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1. Introduction

Quantum field theory is a theoretical framework which has been ex-
tremely successful in the description of particle physics, both with the
SU(2) x U(1) gauge theory for electroweak interactions as well as with
quantum chromodynamics for the strong interactions. But the useful-
ness of quantum field theories goes well beyond the realm of the standard
model, as they can provide an effective description for relativistic the-
ories at low energies. Some of these effective models have also proved
useful in the description of phenomena in condensed matter physics.

However, despite all the applications of quantum field theories, there
is still much we do not understand. In most situations, all one can
hope to do analytically is perturbation theory, but that will clearly be
insufficient if the theory happens to be strongly coupled. Furthermore,
general relativity predicts the existence of black holes, which contain
spacetime singularities behind the event horizon. This indicates that our
understanding is incomplete and we need a quantum theory of gravity
in such high curvature regimes. There have been many attempts to
incorporate gravity effects in the framework of quantum field theory, but
they have been unsuccessful.

It turns out that string theory is a mathematical framework with
the ability to tackle both these problems. Instead of considering point-
like particles, the fundamental object is a single one-dimensional object
sweeping out a two-dimensional worldsheet in spacetime, and particles
are simply different excitation modes of the same string. In a theory of
strings one can also consider higher-dimensional extended objects called
D-branes, where open strings end [1]. In order to have fermions, we need
to consider a supersymmetric worldsheet theory, which happens to be
consistent only in ten dimensions.

Interactions are obtained through joining and splitting of strings, so
the quantum theory introduces a genus expansion. This can be seen as a
first hint at duality, as we can also obtain a genus expansion in quantum
field theories. It was shown by 't Hooft that in a gauge theory with N
colours, Feynman diagrams with the same topology also have the same
power of N [2]. It then looks like classical strings are just a planar limit
of gauge theories, while quantum strings correspond to gauge theories at
small finite .

It is also true that any theory of closed string must contain a massless
spin-two excitation, and it can be shown that the low energy limit of
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string theory is a supersymmetric quantum field theory of gravity. Fi-
nally, the extended nature of string interactions indicates that the theory
should be free of UV divergences, so string theory naturally becomes a
strong candidate for a theory of quantum gravity.

There is an important open/closed string duality, which claims that
the presence of D-branes can be viewed in two very different ways |3, 4].
When closed strings propagate in the presence of a D-brane, we have
to consider all possible interactions where closed strings split into open
strings which can later fuse back into closed strings. We then obtain an
integral over the moduli of Riemann surfaces which can have an arbitrary
number of holes. It is however possible to replace holes in the worldsheet
with operator insertions, so we can also see the D-brane as a source of
closed strings. This background of closed strings can in turn be mapped
to a deformation of the background geometry in which strings propagate.

Let us now take the low energy limit of a stack of d-dimensional branes.
Only the massless string modes survive in this limit, and the string ac-
tion decomposes into two parts, a brane action for the open strings and
a bulk action for the closed strings, which do not interact in this limit.
The bulk action corresponds to ten-dimensional supergravity, while the
open strings are described by a d-dimensional quantum field theory. On
the other hand, we can instead consider the presence of the branes as
effectively deforming the background geometry. At infinity the low en-
ergy excitations correspond both to massless strings far from the horizon,
which are described by ten-dimension supergravity, but also by stringy
excitations close to the horizon. This is simply a manifestation of the
redshift effect for particles in strong gravitational potentials. If we con-
sider stacks of D3, M2 or M5 branes, the near-horizon geometries are
of the form AdSgz41 x M, with M some compact manifold, and the
low energy worldvolume theories become conformal. We are then forced
to conclude that the d-dimensional conformal field theories are dual to
superstring theories in AdSg41 backgrounds [5-7].

This duality is the most explicit realization of the holographic princi-
ple, which in fact precedes these discoveries. Going back to the black hole
solutions of general relativity, it was found that the charges describing
the black hole obey thermodynamic-like relations. Using semiclassical
methods Hawking showed that they emit a thermal radiation, and also
that the entropy of the black hole is proportional to the area of its event
horizon [8]. This was the first indication that the degrees of freedom
of gravity in d dimensions can be mapped to the degrees of freedom of
boundary theories in one lower dimension [9].

Two of the most well studied examples of AdS/CFT are given by the
propagation of type IIB strings in AdSs x S° and type IIA strings in
AdS,; x CP?, whose dual conformal field theories are NV = 4 SYM in
four dimensions and ABJM in three dimensions. These theories are su-



persymmetric, but in the planar limit they are conjectured to become
integrable since there is an infinite tower of hidden symmetries. Integra-
bility can be found explicitely both in the two-dimensional worldsheet
theory and in the spin-chain one obtains as a representation of single-
trace operators [10,11|. There are many important consequences of inte-
grability on two-dimensional theories. It is possible to show that particle
production or annihilation is forbidden, and the presence of an infinite
number of conserved charges also fixes outgoing momenta to be a per-
mutation of the incoming momenta. Finally, another key implication of
integrability is that the S-matrix factorizes into two-to-two scatterings.
This means that any scattering process is determined by the dispersion
relation and the two-body S-matrix. In the past decade these features
have been explored thoroughly, leading to non-perturbative frameworks
for the computation of the spectrum of N'=4 SYM and ABJM [12,13].
In recent years there has been strong evidence that integrability can also
be used to obtain the structure constants of N' =4 SYM at any value of
the coupling [14], and we can hope that the same will happen for ABJM
and other integrable theories appearing in the context of AdS/CFT.

Note that these are weak/strong dualities so they have strong impli-
cations both for quantum field theories and for string theory. When the
conformal field theory is weakly coupled, the string tension goes to zero
and we have a quantum regime of string theory. This is extremely helpful
as it gives an understanding of quantum gravity from simple perturba-
tive calculations in gauge theories. Meanwhile, semi-classical strings are
dual to strongly coupled quantum field theories, so the duality provides
a very powerful tool for the study of strong interactions. Notice however
that it is usually very difficult to ascertain the validity of such a duality,
since one has to perform all orders perturbative computations to match
observables in the two theories. If that is not possible one can also match
protected observables which still provide evidence for the validity of the
conjecture.

Let us end this introduction with an outline for the rest of the thesis.
In chapter 2 we review the basic concepts of conformal symmetry and
then focus on its application to the superconformal field theories men-
tioned above, N' =4 SYM and ABJM. We will then review superstring
theory and its scattering amplitudes in chapter 3, focusing on string
states from the Regge trajectory, and also at the massless and first mas-
sive levels. In chapter 4 we introduce the flat-space approximation for
short operators of N/ =4 SYM, and them move on to present the strong
coupling structure constants obtained in Papers I and II. We conclude
that chapter with an explanation of the relation between extremality and
mixing with double-trace operators which was presented in Paper II. In
chapter 5 we move on to the weak coupling side of the duality, where we
take the coincidence limit in a four-point function of half-BPS operators
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in order to obtain their structure constant with the Konishi operator
at five loops. We describe the technique of asymptotic expansions, and
also elaborate on the transcendentality features of the master massless
propagator integrals obtained along the way. The focus of chapters 6
and 7 is on the use of integrability to obtain non-perturbative results. In
the first of these chapters we introduce the Bethe ansatz for integrable
spin-chains and its application for the spectrum of A' = 4 SYM and
ABJM. We also review the recent Hexagon proposal for the computa-
tion of structure constants in A/ = 4 SYM, and in chapter 7 we take
the first steps into generalizing such a framework for the AdSy/CFT;
duality.
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2. Conformal Field Theories

In this chapter we review general concepts of conformal field theories
and then specialize to the integrable theories relevant for the rest of this
thesis. A theory with conformal symmetry is invariant under transforma-
tions that preserve angles, which is equivalent to a local scaling. It is very
natural to study such symmetries, as many theories are classically con-
formal, such as ¢* theory, classical Yang-Mills in four dimensions and
even massless QCD. Conformal symmetry also plays a crucial role in
condensed matter physics, as critical phenomena are described by scale-
invariant systems where there is no correlation length. A characterisitic
feature of such theories is the power-law behaviour of their correlation
functions.

Another very important reason to study conformal symmetry is related
to the renormalization group flow. It is well understood that as one varies
the energy scale of a theory, the strength of its interactions changes
accordingly to its S-functions. The flow leads to fixed points where the
B functions vanish, corresponding to theories which are invariant under
scaling. If a theory has vanishing £ funtions at any loop order, then it is
also conformal at the quantum level. There are many examples of such
theories, but here we shall focus our attention on N' = 4 SYM in four
dimensions and ABJM in three dimensions.

2.1 Conformal Symmetry

Since conformal transformations preserve angles, they must leave the
metric g, invariant up to a scalar factor

dzt dzv
dxe dzf
For the rest of the chapter, we will focus on spacetime dimensions higher

than two. It is possible to show that the infinitesimal form of a conformal
transformation is at most quadratic, more precisely of the form

9uv Q2($)ga,3 . (21)

ot — 7 =2k 4 ok + Aot + W, + 2P0 - 2(x - bt (2.2)

We can recognize a* and the antisymmetric w”” as the translation and
Lorentz symmetries that form the Poincaré group, present in all rela-
tivistic quantum field theories. The parameter A corresponds to global
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dilations, and b* is the parameter of the special conformal transforma-
tions, which can be understood as a composition of translations with the
inversion
T
xh — ol (2.3)

The generators for translations, boosts, dilatations and special con-
formal transformations are denoted by P,, L,,, D and K, and their
action can be expressed through the differential operators

P, = —i0,, L,, =i(x,0, —x,0,),
D = —iz"d,, K, = —2iz,(v-0) +iz?0,.  (2.4)

Given these expressions, one can derive the commutation relations of the
algebra. It is useful to organize the generators in the following way

1
JNV:LNV’ ‘LLMZ §(Pu_Ku)a
1
J—l,O - D, JO,,u = §(P,u + K,u) ) (25)

so that we can recognize it as s0(2,d), the Lie algebra associated to the
Lorentz group in R?¢

[Jmns Tpgl = 1 (MmgInp + Mnpdmg — MmpJng — MngImp) - (2.6)

This relabelling of the generators might look inocuous at first, but it will
turn out to be useful later when we introduce the embedding formalism.

2.1.1 State-Operator Map and Primary Fields

In quantum field theories, one has to choose a spacetime foliation in
order to quantize the theory. A standard approach is to choose equal-
time surfaces, and the map between the Hilbert spaces of those surfaces
is given by the action of the unitary operator e’’*. Given this choice
of foliation, the states are characterized by their energy and momenta.
However, it turns out that in conformal field theories there is a more
natural choice of foliations. We can gain some intuition by considering
the map from R? to R x S?~1, where we relate the radial coordinate with
the time coordinate 7 on the cylinder

r=e’. (2.7)

Equal time surfaces on the cylinder correspond to a radial foliation of
R?, so the energy spectrum on the cylinder corresponds to the spectrum
of the dilatation operator on the plane. Quantization with this radial
foliation is usually denoted by radial quantization, and is more useful as
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it naturally describes operator insertions in conformal field theories. In
this case, states are described by their scaling dimensions

DA, 1) = iA|A, 1) (2.8)

Since the generators of rotations on the sphere S9! commute with the
dilatation operator, we also label states by their spin on the sphere

L/LV‘A7Z> - Euu|Aal> ’ (29)

where the matrices 3, act on the spin indices of the operator in ques-
tion. The unitary operator that maps equal-radii surfaces acts on states
as e'P7|A) = r=A|A).

Notice that moving towards the origin of the sphere corresponds to
approaching past infinity on the cylinder, so a state at a given radius is
created by the insertion of local operators at the origin. We then have
a state-operator correspondence, since the insertion of local operators
creates a state with definite scaling dimension

OA(0)[0) — |A). (2.10)

It is easy to see that P, and K, are raising and lowering operators as they
shift the scaling dimension of the state by +1 and —1 respectively. The
lowest weight of the representation, which is called a primary operator,
must therefore be annihilated by K. The action of the generators on a
primary field is given by

(K, O(0)] =
[P, 0(0)] = —23 10(0),
[D,0(0)] = —iA0(0),
(M, 0(0)] = —i%,,0(0). (2.11)

The other states of the theory are the descendants, given by derivatives
of primary fields which can be created by acting with the translation
operator P* on the primary state. If the operator insertion is away
from the origin, then the state produced is a superposition of states with
different scaling dimensions, as can be seen easily from rewriting the
operator in the following manner

O(z) = PO (0)e= 7 (2.12)

Lastly, it is useful to note that one can extract bounds on the scaling
dimensions from unitarity considerations [15]. Seeing that time-reversal
on the cylinder corresponds to an inversion, it then follows that K, is
the hermitian conjugate of P,. For states to have positive norm, we need
the following matrix to be positive definite

(MK, K, PP, A D). (2.13)
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From this kind of considerations it is possible to derive the following
bounds on scaling dimensions of scalars and operators in symmetric
traceless representations of spin [

d
A>Z -1, Azit+d-2. (2.14)

2.1.2 Correlation Functions

We now know from the previous discussion that a primary scalar field
must transform as
~A/d

o(x) - @) = |2 o). (2.15)

oz

It then follows that correlation functions of primary scalar operators
satisfy

—A,/d
<01(LU1) e On(l‘n» s

(2.16)
which imposes strong constraints on such correlators. For example, the
only non-vanishing one-point function is for the identity operator, which
has A = 0. Meanwhile, for two-point functions it is sufficient to consider
behaviour under Poincaré transformations and dilatations to show that
they must obey

—A/d a5
PR aix

0z

(O1(i1) - On(in)) = | 5

X1 Ty

0n; A,
(21 — 29)201 "

(O1(21)O02(22)) = (2.17)

For three-point functions it is necessary to also consider the transforma-
tion under inversion, from which we can then show that they are of the
following form [16]

Clas

= |71 — 22|29 |27 — 5]202 |25 — 2320

(O1(21)O2(22)O3(x3)) , (2.18)
where we introduce a; = X — A;, with X = % >; Ai. With four external
points it is possible to form two independent conformally invariant cross

ratios s o 5y o
_ 12734 _ T14723

, = . (2.19)
23573 235734

This implies that four-point functions are fixed only up to a function of

the cross ratios. Assuming all operators have scaling dimension A we

then have

G(u,v)

= |71 — 20| 2B |z3 — 24|28

<01(l’1) e 04(1'4)) (220)
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2.1.3 Operator Product Expansion

The notion of operator product expansion appears already in quantum
field theories, as we can substitute a product of two local operators close
to each other by a sum of local operators. However, while that notion
is only asymptotic in QFT, in conformal field theories we do have a
convergent OPE, as can be seen from radial quantization. Consider for
example two operator insertions which create a state in a sphere around
them. This state can in turn be seen as an expansion over eigenstates of
the dilatation operator. Using the operator-state correspondence we then
conclude that the operator insertions can be substituted by an infinite
sum of primary and descendant operator insertions at the center of the
sphere. More explicitely, we have

O1()02(0) = > Chggla|*+ 21722 (O (0) + descendants) ,  (2.21)
k

where we sum only over the primary operators, while the contribution
of descendants is totally fixed by conformal symmetry. It can be shown
that the structure constants Cjj;j, of the OPE decomposition correspond
exactly to the numeric coefficients of three-point functions. Meanwhile,
the convergence of the expansion depends on which correlation functions
we consider. The fact that they diverge as two operators approach each
other implies that the radius of convergence of the OPE is the distance
from the origin of the sphere to the closest operator in the correlation
function.

The fact that we have a convergent operator product expansion has
strong implications on the study of conformal field theories. Given any
higher-point function, we can perform OPEs until we are left only with
three operator insertions, which means that all the information from
those correlators is encoded in the spectrum of anomalous dimensions
and the set of structure constants of the theory. It is therefore possible
to compute any correlation function of local operators as long as those
two sets of numbers are known. However, in practice it might not be
feasible to perform all the necessary sums, so the study of higher-point
functions is also important.

2.1.4 Embedding Formalism

Let us finish this review of conformal symmetry with a brief explanation
of the embedding formalism. The tools used so far were sufficient for
the study of scalar correlation functions, but if one wants to classify
also the allowed tensor structures for correlators with spin [17-19], then
the embedding formalism provides the machinery required for a much
more efficient analysis. The crucial observation was made already in
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(2.6), where we saw that the conformal group SO(2,d) acts linearly on
an embedding space R%“. Following the notations introduced in (2.5),
and introducing the coordinates XM for the space R*?, the action of
conformal transformations on the embedding space is [20]

XM =AM XN, (2.22)

In order to relate this with the d-dimensional physics we have to get rid of
two degrees of freedom. First, we restrict to the null cone in embedding
space

X?2=0, (2.23)

and then we take a section of the cone parametrized by
X(z)= (X1, X7, X" = (1,22, 2"), (2.24)
where the metric has a non-diagonal component 7, = —1/2 associated

to the light-cone coordinates.

Given the transformation rule (2.15) for primary fields in R? the
natural extension in embedding space is a homogeneity condition on the
fields

OMX) =)2"20(X). (2.25)

Let us now look at operators in a symmetric traceless representation,
for which this formalism becomes especially powerful. The fields on the
embedding space will also be in a symmetric traceless representation, but
once again we have to eliminate two of the degrees of freedom associated
to each index. First we will require the fields to be transverse

XMoy. (X)) =0, (2.26)

and since we are working on the null cone X? = 0, any component
proportional to X projects to zero, so this gauge redundancy

Ou . (X) = Onr. + X f(X) (2.27)

reduces the number of degrees of freedom to what we need. Finally, we
obtain the physical operator with the following projection on the section

oxM  gxMn
O,u1---l£n(m) = OMan(X) . (228)

Ozt 7 Ok X(2)

Notice that tracelessness of O, , follows simply from tracelessness of
Oum..N-

Finally, since it is much easier to deal with polynomials than with
tensors, let us pick a reference polarization vector z for each symmetric
traceless field, and encode the operators by symmetric polynomials [21]

O(2) = Opypp 2o 2H7] (2.29)

22=0 *
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To understand why we should restrict to the 22 = 0 surface, consider
two polynomials which are equal up to terms depending only on z2.
That means that the respective tensors are related up to d,,,, terms,
but that creates no ambiguity as the original tensor is obtained by the
action of a symmetric traceless projector, for which such terms vanish.
The action of the projector is obtained rather easily by applying the

following differential operator on the polynomial,

d 0 0 1 02
D“_<2_1+Z'az>azu_2z“az2' (2:30)

Going back to embedding space, the symmetric and traceless tensors are
encoded by the following polynomials

OX,Z) = On, g, ZMr . ZMn (2.31)

72=0,7-X=0 "
Just like in (2.29), the resctriction to Z2 = 0 selects a representative for
the class of polynomials which are equal after application of a symmetric
traceless tensor. Meanwhile, the condition Z - X = 0 selects a repre-
sentative in the class of polynomials which are equal up to the gauge
redundancy of (2.27), while the transversality condition (2.26) takes the
form

0
X -—0(X,Z2)=0. 2.32
< -O(X, 2) (232
After we find the relevant polynomials in embedding space, we just need
to use the following prescription in order to go back to the physical space

O(z,z) = O(X(x), Z(x)). (2.33)

The embedding space polarization is related to the physical polarization
in the following manner

Z(x) = (0,2x - z,2"). (2.34)

At last, we can enumerate the tensor structures allowed by conformal
symmetry in three-point functions. It can be shown that all allowed
polynomials are |21]

(Zi - X5)(Xy - Xi) — (Zi - Xi)(X; - Xi)

%Jk = X] ] Xk; )
Hij = (Z;i - Z;)(Xi - X5) = (Xi - Z;)(X; - Zi) - (2.35)
We conclude that there are six building blocks, since V; iz = —Vi;

and H;; = Hj;, with ¢ # j,k. Three-point functions of operators in
symmetric traceless representations are given by a sum over all possible

17



polynomials one can form with those six structures

Z”ij’mi Cras({niz},m) I, Vi"™ Hi<j HZJ
e 71737 Pk ks N

(X1 Xo)7 2 (X1 X3)" 2 (Xo-X3)7 2
(2.36)

where 7, = A; + 5; and S; is the spin of the operator O;. The sum is
over all n;; and m; that satisfy

(010,03) =

m; + Z ni; = Sz . (2.37)
J#i

22 N =4SYM

Maximally super-symmetric Yang-Mills theories were originally intro-
duced by dimensionally reducing N’ = 1 Yang-Mills in ten dimensions
[22]. In this section we will consider the four dimensional theory with
N = 4 supersymmetry, which preserves all sixteen Poincaré supersym-
metries and has in addition sixteen charges more due to conformal in-
variance . One of the reasons this theory has been so thoroughly studied
is the fact that it also describes a stack of N D3-branes in string theory,
which was later discovered to be equivalent to the propagation of type
IIB closed strings in an AdS5 x S® background [5]. Furthermore, the the-
ory seems to be invariant under an infinite tower of hidden symmetries,
which make it integrable.

2.2.1 Field Content

The fields of the theory are the gauge bosons A, six real scalars ¢,
four chiral fermions 1% and four anti-chiral fermions v4;. The fields are
all massless and transform in the adjoint of the SU (V) gauge group. For
a gauge transformation U the transformation rules are

or; — Uopr,UT, A, - UA U —iUd,UT,
vl = UyLUT, Yar — UtparUT . (2.38)

The scalar fields also transform in a six-dimensional representation of
the SU(4) R-symmetry group, while the chiral and anti-chiral fermions
transform in the fundamental and anti-fundamental representations re-
spectively.

The action of the theory is

S = ZL d*z (L, — V), (2.39)
9ym
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where the kinetic terms for the gauge field, scalars and fermions are given

by
1

L ="Tr [—4

1 LT aa
Fu " + (D) (D*6"7) = ithsr 1P wi] . (240)
and the interaction terms are

V="Tr [Wﬂ[ 2o 1]+ U3 e, 0] - i[qﬁu, ¢KL]2} : (2.41)

The action of the covariant derivative on a field x is the usual

Dux = 0ux —i[Au, X] - (2.42)
It is useful to relabel the scalar fields as three complex scalars

Z = P12, X = ¢13, Y = ¢4,
Z = ¢34, X = ¢42, Y = ¢o3. (2.43)

The supersymmetry of the theory relates all couplings to gy, so it is
enough to study its behaviour under the renormalization group flow of
gymMm- One can see that at one loop the number of scalars and fermions
conspires such that one obtains a vanishing S-function. One can also see
that conformal symmetry is preserved at the quantum level, by realizing
that the Lagrangian belongs to a supermultiplet of protected operators.
That means its dimension stays constant, which implies that the Yang-
Mills coupling is invariant under rescaling. Said in another way, the
B-function must vanish at all loop orders and we see that the power-
ful constraints imposed by supersymmetry make sure that the theory
remains conformal at the quantum level [23].

2.2.2 Superconformal Algebra

As a conformal field theory, ' =4 SYM is invariant under the SO(2,4)
conformal group in four dimensions. The Lorentz part of the algebra is
50(1,3) = su(2) x su(2), so we can write the Lorentz boosts as two sets
of traceless generators .

Lf, LY, (2.44)
corresponding to the two independent su(2) algebras. The conformal
algebra is comprised by the dilatation operator D, translations P, and
special conformal generators K,,, which we rewrite in the following way

Pos =", P,, K% = y0* K", (2.45)

with 7, the off-diagonal blocks of the gamma matrices in four dimen-
sions. The bosonic algebra is complemented by the global R-symmetry
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transformations SO(6) = SU(4), which are generated by fifteen opera-
tors R/, with R} = 0.

Finally, ' = 4 SYM is a maximally superconformal gauge theory,
so there are also thirty two fermionic generators. Just as P, and K,
are raising and lowering operators in the conformal algebra, we can also
separate the fermionic generators in two sets. By looking at the com-
mutation relations, we realize the existence of sixteen generators which
raise the dimension of an operator by 1/2, which we call supercharges

Qar )k (2.46)

as well as sixteen superconformal charges wich lower the dimension of
operators by 1/2 ‘

SE o Sar. (2.47)
Just like in conformal fields theories we define conformal primaries as
the lowest weight states. Here we say an operator O is a superconformal
primary if it is annihilated by all superconformal charges

1S2,0] = [$41,0] = 0. (2.48)

Both the spinor indices o and ¢ as well as the R-symmetry indices are
the same that label the Weyl fermions of the theory, with Q and S trans-
forming in the fundamental of SU(4), while Q and S transform in the
anti-fundamental representation. It can be shown from the commuta-
tion relations of the superalgebra that a superconformal primary is also
a conformal primary. Finally, by looking at the commutation relations
for all the generators mentioned above, it is possible to recognize they
form the psu(2,2|4) superalgebra.

2.2.3 Representations

Primary operators and their descendants form irreducible representations
of the algebra, which are infinite-dimensional due to its non-compact na-
ture. In general we organize representations into modules which are
closed under the action of the bosonic algebra, su(2|2) x su(4), and char-
acterized by the charges of the bottom component under the Cartan
generators. We can relate the modules of the representation by the ac-
tion of Qs and @Y, which means that a typical representation has 216
such modules.

However, whenever the lowest weight is also annihilated by some of
the supercharges, the number of modules is smaller and we say we have a
short representation. An important case we need to consider in detail is
the half-BPS representation V with lowest weight Z, which is annihilated
by half of the supercharges

rol ) roQ ) . z ) Q4a . (249)
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In the decomposition of the tensor product V®¥ there is a symmetric
representation, whose lowest weight is given by the following single-trace
operator

Tr[Z"]. (2.50)

These operators are still annihilated by half the supercharges, and we call
them chiral primaries. It can be shown from the commutation relations
of the algebra that their scaling dimension is related to the Dynkin label
of its SU(4) representation [0, .J, 0]

A=J. (2.51)

Since the R-charge must be an integer, then the scaling dimension can-
not vary continuously, which means that the representation is protected
from quantum corrections. If we set J = 2, we obtain a very special
supermultiplet as it contains both the Lagrangian of the theory as well
as the stress-energy tensor and other conserved currents. The fact that
the Lagrangian is the top component of this protected multiplet implies
that the theory is conformal at the quantum level.

2.2.4 Planar Limit and AdS/CFT

If we look at the Feynman diagrams for correlation functions, it is natural
to organize them by powers of 1/N, which is equivalent to grouping them
by their topology. It is then natural to take the planar limit of large IV,
where processes are dominated by planar diagrams. By sending the
Yang-Mills coupling to a very small value, we obtain a new expansion
parameter that is fixed in the planar limit, the 't Hooft coupling [2]

A=g%N. (2.52)

N = 4 SYM is the world-volume low energy theory of a stack of D3-
branes, which is equivalent to the propagation of type IIB closed strings
in an AdSs x S° background. The parameters of the two sides of this
duality relate in the following way

A R?
95 =5 = VA, (2.53)
where R is the radius of both AdS and the five-sphere. In the planar
limit the string coupling goes to zero, so we eliminate processes where
strings split or join, which means we restrict to the first term in the genus
expansion of string theory. It is also very important to note that this
is a weak-strong duality, as the weakly coupled regime of N' = 4 SYM,
with small A\, corresponds to strings with small tension, while at strong-
coupling the string tension is very large and the string theory becomes
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classical. On one hand this kind of duality is difficult to check since one
needs to perform calculations to all orders in perturbation theory on one
side of the duality if one hopes to obtain a match. On the other hand,
it becomes extremely powerful since it teaches us both about strongly
coupled gauge theories and quantum gravity.

It is possible to formulate superstring theory in such a background by
writing it as sigma-model on the following coset

PSU(2,2/4)
SO(1,4) x SO(5) -

The bosonic part of PSU(2,2|4) gives the isometries of AdSs x S°, while
SO(1,4) x SO(5) corresponds to the set of transformations that leaves a
point invariant. The algebra psu(2,2|4) has a Z4 automorphism, which
introduces a grading of the algebra currents

(2.54)

j=g"tdg =39+ + %+, (2.55)

where ¢ is a group element of PSU(2,2|4). The superstring action is
then written as [24]

VA
_ aB;(2) :(2) aB (1) :(3) af :(2)
S = y /STr {\/—hh ;¢ )jﬁ — e?4C )jﬁ + €7 Najs ] , (2.56)

where the last term in the action is a Lagrange multiplier that ensures
supertracelessness of j(2).

2.2.5 From Local Operators to Spin-chains

In the context of this thesis we will consider only correlation functions
of local observables. In order for these local observables to be gauge
invariant, they must be constructed from traces which contract the gauge
indices. The fields inside the trace can be any scalar, fermion or even field
strength F},,, and they each can have any number of covariant derivatives
D,,. A local observable is an operator composed of any number of such
traces, but we can restrict our attention to single-trace operators since
mixing with multi-trace operators in suppressed in the planar limit.

A useful way to study such class of operators is by thinking of them
as spin-chains. The idea is that a trace with L fields can be mapped into
a tensor product of L Hilbert spaces [10]

VI®...0 VL, (2.57)

where on each site V is the fundamental representation of PSU(2,2|4).
When considering the map between single-trace operators and spin-
chains, it is important to remember that the cyclicity of the trace results
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in a shift symmetry of the chain. In the computation of the spectrum,
we must renormalize the operators and then diagonalize the resulting
mixing matrix, which corresponds to the spin-chain Hamiltonian. The
eigenstates of the spin-chain then correspond to operators with definite
scaling under dilatations, and their eigenvalues are the anomalous di-
mensions. Since the interaction terms in the Lagrangian are at most
quartic, the one-loop dilatation operator is given by a spin-chain Hamil-
tonian with nearest neighbour interactions. However, as we go to higher
loops we obtain a long-range spin-chain.

The ground state of the Hamiltonian corresponds to the protected
operators

O, = Tr[Z%], (2.58)
which break the PSU(2,2[4) symmetry to SU(2|2);, ® SU(2|2)r. Two

of the bosonic su(2) factors are the Lorentz generators LS and Lf .
Meanwhile, for Z = ¢15 it is easy to see that the only R-symmetry
generators that annihilate the vacuum are the ones corresponding to
transformations in the (12) or (34) R-symmetry planes. That means that
the R-symmetry algebra breaks to su(2) x su(2) x u(1) with generators

. 1
R?Y, R, J = 5(311 + RS — RS — R}, (2.59)

where we introduce new indices a and @, which correspond to the original
R-symmetry indices I = 1,2 and I = 3, 4, respectively. In that language,
the supercharges that annihilate the ground state (2.49) can be written as
Que and Q2. Finally the residual algebra closes with the superconformal
generators S¢ and Si-

It turns out that not all fields correpond to elementary excitations of
the spin-chain. To find out what are the elementary excitations we have
to look at the charges

E=A—-J, (2.60)

under the generator of u(1) g, which is a central element common to both
factors of the residual symmetry su(2]2);, ® su(2|2)g. We can see that
the elementary excitations form an (2]2);, ® (2|2)g representation with
sixteen degrees of freedom ® , ;, which have the following components

q)az'z = ¢ad 5 q)ao'z = ¢d,a 5
q)ozo'c = Dad 5 q)oed = 1/4?1 . (261)

Other fields that can appear in the single-trace operators show up in the
spin-chain as composite excitations. For example, Z corresponds to a
double excitation

7~ e, ~ XX +YY (2.62)
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The sites of the spin-chain transform in general in the fundamental
representation of psu(2,2[4). It is however possible to consider subsets of
fields which are closed under the action of the dilatation operator, which
we call closed sectors. There are several closed sectors we can consider
at one-loop, from the SU(2) Heisenberg spin-chain with excitation X, to
the mixing between all the scalars in the SO(6) sector, or the SU(1|1)
sector with a fermionic excitation. However, at higher loops only a few
of the closed sectors survive, with the rank one cases being SU(2) and
SL(2). The larger sector SU(2|3) is also closed to all orders in perturba-
tion theory, and corresponds to a spin-chain with three bosons and two
fermions. Note that the mixing between fermions and bosons leads to
a variation in the number of fields inside the trace, so we say that the
spin-chain of A/ =4 SYM is dynamical.

2.3 ABJM

Another example of an integrable CF'T which has played a very impor-
tant role in the study of AdS/CFT is ABJM theory. It originated from
the discovery of an A/ = 8 superconformal theory in three dimensions de-
scribing the world-volume theory of two interacting M2-branes [25-27|.
The naive Chern-Simons term of the action is not parity invariant, as
one would expect from eleven-dimensional supergravity, but this prob-
lem is solved by taking the gauge group to be a product U(N) X U (N)
with two Chern-Simons terms of levels &k and —k. ABJM generalizes
the construction to more than two branes, but preserves only N' = 6
supersymmetry, except for Chern-Simons level k¥ = 1,2 when there is
an enhancement to N/ = 8 [28]. If the two factors in the gauge group
are different, then we end up with ABJ theory [29], where the presence
of integrability is still an open problem. From the open/closed string
duality, the stack of branes in the near-horizon limit is equivalent to the
propagation of closed strings in the orbifold background AdSy x S7/Zj.
Taking k large the circle effectively shrinks and we can instead describe
the system with type IIA strings in AdS, x CP?.

2.3.1 Field Content

The gauge fields corresponding to the two Chern-Simons terms are A*
and A, which transform in the adjoint of the respective gauge groups.
There are also four complex scalars Y/ and four Dirac fermions tq;
which transform in the bifundamental representation (N, N) of the gauge
group, while their complex conjugates transform in the anti-bifundamental
representation (N, N). A gauge transformation for such a gauge group

24



is given by (U, U), under which the fields transform as

v s uylot, A, - UAUY — iU, U,

Vo1 — UthasUT, A, - UA U —iUd,U". (2.63)
The scalars Y/ transform in the fundamental representation of the SU (4)
R-symmetry, while the fermions transform in the anti-fundamental rep-

resentation, and vice-versa for their complex conjugates.
The action of the theory is

k

_ 3 _ _
S = e /d QT(Ek Vhos ‘/ferm)v (264)

where L}, has the kinetic terms for the gauge fields, scalars and fermions
2i
L, =Tr [ew <Au8nuA,\ + 3AuAVAA> — (DY (D,Y])

—€uun <A#8nufl>\ + 2;14#21,,/10 — !t le,/)[] ., (2.65)
and the interaction terms are
Vierm = %Tr [YQYAW%B — YV ppt? + eapepY oI PY CyptP
—ABOPY LY ip 4+ 2Y AY b an TP — QYQYBM%B} ,
Vhos = —% Tr [YI ViVIYIivEYL + viIvly v /vy E
Y IYIYEY Y IV - 6YIY}YJY}YKYH . (2.66)
The action of the covariant derivative on a bifundamental field x is

D,x = 0ux +iA,x — ixfl# . (2.67)

As is well known, the Chern-Simons term is not gauge invariant, but
changes by an integer multiple of 27k under a gauge transformation.
For the theory to be gauge invariant, the path integral must be gauge
invariant which leads to a quantization condition for &

kel. (2.68)

This has strong implications on the quantum behaviour of the theory.
ABJM is classically conformal, but as the energy scale varies, the cou-
plings could in principle vary as well. However, since k£ must be an inte-
ger, it cannot vary continuously with the energy, which means that the
coupling is protected from renormalization. Since all other couplings are
related to k due to supersymmetry, then the theory remains conformal
at the quantum level.
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2.3.2 Superconformal Algebra

As a three-dimensional conformal field theory, ABJM is invariant un-
der the conformal group SO(2,3) = Sp(4,R). The Lorentz algebra is
50(1,2) = 5[(2,R), so we write it with the usual traceless generators L /.
The rest of the algebra is composed by D, translations P, and special
conformal generators K,,, which we rewrite in a more convenient way

Pop = (CT")apPy, K =(CT")*’K,, (2.69)

with C the charge conjugation matrix and I', the Dirac matrices in three
dimensions. The rest of the bosonic algebra is given by the generators
of the global SU(4) R-symmetry, which we write with R/ as in N’ = 4

SYM.
A natural choice for the Cartan generators of su(4) is

J =5 (RS = RS), J = %(Rf —R}), J3s=R!'—-R;—RJ+R.

(2.70)
This is convenient as later on the R-symmetry algebra will be broken into
an su(2)g x su(2)s x u(l) subgroup, with J and J the Cartan charges

of the su(2) factors formed by R? and R}, where a and a correspond
to I = 2,3 and I = 1,4 respectively. Meanwhile, J3 will turn out to be
useful for distinguishing the two types of excitations in the spin-chain
picture. The relation of these charges with the Dynkin labels [p1, g, p2]

is
PLtq+p2 4 Js = p1 —pa. (2.71)
2 2

Finally, ABJM is also invariant under the action of twenty four su-
persymmetries. Once again, half of them are are raising operators, the
supercharges .7, while the superconformal generators S®!7 corre-
spond to lowering operators. Since a superconformal primary O is a
lowest weight of the representation, then it must satisfy

J: s J:

[s>17 0] =0. (2.72)

The spinor indices are the same that label the Dirac fermions, but the
fermionic generators have antisymmetric R-charge indices, so they trans-
form in a six dimensional representation of the R-symmetry group. If
we put all the commutation relations of these generators together, we
obtain the superalgebra osp(6[4, R).

2.3.3 Representations

The representations of the superalgebra are infinte-dimensional and we
organize them in modules which are closed under the bosonic subalgebra
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50(2,3) x su(4). Each module is characterized by the Cartan charges
of the bottom component: scaling dimension A, Lorentz spin S, and
R-charges J, J and J; . The modules can be related to each other
by the action of the supercharges (), ,rs, which means that a typical
representation will have 2'2 such modules.

Let us now look at some of the most relevant short representations.
We have the representation V with lowest weight Y4 and V whose lowest
weight is the scalar YlT. They are both half-BPS representations as they
are annihilated by half the supercharges

V: Qa2 Qa,13, Qa,23
Vi Qa2 Qo135 Qa,14 - (2.73)

If we combine these representations together in the tensor product Ve
V)@l there is an L-symmetric representation in its decomposition whose
lowest weight corresponds to the following single-trace operator

Te[(Y4Y;)"]. (2.74)

These are 1/3-BPS operators since there are only four supercharges that
annihilate both V and V at the same time

Qa,12 Qa,13 - (2.75)

These operators are commonly known as chiral primaries, and their su(4)
Dynkin labels are [J,0, J], with J the R-charge under su(2):. By look-
ing at the superconformal algebra we can derive a relation between the
scaling dimension and the R-charge of the chiral operators

A=J=1L, (2.76)

which protects these short multiplets from quantum corrections to their
scaling dimensions.

2.3.4 Planar Limit and AdS/CFT

Also in ABJM we can organize Feynman diagrams by powers of 1/N,
so in the planar limit correlation functions are dominated by planar
diagrams. Since k appears as an overall factor in front of the action,
we can then see 1/k as a coupling constant. In the planar limit the
expansion parameter is the 't Hooft coupling [2]

A= — 2.
s (277

which remains fixed if we take k to also be very large. As menioned
above, ABJM has an AdSs x CP? dual in type IIA string theory, so we
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can relate its parameters with the string tension and string coupling

\5/4 R2
9s= "N — = AV2X, (2.78)
with R the radius of the compact manifold CP?, which is twice the radius
of AdS. Just like for N' = 4 SYM, we have once again a weak-strong
duality. As we take A to be small, where ABJM is weakly coupled, the
string background becomes highly curved and the string worldsheet is
strongly coupled. When X is large, we have strongly-coupled ABJM and
semi-classical strings. Note that in the planar limit strings become free,
so it is enough to take the first term in the genus expansion, with the
topology of the sphere.
The superstring action in that background can be written as a sigma
model on the supercoset

OSp(6]4)
SO(1,3) x U(3) "

(2.79)

The algebra 0sp(6|4, R) has a Z, automorphism which introduces a nat-
ural grading for the algebra currents

j=g"tdg =50+ + %+, (2.80)

where g is an element of the group OSp(6]4,R). These currents are then
used to write the action [30,31]

S = —v2\ / a2STr [V=hh? @50 4 00 2s1)

Note that in ABJ we have two 't Hooft couplings A and ) related to the
two limits for the different ranks of the gauge group factors. The theory
is unitary when |[N — N| < k which in the planar limit corresponds to

A=A <1

2.3.5 Alternating Spin-chains

In our study of ABJM we will only consider correlation functions of
local observables. In order to be gauge invariant, they must be made of
a product of traces which contract the gauge indices. Given the structure
of the gauge group, the fields inside the trace must alternate between the
bifundamental and the anti-bifundamental representations.

As with N'= 4 SYM, it is useful to think of single-trace operators as
spin-chain states, which are also alternating due to the product nature
of the gauge group and the representations of the matter fields. In or-
der to solve the mixing problem for the spectrum, we must diagonalize
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the spin-chain Hamiltonian [11|. It turns out that in three dimensions
only integrals with even number of loops have ultraviolet divergences,
so the expansion of ABJM is in powers of A\2. The two-loop spin-chain
Hamiltonian has next-to-nearest neighbour interactions which include
the six-boson interaction, and the range of interaction increases as we
consider higher loops.

The ground state of the ABJM spin-chain is the protected operator
introduced earlier

Oy = Tr[(YY,)H], (2.82)

which breaks the symmetry to su(2|2) xu(1) [32]. One of the su(2) factors
corresponds to the Lorentz generators, while there is an su(2) x u(1)
parametrized by (R?, R) which is preserved in the breaking of the R-
symmetry to su(2)g x su(2) s x u(1)

R/ — RY+R)+RY+ R} +R. (2.83)

The indices a and a correspond to the original R-symmetry indices I =
2,3 and I = 1,4 respectively. Under the breaking of the R-symmetry
the fermionic generators decompose as

Qa,IJ — an + Qa + Qa )
Sld g 4 8% 4 5. (2.84)

In this language, the supercharges that annihilate the ground state (2.75)
are written as Q%! and finally the algebra closes with the superconformal
generators S¢.

Other single-trace operators can be built by replacing some of the fields
in the trace, but not all correspond to elementary excitations in the spin-
chain picture. The elementary excitations can be found by looking at
the charges under the bosonic generator D — J of u(1)g, where J is the
Cartan generator of su(2).. They transform as (2(2)4 @ (2]2) g, where
the two fundamental representations of su(2|2) have opposite charges J3
under u(1). We denote the A and B fundamental representations by ® 4
and ® ; repectively, and they correspond to the fields

q)A :(Y37 —Y2|¢a1> )

FENAR A (2.85)

If the single-trace operator has excitations other than these fundamental
ones, then they correspond to composite excitations. For example, the
scalars Y, Y, and the derivatives D, are made up of the following

29



fundamental excitations [33]
vy~ vy 4+ v3Yy
Y4Y;1T ~ Y2Y2'|' _ Y3}/:3T ,
DY Y] ~ 41 (CT,)*Py (2.86)

In a similar manner, one can see that .9, 1/132, a3 and wf’ are double-
excitations while 1),4 and 11! are triple excitations.

Finally, the spin-chain sites transform in a representation of osp(6/4, R),
but it is often easier to study a set of fields which is closed under the
action of the spin-chain Hamiltonian. Given the choice of vacuum we
have made, the simplest closed sectors are the rank one groups SU(2)
and SU(1]1). The first is composed of a single scalar excitation on ei-
ther the even or the odd sites, while the second corresponds to a single
fermionic excitation. A good playground for the study of integrability
in ABJM is usually the SU(2) x SU(2) sector, as it has excitations in
both even and odd sites of the spin-chain while being simple enough due
to the fact that the excitations are decoupled. Just like in NV =4 SYM,
one could also consider the sector of scalar fields, but this is only closed
at two loops.
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3. Superstring Theory

String theory originated as a proposal for a theory of hadrons, but it
was discarded after the appearance of QCD. Interestingly, the presence
of a spin two excitation, one of the reasons for its failure as a theory of
the strong force, was crucial to turn it into a candidate for a theory of
quantum gravity. In string theory the basic object is a one-dimensional
string that spans a two-dimensional worldsheet in spacetime. String
interactions are given by joining and splitting of strings, and the fact
that they do not single out a point in spacetime makes it free of short
distance divergences. Another feature that makes it so compelling is that
unlike quantum field theory, each order in perturbation theory is given
by a single worldsheet topology.

Even if string theory does not turn out to be the correct theory of
quantum gravity, it is undeniable that it has had a huge impact in the-
oretical physics. One such example is the AdS/CFT duality discovered
by Maldacena [5], in which string theories in AdSg41 spaces were found
to be dual to conformal field theories in d dimensions. This provides
an excellent framework for the study of strongly coupled gauge theories
and several observables like amplitudes, correlation functions and Wil-
son loops can now be computed to all orders in perturbation theory, at
least in the planar limit.

In the context of this thesis, superstring amplitudes are important
because they are dual to correlation functions of conformal field theories.
In this chapter we introduce superstring theory in flat space as well as
the vertex operators necessary for the study of three-point functions in
N =4 SYM at strong coupling. In the treatment of the superstring we
will mostly follow the conventions of [34,35].

3.1 Wolrdsheet CFTs

The coordinates of the two-dimensional worldsheet spanned by the string
are the proper time oy and the spacial coordinate o1 = 01+27. Switching
to Euclidean signature, we can form two new variables w = o7 —i0g and
W = 01 + 109, which parametrize the cylinder formed by the worldsheet.
It is however useful to use a conformal map z = €', so that the string
worldsheet is parametrized by the complex plane, where we can use the
tools of complex analysis.
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3.1.1 Conformal symmetry in two dimensions

We will see later that the worldsheet theory is superconformal, so let us
first introduce the basic tools for conformal field theories in two dimen-
sions. In chapter 2 we mentioned that an infinitesimal conformal trans-
formation has at most quadratic terms. However, in two dimensions that
is not true, and any holomorphic or anti-homorphic transformation

z— f(2), z—=9(2), (3.1)

is conformal. The stress-energy tensor must be traceless and if the theory
is also supersymmetric, then there is a gamma-traceless supercurrent G,

T" =0, I Gp = 0. (3.2)

In two dimensions, we can then see that there are only two non-vanishing
components for each of them. Furthermore, the conservation laws show
that the two non-vanishing components must be either holomorphic or
anti-holomorphic.

If an operator is a primary, then under a conformal transformation it

obeys o
6(2,2) > (gi)h (g;) é(2,2) (3.3)

where the two weights h and h can be related to the dimension and spin
of the operator

A=h+h, S=h—nh. (3.4)

From the transformation rule, we can show that a Fourier series of an
holomorphic operator on the cylinder becomes a Laurent expansion on
the plane, shifted by the weight of the operator

B(z) =) ¢nz" " (3.5)

In radial quantization the action of the charges on the fields is given
by the countour integral

Q. 6(2)] = 74 9 s (W) T(w)é(2) (3.6)
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We can then derive the leading singularities in the OPE of the stress-
energy tensor with primary fields to be

h(w) + ¢(w) 4+

(z—w)?2  z—w

T(z)p(w) = (3.7)
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One can also show that the stress-energy tensor and the supercurrent
must have the following OPEs

c 2T (w) n oT (w) n

T@)T(w) = 2z—w)*  (z—w)? z—w
T(2)Gw) = 5 (?;G_(u;)y 4 ‘ZG_(TU) o
G)Gw) = —2¢ W) (3.8)

3(z—w)d  z—w

where c is the central charge of the CFT. These equations show that the
stress-energy tensor is not a primary operator, while the supercurrent is.
The mode expansions of the currents are

T(z) =Y Lpz""2, G(z)=> G.2"2,
T(z) =Y Lnz"?, G(z)=> G777, (3.9)

where n € Z for the stress-energy tensor, while for the supercurrent r
could be either integer of half-integer. By putting together the OPE
relations (3.8) and the expansions (3.9), we can derive the commutation
relations of the superconformal algebra in two dimensions

[Lyn, Ly] = (m —n) Ly + im(m2 — 1), —n

12
m
[Lma Gr] = (5 - T)Gm—‘rr’ 5
(Gr,Gy] = 2L, s + 1%(47»2 — )6y s (3.10)

This algebra is called super-Virasoro, and there is a similar copy for the
anti-holomorphic currents.

3.1.2 The string matter sector

The string propagates in a spacetime described by the coordinates X .
Just like for particles the action is the worldline length, here it is natural
to introduce the Nambu-Goto action, which minimizes the worldsheet

surface .
Sna = d?o+/—det, (3.11)

2ma

where the prefactor is interpreted as the string tension and ~ is the
induced metric on the worldsheet

OXM oxN

33



The square root in the action is not very compelling, so we introduce the
Polyakov action, whose linearity in the target-space coordinates comes
with an independent field for the worldsheet metric hg

1

Sp =
P 4o’

/ d%o V=hh®9, XM XMy . (3.13)

The equation of motion for h,; shows that it is proportional to the
induced metric, which means that the equations of motion for X are
exactly the same as the ones obtained from the Nambu-Goto action.
The Polyakov action enjoys several symmetries. On one hand there
are the global Poincaré transformations of the fields X™. But there are
also local symmetries: the action is invariant under worldsheet diffeo-
morphisms and local rescalings (also known as Weyl transformations)

o = o +£%o0),
hap — €¥hgy . (3.14)

The worldsheet metric hyp, has three degrees of freedom, but we can use
the local symmetries to select a conformal gauge for the metric

hab = Nab - (315)

By computing the variation of the action to a perturbation of the world-
sheet metric we obtain the stress-energy tensor. Imposing the equations
of motion on hg, is then equivalent to requiring the vanishing of the
stress-energy tensor.

It is also important to note that even after fixing the worldsheet met-
ric, there is still a residual gauge symmetry. By introducing the complex
coordinates z and z from the previous discussion, we can see that the
residual symmetry is composed of holomorphic and anti-holomorphic
transformations, so it corresponds to the group of conformal transforma-
tions in two dimensions. Unlike the higher-dimensional cases studied in
the previous chapter, this group is now infinite dimensional.

If we want our string theory to have fermionic excitations in its spec-
trum, then we must modify the Polyakov action. There are several ways
to do so, but here we will take the RNS approach to the superstring. We
shall then supplement the Polyakov action with two new ingredients: the
anticommuting Dirac spinor ¥ which transform as a spacetime vector,
and a world-sheet gravitino y. We can also use worldsheet supersymme-
try to fix the gravitino degrees of freedom, and the gauge fixed action
simplifies to

1

Sm:ﬂ

d?z (j/aXMaXM + M pas + ¢M6¢M> . (3.16)
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with ¢ and 1/; the components of the Dirac spinor in the Majorana-Weyl
basis. The equations of motion for the matter fields are

20XM =0, wWM=0, M=o, (3.17)

which imply that the they also split into two parts: X M and M are
holomorphic while 0X* and " are anti-holomorphic. The first two
are usually called right-moving fields while the later are left-moving.

3.1.3 The string ghost sector

The previous discussion did not take into account that we also have to
perform a path integral over the matter fields and the worldsheet metric.
After gauge fixing we integrate over a slice that cuts once through each
equivalence class. We must determine the measure of that integration,
which can be done with the Faddeev-Popov method. The inverse of the
Faddeev-Popov determinant is given by

A%h] = /D¢D§D,uexp </ d2z |h|”ab(¢hab+va§b)> . (3.18)

We can integrate out the Weyl parameter ¢, which forces u® to be
traceless. By substituting the parameters p%® and £, by anti-commuting
ghost fields b and ¢, we then obtain the Fadeev-Popov determinant. We
should follow the same logic and fix the worldsheet supersymmetries
arising in the superstring, which leads us to introduce a pair of bosonic
ghosts, 8 and . Finally, in the conformal gauge these determinants can
be expressed through the ghost action

1 . _ _
Sen = o /dQZ (bOc + bO¢ + SOy + O7) . (3.19)
7T
Just like for the matter sector, the equations of motion are
ob=0, ob=0, dec=0, 9e=0,
9B =0, 98 =0, oy=0, 97=0, (3.20)

which imply that b, ¢, 8 and « are holomorphic while b, ¢, § and v are
anti-holomorphic.

There are two further complications that we ignored in the previous
discussion. The first concerns the parameters of the metric that cannot
be removed using diffeomorphisms and Weyl invariance, called metric
moduli. For the sphere there are no such moduli, but the torus has a
complex modulus 7 since we can at best bring the metric to the form

ds* = |do® + rdo* |*. (3.21)
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The other issue is related to the conformal Killing group, when there
are global symmetries that are not fixed by the choice of the metric.
For example in the sphere there are six conformal Killing vectors, with
infinitesimal transformations labeled by three complex parameters

8z =ap+ a1z + az2?, (3.22)

which exponentiate to the PSL(2,C) group. The Riemann-Roch theo-
rem relates the number of metric moduli ¢ and the number of conformal
killing vectors xk with the genus of the surface

w—rKr=06g—6. (3.23)

By taking these two points into account when doing the gauge fixing of
the path integral one can show that each metric moduli leads to a b ghost
insertion and each conformal Killing vector removes an integration of a
vertex operator while inserting a ¢ ghost. Therefore, for the calculation
on the sphere we need the following correlator of ¢ ghosts

2

1 1 1
<010203516263> = |det zZ1 R2 23 = ‘212|2’213|2|223‘2, (324)
2 2 2

which can be understood as the Jacobian of the transformation that
eliminates three of the integrations.

The ghost action also possesses a U(1) symmetry generated by the
currents

Joe(z) = =b(2)c(z),  jpy(2) = =B(2)1(2) . (3.25)

The ¢ and ~ fields have charge +1 under these transformations, while
the ghosts b and  have charges —1. These currents are not world-
sheet primary fields, as they have cubic singularities in the OPE with
the stress-energy tensor. The coefficients of those singularities have a
physical meaning as they give the background charges

Qve = —3, Qpy =2. (3.26)

3.1.4 Currents and Primary Fields

If we assume that the path integral of a total derivative vanishes, the
following equation

78 (2)e™%) =
PP (02 =0 (327
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can be used to obtain differential equations for the propagators. For the
matter fields we then obtain the following OPE singularities

XM (XN ) = T log] 2 — wf?,
gMN
M (E)N (w) = (3.28)
while for the ghosts we get
b(z)c(w) = . _1 = b(z)b(w) = c(2)c(w) = O(z —w),
Benw) = ———, B8 =1(hw) =0(). (329

The stress-energy tensor can be obtained by varying the worldsheet
metric, so it must be computed before setting the conformal gauge for
the metric. We have seen before that the stress-energy tensor has a
holomorphic component 7., = T'(z) and an anti-holomorphic one 7%z =
T'(z). The holomorphic component can be split into two parts

1 1
T(z2) = —aaXMaXM — iszawM :
Ten(2) = —200c + cOb — gﬁ&y - %'yaﬁ , (3.30)

coming from the matter and ghost sectors of the action. Meanwhile, the
supercurrent is given by

9\ 1/2
Gm(z) =1 <,> aXMwM7
e
Ggn(2z) = cOp + gﬁac —2by. (3.31)

By computing the OPE of the matter and ghost fields with the stress-
energy tensor as in equation (3.7), we can understand what are their
transformation rules under conformal transformations. It turns out that
the only field of the action that is not a primary is X*. The conformal
weights of the primary fields are

h(c) = -1, h(vy) = —%, (3.32)

and analogously for the anti-holomorphic fields. It will also be useful to
study the plane-wave operator e**%. We can show that it is a primary
operator with weights

!
h=h= %kz : (3.33)
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which can be used to derive the OPE

pik1-X (2) gikz-X (0) _ |Z|a/k1~k2ei(k1+k2)X(0) T (3.34)
From this equation we can show that the correlator of plane-waves im-
poses conservation of momenta

Lo =S [t a3

i<k

where we introduce the short-hand notation z;; = z; — z;.

Finally, by doing the OPE of the stress-energy tensor with itself as in
(3.8), we obtain an expression for the central charge of the superstring

3D
c= 7—26—1—11 (3.36)

Conformal symmetry plays a crucial role in eliminating states with neg-
ative norm, so we would like the strings to remain conformal at the
quantum level. However, the Weyl symmetry becomes anomalous in
the quantum theory, since the trace of the stress-energy tensor has a
non-vanishing vacuum expectation value

c
12
with ¢ the central charge and R the worldsheet Ricci scalar. We then

conclude that the superstring can only be consistent if the target-space
is ten-dimensional [36].

(T®) = ——R, (3.37)

3.1.5 RNS sectors

When we consider the theory on the cylinder, it is important to specify
the periodicity conditions of the fields. The spacetime coordinates X™
must be periodic so the field expansion is

i0XM(z) = (o/ /2)/? Z T (3.38)

nez

The ghosts must have the same periodicity as the corresponding matter
field so we have

b(z)=Y" ;:%2 EEEEDD % : (3.39)

nez nez

Meanwhile, the fields ¥™ and ™ live on the double cover of the
complex plane, so they are either periodic or anti-periodic, which cor-
repond to the Ramond and Neveu-Schwarz sectors respectively. Notice
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that these are periodicity conditions on the cylinder, so in the plane the
expansions are

’YM
Z ZT—|—1/2 ) Z 7-+3/2 ? (Z) = Z,,._1/2 )
(3.40)

where 7 is integer for the R sector and half-integer in the NS sector.
Notice that the half-integer conformal weight of the fermions introduces
a branch cut in the R sector while it removes the branch cut coming from
anti-periodicity of the NS sector. In a closed string, where we consider
both left and right movers, we can choose the periodicity conditions
independently, so we obtain four different sectors: NS-NS, NS-R, R-NS
and R-R.

In the quantum theory, we have the following commutators for the
modes of the matter fields

[O‘rj\r/{> O‘g] = [drj\r/{> dg] = mnMN(sm,—n )
{pM Ny = (M N} = N6, (3.41)
while for the ghosts we have
[77“765] = [:Yra/és] = 6r,—s 5
{m>bn} = {Cm,bn} = O, - (3.42)

Finally, we can substitute the mode expansions in the expression for the
stress-energy tensor (3.30), with normal ordering for the creation and
annihilation operators. That procedure is unambiguous for all modes
except Lo, for which we must introduce a normal ordering constant.
In order to obtain the commutation relations (3.10), that normal order
constant is given by

aNs = ——, (IRZO. (343)

3.2 Spin fields and Bosonization

We will now look at the ground state of both the NS and R sectors and
see that we need to introduce a new kind of operator, the spin field.
The spin fields have non-trivial OPEs with the matter fields, so we will
introduce the idea of bosonization where, at the cost of manifest Lorentz
invariance, we substitute the interacting RNS CFT by one of free bosons.
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3.2.1 The ground state

The matter ground state

By the state-operator correspondence, the state |1) is equivalent to the
insertion of the identity operator. If we consider the action of the matter
field on this state, by regularity we have that

aMy=aMp)y=0 form>0,

M) =M1y =0 forn>1/2. (3.44)

Since all positive modes annihilate |1), and there are no zero modes 1)’
in the NS sector, then it correspond to the NS ground state |0)ns. Since
the NS ground state is a Lorentz singlet and excited states are created
by the action of spacetime vectors, one sees that the NS Hilbert space is
composed only of states of integer spin.

However, in the R sector there are zero modes 13! which do not in-
crease the energy of the state, so the vacuum is degenerate. In fact the
3! form a Clifford algebra, so they create a spinor representation of
SO(1,d —1). We can then label the R sector ground states by

AV = |A; ... As), (3.45)

with A; = £1/2. We can see the ground state in the R sector as the
action of a spin field operator on the NS vacuum [37,38|

|A)r = ©7|0)xs - (3.46)

Since the excited states of the R sector are created by modes which are
spacetime vectors, then the whole R sector Hilbert space is composed
of states of half-integer spin. Note that in ten dimensions the Dirac
representation splits into two sixteen dimensional Weyl representations,
with opposite chiralities.

The ghost ground state

Let us now analyze the ground state in the fermionic ghost sector. Due
to the different weights of the ghost fields, the action of the ghost modes
on |1) is now

bn|1) =0 forn > -1,
cn|l) =0 forn > 2. (3.47)

By looking at the commutation relations with Ly we can see that any
positive mode lowers the energy of the state, which means that |1) cannot
be the ground state. We can introduce a new state by acting with a ¢
ghost

1) = (1) = 1), (3.48)
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Since c is a fermion, we see that | |) is annihilated by all positive ghost
modes, so it must be a ground state of the ghost system. However, we
are still free to act with the zero mode ¢y which does not increase the
energy of the state, which implies that this ghost system has a degenerate
ground state

col 1) =11), col 1) =0,
bol 1) =0, bol 1) =1 1). (3.49)

When we introduce BRST quantization in section 3.3.1, we will see that
| 1) is not a physical state, so the ground state of this ghost system is

0 = c(0)[1). (3.50)

The superghost ground state

Finally, let us look at the ground state of the superghost CF'T. Since ~y
also has a negative weight, then we will run into the same problem where
|1) is not annihilated by some of the lowering operators

1
6n’1>20 nz_iv

w1y =0 n> g . (3.51)

However, since v is bosonic, the solution presented above does not work
in this case. We must rewrite the fields 8 and + as a product of two
fermions, where we bosonize one of them [39,40]

Blz) =e ?R0E(z),  ~(z) =e?FIn(z). (3.52)

The leading singularities in the OPE of these fermions must be such that
we reproduce the ones of S and -y, which is achieved with

d(2)p(w) = —log(z —w) + ..., 0&=2)0¢(w)=0(z—-w)+...,
n(z)f(w):m—i—..., n(z)n(w) =0(z—w)+....
(3.53)

The stress-energy tensor for these new CFTs can be derived from a point-
splitting technique we will introduce in section 3.2.3

T, = 50606 — 0%,

Tye = —n€, (3.54)
from which we derive the following weights for the primary operators
l2
We)=—5 -1, hm)=1, W =0. (3.55)
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Using the fact that the zero mode of 7 annihilates |1), it can be shown
that the following state of weight 1/2

0)ns = e~ (1) (3.56)

is also annihilated by 7, /2, which makes it the ground state in the NS
sector.

Meanwhile, in the R sector, we need to find a state that is annihilated
by «1. Given the branch cut in the R sector expansions, we need to find
an operator that also has a square root branch cut, which is achieved
with

|A)g = ©%e™?/2|1). (3.57)

The weight of the exponential factor is 3/8, which combines exactly with
the weight of the spin field to form a vertex of conformal weight 1, which
ensures locality of the OPE.

3.2.2 Bosonization

The worldsheet fermions /™ and the spin fields ©4 form an interacting
CFT, so it can be non-trivial to obtain some of the correlators of the the-
ory. This problem is circumvented by the introduction of bosonization,
where we map the RNS fields to operators built from five free bosons [41].
A disadvantage of this method is that the expressions at intermediate
steps are not manifestly Lorentz covariant.

The new free bosons ¢; have an OPE analogous to that of the target-
space scalars XM

$i(2)¢;(0) = di,jlog 2. (3.58)
From this we can show that for each scalar ¢;, we have the following
OPE for their exponentials

eP?i(2) 0490:(0) — ,pq (pP+q)$:(0) (3.59)

This is quite useful as we recognize the fields of weight 1/2, e~%¢ and
e, to be equivalent to a set of complex fermions. In order to make
contact with our Majorana-Weyl fermions, we have to rewrite them in
the Cartan-Weyl basis

1
7
1
V2

The identification with the auxiliary bosons is done in the following
way

PR — (30 + ),

P = (P L ip?th) fori=1,...,4. (3.60)
pE = e*icy, (3.61)
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Notice that we had to introduce a new element in the expression, the
Jordan-Wigner cocycle factors ci., [42,43]. While the bosonized oper-
ators built from a single scalar anticommute, the same is not true for
operators built from different scalars, as they are independent. There-
fore, the cocycle factors make sure that all bosonized operators have
the correct commutations relations. This can be done explicitely if the
cocycle is given by

Cie, = (1)t (3.62)

with /V; the fermion number operator.

So far we have not gained much since it was already simple to compute
the OPE for the Majorana-fields. The real power of this technique is
in the treatment of the spin fields describing the ground state of the R
sector. The spin fields map the NS ground state to the ground state of the
R sector, which means that they must introduce square root branch cuts.
We can see from equation (3.59) that this is achieved by the operator

> Aigi
with A; = £1/2. Since the weight of the exponential is
h(e'%) =12/2, (3.64)

04 = exp ca, (3.63)

then we obtain the correct conformal weight for the worldsheet fermions
and a conformal weight of 5/8 for the spin fields.

It is useful to combine the notation for the bosonization of the matter
fields together with the bosonization of the superghosts. For example,
for the Cartan-Weyl fermions we get

YEeie? = Moy, A=te; —es. (3.65)
The correlator for n fields with such six-dimensional weights is

<e>‘1'¢(zl)c>\1 .. .e/\"'é(z")cAJ = 5(2 Aj + 2eg) H z;‘,z'/\jei“j'M')"“ ,
J i<k
(3.66)
where the scalar products now have a Lorentzian signature (1,...,1,—1)
and we have implemented the cocycle relations with a lower-triangular
sign matrix

O O O

(3.67)

=)= OO
—_o0 o oo
—_oo o 0o oo
SO Do OO

-1 -1 -1 -1
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In order to recover convariant expressions after using bosonization, it
is important to know that the gamma matrices in the Cartan-Weyl basis
are

(1), = V2eim e MAg(1ey, 4 A B). (3.68)
The relation to gamma matrices in a covariant basis is exactly analogous
to equation (3.60). For the charge conjugation matrix we have

CAB = £5(A + B)e ™ A-12MA-12 (3.69)

where the sign corresponds to the chirality of A and A4/, denotes the
extended weight (A, +1/2).

3.2.3 Point-splitting

When studying operators at higher massive levels, it is necessary to
consider the product of several RNS fields at the some point. To find the
bosonized version of these operators we use the point-splitting method.
The idea is to evaluate the product at separated points, subtract the
singular term and then take the limit of the separation going to zero [44].
Specifically, we have

PEE(z) = 4O () = 0,
YOYT O (2) = —pT % (2) = O . (3.70)

If we include also a spin field, then we have

w:ﬁ:ﬁk (¢@)A — 4\/55(14145 ¥ %)eiiwek~M~A®Aiek
+ (24y £ 6ey,) - Dp(T @) (3.71)

where ®4 is defined exactly like the spin fields (3.63), but for non-
spinorial weight A.

3.3 Superstring Spectrum

Now that we have introduced the worldsheet CFTs describing the super-
string, we need to understand its spectrum. From light-cone quantiza-
tion one can see that timelike components of the worldsheet fields do not
contribute to the spectrum. Here we will introduce the BRST charge,
whose cohomology selects the physical states in a covariant way. Then
we will also have to consider the GSO projection in order to obtain a
supersymmetric spectrum free of tachyons.

Finally, we will introduce the notion of superghost picture and the
vertex operators from the massless and first massive level, as well as
from the leading Regge trajectory.
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3.3.1 BRST quantization

Looking at both the matter and ghost actions together, we can see that
there is a new symmetry between matter and ghost fields. This BRST
invariance is a manisfestation of the gauge freedom that was fixed, and
it is given by the BRST current [45]

1
i =I'm +vGm + §(CTgh + '7Ggh) , (3.72)

which can be seen to transform as a tensor from the OPE with the stress
energy tensor. The BRST charge is then given by

1 ) _~
Qp =5 ¢ dzjp —dzjp. (3.73)
™

The fact that the BRST operator generates gauge transformations
implies that any physical state |x) must be annihilated by the BRST
charge

@plx) =0. (3.74)
A very important feature of the BRST charge is that it is nilpotent
Q% =0, (3.75)

so any state @g|x) could in principle be a physical state as well. How-
ever, since the BRST charge is hermitian, one can show that a BRST
exact term must always be orthogonal to all physical states

(¥|@Blx) = 0. (3.76)

We conclude that any two physical states that differ by such a null state
must be physically equivalent, so physical states are in the cohomology
of the BRST charge.

In order to find physical states, it is useful to split Q) g into three parts

Qp = Qo+ Q1+ Q2, (3.77)

where Q; carries superghost number k. Since physical states have a
definite ghost number, this implies that g, @1 and Q2 must annihilate
them independently.

When studying the ground state of the ghost system, we found that it
was degenerate, and at that point we simply chose the state annihilated
by the zero mode by to be the ground state. In order to motivate this
choice, note that its commutator with the BRST charge is

{@QB,bo} = Lo . (3.78)

We can then see that by requiring the zero mode of b to annihilate any
physical state, we ensure that BRST invariance implies that string states
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are on-shell. Analogously, physical states in the superstring should also
be annihilated by the zero mode of the superghost .

Finally, let us derive some implications of BRST invariance on physical
states. We have seen before that the ground state of the ghost system is
generate by ¢(0). Let us then denote a vertex operator as ¢(0)V},(0)[1),
with V}, a field of weight A built from matter and superghost fields. The
vertex operator can only be annihilated by () if the vertex is a conformal
primary with weight h = 1. We have also seen before that the number of
conformal Killing vectors of a given surface determines the number of ¢
ghost insertions. So while ¢(0)V},(0) corresponds to a ghost number one
representative of the vertex, we also need to find the ghost number zero
representation. It turns out that the following integrated vertex

/ d=Vi(2), (3.79)

is also annihilated by the BRST charge for conformal weight h = 1.

3.3.2 GSO projection

So far we have eliminated states with negative norm from the spectrum
by requiring BRST invariance. However, while the simplest vertex in the
R sector

04(0)e?(0)/2#kX0) () (3.80)

corresponds to a massless string state, in the NS sector the simplest
possibility is
e Otk X)) (3.81)
which corresponds to a tachyonic string with imaginary mass.
In order to eliminate the tachyonic string, which indicates an instabil-

ity of the theory, we need to perform the GSO projection [46]. Physical
states must obey one further constraint

Qasolx) = [x) - (3.82)

In the NS sector, the projection is performed with the following operator

Qcso = —€™", (3.83)

with F' the worldsheet fermion number. The projection then selects
states with an odd number of worldsheet fermions, which clearly removes
the tachyonic state from the spectrum.

Meanwhile, in the R sector the projector is

Qcso = £ Ty, (3.84)
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with I'y; the chirality matrix in ten dimensions. We can see that in
the R sector the projection into even or odd fermion number depends
on the chirality of the state, but the choice of overall sign is purely a
convention. For closed strings we have to project both left and right
movers, and depending on the choice of sign in (3.84), we can have two
different theories. In Type IIA, we pick different signs, while in Type
IIB we pick the same projection for left and right movers, so the theory
becomes chiral.

A key observation is that the GSO projection gives the same number of
bosonic and fermionic degrees of freedom at any mass level, making the
spectrum supersymmetric. It is also important that the BRST charge
commutes with the operator e, so that the previous discussion on
BRST invariance still holds for a subsector with definite fermion number.

3.3.3 Superghost pictures

The background superghost charge imposes a condition on the total
charge of the vertex operators. That means that we might have to con-
sider vertex operators in different superghost pictures. From requiring
BRST invariance of an NS vertex operator Vse™?, we obtain the fol-
lowing constraint on the OPE with the supercurrent

G(2)Vas (w) = ﬁWNs(w) I (3.85)

which means that the vertex operator must be the lowest component of
a superconformal primary field. We can then relate the two components
in the following way

WNS - G_l/gé_l/QVNS . (386)

For a vertex operator in the R sector Vge /2, closure under the BRST
charge requires that it is a highest weight of the super-Virasoro algebra.
To obtain the higher superghost picture we have to find the next element
in the representation of the superconformal algebra

Wgr=G_1G_1&. (3.87)

More systematically, if we want to find the vertex operator in a higher
superghost picture we have to use the following formula

VI (2) = —[Qp, £(2)V @ (2)]. (3.88)

At first it might look like we are creating a BRST exact state, but that
is not true. The subtlety is that only 0 appears in the bosonization of
the superghost fields. That means that the zero mode &y does not belong
to the superghost algebra so the new vertex is not actually BRST exact.
However, the nilpotency of the BRST charge still guarantees that the
new vertex operator is BRST closed.
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3.3.4 Vertex operators

Given that the Poincaré transformations of the target-space coordinates
are global symmetries of the superstring action, we want to form vertex
operators that are eigenstates of the corresponding charges. For example,
the translations ) d
M Z ooy M
pM=2 7{ Ziox™M, (3.89)

are diagonalized by the exponential e?*'X with eigenvalue k™, which
contributes to the vertex with weight o/k?/4. For a string state with
mass m, we then see that it is annihilated by (g if the remainder of the
vertex has weight 1 — a/m?/4. This will fix the type of terms that can
appear in the vertex operator at a given level, while invariance under )¢
and ()2 will give constraints on the coefficients of each allowed term.

For simplicity, in the remainder of this section we will drop the ghost
and plane-wave factors from the vertex operators, and we will discuss
only the right movers contribution to the closed strings, as the results
for left movers are analogous.

Massless States
After the GSO projection, the string excitations with lowest energies are
massless states. Let us start by considering closed massless strings in the
NS sector. The only possible vertex we can write in the (—1) superghost
picture is

Vg = eppMe?. (3.90)

BRST invariance demands transversality of the polarization
ek™ =0. (3.91)

This condition makes the vertex BRST closed, but we must remember
that the physical state is defined up to BRST exact terms. It turns out
that the vertex becomes exact if the polarization is proportional to the
momentum kY | which leaves us with 8 degrees of freedom. We will also
need this vertex in the (0) superghost picture , so we use equation (3.88)

to obtain
V(O) _ 2 . M O/ M

Meanwhile, in the R sector the only vertex operator we can write at
the massless level is
Vi) — 04092, (3.93)
In order for the operator to be BRST invariant the polarization must
satisfy

(th) =0, (3.94)
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which eliminates half of the degrees of freedom.
As expected, we obtained the same number of bosonic and fermionic
degrees of freedom and the polarizations transform in representations of

the little group SO(8).

First Massive Level
The next string level is given by operators with k? = —4/ad’, so the

NS vertex in superghost picture (—1) is a combination of the following
terms [44]

EMNiaXMIZJN + aMNP¢M¢N¢P + O'M(?Q,ZJM , (395)

where we already eliminated the term O¢ 1™ by the addition of a to-
tal derivative to the vertex. By adding BRST exact terms we can also
make €,y symmetric and eliminate the term ;01" . Finally, requir-
ing closure under the BRST charge imposes further constraints on the
polarizations

ennn™N =0, eunk™ =0, amnpk™ =0.  (3.96)

The symmetric, transverse and traceless tensor €p;ny has 44 degrees of
freedom, while the antisymmetric transverse tensor ajsnyp has 84, and
they both correspond to representations of SO(9). Using the ghost pic-
ture changing prescrition (3.88) we obtain the vertices at zero ghost
charge

/ /
Vl\(r%),1 = EMN% <i<9XM (iaXN + O;k.¢¢N> + O;awaN> ,
(O) 2 . M Oé/ M NP
VNS,Q = QMNP o 310X + Ek ) WP . (3.97)

In the R sector, there are two vertices one can form at the first massive
level, but there are several constraints imposed by BRST invariance. On
one hand the vertex must be written as the following combination of the
two terms

/
VY =t (0700 - ST ) a9y

but it also imposes transversality on the polarization. Finally, by adding
BRST exact terms we can add a gamma-traceless constraint on the po-
larization

taak™M =0, (f2)a =0, (3.99)

which leaves us with 128 degrees of freedom.
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Leading Regge Trajectory

In general, at higher massive levels the complexity of the vertex operators
increases very fast due to the large number of SO(9) representations
allowed. However, closed string states in the leading Regge trajectory
are quite simple due to the relation between their spin S and mass level
n

S=n+1. (3.100)

These are states in the NS sector, so they must have at least one 1 field
in the vertex. However, if we want to create a state totally symmetric in
its n + 1 indices, then the only possibility is

VY = enny g, 10X ML i9X MnqpMurie=® (3.101)

with a totally symmetric, traceless and transverse polarization

ery. MM =0, e M, KM =0, (3.102)

3.3.5 Supercharges

We had already seen that the target-space was Poincaré invariant, but
now we observed that there is also spacetime supersymmetry. The
Poincaré algebra then gets enlarged to super-Poincaré, which includes
the anticommutator

{Qf,ngR} =-2 (FnFMC)AB pPM (3.103)

with C' the charge conjugation matrix and I'1; the projector onto positive
chirality. The left and right supercharges are given by

Q4 = f{ 42 gag-erz A _ ]{ 42 gag-ar, (3.104)

211 21

It will be useful later to use the supercharges in a higher superghost
picture, which we write as

1 dz .
Qi = —7 f 2TTZ,zaXM(FM@)%W. (3.105)

3.4 String Interactions

We will now briefly discuss the origin of the string coupling and the
prescription for computing superstring amplitudes in flat space.
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3.4.1 Genus expansion

In order to consider strings on a curved background, it is natural to
modify the bosonic part of the Polyakov action by changing the flat
Minkowski metric into a general curved one

1

4o’

S

/ d%ovV—=hh®G N (X)0, XM XN . (3.106)

This might seem confusing as the graviton is an excitation of the super-
string in flat space, so a curved background should be obtained from a
coherent background of string states. These two pictures can be shown
to be equivalent if we consider a metric infinitesimally close to the flat
one, Gyn(X) =nun+xun(X). By expanding the exponential, we see
that the first term obtained corresponds to the Polyakov action, while
higher orders correspond to the insertion of the graviton vertex operators
in the Polyakov path integral.

Analogously, we can include the backgrounds for the other massless
string states in the following way

S—l

4o

/ ?ovV=h (h"*Gun + €’ Bun) 0. XY 0, XN + o/ R®(X),

(3.107)
with R the worldsheet Ricci scalar, Bj;ny the antisymmetric tensor, and
the dilaton given by ® and the trace of Gprny. We can see that for
Gun = Mun, Buny = 0 and @ = & the theory is still Weyl invariant
and the last term of equation (3.107) can be integrated, producing a
topological term in the path integral

S =Sp+®(2—29), (3.108)

which gives different weights to different topologies. We can identify e®°
as the string coupling g, so that each handle added to the worldsheet
comes with an additional power of gs. We conclude that adding a back-
ground dilaton corresponds to changing the string coupling and the full
superstring theory can be seen as an expansion over topologies, or genus
expansion.

3.4.2 Scattering Amplitudes

In general we cannot consider correlation functions involving closed string
states at specific spacetime points, as they would depend on the choice
of coordinates which is not a physical quantity. The objects of interest
in string theory are then correlators of string states coming from infinity,
which are gauge invariant observables and correspond to elements of the
S-matrix. The scattering process is then a worldsheet with n legs that
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extend to infinity. Each leg has the topology of a cylinder, but we can use
a conformal transformation and map each string state to the insertion
of a local vertex operator.

Considering the first term in the genus expansion of string theory we
have then a sphere with n local insertions. The sphere has six conformal
Killing vectors which can be used to fix the positions on the worldsheet
for three of the vertex operators. The amplitude for three closed string
states is then given by

(ceV1(0) ccVa(1) ccV3(00)) . (3.109)

The insertions of the three ¢ ghost fields cancel the ghost background
charge. Analogously, the choice of superghost pictures for the vertex op-
erators must add up to —2 to cancel the background superghost charge.

Since the vertex operators in the NS sector have integer superghost
charges, while in the R sector they are half-integer, we conclude that we
must always have an even number of vertex operators in the R sector.
In the case of three-point superstring amplitudes the correlators that we
need to evaluate are then

(ceVis " (0) ceVis V(1) Vg (o))
(ceViis P (0) ceViiT 2 (1) eV (00)) (3.110)
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4. Strong Coupling

In this chapter we will study correlation functions of N' = 4 SYM at
strong coupling. AdS/CFT implies that the generating functional for
correlators in the gauge theory is equivalent to the string action subject
to some boundary conditions. Each operator in the gauge theory corre-
sponds to the insertion of a string vertex operator at the boundary of
AdS and so the correlators of the gauge theory become amplitudes in
the string theory.

There are many types of correlators one can compute, but we shall
focus in the case when point-like propagation in the bulk is still valid,
so that interactions are localized at a point in the bulk. We will con-
sider non-protected operators, so the supergravity approximation will
not suffice and we will need to perform superstring computations.

The study of these operators is very important as they are usually
associated with wrapping corrections that need to be resummed at strong
coupling. There is currently a proposal for evaluating structure constants
of N =4 SYM at any value of the coupling, but unfortunately it is not
known yet how to efficiently resum its new kind of wrapping corrections.
Once such a framework is proposed, the results obtained from our string
amplitudes will provide invaluable tests of its validity at strong coupling.

4.1 Types of Correlators

When all operators in a correlation function are protected, the dual string
states are all massless and it is sufficient to consider the low energy
limit of the superstring. In this limit strings become point-like and we
need only to compute Witten diagrams in type IIB supergravity. The
operators of N' = 4 SYM couple to sources ¢o(Z;) on the boundary
of AdS. In order to compute the string action subject to such boundary
conditions we need to find the boundary to bulk propagator Ka (Z,Z;) [6],
so that we can write the fields in the bulk

(%) = /dd:niKA(Z, i) po(Zs) - (4.1)

In the case of a scalar field the propagator is simply the Green function
for a Laplace operator

L. T(A) 2 A
KA(Z,$Z~)—7T2F(A_2) <z2—|—(_’ _,)2> . (4.2)

r — X
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For a three-point function one would have to consider the cubic Witten
diagram, where all propagators meet at a point in the bulk and we in-
tegrate that point over AdS. In this case the integral can be evaluated
to [47]

d?zdz, . . o
/ I K (5 P K P2) K 5, )
0

_ \/Al — ].\/AQ — 1\/A3 -1 F(al)F(ag)F(ag)F(E — 2)
25277 (AT (A)T(Az)  |z12[?92|w13]202 2g3]2

(4.3)

In general, a correlation function of protected operators is given by a
sum over Witten diagrams. This method is quite powerful, but it also
requires the computation of many Witten diagrams which correspond to
a single superstring amplitude.

In the realm of unprotected operators, there are still several cases
one must consider separately, as they require different techniques. On
one hand we have semi-classical operators whose anomalous dimensions
grow as A ~ V/A. These operators correspond to string solutions that
are extended in AdS, and the saddle point is given by minimizing an
effective action that includes a contribution from the vertex operators.
It is simpler to study the case when two of the operators are of this type
and the third is much lighter [48-50], since in this case one can integrate
the insertion of the light operator over the classical solution formed by
the other two. The case when all three operators are semi-classical is
more complicated but has been tackled in [51-54].

Finally, there are operators we will call "short" which have anomalous
dimensions that scale as A ~ A/4, and are dual to string states at lower
massive levels [7]. In this case the size of the strings is much smaller than
the radius of AdS, so one can use a flat-space approximation [55-58].
Effectively the propagation in AdS is analogous to that of a half-BPS
operator with the same scaling dimension.

There are however some differences between the case of short and
point-like strings. In supergravity a cubic coupling might have deriva-
tives, but one can eliminate these terms by a field redefinition. In this
way one obtains the so called extended chiral primaries, which mix with
multi-trace operators [59]. In general the contribution of the multi-trace
operators has no effect on the three-point function, but it could play a
role in the extremal limit.

However, in the case of short strings we should view the scalar Wit-
ten diagram as the exponential contribution to the semiclassical vertex
operators of [60,61], rather than a Witten diagram in a supergravity
computation. For example, for correlation function with spin operators,
the spacetime dependence in this case is given by (2.36), which differs
from the spacetime dependence obtained through a scalar cubic Witten
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diagram. We will see later in this chapter that the remainder of the
spacetime dependence comes from the superstring amplitude, which is
not at all as one would expect from a supergravity computation. This in-
dicates that the vertex operators we have found correspond to primaries
and not their extended version.

4.2 Flat-space approximation

Since the size of the operators we consider is small when compared to
the radius of AdS, we can treat strings as point-like particles with action

1 +1 S %)
s=3 [ as <+ we) , (4.4)

where e(s) is the einbein and x* and z are the Poincaré coordinates.
The propagation in AdS is given by a cubic Witten diagram but for
operators of large dimensions it suffices to take the saddle-point which
fixes the position of the intersection point [62]

e—A151(fl)—AQEQ(fQ)—Asﬂa(fs) 7 (45)

where £;(Z;) represents the geodesic distance from the boundary point
Z; to the intersection point Z = (z, T)
(4.6)

z
‘Ci _”L' =1 "9 | /=  =1\2°
(%) = log 22 4+ (% — ;)

4.2.1 Saddle-point and canonical momenta

There is a unique solution to the saddle-point equations obtained by
varying the position of the intersection point |63, 64]
s a1aer?,xh + arazrisrh + asazrdaal

2 2 2
Q1T + Q1Q3TT3 + Q2Q3T53
2 .2 .2
Z2 o a1a20&32x12x13w23 (4 7)
- 2 2 2 )2 :
(aoriy + anasris + agasrss)?

and if we plug this solution back into (4.5), we obtain the large A; limit
of the full Witten diagram. We can also compute the fluctuations of the
action, which shows that the interaction is over a small region of AdS. It
is then natural to evaluate the string amplitude at the intersection point
using flat-space vertex operators, but one needs first to understand what
are the momenta characterizing the vertices.
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The saddle-point configuration is formed by three semi-circle geodesics
meeting at the point (4.7), so we can evaluate the canonical momentum

Lt 2
Hﬂ = —2?, HZ = —Z?, (48)
which satisfies II? = —AZ2. It turns out the saddle-point equations cor-

respond exactly to conservation of the canonical momenta at the inter-
section point, which means that they are the momenta that should enter
the vertex operators [64]. For II; we have

u
m — 2/ ayapasX|Tio|| 23| T3] ( L 4oy 3?31)
1= 2 2 2 2 ’
Q10x7y + 103273 + Qo3 TH3 3512 x13
209035232
z 23
P= A — (4.9)

2 2 2
Q1T + Q1Q3T]3 + Q2Q3TH3

with analogous expressions for Il and II3. The ten-dimensional mo-
menta are given by combining these expressions with the momentum on
the five-sphere, kM = (IT#, 117, J), so that we have

k2= —A2+ J? ~ —4nV/X, (4.10)

with n the string mass level.

4.2.2 Flattening of the superconformal algebra

For each operator on the boundary we will have to find the correct flat-
space vertex operator, and in order to better understand this map we
should look at the superconformal algebra. In chapter 2 we introduced
the supercharges of N' = 4 SYM: Q.r, Q S, and SI. Tt is now
more conveninent to write the spinor indeces in a SU (2, 2) SO(2,4)
covariant way

Qar = (Qar, Sar) ST = (e*P 5L P QL). (4.11)

Qqr is in the fundamental of both SU(2,2) and SU(4), while S%! is in
the anti-fundamental representaion. We can also see these indices as
chiral spinor indices of SO(2,4) and SO(6) respectively. Finally we can
combine them further in the following way

QP = Qar +7,,1 195",
Qn = —i(Qar — 7oy 713S") (4.12)

where y~! and 719 are gamma matrices of SO(2,4) and SO(6) respec-
tively. It is now more convenient to write the R-symmetry generators

1
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with antisymmetric SO(6) indices Ry and also write the conformal al-
gebra in a covariant way with the generators J,,,,, of (2.5). By choosing a
basis where only the generators J_i,, and R0 have non-vanishing ex-
pecation values we can identify the ten-dimensional momentum operator

PM = (J_1m, Ry10). (4.13)

We also rescale the generators with a small parameter €

Qi r = VeQi g, PM = epM, (4.14)

so that they stay finite in the limit of large scaling dimension A. In this
limit, the superconformal algebra flattens to super-Poincaré, with the
commutation relations

{Qé,ﬁ’n Qé,R} = _(PMC)ABPM ) {Qé7 Qé} =0. (4‘15)

In this way we can identify the boundary operators with flat-space string
states.

4.2.3 Superconformal primaries

Let us now consider the superconformal primary, which is annihilated by
all superconformal generators

STO(0) = S;0(0) = 0. (4.16)

We need to understand the equivalent of these equations in terms of
flat-space quantities. We can divide the ten-dimensional spinor index
A with positive chirality into two parts SO(1,3) x SO(6), so that A
decomposes into (a, @) and (cv,a), where dotted and undotted indices
denote negative and positive chirality respectively. The superprimary
condition then becomes |64]

Q%& — Z‘Q%&
Q0 = —iQ%0, (4.17)
where o and & label the boundary spacetime directions.
At the intersection point in the bulk there is an analogous condition,
but the spinor indices label instead the spacetime directions perpendic-
ular to the momentum of the state at the intersection point, which we

label as (0,...,3). This is equivalent to the following relation on the
vertex operator V'

QIV =i(ir" T ' I?1%)4,Q8V, (4.18)
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where the factor i T T2 T3 gives £1 according to the chirality of the
spinor in the relevant spacetime directions. We will find it easier to
implement first a relation on a twisted vertex operator

Qv =iQgpv", (4.19)

and later find the implications of untwisting on the polarizations of the
vertices.

In this work we will only consider bosonic excitations of the string, so
we can have string states in the NS-NS and R-R sectors. Since the action
of the supercharge exchanges an NS string by a state in the R sector,
we can then see that the equations determining the vertex operator for
a superconformal primary imply that it must be a linear combination of
states from both sectors.

It is also important to note that when applying equation (4.19) we
will have to make sure to match the superghost picture of the vertex
operators on both sides of the equation. If we pick the NS-NS states
to be in the (—1,—1) picture, and R-R states to have (—1/2,—1/2)
superghost numbers, then the supercharge acting on the R-R state must
be in the (—1/2) picture, while the supercharge acting on NS-NS states
much be in the (1/2) superghost picture.

4.3 The vertex operators

In this section we will specify which operators of NV = 4 SYM we will
consider in the correlation functions at strong coupling, and we will show
what are the vertex operators that describe the dual string states.

The dual of N' = 4 SYM is type IIB string theory, which has the same
chirality for left and right-moving states in the R sector. In the rest of
this work we choose the convention of positive chirality.

4.3.1 Protected operators
The chiral primaries are given by
OCP = CIlKl""’IJKJ TI‘[d)IlKl ---¢IJKJ] , (420)
with CT1 B L1 Kr g symmetric and traceless tensor on any pair of indices
CIlKl""’I‘]K‘]eijp[qKq =0. (4.21)

These states transform in the [0, J, 0] representation of SU(4) and have
protected dimension A = J, as they are annihilated by half the super-
charges.
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Protected states are dual to massless strings, so they will map to the
following vertices in the NS-NS and R-R sectors

Wi = geep o™ e PpM e Pt X

Wy = gctABéAe_q;ﬂ@Be_WQeik'X . (4.22)

We have seen before that the chiral primaries of N' = 4 SYM are the
lowest weight states of short representations with 2% elements. In the
previous chapter we have also seen that the open massless string has
8 + 8 degrees of freedom, which implies that the closed string has 2%
states, so we conclude that the counting of degrees of freedom matches.
The solution to the twisted condition (4.19) is then

1
wT = Z(WIT + W), (4.23)
with the polarizations given by

T kyvayr + kyram
Myt = v T k-q ’

- 1 7o\ 2 )
tap=—7|— C . 4.24
te=5(5) @ (4.20)
The vector ¢ is an arbitrary light-like vector whose scalar product with
the momentum k is non-vanishing and the twisted vertex corresponds to
a linear combination of the dilaton and axion with some Kaluza-Klein
momentum.

Another family of protected operators we will consider later are the
relatives of the Lagrangian with some R-charge J and dimension A, =
44 J

€

Ly=Te[F,,F"Z +..., (4.25)

where the ellipsis denotes two types of terms we do not write explicitely:
terms where the field strength F},, of N' = 4 SYM occupies different
positions inside the trace, and also other terms with scalars and fermions.
At strong coupling this operator corresponds to the ten-dimensional
dilaton with some Kaluza-Klein momentum, so the vertex is simply the
NS-NS part of the twisted chiral above, with corrected normalization

c kq~+k~q TN -3 ik
Vl;:g(nMM_ MAn MM>¢M6 PpMe=PethX  (4.26)

V8 k-q

4.3.2 Konishi-like operators

We would like to consider the Konishi operator, which is dual to a string
in the first massive level, with Agx =~ 2A\}* [55,56]. However, in some
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cases we will need to add some R-charge to the operator in order to have
non-vanishing three-point functions. These operators are described by
Beisert in [65] and they correspond to a generalization of BMN operators
outside the BMN regime J ~ v/A. The operators are given by

4

J

21

OJ:Z cosuTrqﬁKLZld)KLZ‘]*l. (4.27)
| K,L=1 J+3

Like the chiral primaries, these operators transform in the [0, J, 0] rep-
resentation of SU(4), but their bare dimension is A = J +2. For J =0
this operator becomes the Konishi and in the limit of large R-charge J
it becomes the BMN operator of [66]. The Konishi-like operators we are
going to consider will have R-charge J < A'/* so that the anomalous
dimension at strong coupling is still the main contribution to Ag.
These operators are also superprimaries, so the dual vertices are a
combination of the following R-R and NS-NS vertex operators

Vo = 00X 67 — LM (6) e

x tyranp(i0XNOP — ;();/wN(k¢@)B)e—¢/26ik-X 7
Vi= gchN,MN’iaXM Ne’d’iéXM@ZNe*iﬁeik-X’
Vo = chéMNp,MmswM¢N¢P€_¢¢M¢N¢p6_‘z’eik'X. (4.28)

The open string has 128 + 128 states, so there are degrees 2'6 of freedom

in the closed string at the first massive level, which corresponds exactly
to the dimension of a typical representation of N = 4 SYM. The solution
to (4.19) is in this case

1
VE= i+, + 1), (4.29)
with the following twisted polarizations
1 (o/\? . 1 o
trrang = 7 <2> (CTH (N — §FRFS77RM778N))ABa

1 1
T R o o « o «
ennars = 5 Mt Ing + i) = iy

L. :
aLNP,MNP = %(T’MMWNN”PP F 5 permutations) . (4.30)

In order for the polarizations to be transverse to the momentum, we
defined the matrix 7 as

) M N
M = g Y (4.31)
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4.3.3 Leading twist operators

The twist of an operator is given by the difference between the scaling
dimension and the spin. We will now consider the twist two operators of
N =4 SYM that are R-charge singlets. There are three such operators,
whose degeneracy at tree level is lifted at one loop, as can be seen from
the action of the dilatation operator [67|. In general the eigenstates of
the dilatation operator will be linear combinations of the three operators,
but we are interested only in the one with the lowest eigenvalue, so that
its string dual sits in the leading Regge trajectory. That operator is
given by the following linear combination [68]

2(S +1)(S + 1)
S(S—1)

(SL D) IFDS2F), (4.32)

0D ¢) + [y D5~ p) —

where we defined the states

> S\ [ S .

‘wDS 1'[/}> Z( 1)k <k) <k + 1) Tr[D.U‘l,uk'l/}OéIDNk+l.uS—1wl§] Y
k=0
> S\( S

’FDS_2F> Z(_l)k <k‘) <k‘ + 2> Tr[D,ul~--LLkFMk+1VDMk+2~~-MS—1F,u;j] ’
k=0
S S 2

60°6) = S (-1F(} ) DD s b1 Dy st (439

B
Il
o

At strong coupling this operator is dual to a string state with spin S
at the n-th mass level. To make contact with (2.36) we introduce a
polarization vector Zj; and turn it into a polynomial. The normalized
vertex is then

VSZQCr(s?;MZ'(@X))"(Z-w)e-( Hi0X))(Z e ¢(Z:4’>

which is explicitely symmetric in its S indices. BRST invariance of the
state constrains the polarization (3.102), and in terms of the polarization
vector the constraints become

7 =0, Z-k=0. (4.35)

4.3.4 Untwisting

Finally, we have introduced the vertex operators at the massless and first
massive level that satisfy the twisted condition (4.19), but now we need
to understand how to untwist the vertex operators. It can be shown that
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the untwisting factor iDOTYT2' T3 leads to the following transformation
of gamma matrices

GroTiT? T rM roTi'r? ) = (—1)°MrM | (4.36)

with
1 M=0,...,3

(4.37)
0 M=4,...,9

o(M) = {
With this in mind we can analyze the equation (4.18) and see that the
solution is exactly the same as for the twisted case, but with the following
modifications to the massless polarizations

exir = (~1)7Me o
tap = (CHDYTYT? T3 F) g . (4.38)

Analogously, at the first massive level we have

1

tMANB = (_1)0(M) (CTZ'FO'Fsz/Fg/k(ﬁMN _ §FRFSﬁRMﬁSN))AB :
EMN,MN = (_1)U(M)(—1)U(N)€LN7MN7
AN NPMNP = (_1)J(M)(_1)J(N)(_1)U(P)QLNP7M]\7]5- (4.39)

Since we have to untwist three operators, we need to introduce three
different untwisting factors o; as the directions perpendicular to the mo-
mentum are different for each vertex operator. It is then useful to in-
troduce a twisting factor that switches the sign of all components corre-
sponding to AdS

(4.40)

1 M=0,...4
0 M=5,...,9

Its action on the metric is related to the action of the original untwisting
factor in the following way

M), MN (M), MN KM EN
(=1)7 MM = (—1)7EDMN — 9= (4.41)
where & denotes the AdS projection of the momentum, and k2 = —A2,

It is also useful to rewrite the factor iT? TY T2 T3 so that we don’t have
dependence on specific indices for each polarization

. ’ ’ ’ 7 1 g
0T AT = Krorlr%?’r‘*ki. (4.42)

()
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Just like in (4.36), we can relate the new product of gamma matrices
with the new untwisting factor

COrI2e3rH rM(rortr2rird) = (—1)7 M| (4.43)

Finally, it is useful to note that for the massless vertex operators we
had to choose an arbitraty light-like vector ¢ whose scalar product with

the momentum was non-vanishing. For practical purposes it is useful to
choose ¢M = (—1)7(M) M,

4.4 Structure Constants

Now that we have introduced all the vertex operators, we can move on
to considering the superstring amplitudes that will correspond to the
correlation functions of interest. We have seen that the propagation to
the intersection point is just a large dimension approximation to the
cubic Witten diagram, so the structure constant is given by

\/Al — 1\/A2 — 1\/A3 -1 F(al)P(ag)F(ag)P(Z — 2)

C =
123 25/2 T(A1)D(A)(As) Gr2s.
(4.44)
with the coupling given by
8T
Gia3 = PRy Vi Vieo Vies ) (W, b g ) (4.45)

where (Vi, Vi, Vi,) is the superstring amplitude and (¢ 5,¢7,%,) the
sphere overlap integral [69, 70|

_ H?:1 V(i + 1)(J; +2)J;!
<wJ1wJ2¢J3> - \/§7T3/20£1!(12!a3!(2—|—2)!

(C'C2078) . (4.46)

The factor (C71C72C73) is the unique SO(6) invariant that can be
formed with the polarizations of the spherical harmonics. Using the
relation of g. to the string coupling, g. = 47°/2g,a’?, we obtain the
following relation with the gauge theory parameters

(4.47)

Note that if A is large it is acceptable to use overlaps even for small
J. To understand this we can think of particles in a box, where the
interactions are local but the particles are unlocalized. In this case one
can still use the overlap integrals over the whole box. In our problem,
the condition for local interaction is satisfied when scaling dimensions are
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large, so we can take the R-charge to zero and obtain structure constants
for the Konishi operator.

In order to obtain the relevant correlation functions we have computed
several superstring amplitudes with massive states, which are in itself
new results. However, in the remainder of this section we will focus on
their implications for correlation function of N'= 4 SYM, and refer the
reader to the appendices of Paper I and II for more details on superstring
amplitudes.

4.4.1 Ward identities and protected correlators

Before we show the results obtained, let us present some checks of our
methods.

While the twisted vertices satisfying (4.19) were originally meant purely
as an auxiliary object, they were also useful in checking both the expres-
sions found for the vertices as well as the Mathematica implementation
of the contractions.

The twisted vertex operators are annihilated by the following sixteen
flat-space supercharges

Q' =Q1 —iQxn. (4.48)

Since the twisted vertex operators have non-zero momenta, we can write
them as

VT — (G T, (4.49)

and use this to show that superstring amplitudes with three twisted
vertices must vanish due to a supersymmetric Ward identity

VIV + QA VIIVE) + VT[4, Vi) =0, (4.50)

We can also derive a similar Ward identity even for the case when one
of the vertex operators is untwisted. If we choose supercharges that
have positive chirality in the four-dimensional space orthogonal to the
momentum of the untwisted vertex

Q" = Q" —iQ%", (4.51)
then
VIV Vs) + (VQT, ViMVs) + (VIVST[QT, Va]) = 0. (4.52)

We cannot derive any such identity for the case of two untwisted ver-
tices, as the charges that annihilate one of the them do not annihilate
the other. This happens because the rotation from ko to k3 mixes com-
ponents with negative chirality in the four-dimensional subspace.
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We can also check our results against correlators that were previously
known in the literature. One such example is the case of three chiral
operators, for which the flat-space amplitude takes a remarkably simple

form 5
5 ;01 Q203)

CRBE
which combined with the large R-charge limit of (4.44) gives the following
structure constant

(WWW) =g (4.53)

VJi1d2J3
N

This result coincides with the one derived in [69] with supergravity tech-
niques. Let us emphasize however that in our method the scaling dimen-
sions must be large, so the match for protected operators occurs only in
the limit of large R-charges.

Cococ = (Chr 72073y (4.54)

4.4.2 Structure constants with unprotected operators

We are now ready to summarize the main results obtained for correlators
with primary operators dual to string states in the first mass level. For
the case of three Konishi operators we are free to send all R-charges to
zero, so the superstring amplitude simplifies to
53°

(VVV) = 9egs - (4.55)
The simplicity of the prime factors in this expression is remarkable as it
comes after the manipulation of roughly a million terms in Mathematica.
Plugging this result into (4.44) we obtain the structure contant for three
Konishi operators at strong coupling

96,1/2)\1/4 /3 214 45/2
)
The structure constant is exponentially supressed, but that is a universal
property of semiclassical three-point functions. The intuition for this
stems from the fact that each prong in the three-point function is longer
than the two-point semicircle geodesics. The action (4.5) then indicates
that for large dimensions this leads to an exponential suppression.

Another important result is for two chiral primaries and one Konishi
operator. In order to have R-charge conservation we need the chiral
primaries to have opposite R-charges and their dimension is then A = J.
The most interesting regime in this case is near extremality J ~ \!/4,
for which we get the following string coupling

8#\5
N b

Crkikk = (4.56)

G123 = (4.57)
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which leads to the structure constant
)\3/8

= 4.
Coox N(2J — Ag) (4.58)

This case is especially interesting as we can see that the coupling does
not vanish, which means that the structure constant develops a pole. We
will study this in more detail in section 4.5.

Finally, we can look at the correlation function of two Konishi opera-
tors and one chiral primary of dimension J. In order to have R-charge
conservation we will need to give some R-charge to one of the operators
and make it a Konishi relative as in (4.27). Since we take J < A/, the
R-charge will not make an appearance in the string coupling, leading to
the following structure constant

T2
Cokk = N 277 (4.59)
In this case two of the operators are much heavier than the third one, so
the intersection point (4.7) lies on the geodesic between them, and the
exponential suppression scales with the dimension of the light operator.

4.4.3 From superstring to CFT building blocks

Let us now move on to the case of operators with spin, dual to states
in the leading Regge trajectory. In [71]| Schlotterer obtained the open
superstring amplitude for three states of spin s; in the leading Regge
trajectory at mass levels n;, obtaining

(Zy - kg)*r 7

Z (o//2)7"79 = (is3 + jso + ks1 — ij — ik — jk)
ey (s =i =) sz —i = k)l(s3 — ] — K)!

X (Zo - ks)® "R (Zy - k)3T ( 2y - Za) (21 - Z3)0 (2 - Z3(>k’ )
4.60

where the summation range is

I:{i,j,kENoisl—i—jZO, so—1—k >0, Sg—j—kZO}.
(4.61)
In our case this would be the contribution for only the left and right
movers independently, but we can still see that the closed superstring
amplitude will be a sum over all terms of the form

(Z1 ko) =3 (Zo - k)27 R (Zy - key )T IR 2y - Z0) (21 - Z3) (Zo- Z3)F
(4.62)

We will now see that we can relate these superstring building blocks
with the tensor structures allowed by conformal symmetry in (2.36). We
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will restrict here to the case of massive vertices, where we can send the
R-charge to zero and use the expression (4.9) for the momenta k;. The
key observation is that the polarization at the intersection point ZM lives
on a four-dimensional plane perpendicular to the momentum, which we
can map to the four-dimensional boundary space, where the polarization
vector becomes z#. The transformation between these is

zZM =zP)), (4.63)
where the matrix Plﬁw performs a change of basis. We can then map the
superstring building blocks to boundary objects through

2/ Y2
Zi-kj = o (M (P)M) = — YL . (4.64)
|$12”$13H$23|A1 Z(s).X ()
and
u T » 1 2ala]
Zi-Zj =z (Pin )sz = oy H;; + AL, ViV . (4.65)
v Z(z,z),X (x)

Putting all terms of (4.62) together, we get the following expression

Si=3 i Mij 20 ij
HV A g 5SS < +AAJVV> . (4.66)

1<J

A very important feature of this equation is that the spacetime de-
pendence combines with the factor |z15|72% 213|292 | 293|729 from the
geodesic propagation to the intersection point, reproducing exactly the
spacetime dependence expected in correlation functions of operators with
spin (2.36). This shows that the correct prescription for the geodesic
propagation in AdS is with scalar cubic Witten diagram, with the flat-
space vertex operators taking into account the different nature of the
operators.

4.5 Extremality and Mixing

A three-point function is extremal when the dimension of one of the
operators equals the sum of the dimensions of the other two. In general a
single-trace operator mixes with multi-trace operators, but in the planar
limit one can usually ignore such corrections. However, this is not true for
extremal correlation functions, where mixing with double-trace operators
becomes important.

When studying the three-point functions of chiral operators, the in-
tegration of the Witten diagram still produces a pole, but the coupling
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vanishes in the extremal limit. It can be seen from analytic continua-
tion that the correlators remain finite, while in [72] the authors worked
exactly at extremality and showed that the results are due to boundary
terms.

Meanwhile, in our computation of the structure constant between
Konishi and two chiral operators, we saw that the coupling remains finite
while the correlator develops a pole. We can relate this to mixing with
double-trace operators, but in order to do so we will first consider a toy
model which leads to insight in the problem.

4.5.1 Toy Model

Consider a theory with a complex scalar field ¢ in d dimensions. Its

scaling dimension is § = % — 1 and we will assume it is normalized such

that its two-point function is

1 1
* = = . 4.67
@ @OW) = (=5 = [ (167
We can also add an interaction term to the Lagrangian
Ling = Ap*¢ O(z), (4.68)

where O is an operator of dimension two and the coupling A is dimension-
less in any dimension. At one-loop, the three-point correlator is given
by

1
|z — 21]29]2 — 22|20z — z3]*

(@ (@)0(a)Oaa) = [ % (169
For 0 < d — 4 <« 1 this becomes a conformal integral and so we obtain
the three-point function expected from conformal symmetry

C C

~
~

|z23|2|213]2

(07 (21)P(22)O(3)) (4.70)

| 212|974 @03]?|213]?
Note that in this regime the correlation function becomes extremal, as
the dimension of the complex scalar approaches half the dimension of O.

Let us now assume that the complex scalars are much closer to each
other than to the operator O, so that |z13| = € < |z13|. In this case the
integral is approximately

1
|2]40]2 — 231]*’

(6" (21)d(2)O3)) ~ A / d (4.71)

where we have introduced a cutoff € around z;. We will also assume
there is a cutoff € around z = x3; which we can later take to zero. The
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dominant contribution to the integral is near z = 0 and z = x31, hence
we find that

\ o am s\ 7 e\
(@M (@)ele2)00m)) ~ G (( ¢ ) _<\1’13|>
(4.72)

Now we can consider two different limits of this expression. On one
hand we can take € to zero in a non-singular way for d > 4. The three-
point function becomes

(6" (@)0(z2) Olas)) & 7o (473
T1 ) xTr3)) ~ (d—4)ed_4‘x13’4 s .
and we recognize it to be of the form (4.70), thus fixing C
2712\
= . 4.74
C 71 (4.74)

On the other hand, we could have considered a different limit, where €
is of the same order of € and we take first the extremal limit d — 4. In
this case the integral becomes

472\
(0" (21)6(22)O(x3)) ~ |L|d logﬁ. (4.75)

This is the sort of term one computes for the anomalous dimension mix-
ing between : ¢*¢ : and O.

In comparing the two limits we see that the former approach uses a
UV cutoff for one operator and dimensional regularization for the other
in order to regulate the integral, while the latter approach imposes a
UV cutoff at the positions of both operators. Using the UV dimreg
combination, the mixing of the operators is given by

ren : 27T2)‘ 4—d *
- VT

(DTN = + lim 22 A\t~ *log(ep) O, (4.76)
_>

where the powers of y are necessary to match dimensions. The anoma-
lous dimension matrix then has the form

0 00,: ¢+ ¢:
(0 o) -

5:¢*¢:,O
where

0
O.pv g0 = ,ua—27r2)\log(e,u) =21\ = 00,4+ - (4.78)
1
So we conclude that the splitting between the operators is 472 \.
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4.5.2 Mixing in N' = 4 SYM
We can easily adapt the previous discussion to the case of N' =4 SYM.

The analog of the coefficient C is the structure constant between the
Konishi and two chiral operators from equation (4.58)

A8

N 2J - Ak’
while the role of the coupling is played by 1/N, and extremality is ap-
proached at J ~ A%,

The structure constant for physical operators must be finite, so the
pole indicates that there is mixing between the Konishi and the double-
trace operators O;7(x). In order to find the mixing we need to regulate
the double-trace operator using a point-splitting technique

O55(x)=:05(x+€)05(x): . (4.80)

C123 ~ (4.79)

The two-point function between the double-trace operator and Konishi
can be related to the three-point function, so one obtains

(05 @)0x () ~ ! !
JI\E)YEWY)) = 5 (2J — Ag)[e)27 2K |z — y|2Ax

(4.81)

We can therefore extract the non-planar contribution to the two-point
function from a planar three-point function. As one would expect, there
is no mixing between Konishi and the double-trace operator in the limit
of infinite N.

It is important to remember that Konishi is an R-charge singlet, so it
can only mix with the R-charge singlet appearing in the tensor product of
the two J-symmetric traceless representations. The two-point function
(4.81) corresponds only to one of the components of the double-trace
singlet, which we can write as

= Cri0;0 7, (4.82)
T

where we sum over over all states I in the representation [0, J,0] of
SU(4). Since the state is an R-charge singlet it must be annihilated by
all roots of the algebra, which implies that all coefficients C; must be
equal up to a phase. Since the dimension of the representation is

(J+1)(J+2>*J+3) _J*

12 12
then the two-point function of the Konishi operator with the double-trace
singlet is

M =

(4.83)

. N33/ M 1 1
(OO~ — G Ajqr s s 48
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Besides the pole, there is a logarithmic divergence in the UV cutoff,
so we cancel both of these with the following renormalized operators

€,ren € . )‘3/8 Vv Mlog(eluf) 2J-A

Os,] - Ys,J + AIB;IQIJ N K OK7
VI

A—27 N(2J — A)

O™ = Ok — N LA UNE (4.85)

with p the renormalization scale. To leading order in 1/N, the three-
point function of two chiral operators and O%"™ now becomes finite

)\3/8\/M 1 |x12|

N|z1327|zo3|?) 7 plz1s||zos|

(0(21)0j(22) O™ (23)) ~

(4.86)

Analogously, the correlation function of the chiral operators with O%°} is
also finite at leading order in 1/N. The three-point functions are not of
the form imposed by conformal symmetry anymore since the operators
do not have definite scaling dimensions. To find the correct primary
operators we need to diagonalize the anomalous dimension matrix

. 0 05, K
r_< S o ) (4.87)

where the off-diagonal elements are given by

A/8V M
5&]7[{ == (5}{75] - T . (488)

At the cross-over point J = A/2 = A/4. the mixed operators have

dimensions 3/
vV MM
AL =2J+ N (4.89)

and thus the splitting is given by!

\7/8
~ AN
Note that the splitting found is much larger that the leading correction
to the double-trace dimension coming from supergravity [73].

The operators with definite scaling dimension at the cross-over point
are

Ay — A

(4.90)

01 = S (OF" £ OLF), (4.91)

%\

! The published paper missed a factor of 2, which was meanwhile fixed in the preprint
arXiv:1410.4746.
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and their three-point functions with two chiral operators now have the
expected spacetime dependence

1 1
V2 |mi3| At |mag| At |zg 2T A

After Paper II was published, Korchemsky extended the results pre-
sented above by considering the splitting of operators away from the
cross-over point [74]. His considerations are for generic CFTs and so
he finds universal behaviours for the anomalous dimensions and OPE
coefficients in the vicinity of the crossing.

(O(21)05(22)Ox(23))

(4.92)
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5. Weak Coupling

Integrability of N' = 4 SYM paves the way for a finite coupling de-
scription of many of its observables. A paradigmatic example is the
planar anomalous dimension of single trace operators. As the integra-
bility framework is developed, it is crucial to compare its proposals with
perturbative computations done by other means. For example, the per-
turbative calculations in [75-78] were crucial for understanding wrapping
corrections in the context of the spectrum of anomalous dimensions.

More recently there has been great progress in the understanding of
other observables at finite coupling. A striking example is the all-loop
Hexagon proposal [14] for the three-point functions of N' = 4 SYM.
The Hexagon form factors are also the building blocks for higher-point
functions [79], so it is extremely important to ensure that we have a good
understanding of those objects.

The Hexagon has been thoroughly checked up to three loops [80-82],
but at four loops there is a contribution from two virtual particles which
leads to a double pole singularity. In [83] the authors have provided
a resolution to this issue by introducing a renormalization prescription,
and matched the perturbative computations of [84,85].

It is important to check if the regularization of the double pole sin-
gularity continues to hold without any change at the five loop level, so
one must perform a perturbative computation of the OPE coefficients
at five loops. While doing so we find the structure constant to be given
in terms of massless propagator integrals, which are currently unknown.
Nevertheless, we were able to devise a strategy that determines most of
these integrals without any explicit integration.

5.1 Structure constant from four-point function

We will be considering the four-point function of the half-BPS operator
in the [0,2,0] representation of SU(4). This is a very special opera-
tor, as it belongs to the same supermultiplet as the Lagrangian and the
stress-energy tensor. Just like in (2.29) we encoded operators with spin
as polynomials, it is also useful here to introduce the antisymmetric har-
monic variables Y7; and write the chiral operator in the following way

O(z,Y) = Y1,V Tr[p! o5 (z) . (5.1)
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The operator is manifestly symmetric, and tracelessness is obtained by
requiring that the harmonic variables are null

Y1, Y17 =0. (5.2)

The four-point function can be decomposed into a sum over conformal
blocks, where each block corresponds to the contribution of a primary
operator and its descendants to the OPE of two chiral primaries

G c b fm n b
(O, V). Oa, Ya)) = 3 ¢ F2usu ) P (0.7) 5 )

A T12%34 Y12 Y34

where we introduce the R-charge cross ratios

2,2 2,2
_ Y12Y34 S Y14Y23
— 2.2 > — 2.2 >

Y13Y24 Y13Y24

(5.4)

and the short-hand notation yfj =Y JYjI 7. The labels of the blocks
Fm.n correspond to the exchange of operators in the [n —m, 2m,n —m]
representation of SU(4).

Since we consider a four-point function of scalar operators, there can
only be operators of even spin in the OPE. There is a closed expression
for the conformal blocks in four dimensions, and in the OPE limit of
small u the conformal block for an operator of dimension A and spin S
simplifies to [86]

S
- -1 A A
GA,s(u,v)%uAf <U ) 2F1< +S, +S,A+S,1—v> .

2 2 2
(5.5)
For small u the leading contribution comes from operators with the low-
est twist A — S. The identity operator is the only operator with twist
zero, and next we have several operators with twist two. There are six
representations in the tensor product of two [0, 2, 0] representations of

SU(4)

200220 =16 15920 844 1056 175, (5.6)

so for each twist we will have to consider six distinct channels in the OPE
decomposition. In general the singlet channel is more difficult to study as
it has a contribution from three twist two operators (4.32). Meanwhile,
in the channel of the 20’ there is a single twist two primary for each
spin. For S = 2 it corresponds to the primary Tr[ZD?Z], which is in the
same supermultiplet of the Konishi operator. The relation between the
structure constants can be found from supersymmetry to be

cr = 3c3y . (5.7)
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Since the spinless operator in the 20’ channel is the chiral operator
itself, which is protected, then the spin two operator is the first one
appearing beyond tree level. Expanding both the anomalous dimension
~ and the structure constant ¢ in the coupling we obtain

5 n
W N/2e2()\) = Z Z Cn i log(u)FA™. (5.8)

n=0 k=0

5.2 Perturbative Correlators

We have seen how we can obtain the structure constant of Konishi with
two half-BPS operators from the OPE limit of a four-point function of
chiral operators. The correlation function can be expanded as

04 = <O(1}1,§/1)O($2,Y2)O($3,YV3) SL‘4,Y4 ngC(l) (59)

with the tree level component given by

oo N -1 <y%2y%3y§4yil L Viawlakyh y%3y§2y%4y§1>

4 = 2\4 2 .2 .2 .92 2 .2 .2 2 2 .2 .2 2
(4m2) T1oXo3L34Ly  L1oTo4Ty3T31  X13L32T24Ty
2 2 4,4 4,4 4,4
+ (N - 1) Y12Y34 + Y13Y24 + Y14Y23 (5 10)
4(4m2)t \atxd,  afaws,  afrss ) '
12734 13%24 14723

And we can see that the first line gives the connected contribution while
the second corresponds to disconnected diagrams.

We can see already from the tree level result that it splits into six struc-
tures, corresponding to the six irreducible representations in the tensor
product of two [0, 2,0] representations of SU(4). In general, at higher
loops the correlator will still be a linear combination of these six struc-
tures, each accompanied by a funtion of the cross ratios © and v. How-
ever, since the correlator is invariant under exchange of the four external
points, we can show that only two of them are independent. Further-
more, in a superconformal theory such as N'=4 SYM, it can be shown
that supersymmetry imposes further constraints, and the quantum cor-
rections to the four-point function take in fact a factorized form [87]

2(N? - 1)

0 _
O = ey

R(zi, Y;)FO (), (5.11)
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where the factor R(x;,Y;) contains all the information on the harmonic
variables

2.2 .92 9 4 .4

Y12Y23Y34Y41 , 2 2 2 2 2 2 Y13Y24

R = 2 2 9 95 (713754 — TTaT3y — T14T53) + 2 5
L1oLo3L34L Y1 L1324

2.2 92 9 4 .4

Y12Y24Y43Y31 ( 2.2 .2 .2 2 2 )+ Y14Y23

5 5 2 9 L1423 — L1234 — T13%94 2 2

L1024 L43%3 L1423

2.2 92 9 4,4
Y13Y32Y24Y11 , 2 2 2 2 2 2 Y12Y34
5 9 92 9o (3312x34—x13a:24—x14x23)+ 2 92 - (5.12)
L13L30L4 Ty LioX3y

The functions F®) are given by [-loop Feynman diagrams with four
external operators, but we can rewrite them as tree-level (4 + [)-point
correlators by using the method of Lagrangian insertion [88]. This equiv-
alence stems from the fact that the derivative of a correlation function
with respect to the coupling brings down insertions of the corresponding
marginal operator

Since F) are conformally covariant on the external points with weight
+1, we write them as

2 .2 .2 .2 .2 2
L10T13L14L23L24 739

IN(—4m2)!

F(l) = /d4a75 cen d4x4+lf(l)(x1, ey :L’4+l) N (5.14)
so that the functions f) are conformally covariant on all 4 4+ [ points
with weight +4. The explicit symmetry is Sy X .5; corresponding to per-
mutations of both external and internal points. So far these are very
generic considerations, but in A/ = 4 SYM something special happens,
as supersymmetry requires the functions f) to be completely symmet-
ric under exchange of any two of the 4 + [ points, thus enhancing the
symmetry to Sy [89]. It is useful to consider the following ansatz

P(l)(xla s ,$4+l)

f(l)(ﬂﬁl $4+l)=
Y H1§i<j§4+l 33123'

, (5.15)

so that the numerator P®)(zy,..., 24,) is a homogeneous polynomial
in 22, of d -1 h point. Th ke thi t
in x7; of degree on each point. e reason we make this ansatz
is because one can show that in the OPE limit of z; — x; the (4 + 1)-
point function of chiral and Lagrangian operators cannot have a stronger
divergence than x;z

We then see that at one and two loops the polynomial is fixed from
these considerations alone, as the only totally symmetric polynomials

with the correct weights are

1
P =1, P2 = 4—893%250%4:5%6 + Sg permutations, (5.16)
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where the coefficients are such that each term appears only once.

A crucial observation is that only planar conformal integrals contribute
to the planar limit of the four-point function. At three loops there is only
one planar conformal integral, but at four loops there are 3 while at five
loops there are 7. In order to find the correct linear combination of poly-
nomials at each loop order, one needs to study the Minkowski light-cone
limit and require that it has the singular behaviour expected from the
analysis of the logarithm of the correlation function [90,91]. This limit
is defined by taking the external points to be light-like separated from
each other. In the end such techniques are sufficient for the determina-
tion of the planar integrand up to very high loop order. The three- and
four-loop polynomials are

PO = %x%2x§4xi5x§6mg7x73 + S7 permutations,
PW = i35%295%335%63733553555:%495:21535:216“%695?8
+ gﬁzﬂﬁs$%6$§4$37$§493§8@215$§6$$8
- %637%233%555%@%3x%eﬁﬂ%ﬂiﬂisx?ﬂ%ﬂ%
+ Sg permutations, (5.17)

while at five loops we have
(5)__122224222222222222
P = 255139516551833191‘249326952955379338x39$4713483356x57$589359x67

2 2 2 2 4 2 2 4 2 4 2 2 92 2 9
+ Z3313551655181‘195”24%6%9173713395548x56$57$58$591’67

4 2.2 .92 .2 92 2 9 2 6 2 92 2 9 9
+ Zx1335173519124332695279529953635393”4895563357955835599567

1
2 .2 4 .4 .2 .2 4.2 .2 2 2 9 2 2 2
+ 6371355165519952435289”293337373855463347955635579”58‘13593”68

1
4 2.2 4.2 92 2 9 2 9 92 9 9 9 9 9
- g9313551633181/‘24x281’2955379339$46$47I563357x58x599369x78

1

2 2 2 2 8 2 2 2 92 9 9 9 92 9 9
+ %x1317173318-T1955241‘365”38$39$563357x58$591‘675569%8

2 2.2 92 2 9 92 9 92 9 2 9 2 9 9 9 9 9
+ E9513951690173519952695273328952935355”3835393545x46$47x49$57$58x68

+ So permutations. (5.18)

5.3 Four-point function in the OPE limit

We have seen above that we can obtain the perturbative four-point func-
tion without ever considering Feynman diagrams, which is a very impres-
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sive result. It would seem at this point that the problem is almost solved,
since we know the integrand and only need to perform the integration.
Up to three-loop order this task is doable, but beyond three loops there
are no techniques for the evaluation of all the necessary conformal inte-
grals.

5.3.1 Asymptotic expansions

However, it is important to note that ultimately our goal is finding the
structure constant, so we only need to perform the integrations in the
coincidence limit of small x15, which can be done with the method of
asymptotic expansions [92|. For simplicity, we use the conformal sym-
metry to set the point x; to zero and x4 to infinity. Usually one would
also use the degrees of freedom left to fix x3, but we will not do so as the
method of asymptotic expansions introduces spurious powers of log(zs).
The fact that these spurious terms must vanish introduces many con-
straints on the master integrals, so it is useful to leave x3 generic. In the
coincidence limit we have |z2| < |z3| and the cross ratios become

2
2 .
=20, w=1-"25 4~ (5.19)
x5 3

The polynomial (5.18) leads to 200 inequivalent conformal integrals ®,.
Due to the permutations of external points we need to consider six dis-
tinct versions for each of these

D, (u,v), D (v,u), O, (1/u,v/u),
O, (u/v,1/v), D, (1/v,u/v), O, (v/u,1/u). (5.20)

In the limit of v — 0 and v — 1 we then have an expansion of each
conformal integral in different regions of its parameters.

In what follows we will denote the integration points x4y; by k;. The
key idea in the method of asymptotic expansions is to separate each
integration into two regions, where the integration point k; is either of
the order of x5 or of x3. For example, if k; is close to x3 while k; is very
small, then we can expand the propagators

1 B > (229 - k; — x%)”
L
1 _ i (2.1,‘3 . kij - ]{5]2)”
ol 2= @)
1 °© (2]@ . kj — k2)n
GhP X @ 20
n=0 ?
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In general the expressions in (5.21) are only valid for k? > 22 and k:]2 <
x3, but we can extend the region of integration to the whole space. In
doing so we introduce divergences which can be regulated via dimensional
regularization, where we set the dimension to be 4 — 2¢. For a five-loop
integral we will then have 2° different regions we need to consider, and
schematically the asymptotic expansion gives

) (u,v) =Y PUD (25) PUD (z3) (5.22)
{a}

where « denotes a subset of the internal points {k;}, & is its comple-
ment and PW(z;) represents an I-loop massless propagator integral with
external points at the origin and at x;. This is a very important sim-
plification as we transformed an integral with three external points into
products of integrals with two external points. We can see that only two
of the propagator type integrals obtained with asymptotic expansions are
five-loop integrals. They correspond to the cases where the integration
variables are either all close to x5 or all close to x3.

5.3.2 Tensor reduction

In general, the conformal integrals have numerators such as (k; — z3)?
and the asymptotic expansions include regions where k; is of the order
of 9. The integral in k; will therefore contain numerators where the
integration variable is contracted with external vectors, which we need
to rewrite as a combination of scalar integrals. The algorithm for tensor
reduction of an integral with denominators D,, is [82]

4 g, INHbs [s/2]
/d bl = 3 P @) ). (5.23)
a—a j=0

where I;(z3) are scalar integrals and the tensor structure is now encoded
outside the integral with the factors

X2

M- fhs - =
Bt = T

; (O, ) (™ ... k) . (5.24)

The scalar integrals can be defined through a matrix M;;(x3) and a set
of scalar integrals J;(z3)

Li(xs) = M; ' (x3)J;(23) (5.25)
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where

x2

sz ) s
M) = 43 O (7 C0V k- 07)
d%%; ... d%,, z%
[[.D. ;!

In the end, the [-loop massless p-integrals we need to compute are of
the form

N 1 1
({alvbzycw} /Hddkl | | k2az H ($ _ k.)2bi H k2cij ’
% 1]

i=1 i=1 i=1 v 1<i<j<li
(5.27)

where all exponents are integer. It is possible to write the dependence
on the scale z explicitly so that we obtain a purely numeric integral

P({ai,bi, cij}) = P({ai, bi, cij}) () x 2?2 @tbitiymici)=dl (),
(5.28)
If we use (5.28) we can see that many regions of the asymptotic expan-
sions do not contribute as they lead to higher powers of u. In some cases
one also finds scaleless integrals where an integration variable appears at
most in one denominator. These integrals are vanishing so we can throw
them away.

9

k=x

Ji(x) = (Op) (@ .. 2" Ny ) . (5.26)

5.4 Bootstrap of master integrals

At the end of the day we have transformed conformal integrals into com-
binations of massless propagator integrals. The optimal way to evaluate
them is to first reduce them to master integrals through Integration By
Parts identities [93|. This is a very important step as it reduces the inte-
grals that need to be evaluated to a smaller set of simpler integrals. The
IBP identities follow from the fact that the integral of a total derivative
is vanishing

/H

where n; is a polynomial that depends on internal and/or external points.
The IBP identities can be rewritten as

S an({ai b, cig ) P({ai + 010, bi + 0] ey + 0,003 =0, (5.30)

1 2 1 1
n; H k’2a’ H (x — k-)Qbi H e, | T 0, (5.29)

i=1"" =1 v 1<i<j<5 Vig

where 5() € {—1,0,1} and the cofficients aj, depend on the exponents
of the denomlnators
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These identities can be implemented very efficiently with the help
of the computer programs FIRE5 [94| and LiteRed [95]. The five-loop
integrals we consider are exactly at the boundary of feasibility, since in
many cases the reductions required the use of a cluster node with 256
GB of RAM.

For lower loop level, all master integrals are known up to the required
order of e. However, at five loops there is barely any data on the ¢
expansion of the master integrals. In the remainder of this section we
show how one can obtain information on the five-loop master integrals
without any explicit integration.

5.4.1 Canceling divergences

One of the key ideas is to realize that both the method of asymptotic
expansions and the reduction to master integrals introduce spurious di-
vergences. Any massless propagator integral diverges at most as €5,
but the coefficients of its reduction to master integrals may also include
poles in e. If the highest divergence introduced by the coefficients is of

order k, then the expansion in € of the integral gets shifted to

[ee]

P({aibi,cij}) = > P({as,bi,cij})™Me™. (5.31)

n=—5—k

The integral appears to have a divergence of order higher than five, but in
fact all those higher divergences must vanish, which leads to the following
constraints on the coefficients

P({ai, by, ci; )™ =0 forn < —5. (5.32)

This idea of cancellation of spurious divergences can be taken even fur-
ther. All the conformal integrals that appear in the four-point function
happen to be convergent, but after performing the asymptotic expansions
there is an apparent divergence up to e~ °. Besides this, the conformal
integrals depend only on the cross ratios, but the expansions also intro-
duce a spurious dependence on the point x3. In general the expansion

of a conformal integral looks like

5 n
DD D came > log(a3)* log(u)' (5.33)

where the coefficients c¢,; depend on the expansions of the master inte-
grals. The fact that only powers of log(u) are allowed to appear in the
conformal integral lead to another set of equations

Cnil =0 forn #5and k #0. (5.34)
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It is worth noting that these systems of equations are highly redundant
and the existence of a solution strongly indicates that both the asymp-
totic expansions and the reduction to master integrals were performed
correctly.

5.4.2 Magic Identities

Since a subintegral of a conformal integral is also conformal, then we
know that we can express the subintegral through a function of cross
ratios and some spacetime factor that takes into account the conformal
weights of its external points. We can permute the internal points of
the subintegral without changing the function of cross ratios, but that
permutation will have a non-trivial effect both on the subintegral and the
full integral. In that way we can obtain very different representations of
the same conformal integral, and the fact that they are equivalent leads
to the so called magic identities [96].

In order to understand better how to implement these identities, let
us consider an example of a five-loop conformal integral

4, 4, 4. 34, 14 6
I= / 2 2 .2 2 (i l’gd fﬁdz 177201 12:80121:923512 2 .2 .2 93 °
L16L17L18T19L25L28L35L36L37La5La6LE6L57L58L59L79L 89
(5.35)
We can now look at the subintegral formed by the integration variables
27, g and xg. The external points of the subintegral are x1, x2, 3 and
x5, and so we have

/ d*zrdtrgdiazg 1
Isub =

= d(u,v), (5.36)
2.2 .2 .9 .95 95,92 2 2 2 6 .2 V)5 :
L17X18L19X28L37X57 L5859 L7989  Li5L23

where I expressed the subintegral as a function ®(w,?) of its cross ratios

2 .2 2 .2
T10T35 T15La3

(5.37)

D= .
2 2 2 2
L1325 L1325

&=

If we exchange x; with x9 and x3 with x5, then the function of the cross
ratios ®(u, ) remains the same but we have

’ / d4$7d4$8d4$’9 1
X

= = ®(u,v). (5.38)
b 2 2,2 2 92 92 92 2 9 3 2 6 '

o 18L27L28 L9 L3738 L39L57L79LRg L1523

We can then go back to the full integral I and substitute I, by I,

Taking into account the different spacetime factors we obtain

I’—/ d*zsd*xgd*zrdrzsdizg x%5x‘213
= | 3.2.2.2.2.2 .2 .2 .2 .2.2.2 .92 .2 .2 .2 .2 °
5516551813255”275”285”29373555365”37%85”39%53746$56x57$79$8?5 30)
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The equivalence between the conformal integrals I and I’ is highly non-
trivial as the integrals have different numerators and a different number
of propagators between internal points.

Usually this kind of magic identity is used to simplify a calculation.
For example, if the integral I appeared in a physical problem then it
would be wise to use I’ instead as it is a much simpler integral. Never-
theless, we keep all equivalent versions of the conformal integrals as their
asymptotic expansions lead to different expressions and in that way we
can obtain even more constraints on the master integrals. Each confor-
mal integral will lead to a set of equations like (5.34), so ultimately we
have

5 5
I= 20501 log(u)!, I' = Z ko log(u)! . (5.40)
1=0 1=0

Since the integrals are equivalent, we can add the following constraint

C50] — 6/50l . (5.41)

5.4.3 Generalized ladder diagrams

At this point it is obvious that the more conformal integrals we analyze
and the more p-integrals we reduce, the more information we gain on the
€ expansion of master integrals. We will then consider a class of integrals
introduced by Drummond [97] which generalizes ladder diagrams. At five
loops there are sixteen such integrals, labeled by four letters a; which
can be either 1 or 2. The integrals are given by

4

1 d?ay,
d b'L
L(ai,...,a4) = | d"2py—5——5——5 5 55
T X x x T x X
161 3b5 2b5 4b5 =1 bibi+1 biai 4b7;

(5.42)

We can see that half of the diagrams is mapped to the other half by some
global symmetry, so we then have seven additional conformal integrals
that we can evaluate.

For each conformal integral we consider the expansion of small v and
1—wv in six regions of the parameter space as in equation (5.20). Just like
before we use magic identities and the knowledge of allowed singularities
in order to obtain more constraints on the master massless propagator
integrals, with the advantage that in this case we can use the prescription
of Drummond to evaluate the conformal integrals directly.

5.5 Results

While the original motivation of the project was the extraction of the
structure constant of Konishi with half-BPS operators, along the way
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we found an extremely powerful method of obtaining five-loop master
integrals without any explicit integration. We cannot in any way present
here all the results obtained, but we will rather comment on some uni-
versal features of the integrals we have found.

5.5.1 Master Integrals

The simplicity of the methods used to determine master integrals is truly
remarkable, as it amounts to solving a large system of linear equations, at
least as long as all lower loop integrals are already known to the required
order in €. At the end of the day we obtained 1580 coefficients in the
expansions of 179 master integrals, reaching terms of transcendentality
weight 7 for as many as 159 of the integrals.

There are some universal transcendental features of the integrals which
are worth commenting upon. However, a discussion on transcendentality
is only sensible once the normalization of the integrals is specified. We
have worked with the convention where the five-loop bubble diagram is
given exactly by

5
dk; 1
/H k2(k; — )2 T 5 (5.43)
i=1 "t

for 2 = 1.

For the lower loop master integrals, it had been observed that the
transcendentality weight of the singular term €~ in an [-loop integral
never exceeds 2/ — 1 — n. We have confirmed that this property of the
singular terms still holds for the five-loop master integrals.

It was also found at lower loop level that the transcendentality weight
in the coefficient of €#~" cannot exceed k — n, where k is the transcen-
dentality weight at some higher power €”. Once again we confirmed that
all the five-loop master integrals also have this property.

Let us emphasize that five-loop massless propagator integrals can be
applied in many other problems. One such example is the evaluation
of conformal integrals [98], where the integral is directly reduced master
integrals. One then obtains a set of differential equations governing the
master integrals, and their boundary value is given by the kind of prop-
agator integrals we have considered. Something very analogous happens
also in the computation of the photon-quark form factor of large N,
QCD [99], where the p-integrals enter as boundary values in the system
of differential equations for the relevant master integrals.

Finally, the massless propagator integrals also appear in the study of
integrable deformations of N =4 SYM and ABJM. In [100] the chiral
limit of those theories has been considered, and the Feynman diagrams
relevant for the spectrum are given by multi-loop massless propagator
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integrals. In that paper the authors proposed some relations between
five-loop integrals from integrability considerations, which we have now
confirmed to be true.

5.5.2 Structure constant at five loops

Regarding the structure constant of the Konishi operator with two half-
BPS operators, the bootstrap of master integrals does not fix the result
completely, but it provides nonetheless a much stronger simplification
than we had expected. We have determined the following five-loop terms
in the expansion of (5.8)

cs.1 = 95072 + 14976( (3) + 864¢(3)? + 34560 (5) + 40320 (7) ,
Cs.0 = —30912 — 5184¢(3) — 8640¢(5) ,
Cs.3 = 5328 + 864((3),

C5.4 = —504,
108
C55 = ? s (544)

which matches the expected combination of the anomalous dimension
and lower orders of the structure constant. The expression for ¢5 o, which
is proportional to the structure constant at five loops is

¢s.0 = — 18 P({0,0,0,1,1,0,0,1,0,1,0,1,1,1,1,1,1,0,0,0})®
— 216 P({0,0,0,1,1,0,0,1,0,1,0,1,1,1,1,1,2,0,0,0})®
+3P({0,0,0,1,1,0,1,1,0,0,0,1,1,1,1,1,1,0,0,0})®
+8P({0,0,1,1,1,0,1,0,1,1,1,1,0,0,0,1,1,1,1,0})®
-4P({0,0,1,1,1,1,2,0,1,2,1,1,-1,1,1,1,-1,1,-1,1})©®

6043414(2,6) n 472878“375) ~ 1239119¢(9) — 3015022¢(7)

25 5

1211838¢(3)¢(5)  2986874((5)  85998((5)  267951((3)3
+ - — +

5 25 5 5
N 110202¢(3)? B 282479¢(3) B 3433174¢(3) ~ 550372¢(3)
5 15 75 15
159028778 N 39776 N 5177 1771112 (5.45)
15000 63 25 15 '

with ((s1,...,,) multiple zeta functions and P({ni,...,n20})® the
order in €? of the propagator integrals defined in (5.27).

The most complicated of these unknowns is a propagator integral that
we have not been able to reduce to master integrals yet. We expect nev-
ertheless that the reduction will be possible on a cluster node with 512
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GB of RAM. The other four terms correspond to coefficients in the ex-
pansion of master integrals, which can be evaluated with HyperInt [101].
This package automatizes the computation of integrals that are linearly
reducible. The main idea is to consider their Feynman parametrization
and then find an order of integration of the Feynman parameters such
that at each step the result is written in terms of hyperlogarithms mul-
tiplied by rational functions with linear denominators.
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6. Integrability Review

Integrability first appeared in the context of condensed matter physics,
with Bethe’s solution of the Heisenberg model [102]. His ansatz consists
on a superposition of plane waves, and terms with different orderings of
the momenta come with S-matrix phase factors. The key point of the
ansatz is that scattering factorizes and everything can be expressed as
a function of the two-body S-matrix, which must obey the Yang-Baxter
equation for consistency. The fact that the S-matrix factorizes can be
related to the presence of an infinite number of symmetries, which is also
a signature feature of integrable theories.

Integrability was first applied in the context of quantum field theories
by Lipatov [103] and then introduced in the context of AdS/CFT by Mi-
nahan and Zarembo when studying the one-loop anomalous dimensions
of scalar single-trace operators in N’ = 4 SYM [10]. Meanwhile, there
has been a lot of work to generalize their proposal, which led eventually
to an extension to the full theory and also to all orders in perturbation
theory. Later on, the same authors proved ABJM to be integrable at two
loops [11], and since then other lower dimensional examples have been
discovered, as well as possible deformations of these theories.

In the following sections we will review the construction of the Bethe
ansatz in the simple SU (V) spin-chain and then explain how these tech-
niques can be used to solve for the spectrum of NV =4 SYM and ABJM.
We will finish with a review of Hexagon form factors, which are the
building blocks of higher point functions. For an extended review of
integrability one should check [104].

6.1 SU(N) spin-chain

In this section we will consider single-trace operators which map to spin-
chains where each site transforms in the fundamental representation of
SU(N). This is a very simple toy model but it already illustrates quite
well many of the crucial features in the Bethe ansatz.
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6.1.1 The Hamiltonian

At each site we have N possible spins which we label with ¢’, and we
will consider a Hamiltonian with nearest neighbour interactions

H=Y Hpni1. (6.1)
n

The terms H,, 41 take values in the tensor product of two fundamental
representations, which decomposes into the symmetric and antisymmet-
ric representations

N(N —1) e N(N +1)

2 2 '
We then conclude that a Hamiltonian with SU(N) symmetry must be a
linear combination of projectors into these two representations

N®N = (6.2)

Hn,n—i-l = CAH'rI?,n—f—l + Csﬂg,nﬁ-l ) (63)

with the projectors given in terms of the permutation operator P

HA:%Q—P% HS:%Q+Py (6.4)
The cyclicity of the trace induces a shift symmetry of the spin-chain,
which implies that the constants c4 and cg cannot depend on n. The
symmetry fixes the spin-chain Hamiltonian up to the ratio of these two
constants, but we can shift the ground-state energy to any value we like
by adding a term proportional to the identity I. At the end, we are free
to write the Hamiltonian as

H=> (Tnni1—Prni1). (6.5)

With the specific setup we have chosen here, the spin-chain Hamiltonian
is automatically integrable, but this is not what happens in general. Even
for an SU(N) spin-chain we could have considered sites transforming
in another representation, leading to more terms in the tensor product
decomposition. In that case integrability would appear only for very
specific combinations of the projectors.

For a spin-chain with L sites, the spectrum is found by diagonalizing
an N¥ x N¥ matrix. A way to do this is to find all representations in
the tensor product of L fundamentals, and then find the eigenvalues for
the lowest weight of each representation

(N+L-1)

LI(N — 1) (6:6)

N®...QN =
—_——

However, this task becomes very difficult as we take L to be large, so we
need to come up with a better strategy.
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6.1.2 Bethe Ansatz

Since the Hamiltonian is integrable we will be able to diagonalize it by
introducing the Bethe ansatz. We pick the ground state to be made up
of L spins ¢', as it is annihilated by the spin-chain Hamiltonian

H|¢'...¢") =0, (6.7)

like any other state in the totally symmetric representation. The excited
states of the spin-chain are given by substituting any number of vacuum
sites by ¢°, with i # 1.

The natural ansatz for the single-excitation state is given by

6) =Y ePle) (6.8)

where p is the momentum of the excitation and |¢%) stands for a state
where the n-th vacuum site is substituted by an excitation ¢®. A straight-
forward calculation shows that such a state is an eigenvector of the
Hamiltonian with energy

E(p) = 4sin? g . (6.9)

An excitation with zero momentum does not increase the energy of the

ground state, but this is what one would expect as such states are in the
symmetric representation whose lowest weight is the ground state.

Let us now consider a two-particle state, with momenta p and ¢. The

Bethe ansatz is given by a superposition of plane-wave factors

|opdh) = D ePrtamgagh ) 4 Sagelantrmige gl ) (6.10)

nm

where in general the S-matrix 5’;‘3 can transform the flavours of the ex-
citations. Notice however that our choice of vacuum breaks the SU(N)
symmetry of the Hamiltonian, and the scattering must be invariant un-
der the residual symmetry SU(N — 1). The S-matrix acts on the tensor
product of two fundamental representations, which like before decom-
poses into symmetric and antisymmetric representations

(N-1)(N—-2) N(N-1)

2 © 2 ’
so the S-matrix is fixed up to two functions of the momenta, Ss(p,q)
and S,(p,q). One can find the energy of such a state by looking at the
region where the excitations are well separated, so that the Hamiltonian
acts on each independently. The energy of the two-particle state must
then equal the sum of energies of the single-particle states

E(p,q) = 4sin® g + 4sin? g . (6.12)

(N-1)® (N —1)=

(6.11)
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Now that we have determined the energy, we just need to find the right
S-matrix elements for which the Hamiltonian acts in a consistent way
when excitations are close to each other. We start by acting on the
lowest weight state in the symmetric representation ]qbf,q%), for which we
obtain the usual S-matrix of the Heiseberg model

| 4 eilrta) _ geia
S =~ ot g (6.13)

Similarly, in order to find the antisymmetric component it suffices to act
with the Hamiltonian on the state |p2¢2) — |¢3¢2), which leads to the
simple scattering phase

S.=1. (6.14)

Finally, we can introduce the rapidity variable v = %cot £, so that the
expressions become more compact

1 Ul—’LLQ—i

Bl =gyt Slwwe) = —

(6.15)

6.1.3 Factorized Scattering and the Yang-Baxter Equation

The correct ansatz for the multi-particle state is given by a sum over the
n! different orderings of the excitations

ooty =D > 5({p}a)g;;_~_-g;Hew%ma‘yqﬁg;... o).
J

o mi<..<mp

(6.16)
Some orderings in the multi-particle state require a single permutation of
two excitations, and in that case the scattering is given by the two-body
S-matrix found above. However, in general there are also new phase
factors that need to be computed for each new multi-particle state. For
example, for three particles one of the orderings is {ps, p2, p1}, which in
principle leads to a three-to-three scattering matrix. Here integrability
plays a crucial role, as it requires the S-matrix to factorize into two-body
scattering processes. To ensure there is no ambiguity in the way we do
the decomposition, the S-matrix must satisfy the Yang-Baxter equation

§12g13§23 = §23313§12 . (617)

This equation is trivially satisfied by a scalar S-matrix, as in the case of
the Heisenberg model, but it does impose strong constraints in a more
complicated setup. We can for example check that the S-matrix we
obtained in our SU(N) model does satisfy the Yang-Baxter equation.
In [105,106] it was argued that this property of the S-matrix is in fact
related to the presence of higher conserved charges, which guarantee that
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scattering can only rearrange the momenta of the particles. While the
origin of these higher conserved charges is obscured by the approach we
have taken to the Bethe ansatz, they can be explicitely constructed from
the algebraic approach reviewed in [107], but which we will not present
here.

6.1.4 Nested Bethe Equations

We now understand how to write any excited state in the SU(N) spin-
chain, but we still do not have a quantization condition for the rapidities.
That comes about when we require L to be finite, in which case particles
are in a circle and one needs to impose boundary conditions on the Bethe
wavefunction (6.16)

v(mi,ma, ... ,my) =Y(me,...,my,my+ L). (6.18)

These boundary conditions lead to the Bethe equations

e P T S(pjope) =1. (6.19)
ki

The problem would be solved if the S-matrix was a number, but that is
not the case so we need to diagonalize it by introducing several levels
of excitations, in a procedure called the nested Bethe ansatz [108]. The
level I vacuum |0)! is the spin-chain ground state, and the excitations at
the first level are given by ¢?, whose scattering is given by

S|6p, bp,) = SM (01, p2) 05,05, ) = Ss(p1,p2) 05,65, (6.20)

At the next level, the ground state |0) is now given by the set of exci-
tations in level I

11
) =lp2 .. 90 ). (6.21)
The single excitation at level II is given by substituting a level II vacuum
site by ¢3, which carries a new auxiliary parameter ¢

n k—1
o)™ = flape) [T ™ @pi)ley, . 05 60.). (6.22)
i j

The factors S™! account for the scattering phase we have to pay to move
the new excitation past the level I excitations, and f is related with the
creation of an excitation at level II. In order to fix these two functions,
we just require that the level II state is compatible with scattering of
level T excitations

S”X‘J>I{Ipl7p2} - SI,I(pl’p2)|Xq>I{Ipz7p1} ’ (6'23)
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which fixes the scattering between level II vacuum sites and excitations

to be

u—v+

STy, v) = (6.24)

[CIENI IR

uUu—v—

The two-particle state at level II is now given by the usual superposition
of states

X1 X2 ) :f(Q17p1)f(Q27pz)SH’I(Q2,P1)|¢§1 22>
+ fla2,p1) f (g1, p2)S™ (a1, p1)S™ (a1, q2) 902,62, ) , (6.25)

and a compatibility condition like (6.23) requires that the scattering
between level II excitations is given by
U—v—1
Sy, v) = —— . 6.26
By continuing this process until there are no excitations left, we create
N — 1 sets of Bethe roots. At the end we can impose periodicity at each
level, which leads to the Bethe equations

( (k)+ V)LN 1 N, (k:) (»l)—%Mu
J

R _ iy 111 u®

l i
=1 j=1U §)+§Mkl

=1, (6.27)

with Nj roots ug ) at level k. For a spin-chain with sites in the funda-
mental of SU(N) the matrix M and the vector V obtained are

v=l A v=o] e

which correspond exactly to the Cartan matrix and Dynkin labels of the
spin-chain representation. The equations (6.27) hold for any integrable
nearest neighbour spin-chain with sites trasnforming in a representation
V of any Lie algebra with Cartan matrix M [109-111]. Finally, the
cyclicity of the trace imposes a constraint on the momentum-carrying
Bethe roots of the spin-chain

(1)

H (1)

)

=1, (6.29)

l\.’)\s. w\s.

which means that the total momentum of the spin-chain must vanish.
Let us end this section with a remark on the number of auxiliary roots
that is necessary to consider. The creation of excitations at each new
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level can be seen as the action of a raising operator of the algebra. These
operators have well defined SU(N) charges, and given the charges of the
spin-chain states we want to study, we can derive exactly how many roots
we need to add at each level.

6.2 Spectrum of N' =4 SYM and ABJM

The nested Bethe ansatz presented in the previous section is a very
powerful method for computing the eigenvalues of integrable spin-chains.
This is especially obvious in the limit of very large L, which is not difficult
to take with the integrable framework.

Let us now apply the Bethe ansatz technique to some of the integrable
models that appear in the context of AdS/CFT. The mixing matrices for
two-point fuctions of single-trace operators in A" = 4 SYM and ABJM
correspond to the Hamiltonians of spin-chains where the sites transform
in representations of psu(2,2(4) and osp(6|4, R) respectively.

Since the integrable construction is very similar for both theories, we
will mostly focus on the four-dimensional case, and we will finish the
section with some remarks on what needs to be changed in the case of
ABJM.

6.2.1 One-loop Integrability in N = 4 SYM

At one-loop in N/ = 4 SYM we have a nearest-neighbour Hamiltonian
similar to the one of the previous section. A crucial difference now is that
the tensor product of two fundamental representations V of psu(2,2|4)
decomposes into an infinite number of representations V;. However, de-
spite this apparent difficulty, Beisert was able to show by using an oscil-
lator representation that the full one-loop Hamiltonian is of the form [67]

L oo 7 '
H=Y" (Z ;) )., (6.30)

n=175=0 \k=1

with TI¢) the projector onto the representation V;. If we restrict to the
SO(6) scalar sector, it can be shown that there are only three representa-
tions in the tensor product. The corresponding projectors can be written
in terms of the identity I, the permutation P and the trace operator K
appearing in the work of Minahan and Zarembo. Like we did in the
previous section, we can rescale the identity term by shifting the ground
state energy. The only meaningful parameter in the SO(6) Hamiltonian
is then the ratio of coefficients for P and K, whose value turns out to
make the spin-chain integrable. Similarly, Beisert and Staudacher [112]
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showed that the full one-loop Hamiltonian in (6.30) also corresponds to
an integrable model.

The one-loop anomalous dimensions of N’ =4 SYM can then be ob-
tained by applying the Bethe ansatz techniques reviewed in the previous
section. The Bethe equations are given by (6.27), by specifying the
Cartan matrix of the super Lie algebra su(2,2[4) and its fundamental
representation. Note that for super algebras the Dynkin diagram is not
unique, so there are several ways to write the Bethe equations depending
on the choice we make. Despite the apparent ambiguity, it can be shown
that all those choices are equivalent and lead to the same spectrum [112].

6.2.2 Perturbative Asymptotic Bethe Ansatz

So far we have used the Bethe ansatz to tackle only the problem of
one-loop anomalous dimensions. A way to extend it to higher loops is
by finding the dilatation operator at the corresponding loop order. For
example, in N' = 4 SYM we know the three-loop Hamiltonian for the
maximal compact SU(2|3) sector [113,114], which includes long-range
interactions. However, as long as we work with asymptotically long spin-
chains, then the states will always have regions where all excitations are
well separated and the plane-wave ansatz still holds. There are then two
effects that change the anomalous dimension at higher loops: the disper-
sion relation for the single excitations is corrected, and the S-matrix in
the two-particle state is also modified.

In order to find the correction to the dispersion relation one needs to
apply the higher loop Hamiltonian on the regions of the Bethe states
where excitations are far from each other. Meanwhile we can obtain the
scattering matrix by introducing the Perturbative Bethe Ansatz [115],
where we modify the wave function close to the collision point. For
example, in the SU(2) sector of the spin-chain the two-particle state is

6pdg) = > (d(n,m) + S(p, q)p(m, 1)) |bn ) (6.31)
n<<m
with
qb(”a m) = 6ipn+iqm(1 + )\A(;m,n—‘rl) 3
S(p,q) = SO (p,q) + AV (p,q) . (6.32)

By looking at the action of the Hamiltonian when m = n + 1 and m =
n + 2, and discarding terms of order O()\?), one can fix both A and the
one-loop scattering matrix.

At higher loops the relation between the momentum p of the excita-
tions and the Bethe rapidity u changes [116,117]. By looking at the BMN
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scaling it is possible to see that at higher loops the relation is modified
to N
T (6.33)

r—

e'p

where we introduce the Zhukowsky variables z* parametrized by the
rapidity u as A
1 utg VA

+
T4 = = ; =
+xi g I~ 4r

(6.34)

Note that this map introduces a branch cut in the u complex plane, and
the physical region is given by |#¥(u)| > 1. Surprisingly, despite the
complexity of the dilatation operator at higher loops, the S-matrix re-
mains quite compact. This is very important as the S-matrix is the only
non-trivial element of the Bethe equations, which quantize the Bethe
rapidities and determine the anomalous dimensions. The simple form of
the S-matrix hints at the presence of a structure to all orders in pertur-
bation theory, which we will uncover in the rest of this section.

6.2.3 Centrally extended su(2|2) algebra

The choice we made for the ground state of equation (2.58) breaks the
symmetry of the spin-chain to SU(2|2)2. The building block for the
multi-particle Bethe ansatz is then the SU(2|2) S-matrix, and we will
now use symmetry considerations to constrain it as much as possible. In
general the full S-matrix is defined for on-shell states with vanishing total
momentum P. However, integrability imposes factorized scattering, so
the two-body S-matrix must then be invariant under the full off-shell
symmetry group of the problem [118]. From the string point of view,
this means that we must relax the level-matching condition, and the
worldsheet momentum does not necessarily vanish. We can then see that
the symmetry group SU(2|2) is enlarged by two central elements [108],
with charges

P =ige? (e —1), A= —ige (e —1). (6.35)

Naturally, as we go on-shell these central charges vanish and we go back
to the original group of symmetries.

In what follows we will study the centrally extended algebra psu(2|2) x
R3 and its fundamental representation. The commutation relations of
the bosonic generators with a generic operator J are

1 1
(L3 = 0o = 5000y, (L) = 0007 + 50007
1 1
[RY,J.) = 60T, — iégjc, [RL,J] = —6STb + 555;10. (6.36)
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Meanwhile, the commutation relations of the fermionic generators in the
extended algebra are modified to

{Qg"Q%} = Eaﬂeabmﬂ {53755} = 6O[/C-’)Gabﬁv
1
{Q2, 8Py = 60L2 + 6P RS + S0505¢, (6.37)

with @ the central charge generating the u(1)g, and P and K the new
central elements.

The fundamental representation (2|2) is composed by two bosons ¢,
and two fermions 1,. The action of the bosonic generators follows from
(6.36), while the most general action of the fermionic generators is

Q) = aeare™ 1) , &% dy) = ey |vha) ,
QZ|vhg) = bd5|da) , G%[g) = de®enp|dp) - (6.38)

Closure of the algebra then implies that the action of the central charges
on a generic state |y) is

Cx) = (ad+bo)lx),  Blx)=ablx),  Klx)=cdlx), (6.39)

and it also constrains the parameters to obey ad — bc = 1. Notice that
without central extension the parameters b and ¢ would vanish, which
would constrain the eigenvalue of € to be constant. Since that central
charge is the generator of u(1) g, which gives the energy of the spin-chain
state, then we see that the central charges play a fundamental role in this
construction as they allow to form a representation with a continuous
parameter. The fact that the representation obeys a dispersion relation
is a special feature of these integrable models and it happens because
the spin-chain Hamiltonian belongs to the group of symmetries of the
spin-chain.

In order for the representation to be unitary, the parameters must be
related by complex conjugation: a = d* and b = ¢*. If we also want
to match the central charges with the ones from the worldsheet analysis
(6.35), it is convenient to parametrize the fundamental representation
with the Zhukowsky variables from (6.33), and two parameters 1 and
¢ = e [119]

a=./gn, c= QQTJH
i (T L at x~
b_\/§n<x—1), d_\@m<1_:ﬁ)’ (6.40)

where unitarity constrains 7 to be of the form
n =iz~ —iz+elEte) (6.41)
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From these expressions we can show that the dispersion relation is

C=E,= \/1 + 1692 sin®(p/2) . (6.42)

By setting ¢ = 0 one obtains the representation in the string frame,
more natural from the worldsheet theory point of view. However, we
can also set ¢ = —¢ thus obtaining the so called spin-chain frame. In
that case we can understand the representation also from the perpective
of a dynamical spin-chain where we need to introduce Z* markers that
correspond to length changing effects.

6.2.4 Multi-particle states

We have obtained a representation of psu(2|2) x R? which is characterized
by the momentum p and the phase (. The one-particle state can then be
identified with the module V' (p, ), and we build the multi-particle state
by tensoring a number of such modules [120]

Vi(p1,6) @ ... @ V(pn, Cn) - (6.43)

While for the one-particle state we can just set the phase  to 1, that is
not true for a state with several excitations. We know that the action of
the central charges on the full multi-particle state is still given by (6.35),
so we can only have a dependence on the total momentum P of the
state. We can then show that happens only if the phases of the different
modules satisfy the following relation

i—1

G=a]]em (6.44)

=1

The action of the generators on two-particle states is then given by

B(p1,p2,C1) = B(p1,61) @1+ 1@ B(pe, (e™),
F(p1,02,¢1) =F(P1,G) @1+ £ @ F(p2, Ge™), (6.45)

where 28 and § correspond to bosonic and fermionic generators repec-
tively. We introduce the matrix

S = diag(1,1,—1,-1), (6.46)

which ensures we get a minus sign when a fermionic generator goes past
a fermion on the first site.

So far we have associated phases (; to the representation at each site
and used these phases to create a well define multi-particle state. There
is however a different construction with an Hopf algebra interpretation,
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where instead we consider a non-trivial tensor product [121]. We define
the coproduct by modifying the graded tensor product in the following
way

A(B) = B+ 1&B,
A(QL) = Qadl + e?2Qs,
A(SS) = SOQT 4 e~ /205 (6.47)

where once again we denote the bosonic generators R? or L2 by 9B.
Meanwhile, the coproduct obtained for the central charges is

A(P) = PRI+ TP,
A(R) = R&I 4+ e P RR, (6.48)

which implies that A corresponds to an algebra homomorphism. Hopf
algebras also have an antipode map S which in this case acts on the
generators as

S(B)=—B, S(Q%) =—e"t2Q% §(5¥) = —f/25% . (6.49)

The reason we introduce this machinery is because the antipode map
does play a crucial role in constraining the S-matrix by introducing cross-
ing relations [121].

6.2.5 The SU(2|2) S-matrix

We are now ready to derive the SU(2|2) S-matrix. The fact that it is
invariant under an SU(2|2) symmetry implies that it commutes with all
the generators J of su(2|2)

S12(p1,2)3 (01,12, C1) = I(pa, p1, C1)S12(p1, p2) - (6.50)

One can show that invariance under the bosonic algebra requires the
S-matrix to be of the form [108,122]

A 1
512|¢(11¢1%> = A12|¢2a¢;}> + B12|¢[2a¢1%]> + 50126ab€aﬁ\¢§7/1é> )

. 1

Sialath) = D12W%a¢é}> + E12|¢[2a¢é}> + §F126a66ab‘¢§¢;> ;
S12|¢at3) = GralYfon) + Hialdovh)

Sioloads) = Kial2dy) + Liz|dpibs) - (6.51)

Meanwhile, we can use the fermionic symmetries to show that all coef-
ficients can be obtained up to a single scalar function of the momenta.
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We can fix the matrix part by setting A;o to E_:i? so that the full
S-matrix of N'=4 SYM is
Speu(2.214) = S0 Speu(2(2) ® Spsu(2(2) (6.52)
with an overall scalar factor defined as
D 901_# 1

So(p1,p2) = — 2 , 6.53
( ) Ty _$2+1_$02(p17p2) ( )

and o the dressing phase. The fact that the algebra is centrally extended
plays a crucial role here, as the central charges ensure that the tensor
product of two short representations decomposes into a single long rep-
resentation, which is very unusual. One can also check that the S-matrix
obtained from symmetry considerations automatically obeys the Yang-
Baxter equation.

6.2.6 Crossing Equations and the Dressing Phase

In relativistic theories, the S-matrix depends on two Mandelstam vari-
ables, s and ¢, and crossing symmetry implies that the S-matrix should
be invariant under exchange of those variables. It turns out that in
two dimensions, unitarity and crossing symmetry are enough to fix the
dressing phase.

In a non-relativistic model, the S-matrix is still unitary, but we do
not have the same notion of crossing. However, it was understood by
Janik that the antipode of the Hopf algebra introduced in (6.49) can
be seen as a particle/anti-particle transformation. At the level of the
representation, the antipode introduces a charge conjugation matrix C.
This leads to another representation for the generators of the algebra

(@) =cya*)ct, (6.54)

with exactly the same central charges. The crossing transformation of
the Zhukowsky variables is

(#) = —, (6.55)

which corresponds to flipping both energy and momentum of the excita-
tion. Finally, this property of the generators together with the invariance
of the S-matrix (6.50) leads to a constraint on the dressing phase [121]

— — + —
x] —xy 1—1/a7x;
vy —xf 1—1/af 25

(6.56)

a(u?v, ug)o(ug, ug) =
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The solution to the crossing equation was conjectured by Beisert, Eden
and Staudacher [123], following the string analysis of [124] and trancen-
dentality considerations. Later on, that solution was derived by con-
sidering the analytical properties of the S-matrix [125]. We know for
example that the position of simple poles should match the structure of
bound states, and higher-order poles are related to exchange of multi-
particle states. A useful integral representation was obtained by Dorey,
Hofman and Maldacena in [126]. While at weak coupling the dressing
phase goes to one, at strong coupling we recover the dressing factor found
by Arutyunov, Frolov and Staudacher [127]

1—1/ufuy (uiuy; —1ufud —1 H(ur—u2) (6.57)
1—1/uyud \ujug —1ujuy —1 C

oars(ur,ug) =

6.2.7 Some remarks

At this stage we have the all-loop S-matrix, which enables us to write the
all-loop Bethe equations for asymptotic spin-chains. Using the nested
Bethe ansatz we obtain a set of Bethe equations which quantize the
rapidities at the different levels, and the energy obtained corresponds
to the anomalous dimension of a primary single-trace operator. The
descendants are obtained by changing the state while keeping the energy
fixed, which can be done by adding roots at infinity.

For short operators the spectrum also gets corrected by wrapping cor-
rections, which correspond to planar Feynman diagrams wrapping the
operators one or more times. The key idea is to understand that the
finite-size problem can be related to a thermodynamic mirror model
[128-130|. Using the Thermodynamic Bethe Ansatz [131-133| one can
then obtain the anomalous dimension of short operators at intermediate
values of the coupling [134,135].

6.2.8 Integrability in ABJM

The integrability setup for ABJM follows very closely the previous dis-
cussion of N =4 SYM. Despite the alternating nature of its spin-chain,
the residual symmetry is generated by the same su(2|2) algebra, supple-
mented by an u(1) that distinguishes the two types of excitations. The
S-matrix of ABJM must also be invariant under the off-shell symmetry
algebra, which becomes the centrally extended algebra we studied be-
fore. A major difference is that now we have a different parametrization
of the Bethe rapidity with the Zhukowsky variables

1 + L
ety — =172 (6.58)
Xz
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In ABJM the function h(\) has a very non-trivial dependence on the
coupling constant A\, with h(\) ~ X at weak coupling and h()\)? ~ \/2
at strong coupling. The dispersion relation of ABJM is also very similar

to the one of N =4 SYM

E, = %C = \/i + 4h2(\) sin?(p/2), (6.59)
where the different factor of 1/2 can be traced back to the different
R-charge of the vacuum sites.

Another difference is that in ABJM we can have four different types
of scatterings, depending on the u(1) charges of the incoming particles.
For each scattering, the matrix part is exactly the same as in N = 4
SYM, but now we have two new scalar factors

S = PP = SéASpsu(z\z) )

S4B =884 = SEB S, au)) - (6.60)

Since A and B particles are related by complex conjugation, then the
crossing equations relate the two dressing phases of the S-matrix. We
can express the dressing factors of ABJM through the BES phase of
N =4 SYM [136]

[
= 1
S(I)AA(plaPQ) = Ille )
1= == op,p2)
mf — Ty 1

S5 (u,v) =

. 6.61
Ty —x; o(p1,p2) ( )

An interesting property of this S-matrix is that it is reflectionless [137],
which has been checked both at weak and strong coupling.

When we take the size of the operators to be small, we must also con-
sider wrapping corrections in ABJM, which have been resummed through
the TBA approach in [138]. In [139] the authors combined results from
localization and integrability to obtain an exact formula for h(\).

6.3 Structure Constants from Hexagon Form Factors

Now that we have reviewed the solution to the spectral problem, the
natural next step is to find an integrable framework for the computation
of structure constants. We will focus on A/ = 4 SYM where most of the
progress has been made.

At weak coupling a series of papers [140-142] introduced the tailoring
technique for tree level three-point functions in the SU(2) sector, while
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[143,144] developed a similar approach for the other rank one sectors of
the theory. At the same time, some progress was made at strong coupling
in [54] for semi-classical operators. In what follows we will introduce the
all-loop Hexagon proposal for N=4 SYM [14], which we will apply and
amend accordingly in the next chapter in our own research on ABJM
structure constants.

6.3.1 Intuition for Hexagons from Strings

From the perspective of the string worldsheet, the three-point function
corresponds to the amplitude process for three closed strings. For the
spectral problem, it was useful to consider first an infinite volume limit
where we map the cylinder to the plane and then glue back by inserting
a complete basis of states. Those states correspond to virtual particles
wrapping the cylinder. Analogously, it will be useful to consider an
asymptotic limit for the pair of pants, but in this case we can perform
that expansion in several ways. If we first cut only one of the seams, we
obtain the string field theory vertex that has been considered by [145].
By cutting another edge we obtain an octagon [146], and finally, in the
full asymptotic limit where all three states are asymptotically large, we
can see the string worldsheet as the product of two hexagons.

The hexagon form factors depend on three sets of Bethe rapidities
coming from three different operators. While usual form factors probe
incoming and outgoing excitations, the Hexagon form factors probe par-
ticles from three distinct infinities, which hints at a conical excess of 7
associated to each hexagon. In fact, this picture is corroborated by a
string analysis, where one can find the existence of two points in the
worldsheet with such a conical excess [51,54].

6.3.2 The non-extremal setup

In order to avoid mixing with double-trace operators, we need to con-
sider non-extremal correlation functions. It is then clear that operators
at different points in spacetime must have different polarizations. More-
over, if the polarization depends on the spacetime position in the right
way, then it is possible to preserve some supersymmetry [147]. Using
conformal symmetry we can move the operators to a line, with one at
the origin, another at z = 1, and the last at infinity. The single-trace op-
erator at the origin is Tr[Z%], but as we supertranslate the others along
the line we obtain the following configuration

Te[Z25](0), T[(Z+Z+Y -Y)?](1), Tr[Z")(c0),  (6.62)
which preserves a residual SU(2|2) symmetry. Each SU(2) factor of

the bosonic subalgebra corresponds to the SO(3) group of rotations pre-
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Figure 6.1. Each coloured circle in the pair of pants represents a spin-chain
state. As we cut the worldsheet we obtain two hexagons, where we must sum
over the partitions «, 8 and v of the three sets of rapidities {u}, {w} and {v}.
The symbols on the dashed lines represent virtual particles that one has to
integrate in order to go back to finite size.

served by the setup. An interesting feature of this construction is that
some of the spin-chain excitations are longitudinal, which means that
even a single excitation on one of the operators will lead to a non-
vanishing three-point funtion due to absorption of excitations by the
rotated vacua.

6.3.3 Structure constants as partitions over Hexagons

In the asymptotic limit we cut each operator in two parts, so the world-
sheet is divided into two planes which probe a subset of the excitations
from each of the three operators. We must therefore split each set of
Bethe rapidities into two parts

{ut=ava, {v}=pUB, {w}=7U7, (6.63)

and sum over all possible ways to distribute the excitations, as repre-
sented in Figure 6.1. We can also think of the hexagon as a projector
(h| acting on the tensor product of three spin-chain states

(bl 1B) 7)) = (blelBlv) - (6.64)
The structure constant should then be given by [14]

Crag = Y wiyg(, @)wiy, (B, B)wisy (1,7)(blal Bl7) (017]Bla) ,  (6.65)
a,B,y

where [;; are the bridge lengths between two given operators. They are
given by the number of Wick contractions between the operators at tree
level

1
lij = §(LZ +L;— L), (6.66)

and must all be large in the asymptotic limit. Each partition of the
Bethe rapidities comes with a splitting factor

wi(o, @) He”’(a’)lHS Q;, Q) (6.67)

J>i
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which has a clear physical interpretation. When we move the excitations
@; to the second hexagon, we get a phase e’ for propagating over the
bridge of length I. Along the way, these excitations also scatter with
a number of particles that stay in the first hexagon, which produces a
phase shift given by the product of S-matrices. There is no direct proof
that the structure constants can be written in this form, but one can look
at simple Wick contractions at tree level and check that one recovers the
sum over partitions.

The computation of structure constants is then reduced to the eval-
uation of form factors with excitations in all three edges (h|«|S|y). In
relativistic theories, form factors with both incoming and outgoing mo-
menta can be related by crossing to form factors with only outgoing
momenta. Using the crossing for Zhukowsky variables from (6.55) and
the crossing relation for the dressing phase (6.56), we can relate any
hexagon form factor to the one where all excitations are on the same
edge

<h‘CI)A1A'1 s (I)AnAn> = DA Ay, A4, - (6.68)
It is also important to understand how the flavour of the excitations ® , 4
changes with crossing. They transform under the residual SU(2|2); ®
SU(2|2) g, and it can be shown that the left and right parts of the excita-
tions transform as particle and anti-particle under the diagonal SU(2|2)
preserved by the Hexagon. It is then natural that left and right indices
get exchanged under a crossing transformation

q)ABz—)cI)BA‘ (6.69)
Y

Finally, note that in the hexagon we can cross excitations in two dis-
tinct ways: either we cross them clockwise and change their flavours, or
we cross them anti-clockwise twice, in which case the flavour remains
unchanged. It is quite non-trivial that both crossings give exactly the
same result, despite the fact that the computation looks very different
at intermediate stages.

6.3.4 Fixing the one- and two-particle form factors

Just like we did for the S-matrix, it is very useful to consider the im-
plications of the residual symmetry on the Hexagon form factors. For
a generic multi-particle state there is no hope that symmetry will fix it
totally, but there are very strong contraints imposed on the one- and
two-particle form factors.

We want the Hexagon form factors to be invariant under the symmetry
group, which means that they must be annihilated by the action of the
generators J of the algebra defined in (6.37) and (6.36)

(b[3[¢) = 0. (6.70)
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It follows from bosonic symmetry that the non-vanishing elements of the
one-particle form factor are

(0[P,5) = €4 (B[P, = N(p)eys- (6.71)

The relative coefficient N'(p) is fixed by imposing fermionic symmetries,
but it will still depend on the frame we are working with, either N'(p) = 1
for the spin-chain frame or AN (p) = i for the string frame. We can
see immediately that half the excitations produce a non-vanishing form
factor, and they correspond exactly to the longitudinal excitations Y, Y,
D and D.

The residual symmetry is also sufficient to fix the full two-particle form
factor up to a single undetermined function of the momenta. It turns
out that it is defined through the S-matrix of (6.51) and the one-particle

form factors of equation (6.71)

baips=h2(=0)" S48 bpibep, (6.72)
where f;, fZ denote the fermion numbers of the left and right parts of the
i-th excitation, while hio is the undetermined overall factor. In order
to obtain the two-particle hexagon we have to scatter the left parts of
the excitations, and then use the one-particle hexagon to contract them
with the right parts. As seen in the previous section, the two-particle
representation is (V(p1,¢1) @ V(p1,¢1)) @ (V(p2, (1€P1) @ V (pg, (1€P1)),
so invariance under the residual symmetry also imposes a condition on

¢1 and é1

Glr=e"". (6.73)
In the spin-chain frame, this equation is interpreted as a condition on
the eigenvalue of the Z marker under the action of the hexagon.

The two-particle Hexagon should also obey the form factor axioms,
which include the Watson equation [148,149|

(0[S12|@1P2) = (h|P2P1). (6.74)

The matrix part of this relation is trivially satisfied by (6.72), but it also
introduces a contraint on his

hi2
=St (6.75)
21

with S the overall factor of the SU(2|2) S-matrix written in (6.53).

105



6.3.5 The Multi-particle Form Factor

We cannot determine any other form factor fully from symmetry consid-
erations, but the most natural guess is

Darin. ana, = (D=l T ThijOca, x4, 1SIxa, - xa,) -
1<j
(6.76)
with S is the matrix part of the factorized S-matrix. This ansatz au-
tomatically satisfies the Watson equations for the multi-particle form
factors.

The scalar factors h;; dressing each of the S-matrices are not the usual
ones from the S-matrix solution, as we cannot require them to satisfy
unitarity. In order to fix these scalar factors, we need to consider another
of the form factor axioms, the so called decoupling condition [150]

s, (B[00 @(u)B(us) ) = (Bl2(us)..) . (677)
which says the form factor must develop a kinematical pole whenever
a particle-antiparticle pair decouples from the rest of the state. For a
form factor of local operators there would also be another term with a
product of S-matrices, but only the identity is compatible with the non-
local nature of the Hexagon form factors. In the end, this implies that
the scalar factor his must obey exactly the same crossing equation (6.56)
as the dressing phase of N' =4 SYM. There are many possible solutions
to this equation, but the correct one turns out to be [14]

- -1 = 1
hiz = —— y+ vt (6.78)
xr _y 1 - W 012

which has passed many non-trivial higher-loop tests.

6.3.6 General remarks

All we have considered so far was the asymptotic contribution to the
three-point function. There are also new wrapping corrections that need
to be considered when the bridge lengths are small, since the asymptotic
description applies only for large [;;. We will however not give any further
detail as the wrapping corrections play no role in the work developed in
this thesis.

Meanwhile, the Hexagon form factors have also been used for the
study of higher point-functions. In [151] the authors have been able to
compute four-point functions of half-BPS operators by performing an
OPE expansion, where each structure constant is given as a product
of two Hexagon form factors. By taking a certain limit on the sizes
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of the operators, one can make sure that the asymptotic result gives
the leading contribution even at finite coupling. In [151] the authors
also obtained a modification of the splitting factors for operators with
excitations transforming under su(2]2)2.

Finally, it has been understood recently that the Hexagon form fac-
tors are also the building block of higher-point functions. A precise
prescription for the computation of four-point functions at any value of
the coupling was given in [79]. The method is quite distinct from an
OPE expansion, as it relies on a very different hexagonalization of the
string wordsheet.
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7. Hexagon Form Factors in ABJM

With the success of the Hexagon form factor approach to correlation
functions of AV = 4 SYM, it is natural to attempt a generalization to
other integrable theories. The solution for the spectrum of anomalous
dimensions in ABJM is very similar to the one in A = 4 SYM, so it is
natural to study Hexagon form factors in ABJM.

In this chapter we will assume that like in ' =4 SYM the structure
constants are given as a partition of the Bethe roots over two hexagon
form factors. There are three reasons why this assumption is reasonable.
First, in A/ = 4 SYM that structure is not proved, but rather observed
from weak coupling tests. In the same way, we have evaluated structure
constants at tree level in ABJM for operators in simple closed sectors,
and we observed the same structure as in equation (6.67). Second, there
are also hints of the existence of the hexagons at strong coupling. In
[51,54] it was found that the classical worldsheet in AdS has two points
with conical excess of w. However, the analysis was done in an AdS3
subspace of AdSs, and the same result should therefore be valid for
AdSy. Finally, ABJM must also have an asymptotic limit for three-point
functions. When the operators are all large, the three-point function
becomes a superstring amplitude with the form of a pair of pants. The
asymptotic limit should correspond to cutting the string worldsheet and
in that way one should obtain two separated hexagons, like in N' = 4
SYM. These statements do not in any way prove the assumption, but the
existence of such arguments both at weak and strong coupling indicates
that it should be correct.

7.1 Non-extremal setup

If the three-point functions are indeed given as a partition of the Bethe
roots over two hexagons, then there are several points that need to be
understood. For example, one needs to find the form of the splitting
factor in the case of operators with auxiliary Bethe roots. However,
the most important problem is to understand if one can bootstrap the
Hexagon form factors.

In N' = 4 SYM symmetry fixed the one- and two-particle form factors,
which led to a natural ansatz for the multi-particle case. Here we will
follow the same logic and see how far can symmetry take us.
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7.1.1 Supertranslation

The vacua of the three-point functions are three chiral operators, which
in principle can have different polarizations. In fact, in order to obtain
a non-vanishing and non-extremal three-point function, all the polar-
izations need to be different. If the operators are at generic spacetime
positions then there is no supersymmetry generator that annihilates all
of them. However, following the ideas of [147], we can preserve some
symmetry by carefully picking a polarization that depends on the space-
time position.

We can use conformal transformations to put all three operators in a
line. The chiral primary Tr[(Y4Y;")F](0) preserves an SU(2|2) x U(1)
symmetry, so we need to perform a supertranslation and see what is the
residual symmetry. The action of the supertranslation is given by

e (YY) (0)e T, (7.1)

and it is built from the translation operator and the R-charge generators
written in the su(2)g x su(2)s x u(1) form of (2.83)

T = A% Py + BLR} + C4RY + DR}, (7.2)

where A8, B%, C% and D‘}J are constants. This is the most generic

supertranslation we can consider, as both R? and R are part of the
symmetry algebra that annihilates the vacuum, which means they do
not change the polarization. .

The supersymmetry generators preserved by Tr[(Y4Y1T)L} are the Q%!
and S% from (2.84), so we need to find the right linear combination
that commutes with the supertranslation. The translation operator com-
mutes with the supercharges, but the commutator with the superconfor-
mal charges is proportional to Qﬂ’f. We then conclude that we must

include Rf in the supertranslation as it is the only R-symmetry genera-
tor which can cancel the contribution from the translation. In the same
way, we understand that RQ1 is absent from 7 as its commutator with
the fermionic generators produces terms that cannot be cancelled in any
way.

The only fermionic generators that have a chance of being preserved by
the supertranslation are then given by the following linear combination

1 : 1
Q¢ = ﬁQg} + ﬁeabEaﬁsfi : (7.3)
where E,3 is a constant matrix. One can see that their commutator
with _
TH — Aaﬁpaﬂ + Rf (7.4)
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vanishes only if the matrix A and E are related in the following way

1

If one wants to preserve all four supersymmetry generators Q%, then
T® is the best one can do and we have to send all C¢, D‘}j and Bli to
zero. For simplicity we will take E to be a matrix of determinant —1 in
the remainder of the chapter.

We can consider a more generic supertranslation, but in that case we
preserve at most two supersymmetries given by

Sa = ,OaQZ s (76)

with p, a generic vector. They commute with a supertranslation of the
form . ' .
T = A*PPs + R + P ppRE + ¢*ped R (7.7)

where ¢ and d; are arbitrary constants.

7.1.2 Residual symmetry

We have now established what kind of supertranslation we should per-
form in order to preserve some of the supersymmetries, and we will now
see what is the residual symmetry in each case. Since we are translating
the operators along a line, it is clear that rotations around that line are a
symmetry of the setup. The generator of this SO(2) symmetry is given
by

1
B = §BQBEBWL$ : (7.8)

and we can show that it commutes with the supertranslation.
Let us start with the configuration that preserves four supersymme-
tries. It is useful to relabel the fermionic generators slightly

Qa = Gab531277 6" = llla (79)

so that the commutation relations induced from (6.36) and (6.37) become

{Qq, 2} =0, {6°,6% =0,

R}, Qc] = 6094 — %52536, [8,0,] = —%Qa,
wer-seilte,  mel-le.
{Q.,6" =1 <‘B + %(’B - ﬁ)) +RY. (7.10)
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This corresponds to an su(1|2) algebra and since R commutes with all
elements of this algebra and with the supertranslation, then the residual
symmetry is su(1|2) x u(1). Note that the su(1]|2) algebra cannot be
centrally extended, so the central charges are simply a redefinition of the
u(1) generator

%:%—F%(‘B—R). (7.11)

We will however keep the su(2|2) central charges explicit as it is useful
to decouple their action from that of B on the hexagon form factors.

If instead we consider the setup that preserves only two supersymme-
tries, then the only R-charge generator that commutes with the super-
translation is given by

I=RLle“pepy. (7.12)

If we relabel the supersymmetry generators as Q = §1 and & = §5 then
the commutation relations are

[3,9] =0, [J,6] =0,
B,9] = 9, B.6] = 56
{9,6}=73. (7.13)

The residual symmetry is in this case only u(1|1) as the generator R does
not commute with the supertranslation 7).

7.1.3 Representations of the residual algebra

The elementary spin-chain excitations in ABJM transform as (2]2)4 @
(2|2) p under su(2|2) xu(1), so we have to understand how they transform
under the residual symmetries.

Unfortunately, the (2|2) representation does not decompose into (1]1)2
under any of the residual algebras. This makes the generalization to
ABJM much harder so we will henceforth consider only the supertrans-
lation from equation (7.4), which preserves more symmetry.

The (2|2) excitations ¢, and v, transform as the typical four-dimensional
representation (1]2]1) of su(1]2). There is no bosonic symmetry relating
the two fermions anymore, so we relabel them in the following way

X)=1ve), 1O =) (7.14)

111



The action of the generators on this representation can be induced from
the action of su(2|2) on the fundamental representation and we obtain

Qulé) = 5% (a+)16). Blx) = 310

&lon) = = ). Ble) = 210

ulx) = 5 (b+ D)6l 2.6 =0,

&°l6) = <2 (- ) o), Shy=0. (11

where we used the parameters a, b, ¢ and d defined in (6.40) for the
fundamental representation of su(2|2).

7.1.4 Rotated vacua

Finally, we can now apply the supertranslation obtained and see how it
rotates the operators. For simplicity, we pick a direction for the transla-
tion which corresponds to the following choice for the matrix

E:(? é) (7.16)

Looking at the form of the gamma matrices in three dimensions we can
see that the relation between P,z and P, is

([ Pt P Py
Paﬂ - < P2 PO _ Pl ) ’ (717)

which means that our choice corresponds to a translation along the x-
direction. Using equation (7.1) we can then show that the rotated vacua
are

Te[((Y* — aY ) (Y] + aY}))F](0,0,a). (7.18)
For operators at the origin, at infinity and at a = 1, we have
Tr{(YLlYlT)Ll] (07 07 0) ’
Te[(V* = YY) +Y]))*2)(0,0,1),
Tr[(-Y1Y,)£2](0,0, 00) . (7.19)

We have therefore obtained a setup where Wick contractions between
any pair of operators are non-vanishing, which is ideal for the study of
non-extremal three-point functions of single-trace operators.
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It is worth remarking a few differences from the setup of N' =4 SYM.
In our case a single elementary excitation cannot contract with any of
the other vacua, so we do not have longitudinal excitations. This in fact
indicates that form factors with an odd number of excitations will be
vanishing.

Another difference is that the contraction of colour indices is dif-
ferent in ABJM, as the fields transform in bifundamental and anti-
bifundamental representations of the gauge group. The number of Wick
contraction between two operators at tree level is given by

lij =L;+ Lj — Ly . (720)

Since each operator has an even number of fields, then the /;; are either
all even or all odd. It turns out that when they are all odd the three-
point function must be vanishing due to a cancelation in the contraction
of colour indices. The reason why this happens is that we need to sum
all planar contributions, so we must consider all cyclic permutations of
the fields inside the traces. There are L1LsL3 contributions where the
first field is in the bifundamental representation, and they all contribute
equally. But there are also L Lo L3 contributions where the first field in
the trace is in the anti-bifundamental representation. However, due to
the minus signs in (7.19), these two contributions cancel each other for
l;; odd, while they add up to 2L, LoL3 when they are all even.

The argument made here also holds for excited states if one uses the
additional fact that the total momentum of Bethe states must be van-
ishing.

7.2 Hexagon form factors

Usually, the form factor of an operator O is defined as the expectation
value between an incoming and outgoing on-shell state

(61,...,0,]061,....0m). (7.21)

By using crossing we can consider form factors only with incoming par-
ticles. The fact that we have the form factor between two states corre-
sponds to the fact that there is a past and future infinity.

Something analogous happens with three-point functions. From the
string point of view we have a worldsheet with three infinities, which cor-
respond to the states from the three operator insertions at the boundary.
When we cut the worldsheet into two hexagons, each of them probes the
three infinites, but we can use crossing to map excitations from one edge
to another. The fact that each hexagon is associated with a point of
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conical excess in the worldsheet is related with the presence of three in-
finities and implies that two crossing transformations do not lead to the
original configuration.

We can also think of the hexagon form factor as the action of a vertex
(h] on the tensor product of three spin-chain states [152-154]

(blvh1[v2|t3) - (7.22)

By using crossing, it is enough to consider hexagon form factors where
all excitations are in the same edge

BlPa, ... Pa,). (7.23)

Once this object is known for any number n of particles, then it is in
principle possible to compute any three-point function of ABJM.

7.2.1 Constraints on the multi-particle form factors

In what follows we will use the residual symmetry to constrain the
hexagon form factors. The fact that the vertex is invariant under an
SU(1|2) x U(1) symmetry implies that it is annihilated by all genera-
tors of the algebra. There are some general remarks that can be done
without specifying the number of excitations. In ABJM we have A and
B particles, which have opposite charges under the abelian U(1). Since
that symmetry is preserved by the hexagon, we have

(h|R|®4, ... P4,)=0, (7.24)

which implies that the hexagon is only non-vanishing if the number of
A and B particles is the same. A consequence of this is that the only
non-vanishing hexagon form factors are the ones with an even number
of excitations.

The fact that 3 — & annihilates the hexagon also has a generic conse-
quence. First we must remember that the multi-particle state is defined
through the modules V(p1,¢(1) ® ...V (pn, (n), where the phases ¢; obey
equation (6.44). The symmetry then imposes a constraint on (;

G=e", (7.25)

where P is the total momentum of the state.

Finally, since the fermions have opposite charges under the bosonic
generator B, we conclude that the hexagon form factors must have an
equal number of x and & excitations in order to be non-vanishing.

7.2.2 The two-particle Hexagon

The most fundamental hexagon of ABJM is then the two-particle form
factor. We know that it must contain an A and B particle, which we

114



write as ® 4 and ®p respectively. There are in principle two structures
allowed, (h|®,Pp) and (h|® D). However, the three-point function
with A-type excitations at the origin and B-type at infinity should be
equivalent to the case where we have B-type excitations at the origin
and A-type at infinity, which implies that those two structures should
be equal. If we impose bosonic symmetries we can fix the hexagon up to
three scalar functions

(hdadi) = Ars€an,

(h]x'€?) = Bua,

(hE'x?) = Cua. (7.26)
By further requiring the fermionic charges of su(1|2) to annihilate the

two particle hexagon form factor, we understand that it depends only on
a single scalar function A;s

b(p1) + d(p1)e'"/?
a(pa)e’P/2 4 c(pa)eirz ’
(p2)e™ "1 + e="F/2d(py,)

a(pr)e= /2 + c(p1)
Unfortunately, and unlike the one-particle form factor in A" = 4 SYM,

the dependence on the momenta of the excitations is quite non-trivial,
and we have not found any way to simplify (7.27).

Bia = A2

b
Ci2 = A2 (7.27)

7.2.3 The four-particle Hexagon

The hope for a bootstrap of the hexagon form factors in ABJM is that
the two-particle form factor provides a inner-product between excitations
which is then used in the multi-particle hexagon.

We will now impose su(1]2) x u(1) symmetry on the four-particle form
factor and see how far it takes us. There are in general six structures
that one can consider

(H|®aPpPcdp), (H|PaPpPcdp), (h|PADpdcPp),
(H]@ADpDcDp), (h|DaPpDPcPp), (h|PadpPcPp), (7.28)

and they are all annihilated independently by the residual algebra. We
will focus on the structure (h|P 2P PP p) which from bosonic symme-
tries must be of the form

(b]pappdeda) = Acacera + A%€aacpe,
(h]¢adeX€) = B%ea,
(BldadréX) = C2ean ,
(hxx&€) = D2 (7.29)
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where B% corresponds to the case when the bosonic excitations are in
the positions ¢ and j, and analogously for C¥ and D%. Once we impose
fermionic symmetries, we are left with only three undetermined functions
of the four momenta.

Unfortunately, we were not able to express the four-particle hexagon in
terms of two-particle hexagons, and it is unclear if that task is difficult or
impossible. On one hand, one can see that all non-vanishing components
of the four-particle form factor (h|®1PpP-Pp) coincide with the non-
vanishing components of at least one of the following three structures

(h] @7 D7) (]S L) ,

(bl 25 (h|PF D7)
(h] @7 7) (h|@5 D) . (7.30)
On the other hand, one can also argue that it might not be possible
to express the four-particle hexagon in terms of the two-particle form
factors. To understand the argument let us look at A/ = 4 SYM for a
moment. In that case the prescription for the multi-particle form factor

involved scattering the right parts of the excitations. In terms of the
modules, after scattering we have

(V(p1, Q) @ V(p1, ) © oo @ (V(Dny o) @V (D0, C1)) - (7:31)
It turns out that the phases obey
CuCly = e (7.32)

which is exactly the condition for a well defined two-particle hexagon. In
some sense this justifies the multi-particle conjecture as we see that after
scattering the action of the projector (h1| ® ... ® (h,| is well defined.
From this point of view, in ABJM we would need to find a map

p: Vp1,()®... 0V (Pn, ) = V(poy,¢1) @ ... @ V(ps,, Cl), (7.33)

after which the action of the projector (h12| ® ... ® (hp—_1,,| is also well
defined. However, it is possible to show that the map p must involve
structures other than the scattering matrix S’pﬁu(mg). While this does
not show that it is impossible to build the multi-particle form factor
from the two-particle one, it does indicate that the map p must involve
some sort of novel structure.

7.2.4 Watson equations

The hexagon form factors must also obey the form factor axioms, which
include the Watson equation [148,149|

(BSiip1|®1 ... D) = (B]Dy ... D1 Dy ... D). (7.34)
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For example, in N/ = 4 SYM this constraints were crucial in the deter-
mination of the scalar factor his from (6.78).
In ABJM, the Watson equation for the two-particle form factor is

(h|%DL) — (S20)95 (@ @3) =0, (7.35)

with S the ABJM S-matrix. The solution to this equation is given by
1
Az = S$P By Ao + 5Sg‘Bczl(zs'm —Ci2), (7.36)

with By and Co; elements of the su(2]2) S-matrix from (6.51), Bio
and Cio given in (7.27) in terms of Ajo, and 5643 the scalar factor of
the ABJM S-matrix in (6.60). The Watson equation then imposes a
constraint on the scalar factor Ajs of the two-particle hexagon

A1
Asi o(u,v)

flu,v), (7.37)

with f(u,v) a complicated fuction of the two rapidities. This means that
A2 should depend on some sort of square root of the BES phase, which
due to its non-trivial analytical structure might in fact require a new
dressing phase.

Regarding the four-particle Hexagon, there are now two kinds of Wat-
son equations we can impose on (h|@4PpP ;P ;5). One of them relates
it to an hexagon with A and B particles in different positions

(S23) 5 (D] @4 PF 2E0) = (b 0L PFO% 0) (7.38)

One can show that all six structures in (7.28) are related to each other
by this kind of Watson equation which exchanges A and B particles. The
other two equations are

(S12)4 5 (b| @GP %) = (h| L D% % DY),
(S54)G 5 (h|@L @H DL D% ) = (h| @Y BT D% DY) (7.39)

and they provide constraints on the three undetermined functions of the
four-particle form factor.

7.3 Tree level checks

All the discussion so far was based on symmetry, so it is important to
validate the results obtained with perturbative data. Unfortunately, with
a few exceptions [155-157| there is very little information on three-point
functions of ABJM, so we will resort to simple tree level considerations.
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7.3.1 Double excitations

Let us consider the case when only the operator at the origin is un-
protected. We saw previously that the elementary excitations cannot
be contracted with any of the rotated vacua. Meanwhile, we have found
well-defined and non-vanishing hexagon form factors even when there are
excitations only in one edge. This is an apparent contradiction which is
resolved by considering the effect of double excitations.

Before we do so, it is important to find the relation between spin-
chain excitations and the fields in the single-trace operators. From the
transformations under bosonic symmetries we can show that we have

(¢1,¢2) = (Y?,=-Y?), (X, &) = (14,¢1-),
(h1,d2) = (¥, Y4), (% €) = (i, v, (7.40)

The solution for the hexagon with two scalar excitations given in (7.26)
is non-vanishing for Y3Y, and Y2Yy. It was shown in (2.86) that these
mix with the double excitations Y4Y4T and YlYlT, which in turn have
non-vanishing Wick contractions with the rotated vacua.

We can also play the same game with the fermionic excitations. From
the two-particle hexagon we see that the only non-vanishing contribu-
tions are from 1/11+1/1f and 1,[)1_¢3_T. Following (2.86) we conclude that
these fields mix with the derivative D?, whose propagator is proportional
to xo. This is exactly the direction along which we supertranslated the
operators, so we see that it also leads to non-vanishing Wick contractions
with the other vacua.

7.3.2 Crossing

In N =4 SYM the flavour of the excitations changes as we cross them
to other edges of the hexagon. In order to understand how the flavour
of excitations changes under crossing in ABJM we need to look at tree-
level examples and match them with the non-vanishing entries of the
two-particle hexagon form factor.

First, we need to derive the action of the supertranslation on the el-
ementary excitations of the spin-chain, so that we identify correctly the
supertranslated fields that correspond to the (2|2) fundamental repre-
sentation. The flavour of the scalar excitations is unchanged

eaTyQ(O)e—aT _ Y2(a) ’ eaTyS(O)e—aT — YS(CL) ,
eaTsz (0)e 7 = YzT(a) eaTY:’,T(O)e_aT = Yg (a), (7.41)
while for the fermions we have a non-trivial transformation

€CLT¢10¢(0)67Q7~ = (djla + a"/}4a)(a) ’
Tyl (0)e™T = (Yl — aypii)(a) . (7.42)
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If we insert Y2 or Y3 excitations at the origin, then the correlation
function is non-vanishing for an operator with Y2Jr or Y?:r at infinity. In
terms of the (2|2) excitations, they correspond to the hexagon form fac-
tors

(blea| |d2),  (blal 1) (7.43)

We conclude that the flavour of the excitations cannot change upon
crossing, otherwise we would obtain vanishing form factors.

Let us now consider the case when the operator at the origin has the
fermionic excitations 114+ while at infinity we have 1/11;. This corresponds
to a non-vanishing correlator since the operators are translated along x-
and the fermionic propagator is

(Yra(0)03" (2)) o< 67 (CT")apa,, (7.44)

In terms of hexagon form factors these configurations correspond to

(Bly] [-) = (blx| 1£),
(Bly—| Iy = (bl %) - (7.45)

Once again, the hexagon form factors are only non-vanishing if crossing
does not alter the flavour of the excitations.

7.3.3 Tree level data

We will now consider a few explicit examples of tree-level three-point
functions. They are useful for checking the ratios of A, B and C at weak
coupling, but they can also be used as a guide for the multi-particle
case. Ideally, one would consider a single unprotected operator, so that
crossing would not be necessary. Unfortunately, this also corresponds to
a more difficult setup, where we need to excite several levels of the nested
Bethe ansatz in order to obtain a non-vanishing result. We will instead
consider the case of two unprotected operators, and for simplicity we
take them to be in the rank one sectors su(2) and su(1[1).

In the scalar case, we have Y2 excitations on the operator at the
origin, and and equal number of Y; on the operator at infinity. At weak
coupling, the S-matrix in the su(2) sector is

U—v—1
Ssu(2) (u7 1}) = 56414(“7 U)A(u7 ’U) ﬁ) m . (746)
At tree level the S-matrix then coincides with that of the su(2) sector
of N'= 4 SYM. Since the one-loop Bethe states are the same, we can
then recycle the results for correlation functions of N' =4 SYM at tree
level. It is important to consider only X and X excitations of N' = 4
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SYM, so that we do not have contractions with the rotated vacuum. The
matrix part of the hexagon becomes the domain wall partition function
of a six-vertex model [158], and so we obtain

det (ui—v‘j)(ii—vj—i) HZ,] (vi - u.] + Z)
[Ticj(ui — uj +9)(vj —v; — 1)

W@ ({u}, {v}) = (7.47)

These results also apply to ABJM, and so we obtain a tree level predic-
tion for the undetermined function of the two-particle form factor

—1

(hl1(u')o(v)) = A(u,v) =

. 7.48
s (7.48)

Analogously, we can consider the su(1]1) sector, where we have fermionic
excitations 14 in the operator at the origin and le_T in the operator at
infinity. The S-matrix in this sector is

A(u,v)D(u,v) s ~1, (7.49)

Ssu(1|1) (U, U) = 364

which once again correponds exactly to the tree level scattering matrix
in the su(1|1) of N'=4 SYM. At weak coupling this setup is equivalent
to the one considered by Caetano and Fleury [159] where they showed
that the matrix part of the hexagon is a domain wall partition function
on another six-vertex model

i Hi<j(ui —uy)(v; — v;)
IL; j(vi — uy) '

This corresponds to the hexagon of ABJM and we can obtain a prediction
for the fermionic part of the two-particle form factors at weak coupling

D ({u}, {v}) = (7.50)

—1

(Bl (u')ip— () = B(u*,v) = ;

u—v
. —1
(Bl (@) (0) = Cat,0) = ——. (751)
The ratios with A(u%7,v) at weak coupling are then
B(u*',v) Cu,v)
Ao =1 A i

which correspond exactly to the weak coupling expansion of the ratios
obtained in (7.27). Unfortunately, since crossing does not commute with
perturbation theory, we are not able to obtain a prediction for A(u,v).
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8. Epilogue

After the success of integrability in solving the spectrum of N’ =4 SYM
in the planar limit, there has also been in recent years a great effort in the
study of its correlation functions. Integrability has played a very impor-
tant role in the determination of structure constants both at weak and
strong coupling and recently an all-loop framework for the computation
of these objects in N'= 4 SYM has been proposed. Despite its success,
there is still much to be understood. One would like to resum wrapping
corrections and effectively obtain three-point functions at intermediate
values of the coupling. Besides that, it is important to extend these
techniques to other theories, just like it happened for the spectrum.

The focus of this thesis was the study of correlation functions in in-
tegrable theories. We have studied both the weak and strong coupling
limits of A/ = 4 SYM and have obtained important data that should
be matched with the Hexagon form factor approach. In the context of
ABJM we have also studied the role of Hexagon form factors in the com-
putation of its structure constants. In what follows we describe the main
achievements of this thesis and also some of the possible directions for
future work.

8.1 Structure constants at weak and strong coupling

In this thesis we have obtained several new results for structure constants
at strong coupling. We have focused on correlators of short operators,
whose dimensions scale as A ~ A% and for which one can use a flat-
space approximation. By understanding the map between the gauge
theory operators and the string vertex operators, we have been able to
express three-point functions of N' =4 SYM as superstring amplitudes
in flat space. The main results of Paper I are the structure constants of
the Konishi operator with half-BPS operators, and the realization that
they are exponentiallly suppressed at strong coupling.

In Paper II we have studied correlation functions for short operators
with spin. We were able to perform superstring amplitudes with states
at higher mass levels by considering operators dual to string states in the
leading Regge trajectory. We have also obtained a precise map between
the building blocks of superstring amplitudes and the tensor structures
allowed by conformal symmetry.
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In Paper II we considered also the extremal limit for the three-point
function of Konishi with two half-BPS operators. The fact that the string
coupling does not vanish leads to a pole in the structure constant which
indicates that at the extremal point Konishi does not have a definite
scaling dimension and mixes with the double-trace singlet operator. We
have understood how to correctly renormalize the operators and found
the 1/N corrections to their scaling dimensions.

In this thesis we have also studied correlation functions at weak cou-
pling. By considering a four-point function of protected operators one
can extract the structure constant of the lowest twist operators at five
loops. We used the technique of asymptotic expansions, where conformal
integrals become massless propagator integrals in the OPE limit. The
master integrals obtained were unknown, but we have obtained their ¢
expansions without any explicit integration, by considering the allowed
divergences and magic identities of conformal integrals.

Finally, we took the first steps in a generalization of the Hexagon
programme to ABJM. We studied the possible setups for the evaluation
of non-extremal correlation functions and found the residual symmetry
to be su(1]2) x u(l). We used that symmetry to fix the two-particle
hexagon, and found that the four-particle form factors are determined
only up to three scalar functions. We have also argued that it is not
sufficient to use the S-matrix in order to write the multi-particle form
factors in terms of two-particle hexagons. Finally, the Watson equations
indicate the appearance of a square root of the BES dressing factor which
needs to be investigated further.

8.2 Future work

There are several directions of work that should be pursued in the re-
search of structure constants at strong coupling. One could try to obtain
1/N corrections by evaluating the next term in the genus expansion of
superstring amplitudes, where the flat-space approximation should still
be valid. It is also important to find the o/ corrections of the correlators
we studied. A change in the coupling can be seen as a change in the
background geometry, and that effect can be obtained with the insertion
of closed string states in the superstring amplitude. It is however un-
clear what those states should be and if they are compatible with the
flat-space approximation. Perhaps even more important would be to find
the vertex operators for strings propagating on an AdS background. The
most suitable formalism for this endeavour is pure spinor but there are
several difficulties one must overcome. On the technical side, one has to
go beyond the existing expansions for the vertex operators [160], while
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a more conceptual problem is to understand exactly what is the correct
prescription for the zero-mode integration [161].

At weak coupling there are also many points that should be investi-
gated further. In order to claim a good understanding of the wrapping
corrections in three-point functions, one needs to find the Hexagon form
factors at five loops and match with perturbative results. It would also
be interesting to use the technique of asymptotic expansions in order to
study non-planar corrections to structure constants. There are indica-
tions that the Hexagon form factors can be used to find 1/N corrections
to correlation functions, so it is important to obtain perturbative data
relevant to that problem. It is known that for a four-point function of
operators in the 20" the non-planar corrections appears at four loops [90],
but one can also consider more generic four-point functions for which the
non-planar corrections show up at lower loop order [162].

Finally, it is important to understand if we can extend the Hexagon
form factor programme to other integrable theories. It would be natural
to look at it in the context of AdSs3/CFT,. In that case the symme-
try takes the factorized form psu(1[1)? [163], so one could hope that the
hexagon form factor bootstrap would follow closely the example of N' = 4
SYM. In the context of ABJM, there are many points that need to be
considered further. It is essential to understand if the multi-particle form
factors can be expressed in terms of the two-particle hexagon. Besides
that, it is also important to find if the quantum corrections to the three-
point function of protected operators can be explained with wrapping
corrections of the hexagon form factors. Finally, since some supersym-
metry generators annihilate all three vacua, there is hope that one can
evaluate the three-point function with a localization technique [164].
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Svensk sammanfattning

Kvantfaltteori ar ett teoretisk ramverk som har varit extremt framgang-
srikt i sin beskrivning av partikelfysik. Men trots alla dess applika-
tioner ar det valdigt svart att ga bortom storningsteori och studera
starkt kopplade system. Forutom detta finns ocksa problemet att vi
inte forstar allméan relativitetsteori da krokningen av rumtiden blir stark,
vilket kréver en teori for kvantgravitation.

Det visar sig att stréngteori ar ett matematiskt ramverk som kan
hjélpa oss 16sa bada dessa fragor. Istéllet for att betrakta punkt-lika
partiklar, &r det fundementala objektet i strangteori ett endimensionellt
objekt, en stréng, som sveper ut en tva-dimensionell varldsyta i rumti-
den, och olika partiklar &r olika excitationer av denna strang. I en strang-
teori kan man ocksa betrakta objekt med utbredning i fler dimensioner,
sa kallade D-bran, vilka ar vad 6ppna strangar slutar pa.

Nagonting valdigt speciellt hdnder nér vi studerar vissa konfigura-
tioner av D-bran vid laga energier. Aena sidan beskrivs dynamiken av
Oppna strangar av en d-dimensionell konformal falt-teori. Men vi kan
ocksa se branen som en deformering av bakgrundsgeometrin, vilket i
nér-horisont regionen blir AdSgy1 x M déar M &r nagon kompakt méang-
fald. Fran detta kan vi dra slutsatsen att det finns en dualitet mellan den
d-dimensionella konforma faltteorin och en superstréngteori pa AdSg41
bakgrund. Denna dualitet kallas AdS/CFT, och &r ett bra exempel pa
holografi.

Tva av de mest studerade exemplena av AdS/CFT &r givna av typ
IIB strangar i AdSs x S° och typ IIA stringar i AdS, x CP?, vars duala
konforma filtteorier ges av NV =4 SYM i fyra dimensioner och ABJM i
tre dimensioner. Dessa teorier ar supersymmetriska, men i den sa kallade
"planar limit", vilket &r en specifik grins av teorins parametrar, tror vi
att de blir integrerbara, eftersom de déar har ett odndligt torn av gémda
symmetrier. En av de huvudsakliga implikationerna av integrabilitet ar
att S-matrisen kan faktoriseras till tva-till-tvéa spridningsprocesser, vilket
ar en enorm forenkling. Notera att dessa ar svaga/starka dualiteter, dir
den klassiska regimen av den ena teorin avbildas pa den kvantmekaniska
regimen av den andra.

I denna avhandling har vi studerat korrelationsfunktioner av dessa
teorier. Vid stark koppling studerar vi korrelationsfunktioner av sa
kallade korta operatorer, vilkas dimensioner skalar som A ~ A% och
for vilka vi kan approximera rumtiden som platt. I artikel I forstod
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vi hur man avbildar gaugeteori-operatorer till strang vertex operatorer,
och vi hittade strukturkonstanterna fér Konishi-operatorn med skyddade
halv-BPS operatorer.

I artikel II studerade vi tre-punktsfunktioner av operatorer med spin,
och hittade en exakt funktion mellan byggklossarna av superstrangsam-
plituder och de tensorstrukturer som ar tillatna av konform symmetri.
Vi har ocksa studerat den extrema gréansen av tre-punktsfunktionerna av
Konishi med tva halv-BPS operatorer. Genom att renormalisera oper-
atorerna kunde vi gora tre-punktsfunktionerna finita och vi hittade hur
Konishi blandas med en dubbel-trace operator.

I denna avhandlingen har vi ocksa studerat OPE gransen av fyr-
punktsfunktioner vid svag koppling. For att bestdamma strukturkon-
stanterna vid fem loopar anvidnde vi tekniken med asymptotisk serie.
De resulterande integralerna var okénda, men vi lyckades finna deras
e-utveckling utan nagon explicit integrering, fran enkla 6verviganden av
tillatna typer av divergenser och magiska identiteter fran konforma inte-
graler.

Slutligen studerade vi en generalisering av Hexagon-projektet for att
hitta formfaktorer, for ABJM. Vi fann en icke-extrem setup med su(1|2) x
u(1) 6verbliven symmetri. Tvéa-partikel hexagonen &r fixerad upp till en
enda skalér funktion, vilket tyder pa existensen av en ny typ av "dressing
phase". Slutligen anvénde vi den Gverblivna symmetrin ocksa pa fyra-
partikel hexagonen, men fann att den inte &r totalt fixerad av symmetrin
och att den inte kan uttryckas som en enkel produkt av spridningsma-
triser.
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