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Sammanfattning

Vindturbiner har vanligtvis byggts i kust- och jordbruksområden, men med en planerad ut-
byggnad av vindkraften i Sverige kommer nya platser behöva övervägas. En vindkraftpark
placerad i inlandet kommer att påverkas av ett annorlunda vindklimat än en vindkraftpark i
kustnära områden, främst på grund av högre turbulensintensitet och kraftigare vindskjuvn-
ing. Dessutom varierar atmosfärens stabilitet snabbare i inlandet.

Nedströms vindturbiner uppstår så kallade vakar. En vindturbinvak är ett område med
lägre vindhastighet och högre turbulensintensitet. I vindkraftparker orsakar vakar effekt-
bortfall vid tillfällen då turbiner befinner sig i vakar från turbiner uppströms. Atmosfärens
stabilitet påverkar vakdiffusionen, instabil skiktning leder till en snabbare återhämtning till
omgivande vindhastighet medan stabil skitning leder till att vaken får en större utbredning.

En ny metod för beräkningar av vakeffekter i vindkraftparker har utvecklats som bygger
på en modell som tar hänsyn till atmosfärisk stabilitet, men i modellen fanns endast uttryck
för neutral skiktning. Den centrala parametern i modellen är den karaktäristiska transport-
tiden som definierar vakens utbredning. Transporttid används tillsammans med Taylors hy-
potes som koordinat i medelvindens riktning. Genom att tillämpa Monin-Obukhov similar-
itetsteori kunde ett nytt uttryck, innehållandes stabilitet och turbulensintensitet, härledas för
den karaktäristiska transporttiden. Med detta uttryck hittades ett sätt att hantera växelverkan
mellan vakar genom att använda turbulensintensitet.

Modellen användes för att skapa ett datorprogram för att beräkna vakeffekter för varierande
atmosfärisk skiktning. I programmet läggs uttrycken för vakarna in i ett stationärt vindfält.
För varje vindriktning beräknas effektutvinningen för olika atmosfäriska förhållanden. För
att utvärdera modellen har den jämförts med mätningar från en småskalig vindkraftpark.

Från tidigare undersökningar fanns värden på den karaktäristiska transporttiden för sta-
bil, neutral, instabil skiktning och dubbelvakar i neutral skiktning. Med programmet kunde
dessa värden fås fram.

Den relativa effektutvinningen beräknades för varierande atmosfärisk stabilitet och jämfördes
med uppmätt effektutvinning. Modellen visade ganska god överensstämmelse med mätningarna.
Stabil skiktning orsakade högre effektbortfall medan instabil skiktning minskade effektbort-
fallet. Dessutom undersöktes den relativa effektutvinningen för ett antal turbiner i rad. Mod-
ellen visade sig återge det jämviktsläge i effektutvinningen som ofta har observerats.
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Abstract

Traditionally, wind turbines have been built in farmlands and coastal areas. However, with
plans ahead of a large expansion of the installed wind power in Sweden new sites have to
be found. A wind farm located in the inland will experience a wind climate different from
a wind farm close to the coast, mainly due to higher turbulence intensity and larger wind
shear. In addition, the atmospheric stability will vary more rapidly.

Wakes will appear downstream wind turbines. A wake is a region of lower wind speed
and higher turbulence intensity. In a wind farm wakes cause power losses in situations when
turbines operate in the wakes of turbines upstream. The wake diffusion process is dependent
on the atmospheric stability, unstable stratification leads to a faster wind speed recovery
while the wake will expand further downstream in stable stratification.

A new method for calculations of wake effects has been developed based on a model
where atmospheric stability is included, but only expressions for a neutral atmosphere were
provided. The main feature of the model is the characteristic transport time, defining the
expansion of the wake. The transport time is used together with Taylor’s hypothesis as the
coordinate in the mean wind direction. By implementing Monin-Obukhov similarity theory a
new expression including stability and turbulence intensity was derived for the characteristic
transport time. With the turbulence intensity appearing in the new expression a way of
handling wake interaction could be found.

The model was used to create a computer program for calculations of wake effects in
different atmospheric stratifications. In the program the wake expressions are superimposed
in a stationary wind field. In each wind direction the power output is calculated for varying
atmospheric conditions. For validation the model has been compared with measurements
from a small wind farm.

From earlier investigations values of the characteristic transport time were provided for
stable, neutral, unstable stratification and double wakes in neutral conditions. With the
method proposed these values could be reproduced.

The relative power output was calculated for different stratifications and compared with
measured power output. The model showed a fairly good agreement with the measured data.
Stable stratification led to higher power losses while unstable stratification reduced power
losses. Moreover, the relative power in a row of turbines was investigated and the model was
found to reproduce the equilibrium in power production often observed.
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1 Introduction
The growing interest for renewable energy sources has led to a large expansion of the installed
wind power in Sweden in recent years (Carlstedt, 2007). Traditionally, wind turbines have been
built in farmlands and coastal areas which provide a suitable wind climate with low turbulence
intensity and few obstacles disturbing the flow. However, with plans ahead of an extensive ex-
pansion (Swedish energy agency, 2008) new sites have to be found, not necessarily along the
coast.

Wind turbines located in the inland will experience an influence from the surroundings dif-
ferent from the coastal areas mainly due to a higher degree of turbulence and larger wind shear.
This is a consequence of a generally higher roughness length causing a more intense disturbance
in the flow. Another aspect is a more rapid variation in atmospheric stratification in the boundary
layer, where the inland show a quicker response to solar radiation than the sea (Stull, 1988). All
these aspects are parts of the wind climate at a certain location and consequently, determine the
performance of wind turbines at a specific site.

When choosing a new site for exploitation the main concerns are the average wind speed and
energy content of the wind at the location. According to the Swedish energy agency (2008) a site
where the average wind speed exceeds 6.5 m/s at 71 meters above the displacement distance is
of interest for building of wind parks. Moreover, one has to consider the frequency distributions
of wind speeds to determine whether a project will prove economically viable.

There are a limited number of suitable sites which is not in collision with other interests.
Therefore, wind turbines are often built in clusters forming wind farms to make optimum use of
favourable places. It is also a way of reducing costs of the necessary structures for energy trans-
portation. The drawback on the other hand is the appearance of wakes in the flow downstream
turbines. In a wind farm there will be situations when turbines operate in wakes, leading to a
lower performance. For this reason, careful attention has to be paid to farm configuration for
minimisation of power losses.

In order to understand the physical properties of wind turbine wakes and quantify the power
losses there has emerged a variety of wake models. They range from advanced numerical models
simulating the turbulent flow, to simpler kinematic models with superimposed wake profiles
in the free wind field. Wake models are often an integrated part of a boundary layer model
that simulates the atmospheric conditions, including stability. Even though the boundary layer
models give a good description of the flow field, highly parameterised wake models may not
account for the changed effectiveness of wake diffusion in a non-neutral atmosphere. While a lot
of investigations of model performance for farmland and coastal conditions have been done, less
is known of other sites.

The aim of this thesis was to develop and evaluate the performance of a new method for cal-
culations of wake effects in wind farms based on an model by Magnusson (1996). In this model
the wake is described in terms of atmospheric stability and turbulence intensity, but only expres-
sions for neutral stratification were provided. To incorporate the influence of different stability
regimes for arbitrary turbines the model has been expanded with Monin-Obukhov similarity the-
ory. In addition, a way to handle wake interaction had to be found. The model is implemented in
MATLAB and the results are compared with measurements from Alsvik wind farm, from which
the model is derived.
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2 Wind energy
The kinetic energy in the wind can be captured and transformed to electricity with the aid of wind
turbines. The use of wind energy has a long history, and the horizontal axis wind mills range
back some 900 years (Medici, 2005). Even though wind energy extracting devices have been
much refined and are under constant improvement, the basic principles of energy conversion are
the same. Theories of aerodynamics of propellers were developed in the early 20th century and
can be applied to wind turbines.

2.1 The wind turbine
The most widely used is the three bladed horizontal axis wind turbine, and this study only ac-
counts for this type of turbine. It consists of a tower with a rotor where the blades are attached to
the hub. Figure 1 shows the construction of typical turbine with a description of turbine charac-
teristics such as the rotor radius R, hub height H , and the area swept by the blades, Ad. Another
turbine specific parameter is the rotational frequency f of the rotor, connected to the rotational
velocity often presented as revolutions per minute, r.p.m.

Figure 1: Wind turbine. Redrawn after (1).
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The produced power of a turbine is related to the rotor area why there has been seen a sig-
nificant growth of the rotor diameter. The largest turbines on the market today have both a rotor
diameter and tower height of approximately 100 meters and have a rated power up to 3-5MW. It
is, nevertheless, the wind speed that governs the energy production.

The turbine starts operating at the cut in wind speed. From the cut in wind speed up to
the rated wind speed the produced power is approximately proportional to the cube of the wind
speed. At the rated wind speed the rated power is reached which is the maximum produced
power. Above the rated wind speed the produced power is ideally constant up to the cut out wind
speed. For higher wind speeds the turbine is turned off to avoid damage. These characteristics
will vary, depending on the size and construction of the turbine (Ivanell, 2005).

The power output must be regulated once the turbine has reached the rated power in order
to avoid overload, but also to prevent fluctuations in the power output (Muljadi and Butterfield,
2000). Most modern turbines are constructed to operate at varying rotor speed, increasing the
wind speed span where the turbine produces maximum power. The rotor speed can be adjusted
by pitching the blades.

For constant speed turbines aerodynamic stall is used for power regulation. Stall occurs when
the wind speed and angle of attack from the wind on the blade increase. The ambient wind speed
constitutes a perpendicular component of the flow the blade experience from rotation, and when
the wind speed increases this component will become more dominant. The increased angle of
attack causes separation of the flow over the rear of the blade, which will reduce the aerodynamic
efficiency. The passive stall effect is solely governed by the design of the blades and the wind
speed (Polinder et al., 2005).

2.2 Simple momentum theory
The kinetic energy contained in the wind can be transformed to mechanical energy through trans-
fer of momentum from the wind to the wind turbine rotor. This will set the turbine in rotation
as a consequence of the aerodynamic qualities of the rotor blades, and a torque at the rotor is
produced. By reducing the kinetic energy in the wind there will be a reduction in the wind speed,
but the wind will also be affected by the rotor torque and attain a torque in the opposite direction.

The simple momentum theory only considers the axial components of momentum transfer,
whereas the general momentum theory accounts for rotational effects as well. A more thorough
presentation of the general momentum theory is done by Sharpe (2004). Sharpe also concludes
that when the blade tip speed is much larger than the incoming wind speed the simple momentum
theory is an adequate approximation.

The rotor plane of a wind turbine can be regarded as a permeable actuator disk affecting the
flow. Such a disk is an approximation of a rotor consisting of a large number of infinitely thin
blades rotating with a tip speed much larger than the incoming wind speed. The force exerted by
the wind is assumed to be evenly distributed over the disk, corresponding to an average of the
forces on the blades of one revolution. For this approximation to hold the flow must be uniform
and incompressible. Neither can there be any obstructions in the flow upstream or downstream
the disk.
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The force from the actuator disc will cause a discontinuity in the static pressure at the disc,
where a small increase will occur in front of the disk, p+

d , and a small decrease behind the disk,
p−d . The pressure drop can be expressed as the change in wind speed by applying Bernoulli’s
theorem and neglecting the effects of rotation on the pressure in the wake

∆p = p+
d − p−d =

1

2
ρ(U2

a − U2
w) (1)

where Ua is the ambient wind speed, Uw the wind speed in the fully developed wake and ρ the
air density. The air passing through the actuator disk is assumed to be contained in one stream
tube. In a stream tube the mass flow must be constant, which gives

ρAaUa = ρAdUd = ρAwUw (2)

Ud is the wind speed at the disc and A is the cross section area of the stream tube corre-
sponding to ambient wind speed, wind speed at the rotor and in the wake respectively. Due to
continuity there will be a gradual reduction of the wind speed both in front of the turbine and
behind. This will cause the stream tube to expand and is illustrated in Figure 2

Figure 2: Stream tube. Redrawn after (2).

The retardation of the wind speed in front of the rotor can be expressed with the interference
factor a defined as

a = 1− Ud
Ua

(3)

In the simple momentum theory the interference factor for the retardation behind the rotor is
equal to a. Hence, one will get

Ud = (1− a)Ua (4)

Uw = (1− 2a)Ua (5)
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The axial thrust force, F , on the disk is given by the pressure change on the rotor area.
Equation (1) combined with equation (5) gives

F = ∆pAd = 2ρAdU
2
aa(1− a) (6)

from which the thrust coefficient can be obtained

CT =
F

1
2
ρAdU2

a

= 4a(1− a) (7)

The thrust coefficient CT can be described as an efficiency parameter connected to the reduc-
tion in wind speed and is an important parameter in many wake models.

The power generated by the turbine, P , is given by the axial force and wind velocity at the
disc

P = FUd =
1

2
ρAdU

3
aCP (8)

where the power coefficient CP is defined as

CP =
P

1
2
ρAdU3

a

= 4a(1− a)2 (9)

By differentiation of equation (9) the maximum produced power is obtained. It corresponds
to a power coefficient of 16/27 which is referred to as Betz law. This means that theoretically it
is not possible to extract more than 59.3 % of the available energy in the wind.

In reality, this process is far more complicated, not only by the fact that a turbine has a finite
number of blades but also the complexity of a real wind field. A uniform wind field is a highly
idealised situation and a turbine operating in the atmospheric boundary layer will be subject
to turbulence and change in wind speed and direction. Change in wind direction might cause
turbines to temporarily operate in yaw, but consistent inability to align with the wind direction
will lead to considerable power losses.

The momentum theory is often combined with blade element theory to form Blade Element
Momentum, BEM, models. With the blade element theory the aerodynamic forces on individual
blades are taken into account. The forces will change along the length of the blade why it is
necessary to divide the flow into annular stream tubes containing the flow at each radial distance
from the rotational axis. BEM codes are used, among other things, for calculations of the thrust
coefficient since it is not possible to measure (Machielse et al., 2007).

3 Wind turbine wakes
In fluid mechanics a wake is a region downstream a solid object where there is separation of the
flow, i.e. the stream lines lose contact with the body. These streamlines enclose a flow that can
be both turbulent and non-turbulent, characterised by a relatively lower velocity and vorticities
(Wu, 1972).
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When kinetic energy is extracted from the wind there will be a reduction in wind speed behind
the turbine. The wake of a wind turbine is further complicated by the fact that the rotor adds an
angular momentum to the flow (Sharpe, 2004) and is composed by a finite number of blades that
have their individual effect on the flow, mainly through shedding vorticity (Vermeer et al., 2003).

From the wake measurements at Alsvik Magnusson (1996) found that the cross stream ad-
vection term were of the same magnitude as the advection term in the mean flow direction. In
a wake the cross stream advection would be much smaller than the mean flow advection and
therefore, a wind turbine wake would rather be classified as a negative jet.

3.1 Structure
Wind turbine wakes can be divided into two separate regions, the near wake and far wake which
show significantly different characteristics. The near wake is strongly influenced by the design
of the rotor and the aerodynamic properties of the blades. In the far wake the turbine influence is
restricted to the thrust force and by the rotor produced turbulent kinetic energy.

Immediately behind the rotor the blade tips will form vortices in a helical shape. Further
downstream the helix will transform into a shear layer enclosing the wake. In the wake the
flow has a velocity decrease induced by the blades. An annular peak can be found in the velocity
reduction at the middle of the rotor blades and one peak behind the hub. This will cause turbulent
transport of momentum not only directed from the ambient wind into the wake, but also from the
area between the hub and middle section of the blades in both directions. There will be a similar
peak in turbulence intensity in the shear layer.

The far wake starts when the shear layer has expanded to the centre of the wake through
turbulent diffusion. There will at this position only be one maximum in the velocity reduction
and, if ignoring boundary layer effects, the wake is axisymmetric regarding both velocity and
turbulence intensity. The turbulence in the far wake is mainly produced by wind shear, in contrary
to the near wake. The wake can at this point be described to be self similar, meaning that the
wake will have the same profile at all distances. Sufficiently far downstream there will be a total
diffusion of the wake.

3.2 Stability and wake interaction
The Alsvik measurements also showed that wind speed recovery will depend on the atmospheric
stability. In an unstable atmosphere the diffusion process is more effective while a stable atmo-
sphere inhibits vertical motion an wake diffusion. The effectiveness of the wake diffusion process
appears to reach an equilibrium value for unstable conditions, as a further increased instability
will not accelerate velocity recovering. Stable stratification may lead to wakes expanding far
downstream, still containing a high level of turbulence confined to the wake. Gravity waves ap-
pearing in a strongly stable atmosphere might on the other hand lead to a more effective wake
diffusion process.

In wind farms wake interaction has to be considered. The increased turbulence produced by
surrounding turbines will enable faster wind speed recovery behind a turbine operating in a wake.
The turbulence intensity in a row of turbines or a farm will eventually reach an equilibrium, or
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saturation (Frandsen et al., 1996). This phenomenon has also been observed for the produced
power in a row of turbines (e.g. Frandsen et al., 1996; Machielse et al., 2007)

3.3 Wake meandering
A problem connected to wake measurements and modelling is meandering. Fluctuations in the
wind direction deflect the centre of the wake from the rotational axis which can lead to distortion
of the measurements. Meandering will generally yield a lower wind speed reduction than could
be expected, but by averaging over a short time this effect can be reduced.

Commonly, wind speed is measured with anemometers mounted on a mast, but experiments
have been carried out with different remote sensing techniques such as sodar (Barthelmie et
al., 2003) and lidar. Measurements with lidar have been done by Bingöl et al. (2007) for the
studying of wake dynamics. Lidar provides a way of measuring wake velocity profiles at a very
high resolution in time, making it possible to capture wake meandering.

In analogy with the actuator disk concept Medici (2005) made an investigation of the similar-
ities with bluff body wakes. A property of bluff body wakes is shedding of vorticity at a certain
frequency, resulting in wake meandering. From wind tunnel measurements with a turbine model
this quality could be recognised. However, conditions in a wind tunnel might differ substantially
from a full scale site.

4 Modelling methods
There exist several types of wake models, ranging from highly sophisticated numerical models
describing turbulent flow to simpler models designed for calculations of power losses in wind
farms. In all models however, there is a certain degree of parameterisation when rendering wake
effects.

Two distinct ways of modelling wake effects in wind farms has emerged. A wind farm can
either be regarded as distributed roughness elements affecting the free wind field or as individual
turbines where every wake is modelled separately. Eventually, modelling of individual wakes
has become the most common approach (Crespo et al., 1999).

Numerical models are used both to study the flow fields in the far wake and in the vicinity
of the turbine giving an insight in the behaviour of the turbulent flow in wakes. Many models
directed towards far wake calculations have a somewhat inaccurate formulation of the near wake
flow field but still provide reasonable results (Barthelmie et al., 2006). However, the main field
of use is for wind farms where turbines usually are spaced far apart enough to not operate in the
near wake.

4.1 Numerical models
Turbulent flow can be described with Navier-Stokes equations. The full solution of these equa-
tions will render turbulence of all scales but such direct numerical simulation (DNS) is extremely
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expensive in terms of computational costs and time. This technique is no option for other pur-
poses than for studying turbulent behaviour of fluids. Together with a turbulence closure scheme
Navier-Stokes equations provide a more economic way of solving turbulent flow suitable for
wake modelling.

In most models directed towards farm modelling a parabolic approximation is made in order
to simplify the calculations. By parabolisation the axial pressure gradient is neglected. The axial
pressure gradient is confined to the near wake region why this is a reasonable simplification
(Crespo et al., 1999). With this approach a boundary condition for the wake profile is needed at
the end of the near wake. For near wake computations an elliptic model is required where the
axial pressure gradient is included.

A widely used turbulence closure employed with the Reynolds averaged Navier-Stokes equa-
tions (RANS) is the k-ε model. It provides a turbulence description with relatively low compu-
tational costs and has been thoroughly tested for different purposes. In accordance with Kol-
mogorov’s turbulence theory turbulent kinetic energy, k is produced in the energy containing sub
range in the turbulence spectra. Through transition into the inertial sub range the dissipation rate
ε is the rate of transition of turbulent kinetic energy from the inertial sub range to the dissipation
sub range. With a relation between produced turbulent kinetic energy and dissipation the turbu-
lence can be modelled. It is a closure scheme of one-and-a-half order meaning that it contains
equations for averages and variances. It also includes an equation for the dissipation of energy
as well as a parameterisation of the dissipation (Stull, 1988). The set of equations for the closure
may vary for different applications as well as the constants (e.g. El Kasmi and Masson, 2008).

Another way of modelling turbulence that is gaining ground is the large eddy simulation,
LES. By this approach the large eddies are resolved with the governing equations whereas small,
sub grid eddies are parameterised. This is done by the background that the small scale eddies do
not transport energy and can be described by a universal parameterisation. Some kind of filtering
function is needed for the transition from numerical solution to the parameterised length scale
(Moeng, 1984). With LES the model gets closer to the full turbulent flow described by Navier-
Stokes equation but with less computational costs. Still it requires more time and memory than
the k-ε closure.

In WAKEFARM, a wake model developed at ECN (Energy research Center of the Nether-
lands), the solutions of the parabolised Navier-Stokes equations are used with k-ε turbulence
closure for simulations of far wakes and wake interaction (Schepers, 2003). The free wind field
is modelled with Monin-Obukhov similarity theory and the wake is initialised by a Gaussian
profile at the end of the near wake. Recently, the code has been modified to include the near
wake region but still retain the parabolisation (Machielse et al., 2007).

A number of experiments have been done within near wake modelling, where focus is on
describing the flow structure immediately behind the turbine. For this reason an explicit turbine
description has to be incorporated in the computational domain. Sørensen et al. (2007) has
taken the actuator disk concept further by the use of actuator lines forming the turbine blades.
Together with a Navier-Stokes solver and LES the turbulence and wind field in a row of turbines
was investigated. This method has also been applied by Mikkelsen (2003) and Ivanell (2005)
for investigation of wake aerodynamics. In an experiment by Troldborg et al. (2007) wake
meandering was simulated with the actuator line model by generating a turbulent mean flow.
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In addition to existing wake models computations of wakes with commercial CFD (Com-
putational Fluid Dynamics) tools have been done. Alinot’s and Masson’s (2002) wake simula-
tions in FLUENT included different atmospheric stability. By solving the Reynold’s averaged
Navier-Stokes equation with a k-ε turbulence closure with the addition of a wind field defined
by Monin-Obukhov similarity theory effect of varying stratification could be explored.

4.2 Kinematic models
An altogether different approach for calculating the flow field is used in kinematic models, where
a wake profile is superimposed in the wind field. The magnitude of the initial velocity deficit is
in most cases related to the thrust coefficient. Evolution of the wake downstream is based on
the assumption of self-similarity in the far wake. Kinematic models have the advantage of low
computational costs and have often proved to give good agreement with measurements (Crespo
et al., 1999).

In the wake model PARK included in the wind energy resource software WAsP (Wind Atlas
Analysis and Application Program) the wind speed deficit is calculated from the conservation
of momentum in a control volume (Jensen, 1983; Katic et al., 1986). The wake diameter is
assumed to expand linearly with distance and the velocity deficit is given a top hat profile. A
decay coefficient represents the effects of atmospheric stability, where there are different values
for either offshore conditions or flat terrain (Barthelmie et al., 2006). In that sense, the model
has to be tuned to obtain the right decay rate.

5 Model description
The analytical model used for creating the computer program is based on a wake model devel-
oped by Magnusson (1996). In the model effects of atmospheric stability and turbulence intensity
are taken into account. The conventional way to describe the evolution of the wake downstream
the turbine is as a function of the dimensionless distance x/D, where D is the rotor diame-
ter, but in this model transport time is introduced as the coordinate in the mean wind direction.
By Taylor’s hypothesis each transport time, t, can be associated with a distance x downstream
depending on the ambient wind speed, equation (10).

t =
x

Ua
(10)

The reduction of the wind speed is expressed by velocity deficit, equation (11), the nor-
malised difference between wind speed in the wake and ambient wind speed.

∆U

Ua
= 1− Uw

Ua
(11)

The equations describing velocity deficit and turbulence intensity in far wake are empirical
expressions acquired by measurements from the Alsvik wind farm, see Section 7. This model is
valid for unstable, neutral and stable stratification below the critical Richardson number 0.25.
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5.1 Near wake
There are no explicit expressions for the flow field in the near wake region in this model. How-
ever, the downstream expansion of the near wake plays an important role in determining the flow
field in the far wake.

The transition from near to far wake is assumed to take place when a clearly distinguishable
Gaussian profile can be seen in the wake velocity field. The time it takes to obtain one single
maximum is defined as the characteristic transport time, t0. According to Taylor’s hypothesis
this corresponds to a downstream distance determined by the ambient wind speed. By this, the
spatial expansion of the near wake will vary with ambient wind speed, and the definition of the
characteristic transport time provides a flexible way to model wakes in different conditions.

5.2 Characteristic transport time
The characteristic transport time is the stability dependent parameter in the model. Since unstable
stratification implies a higher turbulence intensity it leads to a more efficient turbulent transport
of momentum and thus a shorter characteristic transport time. Likewise, during stable stratifica-
tion the turbulent transport is less efficient and yields a longer characteristic transport time. In
the original model an expression for the characteristic transport time for neutral conditions was
provided, but for stable and unstable conditions there were only values of t0 valid for Alsvik, see
Section 7. For neutral stratification t0 is defined as

t0 =
1

f
ln

(
H

z0

)
R

H
(12)

f is the rotational frequency of the rotor and z0 the roughness length. Important to note is
that ln(H

z0
) is proportional to the inverse of the turbulence intensity, I , at height H for neutral

stratification (Panofsky and Dutton, 1984)

ln

(
H

z0

)
=
κ σ
u∗

I
(13)

where κ is von Karmans constant, u∗ the friction velocity and σ the standard deviation of the
wind speed. By assuming that ln(H

z0
) can be replaced by the right hand side of equation (13) t0

can be connected to the logarithmic wind profile by u∗. In order to obtain an expression for t0 as
a function of stability, Monin-Obukhov similarity theory is used by including the dimensionless
wind shear φ, with z as height above ground

φ =
κz

u∗

∂u

∂z
(14)

Here, the dimensionless functions for wind shear proposed by Smedman and Högström
(1989) are used, equations (15a)-(15c). L is the Monin-Obukhov length.
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φ =
(

1− 19
z

L

)− 1
4 z

L
< 0 (15a)

φ = 1 + 6
z

L
0 <

z

L
< 0.5 (15b)

φ = 4
z

L
≥ 0.5 (15c)

The integrated form of equations (15a) and (15b), ψ, are

ψ = ln

[(
1 + x2

2

)(
1 + x

2

)2
]

+
π

2
− 2 arctanx

z

L
< 0 (16a)

ψ = −6
z

L
0 <

z

L
< 0.5 (16b)

where x = (1− 19 z
L

)
1
4 (Panofsky and Dutton, 1984). When z/L is larger than 0.5 one must

first integrate up to z = L/2 with equation (15b). From that level integration with equation (15c)
is performed why no explicit integrated form of equation (15c) can be presented. Now, the right
hand side of equation (13) can be rewritten

κ σ
u∗

I
=
σ
(

ln
(
H
z0

)
− ψ

(
z
L

))
IUa

(17)

Combining equation (17) and (12) yields an expression for t0 with an explicit dependence on
turbulence intensity and the Monin-Obukhov length

t0 =
1

f

σ

IUa

(
ln

(
H

z0

)
− ψ

(
H

L

))
R

H
(18)

At this stage it is important not to reduce the turbulence intensity together with the standard
deviation and ambient wind speed from equation (18). This construction is the solution to wake
interaction in this model. When a turbine operates in the free wind field the ratio σ

IUa
will be

equal to unity, but if the turbine operates in a wake the ratio will be less than one. This is because
the standard deviation is added quadratically while turbulence intensity is added linearly for the
increased turbulence in the wake. Thus, the turbulence intensity grows faster than the standard
deviation in a wake which results in a shorter characteristic transport time. The behaviour of
equation (18) will be investigated in Section 8.1.

Instead of the Monin-Obukhov length Richardson number, Ri, can be used as stability pa-
rameter. Richardson number is defined as

Ri =
g

T0

∂θ
∂z(
∂U
∂z

)2 (19)
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where g is gravitational acceleration, T0 reference temperature at the ground and θ potential
temperature.

The relation between the Monin-Obukhov length and Richardson number used here, with
ξ = z

L
, is

Ri = ξ L < 0 (20a)

Ri =
1 + 7.8ξ

(1 + 6ξ)2
ξ L > 0 (20b)

5.3 Far wake
For transport times longer than t0 there is a set of equations describing the wind velocity and tur-
bulence intensity in the wake. The velocity deficit has its maximum, Λ, at the turbine’s rotational
axis at hub height given by the equation

Λ(t) = 0.4 ln

(
t0
t

)
+ CT (21)

When t is equal to t0 the velocity deficit is equal to the thrust coefficient and it is evident that
the thrust coefficient is an important parameter for the velocity deficit in the wake. The velocity
deficit will decrease with longer transport times. In y-direction, perpendicular to the mean wind
direction, and z-direction the velocity deficit is described by a Gaussian distribution

∆U

U
(t, y, z) = Λ(t)e

−( yR)
2

2σ2
y


[e

−( z+HR )
2

2σ2
z


+ e

−( z−HR )
2

2σ2
z


] (22)

An imaginary turbine is added for compensation for ground effects when further downward
expansion of the wake is hindered. The standard deviations of the wake expansion σy and σz are
equal and given by equation (23) where the constant C is determined to be approximately 0.56.

σy,z = C

√
t

t0
(23)

The turbulence intensity in the wake consists of turbulence in the ambient wind and wake
generated turbulence. The dominant source of wake generated turbulence in the far wake is the
wind shear. The added turbulence intensity, Iadd = σadd

Ua
, is defined as the difference between the

turbulence intensity in the wake, Iw = σw
Ua

and the ambient turbulence intensity, Ia = σa
Ua

Iadd =
σw
Ua
− σa
Ua

(24)

and as stated in Section 5.2 the standard deviation of the wind speed is added quadratically
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σ2
w = σ2

a + σ2
add (25)

The added turbulence intensity is calculated with the following expression where the wake
generated turbulence is determined by the radial wind shear in the wake

Iadd = 0.38

(
t0
t

)(
∂∆U

U

∂ r
R

)
+ 0.6

(
1− t0

t

)
∆U

U
(26)

With this set of equations the wind speed and turbulence intensity can be determined in every
point behind the near wake region.

6 The code
The interpretation of the model is made in MATLAB (Matrix Laboratory, MathsWork Inc.), ap-
plying the approach of a kinematic wake model by superimposing the wake expressions in a
stationary two dimensional wind field.

With the computer program it is possible to calculate power losses in each wind direction in a
wind farms, for different atmospheric conditions such as stability, turbulence intensity and wind
speed. Using a two dimensional wind field, ground effects are not accounted for in the code.
Neither can wake meandering be modelled.

Only the far wake is modelled, which means that there is no modification of the background
wind field in the near wake area. Normally, this will not evoke any problems since turbines
are generally spaced sufficiently far apart not to operate in the near wake region of turbines
nearby. For some situations though, this might prove a major issue. Implementation of Taylor’s
hypothesis entails a variation of the spatial expansion of the near wake when the wind speed
changes. This can cause turbines to end up in the near wake for high ambient wind speeds. Some
turbines will also be associated with extremely high values of the characteristic transport time,
e.g. very large turbines with low rotational frequency.

The wind speed at each turbine is determined through integration over the rotor at hub height.
From this averaged wind speed the produced power and the thrust coefficient is evaluated. The
turbulence intensity however, is evaluated at the hub. This might appear inconsistent but proved
to produce results in accordance with the measurements.

The superposition of wakes is straightforward for the wind velocity deficit. The velocity
deficit is simply added to the wind field for each turbine. The wake generated turbulence inten-
sity on the other hand is added quadratically according to equation (27) in order not to attain
unrealistically large turbulence intensities in multiple wakes.

I = Ia +
√∑

I2
add,i (27)

To obtain the relative power output of the wind farm, Pfarm, the total produced power is
normalised with the produced power of the first turbine in respect to the wind direction, and thus
operating in the free wind, and the number of turbines N . This is described by equation (28)
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Pfarm =

∑
Pi

NP1

(28)

where P1 is the produced power by the first turbine. A turbine will be considered to not be in
operation if the averaged wind speed over the rotor is below cut in wind speed. Thus, no power
is produced and the turbine will not affect the wind field. If a turbine is cut out there will be a
sudden drop in produced power of the farm.

6.1 Input parameters
To run the program specific information on the turbine is required. That includes data of rotor
radius, hub height and rotational speed of the rotor. Additionally, functions for how the power
and thrust coefficient vary with wind speed, a power-wind curve and a thrust coefficient-wind
curve are needed. These functions are specific to each turbine type, and only one type of turbine
can be used at a time.

The necessary meteorological data is ambient wind speed and turbulence intensity at hub
height together with wind direction, WD. Some information of atmospheric stability is also
needed. An important parameter for calculations of the characteristic transport time is the rough-
ness length. This parameter will not vary in time but can vary with wind direction depending on
the wind farm site. The parameters are listed in Table 1.

With a highly parameterised model like this, the output will strongly depend on the quality
of the input parameters.

Table 1: Required input parameters.

Turbine data Meteorological data
R Ua
H Ia
f L

P (U) z0

CT (U) WD

6.2 Algorithm
The program consists of one script and two function files for turbine characteristics and wake
generation respectively. The calculations are controlled by three deterministic loops that will
reiterate the sequence of statements inside a given number of times. In the script the set up can
be determined including domain size, spatial resolution and choice of turbine. The turbines,
represented by a coordinate (xTi , yTi)f in the farm layout coordinate system, are contained in
a turbine array. The x-axis in the farm layout coordinate system is aligned with south-north
direction, and the north most turbine is given the coordinate (0, 0)f . All other turbines are placed
in reference to this turbine. When the wind direction is 0◦ the farm layout coordinate system
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coincides with the coordinate system of the domain, (xTi , yTi)d. If the domain size is too small a
warning will be given when the program is run.

Information on the specific turbine is then collected from the turbine function file, the turbine
library. This file contains the necessary turbine parameters (Table 1), including z0, and will
return these for the turbine requested. The CT and CP curves are constructed as splines and can
be evaluated whenever needed. The rotational frequency can also be returned as a spline for
variable-speed turbines.

An undisturbed wind field is initialised for a combination of the meteorological parameters
stability, wind direction, ambient wind speed and turbulence intensity, see Table 1. This is done
in the wind loop, and for each turn of this loop the combination of the parameters is changed.
The resolution of the parameters is free of choice. Two matrices describe the wind field, one
containing the wind speed and one containing the turbulence intensity. In addition, there is one
matrix for the standard deviation of the wind used for calculating the characteristic transport
time.

To attain a correct wake-turbine interaction the turbines have to be sorted in the right order
with respect to the wind direction. When the wind direction changes, the farm layout coordinate
system is rotated, while the wind direction is always aligned with the x-axis of the domain
coordinate system. By identifying the new xd-coordinate of each turbine, they can be sorted and
assigned an additional index. This index indicates the relative position of the turbine in the farm.

When the sorting is done a wake will be allocated to each turbine in the turbine loop. The
indices given in the sorting procedure are used as argument for the loop. The wakes are generated
by invoking the wake-function, the wake generator. The input argument is the coordinate of the
turbine, (xTi , yTi)d.

In the wake generator the transformation from xd-coordinate to t-coordinate takes place.
Each turbine is associated with an individual t-coordinate system with t = 0 at the hub. The
characteristic transport time is calculated using equation (18). The wind speed and thrust coeffi-
cient are evaluated for the turbine along with the produced power. Starting from t0 the maximum
velocity deficit is calculated, equation (21). Before equation (21) attains a negative value the
wake must be cancelled. The characteristic transport time and the transport time of wake cancel-
lation is then transformed back to xd-coordinates. This information is returned to the script.

Then, a new wind field is produced in a wake loop for each turbine. The loop starts at
the xd-coordinate given by the characteristic transport time and stops at the xd-coordinate of
the cancellation transport time. In this loop the wake expressions, equation (22) and (26) are
introduced in the background fields.

For the first turbine the ambient wind field is used to produce the wake but for subsequent
turbines the produced wind field from the previous turn of the turbine loop is used as background
field. For each turn in the wind loop a new undisturbed wind field is produced.

When exiting the wind loop, the produced power is summed up for each wind direction
according to equation (28). The algorithm is illustrated in Figure 3.
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Figure 3: Flow chart of the program.

7 Test farm and measurements
For validation of the code the Alsvik wind farm is chosen. The model is developed after mea-
surements from this site and values for the characteristic transport time is available for different
conditions.

The Alsvik wind farm is situated on the west coast of Gotland and at the time of the mea-
surements consisted of four three-bladed Danwin turbines, turbine T1 - T4. The surroundings
are mostly made up by flat grasslands, but in the north-east direction there is a small pine forest.
Three turbines are placed in line along the shoreline which is approximately 50 meters to the to
the west. The fourth turbine is placed further east, see Figure 4. The distance between T1 and
T2 is 8D, between T2 and T3 5D and between T1 and T4 9.4D.

Measurements from the site were carried out between 1990 and 1994 on two meteorological
masts M1 and M2, indicated in Figure 4. The two masts were equipped with cup anemometers
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Figure 4: Alsvik wind farm layout including turbines T1 - T4, meteorological masts M1 and M2 and wind
directions for multiple wakes at turbine T1 - T3. Redrawn after Djerf and Mattsson (2000).

and wind vanes at 8 levels, before June 1991 at 7 levels. In addition, mast M1 was equipped
with thermometers at 5 levels. Mast M1 was used for measurements of the free wind speed for
south-westerly winds and M2 when the wind came from the south. For wind directions 0◦ - 70◦

measurements of the free wind speed at M1 is distorted by the mast itself, why measurements
from these wind directions are dubious. Records of power production for the three turbines
closest to the shore, T1, T2 and T3 were also collected. The sample frequency was 1 Hz and
measurements were averaged over 1 minute. A more detailed description of the measurements
can be found in Magnusson (1996).

When the wind came from the sea the roughness length was evaluated to 0.0005 m, but z0

can be expected to have a higher value when the wind comes from land.
The turbines have a rated power of 180 kW and operate at a constant rotational speed of 42
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r.p.m., which is equivalent of a rotational frequency of 0.7Hz. The hub height is 35m and rotor
diameter 23 m. Cut in wind speed for the turbines is 5 m/s and rated wind speed 12 m/s. At
higher wind speeds the power output is regulated by stall.

The characteristic transport time obtained from the measurements for neutral, unstable and
stable stratification as well as for a double wake in neutral stratification when the two turbines
are in line with the wind direction is presented in Table 2 (Magnusson, 1996).

Table 2: Characteristic transport time for different conditions.

Stable Neutral Unstable Double wake
6.0 s 5.23 s 4.5 s 3.8 s

The double wake value is only valid for an ambient wind speed of 9.15 m/s and a distance
of 5D between the turbines.

The power and thrust coefficient curves used for the calculations are presented in Figure 5.
In the graphs U is the wind speed at hub height.
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Figure 5: Power curve (a) and thrust coefficient curve (b) for the turbines at Alsvik wind farm. After
Magnusson (1996).
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8 Results
The program was run for a number of different situations with the Alsvik farm layout for in-
vestigation of the performance of the model. The spatial resolution of the program was set to 3
meters. The power curve and thrust coefficient curve is only valid for wind speeds less than 15
m/s, see Figure 5, why the performance of the program is only investigated for ambient wind
speeds less than 15 m/s. Since the cut in wind speed is 5 m/s turbines will be considered to not
be in operation if the mean wind speed at hub height is below this value.

8.1 Variation of the characteristic transport time
The characteristic transport time is the main feature of this model and will determine the interac-
tion of the wakes. For this reason it is important to study how t0 behaves in different situations.
Examination of t0 is done for atmospheric stability, ambient wind speed and ambient turbulence
intensity. These are parameters that are not connected to the turbine characteristics and will vary
in time.

8.1.1 Atmospheric stability

For investigation of how the characteristic transport time varies with atmospheric stability t0 is
calculated using equation (18) for different values for the Monin-Obukhov length. The result
is shown in Figure 6. For near neutral conditions t0 approaches 5.23 s from both the stable and
unstable side. With decreasing stability t0 will decrease and the measured value of 4.5 s (Table 2)
is found when L is -20 m. Similarly, with increasing stability t0 will increase and the measured
value is found when L is 120 m. Henceforth, unstable condition is represented by L = -20 m and
stable conditions by L = 120 m.
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Figure 6: Characteristic transport time as a function of the Monin-Obukhov length. Unstable stratification
(a), stable stratification (b).
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Figure 7: Characteristic transport time as a function of Richardson number. Unstable stratification (a),
stable stratification (b).

In Figure 7 the same result is shown plotted versus Richardson number. As previously stated,
t0 approaches 5.23 s for neutral conditions. This figure also shows that the variation of t0 is
larger when Ri approaches zero on the unstable side. For the stable case, on the other hand, the
largest variation occurs when Ri approaches the critical value 0.25.

For turbines operation in the free wind the stability is the only influence of the atmospheric
conditions on the characteristic transport time. The effect of changed turbulence intensity is only
present through the stability since the turbulence is reduced from equation (18) when the turbine
is operating in the free wind, see Section 5.2.

8.1.2 Double wakes

For the situation when a turbine is operating in the wake of another turbine, the characteristic
transport time will not only be affected by the atmospheric stability but also by the ambient wind
speed and by turbulence intensity. Due to the implementation of Taylor’s hypothesis the ambient
wind speed has the effect of determining the relative position in the wake of a turbine at a fixed
distance, i.e. for high wind speeds the second turbine will be closer to the transition from near to
far wake, where the wind shear is stronger, than for low wind speeds. A secondary effect of the
ambient wind speed is the variation of the thrust coefficient, see Figure 5, and hence, the wind
shear in the wake. According to equation (26) the added turbulence is dependent on the wind
shear in the wake, and therefore has an influence on t0. High wind speeds give a lower thrust
coefficient and consequently a lower wind shear and a lower added turbulence. An increased
ambient turbulence intensity will, according to equation (18), lead to a shorter characteristic
transport time in a wake.

These features are investigated for the situation when two turbines are in line with the wind
direction. This occurs when the wind direction is 165◦. The distance between the turbines (T3
and T2) is 5D.

How the characteristic transport time varies with ambient wind speed is presented in Figure
8 for different stratifications and ambient turbulence intensity of 8 %, which can be considered
a representative value for the Alsvik site. The fact that the power production is cut off for wind
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speeds less than 5 m/s explains why t0 drops to zero for ambient wind speeds below approxi-
mately 7.5 m/s depending on atmospheric conditions. It is also apparent that the influence of
the ambient wind speed becomes more prominent with increasing stability.

In Figure 9 the characteristic transport time is plotted versus ambient turbulence intensity for
varying atmospheric stability and an ambient wind speed of 9 m/s. The longest characteristic
transport time is for low ambient turbulence intensity. For increased turbulence intensity the
characteristic transport time decrease. For even higher turbulence intensity, exceeding 13-14 %,
Figure 9 actually shows a slight increase of the characteristic transport time. This is an effect
of the procedure of adding the turbulence intensity and is no reflection of any physical aspect of
increased ambient turbulence intensity. It is however a very small difference, of the magnitude
of one tenth of a second.

When the turbines are no longer in line with the wind direction, but the second turbine is
still operating in the wake of the first turbine there has to be a transition region from double
wake conditions to ambient conditions. Figure 10 shows how t0 changes with wind direction
when the ambient wind speed is 9 m/s and ambient turbulence intensity 8 %. The peaks are a
consequence of evaluating the turbulence intensity at the hub. The characteristic transport time
will consequently follow the turbulence intensity profile in the wake. Probably, a smoothed curve
would be more realistic but no way was found to achieve this and still retain the magnitude of
the difference between wake and non-wake conditions. Also, the question can be raised whether
the double wake region will be too narrow. When the hub is located outside the wake, half of the
turbine can still be affected by the wake but it is not reflected in the characteristic transport time.
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Figure 8: Characteristic transporttime as a function of ambient wind speed for a turbine operating in a
wake for different atmospheric stabilities.
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Figure 9: Characteristic transporttime as a function of ambient turbulence intensity for a turbine operating
in a wake for different atmospheric stabilities.
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8.2 Power production
For validation against measurements the power production was used. Since measurements from
Alsvik only included produced power from turbine T1, T2 and T3, the program was run with
four turbines, but when comparing with measurements the power was calculated only for the
three turbines included in the measurements.

The wind is usually coming from the sea, meaning that most measurements were in the wind
direction section where the wake effect will only appear at turbine T4.

Wind speeds measurements were divided into bins of 2 m/s. Neutral conditions are rep-
resented by Richardson numbers between -0.05 and 0.05, unstable conditions by Richardson
numbers below -0.15 and stable between 0.10 and 0.25. No division of the turbulence intensity
was done, since it would not provide a reasonable amount of data for each wind speed bin.

What is striking in the measured data is that the wakes seem to be consistently displaced a
few degrees in positive direction for all wind directions. One reason for this deviation could be
uncertainties in the wind direction measurements. Only the wind vane at hub height was used,
and if it was not properly calibrated it could result in errors of this type. Another reason could be
that the turbines were misaligned with the wind direction, operating in yaw. That would lead to
a lower power production, but more importantly in this case, a deflection of the wake centreline.
If the modelled curve would be shifted approximately 5◦ in positive direction a better agreement
with measurements would be found.
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Figure 11: Farm efficiency (excluding turbine T4) for neutral stratification.
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8.2.1 Farm efficiency

The relative power output of the wind farm, or farm efficiency, was calculated for each wind di-
rection without respect to the number of measurements in each wind direction. The power output
was plotted versus wind direction with a resolution of 1◦ for different atmospheric stabilities.

Since turbine T4 was not included in the measurements, the procedure of normalising the
power output, equation (28), had to be modified to not include turbine T4.

In Figure 11 the result is shown for ambient wind speed 9 m/s and turbulence intensity 8 %
for neutral conditions. The measurements are for wind speeds between 8 - 10 m/s. Figure 12
shows the same result for unstable conditions and Figure 13 stable conditions.

The scatter of the power output measurements in the wind direction sector 0◦ - 70◦ might
be a result of poor wind measurements in this sector, see Section 7. The model seems to over
predict wake losses in the triple wake situation at 165◦, most notably in stable conditions. Wake
meandering can be a reason, and lack of measurements from the certain wind direction.
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Figure 12: Farm efficiency (excluding turbine T4) for unstable stratification.
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Figure 13: Farm efficiency (excluding turbine T4) for stable stratification.

The farm efficiency was also calculated with the power output from all four turbines for
different atmospheric stabilities, Figure 14. Here, the influence of the stability is apparent, giving
higher power losses in stable conditions and lower power losses in unstable conditions. The wake
effects at turbine T4 are clearly visible in the section 200◦ -330◦.

In Figure 15 the power output from all four turbines are plotted for different ambient turbu-
lence intensities in neutral stratification. For low turbulence intensity, 5 %, the triple wake at
165◦ is more pronounced but little difference is seen between 10 % and 15 %. This is also what
Figure 9 indicates, showing small differences in the characteristic transport time for turbulence
intensities exceeding 10 %. As established earlier, only multiple wakes are affected by increased
turbulence intensity. In both Figure 14 and 15 the ambient wind speed is 9 m/s.

8.2.2 Turbine efficiency

When the wind direction is 165◦ a situation appear with triple wakes, se Figure 4. Turbine T1
will then be operating in the wake flow of both turbines (T2 and T3) in front. As described in
Section 3.2 the increased turbulence in the wake leads to a faster velocity recover, why the third
turbine in a row will not necessarily have a lower performance than the second.

The relative performance of turbine T1, T2 and T3 is plotted in Figure 16 for a wind speed
of 9 m/s and turbulence intensity 8 % in neutral stratification. Important to note is that the first
turbine in line is T3, the second T2 and the third T1. The distance is therefore 5D between the
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Figure 14: Farm efficiency for different atmospheric stabilities.
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Figure 15: Farm efficiency for different ambient turbulence intensities.

35



first and the second, and 8D between the second and the third. In the measurements the minima
occurred at 172◦, and the model result at 165◦ has been compared with this wind direction. The
power losses are higher at the second turbine than the third, but the distance between T3 and T2
is shorter than between T2 and T1. The model over predicts the power loss at T2 but shows a
quite good agreement at T1.

An experiment was also done for ten turbines in a row with different spacing, Figure 17. With
turbine spacing down to 6D the produced power reaches an equilibrium after the third turbine.
When the turbine spacing is 5D the produced power decreases for each turbine until the sixth
turbine where the wind speed is below cut in wind speed and neither power nor wake is produced.
Therefore, the relative power of the seventh turbine will increase drastically. The same pattern
continues for the following turbines. The large wind speed reduction in this situation could prove
a problem. A distance of 5D between the turbines could not be considered strikingly short and
would maybe not yield such drastic wind speed reductions. On the other hand, the result in
Figure 16 shows a fairly good agreement with the measurements but the largest difference is
found at the second turbine.

To demonstrate the problem pointed out in Section 6 concerning the characteristic transport
time for large turbines a trial was done were the relatively small, fast rotating Alsvik turbines
were exchanged. Instead, turbines with a rotor radius of 40 meters, hub height of 80 meters
and rotational frequency of 0.2 Hz were used, representing typical large turbines operating at a
low rotational speed. The corresponding characteristic transport time is 30.0 s. With an ambient
wind speed of 9m/s the far wake starts 3.4D downstream. The same power and thrust coefficient
curves (Figure 5) were used why the result is no representation of the turbine efficiency, merely
an illustration of the consequence of not modifying the near wake region. The result can be seen
in Figure 18.
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Figure 16: Turbine efficiency for turbine T3, T2 and T1 when the wind direction is 165◦.
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With a turbine spacing less than 3.4D the second turbine will be found in the near wake of the
turbine in front but be exposed to the free wind field, which obviously is incorrect. By making a
near wake approximation this could presumably be quite easily amended.
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Figure 17: Turbine efficiency in a row of 10 Alsvik type turbines.
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9 Discussion and conclusions
Based on an analytical wake model, a computer program has been developed for calculations
of wake effects in wind farms. In the original model there was included an expression for the
characteristic transport time in neutral conditions, while for stable and unstable conditions values
for t0 valid only for Alsvik were provided. Therefore, a new expression for the charcteristic
transport time had to be found for arbirtary turbines in different stratifications.

By implementing Monin-Obukhov similarity theory it was possible to derive a new expres-
sion for the characteristic transport time with a stability dependence, in agreement with earlier
results (Table 2). The Monin-Obukhov lengths for which the characteristic transport time coin-
cides with these results were chosen to represent stable and unstable conditions. Also, with the
turbulence intensity and standard deviation of the wind appearing in the new expression for the
characteristic transport time a way of handling wake interaction based on the increased turbu-
lence in the wake was found. This method proved to give a satisfactory result. The question still
remains though, if this expression can be used for arbitrary atmospheric stability.

With this extended wake model a computer program could be designed for calculations of
wake effects in a small wind farm with influence of atmospheric stability. The program appears
to respond to ambient conditions in a way that was expected.

The performance of the model qualitatively agrees with the theory presented in most cases,
and shows a fairly good agreement with the measured data. In stable stratification wake losses
are larger than for neutral and unstable. For varying ambient turbulence intensities a small vari-
ation could be seen but the stability effects dominate. Unfortunately, a comparison of the power
production for different turbulence intensity was not possible. Interesting to see was also the ap-
pearance of an equilibrium of the power production in a row of turbines that has been observed
in measurements. It showed that the third turbine in a row could produce more power than the
second, and no further reduction in the power output was seen for the following turbines when
they were spaced sufficiently far apart.

To draw any conclusions of how well the model performs a more thorough comparison with
measured data is needed. What would be interesting to study is the wind and turbulence intensity
field in multiple wakes to be able to evaluate the wake interaction and flow field superposition
method. As stated in Section 3.2 an equilibrium value for the turbulence intensity is reached in
a wind farm. This property has not been investigated. However, from the results of the power
production in a row of turbines it is possible to conclude that the velocity deficit also reaches
an equilibrium. The turbulence intensity, being connected to the wind shear, can be assumed to
behave in the same way.

It would also be of interest to compare the model results with full scale measurements from
another wind farm. Now, the model has been compared with the same data set it is derived from.
Being an empirical model, some constants may not apply to other wind farms.
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9.1 Future improvements
An evident problem is the near wake region. To allow high wind speeds for closely spaced large,
slow rotating turbines an approximation of the near wake is needed. Another improvement would
be to extend the program to three dimensions. By that ground effects could be included along
with turbines of different height. Also, the program could be modifiend to allow different types
of turbines.

Furthermore, a function file for the wind climate could be added. By including the frequency
distributions of wind speeds, ambient turbulence intensity and atmospheric stability in different
wind direction sectors, the program could be used to evaluate wind farm configuration at different
sites.
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