are presented for the constant coe�cient problem. To our knowledge second order fully compatible
operators for second derivatives with variable coe�cients has not yet been presented. However, in
[9], fully compatible SBP operators are obtained from the compatible operators presented in [18]
in Definition 4.4 by replacing S with D1 in Definition 4.3.

In [9] stability is shown for the elastic wave equation with both compatible and fully compati-
ble operators. The order of accuracy at the boundaries is one order lower for the fully compatible
operators, but the semi-discrete stability analysis is more straightforward. Interestingly, the nu-
merical experiments presented in [9] show no global accuracy reduction of the scheme with the
fully compatible operators compared to the compatible operators. In the present study, only the
fully compatible operators are utilized.

5 Semi-Discrete Stability in One Dimension

In this section semi-discrete stability is analyzed for the linear poroelastic equations in one dimen-
sion. Note that the problems later studied are in two dimensions, but since the analysis is simpler
and more compact in one dimension we first present the one-dimensional analysis. The equations
are discretized using the SBP-SAT method, a robust finite di↵erence scheme that ensures semi-
discrete stability of partial di↵erential equations. Semi-discrete stability is proven using energy
estimates that mimic the continuous energy estimate derived from the energy method. One can
then achieve full stability by choosing an appropriate time integrator [1],[35].

5.1 Spatial Discretization for the Pressure Formulation

In the semi-discrete analysis time is left continuous while the domain ⌦ is discretized using m grid
points
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xi = (i� 1)�x, i = 1, 2, . . . ,m, �x = 1
m�1 . (5.1)

Let p and u be discrete column vectors with m components that approximate their continuous
counterparts at the grid points xi i.e. pT = [p1, p2, . . . , pm]. The discrete inner product and norm
are defined as follows:

Definition 5.1. Let u, v 2 Rm be discrete real-valued solution vectors and let A be a symmetric
positive semi-definite matrix, i.e, A = AT � 0 and H be diagonal and positive definite. The
discrete inner product is defined as (u,HAv) = uTHAv and the corresponding norm is defined as
kuk2HA = (u,HAu) = uTHAud⌦.

Using the fully compatible SBP-operators presented in Section 4, (3.1) and (3.2) are discretized
with the boundary conditions in (3.5) - (3.8) imposed using the SAT technique in the following
way

0 = D
(E0)
2 u�D1↵p+ SAT1, t � 0, (5.2)

M�1pt = D
()
2 p� ↵D1ut + SAT2, t � 0, (5.3)

with initial conditions

u = h1, t = 0, (5.4)

p = h2, t = 0, (5.5)

where

E0 =

2

6664

E0
1 0 . . . 0
0 E0

2 . . . 0
...

...
. . .

...
0 0 . . . E0

m

3

7775
, (5.6)

↵ =

2

6664

↵1 0 . . . 0
0 ↵2 . . . 0
...

...
. . .

...
0 0 . . . ↵m

3

7775
, (5.7)

M�1 =

2

6664

1
M1

0 . . . 0
0 1

M2
. . . 0

...
...

. . .
...

0 0 . . . 1
M

m

3

7775
, (5.8)

 =

2

6664

1 0 . . . 0
0 2 . . . 0
...

...
. . .

...
0 0 . . . m

3

7775
, (5.9)

and

SAT1 = H�1e1(e
T
1 (��0u+ �) + g0) +H�1em(eTm(��1u� �) + g1), (5.10)

SAT2 = H�1e1(e
T
1 (��0p� q) + f0) +H�1em(eTm(��1p+ q) + f1), (5.11)

where e1 = [1, 0, 0, . . . , 0], em = [0, 0, . . . , 0, 1], � = E0D1u � ↵p and q = �D1p. Note that
the diagonal entries of the matrices presented in (5.6) - (5.9) allow for spatially varying material
properties. The boundary data is set analogously to the continuous case seen in (3.9).
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5.2 Semi-Discrete Stability

Using the SBP-SAT method semi-discrete stability can be proven using the semi-discrete version
of the continuous energy method introduced in Section 3. Analogous to the procedure in the con-
tinuous case, the semi-discrete energy method consists of multiplying the mechanical equilibrium
equation (5.2) by uT

t H and adding the transpose, and multiplying the fluid di↵usion equation (5.3)
by pTH and adding the transpose, resulting in

d

dt

�kD1uk2HE0 + kuk2
R(E0) + �0u

2
1 + �1u

2
m

�
=

� uT
t Q↵p� pT↵QTut � (ut)1(↵p)1 + (ut)m(↵p)m,

(5.12)

d

dt
kpk2HM�1 =� 2kD1pk2HK � 2kpk2R() � pT↵Qut � uT

t Q
T↵p

� 2�0p
2
1 � 2�1p

2
m + (↵p)1(ut)1 � (↵p)m(ut)m,

(5.13)

where Definition 4.2, 4.3 and 4.4 were used to expand the SBP matrices and obtain the norms.
Adding the two equations and using Q+QT = 0, results in the semi-discrete energy estimate for
the fully coupled system

d

dt

�kD1uk2HE0 + kpk2HM�1 + kuk2
R(E0) + �1u

2
m + �0u

2
1

�
=

� 2kD1pk2H � 2kpk2R() � 2�1p
2
m � 2�0p

2
1,

(5.14)

which is the discrete version of the energy estimate in (3.15). Note that the energy estimate is
well-posed for �, � � 0. For Neumann boundary conditions (�, � = 0), (5.14) reduces to

d

dt

�kD1uk2HE0 + kpk2HM�1 + kuk2
R(E0)

�
= �2kD1pk2H � 2kpk2R() , (5.15)

which is the discrete version of the energy estimate in (3.14). Next we show that the energy
estimate in (5.14) approximates the energy estimate for the Dirichlet conditions in (3.14) using
the Robin technique. In the discrete case the SAT penalty parameters �, � are determined from
dimensionless constants, scaled with grid spacing and some appropriate material property. From
(3.5) - (3.8) it is clear that the fluid flow penalty parameter should be scaled as

� = �⇤


�x
, (5.16)

where �x is the grid spacing and �⇤ is a dimensionless constant, determining how accurately the
Dirichlet condition is imposed. A high value for �⇤ leads to more accurate boundary conditions,
but also to a sti↵er system. The scaling for � is not as straightforward as the scaling for �, since
� depends on both the pore pressure p and on the displacement u. However, in the mechanical
equilibrium equation, where we solve for the displacement u, the term E0D1u a↵ects the eigenvalues
of u more strongly than the term ↵p. Therefore � is scaled as

� = �⇤ E0

�x
. (5.17)

When imposing Neumann conditions using the Robin technique the order of accuracy is deter-
mined by the boundary closure of the operator used. However, for Dirichlet conditions the order
of accuracy is determined by the penalty parameter. In order to obtain higher order accurate
boundary conditions for Dirichlet conditions one can scale the dimensionless penalty parameter
with the number of grid points m. For example, for second order accuracy at a Dirichlet boundary,
one can choose �⇤, �⇤ = m. In general, for pth order accuracy at a Dirichlet boundary, choose
�⇤, �⇤ = mp�1.

Note that (5.14) is the discrete version of (3.15). In Section 3 we showed that the energy
estimate in (3.15) is equal to Dirichlet energy estimate (3.14) in the limit �, � ! 1 for the
continuous estimate. Choosing to scale the penalty parameters as discussed previously, results
in �, � ! 1 in the limit of mesh refinement. Therefore, in the limit of mesh refinement, the
energy estimate in (5.14) is the discrete version of the continuous Dirichlet energy estimate in
(3.14), and we have shown that the Robin technique can be used to impose both Neumann and
Dirichlet conditions semi-discretely. Thus semi-discrete stability is proven for (5.2) - (5.3) using
the SBP-SAT method.
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5.3 Spatial Discretization for the Fluid Content Formulation

As discussed in Section 2.2, the pressure formulation is not straightforward to time integrate
explicitly. In this Section semi-discrete stability is shown for the fluid content formulation, which
is more suitable for an explicit time integrator. We introduce the semi-discrete fluid content
formulation and then show that it is equivalent to the pressure formulation. This means that
one can go from one formulation to the other, using the relations between the di↵erent sets of
variables, and obtain identical equations. Once it is clear that the formulations are equivalent, it
is not necessary to do the full stability analysis, since it is identical to the analysis presented in
Section 5.2.

As in the continuous case, the undrained pore pressure pu and the deviation from the undrained
pore pressure p0 = p � pu are introduced. The governing equation for the undrained pressure in
the continuous case is presented in (2.8) and its discrete counterpart in 1D is as follows:

pu = �M↵D1u. (5.18)

The semi-discrete version of the fluid content formulation in one spatial dimension, discretized
using the SBP-SAT method, is

0 = D
(E0

u

)
2 u+H�1R(M↵2)u�D1↵p

0 + SAT1, t � 0, (5.19)

M�1p0t = D
()
2 p0 �D

()
2 M↵D1u+ SAT2, t � 0, (5.20)

with initial conditions

u = h1, t = 0, (5.21)

p0 = h2 +M↵D1h1, t = 0, (5.22)

where

SAT1 = H�1e1(e
T
1 (��0u+ �) + g0) +H�1em(eTm(��1u� �) + g1) (5.23)

SAT2 = H�1e1(e
T
1 (��0p� q) + f0) +H�1em(eTm(��1p+ q) + f1), (5.24)

To express the SAT terms in terms of u and p0 one uses the relations � = E0
uu�↵p0, p = p0�M↵ux

and q = �(p0 �M↵ux)x, where E0
u = E0 +M↵2. It is worthwhile to note that the SAT terms

in (5.23) - (5.23) are identical to the SAT terms in (5.10) - (5.11). Thus a formulation more
suitable for explicit time integration has been derived in the one-dimensional case, where the fields
are expressed using the undrained parameters, the displacement u and the deviation from the
undrained pore pressure p0. Note that the interior penalty terms

H�1R(M↵2)u, (5.25)

�D
()
2 ↵MD1u, (5.26)

appearing in (5.19) and (5.20), arise as a consequence of the change of variable from p to p0.
Before discussing the two penalty terms further we show that they are required in order to obtain
an equivalent formulation. Using Definition 4.2, 4.3 and 4.4 the SBP-operators in (5.19) ignoring
the SAT terms are expanded as

D
(E0

u

)
2 u+H�1R(M↵2)u�D1↵p

0 = (5.27)

H�1(�DT
1 HE0

uD1 �R(E0
u

) + Ē0
uD1)u+H�1R(M↵2)u�D1↵(p+M↵D1u) = (5.28)

H�1(�DT
1 HE0

uD1 �R(E0) + Ē0
uD1)u+H�1(DTH �B)M↵2D1u�D1↵p = (5.29)

H�1(�DT
1 HE0D1 �R(E0) + Ē0D1)u�D1↵p = (5.30)

D
(E0)
2 u�D1↵p. (5.31)
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The interior discretization in (5.2) is equal to (5.31). Therefore, since the SAT terms are identical,
the equations (5.19) and (5.2) are equivalent. Similarly The SBP-operators in (5.20) are expanded

M�1p0t = D
()
2 p�D

()
2 M↵D1u , (5.32)

M�1(p+M↵D1u)t = D
()
2 (p+M↵D1u)�D

()
2 M↵D1u , (5.33)

M�1pt = D
()
2 p� ↵D1ut. (5.34)

Again, the interior discretization in (5.3) is equal to (5.34) and since the SAT terms are identical,
the equations (5.20) and (5.3) are equivalent. Thus the pressure and the fluid content formulations
are equivalent also in the semi-discrete case.

Note that the interior penalty terms in (5.25) and (5.26) are necessary for the pressure and the
fluid content formulation to be equivalent. However, the penalty in the mechanical equilibrium
equation is constructed in such a way that it interferes with the remainder term R(E0

u

) breaking
the symmetry necessary for a narrow D2-operator. One can view it as constructing an operator

D̃
(E0

u

)
2 = (�DTHE0

uD � R(E0) + Ē0
uD1), which unfortunately does not have a narrow stencil.

Furthermore, we note that in order for the boundary terms H�1BM↵2D1u and Ē0
uD1 in (5.29) to

match, it is necessary to use fully compatible operators. For compatible operators the boundary

term in D
(E0

u

)
2 would be Ē0

uS which would not match with H�1BM↵2D1u, since it is not possible

to construct a D1 operator with the boundary closure of S. The penalty term H�1R(M↵2)u does
not have a physical interpretation, but rather should be viewed as a correction to the amount of
artificial dissipation that is added to the equation through the D2 operator. The penalty term in
the fluid di↵usion equation, on the other hand, does have a physical interpretation. The undrained
pressure pu is di↵usion free i.e. ((pu)x)x = �((M↵ux)x)x = 0 in the continuous case. The
discrete counterpart is

�D
()
2 M↵D1u = 0, (5.35)

which is exactly the penalty term in (5.26). Therefore the interior penalty term in the fluid
di↵usion equation penalizes deviations from ((pu)x)x = 0, and thus has a physical interpretation
in addition to being required for semi-discrete stability.

6 Well-posedness in Two Dimensions

In this section, the initial-boundary value problems for the two formulations of the linear poroelastic
equations in 2D are presented. The energy method is then used to show well-posedness in a similar
fashion to the procedure presented in Section 3.

6.1 Initial-Boundary Value Problem for the Pressure Formulation

Let the two-dimensional domain ⌦ be a rectangle with sides of length Lx and Ly in the x- and
y-direction respectively, i.e ⌦ = {(x, y) : 0  x  Lx, 0  y  Ly}. The west, east, south and
north boundaries are denoted

@⌦W = {(x, y) : x = 0, 0  y  Ly}, (6.1)

@⌦E = {(x, y) : x = Lx, 0  y  Ly}, (6.2)

@⌦S = {(x, y) : 0  x  Lx, y = 0}, (6.3)

@⌦N = {(x, y) : 0  x  Lx, y = Ly}. (6.4)

In two dimensions, denoting u1 = u, and u2 = v and introducing the first Lamé parameter under
drained loading, � = K � 2G

3 , the linear poroelastic equations as stated in (2.5) and (2.6) are
reduced to

((�+ 2G)ux + �vy)x + (Guy +Gvx)y = (↵p)x , (x, y) 2 ⌦, t � 0 (6.5)

(Guy +Gvx)x + (�ux + (�+ 2G) vy)y = (↵p)y , (x, y) 2 ⌦, t � 0 (6.6)

1

M
pt = (px)x + (py)y � ↵ (uxt + vyt) , (x, y) 2 ⌦, t � 0. (6.7)
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Here the relations (�vx)y = (�vy)x, and (�uy)x = (�ux)y, were used to obtain (6.5) and (6.6),
which are valid as long as the displacement gradient tensors @u

i

@x
j

are su�ciently smooth. In Section

6.2, we show that (�vx)y = (�vy)x, and (�uy)x = (�ux)y are necessary conditions in order for the
system to be well-posed. Furthermore the stress tensor � for the two-dimensional case can be seen
in the mechanical equilibrium equation (6.5) - (6.6) and is defined as follows:

� =


�xx �xy

�xy �yy

�
=


(�+ 2G)ux + �vy � ↵p G(uy + vx)

G(uy + vx) (�+ 2G) vy + �ux � ↵p

�
(6.8)

Rewriting (6.5) - (6.7) using vector notation to a form more suitable for numerical implementation,
results in the initial-boundary value problem in the pressure formulation:

0 = (Aux +Cuy)x + (Buy +CTux)y �r(↵p), (x, y) 2 ⌦, t � 0, (6.9)

1

M
pt = (px)x + (py)y � ↵ (uxt + vyt) , (x, y) 2 ⌦, t � 0, (6.10)

where u = [u v]T and

A =


�+ 2G 0

0 G

�
, (6.11)

B =


G 0
0 �+ 2G

�
, (6.12)

C =


0 �
G 0

�
. (6.13)

The initial conditions are

u = h1(x, y), (x, y) 2 ⌦, t = 0, (6.14)

p = h2(x, y), (x, y) 2 ⌦, t = 0, (6.15)

where h1 is a two-component vector specifying the initial conditions for u and v respectively. The
Robin boundary conditions considered are

�Wu�Tx = gW , (x, y) 2 @⌦W , t � 0, (6.16)

�Eu+Tx = gE , (x, y) 2 @⌦E , t � 0, (6.17)

�Su�Ty = gS , (x, y) 2 @⌦S , t � 0, (6.18)

�Nu+Ty = gN , (x, y) 2 @⌦N , t � 0, (6.19)

�W p+ qx = fW , (x, y) 2 @⌦W , t � 0, (6.20)

�Ep� qx = fE , (x, y) 2 @⌦E , t � 0, (6.21)

�Sp+ qy = fS , (x, y) 2 @⌦S , t � 0, (6.22)

�Np� qy = fN , (x, y) 2 @⌦N , t � 0. (6.23)

where � =


�1 0
0 �2

�
at each boundary, where �1 and �2 are the penalties for the first and second

mechanical equilibrium equations respectively. The penalty terms in the fluid di↵usion equation �
are scalar values, as in the 1D case. The traction vectors Tx and Ty are defined as the traction
vector in the positive x- and y-direction respectively, namely

Tx = Aux +Cuy � ↵px̂, (6.24)

Ty = Buy +CTux � ↵pŷ, (6.25)

where x̂ = [1 0]T and ŷ = [0 1]T . The traction vectors can also be expressed directly in
components of the stresses �xx, �xy and �yy seen in (6.8), through the relations Tx = [�xx �xy]T ,
Ty = [�xy �yy]T . The fluid discharge velocities qx and qy are defined as

qx = �px, (6.26)

qy = �py. (6.27)
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The boundary data vectors g are two-component vectors with boundary data for u and v respec-
tively. Similarly to the 1D case, the boundary data is constructed as

gW =

(
�WgD

W

�gN
W

,gE =

(
�Eg

D
E

gN
E

,gS =

(
�Sg

D
S

�gN
S

,gN =

(
�NgD

N

gN
N

, (6.28)

fW =

(
�W fD

W

fN
W

, fE =

(
�Ef

D
E

�fN
E

, fS =

(
�Sf

D
S

fN
S

, fN =

(
�NfD

N

�fN
N

, (6.29)

where gD, fD indicates Dirichlet data and gN , fN indicates Neumann data.

6.2 Well-posedness

Well-posedness of the initial-boundary value problem presented in equations (6.9) - (6.23) is shown
using the energy method. The analysis for well-posedness is a bit more involved in the 2D case,
compared to the 1D case, but the general procedure is similar. The energy method consists of
multiplying (6.9) with uT

t , integrating by parts and adding the transpose, and multiplying equation
(6.7) by pT , integrating by parts and adding the transpose (assuming homogeneous boundary data),
resulting in

d

dt
kûk2P = �(ut,r(↵p))� (r(↵p),ut) + 2BT1, (6.30)

d

dt
kpk21

M

= �2kpxk2 � 2kpyk2 + (ut,r(↵p)) + (r(↵p),ut) + 2BT2, (6.31)

where û = [ux uy]T and

P =


A C
CT B

�
=

2

664

�+ 2G 0 0 �
0 G G 0
0 G G 0
� 0 0 �+ 2G

3

775 . (6.32)

Both kûk2P and kpk21
M

are obtained using Definition 3.2. Note that all the elements of P are positive

since K � 0, G � 0 and � + 2G = K + 4G
3 � 0. Furthermore P is diagonally dominant, and

therefore also positive semi-definite and hence kûk2P is a valid norm. This would not be true unless
(�vx)y = (�vy)x, and (�uy)x = (�ux)y, and it is therefore, as previously mentioned, a necessary
condition for well-posedness that the displacement gradient tensors @u

i

@x
j

are su�ciently smooth.

The terms BT1 and BT2 in (6.30) and (6.31) are boundary terms obtained when integrating by
parts. They are as follows:

BT1 =

Z L
y

0
uT
t (Aux +Cuy)

�����

x=L
x

x=0

dy +

Z L
x

0
uT
t (Buy +CTux)

�����

y=L
y

y=0

dx, (6.33)

BT2 = �
Z L

y

0
↵put + pqx

�����

x=L
x

x=0

dy �
Z L

x

0
↵pvt + pqy

�����

y=L
y

y=0

dx. (6.34)

An energy estimate for the system is then obtained by adding (6.30) to (6.31) resulting in

d

dt

⇣
kûk2P + kpk21

M

⌘
= �2kpxk2 � 2kpyk2 + 2BT, (6.35)

where

BT =

Z L
y

0
uT
t Tx � pqx

�����

x=L
x

x=0

dy +

Z L
x

0
uT
t Ty � pqy

�����

y=L
y

y=0

dx. (6.36)

Inserting the boundary conditions in (6.16) - (6.16) (with homogeneous data) results in the energy
estimate

d

dt
E = �2kpxk2 � 2kpyk2 + 2B̃T , (6.37)
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where

E = kûk2P + kpk21
M

+

Z L
y

0
kuk2�

W

���
x=0

dy +

Z L
y

0
kuk2�

E

���
x=L

x

dy

+

Z L
x

0
kuk2�

S

���
y=0

dx+

Z L
x

0
kuk2�

N

���
y=L

y

dx,

(6.38)

and

B̃T = ��W

Z L
y

0
p2
���
x=0

dy � �E

Z L
y

0
p2
���
x=L

x

dy � �S

Z L
x

0
p2
���
y=0

dx� �N

Z L
x

0
p2
���
y=L

y

dx. (6.39)

The energy E is positive for � � 0 and furthermore dE
dt  0 for � � 0. Thus, for � � 0 and � � 0,

(6.16) - (6.16) is a well-posed set of boundary conditions and we have shown well-posedness of the
initial-boundary value problem presented in equations (6.9) - (6.23).

In the 1D analysis presented in Section 3, it was shown that the energy estimate obtained using
the Robin technique is equal to the energy estimates for Neumann Conditions, when �, � = 0, and
Dirichlet conditions in the limit �, � ! 1. This result holds also in the 2D case, and can be shown
using the same procedure as in the 1D analysis.

6.3 Initial-Boundary Value Problem for the Fluid Content Formulation

This section presents the initial-boundary value problem for the fluid content formulation in 2D.
Well-posedness of the initial-boundary value problem follows directly from the fact that the fluid
content formulation is equivalent to the pressure formulation, given that the boundary and initial
conditions are chosen in the same way. However, the equations, boundary- and initial conditions
should be expressed in terms of u and p0, rather than u and p. In 2D, the relationship between p,
u and p0 is

p = p0 �M↵r · u. (6.40)

Using (6.40) to reformulate (6.9) - (6.10) in terms of u and p0 results in

0 = (Auux +Cuuy)x + (Buuy +CT
uux)y �r(↵p0), (x, y) 2 ⌦, t � 0, (6.41)

1

M
p0t = (p0x)x +

�
p0y
�
y
, (x, y) 2 ⌦, t � 0, (6.42)

with the initial conditions

u = h1(x, y), (x, y) 2 ⌦, t = 0, (6.43)

p0 = h2(x, y) +M↵r · h1(x, y), (x, y) 2 ⌦, t = 0, (6.44)

and the boundary conditions

�Wu�Tx = gW , (x, y) 2 @⌦W , t � 0, (6.45)

�Eu+Tx = gE , (x, y) 2 @⌦E , t � 0, (6.46)

�Su�Ty = gS , (x, y) 2 @⌦S , t � 0, (6.47)

�Nu+Ty = gN , (x, y) 2 @⌦N , t � 0, (6.48)

�W p+ qx = fW , (x, y) 2 @⌦W , t � 0, (6.49)

�Ep� qx = fE , (x, y) 2 @⌦E , t � 0, (6.50)

�Sp+ qy = fS , (x, y) 2 @⌦S , t � 0, (6.51)

�Np� qy = fN , (x, y) 2 @⌦N , t � 0. (6.52)

Here the matrices Au, Bu and Cu in (6.41) are constructed in the same way as in (6.11) - (6.13)
with � replaced by the first Lamé parameter under undrained loading �u = � + ↵2M . Note that
the boundary conditions in (6.45) - (6.52) are identical to (6.16) - (6.16), but are expressed in
terms of u, p0 and the undrained parameters using (6.40) and
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Tx = Auux +Cuuy � ↵p0x̂, (6.53)

Ty = Buuy +Cu
Tux � ↵p0ŷ, (6.54)

qx = �(p0 �M↵r · u)x, (6.55)

qy = �(p0 �M↵r · u)y. (6.56)

The boundary data is set in the same way as in (6.28) - (6.29), specified for u, and p.

7 Operators in Two Dimensions

Before commencing with a semi-discretization and stability analysis of the linear poroelastic equa-
tions in 2D, it is discussed how the operators presented in Section 4 can be extended to 2D and
systems of equations. Let the domain ⌦ = {(x, y) : 0  x  Lx, 0  y  Ly} be discretized on an
Ny ⇥Nx equidistant grid defined as

xi = (i� 1)�x, i = 1, 2, . . . , Nx, �x = Lx
1

N
x

�1 ,

yj = (j � 1)�y, j = 1, 2, . . . , Ny, �y = Ly
1

N
y

�1 .
(7.1)

A function u = u(x, y) defined on ⌦ is discretized as a NyNx⇥1 vector w. One can think of w as a
vector of vectors, where the element u(xi, yj) is located at wN

y

i+j . The extension of operators to
multiple dimensions and systems of equations can be realized using the Kronecker product defined
as:

Definition 7.1. Let A and B be matrices of dimensions p ⇥ q and m ⇥ n, respectively. The
Kronecker product of A with B is defined as

A⌦B =

2

64
a0,0B . . . a0,q�1B

...
. . .

...
ap�1,0B . . . ap�1,q�1B

3

75 . (7.2)

Utilizing how the values of the 2D vector v are stored, the Kronecker product (7.2) can be used
to construct 2D operators from the 1D operators. The following operators are used to discretize
the 2D linear poroelastic equations:

D1x = D1 ⌦ IN
y

, (7.3)

D1y = IN
x

⌦D1, (7.4)

Hx = H ⌦ IN
y

, (7.5)

Hy = IN
x

⌦H, (7.6)

eW = e1 ⌦ IN
y

, (7.7)

eE = eN
x

⌦ IN
y

, (7.8)

eS = IN
x

⌦ e1, (7.9)

eN = IN
x

⌦ eN
y

, (7.10)

H̃ = H ⌦H = HxHy, (7.11)

where Im is a m ⇥ m identity matrix. The operators Dx and Dy are first derivative operators
acting in the x- and y-direction respectively, Hx and Hy are quadrature operators integrating in
respective direction, and eW , eE , eS and eN extract the values at the west, east, south and north
boundary respectively. The construction of a 2D narrow-stencil second derivative operator for

variable coe�cients is a bit more involved. If the variable coe�cient term within D
(a)
2 is spatially

variable in both x and y, i.e. a = a(x, y), it is not possible to apply the Kronecker product naively
as in (7.3) - (7.11). However, using the operators in (7.3) - (7.11) narrow-stencil second derivative
operators can be constructed in the same fashion as in Definition 4.3 and 4.4. A 2D fully compatible
narrow-stencil second derivative SBP-operator acting along the x-direction is constructed as

D
(a)
2x = H�1

x (�DT
1xAHxD1x �R(a)

x +ABxD1x), (7.12)
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where A is a NyNx⇥NyNx matrix with the variable coe�cients a(x, y) injected on the diagonal as

A = diag(a1,1, . . . aN
y

,1, a1,2, . . . aN
y

,2, . . . , aN
y

,N
x

), and Bx = B ⌦ IN
y

. The remainder term R
(a)
x

is the extension of the remainder term R(a) in (4.1) acting in the x-direction. For the second order
accurate case it is defined as

R(a)
x =

�x3

4
(D(2)

2 ⌦ IN
y

)T (C(2)
2 ⌦ IN

y

)A(D(2)
2 ⌦ IN

y

). (7.13)

whereD(2)
2 are narrow-stencil approximations of @2

@x2 of second order accuracy and C
(2)
2 are diagonal

matrices with non-negative entries. Higher order 2D operators are constructed similarly, from
higher order accurate D1x operators and from extending higher order remainder terms R(a) to 2D.
Further details regarding the remainder term can be found in [18]. The construction of a fully

compatible second derivative operator D(a)
2y acting in the y-direction similarly is

D
(a)
2y = H�1

y (�DT
1yAHyD1y �R(a)

y +AByD1y), (7.14)

with By = IN
x

⌦B and

R(a)
y =

�y3

4
(IN

x

⌦D
(2)
2 )T (IN

x

⌦ C
(2)
2 )A(IN

x

⌦D
(2)
2 ). (7.15)

One can also use the Kronecker product to extend operators to systems of equations. For a system
of k equations extending an operator P to act on each equation is done by P = Ik ⌦ P . In
the coming analysis the boldface notation will be used to specifically indicate that an operator is
extended to a system of two equations, e.g. D1x = I2 ⌦D1x.

As a final remark we note that two useful properties of the Kronecker product are (A⌦B)(C⌦
D) = (AC) ⌦ (BD) and (A ⌦ B)T = AT ⌦ BT , assuming that the matrix-matrix multiplications
AC and BD are defined. This allows for operators acting in di↵erent coordinate directions to
commute, i.e. [Px, Qy] = 0 where Px and Qy are some operators acting along the x- and y-
direction respectively. Although not always stated explicitly, the commutation property will be
frequently used in the following stability analysis.

8 Semi-Discrete Stability in Two Dimensions

In this section, the semi-discretizations of the linear poroelastic equations stated in the pressure
and fluid content formulations are presented. Using the SBP-SAT method, semi-discrete stability
is shown by deriving a semi-discrete counterpart of the continuous energy estimate in (6.35).

8.1 Spatial Discretization for the Pressure Formulation

Discretizing ⌦ as in (7.1), let the 2NxNy ⇥ 1 vector u = [u v]T and the NxNy ⇥ 1 vector p be
approximations of their continuous counterparts, where uN

y

i+j = uN
y

i+j approximates u(xi, xj),
uN

x

N
y

+N
y

i+j = vN
y

i+j approximates v(xi, xj) and pN
y

i+j approximates p(xi, xj). The distinction
between u, v and p as functions and vectors should be clear from the context. The discretized
material coe�cient matrices are constructed as
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↵ =

2

6664

↵1,1 0 . . . 0
0 ↵2,1 . . . 0
...

...
. . .

...
0 0 . . . ↵N

y

,N
x

3

7775
, (8.1)

M�1 =

2

66664

1
M1,1

0 . . . 0

0 1
M2,1

. . . 0
...

...
. . .

...
0 0 . . . 1

M
N

y

,N

x

3

77775
, (8.2)

 =

2

6664

1,1 0 . . . 0
0 2,1 . . . 0
...

...
. . .

...
0 0 . . . N

y

,N
x

3

7775
, (8.3)

G =

2

6664

G1,1 0 . . . 0
0 G2,1 . . . 0
...

...
. . .

...
0 0 . . . GN

y

,N
x

3

7775
, (8.4)

� =

2

6664

�1,1 0 . . . 0
0 �2,1 . . . 0
...

...
. . .

...
0 0 . . . �N

y

,N
x

3

7775
, (8.5)

and then construct the A,B and C matrices from G and � as in (6.11) - (6.13). Using the SBP-
operators extended to 2D and system of equations, presented in Section 7 the initial-boundary
value problem for the linear poroelastic equations stated in (6.9) - (6.23) is discretized using the
SBP-SAT method as

0 = D(A)
2x u+D1xCD1yu+D1yC

TD1xu+D(B)
2y u� x̂⌦ (D1x↵p)� ŷ ⌦ (D1y↵p) + SAT1, (8.6)

M�1pt = D
()
2x p+D

()
2y � (x̂T ⌦ ↵D1x + ŷT ⌦ ↵D1y)ut + SAT2, (8.7)

with initial conditions

u = h1, t = 0, (8.8)

p = h2, t = 0, (8.9)

where h1 and h2 are the initial condition vectors structured in the same way as u and p. The SAT
terms are constructed as

SAT1 = H�1
x eW (�(�W ⌦ eTW )u+ eTWTx + gW ) +H�1

x eE(�(�E ⌦ eTE)u� eTETx + gE)

+H�1
y eS(�(�S ⌦ eTS )u� eTSTy + gS) +H�1

y eN (�(�N ⌦ eTN )u� eTNTy + gN ),
(8.10)

and

SAT2 = H�1
x eW (��W eTW p� qxp+ fW ) +H�1

x eE(��Ee
T
e p+ qxp+ fE)

+H�1
y eS(��Se

T
Sp� qyp+ fS) +H�1

y eN (��NeTNp+ qyp+ fN ).
(8.11)

Here � and � (on the respective boundaries) are the SAT penalty parameters. The traction vectors
Tx, Ty and fluid discharge velocities qx, qy are constructed as

Tx = (AD1x +CD1y)u� x̂⌦ (↵p), (8.12)

Ty = (BD1y +CTD1x)u� ŷ ⌦ (↵p), (8.13)

qx = �D1xp, (8.14)

qy = �D1yp (8.15)
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The boundary data gW ,gE ,gS ,gN , fW , fE , fS , and fN are vectors with data at the west, east,
south and north boundaries, which are specified according to (6.28) - (6.28).

8.2 Semi-Discrete Stability

In this section, semi-discrete stability of the discretized pressure formulation in 2D is shown by
deriving a semi-discrete energy estimate, mimicking the continuous energy estimate in (6.35) using
the energy method. Analogously to the continuous case, the semi-discrete energy method consists
of multiplying (8.6) by uT H̃ and adding the transpose, and multiplying (8.7) by pT H̃ and adding
the transpose, resulting in

dEM

dt
=� uT

t HyQx↵p� pT↵QT
xHyut � vTt HxQy↵p� pT↵QT

y Hxvt

� uT
t eWHye

T
W↵p+ vTt eEHye

T
E↵p� uT

t eSHxe
T
S↵p+ vTt eNHxe

T
N↵p,

(8.16)

dEF

dt
=� 2kDxpk2H̃

� 2kDypk2H̃
� 2kpk2

H
y

R
()
x

� 2kpk2
H

x

R
()
y

� pTHy↵Qxut � uT
t Q

T
x↵Hyp� pTHx↵Qyvt � vTt Q

T
y ↵Hxp

� 2�W kpW k2H
y

� 2�EkpEk2H
y

� 2�SkpSk2H
x

� 2�NkpNk2H
x

,

+ pT eWHy↵e
T
Wut � pT eEHy↵e

T
Eut + pT eSHx↵e

T
Svt � pT eNHx↵e

T
Nvt,

(8.17)

where

EM = kûk2
ĤP

+ kuk2
H

y

R
(A)
x

+ kuk2
H

x

R
(B)
y

+ kuW k2�
W

⌦H
y

+ kuEk2�
E

⌦H
y

+ kuSk2�
S

⌦H
x

+ kuNk2�
N

⌦H
x

(8.18)

is the energy contribution from the mechanical equilibrium equation and

EF = kpk2
H̃M�1 (8.19)

is the energy contribution from the fluid di↵usion equation. The vector û and matrix Ĥ are defined
as

û =


Dxu
Dyu

�
, Ĥ =


H̃ 0
0 H̃

�
(8.20)

and P is the discrete version of (6.32). In order to obtain kûk2
ĤP

in (8.16) it is required that C

and H̃ commute. To show this we make use of the block-diagonal structure of C. We have that

H̃C =


HxHy 0

0 HxHy

� 
0 �
G 0

�
=


0 HxHy�

HxHyG 0

�
= (8.21)

=


0 �HxHy

GHxHy 0

�
=


0 �
G 0

� 
HxHy 0

0 HxHy

�
= CH̃. (8.22)

Thus C and H̃ commute and the norms in (8.16) and (8.17) are obtained using Definition 3.2. To
obtain a semi-discrete energy estimate we will make use of the relations Qx+QT

x = 0, Qy+QT
y = 0

and that operators acting in di↵erent coordinate directions commute. Adding (8.16) and (8.17),
and making use of the mentioned relations, results in the semi-discrete energy estimate for the
fully-coupled system

dE

dt
=� 2kDxpk2H̃

� 2kDypk2H̃
� 2kpk2

H
y

R
()
x

� 2kpk2
H

x

R
()
y

� 2�W kpW k2H
y

� 2�EkpEk2H
y

� 2�SkpSk2H
x

� 2�NkpNk2H
x

,
(8.23)

where
E = EM + EF , (8.24)
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is the semi-discrete energy. It is clear that (8.23) is the semi-discrete counterpart to the continuous
energy estimate (6.35). Note that if � � 0 and � � 0, then E � 0 and dE

dt  0 and hence
semi-discrete stability for (8.6) - (8.7) using the SBP-SAT method is proven. As in the 1D case
presented in Section 5.2, the SAT penalty parameters �, � are determined from dimensionless
constants, scaled with grid spacing and some appropriate material property. The penalty terms
are constructed in the following way:

�W = �E =
�⇤
x

�x
A, (8.25)

�S = �N =
�⇤
y

�y
B, (8.26)

�W = �E =
�⇤x
�x

, (8.27)

�S = �N =
�⇤
y

�y
, (8.28)

where �⇤
x, �

⇤
x = Np�1

x and �⇤
y , �

⇤
y = Np�1

y for pth order accuracy at a Dirichlet boundary. When
imposing Neumann conditions one simply chooses the corresponding �, � penalty parameter to
zero.

8.3 Spatial Discretization for the Fluid Content Formulation

This section presents the fluid content formulation of the linear poroelastic equations in 2D, dis-
cretized using the SBP-SAT method. In addition, we show that the fluid content formulation is
equivalent to the pressure formulation also in the 2D discretized case. Once it is clear that the for-
mulations are equivalent, stability follows from the analysis conducted in Section 8.2. The discrete
version of (6.40) is

pu = �M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)u (8.29)

The relation between p, p0 and u is given by

p = p0 + pu = p0 �M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)u (8.30)

The initial-boundary value problem in the fluid content formulation seen in (6.41) - (6.52), dis-
cretized using the SBP-SAT method is

0 = D(A
u

)
2x u+D1xCuD1yu+D1yC

T
uD1xu+D(B

u

)
2y u+ R̄u

� x̂⌦ (D1x↵p
0)� ŷ ⌦ (D1y↵p

0) + SAT1,
(8.31)

M�1p0t =
⇣
D

()
2x +D

()
2y

⌘ �
p0 �M↵

�
x̂T ⌦D1x + ŷT ⌦ ↵D1y

�
u
�
+ SAT2, (8.32)

where

R̄ = diag(1, 0)⌦
⇣
H�1

x R(M↵2)
x

⌘
+ diag(0, 1)⌦

⇣
H�1

y R(M↵2)
y

⌘
, (8.33)

�
⇣
D

()
2x +D

()
2y

⌘
M↵

�
x̂T ⌦D1x + ŷT ⌦ ↵D1y

�
u, (8.34)

are the 2D versions of the interior penalty terms seen in (5.25) and in (5.26) respectively. The
initial conditions for the fluid content formulation in 2D are as follows

u = h1, t = 0, (8.35)

p0 = h2 +M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)h1, t = 0. (8.36)

The undrained material coe�cient matrices Au, Bu and Cu are obtained from the drained material
coe�cient matrices A, B and C, by replacing � with �u = �+M↵2. The SAT terms are

SAT1 = H�1
x eW (��W ⌦ eTWu+ eTWTx + gW ) +H�1

x eE(��E ⌦ eTEu� eTETx + gE)

+H�1
y eS(��S ⌦ eTSu� eTSTy + gS) +H�1

y eN (��N ⌦ eTNu� eTNTy + gN ),
(8.37)
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SAT2 = H�1
x eW (��W eTW p� qxp+ fW ) +H�1

x eE(��Ee
T
e p+ qxp+ fE)

+H�1
y eS(��Se

T
Sp� qyp+ fS) +H�1

y eN (��NeTNp+ qyp+ fN ),
(8.38)

Note that the SAT terms are identical to those presented in (8.10) - (8.11). The SAT terms are
expressed in terms of p0 and u, using (8.30) and expressing the traction vectors and discharge
velocities in terms of undrained parameters, p0 and u as

Tx = (AuD1x +CuD1y)u� x̂⌦ (↵p0), (8.39)

Ty = (BuD1y +CT
uD1x)u� ŷ ⌦ (↵p0), (8.40)

qx = �D1x(p
0 �M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)u), (8.41)

qy = �D1y(p
0 �M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)u). (8.42)

Analogously to the 1D case, it holds that the fluid content formulation is equivalent to the pressure
formulation also in the 2D semi-discrete case, i.e. the initial value problem (8.31) - (8.36) is
equivalent to (8.6) - (8.9). Similarly to the analysis conducted in the the 1D case in Section 5.3,
using Definition 4.2 as well as (8.30), (7.12) and (7.13) one can show that

D(A
u

)
2x u+D1xCuD1yu+D1yC

T
uD1xu+D(B

u

)
2y u+ R̄u

� x̂⌦ (D1x↵p
0)� ŷ ⌦ (D1y↵p

0)

= D(A)
2x u+D1xCD1yu+D1yC

TD1xu+D(B)
2y u� x̂⌦ (D1x↵p)� ŷ ⌦ (D1y↵p)

(8.43)

and

M�1p0t = (D()
2x +D

()
2y )(p0 �M↵(x̂T ⌦D1x + ŷT ⌦ ↵D1y)u) ,

M�1pt = D
()
2x p+D

()
2y � (x̂T ⌦ ↵D1x + ŷT ⌦ ↵D1y)ut.

(8.44)

Therefore, since the SAT terms are identical in both formulations, the initial value problems are
equivalent and semi-discrete stability of the discretized fluid content formulation follows by the
analysis conducted in Section 8.2.

9 Time Integration

Once the linear poroelastic equations have been discretized using the SBP-SAT method, they take
on the form of a system of di↵erential algebraic equations (DAEs), which can be fully discretized
using an appropriate time integrator. This section presents the fully discretized systems and time
integrators for both the pressure and the fluid content formulation.

9.1 Pressure Formulation

The semi-discrete system discretized using SBP-SAT method seen in (5.2) and (5.3) in one spatial
dimension and in (8.6) and (8.7) for the two-dimensional case can be rewritten on the following
form:

M̄Vt = ĀV + B̄, (9.1)

where V = [u, p]T is a vector with the unknown fields stacked on top of each other. In 1D u = u
and in 2D u = [u, v]T . The matrices M̄ , Ā and the vector B̄ are obtained by collecting terms from
the SBP-SAT discretization. Note that M̄ is not invertible, due to the fact that the mechanical
equilibrium equation does not contain any time derivatives, implying that the rows corresponding
to the mechanical equilibrium equation of M̄ are zero rows. Therefore it is not possible to time
integrate the entire system explicitly on this form.

The semi-discrete system of equations in (9.1) can be fully discretized and solved with an
implicit time integrator, where the simplest alternative is the first order accurate backward Euler
method. In contrast to an explicit time integrator, where time integration is performed using
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matrix-vector multiplications, an implicit time integrator requires a system of equations to be
solved in each time step. Discretizing (9.1) in time using the backward Euler method, results in
the implicit scheme

M̄
V(n+1) � Vn

�t
= ĀV(n+1) +B(n+1) ,

(M̄ ��tĀ)V(n+1) = M̄Vn +�tB(n+1),

(9.2)

where n indicates the time level, and �t is the time step. When using a high order accurate spatial
discretization with a low order accurate time integrator, the temporal error generally dominates,
unless very small time steps are performed. It is therefore often beneficial to employ a higher order
accurate implicit time integrator. One alternative is using a backward di↵erentiation formula
(BDF). The BDFs are a family of implicit, linear multistep methods that can be constructed up to
sixth order accuracy. The fourth order accurate BDF (BDF4) time integration procedure updates
the solution vector from tn to tn + 4�t, using four linear solves, in the following way:

(M̄ ��tĀ)V(n+1) = ĀVn +�tB(n+1), (9.3)
✓
M̄ � 2

3
�tĀ

◆
V(n+2) = M̄

✓
4

3
V(n+1) � 1

3
Vn

◆
+

2

3
�tB(n+2), (9.4)

✓
M̄ � 6

11
�tĀ

◆
V(n+3) = M̄

✓
18

11
V(n+2) � 9

11
V(n+1) +

2

11
Vn

◆
+

6

11
�tB(n+3), (9.5)

✓
M̄ � 12

25
�tĀ

◆
V(n+4) = M̄

✓
48

25
V(n+3) � 36

25
V(n+2) +

16

25
Vn+1 � 3

25
Vn

◆
+

12

25
�tB(n+4). (9.6)

9.2 Fluid Content Formulation

Just as with the pressure formulation, the semi-discrete system in the fluid content formulation
discretized using SBP-SAT seen in (5.19) and (5.20) for the 1D case and in (8.16) and (8.17) in
the 2D case can be rewritten on a form more suitable for time integration. In the fluid content
formulation the fluid di↵usion equation is integrated in time explicitly, while u is solved for in the
mechanical equilibrium equation using known p0 from the same time level. Collecting terms in the
two equations lead to the following system of DAEs

0 = Muu+Mpp
0 + C̄, (9.7)

p0t = Fpp
0 + Fuu+ D̄. (9.8)

The fluid di↵usion equation in the fluid content formulation, seen in (9.8), is an ordinary di↵erential
equation and can be fully discretized and solved with an explicit time integrator, where the simplest
alternative is the forward Euler method. Using the forward Euler method, one can obtain the
solution vector p0(n+1) at time t + �t from the solution vectors un and p0n and from data D̄n at
time t. The fluid di↵usion equation is then fully discretized in the fluid content formulation using
the explicit scheme

p0(n+1) � p0n

�t
= Fpp

0
n + Fuun + D̄n ,

p0(n+1) = p0n +�t(Fpp
0
n + Fuun + D̄n).

(9.9)

After p0(n+1) is calculated, u(n+1) is solved for in the mechanical equilibrium equation

Muu(n+1) = �(Mpp
0
(n+1) + C̄(n+1)). (9.10)

Using this procedure, the two fields u and p0 have been updated at time point t+�t. In each time
step, calculating p0 through the fluid di↵usion equation and solving the mechanical equilibrium
equation to obtain u, is repeated. Therefore, even with the explicit scheme, it is necessary to
solve a system of equations. However, the system of equations that has to be solved is a smaller
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one compared to the implicit scheme. Therefore, since solving a system of equations is far more
costly than computing matrix-vector multiplications, an explicit time step is more e�cient than
an implicit time step for a given step size �t. An e�ciency comparison of the two formulations
can be seen in Section 10.4.

There are several ways of solving the fluid di↵usion equation separately from the mechanical
equilibrium equation. Kim et al. introduces the undrained, drained, fixed-stress and fixed-strain
splits [14], [15], which are used in several studies regarding two way coupled poromechanics, for
example in Castello et al. [12] and in Jha and Juanes [5]. When using operator splitting one field
is held constant while the mechanical equation and the fluid flow equation are solved separately.
Oftentimes an iterative process is used, where the two equations are solved in succession until the
error tolerance is satisfied. The time integration for the fluid content formulation presented here
is di↵erent, in that all fields are used from their appropriate time levels. Here it is assumed that
the undrained pore pressure pu is divergence free, a condition that is enforced using the interior
penalty term seen in (5.26) for the one-dimensional case and in (8.34) for the two-dimensional case.

Like the backward Euler method, the forward Euler method is a first order accurate time
integrator. Therefore for low error tolerances, a higher order accurate time integrator is beneficial.
One of the standard alternatives is the explicit fourth order Runge-Kutta method (RK4). Using
RK4 the solution vector at the next time step p0(n+1) is determined from the present solution vector

p0n and a weighted average of four increments ki, i = 1, 2, 3, 4. Assuming all fields and data are
known at time t, the fields u and p0 can be obtained at the next time point by solving the fluid
di↵usion equation and the mechanical equilibrium equation by turns until the four increments have
been obtained. Then the fields at time t +�t are obtained in a final update stage. The explicit
time integration procedure for the linear poroelastic equations using the fluid content formulation
is as follows:

Stage 1

8
><

>:

k1 = Fpp
0
n + Fuun + D̄n,

p01 = p0n + 0.5 �t k1,

Muu1 = �(Mpp
0
1 + C̄(n+1/2)),

(9.11)

Stage 2

8
><

>:

k2 = Fpp
0
1 + Fuu1 + D̄(n+1/2),

p02 = p0n + 0.5 �t k2,

Muu2 = �(Mpp
0
2 + C̄(n+1/2)),

(9.12)

Stage 3

8
><

>:

k3 = Fpp
0
2 + Fuu2 + D̄(n+1/2),

p03 = p0n + �t k3,

Muu3 = �(Mpp
0
3 + C̄(n+1)),

(9.13)

Stage 4
n
k4 = Fpp

0
3 + Fuu3 + D̄(n+1), (9.14)

Update Stage

(
p0(n+1) = p0n + �t

�
k1
6 + k2

3 + k3
3 + k4

6

�
,

Muu(n+1) = �(Mpp
0
(n+1) + C̄(n+1)).

(9.15)

In contrast to the BDF4, which is a multistep method, the RK4 is a multistage method, using four
updates to integrate from tn to tn +�t, where each time step in the RK4 scheme is more involved
and more computationally demanding compared to the forward Euler method. However, due to
the fourth order accuracy of the RK4 scheme, the temporal error will decrease at a much higher
rate with grid refinement compared to the forward Euler scheme.

9.3 Sti↵ness and Stability

The sti↵ness of a system is related to the spectral radius of the system, defined as the largest
absolute value of the eigenvalues of the system

⇢(A) = max{|�1|, ..., |�m|}, (9.16)

where A is an m ⇥m matrix. For explicit methods, the sti↵ness determines the size of the time
steps required for stability. However, even for implicit methods the sti↵ness may be of importance,
since it a↵ects how fast an iterative solver converges towards a solution.
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The sti↵ness of the system in the pressure formulation is determined by the spectral radius
of the left-hand side matrix resulting from the time integration procedure (e.g. M̄ ��tĀ for the
backward Euler method). Since the formulation is implicit it is unconditionally stable, but a sti↵er
system will be more computationally demanding if an iterative solver is used. It is worth noting
that the boundary conditions imposed using the Robin method a↵ect the sti↵ness of the system,
where Dirichlet conditions lead to sti↵er systems compared to Neumann conditions, due to the
fact that the penalty terms � and � introduced in Section 5.2 scale some of the eigenvalues in
the system. As discussed in Section 5.2 there is a trade-o↵ between accurate Dirichlet boundary
conditions and the sti↵ness of the system, where more accurate boundary conditions result in a
sti↵er system.

In the fluid content formulation the sti↵ness is of greater importance, since it a↵ects the size
of the time steps required for stability. To calculate the sti↵ness of the fluid di↵usion equation
one could solve for u in (9.7) and then insert u into (9.8). The sti↵ness of the system is then
determined from the spectral radius of the matrix that is multiplied with p0, namely Fp�M�1

u Mp.
However, an assumption that has proven to been valid for the numerical experiments performed
in this study is that the sti↵ness is governed by the di↵usivity, implying that the sti↵ness depends
only on the spectral radius of matrix Fp. Under this approximation the condition for stability with
only Neumann conditions is

�tstab < Cn
�x2

M
, (9.17)

where Cn is a dimensionless constant of order unity, that depends on the problem setup and the
discretization of the problem. For Dirichlet conditions the stability condition is

�tstab < �Cn
�x2

M
, (9.18)

where � is the penalty parameter introduced in Section 5.2 for the one dimensional case and in
Section 8.2 for the two-dimensional case. When solving for u the sti↵ness of linear system in (9.7)
is determined by the spectral radius of Mu, since p0 can be treated as known data. As previously
mentioned, the sti↵ness of Mu a↵ects how fast an iterative solver converges to a solution, which is
of importance when solving large problem setups in a high-performance code.

10 The Method of Manufactured Solutions

Before commencing with the poroelastic problem setups, the convergence and accuracy of the nu-
merical scheme is verified using rigorous convergence tests employing the method of manufactured
solutions (MMS) [30]. In the MMS, the solution fields are chosen arbitrarily, meaning that they
will not necessarily satisfy the governing equations by themselves. Therefore, the di↵erences that
arise from inserting the manufactured solution fields into the governing equations are added to
the equations using boundary data and source terms, which can be physically interpreted as body
forces. With this the manufactured solutions satisfy the modified linear poroelastic equations.

Assuming that the linear poroelastic equations have been discretized correctly using the SBP-
SAT technique, one expects a specific convergence rate, based on the order of operators used, for
su�ciently smooth functions. The method of manufactured solutions allows for solutions to the
linear poroelastic equations that are infinitely di↵erentiable and smooth (typically trigonometric
functions), giving rise to an ideal reference problem. In addition, one can obtain the conver-
gence rate for a problem setup with variable material parameters, in which analytical solution are
oftentimes not available.

10.1 Problem Setup

The modified linear poroelastic equations are simulated using a set of self-consistent units, that
are chosen to be representative of what one would have in a lab scale experiment. The set of units
the parameter and unknown fields are measured in are chosen as follows:
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Table 10.1: The boundary conditions imposed for the MMS verification tests. Here D signifies
Dirichlet conditions, N signifies Neumann conditions, M1 and M2 signify the first and second
equations in the mechanical equilibrium equations and F signifies the fluid di↵usion equation.

Type M1 M2 F
West N D N
East D N D
South N D D
North D N N

[�, G,K,M ] = GPa, (10.1)

[Lx, Ly] = m, (10.2)

[] = m2/(GPa s), (10.3)

[u, v] = µm, (10.4)

[p] = kPa. (10.5)

The domain is defined as ⌦ = {(x, y) : 0  x  1 m, 0  y  1 m} and the manufactured solution
fields are chosen to be the following infinitely di↵erentiable and smooth trigonometric functions

u = sin(⇡x) sin(⇡y) cos(1000⇡t) µm, (10.6)

v = sin(⇡x) sin(⇡y) cos(1000⇡t) µm, (10.7)

p = sin(⇡x) sin(⇡y) cos(1000⇡t) kPa. (10.8)

The boundary conditions in the MMS verification problems are imposed using a mixture of Neu-
mann and Dirichlet conditions (using the Robin technique) for generality, where the Neumann
and Dirichlet boundary data is obtained from the manufactured solution fields seen in (10.6) -
(10.8). Details of how the boundary conditions are chosen can be found in Table 10.1. The initial
conditions are obtained by inserting t = 0 into (10.6) - (10.8).

In order to verify that a general problem setup, where analytical solutions are generally not
available, results in the expected convergence rates, the poroelastic parameters {�, G,↵,M,}
are chosen to be spatially variable functions. The parameters are chosen to be the following
trigonometric functions:

� = 1 + 0.5 sin(⇡x) cos(⇡y) GPa, (10.9)

G = 1 + 0.5 cos(⇡x) sin(⇡y) GPa, (10.10)

M = 1 + 0.8 sin(⇡x) sin(⇡y) GPa, (10.11)

↵ = 0.7 + 0.2 sin(⇡x) cos(⇡y), (10.12)

 = 0.001 + cos(0.5⇡x) cos(0.5⇡y) m2/(GPa s), (10.13)

Here the variation in the material parameters are chosen somewhat arbitrarily, but since the
permeability  oftentimes varies over several orders of magnitude in real applications, the spatial
variation of the permeability is chosen to be large, while the other parameters are chosen to have
lower spatial variations.

10.2 Pressure Formulation

The proposed solution fields seen in (10.6) - (10.8) with the material parameters in (10.9) - (10.13)
are inserted into the two-dimensional linear poroelastic equations, expressed in the pressure formu-
lation seen in (6.9) - (6.10). The resulting expressions are then added as forcing terms in the two
mechanical equilibrium equations and in the fluid di↵usion equation, such that the manufactured
solutions fulfill the modified equations, where the forcing terms are included.
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Table 10.2: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the modified linear poroelastic problem using the pressure formulation and
the implicit BDF4 time integrator. The table shows the logarithmic error in the H-norm and
the convergence rate q for the N ⇥ N spatial grids, discretized using second order accurate SBP
operators with second order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -1.5338 ⇥ -1.5735 ⇥ -1.4454 ⇥
20 -2.1807 2.1489 -2.2194 2.1457 -2.0929 2.1508
30 -2.5482 2.0865 -2.5864 2.0841 -2.4600 2.0850
40 -2.8057 2.0613 -2.8437 2.0592 -2.7173 2.0588
50 -3.0041 2.0475 -3.0419 2.0458 -2.9154 2.0450
60 -3.1656 2.0387 -3.2032 2.0373 -3.0767 2.0366
70 -3.3016 2.0327 -3.3392 2.0315 -3.2127 2.0309
80 -3.4193 2.0283 -3.4568 2.0273 -3.3302 2.0268

For a semi-discretely stable system, the real part of all eigenvalues has to be negative in order
for the energy of the system to be non-growing, implying a stable system. In order to verify that
the system discretized using SBP-SAT is semi-discretely stable, the eigenvalues of the matrix Ā,
first introduced in Section 9.1 and seen in (9.1), constructed using 20⇥ 20 points with the second
order SBP operators and second order Dirichlet conditions, are calculated. From Figure 10.1 one
can see that the eigenvalues are purely real and negative, implying a stable and di↵usive process,
which is expected from the linear poroelastic equations.

The modified linear poroelastic equations are simulated for one period from t = 0 up to t =
0.002s using an equidistant 80⇥80 grid with the second order operators and second order accurate
Dirichlet boundary conditions and with 80 equally distanced time steps with the fourth order
backward di↵erentiation formula introduced in Section 9.1. The fields at time t = 0.002s can be
seen in Figure 10.2.

To verify that the numerical solutions in the modified problem converge towards the proposed
solutions in (10.6) - (10.8) with grid refinement, a convergence study is conducted. The modified
linear poroelastic equations in the pressure formulation are solved with the following spatial resolu-
tions (in both the x- and y-direction): N = {10, 20, 30, 40, 50, 60, 70, 80}. The system is integrated
in time from t = 0s up to 10�7s using the fourth order backward di↵erentiation formula with N
number of time steps (implying fourth order convergence in time). The global errors are measured
for each grid spacing in the H-norm

kemu kH = (emu )T H̃emu , (10.14)

where m is the total number of unknowns, H̃ = H⌦H is the quadrature matrix defined in Section
7 and emu is a NyNx ⇥ 1 column vector with the local errors as entries. The convergence rate q
when increasing the number of unknowns from m1 to m2 points is defined as

qu = log10

✓kem1
u kH

kem2
u kH

◆.
log10

✓
m2

m1

◆ 1
d

, (10.15)

where d is the dimension (d = 2 in this case) [20].
Using (10.14) and (10.15) the errors in the H-norm and the convergence rates for the second

order operators with second order Dirichlet conditions and fourth order operators with third order
Dirichlet conditions are obtained and presented in Figure 10.3 and in Table 10.2 - 10.3. From the
figures and the tables the expected second order convergence for the second order operators and
the expected third order convergence from the fourth order operators can be seen, signifying that
the scheme has been implemented correctly. Note that super-convergence is obtained for the pore
pressure field p for the coarsest grids with the fourth order operators, but the convergence rate
stabilizes towards third order with grid refinement.

Hence, convergence has been shown for the modified linear poroelastic equations with spatially
variable material parameters in the pressure formulation, discretized spatially using the SBP-SAT
technique and temporally using the fourth order backward di↵erential formula.
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Figure 10.1: The eigenvalues of the spatial discretization matrix Ā in the implicit pressure for-
mulation, discretized using 20⇥ 20 points with the second order SBP operators and second order
Dirichlet conditions.
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(c) Pore pressure p.

Figure 10.2: The solution to the MMS problem setup with the pressure formulation at time
t = 0.002s, discretized using the BDF4 time integrator, the second order SBP-SAT operators and
second order Dirichlet conditions.
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Figure 10.3: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the linear poroelastic equations using the implicit pressure formulation.

Table 10.3: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the modified linear poroelastic problem using the pressure formulation and
the implicit BDF4 time integrator. The table shows the logarithmic error in the H-norm and
the convergence rate q for the N ⇥ N spatial grids, discretized using fourth order accurate SBP
operators with third order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -2.6840 ⇥ -2.6346 ⇥ -2.2843 ⇥
20 -3.7764 3.6290 -3.6439 3.3528 -3.4736 3.9508
30 -4.3262 3.1222 -4.1774 3.0296 -4.1289 3.7215
40 -4.7079 3.0549 -4.5533 3.0089 -4.5908 3.6967
50 -5.0023 3.0379 -4.8448 3.0071 -4.9319 3.5206
60 -5.2421 3.0286 -5.0829 3.0077 -5.1933 3.3009
70 -5.4445 3.0237 -5.2843 3.0078 -5.4096 3.2310
80 -5.6198 3.0229 -5.4586 3.0068 -5.5949 3.1948
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Table 10.4: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the modified linear poroelastic problem using the fluid content formulation
and the explicit RK4 time integrator. The table shows the logarithmic error in the H-norm and
the convergence rate q for the N⇥N spatial grids, discretized second order accurate SBP operators
with second order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -1.5338 ⇥ -1.5735 ⇥ -1.4454 ⇥
20 -2.1807 2.1489 -2.2194 2.1457 -2.0929 2.1508
30 -2.5482 2.0865 -2.5864 2.0841 -2.4600 2.0850
40 -2.8057 2.0613 -2.8437 2.0592 -2.7172 2.0588
50 -3.0041 2.0475 -3.0419 2.0458 -2.9154 2.0450
60 -3.1656 2.0387 -3.2032 2.0373 -3.0767 2.0365
70 -3.3016 2.0327 -3.3392 2.0315 -3.2126 2.0308
80 -3.4193 2.0283 -3.4568 2.0273 -3.3302 2.0267

10.3 Fluid Content Formulation

Since the fluid content formulation is equivalent to the pressure formulation, the same forcing
functions used in the pressure formulation, presented in Section 10.2, are added to the linear
poroelastic equations in the fluid content formulation, seen in (6.41) - (6.42). This result in
the modified linear poroelastic equations for the fluid content formulation. Here the horizontal
displacement u, the vertical displacement v and the deviation from the undrained pore pressure
p0 are the unknown fields. One is primarily interested in the pore pressure p rather than p0, and
therefore (6.40) is used to obtain p from u, v and p0.

In order to verify semi-discrete stability, the eigenvalues to the matrix Fp, seen in (9.8), are
calculated. The eigenvalues, which can be seen in Figure 10.4, are purely real and negative,
consistent with the results in the pressure formulation, which implies semi-discrete stability.

The modified linear poroelastic equations in the fluid content formulation are simulated one
period from t = 0 up to t = 0.002s using an equidistant 80⇥80 grid with the second order operators
and second order accurate Dirichlet boundary conditions. The system is integrated in time using
the fourth order accurate explicit Runge-Kutta time integrator presented in Section 9.2, where the
time steps are determined from the stability condition presented in Section 9.3 in (9.17) and in
(9.18). The solution fields u, v, p0 and the pore pressure p at the end of the simulation can be seen
in Figure 10.5.

A convergence study is conducted for the fluid content formulation, to show that the fields
converge towards the proposed solutions in (10.6) - (10.8) with the expected convergence rate
with grid refinement. As with the pressure formulation, the spatial resolutions are chosen as
N = {10, 20, 30, 40, 50, 60, 70, 80} in both spatial directions. Once again the system is integrated
in time from 0s up to 10�7s, now using the fourth order explicit Runge-Kutta time integration
scheme with time steps fulfilling the stability condition. The errors are measured for each grid
spacing in the H-norm and the convergence rates are obtained from the errors according to (10.14)
and (10.15).

As with the pressure formulation, the convergence rates for the second order operators with
second order Dirichlet conditions and fourth order operators with third order Dirichlet conditions
are calculated. Figure 10.6 and Table 10.4 - 10.5 show these results, from which it is clear that
the expected second order convergence for the second order accurate operators and the third order
convergence for the fourth order accurate operators are obtained.

With this, convergence has been shown for the modified linear poroelastic equations also in
the fluid content formulation, discretized spatially with the SBP-SAT technique and temporally
using the fourth order explicit Runge-Kutta scheme. Comparing the errors and convergence rates,
presented in Tables 10.2 - 10.5, it is clear that the results from the two formulations are very
similar. This implies that the two formulations are indeed equivalent also in the discrete case.

10.4 E�ciency Comparison of the Two Formulations

The motivation for deriving the fluid content formulation from the pressure formulation is e�ciency.
As discussed in Section 9.2, an implicit time integrator is generally more e�cient than an explicit
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Figure 10.4: The eigenvalues of Fp in the explicit fluid content formulation, discretized using 20⇥20
points with the second order SBP operators and second order Dirichlet conditions.
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(c) Deviation from the undrained pore pressure p0.
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(d) Pore pressure p.

Figure 10.5: The solution to the MMS problem setup with the fluid content formulation at time
t = 0.002s, discretized using the fourth order Runge-Kutta time integrator, the second order
SBP-SAT operators and second order Dirichlet conditions.
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Figure 10.6: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the linear poroelastic equations using the explicit fluid content formulation.

Table 10.5: Convergence rates for the horizontal displacement u, the vertical displacement v and
the pore pressure p in the modified linear poroelastic problem using the fluid content formulation
and the explicit RK4 time integrator. The table shows the logarithmic error in the H-norm and
the convergence rate q for the N ⇥ N spatial grids, discretized using fourth order accurate SBP
operators with third order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -2.6840 ⇥ -2.6346 ⇥ -2.2842 ⇥
20 -3.7764 3.6289 -3.6439 3.3528 -3.4727 3.9479
30 -4.3261 3.1220 -4.1774 3.0297 -4.1261 3.7109
40 -4.7078 3.0552 -4.5534 3.0088 -4.5900 3.7131
50 -5.0023 3.0381 -4.8448 3.0070 -4.9320 3.5292
60 -5.2421 3.0285 -5.0829 3.0077 -5.1933 3.3001
70 -5.4445 3.0238 -5.2843 3.0077 -5.4096 3.2307
80 -5.6198 3.0230 -5.4586 3.0068 -5.5949 3.1946
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Figure 10.7: The eigenvalues of Fp in the explicit fluid content formulation, discretized using 20⇥20
points with the second order SBP operators and second order Dirichlet conditions.

time integrator, if the explicit time steps are limited by the stability condition rather than the
error tolerance, since larger time steps may be performed in the implicit scheme. However, if the
time steps are not limited by the stability condition, an explicit time integrator is more e�cient,
since the time step procedure involves matrix multiplication in the explicit scheme as opposed to
solving a system of linear equations in the implicit scheme. This is not entirely the case in the
fluid content formulation however, since the mechanical equilibrium equation is solved as a system
of linear equations. However, the system of equations that has to be solved in each time iteration
is reduced from 3N2 to 2N2 and we therefore expect the fluid content formulation to be more
e�cient than the pressure formulation for a specific time step �t.

To verify that the fluid content is the more e�cient formulation when identical time steps�t are
used, an e�ciency study is conducted, where the modified linear poroelastic equations are simulated
from t = 0s up to t = 10�7s using 100 time steps. The problem is discretized using the second
order SBP operators with second order Dirichlet conditions using N = {10, 20, 30, 40, 50, 60, 70, 80}
spatial points in both coordinate directions. The error of the pore pressure p is measured in the
H-norm and the shortest runtime from five simulations is registered. A plot of the error of the
pore pressure p versus the runtime of the simulations are presented in Figure 10.7, from which it is
clear that the fluid content formulation is more e�cient. Also note that the errors are very similar
between the formulations for a specific resolution.

Table 10.6 shows the runtime for the di↵erent resolutions using the two formulations. From
the table it is clear that the computational time when using the pressure formulation is about
1.5 times longer than the computational time when using the fluid content formulation. This is
expected since the computational complexity of the sparse direct solve is O(m), where m is the
number of nonzero elements in the matrix. Here the number of nonzero elements is proportional
to the number of unknowns and therefore the computational complexity is 1.5 times greater in the
pressure formulation compared to the fluid content formulation. Another advantage of the fluid
content formulation is that the matrix Mu seen in (9.7) should be easier to symmetrize compared
to M̄ seen in (9.1), which can have large benefits when solving the mechanical equilibrium using
an iterative solver in a high-performance code.

11 Mandel’s Problem

This section presents Mandel’s problem, a canonical example of linear poroelasticity, where analyt-
ical solutions are available for the horizontal displacement u, the vertical displacement v, the pore
pressure p, the stress fields �xx,�xy and �yy and the discharge velocities qx and qy. Convergence
studies and simulations are computed and presented, using the SBP-SAT scheme expressed in the
pressure formulation, introduced in Section 8.1. Mandel’s problem has also been implemented
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Table 10.6: Runtime for the di↵erent N ⇥N spatial grids used in the MMS e�ciency comparison
between the implicit pressure formulation and the explicit fluid content formulation. Here P
signifies the pressure formulation and FC signifies the fluid content formulation.

N 10 20 30 40 50 60 70 80
Runtime P [s] 0.6981 3.5675 9.5111 20.1934 39.9048 51.6407 85.4320 130.6584
Runtime FC [s] 0.4344 2.3106 6.4520 13.1442 24.5877 38.8943 58.8382 97.6887

P/FC 1.6070 1.5440 1.4741 1.5363 1.6230 1.3277 1.4520 1.3375

Figure 11.1: Schematic figure of the problem setup in Mandel’s problem, a classic poroelastic
problem, where the pore pressure p shows a famous non-monotonic behavior.

using the explicit fluid content formulation, but since the results from simulations and conver-
gence studies are very similar between the two formulations, only the results from the pressure
formulation are presented in this section.

11.1 Problem Setup

In Mandel’s problem, seen in Figure 11.1, a rectangular and infinitely long plate of a poroelastic
medium is placed between two plates, located at the south and north boundaries. The plates are
impermeable, meaning that there is no fluid flow through the plates, and rigid, meaning that the
plates cannot bend. However they are free to slide horizontally, signified by the rollers in the figure,
implying that the shear stress is equal to zero at the north and south boundaries. The west and
east boundaries are stress free and drained (the pore pressure p is held at some reference pressure
p = 0). At time t = 0 a compressive force F is applied and held constant at the two rigid plates,
where

R a

�a
�yy(x, b, t)dx = �F .

The problem is symmetric both in the x- and the y-direction, and therefore it is enough to
study only one quarter of the domain. The quarter domain is defined as

⌦ = {(x, y) : 0  x  a, 0  y  b}. (11.1)

The west and south boundary of the domain defined in (11.1) are in the interior of the problem
setup seen in Figure 11.1, and therefore the boundary conditions at the west and south boundaries
are imposed as symmetry conditions. At the western boundary we have that u = 0, �xy = 0 and
qx = 0 and at the southern boundary the following symmetry conditions are imposed: �xy = 0,
v = 0 and qy = 0. With this the full problem setup of the quarter domain has been introduced.
For clarity, the boundary conditions at all of the boundaries are written out explicitly here.
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qx = 0, u = 0, �xy = 0, (x, y) 2 ⌦W , (11.2)

p = 0, �xx = 0, �xy = 0, (x, y) 2 ⌦E , (11.3)

qy = 0, �xy = 0, v = 0, (x, y) 2 ⌦S , (11.4)

qy = 0, �xy = 0,
R a

�a
�yy(x, b, t)dx = �F, (x, y) 2 ⌦N . (11.5)

11.2 Analytical Solutions and Dimensionless Fields

The analytical solutions to the horizontal displacement u, the vertical displacement v, the pore
pressure p, the stress fields �xx, �xy and �yy and the discharge velocities qx and qy are given
by Cheng and Detourney [6]. To improve readability the analytical solutions to the horizontal
displacement u, the vertical displacement v and the pore pressure p are stated again

u =
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where ↵i are the solutions (there are an infinite number of solutions) to the equation

tan(↵) =
1� ⌫

⌫ � ⌫u
↵, (11.9)

where ↵ should not be confused with Biot’s coe�cient (also denoted as ↵), introduced in Section
2.

Having fields of order unity minimizes the condition number of the system and with that also
the truncation errors in the calculations. However, for typical problem setups, the pore pressure p
is in the order of MPa, while the horizontal and the vertical displacements u and v are in the order
of mm or less. This means that it is far from ideal to do the calculations in SI-units. Ideally one
wants to rewrite the linear poroelastic equations on a non-dimensional form. However, since the
analytical solutions, seen in (11.6) - (11.8), are known the dimensionless fields and parameters can
be identified. The simulations are performed using a set of parameters with values chosen close to
unity, such that a low condition number is achieved for the resulting system. From the numerical
solutions one can obtain the dimensionless solutions, using the relations between the dimensionless
parameters and their dimensional counterparts. The dimensionless solutions are general, and
therefore favorable, in the sense that one can obtain the solutions for a specific problem setup
from the dimensionless fields, using the relations between the dimensionless parameters and their
dimensional counterparts. With this approach a low condition number is achieved, while the non-
dimensional form makes it easy to obtain the numerical solutions for di↵erent problem setups from
the non-dimensional solutions.

First the spatial and the temporal domains are non-dimensionalized. The characterstic di↵usion
time is determined from a2

c , from which we can define the dimensionless time

t⇤ =
c

a2
t. (11.10)

In a similar manner the dimensionless distances x⇤ and y⇤ are introduced as

x⇤ =
1

a
x, (11.11)

y⇤ =
1

b
y. (11.12)
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Next the dimensionless unknown fields are introduced. The normalized horizontal displacement
u⇤, the normalized vertical displacement v⇤ the normalized pore pressure p⇤ are defined in the
following way:

u⇤ =
G

F
u, (11.13)

v⇤ =
Ga

Fb
v, (11.14)

p⇤ =
a

F
p. (11.15)

With this, the relation between the parameters and the unknown fields and their dimensionless
counterparts have been introduced. Choosing G, , F , a and b such that the solutions fields are
close to unity and the following set of dimensionless parameters

B = 0.8, (11.16)

⌫ = 0.2, (11.17)

⌫u = 0.4, (11.18)

the other material parameters used in the simulations are determined, using the relationships
presented in Section 2.3. The dimensionless fields are determined from the numerical solutions and
the material parameters using (11.10) - (11.15). From the dimensionless fields one can then obtain
solutions to a specific problem setup expressed in some self-consistent set of units, for example
SI-units. The results for Mandel’s problem are all presented in the non-dimensional form.

11.3 Simulations

Mandel’s problem is simulated using the pressure formulation on the reduced domain presented in
Section 11.1, with the boundary conditions presented in (11.2) - (11.5). One approach for impos-
ing the boundary condition involving the compressive force F is to specify �yy with a Neumann
condition, by approximating the integral using quadrature. Another approach, which is used here,
is to specify the analytical solution to v at the boundary with a Dirichlet condition. The initial
conditions are set to the analytical solutions at the start of the simulations. Since the pore pressure
p in Mandel’s problem has a sharp spatial gradient close to the east boundary, that gets sharper
for times closer to zero, the simulations are not started at t⇤ = 0, but at some later point in time.

Mandel’s problem is simulated on a 80⇥ 80 grid from t⇤ = 10�3 up to t⇤ = 1.1 · 10�3 using the
second order SBP operators with second order Dirichlet conditions and the fourth order implicit
backward di↵erential formula time integrator introduced in Section 9.1. The numerical solutions
to the dimensionless fields at t⇤ = 1.1 · 10�3 can be seen in Figure 11.2, from which it is clear that
the solution to the horizontal displacement u and the pore pressure p are independent of the x
coordinate, while the solution to the vertical displacement v is independent of the y coordinate,
which is what we expect in Mandel’s problem, since it is consistent with the analytical solutions
in (11.6) - (11.8). Note the sharp pressure gradient close to the eastern boundary, which di↵uses
out as time passes.

Since the three unknown fields only depend on one spatial direction each, one can present 1D
plots for each of them instead of the two-dimensional heat map presented in Figure 11.2, without
excluding any information. Mandel’s problem is simulated once more from time t⇤ = 10�4 up to
time t⇤ = 10�1 using 1000 equidistant time steps with the BDF4 scheme. The problem is dis-
cretized spatially using a 20⇥20 spatial grid, fourth order SBP operators and third order Dirichlet
conditions. The unknown fields at the three time points t⇤ = 10�3, 10�2, 10�1 are presented in
Figure 11.3, where the full lines represent the analytical solutions and the asterisks represent the
numerical solutions. In figure 11.3 (c) one can see the famous poroelastic phenomenon called the
Mandel-Cryer e↵ect, where the pressure exhibits a non-monotonic behavior. The pressure at the
center of the domain rises before it eventually declines, which Mandel attributed to the rapid
decrease of the pore pressure close to the east boundary [38].
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Figure 11.2: The simulation of Mandel’s problem with the pressure formulation at dimensionless
time t⇤ = 0.0011, discretized using the BDF4 time integrator and the second order SBP-SAT
operators with second order Dirichlet conditions.
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Figure 11.3: The simulation of Mandel’s problem with the pressure formulation at dimensionless
times t⇤ = 0.001, 0.01, 0.1, discretized using the BDF4 time integrator and the fourth order SBP
operators with third order Dirichlet conditions. The full lines represent the analytical solutions
and the asterisks represent the numerical solutions.
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Figure 11.4: Convergence rates for the normalized horizontal displacement u⇤, the normalized
vertical displacement v⇤ and the normalized pore pressure p⇤ in Mandel’s problem using the implicit
pressure formulation.

Table 11.1: Convergence rates for the normalized horizontal displacement u⇤, the normalized ver-
tical displacement v⇤ and the normalized pore pressure p⇤ in Mandel’s problem using the pressure
formulation and the implicit BDF4 time integrator. The table shows the logarithmic error in the
H-norm and the convergence rate q for the N ⇥ N spatial grids, discretized using second order
accurate SBP operators with second order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -2.4881 ⇥ -2.6231 ⇥ -1.9718 ⇥
20 -3.1050 2.0491 -3.2437 2.0616 -2.6175 2.1449
30 -3.4634 2.0354 -3.6027 2.0384 -2.9739 2.0239
40 -3.7166 2.0267 -3.8560 2.0278 -3.2265 2.0219
50 -3.9125 2.0213 -4.0519 2.0217 -3.4223 2.0199
60 -4.0722 2.0177 -4.2117 2.0178 -3.5818 2.0154
70 -4.2072 2.0151 -4.3466 2.0151 -3.7163 2.0081
80 -4.3239 2.0132 -4.4634 2.0131 -3.8321 1.9975

11.4 Convergence Studies

To show that the unknown fields converge towards the analytical solutions with grid refinement
a convergence study is conducted for Mandel’s problem using the pressure formulation. Mandel’s
problem is simulated using N = {10, 20, 30, 40, 50, 60, 70, 80} spatial points in both the x- and the
y-direction, from time t⇤ = 10�3 up to time t⇤ = 1.0001 · 10�3 using N number of equidistant time
steps with the BDF4 time integrator. The convergence rates for the second order SBP operators
with second order accurate Dirichlet conditions and the fourth order SBP operators with third
order accurate Dirichlet conditions can be seen in Figure 11.4 and in Tables 11.1 - 11.2. From
Figure 11.4 (a) and from Table 11.1 is it clear that the expected second order convergence is
obtained for the second order SBP operators. However, for the fourth order operators, seen in
Figure 11.4 (b) and in Table 11.2, the convergence rate for the pore pressure p is not as smooth.
Between N = 20 and N = 30 super convergence is obtained, followed by some lower convergence
rates. However, the convergence rate stabilizes at the expected third order with grid refinement.
The horizontal displacement u and the vertical displacement v show the third order convergence
for all data points. The unexpected pore pressure convergence rates could possibly be explained
by the sharp gradient in the solution close to the east boundary.

11.5 Numerical Oscillations and Artificial Viscosity

The remainder termR(a) in the fully compatible narrow second derivative SBP operator, introduced
for the 1D case in Section 4 and for the 2D case in Section 7, introduces two numerical advantages,
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Table 11.2: Convergence rates for the normalized horizontal displacement u⇤, the normalized ver-
tical displacement v⇤ and the normalized pore pressure p⇤ in Mandel’s problem using the pressure
formulation and the implicit BDF4 time integrator. The table shows the logarithmic error in the
H-norm and the convergence rate q for the N ⇥ N spatial grids, discretized using fourth order
accurate SBP operators with third order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -3.5330 ⇥ -3.6170 ⇥ -2.1922 ⇥
20 -4.3825 2.8218 -4.5434 3.0772 -2.8107 2.0545
30 -4.9440 3.1889 -5.0792 3.0430 -3.6341 4.6761
40 -5.3157 2.9747 -5.4577 3.0298 -3.8360 1.6161
50 -5.6076 3.0120 -5.7507 3.0229 -4.0502 2.2100
60 -5.8487 3.0448 -5.9897 3.0186 -4.2688 2.7608
70 -6.0531 3.0532 -6.1916 3.0157 -4.4701 3.0070
80 -6.2300 3.0509 -6.3664 3.0136 -4.6528 3.1497

compared to applying the first derivative SBP operators twice. Firstly it constructs a narrow
scheme, which is more computationally e�cient than a wider scheme. Secondly it introduces
artificial viscosity, which dampens the ⇡-mode. The ⇡-mode is a numerical artifact that may
be triggered by sharp spatial gradients in the solution, giving rise to oscillations of the highest
frequency mode that can be represented on the spatial grid (which is where the name ⇡-mode
originates from).

The pore pressure p in Mandel’s problem for relatively early points in time is an example where
numerical approximations without artificial viscosity may feature oscillations due to the ⇡-mode,
since the pore pressure p has a sharp pressure gradient close to the east boundary. To compare
a discretization with and without artificial viscosity, the remainder term R(a) from the second
order accurate operators is removed, resulting in a wide discretization with no artificial viscosity
added. The di↵erence between the wide and the narrow stencil for an early time point in Mandel’s
problem can be seen in Figure 11.5, where Mandel’s problem is simulated from dimensionless time
t⇤ = 9 · 10�5 up to time t⇤ = 10�4. In both cases a grid of 40 ⇥ 40 grid points is used for the
spatial discretization and the SBP operators are of fourth order accuracy with third order accurate
Dirichlet conditions. From Figure 11.5 it is clear that the narrow scheme completely removes the
oscillations from the solution, while the oscillations are present in the whole domain with the wide
discretization, clearly signifying the importance of artificial viscosity for problems where sharp
spatial gradients are present in the solution fields.

12 Line Source Problem

This section presents the line source problem, a problem setup in which fluid is continuously
injected into a poroelastic medium from a line source. The problem is discretized using the SBP-
SAT scheme formulated in the pressure formulation presented in Section 8.1. The line source
problem has been implemented also with the fluid content formulations, but the results are very
similar to the results from the pressure formulation and are therefore omitted in the report.

12.1 Problem Setup

In the line source problem, a fluid mass point source is located in the origin in an infinite 2D
domain. Here it is assumed that the setup is invariant in the z-direction, and therefore the fluid
mass point source should be viewed as a fluid mass line source invariant in the z-direction. A
schematic of the problem setup can be seen in Figure 12.1.

In the line source problem setup, the fluid injector is modeled as a Dirac delta function spatially
and a heavy side function in time, multiplied with a parameter determining the injection rate, which
is assumed to be constant in time. The fluid injector comes in as a source term in the fluid di↵usion
equation, which can be expressed as follows in the line source problem

1

M
pt = (px)x + (py)y � ↵ (uxt + vyt) +

q0

⇢0
�(x, y)H(t), (x, y) 2 ⌦, t � 0, (12.1)
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Figure 11.5: The normalized pore pressure p⇤ in Mandel’s problem at dimensionless time t⇤ = 10�4

using a 40 ⇥ 40 spatial grid with fourth order accurate SBP operators and third order accurate
Dirichlet conditions, using the wide and the narrow schemes respectively.
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Figure 12.1: Schematic figure of the problem setup in the line source problem. The domain is
infinite in the x- and y-direction and invariant in the z-direction. The fluid injector is located in
the origin, represented by the circle in the figure.

where q0 is the fluid mass injection rate per unit length in the z-direction, ⇢0 is the mass density of
the homogeneous pore fluid and �(x, y) is the two-dimensional Dirac delta function, which is zero
everywhere except in the origin where it is infinite and satisfies

Z 1

�1

Z 1

�1
�(x, y)dxdy = 1. (12.2)

Furthermore H(t) is the Heaviside function

H(t) =

(
1, t > 0,

0, t = 0.
(12.3)

12.2 Analytical Solutions and Dimensionless Fields

Rudnicki [31] presented the analytical solutions for the pore pressure p, the horizontal displacement
u, the vertical displacement v and the stresses. For readability the solutions to the pore pressure,
the horizontal displacement and the vertical displacement are repeated here

u(x, y, t) =
q0↵x

8⇡⇢0(�+ 2G)

✓
4ct

R2

✓
1� exp

✓
�R2

4ct

◆◆
+ E1

✓
R2

4ct

◆◆
, (12.4)

v(x, y, t) =
q0↵y

8⇡⇢0(�+ 2G)

✓
4ct

R2

✓
1� exp

✓
�R2

4ct

◆◆
+ E1

✓
R2

4ct

◆◆
, (12.5)

p(x, y, t) =
q0

4⇡⇢0
E1

✓
R2

4ct

◆
, (12.6)

where G is the shear modulus, � is the first Lamé parameter,  is the permeability, c is the hydraulic
di↵usivity, ↵ is Biot’s coe�cient and R is the distance from the point source i.e. R =

p
x2 + y2.

Finally E1(z) =
R1
z

e�s

s ds.
Similar to Mandel’s problem, seen in Section 11, one can derive dimensionless fields from the

analytical solutions. In Mandel’s problem the characteristic time scale is determined from the width
of the half domain a and from the hydraulic di↵usivity c, while the characteristic length scales are
determined from the width of the half domain a and the height of the half domain b, which can
be seen in (11.10) - (11.12). In the line source problem the domain is infinite, and therefore there
are no characteristic domain widths and lengths. Therefore the characteristic di↵usive length ld is
introduced, defined in the following way
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ld =
p
ct, (12.7)

from which the dimensionless parameters and unknown fields can be derived. The normalized
distance fields are defines as

x⇤ =
1p
ct
x, (12.8)

y⇤ =
1p
ct
y. (12.9)

Note that the conversions between the dimensionless displacement fields and their counterparts
with dimensions depend on the time t in the line source problem. This is di↵erent from the
dimensionless parameters in Mandel’s problem seen in 11.2 and comes from the fact that the
characteristic length scale here is defined from the di↵usive length ld, which depend on the time
t. From (12.4) - (12.6) and from (12.8) - (12.9), the normalized horizontal displacement u⇤, the
normalized vertical displacement v⇤ and the normalized pore pressure p⇤ are defined as follows:

u⇤ =
⇢0(�+ 2G)

q0
p
ct

u, (12.10)

v⇤ =
⇢0(�+ 2G)

q0
p
ct

v, (12.11)

p⇤ =
⇢0
q0

p. (12.12)

As in Mandel’s problem, the problem is simulated with material parameters chosen close to unity
to minimize truncation errors and the non-dimensional material parameters are chosen as

B = 0.8, (12.13)

⌫ = 0.2, (12.14)

⌫u = 0.4. (12.15)

The normalized fields u⇤, v⇤ and p⇤ are then determined from the numerical solutions to the
unknown fields, using (12.10) - (12.12). The simulations and convergence studies of the line source
problem are all presented using the dimensionless fields.

12.3 Discretization of the Mass Fluid Injector

The spatial Dirac delta function and the temporal Heaviside function in the injector, seen in (12.2)
and (12.3) have to be discretized in space before they are incorporated in the numerical scheme.
The continuous Heaviside is straightforward to discretize in the following way:

H(tk) =

(
1, k � 0,

0, k < 0.
(12.16)

The Dirac delta discretization used in the numerical simulations is more involved however. The
most simplistic discretization of the delta function is the following:

�(xi, yj) =

(
1

�x�y , i = mI , j = nI ,

0, otherwise,
(12.17)

where the injector is located on the grid point (xm
I

, ym
I

). This is a valid approximation of the
Dirac delta function, since it fulfills the discrete version of the integral property (12.2), defined as

1X

x
i

=1

1X

y
j

=1

�(xi, yj)�x�y = 1. (12.18)
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(a) A discretization with the injector located
at one grid point.

(b) A discretization with the injector located
in the middle of four grid points.

Figure 12.2: Two schematic figures of the discretization of the injector. The left figure show an
example with an injector located at one grid point, while the right figure show an example with
the injector located in between the grid points.

The discretization of the delta function seen in (12.17) is modeled as a point discontinuity and
is therefore likely to introduce numerical artifacts, such as oscillations due to the ⇡-mode. In
addition, large local numerical errors close to the injector are expected, since the injection rate
goes from being non-zero to being zero between just one grid point. Since the Dirac delta function
models a singularity, this is true for all resolutions.

Another undesirable e↵ect is that the injector is located at a grid point, at which the analytical
solution to the pore pressure p has a singularity. Measuring the error of the pore pressure at that
grid point is therefore problematic. This can be resolved by instead placing the injector in between
four grid points, as shown in Figure 12.2. With this discretization, all of the analytical solutions are
defined on all grid points, implying that the errors can all be measured in the H-norm as defined
in (10.14). The discretization of the Dirac delta function located in between the grid points is
defined as follows:

�(xi, yj) =

(
1

4�x�y , (i, j) 2 I

0, otherwise,
(12.19)

where I is the set of four coordinate points that surround the injector. Note that the amplitude
1

4�x�y makes sure that the summation property (12.18) is fulfilled. With this the problem with
the singular point has been resolved, but the Dirac delta function is still very sharp. In order to
make the Dirac delta discretization both smoother and more accurate, the Dirac delta discretization
derived by Petersson et al. [27] is used to discretize the injector spatially. The discretizations of the
Dirac delta functions presented in the paper are determined from so-called smoothness conditions,
which control the smoothness of the discretization and from so-called moment conditions, which
control the order of accuracy of the discretization, where the order of accuracy is the number of
moment conditions minus one. Using these conditions one can obtain a Dirac delta discretization
with the desired smoothness and order of accuracy. For details regarding the discretization we
refer to Petersson et al. [27]

12.4 Simulations

In the line source problem the domain is infinite, meaning that there are no boundaries. This is
problematic in a numerical problem setup using the SBP-SAT discretization where a finite domain
is required. One approach to approximate the infinite domain is to choose a su�ciently large
domain and study the solution at some distance from the boundaries where the e↵ects of the
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Figure 12.3: Simulation results of the line source problem solved with the pressure formulation,
time integrated implicitly using the BDF4 time integrator and discretized spatially using the second
order SBP-SAT operators with second order Dirichlet conditions.

boundaries are small. This approach may be very computationally expensive if a large domain is
required. This is especially relevant in the line source problem, where high resolution is required
in the vicinity of the injector, which is modeled by a Dirac delta function.

However, since the analytical solutions to the line source problem are known from (12.4) - (12.6),
it is possible to impose the analytical solutions to the fields at the boundaries using Dirichlet
conditions. Using this approach, a smaller domain can be studied without the accuracy being
reduced by boundary e↵ects, which is why this approach is used in the present study.

The line source problem is simulated on a spatial grid of 80⇥80 points, discretized spatially using
a first order accurate Dirac delta injector with one smoothness condition and the second order SBP
operators, where the analytical solutions are imposed as second order accurate Dirichlet boundary
conditions using the Robin technique. The time stepping is performed using 100 time steps with
the implicit BDF4 time integrator introduced in Section 9.2. The final time point t is chosen
arbitrarily, from which the di↵usion length ld for the final time point is calculated. The domain is
chosen such that the width and height of the non-dimensional domain at the end of the simulation
is twice the di↵usion length at the end of the simulation i.e. that x⇤ = y⇤ = [�1, ..., 1]. The
start time is chosen such that the non-dimensional domain size is twice the size of the di↵usion
length at the final time point, implying that x⇤ = y⇤ = [�2, ..., 2]. The numerical solutions to
the dimensionless horizontal displacement u⇤, the dimensionless vertical displacement v⇤ and the
dimensionless pore pressure p⇤ at the end of the simulation are seen in Figure 12.3.

12.5 Convergence Studies

The convergence rate of the line source problem is studied with the second order operators with
second order Dirichlet conditions and with the fourth operators with third order Dirichlet condi-
tions. The problem is simulated using a first order accurate Dirac delta discretization with one
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Figure 12.4: Convergence rates for the normalized horizontal displacement u⇤, the normalized
vertical displacement v⇤ and the normalized pore pressure p⇤ in the line source problem using the
implicit pressure formulation.

Table 12.1: Convergence rates for the normalized horizontal displacement u⇤, the normalized
vertical displacement v⇤ and the normalized pore pressure p⇤ in the line source problem using the
pressure formulation and the implicit BDF4 time integrator. The table shows the logarithmic error
in the H-norm and the convergence rate q for the N ⇥ N spatial grids, discretized using second
order accurate SBP operators with second order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -3.2018 ⇥ -3.2018 ⇥ -1.9008 ⇥
20 -3.7748 1.9034 -3.7748 1.9034 -2.2036 1.0056
30 -4.1079 1.8919 -4.1079 1.8919 -2.3833 1.0209
40 -4.3442 1.8910 -4.3442 1.8910 -2.5107 1.0193
50 -4.5275 1.8919 -4.5275 1.8919 -2.6092 1.0168
60 -4.6774 1.8933 -4.6774 1.8933 -2.6896 1.0146
70 -4.8043 1.8947 -4.8043 1.8947 -2.7574 1.0128
80 -4.9142 1.8961 -4.9142 1.8961 -2.8160 1.0114

smoothness condition, for N = {10, 20, 30, 40, 50, 60, 70, 80} number of spatial points in both co-
ordinate directions. The system is integrated in time using the BDF4 scheme with N number
of time steps. At the start of the simulations the width and height of the domain are of twice
the di↵usion length and at the end of the simulations the dimensionless distances are as follows:
x⇤ = y⇤ = [�0.9535, ..., 0.9535]. From the solution vectors, errors are obtained, measured using the
H-norm (10.14) and the convergence rates are measured using (10.15). The resulting convergence
rates are seen in Figure 12.4 and in Tables 12.1 - 12.2, from which it is clear that the expected
second and third order convergences are not obtained for the second order and fourth order oper-
ators respectively. For both the second and fourth order SBP operators the convergence rate of
the normalized pore pressure p⇤ is of first order, while second order convergence is obtained for
the normalized horizontal and vertical displacements u⇤ and v⇤. The lower order convergence rate
is not unexpected, since the numerical solutions close to the singularity are included in the global
error and the high order convergence is only guaranteed away from the singularity.

12.6 Numerical Oscillations and Artificial Viscosity

The Dirac delta function used for the discretization of the fluid injector introduces some very sharp
spatial gradients to the pore pressure p in the line source problem setup. As was discussed in Section
11.5, these sharp gradients may produce oscillations from the ⇡-mode, that can be dampened with
artificial viscosity. Compared to Mandel’s problem, the line source problem features even sharper
gradients in the pore pressure, and not only for early times. Therefore we expect it to be beneficial
to utilize operators that introduce artificial viscosity, such as the fully compatible narrow SBP
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Table 12.2: Convergence rates for the normalized horizontal displacement u⇤, the normalized
vertical displacement v⇤ and the normalized pore pressure p⇤ in the line source problem using the
pressure formulation and the implicit BDF4 time integrator. The table shows the logarithmic error
in the H-norm and the convergence rate q for the N ⇥ N spatial grids, discretized using fourth
order accurate SBP operators using third order accurate Dirichlet boundary conditions.
N log10(kemu kH) qu log10(kemv kH) qv log10(kemp kH) qp
10 -3.1473 ⇥ -3.1473 ⇥ -2.2693 ⇥
20 -3.8037 2.1803 -3.8037 2.1803 -2.5116 0.8049
30 -4.1711 2.0867 -4.1711 2.0867 -2.6923 1.0258
40 -4.4285 2.0600 -4.4285 2.0600 -2.8198 1.0210
50 -4.6268 2.0459 -4.6268 2.0459 -2.9184 1.0176
60 -4.7881 2.0372 -4.7881 2.0372 -2.9988 1.0151
70 -4.9241 2.0313 -4.9241 2.0313 -3.0666 1.0132
80 -5.0416 2.0270 -5.0416 2.0270 -3.1253 1.0117
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Figure 12.5: The normalized pore pressure p⇤ in the line source problem using a 20 ⇥ 20 spatial
grid with fourth order accurate SBP operators and third order accurate Dirichlet conditions, using
the wide and the narrow schemes respectively.

operators introduced in Section 4, in the line source problem setup.
As noted in Section 11.5, a wide numerical scheme that does not introduce artificial viscosity

can be obtained from the narrow scheme by removing the remainder term R(a) from the second
derivative SBP operators. The line source problem setup is simulated using the wide and the
narrow schemes respectively using a spatial resolution of 20⇥ 20 points discretized spatially using
the fourth order SBP operators and third order Dirichlet conditions and a first order accurate Dirac
delta function with one smoothness condition. The domain and the start and end time points are
chosen as in the previous simulations seen in Section 12.4. The system is integrated in time using
the BDF4 time integrator with 100 time steps. Figure 12.5 presents the numerical solutions of
the normalized pore pressure p at the end of the simulations for the wide and narrow scheme
respectively, from which it is clear that the wide discretization su↵ers from ⇡-mode, while the
narrow discretization dampens the oscillations e�ciently and therefore produces a more accurate
numerical solution.

13 Earthquake Nucleation Using Rate-and-State Friction

One of the purposes of the present study is to develop a numerical method capable of modeling
induced seismicity, and specifically problems where earthquakes are nucleated due to fluid injection
or extraction, using the fully coupled poroelastic model. The fluid being injected or extracted gives
rise to pressure changes and fluid flow within the poroelastic medium. If a fault is close to being in
an unstable state, the pressure changes on the fault, which a↵ect the e↵ective normal stress, can
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cause an earthquake to nucleate.
There is increasing evidence of seismic events occurring due to fluid injection. For example,

in the central- and eastern United States, the number of earthquakes has increased dramatically
since 2009. Recent studies attribute the increase of earthquakes to the disposal of wastewater,
co-produced from oil and gas operations [10], [40]. The Western Canada Sedimentary Basin is
another region where induced seismic events have been observed. According to Atkinson et al. [2],
oil and gas activity (specifically hydraulic fracturing) appears to be associated, with the largest
earthquakes since 1985 reaching moment magnitude around 4.5 or 4.6.

This section introduces the frictional framework used for modeling slip on faults, and then
focuses on two di↵erent problem setups that model fault slip in a poroelastic medium. In the first
problem setup an injector is located in the origin, modeled using a Dirac delta function. In the
second problem, fluid enters the poroelastic medium through the left boundary. In both problem
setups the domain is rectangular, where invariance in the z-direction is assumed.

13.1 Frictional Framework

The linear poroelastic equations are derived using a quasi-static approximation for mechanical
equilibrium seen in (2.4), implying that inertial terms are neglected. However, it is essential to
account, at least approximately, for inertial e↵ects during unstable fault slip in earthquakes. A
convenient procedure for this is the quasi-dynamic approximation that adds an addition term to
the quasi-static fault shear traction to account for outgoing shear waves [11],[29]. A fault can
be modeled as an interface between two poroelastic blocks, where the interface conditions are
determined by the fault dynamics. In this way, the fault mechanics are coupled to the linear
poroelastic equations. If some symmetries between the two poroelastic blocks are assumed, one
can model only one poroelastic block, using boundary conditions instead of interface conditions.
This is the approach used in the present study, where a fault is located at the south boundary i.e.
at y = 0.

Slip on faults is modeled using the rate-and-state frictional framework, where the dynamics of
the fault are governed by the equilibrium of shear stress ⌧ exerted on the fault and the strength
f�0 of the fault, written as

⌧ = f�0, (13.1)

where f is the friction coe�cient and �0 is the e↵ective normal stress on the fault, given by

�0 = �0 + �yy

��
y=0

� p
��
y=0

, (13.2)

where �0 is the background normal stress exerted on the fault and �yy is the normal stress from
the stress tensor seen in (6.8). Furthermore the shear stress ⌧ is defined as

⌧ = ⌧0 + �xy

��
y=0

� ⌘V, (13.3)

where �0 is the background shear stress, �xy is the shear stress from the stress tensor seen in (6.8)
and ⌘V is the radiation dampening term, where ⌘ = G

2c
s

is half the shear wave impedance, where
cs is the shear wave speed. The slip velocity V is defined as

V = ut

��
y=0+

� ut

��
y=0�

= 2ut

��
y=0+

, (13.4)

where ut

��
y=0+

is the horizontal velocity of the poroelastic medium at the positive side of the fault

and ut

��
y=0�

is the horizontal velocity of the medium at the opposite side of the fault. In rate-

and-state friction, the frictional resistance f is a function of slip velocity V and a state variable  
given by

f(V, ) = a sinh�1

✓
V

2V0
e
 
a

◆
, (13.5)

where a is a dimensionless frictional parameter and V0 is a reference velocity characterizing steady
sliding. The state variable  is a dimensionless variable that characterizes the frictional process.
In the present study, the time evolution of  is governed by the slip law
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 t = G(V, ) = � V

Dc

✓
f � f0 + (b� a) ln

✓
V

V0

◆◆
, (13.6)

where Dc is the state evolution distance, b is a dimensionless frictional parameter and f0 is the
reference friction coe�cient for sliding at velocity V0. The frictional parameters a and b determine
whether the frictional process is steady state velocity weakening (when a < b) or steady state
velocity strengthening (when a > b). A detailed account of state variable friction laws was given
by Ruina [32]. Also note that other laws than the slip law for the time evolution of the state have
been proposed, most notable the aging law [17].

Inserting (13.3) and (13.5) into (13.1) results in a non-linear equation for V , which can be
solved assuming that the state  is known. In the present study, the non-linear solve is carried out
using the bisection method, which is guaranteed to converge with appropriate bounds. In order to
ensure accuracy of the numerical solution, it is important that the critical wavelength

hf =
⇡GDc

�0(b� a)
, (13.7)

is well resolved i.e. that �x ⌧ hf [29].

13.2 Time Integration for Problems with Friction

The time scale ts at which the state  evolves is characterized by ts ⇠ Dc/V . During the in-
terseismic period, i.e. the period between earthquakes, the slip velocity V is close to zero, and
thus ts is large. However, during earthquakes the slip velocity is much larger, implying that the
time scales during which  evolves are considerably shorter. In order to maintain accuracy of the
numerical solutions, the time scale ts has to be well resolved i.e. it is required that �t ⌧ ts for all
times, which is oftentimes a stricter requirement for the time steps, than the stability condition.
Since an explicit time integrator is more e�cient than an implicit time integrator if the stability
condition is not a limiting factor (as discussed in Section 9), the fluid content formulation is used
here. Denoting half the slip on the fault us = u|y=0, the time stepping procedure for problem
setups involving friction is as follows:

0. At time t = tn all fields are known.

1. Integrate p0,  , us to t + �t explicitly in time using the fluid di↵usion equation (9.8), the
state evolution equation (13.6) and the slip velocity equation (13.4) respectively.

2. Solve the mechanical equilibrium equation (9.7) for u at t + �t, using us and p0 at time
t+�t, where us is imposed at the south boundary with a Dirichlet condition.

3. Compute p, �xy and �0 at t+�t from u and p0.

4. Solve the non-linear fault equilibrium equation (13.1) for V , using �xy, �0 and  at t +�t
and determine ⌧ . Now all fields are known at t +�t. Repeat step 1 - 4 until the final time
is reached.

By choosing the step size �t, such that ts is well resolved, the earthquake nucleation and propaga-
tion is captured by the simulation. However, it is highly ine�cient to resolve the smallest value of
ts also during the interseismic periods. Therefore the adaptive Runge-Kutta 2-3 method (RK23) is
employed for time integration. In the RK23 scheme, the solution fields are integrated in time using
both a second- and third order accurate Runge-Kutta method. A local error estimate is obtained
by subtracting the second order update from the third order update. In the present study, the
local error is measured from the slip

es = kus
3 � us

2k1, (13.8)

where us
3 and us

2 are second- and third order Runge-Kutta updates of us and k · k1 indicates the
max norm. If the local error is below a specified error tolerance ✏ i.e. if es  ✏, the time step is
accepted and the remaining fields are calculated. However, if the error tolerance is exceeded, i.e.
if es > ✏, the time step is recalculated with a smaller time step. Regardless of whether the error
tolerance is fulfilled, the new step is determined from
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,�tstab

!
, (13.9)

where �tstab is the stability condition seen in (9.17) - (9.18). From (13.9) it is clear that the
step size �t is adjusted such that smaller time steps are taken when the local error is larger
than the error tolerance, and vice versa. Measuring the local error es on fault slip allows the
adaptive method to capture the rapid changes in slip that occur during earthquake nucleation and
propagation, without taking unnecessary small time steps when the slip rate is low. The time
stepping method is overall third order accurate, seeing as the resulting update of a successful step
is third order accurate and the time step is confined below the stability threshold �tstab.

13.3 Injection Problem

In the injection problem setup, fluid is injected into the studied poroelastic block through a line-
source, which is invariant in the z-direction and located at the origin. The line-source is modeled
as a point source in 2D, as presented in Section 12. A fault that stretches from �L

x

2 to L
x

2 is
located at the south boundary and the medium is locked horizontally on both sides of the fault,
implying that slip is zero at the left and right side of the fault. A schematic of the problem setup
can be seen in Figure 13.1.

In the problem setup all four boundaries are impermeable, imposed with discharge velocity
boundary conditions qx = 0 and qy = 0 at the respective boundaries. The fault mechanics at
the south boundary are introduced through a Dirichlet condition on the horizontal displacement.
Furthermore a normal stress free condition �yy = 0 is imposed at the fault, ensuring that the fault
remains closed. The north boundary is locked horizontally with u = 0. The rest of the boundary
conditions could be specified as either displacement or traction conditions, since it is not clear
from a physical perspective what is more suitable. In the present study the following boundary
conditions are imposed:

qx = 0, �xx = 0, v = 0, (x, y) 2 ⌦W , (13.10)

qx = 0, �xx = 0, v = 0, (x, y) 2 ⌦E , (13.11)

qy = 0, u(x) = us(x), �yy = 0, (x, y) 2 ⌦S , (13.12)

qy = 0, u = 0, �yy = 0, (x, y) 2 ⌦N . (13.13)

The fields and the problem parameters are measured in self-consistent units, in order to bring fields
closer to order unity (compared to using SI-units). The problem is modeled on a relatively small
scale setup, on a 4 m⇥2 m domain, corresponding to what one might see in a hydraulic fracturing
operation. The self-consistent units are chosen as

[Lx, Ly] = m, (13.14)

[�, G,K,M ] = GPa, (13.15)

[] = m2/(GPas), (13.16)

[q0] = kg/(sm) (13.17)

[⇢0] = kg/m3 (13.18)

[u, v] = mm, (13.19)

[p] = MPa, (13.20)

and the following set of poroelastic material parameters are used
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B = 0.6, (13.21)

⌫ = 0.2, (13.22)

⌫u = 0.33, (13.23)

G = 30 GPa, (13.24)

 = 0.025 m2/(GPas), (13.25)

q0 = 200 kg/(sm), (13.26)

⇢0 = 1000 kg/m3. (13.27)

The frictional parameters are chosen as

f0 = 0.6, (13.28)

a = 0.015, (13.29)

b = 0.02, (13.30)

Dc = 0.01 mm, (13.31)

�0 = 50 MPa, (13.32)

⌧0 = 30 MPa, (13.33)

V0 = 0.001 mm/s, (13.34)

cs = 3400 m/s, (13.35)

and finally the initial conditions are

p(x, y) = 0, (x, y) 2 ⌦, t = 0, (13.36)

u(x, y) = 0, (x, y) 2 ⌦, t = 0, (13.37)

v(x, y) = 0, (x, y) 2 ⌦, t = 0, (13.38)

 (x) = 0.606 x 2 ⌦S , t = 0. (13.39)

Here �0, ⌧0, and the initial condition for  are chosen such that the fault is close to failure, but
would not become unstable in the absence of the fluid injection. The problem is discretized using
the fluid content formulation, seen in (8.30) - (8.36) on a 200⇥200 grid, using a first order accurate
Dirac delta injector with one smoothness condition, second order SBP operators and second order
accurate Dirichlet conditions, imposed using the Robin technique. Note that the critical wavelength
hf , seen in (13.7), is well resolved on the grid h

f

�x ⇡ 180. The local error tolerance is chosen as
✏ = 10�5 for the adaptive RK23 time integrator and the problem is simulated from t = 0 s to
t = 2.1 s.

Figure 13.2 shows snapshots of the pressure p, and the slip us at di↵erent times during the
simulation. Figures 13.2 (a) - (b) present the fields at time t = 1.9045 s, before the nucleation
of the earthquake. One can see that the slip is increasing at the right edge of the fault, and that
the pressure field is mainly determined from the fluid di↵usion. The asymmetry of the slip across
the fault arises due to the positive background shear ⌧0 on the fault, which favors earthquake
nucleation from the right. Figures 13.2 (c) - (d) present the fields at time t = 1.9516 s, during the
earthquake propagation. The slip has increased since the last time point, and two distinct pressure
concentrations are visible at the fault. A pore pressure increase is observed at the right side of
the fault, while a pore pressure decrease moves along the propagating earthquake towards the left
edge of the fault. The pore pressure increase results in a lower e↵ective normal stress, whereas
the pressure decrease creates a suction, resulting in a higher e↵ective normal stress. Figures 13.2
(e) - (f) present the fields at time t = 1.9565 s shortly after the earthquake has propagated across
the fault. The slip has increased significantly over the entire fault since the last time point and
pressure concentrations are visible at the edges of the fault. Figures 13.2 (g) - (h) present the fields
at time t = 2.1 s at the end of the simulation, after the earthquake rupture. Here no significant
slip has occurred since the last time point, but the sharp pressure concentrations at the edges of
the faults have now di↵used. It is worthwhile to note that for a model where the fluid di↵usion
equation does not depend on displacement, i.e for a one-way coupled model, the time evolution
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Figure 13.1: Schematic figure of the problem setup in the injection problem. The fluid injector is
located in the origin and the boundaries of the domain are impermeable. The colored region on
the south boundary indicates the fault.

of the pressure is only determined from di↵usion. Therefore such a model would not capture the
full behavior of the time evolution of the pore pressure presented in Figure 13.2. These results
therefore highlight the need for a fully coupled model when studying induced seismicity.

Figure 13.3 shows the slip velocity V as a function of time, measured at the leftmost, center and
rightmost point on the fault, indicated by Vl, Vc and Vr, respectively. Characteristic for earthquake
nucleation, the slip velocities are low until the earthquake nucleates, which occurs at t ⇡ 1.95 s,
at which point the slip velocity increases dramatically. Since the earthquake is propagating from
right to left, the leftmost point on the fault experiences a more violent increase in slip velocity,
compared to the other points on the fault.

13.4 Influx Problem

In the influx problem setup, the fluid injector is not modeled explicitly in the poroelastic block, as
in the injection problem setup presented in Section 13.3. Instead fluid flow enters the domain from
the west boundary. In this problem setup, the medium has a horizontal damage zone in a region
near the fault, where the permeability is higher compared to the rest of the poroelastic block.
Since permeability is higher, the fluid can flow through this region more easily. The damage zone
stretches from y = �0.8 m to y = �1 m and the permeability is as follows:

(y) =

(
0.025 m2/(GPas), �0.8 < y < 1,

2.5 m2/(GPas), �1 < y  �0.8.
(13.40)

A schematic of the problem setup can be seen in Figure 13.4. The rest of the poroelastic parameters
are chosen as in the injection problem seen in (13.21) - (13.24). In the injection problem setup, the
west boundary is impermeable, imposed through a discharge velocity boundary condition. Here a
discharge velocity boundary condition is instead used to impose the fluid flow at the west boundary
in the following way:

qx = qW (y), (x, y) 2 ⌦W , (13.41)

where

qW (y) =

(
0.1 m/s, �0.8 < y < 1,

0.001 m/s, �1 < y  �0.8.
(13.42)

Here qW (y) is chosen such that the pressure gradient along the west boundary, px
��
x=0

, is constant.
The rest of the boundary conditions are imposed as in the injection problem setup, seen in (13.10) -
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(a) Pore pressure p at t = 1.9045 s
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(b) Slip us at t = 1.9045 s
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(c) Pore pressure p at t = 1.9516 s
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(d) Slip us at at t = 1.9516 s
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(e) Pore pressure p at t = 1.9565 s
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(f) Slip us at t = 1.9565 s
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(g) Pore pressure p at t = 2.1 s
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(h) Slip us at at t = 2.1 s

Figure 13.2: Simulation of the injection problem.
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Figure 13.3: Slip velocity as a function of time for the injection problem, measured at the leftmost,
center and rightmost point of the fault, indicated by Vl, Vc and Vr, respectively. The dramatic
increase in slip velocity at t ⇡ 1.95 s indicates an earthquake nucleating.

(13.13). The frictional properties and initial conditions are also chosen as in the injection problem,
seen in (13.28) - (13.35) and in (13.36) - (13.39) respectively.

The problem is discretized using the fluid content formulation, seen in (8.30) - (8.36) on a
200⇥ 200 grid. The second order SBP operators with second order Dirichlet boundary conditions,
imposed using the Robin technique is utilized for the spatial discretization. Since the spatial
resolution is chosen as in the injection problem, it is clear that the critical wave length hf is well
resolved in this simulation as well. The influx problem is simulated from t = 0 s to t = 4.5 s using
a local error tolerance ✏ = 10�5 for the adaptive RK23 time integrator.

Figure 13.5 shows snapshots of the pressure p, and the slip us at di↵erent times during the
simulation. Figures 13.5 (a) - (b) present the fields at time t = 3.2215 s, before the nucleation
of the earthquake. The pore pressure di↵uses through the damage zone and one can see that the
amount of slip is building up on the left side of the fault. Figures 13.5 (c) - (d) present the fields
at time t = 3.2875 s, when an earthquake has nucleated and propagates along the fault. A notable
increase in slip at the center of the fault is visible, driven by the increase in pore pressure. The
propagating earthquake gives rise to a pressure decrease in its wake. Figures 13.5 (e) - (f) present
the fields at time t = 3.2883 s, right after the earthquake has propagated across the fault. The
slip us has increased significantly and the slip event has propagated through the fault. Note that
there are pressure concentrations clearly visible at the edges of the fault. Figures 13.2 (g) - (h)
present the fields at time t = 4.5 s at the end of the simulation. A slight increase in slip is visible,
and the pressure concentrations at the edges of the fault have now di↵used. Again we stress that
a one-way coupled model would not capture the full dynamics of the seismic event presented here.

Figure 13.6 shows the slip velocity V as a function of time, measured at the leftmost, center and
rightmost point on the fault, indicated by Vl, Vc and Vr, respectively. As in the injection problem,
the slip velocities are low until the earthquake nucleates at t ⇡ 3.3 s. Since the earthquake is
propagating from left to right, the rightmost point on the fault experiences a more violent increase
in slip velocity, compared to the other points on the fault.

In addition to study seismogenic events, it is also of interest to study so-called slow slip events,
where slip velocities are significantly lower. In order to model slow slip, the same problem setup
is used, but with the di↵erence that the state evolution distance Dc is increased from 0.01 mm to
0.04 mm. The slow slip problem is discretized exactly the same way as the influx problem and is
simulated from t = 0 s to t = 12 s on a 100⇥ 100 grid.

Figure 13.7 shows snapshots of the pore pressure p and the slip us at four di↵erent times during
the simulation, while Figure 13.8 shows the slip velocity V as a function of time, measured at the
leftmost, center and rightmost point on the fault, indicated by Vl, Vc and Vr, respectively. The
amount of slip at time t = 4.5 s in the influx problem, seen in Figure 13.5 (g), is comparable to the
amount of slip at time t = 12 s in the slow slip problem, seen in Figure 13.7 (d), but the maximum
slip rate is several orders of magnitude lower in the slow slip setup and the slip changes happen
over a much larger time scale.
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Figure 13.4: Schematic figure of the problem setup in the influx problem. Fluid flows into the
medium from the left, and the green region within the medium indicates the edge of damage zone.
The yellow colored region on the south boundary indicates the fault. The origin is placed in the
center of the domain.

14 High-Performance Implementation

To be able to simulate problems of large size where high resolution is required, it is important that
the implementation of the numerical method is e�cient. This is especially true for problems in
2D and 3D, where the number of unknowns are 3NxNy in 2D, and 4NxNyNz in 3D. In order for
a numerical method to be accurate and capture the dynamics of a problem, it is important that
relevant problem scales are well-resolved. For poroelastic problems involving friction, this means
resolving the critical wave length hf for friction introduced in Section 13.1, but may also include
resolving di↵usive boundary layers, both of which may result in systems with many unknowns. As
part of the present study, a parallel high-performance implementation for distributed computing
is implemented in C++, using the scientific computing framework Portable, Extensible Toolkit
for Scientific Computation (PETSc). PETSc is an open source project, intended to ease the
development of large-scale scientific application codes in Fortran, C, C++, and python. The
framework consists of a variety of libraries for handling objects such as vectors and matrices and
support the MPI standard for message passing on distributed machines, GPU acceleration through
CUDA or OpenCL as well as hybrid MPI-GPU parallelism. It also provides a library for solving
linear systems of equations, where a variety of Krylov-subspace methods and preconditioners are
available [3], [4].

In the present study the injection and influx problems are implemented in C++, using the
PETSc framework. The SBP-operators and vectors used in the fluid content discretization are
built as sparse matrices and vectors in Matlab, which are then used in the C++ code for parallel
computations. A single communicator group is used and the matrices and vectors are distributed
across all the processes in the communicator, where contiguous rows are assigned to processes,
starting from the process with rank zero. Figure 14.1 presents how the distribution is carried out
for a 3 ⇥ 1 vector and a 3 ⇥ 3 matrix. When the matrices and vectors are distributed, PETSc
support matrix and vector addition and multiplication in parallel, where communication is handled
automatically. The same is true for solving linear systems of equations, using both direct or iterative
solvers [3]. In the present study, the parallel sparse direct solver MUltifrontal Massively Parallel
sparse direct Solver (MUMPS) has been used.

To measure the performance of the high-performance implementation a scaling study is carried
out on the influx problem presented in Section (13.4). Scaling refers to running the program on an
increasing number of cores and studying how the runtime changes. There are two types of scalings,
namely strong scaling and weak scaling. Strong scaling refers to how the runtime T (m, k) scales
for a fixed problem size m, when increasing the number of cores k. When running a perfectly
parallel program on k cores, the runtime should ideally take 1/k the amount of time compared
to a serial run and linear speedup is measured. Typically a program scales well up until a point
where an optimal number of elements are assigned to each core. After that point, increasing the
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(a) Pore pressure p at t = 3.2215 s
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(b) Slip us at t = 3.2215 s
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(c) Pore pressure p at t = 3.2875 s
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(d) Slip us at at t = 3.2875 s
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(e) Pore pressure p at t = 3.2883 s
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(f) Slip us at t = 3.2883 s
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(g) Pore pressure p at t = 4.5 s
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(h) Slip us at at t = 4.5 s

Figure 13.5: Simulation of the influx problem.
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Figure 13.6: Slip velocity as a function of time for the influx problem, measured at the leftmost,
center and rightmost point of the fault, indicated by Vl, Vc and Vr, respectively. The dramatic
increase in slip velocity at t ⇡ 3.33 s indicates an earthquake nucleating.

number of cores further only increases the amount of communication necessary and thus will slow
down the program due to parallel overhead. However, it is important to be aware that a program
usually contains serial parts, whose execution time will not be a↵ected when varying the number
of cores, and thus linear speedup is seldom seen. Measuring strong scaling is therefore of interest
when trying to minimize the runtime of a problem of fixed size. For some applications, instead of
minimizing the runtime for a fixed problem size, it might be more interesting to know how much
larger problems can be solved in the same amount of time. This can be studied using weak scaling.
Weak scaling refers to the runtime T (m, k) measured when increasing the number of cores k, while
keeping the number of elements per core constant by increasing the problem size m. Ideally the
runtime should stay the same, when solving a problem that is m times larger [13]. The profiling
is carried out on the Stanford Center for Computational Earth & Environmental Science (CEES)
cluster. The cluster consists of 159 nodes where each node on the cluster houses 24 cores and each
core is a Intel(R) Xeon(R) CPU E5-2670 v3 @ 2.30GHz processor. Each process in the parallel
implementation is run on an individual core. All scaling studies are done without writing any data
to file.

To profile strong scaling, runtime and speedup is measured. The speedup of a problem of size
m running on k cores is calculated as

Speedup(m, k) =
T (m, 1)

T (m, k)
=

Tser

Tpar
. (14.1)

Furthermore the metric e�ciency is used, to measure how close the parallel implementation is to
ideal speedup. For strong scaling it is given by

E�ciency(m, k) =
Speedup(m, k)

k
. (14.2)

The influx problem is simulated on a 500⇥500 grid using second order SBP-operators, with second
order accurate Dirichlet conditions imposed using the Robin technique. The simulation is run for
10 time steps, using the step size �tstab. The simulations are carried out on 1 - 24 cores and
are repeated 5 times for each core setup. The lowest runtime measured across the time stepping
procedure is then recorded. The measurements do not account for the initialization process of the
linear solver, where the LU-factorization of the linear system is computed. This is because the LU-
factorization is reused in each iteration throughout the time integration. The resulting runtime,
speedup and strong scaling e�ciency, for each set of cores is presented in Figure 14.2. It is clear
from Figure 14.2 that the speedup increases up to 20 cores, where it peaks at Speedup = 5.8546
with a runtime of 1.75702 s. After 20 cores, the speedup decreases, due to parallel overhead. Since
a decrease in speedup is visible when increasing from 20 to 24 cores, no measurements are made
on several nodes. It is also clear that the strong scaling e�ciency decreases when increasing the
number of cores. The decrease might be due to the increase of parallel overhead in contrast to the
amount of computation done per core. Another explanation for the decrease of e�ciency could
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(a) Pore pressure p at t = 4.0083 s
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(b) Slip us at t = 4.0083 s
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(c) Pore pressure p at at t = 6.0054 s
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(d) Slip us at at t = 6.0054 s
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(e) Pore pressure p at t = 7.6342 s
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(f) Slip us at t = 7.6342 s
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(g) Pore pressure p at t = 12 s
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(h) Slip us at t = 12 s

Figure 13.7: Simulation of the slow slip problem.
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Figure 13.8: Slip velocity as a function of time for the slow slip problem, measured at the leftmost,
center and rightmost point of the fault, indicated by Vl, Vc and Vr, respectively. The slip velocities
are all considerably smaller than what is measured in Figure 13.6, and evolve at a larger time scale.

be load imbalance of matrices and vectors occurring due to how PETSc handles the partitioning.
In addition to the runtime of the time stepping procedure, the total time spent solving the linear
system in the mechanical equilibrium equation, denoted Tlin, is measured. Table 14.1 presents
Tpar, Tlin, speedup and strong scaling e�ciency for increasing number of cores. Note that the
serial runtime is given by Tpar(1, 1). From the table it is also clear that about 95 % of the runtime
is spent solving the linear system, and thus any optimization at this problem size should focus on
speeding up the linear solve.

To profile weak scaling the grid size and number of processes are varied such that the number
of elements per core remains relatively constant. The number of unknowns on a N ⇥ N grid is
m = 3N2. This means that for the optimal speedup measured on 20 cores the number of unknowns
per core is 3 · 5002/20 = 37500. Therefore, in order to minimize the necessary computation time

in the weak scaling study conducted, N and k are chosen such that 3N2

k ⇡ 37500 or equivalently
N2

k ⇡ 12500. The profiling is done using 24 cores per node, while increasing the number of

nodes and therefore N is chosen to be the nearest integer to
p
k · 12500. This will result in m/k

remaining approximately constant. The main metric for weak scaling is sizeup which measures
how the computation rate R(m, k) = m(k)/T (m(k), k) varies with increasing number of cores and
is given by

Sizeup(m, k) =
R(m(k), k)

R(m(1), 1)
=

m(k)T (m(1), 1)

m(1)T (m(k), k)
. (14.3)

To measure the e�ciency of the parallel implementation with respect to sizeup the following metric
is used

E�ciency(m, k) =
Sizeup(m, k)

k
. (14.4)

The measurements are carried out when increasing the number of cores from 1 to 96 and increasing
the number of unknowns accordingly. Similar to the procedure in the strong scaling study, the
simulations are run for 10 time steps, using the step size �tstab. Each simulation is run 5 times
and the lowest runtime measured over the time stepping procedure is recorded. The runtime,
sizeup and weak scaling e�ciency are presented in Figure 14.3 and Table 14.2 presents Tpar, Tlin,
sizeup and weak scaling e�ciency for increasing number of cores and unknowns. It is clear from
the results that the problem does not to scale well weakly. Within a node the e�ciency drops
to 0.1946, which is slightly lower than the strong scaling e�ciency. When using two nodes or
more, the runtime increases, the sizeup starts to decrease, and the e�ciency drops dramatically.
This could be attributed to the fact that communication across nodes is much more costly than
communication within a node. In addition to this the amount of parallel overhead increases with
increasing number of cores. It is also clear from Table 14.2 that the ratio of time spent solving the
linear system of equations decreases.

Even though the results from the scaling studies are not satisfactory for larger numbers of cores,
the high-performance code is still a lot more e�cient than the Matlab code. For comparison,
simulating the influx problem on a 112 ⇥ 112 grid from t = 0 s to t = 10�tstab s, takes 19.9862
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Figure 14.1: Schematic of matrix and vector distribution across two processes in PETSc.

Table 14.1: Runtime Tpar, time spent solving the linear system Tlin, speedup and strong scaling
e�ciency for the influx problem on a 500 ⇥ 500 grid, simulated from t = 0 s to t = 10�tstab s,
when increasing the number of cores k.
k 1 2 4 8 12 16 18 20 22 24
Tpar [s] 10.2866 6.3121 3.6392 2.4772 2.3011 2.1670 1.8661 1.7570 1.9141 1.9475
Tlin [s] 9.8448 5.9642 3.3866 2.3346 2.1870 2.0612 1.7640 1.6604 1.8170 1.8489
Speedup 1.0000 1.6297 2.8266 4.1525 4.4704 4.7469 5.5124 5.8546 5.3742 5.2819
E�ciency 1.0000 0.8148 0.7067 0.5191 0.3725 0.2967 0.3062 0.2927 0.2443 0.2201
Tlin/Tpar 0.9570 0.9449 0.9306 0.9424 0.9504 0.9512 0.9453 0.9450 0.9493 0.9493

seconds inMatlab, whereas it only takes 0.4190 seconds using the high-performance code (running
on 1 core). However, the result of the scaling study indicates that there is room for improvement on
the parallelization of the code, and that a more extensive profiling would be beneficial for solving
larger problems.

15 Discussion and Future Work

This section discusses some limitations of the present study and some suggestions for future work.
The proposals are related to improving the numerical properties of the SBP-SAT scheme and
constructing schemes for more general problem setups, implementing a convergence study and a
more realistic problem setup for the frictional problems as well as improving the e�ciency of the
high-performance code.

15.1 Numerics

The Robin technique used to impose both Dirichlet and Neumann boundary conditions is relatively
easy to work with and therefore makes the implementation of new problem setups with di↵erent
boundary conditions fast, since one can switch the type of boundary conditions by changing only
one parameter. However, the Robin technique makes the system significantly sti↵er, compared
to a standard Dirichlet condition. When using the pressure formulation this may not be of great
importance, but for the fluid content formulation, which is time integrated explicitly, a sti↵er
system implies smaller time steps. This is especially relevant if higher order accuracy is required,
since higher order accurate Dirichlet conditions introduce more sti↵ness to the system than lower
order accurate Dirichlet conditions.

Table 14.2: Runtime Tpar, time spent solving the linear system Tlin, speedup and weak scaling
e�ciency increasing for the influx problem simulated from t = 0 s to t = 10�tstab s, when increasing
the number of cores and unknowns.
k 1 4 16 24 32 48 72 96
m 37632 150528 602112 37632 900912 1801875 2701803 3597075
Tpar [s] 0.4190 0.6946 1.5010 2.1479 11.4462 13.5478 48.2114 63.4437
Tlin [s] 0.4013 0.6335 1.4199 2.0275 10.2377 11.9423 30.6682 43.8529
Sizeup 1.0000 2.4129 4.4664 4.6703 1.3179 1.4809 0.5073 0.5054
E�ciency 1.0000 0.6032 0.2791 0.1946 0.0366 0.0309 0.0070 0.0053
Tlin/Tpar 0.9577 0.9121 0.9459 0.9439 0.8944 0.8815 0.6361 0.6912
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(c) Strong scaling e�ciency for 1-24 cores

Figure 14.2: Strong scaling results of the influx problem on a 500⇥500 grid, simulated from t = 0 s
to t = 10�tstab s.
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(b) Weak scaling sizeup for 1-96 cores
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(c) Weak scaling e�ciency for 1-96 cores

Figure 14.3: Weak scaling results of the influx problem. The problem is simulated on from t = 0 s
to t = 10�tstab s for increasing number of unknowns m and cores k.
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A potential improvement to the present study would therefore be to impose the Dirichlet
conditions using the standard Dirichlet technique instead of the Robin technique. Showing well-
posedness with standard Dirichlet conditions is considerably more involved for hyperbolic and
elliptic equations, which would result in a more involved treatment of the mechanical equilibrium
equation. However, Duru and Virta provide the analysis for such Dirichlet conditions for the elastic
wave equation, which bears many similarities to the analysis for the mechanical equilibrium equa-
tion presented in this report [9]. Imposing Dirichlet conditions in the fluid di↵usion equation is
more straightforward compared to the mechanical equilibrium equation. Also note that the Dirich-
let conditions in the fluid di↵usion equation determine the stability condition and are therefore
of greater interest, if the time stepping is a limiting factor, while the Dirichlet conditions in the
mechanical equilibrium equation a↵ect the e�ciency of iterative solvers, when solving the system
of equations for the horizontal displacement u and the vertical displacement v in the mechanical
equilibrium equation.

In the present study all problem setups are defined on a rectangular domain, which is why
a useful extension would be to introduce curvilinear coordinates. With curvilinear coordinates
one can study the linear poroelastic equations in more complex geometries, making it possible
to study more general problem setups. Furthermore only two dimensional problem setups are
considered in the present study, while real problems of course are three-dimensional. An extension
to three spatial dimensions would therefore make it possible to study more problem setups, where
no assumptions about invariance in di↵erent coordinate directions have to be assumed.

15.2 Rate-and-State Friction

There are no analytical solutions available for the problem setups with rate-and-state friction
studied in Section 13 and in the present study no convergence studies have been conducted for the
frictional problems, meaning that no rigorous convergence proofs have been obtained. Therefore
it would be worthwhile to implement a convergence study using the method of manufactured
solutions, discussed in Section 10, also for the frictional problem setups.

In the present study the fault is modeled using boundary conditions, which implies some sym-
metry conditions between the two poroelastic blocks surrounding the fault. It is more general
to model the fault as an interface as opposed to a boundary, allowing for asymmetry between
the poroelastic blocks. Since the symmetry conditions are rarely seen in real world application,
introducing an interface makes it possible to model more general and realistic problem setups.

An explicit time integrator is used for the frictional problem setups in the present study, since
the time step is restricted by the requirement of resolving the fast evolving earthquakes and not
from the stability condition during the seismic periods. In the interseismic periods however, the
stability condition is what limits the time steps. Therefore an interesting option to explore would
be to switch between the pressure and the fluid content formulation adaptively, so that short time
steps are performed explicitly during the seismic periods and longer time steps are performed
implicitly during the interseismic periods.

15.3 High-Performance Implementation

The scaling study indicates that more profiling should be done in order to identify bottlenecks,
both in the computations but also in the parallelization of the code. Currently PETSc handles
the partitioning of matrices and vectors across the cores automatically. This could result in load
imbalance and therefore it could be beneficial to explicitly handle the partitioning.

In the present study a direct solver is used to solve the mechanical equilibrium equation, but
for larger problems iterative solvers are oftentimes more e�cient. In order to benefit fully from
such a solver, it is important to construct a good preconditioner, which is beyond the scope of
the present study. Another matter to explore that would be beneficial for an iterative solver is to
symmetrize the problem. It would then be possible to use an e�cient iterative solver, such as the
Conjugate-Gradient method, which has a high convergence rate.

In the current high-performance implementation, the computations are carried out using a
matrix-based approach, where matrix versions of the SBP operators are used for the discretizing
of the linear poroelastic equations. It is also possible to use a stencil-based approach, where no
matrices are built. Instead each unknown is updated according to some code block determined from
the SBP discretization. Since the SBP operators are easily represented as matrices the matrix-
based approach is more straightforward to implement, but the stencil-based approach is much more
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memory e�cient, since no matrices have to be stored. For very large problems the matrices do not
fit in memory, resulting in very costly memory accesses. For large scale three dimensional problems
the stencil-based approach is therefore preferred, since the memory requirements are oftentimes
a limiting factor. When using a stencil-based approach it would also be more straightforward
to partition the domain in halo regions, rather than partitioning all matrices and vectors over
contiguous rows of memory. This could potentially result in a more load-balanced parallelization,
decreasing the amount of parallel overhead.

16 Conclusion

Well-posedness and semi-discrete stability have been shown for the linearized poroelastic equations
in both one and two spatial dimensions with a set of physical boundary conditions using the energy
method. The governing equations are discretized spatially using the SBP-SAT technique and semi-
discrete stability is proven using the energy method in one and two dimensions.

The correctness of the schemes are verified through rigorous convergence studies using the
method of manufactured solutions, from which the expected convergence rates for second and
fourth order SBP operators are obtained. Mandel’s problem and the line source problem, two
problems where analytical solutions are available, are simulated using the SBP-SAT discretizations.
For both problems, the numerical simulations are satisfactory and converge towards the analytical
solutions with grid refinement. Simulations of earthquake nucleation due to fluid injection using
rate-and-state friction are implemented for two problem setups. Simulations of both problem setups
feature earthquake nucleation, indicating that earthquakes may be triggered from the increased
pore pressure introduced by fluid injectors. The results show that a fully coupled model captures
dynamics that are not seen in a one-way-coupled modeled.

Suggestions for future work include extending the numerical scheme to handle three spatial
dimensions and curvilinear coordinates, imposing standard Neumann and Dirichlet conditions as
opposed to Robin conditions, modeling the fault as an interface instead of as a boundary and
conducting a convergence study for the frictional problems, as well as improving the e�ciency of
the high-performance code.
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