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Abstract

The numerical solution of chemical reactions described at the meso-scale
is the topic of this thesis. This description, the master equation of chem-
ical reactions, is an accurate model of reactions where stochastic effects
are crucial for explaining certain effects observed in real life. In par-
ticular, this general equation is needed when studying processes inside
living cells where other macro-scale models fail to reproduce the actual
behavior of the system considered.

The main contribution of the thesis is the numerical investigation of
two different methods for obtaining numerical solutions of the master
equation.

The first method produces statistical quantities of the solution and is
a generalization of a frequently used macro-scale description. It is shown
that the method is efficient while still being able to preserve stochastic
effects.

By contrast, the other method obtains the full solution of the master
equation and gains efficiency by an accurate representation of the state
space.

The thesis contains necessary background material as well as direc-
tions for intended future research. An important conclusion of the thesis
is that, depending on the setup of the problem, methods of highly differ-
ent character are needed.
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Ehrenberg and Johan Elf have also been valuable. Financial support has
been obtained from the Swedish National Graduate School in Mathemat-
ics and Computing.

On the personal side I would like to acknowledge the support and
comfort provided for me by my family and especially that given by my
wife Märta Cullhed.

v



vi



Contents

1 Introduction 1

2 Chemical reactions at the meso-scale 2

2.1 Preys and predators: a motivating example . . . . . . . . 2
2.2 The Markov property and the master equation . . . . . . 8
2.3 Mathematical properties of the master operator . . . . . . 11
2.4 Model problems . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Summary of papers 16

3.1 Paper A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 Paper B . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Paper C . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4 Future work 18

4.1 Coupling of the macro-meso scales . . . . . . . . . . . . . 19
4.2 Strong parameter estimation . . . . . . . . . . . . . . . . 19

5 Conclusions 21

vii



viii



1 Introduction

Randomness enters in most descriptions of physical systems in some way.
Under certain assumptions and in many, but certainly not in all cases, the
effects of randomness can be captured accurately by deterministic mod-
els. Perhaps the most well-known such example is the diffusion equation
which results from statistical considerations of random Brownian motion.

This thesis is concerned with the numerical solution of models of
reality for which the effects of randomness cannot easily be taken into
account in a deterministic way. To be specific, the dynamics of chemical
reactions can be shown to satisfy a deterministic description provided
that (i) the number of reacting molecules is sufficiently large to allow
a statistical point of view and (ii) the systems state does not approach
any critical points in phase-space. If these conditions are not met a more
complete stochastic description of the system is necessary in order to
obtain a realistic model.

The master equation is such a stochastic model and is derived from a
basic and yet fundamental assumption on the dynamic properties of the
underlying stochastic process — this is the Markov property.

If a chemical system of D reacting species is described by counting
the number of molecules of each kind, then the master equation is a
differential-difference equation in D dimensions governing the dynamics
of the probability distribution for the system. The description suffers
from the well-known ”curse of dimensionality”; — each species adds one
dimension to the problem leading in many cases to a prohibitive compu-
tational complexity. Effective numerical methods for solving the master
equation are of interest both in research and in practice as such solutions
comes with a more accurate understanding of many interesting chemical
processes.

The material in the thesis is organized as follows: in Section 2 we
begin by looking closer at the master equation and its fundaments. We
give a motivation on the popular level for this type of descriptions and
then highlights some mathematical prerequisites and implications. In
Section 3 the contributed papers are summarized and possible directions
for future research are indicated in Section 4. The conclusions of the
thesis along with a short summary are finally found in Section 5.
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2 Chemical reactions at the meso-scale

This section contains an overview of the physical background of the meso-
scopic description of chemical reactions along with some mathematical
considerations.

In Section 2.1 a very intuitive and yet interesting model of preys and
predators is discussed. It motivates the need for randomness in certain
descriptions of real-life systems. Despite the models popular setting in
a population of animals, the found properties remain valid in similar
descriptions of biochemical reactions found inside living cells.

In Section 2.2 some basic properties of stochastic processes are men-
tioned and a brief treatment of the critical Markov property is given. This
material is then used to derive the master equation which is the focus
of the present thesis. Further mathematical properties of this equation
are discussed in Section 2.3 where the point of view is the Numerical
Analyst’s rather than the Physicist’s.

Finally, Section 2.4 reviews a collection of model problems targeted
in the contributing papers. The relevance of each model is discussed
along with certain mathematical properties. Taken together, this gallery
of models form the core of problems at which the contributed numerical
methods aim.

2.1 Preys and predators: a motivating example

As a motivation for considering stochastic descriptions of physical phe-
nomena we look at the behavior of an intuitive model involving preys
and predators. The dynamics of the population in the fictitious world
depicted in Figure 2.1 follows four simple rules. For each discrete time-
step (i) the population increases by random immigration at a fixed prob-
ability, (ii) an animal dies of natural causes by a fixed probability, (iii)
each prey eats and immediately reproduces itself and (iv) each predator
that finds a prey eats it and immediately reproduces itself. Additionally,
the animals move around in relatively high speed using periodicity at the
boundaries.

It is a straightforward task to implement the above rules in a com-
puter and simulate the dynamics of the population. Such a result is
shown in Figure 2.2 and allows for a very intuitive explanation: once
the number of preys reaches a certain level, the number of predators
increases rapidly as a result of the increasing amount of food. This pro-
cess evidently continues until the preys almost reach extinction. As a
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Figure 2.1: A 2-dimensional world with preys (circles) and predators
(crosses) obeying simple rules.

result of starvation, the number of predators then rapidly decreases un-
til the prey population has recovered. A new cycle of the system thus
forms and the non-vanishing probability of immigration ensures that the
system continues indefinitely.

How can we obtain qualitatively the result of this system without
performing the expensive simulation of the whole world? The simplest
idea is to form an ODE governing the population of the species. Let x(t)
and y(t) denote the number of preys and predators, respectively. Then
the above rules translates nicely into an ODE:

ẋ = k0 − µx + k1x − k2xy
ẏ = k0 − µy + k2xy

}

, (2.1)

where (k0, µ) is the immigration/death-rate, k1 the probability of preys
finding food and where k2 controls the probability of predators finding
preys.

In Figure 2.3 data from a simulation using this model is shown. The
parameters have been chosen so as to exactly match those used in the
earlier simulation of the world. Clearly, the behavior of the ODE-model
is quite different — apparently, stochasticity enters in more ways than
merely as an ”average”.

3



0 50 100 150 200 250 300 350 400
0

1000

2000

3000

4000

5000

6000

7000

8000

Prey
Predator

Figure 2.2: Number of individuals as a function of time from a direct
simulation of the world in Figure 2.1.

As the macroscopic description (2.1) does not accurately captures the
rules formulated at the microscopic level, one wonders whether a better
formalism exists. This model must take stochasticity into account in
some manageable way, yet being computationally tractable.

A partial answer is provided by the master equation where the rules
are translated into the formalism of chemical reactions:

∅
k0−→ x

x
µx
−→ ∅

∅
k0−→ y

y
µy
−→ ∅







x
k1x
−−→ 2x

x + y
k2xy
−−−→ 2y

}

, (2.2)

where all parameters have the same meaning as before. Under a certain
model for the stochasticity of the reactions, the master equation to be de-
rived in the next section exactly governs the time-dependent probability
for the number of individuals of each species in the system (2.2):

∂p(x, y, t)

∂t
= −k0∇xp + µ∆x[xp] − k0∇yp + µ∆y[yp]

− k1∇x[xp] − k2 (∆x∇y − ∆x + ∇y) [xyp], (2.3)
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Figure 2.3: Solution of the prey-predator macroscopic model (2.1). The
model behaves quite differently compared to the experiment in Figure 2.2.
The continuous model is smoother with less sharp features and the os-
cillation seems to be of higher frequency.
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where ∇q = q(x) − q(x − 1) and ∆q = q(x + 1) − q(x) and where the
subscript indicates the target coordinate.

There are stochastic simulation techniques that allows the simulation
of sample trajectories of the master equation. One such technique is
Gillespie’s SSA method [6] and the result of such a simulation is shown
in Figure 2.4. Clearly, the mesoscopic model in the form of the master
equation does a much better job in capturing the actual behavior of the
prey-predator system.
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Figure 2.4: Stochastic solution obtained from simulating the prey-
predator mesoscopic model (2.2). The solution is very remindful of that
obtained from the microscopic model.

It is possible to proceed one step further and formulate problems for
which the mesoscopic description in terms of a master equation is inac-
curate. In the world of preys and predators, for example, one can easily
devise rules for which the population strongly depends on the position
by lowering the speed with which the animals move around. The sim-
ulation in Figure 2.5 uses the same parameters as before but now the
average speed of each animal is about 8 times smaller. This makes the
world inhomogenously populated and the impact of randomness more
pronounced and difficult to characterize.

6



0 50 100 150 200 250 300 350 400
0

1000

2000

3000

4000

5000

6000

7000

8000

Prey
Predator

Figure 2.5: Same as in Figure 2.2 but now the animals move more slowly.
This introduces a non-trivial spatial dependence on the solution and the
population can no longer be regarded as well-stirred.
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2.2 The Markov property and the master equation

A stochastic process [4, 7] is, loosely speaking, a time-dependent random
variable X(t). A certain realization of the process x1, x2, . . . and so on
can be measured at times t = t1 ≤ t2 ≤ · · · and we assume that the
system can be described by a set of joint probabilities:

Pr [xn, tn; xn−1, tn−1; . . . ; x1, t1] . (2.4)

In this thesis we exclusively treat discrete processes for which X(t) takes
values in the D-dimensional lattice space ZD

+ = {0, 1, 2, . . .}D, but gen-
eralizations to other types of processes are common [4].

The celebrated Markov property of stochastic processes plays a crucial
role in many fields of physics and mathematics. It states the rather dras-
tic simplification that the conditional probability for the event (xn, tn)
given the systems full history satisfies

Pr [xn, tn|xn−1, tn−1; . . . ; x1, t1] = Pr [xn, tn|xn−1, tn−1] , (2.5)

i.e. that the dependence on past events can be captured by the depen-
dence on the previous state (xn−1, tn−1) only — the process has no mem-
ory.

The Markov property (2.5) cannot always be taken for granted but
frequently remains a very accurate approximation. The reason for this is
that the discrete time-steps used for actual measurements of the process
are usually order of magnitudes larger than the often very short auto-
correlation time of the system.

The assumption (2.5) is also a very powerful one since Markovian
systems can be described using only the initial probability Pr[x1, t1] and
the transition probability function Pr[xs, s|xt, t] [4, 7]:

Pr [xn, tn; xn−1, tn−1; . . . ; x1, t1] =

Pr [xn, tn|xn−1, tn−1] · · ·Pr [x2, t2|x1, t1] · Pr[x1, t1]. (2.6)

Another important consequence of the Markov assumption can be
derived as follows: for an arbitrary discrete stochastic process the condi-
tional probability always satisfies

Pr[x, t3|z, t1] =
∑

y

Pr[x, t3; y, t2|z, t1]

=
∑

y

Pr[x, t3|y, t2; z, t1] Pr[y, t2|z, t1]. (2.7)
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The Markov assumption applied to this expression immediately yields

Pr[x, t3|z, t1] =
∑

y

Pr[x, t3|y, t2] Pr[y, t2|z, t1]. (2.8)

This is the important Chapman-Kolmogorov equation which we will now
use to derive the master equation under the assumption of a jump process,
that is,

w(x, y; t) ≡ lim
∆t→0

Pr[x, t + ∆t|y, t]

∆t
(2.9)

exists and is non-vanishing.

Fix an initial observation (y, s) and let t ≥ s. Consider the time
derivative of the conditional expectation of some arbitrary function f ,

∂

∂t
E [f(X(t))|X(s) = y] =

lim
∆t→0









∆t−1
∑

x

f(x) Pr[x, t + ∆t|y, s]

︸ ︷︷ ︸

=:A

−∆t−1
∑

x

f(x) Pr[x, t|y, s]

︸ ︷︷ ︸

=:B









.

(2.10)

Introduce the dummy variable z by a creative summation using the
Chapman-Kolmogorov equation (2.8),

A =
∑

x,z

f(x) Pr[x, t + ∆t|z, t] Pr[z, t|y, s], (2.11)

B =
∑

x,z

f(x) Pr[z, t + ∆t|x, t] Pr[x, t|y, s]. (2.12)

On taking limits using (2.9) we obtain

∑

x

∂

∂t
f(x) Pr[x, t|y, s] =

∑

x,z

f(x)w(x, z; t) Pr[z, t|y, s] −
∑

x,z

f(x)w(z, x; t) Pr[x, t|y, s],

(2.13)

9



or by the generality of f ,

∂

∂t
Pr[x, t|y, s] =

∑

z

w(x, z; t) Pr[z, t|y, s] −
∑

z

w(z, x; t) Pr[x, t|y, s].

(2.14)

This is the master equation and is a formulation of the Markov assump-
tion for discrete variables in continuous time. It can also be viewed as a
differential form of the Chapman-Kolmogorov equation (2.8) — as such
it has generalizations to other types of stochastic processes [4].

This thesis is concerned with solving the master equation for chemical
systems. If we can describe a system of D reacting species by counting the
number of molecules of each kind, then the master equation will govern
the dynamics of the probability distribution for the system as follows.

Let p(x, t) be the probability distribution of the states x ∈ ZD
+ =

{0, 1, 2, . . .}D at time t. That is, p simply describes the probability that
a certain number of molecules is present at each time. Define R reactions
as ”moves” over the states x according to the reaction propensities wr :
ZD

+ −→ R+. These functions measure the transition probability per unit
of time for moving from the state xr to x;

xr = x + nr
wr(xr)
−−−−→ x, (2.15)

where nr ∈ ZD is the transition step and is the rth column in the stoi-
chiometric matrix n.

The master equation in this setting is then given by (compare (2.14))

∂p(x, t)

∂t
=

R∑

r=1
x+n−

r ≥0

wr(x + nr)p(x + nr, t) −
R∑

r=1
x−n+

r ≥0

wr(x)p(x, t)

=: Mp, (2.16)

where the transition steps are decomposed into positive and negative
parts as nr = n+

r + n−
r and where the summation is performed over

feasible reactions only.

The description of a general chemical system of D species is now cap-
tured by a difference-differential equation in D spatial dimensions. This
description suffers from the curse of dimensionality — with most exist-
ing methods for solving it, the memory and time complexity increases
exponentially with D. The overall aim of the thesis is to investigate the

10



numerical properties of methods that reduce the computational complex-
ity of the master equation so that relevant high dimensional models can
be solved. The practical impact of such methods lies in the possibility
to better understand and capture chemical processes which require the
mesoscopic description. Many such processes are found inside living cells
but relevant examples of systems obeying the master equation also exist
in other fields of physics, statistics, epidemiology and socio-economics.

2.3 Mathematical properties of the master operator

When viewed purely as a mathematical problem, the master equation has
several interesting properties of which we collect a few in the following
section.

We use the usual Euclidean inner product (·, ·),

(p, q) ≡
∑

x≥0

p(x)q(x). (2.17)

It will be shown shortly that the most natural norm in the context of the
master equation is the L1-norm,

‖p‖L1 ≡
∑

x≥0

|p(x)|. (2.18)

Recall that the adjoint operator M∗ of the master operator M satisfies
the relation (Mp, q) = (p,M∗q). One can show that there is a nice
representation of the adjoint master operator:

M∗q =
R∑

r=1

wr(x)[q(x − nr) − q(x)]. (2.19)

This fact has an interesting application as follows: let X = [X1, . . . ,
XD] be a description in terms of a stochastic variable in D dimensions.
Suppose that this system obeys a master equation and consider the dy-
namics of the expected value of some unknown function T (independent
of time),

d

dt
E[T (X)] =

∑

x≥0

∂p

∂t
T (x) = (Mp, T ) =

= (p,M∗T ) =

R∑

r=1

E [wr(X) (T (X − nr) − T (X))] . (2.20)

11



As a first example we may take T (x) = 1 and verify in this way the
natural property that the master equation does not leak probability. As
a second example we take T (x) = xi and obtain

d

dt
E[Xi] = −

R∑

r=1

nriE [wr(X)] , (2.21)

that is, this ODE gives the dynamics of the expectation value of X in
each dimension. This is essentially the initial step for the approach in-
vestigated in paper A.

We now consider some spectral properties of the master operator. Let
(λ, q) be an eigenpair of M∗ normalized so that the largest value of q is
positive and real. Then we see from (2.19) that the real part of λ must be
≤ 0 so that all eigenvalues of M share this property. In the cases when
M admits a full set of orthogonal eigenvectors this observation directly
proves decay as measured in the L2-norm. However, this assumption is
only rarely fulfilled in the problems considered in this thesis.

In paper C the strongest general result in this direction is proved:
Any solution to the master equation is non-increasing in L1. Note that
this holds true for a not necessarily normalized or positive solution p as
long as it is L1-measurable. This is of course important to a numerical
analyst since, by linearity, the error which usually not is a probability
distribution, is advected under the master equation itself.

An even stronger result and for the physicist a more important result
is the following one: Let p(x, 0) be a given discrete function. Then under
certain restrictions on the structure of the master operator, the master
equation (2.16) admits a unique steady-state solution as t −→ ∞. For a
proof and a penetrating discussion we refer to [7, V.3].

2.4 Model problems

Let us first consider the very simplest birth-death process [1] which is
mentioned in both paper A and C:

∅
k
−→ x

x
µx
−→ ∅

}

. (2.22)

We recognize these reactions as one part of the prey-predator model (2.2).
A rare feature of this problem is that it can be solved completely if initial

12



data is given in the form of a Poisson distribution of expectation a0,

p(x, 0) =
ax

0

x!
e−a0 , (2.23)

for which

p(x, t) =
a(t)x

x!
e−a(t), (2.24)

where a(t) = a0 exp(−µt) + k/µ · (1 − exp(−µt)). Independently of the
initial data, p approaches a Poisson distribution of expectation k/µ. Note
that the speed with which the steady-state is reached essentially only
depends on the death-rate constant µ.

As a very simple model containing interaction, consider the reactions

∅
k1−→ x

∅
k2−→ y

x
µx
−→ ∅

y
µy
−→ ∅

x + y
νxy
−−→ ∅







, (2.25)

where birth-death equations control each species and where a single bi-
nary reaction couples the two dimensions of the problem. Despite the
model’s simplicity, no analytical solutions are available. A sample solu-
tion is shown in Figure 2.6.

A much more complicated example is treated in both paper A and
paper C. The following example is found in [3] and is a model of the
synthesis of two metabolites x and y by two enzymes ex and ey:

∅
k1ex/(1+x/ki)
−−−−−−−−−→ x

x
µx
−→ ∅

∅
k2ey/(1+y/ki)
−−−−−−−−−→ y

y
µy
−→ ∅

x + y
kxy
−−→ ∅







∅
k3/(1+x/kr)
−−−−−−−−→ ex

ex
µex
−−→ ∅

∅
k4/(1+y/kr)
−−−−−−−−→ ey

ey
µey
−−→ ∅







. (2.26)

These reactions are not as before elementary but are the result of an
adiabatic [4] simplification of a more complete model involving interme-
diate products. Plots of the steady-state solution of (2.26) are included
in paper C.

13
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Figure 2.6: Solution contours for (2.25) at times t = 0, 100 and 400.
Notice how the bulk of probability rapidly arrives near the steady-state
solution while the tail of probability forms much more slowly. The stiff-
ness of the problem is thus clearly visible.
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A set of reactions for which the method proposed in paper C is suit-
able is the toggle switch. Such switches can be formed by two mutually
cooperatively repressing products x and y [5]. The equations are

∅
a/(b+y2)
−−−−−→ x

x
µx
−→ ∅

∅
c/(d+x2)
−−−−−→ y

y
µy
−→ ∅







. (2.27)

Again, these equations are found by adiabatic simplifications of a more
complicated model. The behavior of (2.27) can easily be understood at
the intuitive level of preys and predators. Suppose that the population of
x-molecules dominates over the number of y-molecules. Then we see that
the birth-rate of y-molecules is kept in check so that the population can
find a stable state. However, by a certain small probability the natural
noise in the population can make the number of y-molecules eventually
grow. This switches the population by reversing the roles played by x
and y since then the birth-rate of x-molecules will instead be controlled.

As a final and quite complicated example we quote from paper A the
circadian clock [2]:

D′
a

θaD′

a−−−→ Da

Da + A
γaDaA
−−−−→ D′

a

D′
r

θrD′

r−−−→ Dr

Dr + A
γrDrA
−−−−→ D′

r







∅
α′

aD′

a−−−→ Ma

∅
αaDa−−−→ Ma

Ma
δmaMa−−−−→ ∅







(2.28)

∅
βaMa
−−−→ A

∅
θaD′

a−−−→ A

∅
θrD′

r−−−→ A

A
δaA
−−→ ∅

A + R
γcAR
−−−→ C







∅
α′

rD′

r−−−→ Mr

∅
αrDr−−−→ Mr

Mr
δmrMr−−−−→ ∅







∅
βrMr
−−−→ R

R
δrR
−−→ ∅

C
δaC
−−→ R







.

This fully elementary set of reactions produces solutions that oscillate in
time and was originally proposed as an explanation of biological systems
that are able to keep track of time. The products R and C can be viewed
as the ”output” of the clock and its precise behavior is determined by the
various parameters. It is shown in paper A how non-physical solutions
to this model can be produced by a deterministic approach where the
effects of stochasticity are not properly included.
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3 Summary of papers

In this section the three papers upon which the thesis is based on are
summarized. The main contributions of each paper is highlighted without
going into the details. Paper A and C contains the suggested methods for
solving the master equation while the short paper B contains a numerical
technique needed in paper C.

3.1 Paper A

This paper investigates a generalization of the deterministic reaction-rate
approach. The reaction-rate equation is essentially formed as in (2.20)
above or, in the language of preys and predators, is equivalent to the
macroscopic model (2.1). The method of moments is an attempt to for-
mulate equations for the central moments of order n for any given master
equation. The main advantage of such an approach is efficiency: in gen-
eral, the equations of order n can be solved in Dn time, where D is the
number of dimensions. In this way problems of rather high dimension-
ality can be solved at the cost of obtaining a reduced, but often very
useful, form of the solution.

The paper explicitly gives equations for the first moment (the ex-
pected value), and for the second moment (the covariance matrix). While
the first moment equations can be consistently derived by assuming that
the full solution of the master equation is a discrete Dirac density, the
second moment equations must be regarded as an approximation which is
valid under restrictions on the true solution and on the master equation
itself.

General equations for higher order moments are also constructed and
their validity is discussed from a theoretical as well as from an experi-
mental point of view.

The theoretical part of the paper is built around a certain model
problem for which an exact steady-state solution is available:

∅
k
−→ x

x + x
νx(x−1)
−−−−−→ ∅

}

. (3.1)

The motivation for considering this set of reactions as a suitable model
problem is that it captures interaction to a certain extent while still being
simple enough to solve and analyze explicitly.

The assumption k � ν turns out to be critical for obtaining an accu-
rate method. This assumption is reasonable from physical considerations
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since ν plays the role of the combined probability that two molecules
meet, have compatible inner states and finally decide to react with each
other. In many encountered systems this rather small probability is com-
pletely dominated by the birth-rate constant k.

The experimental part of the paper treats two quite different numer-
ical examples and suggests some additional analysis of the behavior of
the method. One example is the circadian clock (2.28) and has the in-
teresting property that the presence of stochastic noise is critical for the
clock to continuously producing reliable oscillations.

In summary, the paper demonstrates that the method of moments is
a very useful approach to solving and analyzing chemical reactions. The
main advantages of the method are that it has low computational com-
plexity and frequently produces the output that one is really interested
in. On the other hand, the disadvantages of the method are that it is
difficult to analyze a priori and that the produced system of ODEs can
become very stiff for higher order moments.

3.2 Paper B

This short paper contains a numerical investigation of Gaussian quadra-
tures for series on the form

∑

x∈Ω

f(x)w(x) =

n∑

i=1

f(xi)wi + Rn, (3.2)

where Ω is a real but possibly unbounded set of points. The purpose of
the paper is supportive; the resulting formulas are used extensively in
the numerical experiments in paper C.

The paper briefly reviews the classical theory of mechanical quadra-
tures aiming specifically at discrete measures. Three Gaussian summa-
tion formulas are explicitly constructed and numerical experiments on
quite general series indicate their performance. It is demonstrated that
the formulas generally work well as a numerical tool for summation. Some
difficulties that are not usually encountered for continuous quadratures
are also discussed.

The suggested technique opens up for some interesting applications.
Most notable are discrete spectral methods for difference equations in
general, and for the master equation in particular. This is the main
topic of paper C.
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3.3 Paper C

This lengthy paper describes a discrete spectral method for the master
equation. The motivation for trying this approach is that spectral meth-
ods are efficient and natural solution strategies for any linear equation
when the computational domain and the boundary conditions are ”sim-
ple”. The master equation satisfies these requirements as it is defined
over the set of non-negative integers and requires no boundary condi-
tions at all.

The proposed scheme involves certain polynomials that are orthogo-
nal with respect to a discrete measure — these are Charlier’s polynomials
[8]. The constructed basis avoids the need for a continuous approxima-
tion of discrete solutions and yet allows for an efficient representation
of ”smooth” solutions, where smoothness has to be defined in this new
discrete context.

The theoretical part of the paper starts with an introductory section
containing discussions of the master equation and some results covering
the behavior of its solutions. The paper continues with an interesting the-
ory for approximation of discrete functions defined over the semi-infinite
discrete set of points {0, 1, . . .} which is remindful of classical results for
continuous approximation. Conditional stability of the proposed scheme
is established in a non-standard way where certain crucial properties of
the master operator are made use of.

Feasibility of the proposed method is shown by the numerical solu-
tion of two different models from molecular biology. The first model is
the four-dimensional example (2.26) and was also encountered in paper
A. The second model (2.27) takes place in two spatial dimensions and
provides a setting for which the reaction-rate approach fails. In both
models, spectral convergence is obtained. This means that the error de-
cays as exp(−cN) where c > 0 is a constant and where N is the order of
the scheme.

In summary, the numerical experiments suggest that the scheme is an
effective, accurate and stable alternative to traditional solution methods
when the dimensionality of the problem is sufficiently small.

4 Future work

Two points for intended future work deserves to be described here. The
first is a coupling between the two methods presented in this thesis and
the second is a theoretical study of the possibility of improving the quality
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of certain inverse problems by solving the master equation.

4.1 Coupling of the macro-meso scales

In paper A it is mentioned that the deterministic (first order) equation
can be derived by assuming the solution of the master equation to be a
point-mass. This assumption is frequently a rather drastic approxima-
tion but can be useful in a few of the dimensions. We therefore divide the
dimensions into two parts as follows: let S1 be the set of ”thin” dimen-
sions and let S2 be the set of ”full” dimensions. If D is the total number
of dimensions, then D1+D2 = D where D1 and D2 denote the number of
elements in S1 and S2. The intent is now to remove all thin dimensions
by approximating p by a point-distribution along all dimensions in S1.
A suitable representation for the solution using the basis functions Cγ

(arbitrary for now) is then

p(x, t) =
∑

γ

cγ(t)Cγ(x(2))[x(1) = m], (4.1)

where [f ] is 1 if f is true and zero otherwise and where x(1) and x(2) is
used to denote the thin and full dimensions respectively. Note that the
outer sum is of reduced dimensionality since the basis only depends on
x(2). This is possible thanks to the introduction of the special degrees of
freedom m, a vector of length D1 containing expected values for all thin
dimensions.

Using this representation, it is an easy task to evolve the degrees of
freedom [cγ ,m] by a Galerkin formulation for cγ as in paper C and by
using the first order moment equations for m as in paper A. The total
cost of obtaining this reduced form of the solution is then determined
by the dimensionality of S2 plus a much smaller cost associated with the
thin dimensions in S1.

Similar ideas for the related Fokker-Planck equation are presented in
[10].

4.2 Strong parameter estimation

Consider the macro-scale description of a chemical system of D reacting
species:

dm

dt
= f(m; k), (4.2)
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that is, the usual reaction-rate equation in a simplified notation. Suppose
that this system has been observed at discrete times so that a set of
observations (ti, m̄i) is available. The inverse problem is now: given the
empirical data, determine the reaction-rate constants k = [k1, . . . , kn] as
accurately as possible under the assumption of the model (4.2). The
intuitive interpretation of finding the ”most likely” coefficients for the
data is misleading since there is just one set of coefficients, namely the
correct set!

Perhaps the most well-known solution procedure for this problem is
the maximum likelihood estimation [9]. Under this interpretation, the
question posed is instead ”What is the set of parameters that generates
the observed data at the highest possible probability?”. In contrast to the
”likeliness” of coefficients, the probability of obtaining a certain data set
given the coefficients of the model is a definite and well-defined number
that in principle can be computed — or at least estimated.

The traditional way of estimating this probability is to assume that
the observations m̄i are normally distributed, independently of each other,
around the ”true” model m(ti) with the same standard deviation σ. Then
the probability of obtaining the given data is the product of the proba-
bility of each measurement,

Pr

[
⋂

i

|m(ti) − m̄i| ≤ ∆m

]

∝
∏

i

{

exp

[

−
1

2

(
m(ti) − m̄i

σ

)2
]

∆m

}

.

(4.3)

Maximizing this expression is immediately seen to be equivalent to min-
imizing the more familiar expression

M(k) =
∑

i

(m(ti) − m̄i)
2 , (4.4)

that is, maximum likelihood estimation is in this setting the very same
thing as the usual least-squares fit.

Consider now the mesoscopic description corresponding to (4.2),

∂p

∂t
= Mkp, (4.5)

where the subscript indicates the dependence of the master operator M
on the coefficients k. It is straightforward to write down the maximum
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likelihood setup using this formulation as follows: find the set of coeffi-
cients k that maximize

N(k) =
∏

i

pi(m̄i+1, ti+1), (4.6)

in terms of which the conditional probabilities pi satisfy (4.5) together
with the initial condition

pi(x, ti) = [x = m̄i]. (4.7)

The point of using (4.6) instead of (4.4) is that no assumption on the
probability distribution is made. The master equation produces the prob-
ability density itself and this stronger form of the solution makes (4.6)
a ”stronger” estimate than (4.4). The cost of strong parameter estima-
tion is the need for solving the full master equation (4.5) rather than the
much simpler macro-description (4.2). Although this cost is certainly
prohibitive in all except for a few special cases, the macro-meso scale
method sketched in Section 4.1 could well be an interesting alternative
for more realistic situations.

In summary, it seems reasonable to believe that strong parameter es-
timation is a much more accurate alternative to other methods whenever
the effects of stochasticity must be correctly modeled.

5 Conclusions

The master equation is an accurate description of highly general physical
systems described by discrete coordinates. The description is a direct
consequence of the Markov assumption on the nature of the underlying
stochastic process.

For chemical systems with many participating molecules a usually
very accurate and attractive solution method is the reaction-rate equation
which completely avoids the curse of dimensionality.

In situations where this approach fails, a usually better result can
be obtained by adding higher order moments to the set of equations,
still avoiding the high computational complexity while better capturing
stochastic effects. The accuracy of this method depends on the ratio
between reaction-rate constants and inflow parameters as well as on the
solution itself and a rigorous analysis a priori is very difficult.
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A viable method for the full discrete master equation is a discrete
Galerkin spectral method. Here, efficiency is obtained by a compact rep-
resentation of smooth solutions defined over discrete sets. In contrast to
the method of moments, the solution thus obtained is the full probability
density but the cost is prohibitive when many dimensions are considered.
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