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symmetrized model, the energy method is used to derive interface conditions that 
bounds the solution. First, the characteristic far field boundary conditions are 
derived for the Navier-Stokes equation, second boundary conditions for a solid wall 
are derived and last interface condition with a heat equation. High order 
Summation-by-Parts operators are used for the spatial discretization. Boundary and 
interface conditions are weakly imposed using Simultaneous Approximation Terms. 
The implementation is stable and the method of manufactured solution is used to 
verify the implementation. An efficiency study showed that high order operators are 
superior in how much computer power is needed to get an accurate solution. 
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Populärvetenskaplig sammanfattning  

Noggranna och tillförlitliga väder - och klimatprognoser blir allt viktigare på grund av klimatförändringarna 
som medför att extrema väderförhållanden blir allt vanligare.  
Andra intressenter för tillförlitliga väderprognoser är sjöfart och flygtrafiken, eftersom vädret har stor 
inverkan på säkerheten i dessa branscher. Samhällsplanering blir allt viktigare i och med en stigande havsnivå 
vilket gör att tillförlitliga klimatmodeller är viktiga att ha tillanda för att kunna förutsäga om det är säkert för 
nybyggen. 

Att göra tillförlitliga modeller för väder och klimatet är ett komplext problem eftersom det är många 
processer som inverkar på resultatet. Det är viktigt att varje system för sig, som hav, mark och atmosfär, har 
realistiska modeller som beskriver energiflödet på ett korrekt sätt eftersom det har stor påverkan på modellens 
kvalitet. Att ha realistiska modeller för varje enskilt system är dock inte tillräckligt eftersom systemen påverkas 
av varandra. Exempelvis har marken stor påverkan på atmosfärens lägre skikt; vindhastighet, temperatur och 
luftfuktigheten påverkas av marken och det i sin tur påverkar vilket väder vi får. På grund av de olika 
systemens inverkan på varandra är det viktigt att kopplingen mellan de olika systemen är ordentligt gjorda. 
Målet med det här arbetet har varit att undersöka hur kopplingen mellan en modell som beskriver 
atmosfären och en modell som beskriver marken ska göras på ett korrekt sätt. 

På Sveriges meteorologiska och hydrologiska institut (SMHI) är det önskvärt att få noggrannare prognoser 
men när upplösningen ändras i modellen uppkommer problem eftersom det är svårt att ändra upplösningen 
på kopplingen som idag används mellan atmosfär och mark på ett korrekt sätt. Dessa problem sprider sig och 
gör att resultaten inte blir tillförlitliga. Därför är det viktigt att kopplingen görs på ett korrekt sätt där det går 
att ändra på upplösningen i modellen. För att målet för projektet ska kunna uppnås har man analyserat 
problemet ordentligt innan implementeringen har gjorts. Kopplingen som tagits fram är bevisad stabil och 
noggrann och dessutom mer generell än den som används idag. Resultatet från projektet har testats och 
verifierats. Examensarbetet utfördes på Rossby Center på SMHI. 
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1 Introduction and motivation

In meteorology and climatology the atmosphere, ground, oceans and glaciers all have different
models with their corresponding equations describing them. This project focuses on how the
interaction (referred to as the coupling) between the atmosphere and the ground is modelled to
obtain a bounded coupling procedure and an accurate discrete numerical approximation.

The land surface affects the atmosphere in several ways. First of all, no air can travel through
the land surface, which means that the land surface acts as a sink for the momentum in the
atmosphere. Another important mechanism is the transformation of the net radiation from the
sun into latent and sensible heat, which affects the soil wetness. Last, the energy fluxes from
the ground have great impact on the surface weather such as the wind speed, temperature and
humidity. It also has some impact on low-level clouds and on precipitation [9].

The accuracy of the computations of the quantities described in the above paragraph (tem-
perature, humidity, wind) depends on how well the coupling between the surface and atmosphere
is modelled. It is discussed in [10] that the coupling between the ground and the atmosphere is
of great importance, however, the way the coupling is performed seems to vary from different
codes. It is further discussed in [10] and in [11] that the ground-atmosphere coupling is an im-
portant - if not the single most fundamental - criterion when it comes to evaluating hydrological
procedures.

At the Swedish Meteorology and Hydrology Institute (SMHI), the coupling procedure is
performed in a way that is not proven stable. This may introduce instabilities in the code
when the resolution of the weather models are increased, which makes the result from the
computations questionable.

We simplify the full problem by using the compressible Navier-Stokes equations to model
the atmosphere and the heat equation to model for diffusive energy spread in the ground. The
energy method is used to analyze the continuous model and for the linearized frozen coefficient
representation of the Navier-Stokes equations one can derive an energy estimate. High-order
Summation-by-Part (SBP) operators are used for the spatial discretization of the non-linear
problem. The SBP property is the discrete equivalence to integration by parts and is at the core
of the discrete energy method. Weakly imposing the interface conditions using Simultaneous
Approximation Terms (SAT), the SBP-SAT method mimics the continuous energy estimate.
More details on the discrete operators used in this project can be found in [15] and [16].

A lot of computer power (floating point operations and memory usage) is used when solving
the Navier-Stokes equations. Low order schemes are commonly used today even though it is
more likely that high order schemes requires less computer power for a given accuracy of the
solution [1]. The reason for this is probably because the implementation of low-order methods
is usually easier compared to high order methods and high order methods are more sensitive to
erroneous formulations compared to low order methods [4].

This paper has the following outline: simplifications used in the analysis and the final model
considered for this project are motivated and described in Section 1.1. Section 2 explains the
approach used in this paper to analyze a non-linear continuous problem and Section 3 explains
the SBP-SAT method. Section 4 contains the continuous analysis for the model, where boundary
and interface conditions are derived. The discrete penalty parameters for the SAT-technique are
derived in Section 5. To verify the implementation of the discrete schemes the method of manu-
factured solution is used, which is found in Section 6 and demonstration of the implementation
can be found in Section 7. Last, conclusions are drawn in Section 8.

1.1 Problem description

The full problem is simplified without considering any moisture in neither the atmosphere nor
the ground and is left for future work. Since the energy exchange is in vertical direction, only
the vertical spatial dimension is considered to further simplify the model but the result and
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work-flow can easily be extended to two and three spatial dimensions. Figure 1 illustrates the
problem setup.

Figur 1: Illustration of the problem. Above is the atmosphere and below is the ground. The
arrows illustrates the vertical energy exchange.

In one spatial dimension, the compressible non-dimensionalised Navier-Stokes equations may
be written as

ũt + (F I − εF V )x = 0, (1)

where

ũ = (ρ, ρu, e)T

F I = (ρu, p+ ρu2, u(p+ e))T

F V =
(

0, (2µ+ λ)ux, (2µ+ λ)uux +
µ

Pr(γ − 1)
Tx

)T
.

F I denotes the inviscid part and F V the viscous part and ũ is the solution containing the density,
ρ, the momentum, ρu, and the energy, e. The Reynolds number for the flow is connected through
ε = 1

Re . T is the temperature and Pr is the so called Prandtl number, which is the ratio of
momentum diffusivity to thermal diffusivity, and γ is the ratio of specific heats. The equation
of state is

ρT = γp (2)

and the relation for the energy

e =
p

γ − 1
+

1

2
ρu2 (3)

Last, λ, µ are the second and the shear viscosity coefficients respectively. The scalar heat equa-
tion is used to model the diffusive energy processes in the ground

Tt − δTxx = 0, (4)
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where T is the temperature in the ground and δ is the diffusion coefficient. The final system is

ũt + (F I − εF V )x = 0, x ∈ [−1, 0]

Tt − δTxx = 0, x ∈ [0, 1]
(5)

and the goal for this project is to derive interface conditions that bound the solution and their
corresponding discrete SAT-terms.

2 Approach to analyse a non-linear problem

2.1 Well-posedness and the continuous energy method

Why is it important for a problem to be well-posed? For a well-posed problem, a unique solution
exists and small perturbation on the supplied data only lead to small perturbations on the
solution. Moreover, stable and consistent numerical schemes approximating continuous linear
well-posed problems are accurate. If a problem is ill-posed the tools used in this work are of no
use and one must resort to methods suitable for approximating solutions to ill-posed problems,
e.g. regularization.

One common method to obtain an energy estimate is by Fourier analysis but this method
has the drawback of demanding periodicity of the solution. To analyse problems with boundary
conditions the energy method can be used. Consider a general initial-boundary value problem

∂u
∂t = Pu+ F , t ≥ 0
Bu = g

u(t = 0) = f,

(6)

where B is the boundary operator and f is the initial condition. Letting F = 0 and P be a linear
operator, the problem is well-posed if there exists a unique solution satisfying the estimate

||u(·, t)|| ≤ Keαt||f(·)||,

where K and α are constant independent of f(x). The norm for the solution is defined as
||u(·, t)||2 =

∫ x1
x0
u(x, t)2dx. [1]

It is not possible to apply the energy method directly to a non-linear problem, but after
deriving the linear frozen coefficient representation of (1) and symmetrizing the simplified sy-
stem, it is possible to apply the energy method to the new system [1]. The work flow to for this
paper is

• transform (1) to primitive variables

• transform the new system into a linear frozen coefficient system

• symmetrize the linear - frozen coefficient system

• apply the energy method to the linear - frozen coefficient, symmetric system to derive
boundary conditions that yield well-posedness

• transform the result back to the original non-linear system

Two principles need to be introduced to have the necessary theory to derive the linear frozen
coefficient representation of (1), which motivates the next section.
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2.2 Linearization and localization

The principles of linearization and localization (taken from [2]) are important for the analysis
since they are used when transforming (1) in Section 4

• Linearization principle: A nonlinear problem is well-posed at u if the linear problems,
which are obtained by linearizing at all functions near u, are well-posed.

• Localization principle: If all frozen-coefficient problems are well-posed then the correspon-
ding variable-coefficient problem is also well-posed.

This means that the corresponding linear frozen coefficient representation of a non-linear pro-
blem can be analysed and the result transform back to the non-linear original problem. Hope-
fully, the boundary and interface conditions derived for the linear frozen coefficient problem will
also bound the solution to the original problem. To demonstrate the principle of linearization,
consider Burger’s equation

ut = uux + εuxx, ε > 0. (7)

The linearization is done around a smooth solution u by the change of variables u = u + u′,
which turns (7) into

ut + u′t = uux + uu′x + u′ux + u′u′x + εuxx + εu′xx

The perturbation u′ is seen as a small perturbation, which means that the quadratic term u′u′x
can be neglected. To demonstrate the principle of localization, the smooth solution is considered
being a constant solution. It follows that all derivatives (ut, ux, uxx) are zero. The new linearized,
frozen coefficient problem is

u′t + au′x = εu′xx, (8)

where a = −u. (8) is the one dimensional advection-diffusion equation.

2.3 Demonstration of the continuous energy method on the
advection-diffusion equation

Consider the advection-diffusion equation, (8), on the domain x ∈ [0, 1] with Robin conditions
imposed on both boundaries (assume a > 0)

ut + aux = εuxx
u(x, t = 0) = f(x)

α0u(0, t) + β0u(0, t)x = g0
α1u(1, t) + β1u(1, t)x = g1.

(9)

Applying the energy method leads to

||u||2t + 2ε(ux, ux)2 = u(−au+ 2εux)
∣∣∣1
0

and the goal is limit the growth in the norm ||u||. To shorten the presentation, only the left
boundary (x = 0) is considered

||u||2t + 2ε(ux, ux)2 = u(0, t)(au(0, t)− 2εux(0, t)). (10)

Considering homogeneous boundary conditions and assume β 6= 0 results in
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||u||2t + 2ε||ux||2 = u(0, t)2(a+ 2ε
α

β
),

which leads to an energy estimate if

α

β
≤ − a

2ε
(11)

assuming the right boundary is treated correctly.

3 Description of discrete approximation

The continuous analysis above is based on the continuous energy norm of the solution and it is
used to prove well-posedness for the problem. Before talking about discretization, an important
theorem for finite differences needs to be stated (taken from [3]).

Theorem 1 (Lax-Richtmyer Equivalence Theorem) A finite difference scheme consistent
to a partial differential equation, for which the initial value problem is well-posed, is convergent
if and only if it is stable.

This theorem is useful since convergent numerical schemes are important to get valuable results
for the computer implementations. The theorem also says that unstable/iconsistent numerical
schemes should not be considered since they will probably not generate an approximation to
the correct problem [3].

With the correct choice of the SAT terms, the SBP-SAT results in stable numerical schemes,
which is important when accurate numerical approximations are desired.

3.1 Discrete operators

The domain 0 ≤ x ≤ 1 is discretized with N+1 evenly distributed grid points with grid spacing
h. Consider a scalar solution vector vn = [vn0 , v

n
1 . . . , v

n
N ]T approximating a continuous function

u at a given time tn = t0 + n · dt. The notation (·)T referees to the normal matrix transpose.
The first and second derivative in space are approximated using SBP-operators.

Definition 1 (SBP-operators) A Summation-by-Part operator approximating the derivati-
ves of a function may be defined as

vx ≈ D1v = P−1Qv

vxx ≈ D2v = (D1)
2v,

where P is a positive definite and symmetric matrix. The matrix Q is almost skew-symmetric
except for the corners, where it satisfies Q+QT = B = diag(−1, 0, . . . , 0, 1).

Since P is positive definite, it can be used to construct a discrete norm

||v|| = vTPv,

which is used for the discrete equivalence for the energy method. Applying the discrete equi-
valence for the energy method to a discrete system leads to that the following expression for a
system needs to be bounded

d

dt
||v||2P = vTPvt + vTt Pv. (12)
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3.1.1 Demonstration of the SBP-SAT technique

The discrete formulation of (9) using the SBP-SAT technique is

vt + aD1u = εD2u+ σ0P
−1S0 + σ1P

−1S1, (13)

where

Si = ei(αie
T
i v + βie

T
i D1v − gi)

is a Robin-condition at boundary i and σi is to be determined for stability. Applying the discrete
energy method to (13) and using Definition 1 leads to (only considering the left boundary)

d

dt
||v||2P + 2ε (D1v)TPD1v︸ ︷︷ ︸

=||D1v||P

= v2(a+ 2σα) + 2 (vD1v)(−ε+ σβ)

and this result is the discrete analogue to (10). The penalty parameter is determined to

σ =
ε

β
, (14)

which cancels the parabolic part. The hyperbolic part is bounded because of (11) and the
numerical scheme has a bounded solution.

4 Continuous analysis of boundary and interface conditions

In this section, (1) is transformed into its linear frozen coefficient representation and boundary
and interface conditions are derived. Figure 2 illustrates the first model only containing the
atmosphere. Expanding (1) leads to

Figur 2: The first model containing only the atmosphere.

 ρ
ρu
e


t

+

 ρu
p+ ρu2

e(p+ e)


x

− ε

 0
(2µ+ λ)ux

(2µ+ λ)uux + µ
Pr(γ−1)Tx


x

= 0, (15)

which is the conservative system. To simplify the analysis, the first step is to change to primitive
variables

ũ =

 ρ
ρu
e

→
ρu
p

 = ṽ.

7



The transformation matrix between the conservative and primitive variables is

M =
∂ũ

∂ṽ
=

 1 0 0
u ρ 0
u2

2 ρu 1
γ−1

 , M−1 =
∂ṽ

∂ũ
=

 1 0 0
−u
ρ

1
ρ 0

γ−1
2 u2 −(γ − 1)u γ − 1

 (16)

and the primitive variables are obtained by

ṽ =
∂ṽ

∂ũ
ũ = M−1ũ.

Multiplying every term in (15) by M−1 from the left transforms the system to

ρt + ρux + uρx = 0

ut + uux +
1

ρ
px −

(2µ+ λ)

ρRea
uxx = 0

pt + pxu+ γuxp− (γ − 1)
2µ+ λ

Rea
uux −

µ

ReaPr
Txx = 0.

(17)

Using the equation of state, (2), the term corresponding to the temperature diffusion, Txx, in
(17) becomes

Txx =
(
γ
p

ρ

)
xx

= γ
(pxx
ρ
− 2

ρ2
pxρx +

p

ρ3
ρ2x −

p

ρ2
ρxx

)
. (18)

Applying the principle of linearization and localization, described in Section 2.2, it is possible
to transform (17) with (18) to a linear constant coefficient system of equations. Starting by
making the change of variables

ṽ =

ρu
p


︸ ︷︷ ︸
ṽ

=

ρu
p


︸ ︷︷ ︸
v

+

ρ′u′
p′


︸ ︷︷ ︸
v′

= v + v′,

where v is a solution to (17) and v′ is a small perturbation from v. Considering v as a constant
solutions transforms (18) to

T ′xx = γ
(1

ρ
p′xx −

p

ρ2
ρ′xx

)
since the other terms in (18) are neglected or zero. This results in

v′t + (A1v′ − εA2v′x)x = 0, (19)

where

A1 =

u ρ 0
0 u 1

ρ

0 γp u

 and A2 =

 0 0 0

0 (2µ+λ)
ρ 0

− γp
Prρ2

0 γ
Prρ

 (20)

are constant matrices. The system (19) is the linear constant coefficient representation of (17).
Next step is to make A1, A2 symmetric such that they commute with their transpose, which is
essential for the energy method [1]. A transformation that makes both A1, A2 symmetric at the
same time are the parabolic symmetrizers (derived in [7])
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S =


ρ
√
γ
c 0 0
0 1 0
ρc√
γ 0

√
γ−1
γ ρc

 and S−1 =


c

ρ
√
γ 0 0

0 1 0

− c

ρ
√
γ(γ−1)

0
√

γ
γ−1

1
ρc

 , (21)

where

c =

√
γp

ρ
=
√
T (22)

is the speed of sound for the constant state. The last equality is to make the reader aware of
the relation between the speed of sound and the temperature for the system. Multiplying (19)
by S−1 from the left and using identity SS−1 = 1 leads to

S−1ṽ′t︸ ︷︷ ︸
wt

+
(
S−1A1S︸ ︷︷ ︸

A1
s

S−1ṽ′︸ ︷︷ ︸
w

−ε S−1A2S︸ ︷︷ ︸
A2

s

S−1ṽ′x︸ ︷︷ ︸
wx

)
x

= 0,

where

A1
s = S−1A1S =

u a 0
a u b
0 b u

 , A2
s = S−1A2S =

0 0 0
0 α 0
0 0 β

 (23)

and

a =
c
√
γ
, b =

√
γ − 1

γ
c, α =

2µ+ λ

ρ
, β =

γµ

Prρ
(24)

are the symmetric representations of A1, A2. The symmetric variables are

w = S−1ṽ′ =


c

ρ
√
γρ
′

u′

1

c
√
γ(γ−1)

(
γp′

c − c
2ρ′
)
 , (25)

where the last component

γp′

c
− c2ρ′

may be interpreted, from the gas law (2) and the definition for the speed of sound (22), as tem-
perature fluctuations form the constant state v. The new notation for the symmetric variables
is

w =


c

ρ
√
γρ
′

u′
1

c
√
γ(γ−1)

T ′

 =

 ρ̂
u′

T̂

 , (26)

where the last equality serves as a definition and ρ̂, T̂ are introduced to simplify the notation.
The linear symmetric system is

wt + (F Is − εF Vs )x = 0, (27)

where
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F Is = A1
sw , F Vs = A2

swx.

It is now possible to use the energy method to (27)

||w||2t + 2ε

∫ 1

0
wTxA

2
swxdx︸ ︷︷ ︸

Dissipation

= wT (−A1
sw + 2εA2

swx

∣∣∣1
0
, (28)

where Dissipation is energy leaving the system contributing to stability. The right hand side in
(28) are boundary terms that may contribute to positive growth in the system. Only boundary
terms that are indefinite and the ones that contributes to positive growth should be bounded.

4.1 Continuous analysis of the far field boundary conditions

The aim for this section is to derive boundary conditions for the atmosphere. Since the compu-
tational domain is limited, suitable boundary conditions are the so called characteristic far field
boundary conditions (used in for example [4], [6]). These boundary conditions model the flow at
a far distance, where it is uniform. Any disturbances from the interior of the domain should pass
the boundaries without any reflection, otherwise the solution may be affected [13]. It should
also be possible to impose any outside state as a condition, even a time dependent condition.
One way to derive far field boundary conditions is to transform (27) into its characteristic form.
This is done by diagonalizing AS1 and using the diagonalization matrix for the transform. Since
AS1 is symmetric, the eigenvalues are all real and the eigenvectors are orthogonal. The diagonal
transformation is

A1
s = XΛXT , (29)

where

Λ =

u 0 0
0 u+ c 0
0 0 u− c

 (30)

contains the eigenvalues and

X =


−
√

γ−1
γ

1√
2γ

1√
2γ

0 1√
2

− 1√
2

1√
γ

√
γ−1
2γ

√
γ−1
2γ

 (31)

contains the eigenvectors to A1
s. For an orthonormal matrix, such as X, the inverse equals the

transpose,

X−1 = XT =


−
√

γ−1
γ 0 1√

γ

1√
2γ

1√
2

√
γ−1
2γ

1√
2γ

− 1√
2

√
γ−1
2γ

 . (32)

Multiply (27) by XT from the left and use identity, XXT = 1, results in

ct + (Λc− εF Vc )x = 0, (33)

which is the characteristic system. The characteristic variables are
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c =

c̃1c̃2
c̃3

 = XTw =


−
√

γ−1
γ ρ̂+ 1√

γ T̂

1√
2γ
ρ̂+ 1√

2
u′ +

√
γ−1
2γ T̂

1√
2γ
ρ̂− 1√

2
u′ +

√
γ−1
2γ T̂

 (34)

and the characteristic flux vector is

F Vc =

F̃ Vc1F̃ Vc2
F̃ Vc3

 = XTF Vs =


1√
γβT̂x

1√
2
αu′x +

√
γ−1
2γ βT̂x

− 1√
2
αu′x +

√
γ−1
2γ βT̂x

 . (35)

The notations c̃i, F̃ Vci , i = 1, 2, 3 is introduced for the characteristic variables to denote the
components for the variables. This notation will be useful for the derivation of the characteristic
boundary conditions.

Remark 1 The variables in F Vc are linearly dependent. This is because A2
s does not have full

rank and since there is no viscous term for the density in the original primitive system (1).

The system is now linear and symmetric and in characteristic variables. Applying the energy
method leads to

||c||2t + 2ε

∫ 1

0
cTxF

V
c dx︸ ︷︷ ︸

Dissipation

= cT (−Λc+ 2εF Vc )
∣∣∣x=1

x=0
. (36)

Λ is divided into

Λ = Λ+ + Λ−,

where

Λ± =
Λ± |Λ|

2

holds the positive and negative eigenvalues respectively. Only the left boundary x = 0 will be
considered and the right boundary is treated in the same way.

4.1.1 Boundary condition at x = 0

For the Navier-Stokes equation, an inflow requires three boundary conditions and two are requi-
red at an outflow [5]. Four different cases need to be considered and what determines the cha-
racteristics of the different cases are the speed and the direction relative to the boundary. The
different cases are supersonic inflow, supersonic outflow, subsonic inflow and subsonic outflow.
In the application of weather and climate, it is unlikely to have a wind speed higher than
the speed of sound. The exception is extreme atmospheric phenomenon such as tornadoes and
cyclones, but the supersonic cases are studied to make the study of the model complete.

At the left boundary, Λ+ and the viscous parts of the boundary terms in (36) need to be
bounded (set to zero). The proposed set of boundary conditions are

αΛ+c− εF Vc = gc or equivalently α(A1
s)

+w − εF Vs = gs, (37)
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where α is a parameter to be determined to bound the solution. Together with the homogeneous
form of (37), (36) becomes

||c||2t + 2ε

∫ 1

0
cTxF

V
c dx− cTΛ−c

∣∣∣
x=0︸ ︷︷ ︸

Dissipation

= (1− 2α)cTΛ+c
∣∣∣
x=0

,

which bounds the solution if

α ≥ 1

2
.

This leads to the energy estimate

||c||2t + 2ε

∫ 1

0
cTxF

V
c dx− cTΛ−c

∣∣∣
x=0
≤ 0. (38)

It remains to show that (37) constitutes a minimal set of boundary conditions. For a supersonic
inflow Λ+ = Λ, which results in three linearly independent conditions. For a supersonic out-
flow Λ+ = 0, resulting in two linearly independent boundary conditions. For a subsonic inflow
Λ+ = diag(u, u+ c, 0), which gives three linearly independent boundary conditions. For a sub-
sonic outflow Λ+ = diag(0, u + c, 0). Only two linearly independent conditions are allowed to
be used and the first two components of αΛ+c − εF Vc are set to zero. From (35) it is possible
to derive

−F̃ Vc2 + 2

√
γ − 1

2
F̃ Vc1 = F̃ Vc3 , (39)

which can be used to derive a third, linearly dependent, relation

−α(u+ c)c̃2 − εF̃ Vc3 = 0.

It remains to show that the proposed conditions bounds the solution. Completing the square
for the boundary terms from (36) leads to

||c||2t + 2ε

∫ 1

0
cTxF

V
c dx =

3∑
i=1

1

λi

(
(λic̃i − εF̃ Vci )

2 − (εF̃ Vci )
2
)
,

where λi is the eigenvalue on position (i, i) in (30). For i = 1, 2, correct part is bounded with

the specified conditions. It is the flux term
(εF̃V

c3)
2

λ3
that may have the wrong sign and need to

be bounded. To bound
(εF̃V

c3)
2

λ3
, the term

(εF̃V
c2)

2

λ2
can be used to help

1

λ2
(εF̃ Vc2)2 +

1

λ3
(εF̃ Vc3)2 =

α

u+ c
(c̃22(u+ c))2 +

α

u− c
(−c̃22(u+ c))2 = α(u+ c)2c̃22

2u

u2 − c2
≥ 0.

The last equality holds since it is a subsonic outflow at the left boundary. This means that
the proposed boundary conditions bounds the solution. When transformed back to the original
system (1), (37) becomes

αM(A1)+MT ũ− εF V ,

where (A1)+ = SXΛ+XTS−1 is the matrix corresponding only to the positive eigenvalues of A1.
The result for the subsonic outflow is transformed back in a similar way but with Λ+

3,2 = −(u+c).

12



4.2 Continuous analysis of a solid wall

Boundary conditions for a solid wall are derived as a milestone towards the interface. Figure 3
illustrates the atmosphere with a solid wall.

Figur 3: The second model with the atmosphere, where one boundary is a solid wall.

The number of boundary conditions for a solid wall is the same as for a subsonic outflow,
which means two boundary conditions allowed to be imposed [12]. No flow can penetrate through
the ground, which gives the first condition

u′(0, t) = 0. (40)

It is common to prescribe the temperature, the temperature flux or a linear combination of
both, which gives the second condition

γ1T̂ (0, t) + γ2T̂x(0, t) = gT . (41)

Only using (40) bounds the inviscid part and together with (41) also the viscous part is bounded
[5]. Consider the linear, symmetric representation of the Navier-Stokes equation, (27);

wt +A1
swx − εA2

swxx = 0,

where A1
s, A

2
s are given in (23) and (24) and the symmetric variables are given in (26). Applying

the energy method leads to

||w||2t + 2ε

∫ 1

0
wTxA

2
swxdx︸ ︷︷ ︸

Dissipation

= 2εβ
γ2
γ1
T̂ 2
x

∣∣∣
x=0

(42)

if γ1 6= 0 or

||w||2t + 2ε

∫ 1

0
wTxA

2
swxdx︸ ︷︷ ︸

Dissipation

= 2εβ
γ1
γ2
T̂ 2
x

∣∣∣
x=0

. (43)

if γ2 6= 0. From (42) and (43) it follows that

γ1γ2 ≤ 0 (44)

is necessary to get the energy estimate

||w||2t + 2ε

∫ 1

0
wTxA

2
swxdx ≤ 0.

The solution for the problem with the solid wall is bounded. Transforming this result back to
the original system (1) means that ρu is zero at the wall and that data is supplied for the
temperature and/or the temperature flux.
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4.3 Continuous analysis of the interface

The problem is extended to the Navier-Stokes equations coupled with a heat equation and is
illustrated in Figure (4).

Figur 4: The extended model with the atmosphere and the ground.

The analysis in this section is based on [14]. The linear symmetric form of the Navier-Stokes
equation (27) is used for the analysis to determine interface conditions that yield a bound of
the solution. The model is

wt +A1
swx − εA2

swxx = 0 x ∈ [−1, 0]

Tt − δTxx = 0 x ∈ [0, 1],
(45)

where AS1 , A
S
2 are given in (23). Applying the energy method to (45) leads to (boundary terms

are omitted)

||w||2t + ||T||2t + 2ε

∫ 0

−1
wTxA

2
swxdx+ 2δ||Tx||2︸ ︷︷ ︸
DI

= wT (−A1
sw + 2εA2

swx)
∣∣∣
x=0
− 2δTTx

∣∣∣
x=0

(46)

As for the solid wall, no flow can penetrate through the surface and the first interface condition
to impose is

u′(0, t) = 0, (47)

which turns (46) to

||w||2t + ||T||2t + 2ε

∫ 0

−1
wTxA

2
swxdx+ 2δ||Tx||2︸ ︷︷ ︸
DI

= 2εβT̃ T̃x

∣∣∣
x=0
− 2δTTx

∣∣∣
x=0

. (48)

The heat profile needs to be continuous, and to avoid the interface to act as a non-physical heat
source the heat fluxes need to be coupled, i.e.,

T̂ (0, t) = T(0, t), and εβT̂x(0, t) = δTx(0, t), (49)

which gives the final estimate

||w||2t + ||T||2t + 2ε

∫ 0

−1
wTxA

2
swxdx+ 2δ||Tx||2 = 0

and the solution for the interface problem is bounded.

14



Transforming the interface condition (47) back to (1) means that ρu is zero. The interface
conditions corresponding to the temperature, (49), means that the temperatures and the tempe-
rature fluxes for the heat and the Navier-Stokes domains should be coupled. When transformed
back, the condition corresponding to the heat fluxes is

εµ

Pr(γ − 1)
TNx (0, t)− δTH

x (0, t) = 0,

where TN is the true temperature at the interface for the Navier-Stokes domain and TH is the
temperature in the heat domain.

5 Discrete analysis of boundary and interface conditions

The boundary operators derived in Section 4 works for all operators fulfilling SBP-property. It
is necessary to introduce the Kronocker product, a helpful tool when working with system of
equations.

Definition 2 (Kronecker product) The Kronecker product is defined as

A⊗B =

a11B . . . a1nB
...

. . .
...

am1B . . . amnB

 ,

where A,B are matrices of size (m,n), (p, q) respectively. Some important properties for the
Kronecker product are

(A⊗B)(C ⊗D) = (AC ⊗BD)

(A⊗B)−1 = A−1 ⊗B−1

(A⊗B)T = AT ⊗BT

if the normal matrix product is defined and A−1, B−1 exists.

The solution vector

ũn = [ũn0 , . . . , ũ
n
N ]T = [ρn0 , (ρu)n0 , e

n
0 , . . . , ρ

n
N , (ρu)nN , e

n
N ]T

is the semi-discrete approximation of the continuous solution ũ at time-step n. Using the Kro-
necker product, the SBP-operators for the system of equations is constructed as

D1 = D1 ⊗ I3, P−1 = P−1 ⊗ I3, B = B ⊗ I3,

where Iq is the qxq identity matrix. Another useful notation is

E0 = E0 ⊗ I3,

where E0 is a zero NxN matrix except for E0,0 = 1.
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5.1 Transforming the discrete system

The derivation of the discrete version of the far-field boundary conditions is similar to the
continuous analysis. Starting with the discrete equivalence of (1)

ũt + D1(F I − εF V ) = 0, (50)

where

F I =

 ρu
p+ ρuu
u(p+ e)

 , F V =

 0
(2µ+ λ)D1u

(2µ+ λ)uD1u+ µ
Pr(γ−1)D1T

 .

After linearizing and freezing the coefficients, the discrete equivalence to (27) is obtained

wt + D1(F Is − εF Vs ) = 0, (51)

where

w =

 ρ̂
u′

T̂

 , F Is = A1
sw, F

V
s =

 0
αD1u

′

βD1T̂

 ,

where A1
s = IN ⊗A1

s.

5.2 Discrete analysis of the far-field boundary conditions

Transforming the system into its characteristic form using the transformation (31) leads to

ct + D1(Λc− εF Vc ) = SATf , (52)

where c is the same as (34) and

F Vc =


1√
γβD1T̂

1√
2
αD1u

′ +
√

γ−1
2γ βD1T̂

− 1√
2
αD1u

′ +
√

γ−1
2γ βD1T̃

 ,

which is the discrete equivalence to (35). The penalty terms for supersonic in/outflow and
subsonic inflow are

SATf = σP−1E0(αΛ+c− εF Vc − gc), (53)

where σ is a parameter to be determined for stability. Applying the discrete energy method to
(52) leads to (gc = 0)

d

dt
||c||2P + 2ε(D1c)

TPF Vc − cT0 Λ−c0︸ ︷︷ ︸
Dissipation

= cT0
(
Λ+c0 − 2ε(F Vc )0) + 2cTσ(αΛ+c0 − ε(F Vc )0)

and choosing
σ = −1, α ≥ 1

2 (54)
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leads to a stable numerical scheme and agrees with the continuous analysis. The final estimate
is

d

dt
||c||2P + 2ε(D1c)

TPF Vc − cT0 Λ−c0︸ ︷︷ ︸
Dissipation

= (1− 2α)cT0 Λ+c0 ≤ 0.

For the subsonic outflow, a scalar does not make the numerical scheme stable and has to be
replaced by a matrix

SATf = ΣΛEc− σεF Vc = g̃c, (55)

where ΛE = Λ+ + Λ′ and

Λ′ =

0 0 0
0 0 0
0 (u+ c) 0

 , g̃c =

 (gc)1
(gc)2

−(gc)2 + 2
√

γ−1
2 (gc)1

 (56)

Applying the energy method to (52) together with (55) leads to (let g̃c = 0)

d

dt
||c||2P + 2ε(D1c)

TPF Vc − cT0 Λ−c0︸ ︷︷ ︸
Dissipation

=cT0 (Λ+c0 − 2ε(F Vc )0)− 2εσcT0 (F Vc )0

+ cT0 (ΣΛE +
(
ΛE)TΣT

)
c0.

Choosing σ = −1 cancels the flux terms and what is left is

d

dt
||c||2P + 2ε(D1c)

TPF Vc − cT0 Λ−c0︸ ︷︷ ︸
Dissipation

= cT0Mfc0,

where

Mf = Λ+ + ΣΛE + (ΛE)TΣT

and choosing

Σ =

1 0 0
0 Σ22 Σ23

0 0 0

 (57)

leads to

Mf = (u+ c)

0 0 0
0 2Σ22 − 2Σ23 + 1 0
0 0 0

 .

Mf has the eigenvalues δ1,2 = 0 and δ3 = 2Σ22 − 2Σ23 + 1. Choosing

s ∈ R
Σ22 = s
Σ23 ≥ s+ 1

2

(58)

results in Mf ≤ 0 and the final estimate is
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d

dt
||c||2P + 2ε(D1c)

TPF Vc − cT0 Λ−c0︸ ︷︷ ︸
Dissipation

≤ 0.

and the numerical scheme is also bounded for a subsonic outflow.

5.3 Discrete analysis of a solid wall

To derive the discrete version of the solid wall condition we begin with the discrete linear
symmetric system (51)

wt + D1(F Is − εF Vs ) = SATw. (59)

The SATw-terms weakly imposes the discrete version of the boundary conditions (40) and (41),

SATw = P−1E0ΣI(u′ − gu) + σuεP
−1E0(u′ − gu) + σT εP

−1E0(γ1T̂ + γ2D1T̂ − gT ), (60)

where Σ, σu and σT need to be determined for stability. Applying the discrete energy method
to (59) leads to

d

dt
||w||2P + 2ε(D1w)TPA2

sD1w = wT0 A
1
sw0 − 2εwT0 A

2
sD1w0 + 2wT0 SATw, (61)

where A2
s = IN ⊗A2

s. Focusing on the hyperbolic part

d

dt
||w||2P = wT0 (A1

s + 2ΣI)w0,

which is bounded if

Σ =

0 −a
2 0

0 0 0

0 − b
2 0

 . (62)

To bound the viscous part in (61), the same approach is used as in [12]. First, two theorems
need to be introduced (see for example [17]).

Theorem 2 (Restricted version of Sylvester’s Law of Inertia) Let A be a real symmetric
matrix and R is a square matrix of the same size as A. The rotation AR = RTAR, where RT

is the transpose of R, has the same number of positive/negative/zero eigenvalues as A.

Theorem 3 (Restricted version of Schur complement) Let D be a symmetric block matrix
given by

D =

(
A B
BT C

)
Then the Schur complement of C in D (D/C) is defined as

D/C = A−BC−1BT .

It then holds that if C > 0 and D/C ≥ 0 then D ≥ 0.
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The viscous terms in (61) are

d

dt
||w||2P + 2ε(D1w)TPA2

sD1w =− 2εwT0 A
2
sD1w0 + 2wT0 σuεE0u

′

+ 2wT0 σT εE0(γ1T̂ + γ2D1T̂ )
(63)

The right hand side of (63) can be written as a quadratic form

d

dt
||w||2P + 2ε(D1w)TPA2

sD1w = −εW TM1W, (64)

where W = (w0, (D1w)0)
T and

M1 =

(
−2(σuH2 + σTγ1H3) A2

s − σTγ2H3

A2
s − σTγ2H3 02

)
,

where Hi is zero 3x3 matrix except at Hi,i = 1. The parameters σu, σT need to be determined
such that M1 ≥ 0 to get an energy estimate. Unfortunately this is not possible since M1 will
always be indefinite. One possibility is to use a dissipative term on the boundary

(D1w)TPA2
sD1w = h

(
(D1w)TA2

sD1w
)
0

+

N∑
i=1

(
(D1w)TPA2

sD1w
)
i
. (65)

Again writing the boundary terms as a quadratic form and using (65) leads to

d

dt
||w||2P + 2ε

N∑
i=1

(
(D1w)TPA2

sD1w
)
i

= −εW TM2W, (66)

where

M2 =

(
−2(σuH2 + σTγ1H3) A2

s − σTγ2H3

A2
s − σTγ2H3 2hAS2

)
=

(
−2E J
JT 2hC

)
. (67)

The last equality serves as a definition. M2 has not full rank; row and column 1 and 5 are all
zeros and can be reduced from a 6x6 matrix to the smaller dimensions 4x4. Let M̃2 be the
smaller 4x4 representation of M2. All other sub matrices (A2

s, H2, H3) are also reduced with

the corresponding row and column. The reduced representation of A2
s, H2, H3 are Ã2

s, H̃2, H̃3

respectively, which gives

M̃2 =

(
−2(σuH̃2 + σTγ1H̃3) Ã2

s − σTγ2H̃3

Ã2
s − σTγ2H̃3 2hÃ2

s

)
=

(
−2Ẽ J̃

J̃T 2hC̃

)
.

To easier determine the definiteness of M̃2 (and thereby the definiteness of M2) a rotation that
makes M̃2 on block-diagonal form is performed. Introducing the square matrix

R =

(
I2 − 1

2h J̃ C̃
−1

02 I2

)
,

where C̃−1 exists since C̃ = diag(α, β) is the reduced 2x2 matrix. Carrying on with the rotation

D = RM̃2R
T

(
−2Ẽ − 1

2h J̃ C̃
−1J̃T 02

02 2hC̃

)
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makes D a block diagonal matrix. D and M̃2 has the same number of positive/negative/zero
eigenvalues according to Theorem 2. It is possible to use Theorem 3 to make D ≥ 0. The right
lower block matrix in D is C̃ = diag(α, β) with the diagonal elements as eigenvalues making
C̃ > 0 (the factor 2h is omitted since p > 0). If the Schur complement of C̃ in D is positive
semi definite, i.e. C̃/D ≥ 0, then D ≥ 0. The Schur complement of C̃ in D is

D/C̃ = −2D̃ − 1

2p
J̃C̃−1J̃T = − 1

2p

(
4hσu + α 0

0 4hσTγ1 + (1− σuγ2β−1)(β − σ2γ2)

)
,

and the eigenvalues to D/C̃ are the diagonal elements,

δ1 = −2σu − 1
2hα δ2 = −2σTγ1 − 1

2hβ (β − σ2γ2)2. (68)

The first penalty parameter is

σu ≤ −
1

4h
α (69)

and the second needs to fulfil

σ2T
γ22

2hβ
+ σT

(
2γ1 −

1

2h
γ2

)
+

β

2h
≤ 0. (70)

γ1, γ2 can be chosen arbitrarily as long as (44) is fulfilled and it is possible to get δ1, δ2 ≥ 0.
This results in D ≥ 0 and gives the final energy estimate

d

dt
||w||2P + 2ε

N∑
i=1

(
(D1w)TPA2

sD1w
)
i
− u(ρ̂20 + (u′0)

2 + T̂ 2
0 ) ≤ 0

We conclude that the numerical scheme approximating the domain with a solid wall is bounded.
The boundary condition (41) becomes

γ2T̂x = gT ,

which means γ1 = 0 and the penalty parameters are

σu ≤ −
1

4h
α

σT =
β

γ2
.

5.4 Discrete analysis of the interface

The discrete model for the interface is

wt + D1NS(F Is − εF Vs ) = SATNS

Tt − δD2HT = SATH ,
(71)

where all operators with the index (·)NS belongs to the Navier-Stokes equations and operators
with the index (·)H belongs to the heat equation. Weakly imposing the interface conditions (47)
and (49) gives the discrete penalty parameters

20



SATNS = P−1
NSENSσ1(T̃ − T) + P−1

NSENSσ2(εβD1NST̃ − δD1HT) + P−1
NSENSσ3D

T
1NS(T̃ − T)

+ P−1
NSENSΣI(H2w − gu) + P−1

NSENSσu(H2w − gu)

SATH = P−1
H EHτ1(T− T̃ ) + P−1

H EHτ2(δD1HT− εβD1N T̃ ) + P−1
H EHτ3D1H

T (T− T̃ ),
(72)

where ENS = diag(0, 0, ..., 0, 1) is a zero matrix except for the index at the interface for the
Navier-Stokes domain and EH = diag(1, 0, ..., 0) is a zeros matrix except at the index for the
interface at the heat domain. Applying the discrete energy method to (71) results in

d

dt
(||w||2PNS

+ ||T||2PH
) +DI =wTN (−A1

swN + 2εA2
sD1NSwN )− 2δT0(D1HT)0

+ 2wTNSATNS + 2TT
0 SATH ,

(73)

where

DI = 2ε(D1NSw)TPNSA
2
sD1NSw + 2δ||D1HT||2PH

.

are the dissipative terms. The hyperbolic part is bounded in the same manner as for the solid
wall but

ΣI =

0 a
2 0

0 0 0

0 b
2 0

 (74)

and the signs of the paramters is ΣI are changed compared to the solid wall since the interface
is on the right boundary and the analysis for the solid wall is carried out for the left boundary.

The viscous part in (73) is split into the velocity components and the temperature compo-
nents. Starting with the parts corresponding to the velocity in (73)

d

dt
||w||2PNS

+ 2εα||D1NSu||2PNS
= 2εαuD1NSu+ 2σuu

2, (75)

which can be bounded using the dissipative terms. Rewriting the dissipation

||D1NSu
′||2PNS

=

NN−1∑
i=1

(
(D1NSu

′)TPNSD1NSu
′)
i
+ h(D1NSu

′)20

makes it possible to write the right hand side in (75) as a quadratic form

d

dt
||w||2PNS

+ 2εα||D1NSu||2PNS
= UTMuU,

where U = (u′N , (D1NSu
′)N )T and

Mu =

(
2σu αε
αε −2αεh

)
.

An energy estimate is obtained if Mu ≤ 0, which leads to the restriction

σu ≤ −
αε

4h
.
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Consider now the interface terms containing the temperature

d

dt
(||T̂ ||2PNS

+ ||T||2PH
) + 2εβ||D1NST̂ ||2PNS

+ 2δ||D1HT||2PH
= W TMTW,

where W = (T̂N , (D1NST̂ )N ,T0, (D1HT)0)
T and

MT =


2σ1 εβ + σ2εβ + σ3 −(σ1 + τ1) −(σ2δ + τ3)

εβ + σ2εβ + σ3 0 −(σ3 + τ2ε) 0
−(σ1 + τ1) −(σ3 + τ2εβ) 2τ2 −δ + τ2δ + τ3
−(σ2δ + τ3) 0 −δ + τ2δ + τ3 0

 . (76)

To get an energy estimate, it is required that MT ≤ 0. One possibility to get MT ≤ 0 is to
cancel the columns with zeros on the diagonal and this is possible if

s ∈ IR, σ2 = s, σ3 = −εβ(1 + s), τ3 = −δs, τ2 = 1 + s. (77)

and leads to that MT is reduced to

MT =


2σ1 0 −(σ1 + τ1) 0
0 0 0 0

−(σ1 + τ1) 0 2τ1 0
0 0 0 0


and choosing

σ1 = τ1 ≤ 0 (78)

results in MT ≤ 0 and the parabolic part corresponding to the temperature is bounded. The
final energy estimate for the discrete interface model is

d

dt
(||w||2PNS

+ ||T||2PH
) + 2δ||D1HT||2PH

+ 2εβ||D1N T̂ ||2PNS

+2εα

NN−1∑
i=1

(
(D1NSu

′)TPNSD1NSu
′)
i
≤ 0.

6 Verification using the method of manufactured solution

The method of manufactured solutions is used to verify correctness of the implementation. Using
a 4th order Runge-Kutta method, the errors corresponding to the time integration are small
compared to the spatial errors and can be neglected. The time integration is performed until
t = 0.1 with the time step dt = dx2 on the grid x ∈ [0, 1]. To verify the characteristic far field
boundary conditions the manufactured solution is

ρs(x, t) =A1 +A2 sin(k1x− ω1t)

us(x, t) =B1 +B2 sin(k2x− ω2t)

es(x, t) =C1 + C2 sin(k3x− ω3t)

(79)

inserted into (1) gives the new system of equation

ut + (F I − εF V )x = G, (80)
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where FI , FV are the same as in (1) but the system now has a forcing function, G = [G1, G2, G3]
T

given by

G1 =ρst + ρsxu
s + ρsusx

G2 =ρstu
s + ρsust + psx + ρsx(us)2 + 2ρsususx − ε(2µ+ λ)usxx

G3 =est + usx(ps + es) + us(psx + esx)− ε
(

(2µ+ λ)((usx)2 + ususxx) +
µ

Pr(γ − 1)
T sxx

)
,

which is the remaining term from (1) when (79) is set as solution to the system. It is now
possible to study the convergence by solving (80) with initial and boundary data from (79).
The rate of convergence is measured using

rji =
log10(||e

j
i−1||/||e

j
i ||)

log10(hi/hi−1)
,

where ||eji || is the error norm for the grid level i and j = ρ, ρu, e. The fraction hi/hi−1 is the
ratio of grid elements at each refined grid. The error is measured as (here j = ρ)

||eρi || =

√√√√dxi

N+1∑
m=1

(ρcm − ρs)2,

where ρc is the computed density and ρs is the solution from (79). The error for the momentum
(ρu) and energy (e) are measured equivalently. The penalty parameters in (37) are set to equa-
lity; σ = −1 and α = 0.5. Other parameters of importance are γ = 1.4, Pr = 0.72, µ = 2 · 10−5,
λ = −2µ/3 and Re = 1. The order of convergence of 2nd, 3rd and 4th order operators (for
further details see [15], [16]) are presented in Table 1. The rate of convergence for the operator
have small fluctuations from the theoretical result but mostly the rate of convergence is higher
than what is expected, which means that the implementation is likely to be correct.

To test the boundary condition for the solid wall, far field boundary conditions are used
on the right boundary and the solid wall conditions on the left boundary. The manufactured
solution is changed to

ρs(x, t) =A1 +A2 sin(k1x− ω1t)

us(x, t) =B1x+B2 sin(k2x)

es(x, t) =C1 + C2 sin(k3x− ω3t),

(81)

which is similar to (79) but us is changed such that it fulfils the boundary condition for a solid
wall at the left boundary. Table 2 presents the order of convergence for the model with the solid
wall. The rate of convergence for the 2nd, 3rd and 4th order operators are what is expected.
The convergence rate is a bit low for the 4th order operator for the finest mesh for e, that could
be because the manufactured solution is too ”simple”. For ρ, ρu and for the other two operators,
the rate of convergence is what is expected.

For the interface, far field boundary conditions are used on the left boundary for the Navier-
Stokes equations and a von Neumann condition is used on the right boundary for the heat
equation. The manufactured solution is

ρs(x) = A1 +A2 sin(k1x)

us(x) = B1x
2

T̂ s(x) = C1 +
Pr(γ − 1)

ε
sin(k3x)

Ts(x) = C1 +
µ

δ
sin(k3x),

(82)
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N 2nd-order 3th order 4th order

ρ ρ
32 1.7283 2.7945 3.4356
64 1.9238 3.6656 4.6569
128 1.9713 3.8721 5.1560
256 1.9874 3.7818 4.3517

ρu ρu
32 2.0400 3.4568 4.8139
64 2.0089 3.7514 3.9690
128 1.9849 3.6340 4.3696
256 1.9904 3.2973 3.8767

e e
32 2.4969 3.1164 3.3515
64 2.1280 3.7434 4.6936
128 2.0094 3.6721 4.5349
256 1.9982 3.4773 4.1606

Tabell 1: Order of convergence for 2nd and 4th and order operators. N is the number of grid
elements. Far field boundary conditions on the left and the right boundary are used.

N 2nd-order 3rd order 4th order

ρ ρ ρ
32 1.9816 2.2717 2.7871
64 1.8667 2.9280 4.7802
128 1.8959 2.8076 4.7728
256 1.9524 2.5879 4.1065

ρu ρu ρu
32 2.1024 2.1642 2.0248
64 1.9282 3.2135 4.5005
128 1.9945 3.5193 4.6295
256 1.9849 3.5151 4.3117

e e e
32 2.4488 2.5126 2.2205
64 2.7332 3.0724 4.3849
128 2.8671 3.6725 5.0402
256 1.9516 3.6746 3.3312

Tabell 2: Order of convergence for 2nd and 3rd and 4th order operators. N is the number of
grid elements. Far-field boundary conditions on the right boundary and a solid wall on the left
boundary.

where T̂ s(x) is the temperature in the domain with the Navier-Stokes equation and Ts(x) is
the temperature in the domain corresponding to the heat equation. (82) satisfies the interface
conditions since us(0) = 0 and T̂ s(0) = Ts(0) = C1. The last condition for the heat flux is also
fulfilled since
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εµ

Pr(γ − 1)
T̂x(0)− δTs

x(0) = 0.

Table 3 presents the result for the order of convergence for the 2nd, 3rd and 4th order
operator for the model with the interface. The convergence rate is a bit low for the 3rd order
operator for the heat domain but agrees with what is expected for the 2nd and 4th order. The
convergence rate agrees with what is expected for the Navier-Stokes domain.

N 2nd-order 3rd order 4th order

ρ ρ ρ
32 2.5656 2.9004 3.3047
64 1.7853 2.6184 3.9986
128 2.0482 2.9599 4.7101
256 2.0092 3.0342 4.5384

ρu ρu ρu
32 1.3997 3.3487 3.3845
64 2.4200 2.8808 4.3568
128 1.8556 3.0349 4.7989
256 1.9690 3.0720 4.7433

e e e
32 2.4826 2.7732 3.2700
64 1.7817 2.8119 4.1796
128 2.0568 3.0066 4.8581
256 2.0156 3.0367 4.6685

heat heat heat
32 1.0748 1.9144 4.1646
64 1.7824 4.9144 1.8506
128 1.9595 2.2244 3.9779
256 1.9215 2.4252 4.4312

Tabell 3: Order of convergence for 2nd and 3rd and 4th order operators. N is the number of grid
elements. Far-field boundary conditions on the left boundary, interface between Navier-Stokes
and heat equation and a von Neumann condition on the right boundary.

6.0.1 Efficiency study

Are high order operators more efficient compared to low order operators for the interface model?
Comparing the error and the execution time between the operators, an indication whether it
is more efficient or not to use high order operators is obtained. Figure 5 illustrates the result
from the study. Note that the scales are logarithmic. When an accurate solution is desired, high
order operators will use less computer power to reach a certain accuracy. On the other hand, if
the error tolerance is high, low order operators are better to use since the 3rd order operator is
better than the 4th order for high error tolerance. As seen in Figure 5 there is a break-evenpoint,
around the error tolerance log10(error) = 10−2, where the 4th order operator is more efficient
than the 3rd order operator. This result is a strong indication that high order operators are
more efficient to use compared to low order operators for the interface model. The reader should
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be aware of that the result for the efficiency study may differ if an implicit method is used for
the time integration.

Figur 5: Efficiency study for the interface comparing the 2nd, 3rd and 4th order operators. On
the x-axis is the execution time and the y-axis holds the total error for the solution. All values
are in logarithmic scale.

7 Numerical demonstrations

This section demonstrates the discrete schemes derived in this paper. For the demonstrations,
a 3rd order SBP-operator is used and the domain contains 81 grid points. The figures in this
section illustrate the solution for the momentum, ρu, since the behaviour for ρ and e are similar.

Starting with the far field boundary conditions. For this experiment, a disturbance, in form
of a Gaussian pulse, is the initial condition for the velocity and ρ, e are set to constant values.
Data from the initial conditions are given as boundary data, which means the pulse should
leave the domain and no new disturbance should enter. Figure 6 illustrates the result from the
demonstration. The upper most panel is the initial condition, the pulse is travelling towards
both the left and right boundary and leaving the domain. The solution behaves as expected since
no reflection is expected at the boundaries and all quantities are constant after the disturbance
has left the domain. The implementation is stable.

To demonstrate the boundary procedure for a solid wall, flow travelling towards the left
boundary is set as initial condition including a perturbation on the flow to increase the com-
plexity for the demonstrations. Data for the right boundary is constant and taken from the
initial condition. Figure 7 illustrates the result for the wall. The flow is travelling in the left
direction and when it reaches the left boundary, it reflects and changes direction. Flow at the
right boundary is leaving the the domain without reflection. The solution behaves as expected
and the implementation is stable.

To demonstrate the interface, the initial condition is set to a continuous temperature profile
and flow is travelling in the left direction, towards the interface. Data from the initial condition
is used as boundary data for the left boundary and the right boundary is a Neumann condition.
The heat coefficient is δ = 0.01. Figure 8 illustrates the momentum, ρu, and the temperature
profile for the interface. The upper most panel illustrates the initial condition and the lower
panels illustrates time evolution for the solution. The implementation is stable and behaves as
expected. The flow is reflected at the interface and leaving the domain without reflection at the
left boundary and the temperature profile is continuous. Depending on the value for the heat
coefficient, the interaction between the ground and the atmosphere is different. For a large heat
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Figur 6: Demonstration of far field boundary conditions. The figures illustrates the momentum
when a disturbance is leaving the domain. The upper most panel illustrates the initial condition
at t = 0 and below is how the pulse spreads out and travels towards the boundaries and leaving
the domain at t = 0.1, t = 0.2 and t = 0.4.

Figur 7: Demonstration of the momentum, ρu, for a solid wall on the left boundary. Flow is
travelling in the left direction as initial condition (t = 0). At t = 0.1, 0.2, 0.4 the flow reaches
the left boundary, where it is reflected and leaving the domain at the right boundary.

coefficient, the temperature in the ground close to the surface is less affected of the temperature
in the atmosphere. As seen in 8 the temperature for both the atmosphere and the ground is
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affected of each other.

Figur 8: Demonstration of the momentum, ρu, and the temperature profile for the interface.
The upper most panel illustrates the initial condition and the lower figures illustrates the time
evolution for the solution at t = 0.2, 0.35, 0.5.

8 Conclusion

The energy method is used on the linearized frozen coefficient one dimensional Navier-Stokes
equations to derive boundary and interface conditions leading to an estimate. These conditions
are transformed back and interpreted for the non-linear problem and bound the solution to the
original model.

First, far field boundary conditions are derived for the Navier-Stokes equations. Second,
boundary conditions for a solid wall with data supplied for the temperature and/or the tempe-
rature flux was derived. Last, the problem is extended with a domain containing a heat equation
and interface conditions between the viscous flow and the heat equation was derived. At the
interface, the momentum is zero and the temperatures and the temperature fluxes from the
different domains were coupled.

Stable numerical schemes using the SBP-SAT method were derived and the implementation
is stable. The method of manufactured solution is used to verify the implementation and the
convergence rate for the 2nd, 3rd and 4th order operator agrees with theory. An efficiency study
for the interface problem resulted in that high order operators use less computer power when
and accurate solution is desired.
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