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Abstract

High-fidelity 3D acoustic simulations of wind turbines
with irregular terrain and different atmospheric
profiles
Erik Hedlund

We study noise from wind turbines while taking irregular terrain and non-constant
atmosphere into consideration. We will show that simulating the distribution of 3D
acoustic waves can be done by using only low frequencies, thus reducing the
computational complexity significantly.
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Sammanfattning

Rapporten beskriver utformandet av efterbehandlingsmetoder samt nume-
riska och fysiska valideringstester för ett sedan tidigare utvecklat verktyg.
Verktyget simulerar med hög tillförlitlighet akutisk v̊agutbredning i tre di-
mensioner med irreguljär mark och olika atmosfäriska profiler. Verktyget är
baserat p̊a finita differensmetoder med fjärde ordningens noggrannhet. En
kombination av högre ordningars noggranna “summation-by-parts”(SBP)
operatorer och “the Simultaneous Approximation Term”(SAT) ger SBP-
SAT metoden, vilken används för att diskretisera problemet. Det är viktigt
att se till att icke-fysikaliska ljudspridning inte uppst̊ar, vilket kallas strikt
stabilitet. En av SBP-SAT metodens främsta styrkor är att man kan bevisa
att den är strikt stabil.

Målet är att genom att simulera vindkraftverk f̊a fram tillförlitliga re-
gioner inom det simulerade omr̊adet där ljudniv̊an kan fastställas att icke
överskrida en viss niv̊a. En metod baserad p̊a konvexa höljen utvecklas för
att uppn̊a detta. När man simulerar ljudutbredning s̊a behövs ett visst an-
tal beräkningspunkter per v̊aglängd för att f̊a en tillförlitlig lösning. Dock
s̊a ökar mängden mätpunkter som behövs med frekvensen i kubik, vilket
medför att problemet blir beräkninsmässigt omöjligt för höga frekvenser. Vi
utg̊ar fr̊an att ljudutbredningsprofilen l̊angt bort fr̊an vindkraftverken bara
är svagt beroende av frekvensen, vilket skulle innebära att simuleringar med
l̊aga frekvenser räcker för att f̊a en tillförlitlig ljudutbredningsprofil. Detta
ger ett avsevärt mindre problem beräkningsmässigt. I rapporten visar vi att
6 punkter per v̊aglängd tycks vara tillräcklig upplösning. Resultaten visar
att 10 Hz tycks ge en tillförlitlig ljudutbredningsprofil, medan 5 Hz tycks
vara för l̊ag frekvens. Vidare studeras en storskalig vindkraftpark, där man
ser att varitioner i atmosfären har väldigt svag inverkan p̊a ljudutbrednings-
profilen. Däremot ger de tv̊a olika m̊att p̊a ljudniv̊ar som oftast används (dB
och dBA) helt olika bilder av ljudprofilen.
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1 Introduction

Today’s stricter regulations regarding sound levels in the work place, from
constructions etc. has created a need to develop a new and highly accurate
method to simulate sound levels. There are different regulations for different
kinds of noise. For example the regulation concerning sound pressure level
(SPL) in the far-field for wind turbines is 40 dBA, while for traffic noise
the regulation is 55 dBA. This increases the constraints on building wind
turbines, something that already undergoes big pre-building surveys. The
ability to accurately pre-determine the noise levels would make wind turbines
more acceptable and cause less friction with the inhabitance in the area
afterwards. Developing an accurate model has several challenges.

The sound from wind turbines has a large spectral bandwidth, ranging
from infrasound (1-20 Hz) to 10,000 Hz. Important considerations are at-
mospheric composition, wind, the topography and interference created by
multiple turbines. When two sound waves interact it can result in both
constructive and destructive interference, see Figure 1. This creates a much
more complex sound pattern.

Figure 1: Constructive and destructive interference.

Wind turbines are most often modelled as point-sources. This is most
likely a valid assumption in the far-field (say more than a kilometer away) for
sound propagation, although this has been questioned [4]. Ideally a sound
generation model should exist for the near field. This is however a highly
non-linear phenomenon which is very difficult to simulate. Many popular
methods [3] do not actually simulate sound waves. Instead, they approxi-
mate sound waves by using geometrical ray theory. This works well for high
frequencies but fails to capture interference phenomena. Topographical im-
plications are often over-looked or implemented in an ad hoc manner.

Our model is the 3 dimensional time-dependent acoustic wave equation
utt = c2∇2u that describes the propagation of waves within a medium. It
has been shown in [9] that high order (at least third order) spatially accurate
finite difference schemes as well as a high order time marching method are
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ideally suited to solve such problems.
The domain is much larger then the wave lengths, which implies that

waves have to travel for a long time. It is therefore imperative that non-
physical growth in time is not an issue, something that is called ’strict
stability’ for numerical methods. The implementation is done using the
summation-by-parts simultaneous approximation term (SBP-SAT) method,
one of whose greatest strengths is the ability to easily prove strict stability.
The SBP-SAT method is a high order finite difference (HOFD) method
that combines finite difference operators that satisfy an SBP formula with
physical boundary conditions implemented using the SAT method. A recent
review of the SBP-SAT method can be read in [2].

To resolve wave-propagation a certain number of points per wave length
(ppw) is required. This makes high-frequency wave propagation too com-
putationally demanding in large 3D domains, since the number of points
simulated increases with the frequency cubed. One of our hypotheses is
that the SPL in the far-field is only weakly dependent on the frequency.
This would make it possible to obtain approximate SPL using only cheap
simulations of low frequency noise.

SPL are usually measured in dB or dB A-weighted (dBA) measurements.
The reason dBA was introduced was the earlier notion how sound is per-
ceived by humans (it is more logarithmic). The dBA puts different weights
on the different frequency bands (octaves), which in practice means that
low frequency sound is more or less ignored in the measurement of SPL in
the far field. Low frequency and infrasound is not attenuated much as it
propagates in the atmopsphere and is hard to shield from. Most surveys are
done with dBA measurements. Recent studies have however shown that low
frequency sound can be harmful for humans in high enough doses, see for
example [6] [7].

The main focus in the present study is to use a high-fidelity wave propa-
gation tool developed in [10] and [1], to study sound propagation phenomena.
For more details of the numerical method see [1]. The study will contain:

1. The development of post process methods to be able to interpret the
simulated data.

2. Numerical validation, where the number of ppw necessary is deter-
mined and the effects of the boundaries are investigated.

3. The effect frequency have on the SPL.

4. The model is extended to incorporate atmospheric attenuation.

In Section 2 we introduce some definitions to discretize the wave equa-
tion. In Section 3 our post processing methods are presented. In Section 4
we show the results from the numerical validation. In Section 5 we show the
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dependence on frequency. In Section 6 we introduce the atmospheric atten-
uation and perform a big scale test of our model. Conclusions are presented
in Section 7.

2 Definitions

To explain the SBP-SAT methodology some definitions are needed. For the
real-valued functions u, v ∈ L2[0, 1] we let an inner product and correspond-
ing norm be defined as follows:

(u, v)a =

∫ 1

0
u∗va(x) dx, a(x) > 0, (u, u)a =

∫ 1

0
u∗ua(x) dx = ‖u‖2a,

(1)
where the domain (0 ≤ x ≤ 1) is discretized using the N + 1 equidistant

grid points:

xi = ih, i = 0, 1, . . . , N, h =
1

N
.

Where the exact solution is represented by u and the approximate solu-
tion at grid point xi is denoted vi. This gives us the discrete solution vector
vT = [v0, v1, . . . , vN ] in 1-D.

The diagonal and positive definite matrix H is a discrete integration
operator which is used to get a discrete version of the L2 inner product:

(u, v)Ha = uTHAv, ‖v‖2Ha
= vTHAv, (2)

where A is the projection of a(x) on the diagonal. The following vectors
will be frequently used:

~e0 = [1, 0, . . . , 0]T , ~eN = [0, . . . , 0, 1]T . (3)

Definition 1. A discrete second derivative operator on the form D
(b)
2 =

H−1(−M (b) + B̄S) is used to approximate ∂
∂x(b ∂∂x). D

(b)
2 is said to be on

summation-by-parts form if H = HT ≥ 0, M = M∗ ≥ 0, S approximates
the first-derivative operator at the boundaries and B̄ = ~b~eTN − ~b~eT0 , ~b =
[b0, 0, . . . , 0, bN ] .

2.1 1 dimensional problem

In 1 dimension our problem is this second-order hyperbolic equation:

autt = (bux)x, 0 ≤ x ≤ 1, t ≥ 0,
αut − bux = g1, x = 0, t ≥ 0,
αut + bux = g2, x = 1, t ≥ 0,
u = f1, ut = f2, 0 ≤ x ≤ 1, t = 0,

(4)
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where a(x) > 0 and b(x) > 0. We show stability by using the “the energy
method”. Multiplying the first equation in (4) by ut, integrating by parts
and imposing the boundary conditions gives us

d

dt

(
‖ut‖2a + ‖ux‖2b

)
= −2 (αut − g2)ut|x=1 − 2 (αut − g1)ut|x=0 . (5)

An energy estimate is obtained if α ≥ 0, which makes (5) non growing
in time. The discrete approximation of (4) using the SBP-SAT method is

Avtt = D
(b)
2 v −H−1τe0 {(αvt −BSv)0 − g1}

−H−1τeN {(αvt +BSv)N − g2} ,
(6)

where e0 and eN are defined in (3). We use the same initial conditions
v = f1, vt = f2 as in the continuous case. The matrices A and B have the
values of a(x) and b(x) injected on the diagonal.

Applying the discrete energy method by multiplying (6) by vTt H and
adding the transpose gives us

d
dt

(
‖vt‖2Ha

+ vTM (b)v
)

= −(vTt )0 (2− 2τ) (BSv)0 + (vTt )N (2− 2τ) (BSv)N

+2τ
(
vTt (g1 − αvt)

)
0

+ 2τ
(
vTt (g2 − αvt)

)
N
.

Setting τ = 1 gives us

d

dt

(
‖vt‖2Ha

+ vTM (b)v
)

= −2
(
vTt (αvt − g)

)
0
− 2

(
vTt (αvt − g)

)
N
. (7)

Where equation (7) is a semi-discrete version of (5). For a full discretization
in 3-D read [1].

3 Post processing methods

This section concerns post processing techniques of the data collected from
simulations. The desired end result is an encircled region on the map within
which the sound level can confidently be shown to be at a certain level. In
order to encircle the region within which the propagation loss is at a certain
level several methods were tested. The topography used is taken from Hofors
[8], in Sweden, where there was a proposed wind farm. In Figure 2 we
see our previous result for a specific configuration, the topography and the
calculated TL of noise.

We will describe two different post processing techniques and evaluate
their performance. The output for our calculations is a 3 dimensional matrix
of size (N + 1)× (N + 1)× (N + 1)heightwidth . We choose an (N + 1)× (N + 1)
matrix at the first level above the ground, where each matrix entry rep-
resents the SPL at a corresponding grid point. Because of interference the
measurements are quite varied and it is difficult to specify a region precisely.
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Figure 2: On the left is the topography of Hofors with 9 wind turbines
depicted by black dots. Yellow colour indicates heights. On the right is a
3D simulation of the transmission loss for 10 Hz for a linear atmosphere.
Blue colour indicates high sound level.

3.1 The ”average” method

The basic idea in the average method is to divide the matrix into sub ma-
trices of size n×n and take the average of those values and reallocate those
values to a new (N + 1)/n × (N + 1)/n matrix. This creates an average
across the whole domain. The result of this can be seen in Figure 3 and in
a contour plot in Figure 4, where the sound levels are encircled. Higher n
values are needed to obtain a picture with smooth contour lines. Unfortu-
nately this creates a not very conservative estimation, that diminishes the
distance of the distribution of sound. We introduce weighted averages (see
Figures 5 and 6). The weights are w = 1, 2, . . . , p, where p is the number
of points. The most conservative point gets the highest weight. In order to
create a smoother surface we assign each grid point with the average value
of itself and all directly adjacent grid points. This gives us Figures 7 and 8.
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Figure 3: Transmission loss when different grid averages are taken over the
domain.

Figure 4: Contour plot of the transmission loss when different grid averages
are taken over the domain.
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Figure 5: Transmission loss when different grid averages are taken over the
domain with weights.

Figure 6: Contour plot of the transmission loss when different grid averages
are taken over the domain with weights.
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Figure 7: Transmission loss when different grid averages are taken over the
domain with weights and ”smoothing” is performed.

Figure 8: Contour plot of the transmission loss when different grid averages
are taken over the domain with weights and ”smoothing” is performed.
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3.2 The convex hull method

Given an SPL limit, this method locates all points where the limit is ex-
ceeded and then creates a convex hull around these points, see Figure 9.

Figure 9: The first image shows the transmission loss for 10 Hz for the grid
formation. In the second image all the grid points that have less then 35 dB
loss are selected. In the third image a convex hull is created around these
points.

In comparison one can look at the 40 × 40 plot in Figure 8 where the
same line is only represented by the second innermost blue color, which is a
significantly smaller region.

3.2.1 A concave hull method

Also a concave hull was tested, see Figure 10. The concave hull forms a
more tightly drawn region than a convex hull. To get an average for different
conditions several simulations with different phases must be done and the
results be added. This would ”fill in” the empty spaces that the concave
hull produces, thus producing no more accurate results than a convex hull.

Figure 10: A concave hull encompassing a transmission loss of 35 dB. The
green line is a convex hull for reference.
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4 Numerical validation

This section will concern the validation of the numerics. Firstly the number
of ppw necessary to get an accurate solution will be determined. Then the
height of the domain necessary to avoid non physical distribution of the
noise, caused by reflection against the boundaries.

4.1 Different points per wavelength

In order to determine how many ppw that are necessary for a well enough
resolved solution a test is done for 4, 5, 6, 7, 8, 9, 12 and 15 ppw in Figure
11. Data for the simulations are presented in Table 1.

ppw TL min TL max

4 27.15 85.89

5 25.04 79.28

6 24.99 82.43

7 24.90 87.55

8 24.17 88.39

9 24.60 91.29

12 24.53 93.04

15 24.33 88.31

Table 1: The minimum and maximum transmission loss values for different
ppw.

To determine how many ppw that are required for a sufficiently resolved
solution we use the convex hull method to create plots for different levels of
transmission loss (TL) as can be seen in Figure 12 and 13 for 35 and 40 dB
loss respectively. Because of the difficulty to determine which is sufficient we
include underneath each individual plot the percentage of grid points that
are within the SPL limits. As can be seen 6-8 ppw seems to be sufficient.
The reason certain extreme points might seem to disappear for some ppw
and reappear again for higher ppw might be because the grid is different,
and the grid points move.
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Figure 11: The transmission loss when using 5 Hz for 4, 5, 6, 9, 12 and 15
ppw. The coloraxis is set to range from 25 to 90.
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Figure 12: A convex hull encircles the region where the transmission loss
is less than 35 dB for 4, 5, 6, 9, 12 and 15 ppw. The percentage of points
within the SPL limits is written underneath.
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Figure 13: A convex hull encircles the region where the transmission loss
is less than 40 dB for 4, 5, 6, 9, 12 and 15 ppw. The percentage of points
within the SPL limits is written underneath.
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4.2 Different phases

Different weather conditions and wind directions will impact the sound dis-
tribution pattern, they will impact the phases the different wind turbines
will have. To closer test the number of ppw that is necessary in the 6-9
ppw region several simulations with different phases are presented. These
are then combined to present a type of ”average” of several conditions. To
be able to recreate the results, a deterministic phase is added for different
wind turbines. We have used no, increasing and decreasing phase and also
plotted the combination of the three. Increasing phase is defined as 2πi/wt,
where i = 1, . . . , wt and wt is the number of wind turbines. Decreasing
phase is respectively defined as 2π(wt+ 1− i)/wt. Data for the simulations
are presented in Table 2. The results of this can be seen in Figure 14 -
16. We are looking at the combined phases plot and want to find when no
significant change occur when the ppw increases. We judge that 6 ppw is
sufficient.

ppw phase TL min TL max

none 24.99 82.43
6 increasing 25.73 83.43

decreasing 25.34 81.79

none 24.90 87.55
7 increasing 25.63 85.37

decreasing 24.61 89.04

none 24.17 88.39
8 increasing 24.99 82.76

decreasing 24.44 91.21

none 24.60 91.29
9 increasing 25.35 88.71

decreasing 24.44 92.05

Table 2: The minimum and maximum transmission loss values for different
ppw and phases.
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Figure 14: The transmission loss when using 5 Hz for different ppw and
phases. The rows are 6, 7, 8 and 9 ppw, and the columns are none, increasing
and decreasing phase. The coloraxis is set to range from 25 to 90.
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Figure 15: A convex hull encircles the region where the transmission loss is
less than 35 dB for different ppw and phases. The rows are 6, 7, 8 and 9
ppw, and the columns are none, increasing and decreasing phase and lastly
the combination of the three.
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Figure 16: A convex hull encircles the region where the transmission loss is
less than 40 dB for different ppw and phases. The rows are 6, 7, 8 and 9
ppw, and the columns are none, increasing and decreasing phase and lastly
the combination of the three.
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4.3 Height dependency

We perform a study to determine the height necessary to avoid non physical
reflection against the top boundary. The height is the height of the domain.
As can be seen in Figure 12-14, 600 meters seems to be a sufficient height
for this case. The height here represents the height from the ground, where
the lowest wind turbine is placed at about 140 meters and the highest on
240 meters.

Figure 17: The transmission loss when using 6 ppw and different heights.
The coloraxis is set to range from 20 to 90.
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Figure 18: A convex hull encircles the region where the transmission loss is
less than 35 dB for 6 ppw and different heights.

Figure 19: A convex hull encircles the region where the transmission loss is
less than 35 dB for 6 ppw and different heights.
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Figure 20: A convex hull encircles the region where the transmission loss is
less than 40 dB for 6 ppw and different heights.

5 Physics validation

Our main hypothesis will be investigated in this section. We would like to
show that to only simulate using low frequencies is representative of the
whole spectrum. Meaning that we would get approximately the same result
by simulating 10 Hz as 1000 Hz. Since the number of grid points necessary
is scaled by the frequency cubed, thus creating a much less computationally
heavy problem. This is the reason other models do not use the 3D wave
equation, only approximate it.

5.1 Frequency dependence

To check the dependence on frequency a test is performed for 5, 10, 15 and
20 Hz. Simulations with higher frequencies are quite computationally heavy.
One calculation with 40 Hz with 6 ppw and domain size of 1765×1765×282
grid points was performed on 784 processors which took over 12 hours to
complete. The TL can be seen in Figure 21 and comparative convex hulls
of the SPL in Figure 22 and 23. We want to find when no significant change
occur when the frequency increase. Looking at Figure 22 and 23 5 Hz seems
to be the threshold, while simulations for 10 Hz seems to be above it.
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Hz phase TL min TL max

none 24.99 82.43
5 increasing 25.73 83.43

decreasing 25.34 81.79

none 24.68 93.07
10 increasing 24.90 94.45

decreasing 24.90 92.26

none 25.21 95.51
15 increasing 24.94 98.36

decreasing 25.40 96.98

none 24.13 101.17
20 increasing 23.96 99.44

decreasing 24.94 99.19

Table 3: The minimum and maximum transmission loss values with 6 ppw
and different frequencies and phases.
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Figure 21: The transmission loss when using 5, 10, 15 and 20 Hz for 6
ppw and different phases. The rows are 5, 10, 15 and 20 Hz each, and the
columns are none, increasing and decreasing phase. The coloraxis is set to
range from 25 to 90. 22



Figure 22: A convex hull encircles the region where the transmission loss
is less than 35 dB for 6 ppw and different phases. The rows are 5, 10, 15
and 20 Hz, and the columns are none, increasing and decreasing phase and
lastly the combination of the three.
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Figure 23: A convex hull encircles the region where the transmission loss
is less than 40 dB for 6 ppw and different phases. The rows are 5, 10, 15
and 20 Hz, and the columns are none, increasing and decreasing phase and
lastly the combination of the three.
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6 Atmospheric attenuation

This section concerns the introduction of atmospheric attenuation. This is
done by adding an extra term to the 3 dimensional time-dependent acoustic
wave equation, giving us utt = c2∇2u − 2βut. Sound waves are attenuated
by both the intensity and due to absorption, caused by physical properties
of oxygen and nitrogen in the atmosphere. The intensity scales by r−1,
where r is the radius from the sound source. The atmospheric absorption is
modelled by p = pie

−0.1151αs, where pi is the sound level at r = 0. Where
β signifies a constant that is proportional to the amount of attenuation in
the atmosphere. The human ear does not hear frequencies bellow 20 Hz
(infrasound) and hence a weighted measurement system is sometimes used,
which filters away the sound the human ear cannot hear. This is called dB
A-weighted (dBA) measurement. But since recent studies [6] [7] have shown
that infrasound also can have harmful effect on humans this might need to
be reconsidered. We have examined this in 1D and with help of data from
[11] it has been determined that the β = 0.1151αc, and β is 0.0005755 when
using dBA weighted and 0.00002302 for dB weighted.

6.1 Model testing

To test our method in a realistic setting we use the suggested Tjärnäs wind
park in Hofors by E.ON [5]. This is a 10 km by 10 km domain where we have
placed wind turbines in realistic locations on hills, seen in Figure 24. We
use both dB and dBA weighted measurements as well as a linear and con-
stant atmospheric profile. In the linear profile the sound speed increases by
0.1m/s2 per meter in the vertical direction, which is caused by atmospheric
inversion. As can be seen in Figure 25 and 26 the dB weighted measurements
cover a significantly larger region, whereas a linear atmospheric profile only
increases the propagation area slightly.

Figure 24: The topography of Tjärnäs wind park in Hofors, with 10 wind
turbines depicted by black dots placed on realistic locations on hills.
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Figure 25: The transmission loss when using 6 ppw, 5 Hz, different profiles
and dB and dBA weighted measurements. The coloraxis is set to range from
30 to 100.
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(a) 40 (b) 45

(c) 50 (d) 55

Figure 26: A convex hull encircles the region where the transmission loss is
less then the specified number underneath each plot. This was done for 6
ppw, 5 Hz, different profiles and dB and dBA weighted measurements.
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7 Conclusions

In this thesis we have extended the properties of a high-fidelity simulation
tool based on the 3D acoustic wave equation that takes the topography and
different atmospheric conditions into account.

Firstly we develop a new method to interpret the data collected from
the simulations. We concluded that a convex hull method is the most suited
and conservative method to determine the propagation losses.

Secondly we look at the numerical results and make sure they are accu-
rate. Studies showed that 6 ppw gives a sufficiently resolved solution and
that several simulations with different phases are necessary for an accurate
result. To avoid artificial propagation, that is created by reflection against
the top boundary, it is determined that a domain height of 600 meters is
necessary in this case.

Thirdly we try to confirm our hypothesis that it is enough to simulate
on low frequencies to get a valid result. We find that the propagation of
sound does not change much with increased frequency, which means that it
is possible to simulate the propagation of sound using only low frequencies.
This makes the simulations much cheaper and opens up new possibilities for
further studies into the field.

Lastly we make a big scale test of our model based on the proposed wind
park in Hofors by E.ON. As can be seen a linear profile only increases the
region slightly while there is a big difference between dB and dBA weighted
measurements. Only looking at a dBA weighted measurement might there-
fore be misrepresentative.

Future work includes improving our model, wind should be added. Right
now Runge-Kutta of the 4th order is used to discretize in time. To reduce
the amount of RAM necessary to perform the calculations another method
might be used, to perhaps be able to perform the calculations on a powerful
desktop computer.
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