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1 Introduction

Localization has proven to be a powerful tool for investigating supersymmetric gauge the-
ories on compact spaces with isometries (for a recent review see [1]). Localizing a gauge

1

theory reduces its partition function to a sum" over the various localization loci, with a

structure of the form
Z= Z e % Dety, , (1.1)
k€loci
where S}, refers to the Euclidean action evaluated at the k' localization locus and Dety, is
the contribution from the Gaussian fluctuations about that locus.

Evaluating the Dety, is subtle as there are contributions from both fermions and bosons
and they almost completely cancel out against each other. One possible way to compute
it is to evaluate the fluctuations from bosons and fermions separately and combine the
results, as was done in [2] for d = 3 and in [3] for d = 5. In both cases one observes a very
large cancellation.

Alternatively, one can use index theorems to find the determinant factors, as was
done by Pestun for d = 4 in his groundbreaking paper [4]. Generalizations to d = 3 [5],
d=51[6, 7], and d = 6,7 [8] followed thereafter (for a further list of references see [1]).
In computing the determinants via index theorems there was a difference in approach for
odd and even dimensional spheres. In the odd case one takes advantage of an everywhere
nonvanishing vector field. In the even case a vector field necessarily has fixed points and
one adjusts the methods accordingly.?

However, even though the methods used were different, the final results were strikingly
similar. In [10] a conjecture was given for the partition function of supersymmetric gauge
theories in the zero instanton sector on round spheres with eight supersymmetries, for
general dimension d. The conjecture passes many tests. As was observed in [10] one could
combine the partition function for a vector multiplet and an adjoint hypermultiplet with

!The sum may include integrals over continuous parameters which parametrize the localization loci.
2The differences are spelled out more thoroughly in [9], where separate subsections are devoted to the
odd and even case.



appropriate mass such that the number of supersymmetries is enhanced to the maximal
number of 16, and analytically continue the result up to six and seven dimensions to obtain
the result found previously in [8]. Other tests were performed in [11], where it was shown
that the analytically continued result for a vector multiplet in six-dimensions is consistent
with the one-loop runnings of the coupling in flat space. A similar story is true for maximal
supersymmetry in eight and nine dimensions.

In this paper we will verify this conjecture by calculating explicitly the determinants for
general dimensions. Our methods do not use index theorems but are instead generalizations
of the procedures used in [2] and [3]. When localizing with eight supersymmetries on S9,
we will choose a spinor whose vector bilinear leaves an S*~% sphere fixed. So for example,
on S° it acts freely, on S* there is a fixed S°, namely the north and south poles, while on
S3 there is a fixed S'. In the last case this is a different choice than the one used in [2],
where the vector bilinear acts freely on S3. Of course, the two procedures must give the
same result. The determinant factors for the vector multiplet and hypermultiplet are given
in egs. (4.51) and (4.64) respectively.

We then consider theories with four supersymmetries. Actions for gauge theories on
S* preserving four supersymmetries have been constructed [12], but a direct localization
procedure has not yet been found. Hence, our starting point is on S3. Here we follow the
prescription in [2] to generate a vector field that acts freely. We show how to generalize the
construction to d < 3 and write down an explicit expression for the determinant factors
given in egs. (5.16) and (5.24). In the generalization the fixed point set for the vector field
is 279 hence S? will have fixed points at the poles.

We then make a proposal for analytically continuing gauge theories with four super-
symmetries up to d = 4. The pitfalls of dimensionally regularizing supersymmetric gauge
theories have been known for a long time [13, 14]. However, except perhaps for anomalies,
it appears to work in one- and two-loop calculations [15]. Analytical continuation of the
dimension has also been successfully applied to conformal field theories [16-20]. With this
proposal for minimal supersymmetry on S* we test it against various cases. We first show
that the continuation is consistent with the partition functions for a U(1) vector multiplet
or a free massless chiral multiplet. Both of these situations are conformal and so can be
mapped from flat space onto S*. Since they are free, their partition functions on the sphere
are calculable. We next consider a general gauge theory with A/ = 1 supersymmetry. We
show that in the limit of large radius we can extract the correct one-loop S-function.

Lastly, we investigate a mass deformation of N’ = 4 super Yang-Mills. Here we con-
centrate on N/ = 1* theories with three chiral multiplets in the adjoint representation and
masses m;, with ¢ = 1,2,3. The superpotential also has a term cubic in the chiral fields
that stays fixed as the mass parameters are varied. A straightforward dimensional reduc-
tion of A/ = 1* gives a three dimensional gauge theory with complex masses for chiral
multiplets. In our analytic continuation we start with a vector multiplet and three chiral
multiplets. However, the three dimensional mass deformed gauge theory that we can ana-
lytically continue requires real masses. Such terms appear explicitly as central charges in
the superalgebra. The presence of the cubic term in the superpotential forces the sum of
the three real masses to be zero in order to maintain supersymmetry.



Despite these subtleties, one can compare the general structure of the analytically con-
tinued partition function with the A/ = 1* partition function. We make a straightforward
identification, up to a sign, of the real masses of the analytically continued theory with
the masses that appear in the N’ = 1* superpotential. N = 1 superconformal theories on
S* are scheme dependent [21]. However, in [22] it was argued that the fourth derivatives
of the free energy with respect to the mass parameters are scheme independent. This is
in line with our observations here. We compute the corrections to the free energy to sixth
order in the chiral masses at strong coupling. At least for the real part of the free energy
we find no inconsistencies with the holographic results in [22]. In fact, having the sum of
the real masses be zero turns out to play a crucial role.

The rest of this paper is structured as follows. In section 2 we review and extend the
results in [8] for constructing gauge theories on round spheres for eight and four super-
symmetries. In section 3 we compute the fluctuations about the perturbative localization
locus. In section 4 we explicitly construct the determinant factors for theories with eight
supersymmetries. In section 5 we do the same for theories with four supersymmetries. In
section 6 we use the analytically continued result for four supersymmetries to compute
the free energy of the mass deformed A/ = 1 theory to quartic order in the masses of the
chiral multiplet. In section 7 we present our conclusions and discuss further issues. The
appendices contain our conventions and numerous technical details.

2 Supersymmetric gauge theories on S§¢ by dimensional reduction

In this section we review and extend the procedure in [8] to construct supersymmetric
gauge theories on S% This is a generalization of Pestun’s study in four dimensions [1],
and includes further details to reduce the number of supersymmetries to eight and four
respectively.

As in [1] our starting point is the 10 dimensional A" =1 SYM Lagrangian®

1 1

L=——Tr (FMNFMN - \w\p) : (2.1)
910 2

The space-time indices M, N run from 0 to 9 and ¥® is a Majorana-Weyl spinor in the

adjoint representation. Properties of F% and TMa are given in appendix A. The 16

independent supersymmetry transformations that leave eq. (2.1) invariant are

(5€AM == GFM\I/,
(SE\II = §F FMNG,

where € is a constant bosonic real spinor, but is otherwise arbitrary.

We next dimensionally reduce this theory to d dimensions by choosing Euclidean spatial
indices ¢ = 1,...d with gauge fields A, and scalars ¢; with I = 0,d + 1,...9. The field
strengths with scalar indices become Fj,; = D,¢r and Fr; = [¢1,¢4]. As in [1] we are

3As in [1] we consider the real form of the gauge group so that the group generators are anti-Hermitian
and independent generators satisfy Tr(T°T°) = —§°°.



choosing one scalar component to come from dimensionally reducing the time direction,
leading to a wrong-sign kinetic term for this field.
We take the d-dimensional Euclidean space to be the round sphere S with radius r

with the metric

1
2 _
ds” = 5 gz eude” (23)

where § = % The supersymmetry parameters are modified to be conformal Killing spinors
on the sphere, satisfying

V,e=T,¢, V,.é =BT e. (2.4)

We impose the further condition
V,e= BT, A¢, (2.5)
leaving 16 independent supersymmetry transformations. To be consistent with eq. (2.4) A

must satisfy T#A = —AT*, AA = 1, AT = —A. The simplest choice has A = T°T®T"Y. The
solution to eq. (2.4) and eq. (2.5) is

1 .
where €, is constant. On the sphere the supersymmetry transformations for the bosons are
unchanged, but those for the fermions are modified to

1
6 =TV Fyve + ST 6,V e (2.7)
where the constants oy are given by
4(d—3
a12g7 I:8797O7
A d (2.8)
OZ[:&, I:d+1,7

The index I in eq. (2.7) is summed over. This particular choice preserves all 16 supersym-
metries. One needs to add following extra terms to get a supersymmetric Lagrangian:

1 —4
Loy = —TTr(d )\IIA\II,
Im 2r
=—— | =—5T 2.9
Ly 2 <2T2 rqbqu) , (2.9)
1 2
Looo = ——5-(d—4)eapcTr ([6%,67]6).
Iym 2T
Here A7 is defined as
d—2
Ar = oy, for I1=28,9,0, Ay = 2——— for I=d+1,---7. (2.10)

d

The scalars split into two groups, ¢4, A =0,8,9 and ¢*, i = d+1, - - - 7 and the R-symmetry
is manifestly broken from SO(1,9—d) to SO(1,7—d). The full supersymmetric Lagrangian
is the dimensionally reduced version of eq. (2.1) supplemented with Lyw, Lsp and Lege.



2.1 Eight supersymmetries

In this paper we are interested in theories with less supersymmetry. To construct theories
with eight supersymmetries when d < 5 we put a further condition on e.

Fe=+4e, I =099, (2.11)

This reduces the number of independent supersymmetry transformations to eight. We
divide the spinor ¥ as

=9 +x, Ty=+¢y, Tx = —x (2.12)

1 and y fields will be the fermionic components of the vector multiplet and the hyper-
multiplet respectively. The scalars ¢!, I = 6,7,8,9 are in the hypermultiplet, while the
remaining scalars belong to the vector multiplet. Given a hypermultiplet mass m, the
constants in eq. (2.8) paired with the hypermultiplet scalars are modified to

2(d —2) N dicrmr
d da '’

o =07 = —08 = —09 = 1.

oy = I:6...9,

(2.13)

To preserve supersymmetry we must modify the cubic scalar terms in the Lagrangian to

Logs = —2i ((B(d = 4) +1im) Te(¢°[¢°, ¢7]) — (B(d — 4) — im) Tr(¢"[6%, ¢"))) . (2.14)

Iym

We also need to change the quadratic term for the hypermultiplet fermion to

1 .
Ly = ——5— (—=imTrxAx) . (2.15)
9ym
The quadratic term for the hypermultiplet scalars is modified by changing the value of the
constant Aj

d(d — 2)

4

2
Ar= y <m7’(mr +ior) +

), for  1=6,7,8,9. (2.16)

The quadratic term for the vector multiplet fermion is the same as in the case of 16
supersymmetries with ¥ replaced by . The full supersymmetric Lagrangian is then the
dimensional reduction of eq. (2.1) supplemented with Lyg + Lypy + Ly + Loge-

2.2 Four supersymmetries

If d < 3 then we can further reduce the number of supersymmetries by imposing the

extra condition
Ie=+4e,  I/=1%%, (2.17)

Now we decompose the spinor ¥ into four parts

3
U= +> X (2.18)
/=1



where ¢ belongs to the vector multiplet and the x, belong to three different types of chiral
multiplets. If we write ¢ in binary form as ¢ = 255(¢) + $1(¢), where [B5(¢) are the binary
digits for ¢, then we can write the chirality conditions as

Txe = (1) Ox;,  Txe= (1", T =Ty = +y. (2.19)

We also split the scalar fields into 4 groups. The fields ¢° and ¢%, i = d+1,...3 belong to
the vector multiplet. Each chiral multiplet contains two scalar fields ¢7,, where the index
I, takes two values Iy = 20+2,2¢+ 3. Given the chiral multiplet masses my, the constants
in eq. (2.8) are further split into

2(d — 2 49
aIe — ( d ) + Zafijmer = og(f), UIZ = (71)132(4)51(5) = O'(g). (220)

It is instructive to look at the individual supersymmetry transformations of the
fermions in the vector and chiral multiplets. For the fermion % in the vector multiplet
the transformations in eq. (2.7) reduces to

w

1 M'N’ 1 I,J, «,
dep =§FM/N/F €+ 3 ;[(JS[Z, ¢, )T e+ ff‘““qﬁavu €, (2.21)
where M/, N' =0,...,3 and a = 0,d + 1...3. Likewise, for the chiral multiplet fermions
we have

1 o
Sexe =Dupr, e + [pa, d1, )T + 5ef’"”[mm, ¢, JTTmIne + %F’”@mv# e. (222

Notice that eq. (2.21) and eq. (2.22) have terms that contain fields outside of their respective
multiplets. In the usual construction for four supersymmetries, the transformations of the
fermions would contain the auxiliary fields D and F;. The terms outside the multiplets
arise from evaluating the auxiliary fields on-shell.* In our construction we will still use
auxiliary fields, but in this case they equal zero on-shell.

With the modification in eq. (2.20) the Lagrangian is almost supersymmetric under
four supersymmetries if the mass terms have the form

3
1 .
Lyx=— 2 Z (—imTrxeAxe),
Iym =
(2.23)
3
Los=—= (dA(E) Tre; ¢>I‘f)
g%M /=1 2 7"2 ‘ 7
where ) dd—2)
A(@) =Ap, = p (mg?”(?ﬂg?“ + Z'O'(g)) + 4> ) (2.24)
and we include the cubic terms
3
4 . 0
Loy = o Z ((ime + Boy (d — 4)) Tr(¢°[paeta, P2er3])) - (2.25)
YM yp—1

4We thank Guido Festuccia for a helpful discussion on this point.



However, under a supersymmetry transformation the Lagrangian changes by

3
1 . mn
0L = 5| Bd—4)+i)_o@my | Tr (eAT™"x([¢r,,, ¢1,]) €. (2.26)
29%m =1

The only way to get rid of this term is to set

3
Bld—4)+iY o@me =0. (2.27)

=1

One might have expected that the leftover term in §.L could have been cancelled by modi-
fying the Lagrangian with a cubic term of the form ~ ¢, ¢, ¢1,. However, one can quickly
check that this will not work because of the reality conditions imposed on the original
spinor V.

Another way to understand the origin of (2.27) is to consider the reduction of N' =4 in
four dimensions down to three dimensions. To avoid unnecessary complications we assume
the space is flat. In three dimensions, N/ = 2 SYM can have two types of mass terms,
real and complex [23, 24]. Complex masses descend directly from an N = 1 superpotential
in four dimensions. However, a real mass arises from a Wilson line of a background U(1)
gauge field [24].> Writing the 4-dimensional Lagrangian in terms of A = 1 superfields, one
has the term

/ d*0d%0 exp(q;U) Tr(QleY Qie™) (2.28)

where V is the vector superfield for the SU(N) gauge theory and U is the superfield for
the background U(1). The ¢;’s are the charges of the chiral multiplets under this U(1). If
we then compactify down to three dimensions, turn on the background Wilson line and
integrate around the compactified dimension, (2.28) becomes

R / d*0d20Te(Ql eV Qie™") + / 4?0 (g A0)Tr(QleV Qie™") (2.29)

where R is the size of the compactified circle, which can be absorbed into the gauge
coupling. The three-dimensional Grassmann variables are of the form 6, and 6,, while
d?0’ = (df + df)*. For the Wilson line we assume that U, = V,,® along the compactified
direction. The second term in (2.29) is the contribution for a real mass, m? = ¢;A®/R.
In the large 7 limit, (2.23) and (2.25) arise from such a term, with mj* = o(m.

However, the four-dimensional N’ = 4 Lagrangian has a term in the superpotential
proportional to Tr(QinQk)sijk which descends directly to the three-dimensional super-
potential. In order to couple the background U(1) field to the theory, this term in the
superpotential needs to be gauge invariant. This requires setting q1 + g2 + g3 = 0, which
immediately means that the sum of the real masses is zero. Putting the theory on the
sphere modifies this condition to (2.27).

We can also understand (2.27) using the three-dimensional " = 2 superalgebra [23, 24],

{Qa, Qs} =iah; By +imPfens, (2.30)

5In Euclidean space the real masses do not have to be real, but we will continue to use this term.



where the real mass appears explicitly in the algebra as a central charge. The contribution
of the superpotential to the action is

/d% d*0W +c.c.. (2.31)

If the superpotential has the term Tr(QinQk)sijk then acting with {Qa, Qs} on (2.31)
gives a term proportional to mf“ + m2R + m?. Hence, supersymmetry requires the sum to
be zero.

2.3 Off-shell supersymmetry

We need an off-shell formulation of supersymmetry in order to localize. One must also
ensure that the supersymmetry transformations close in the algebra. To this end we select a
particular Killing spinor € and introduce seven auxiliary fields K,,, and bosonic pure spinors
Vm with m = 1...7. These pure spinors satisfy the orthonormality conditions (A.8). The
off-shell Lagrangian has the additional term

1
Lawx = —— TrK™ Ky, . (2.32)

Iym

When reducing the number of supersymmetries we split the pure spinors accordingly.
With 16 supersymmetries the full set of transformations are [8]

0Ap = ey,
5.0 = %FMNFMNe n %w%[v# e+ K™y, (2.33)
K™= —v" PV + B(d — 4)v" AT .
Acting twice with the supersymmetry transformation on the gauge fields one finds
62A, = —v"Fy, + Dy, v 1], (2.34)

which is the Lie derivative of A, along the —v” direction, plus a gauge transformation.
Likewise, the action on the scalar fields is

1 -
02¢r = —v"Dyir = [v7 6, 61] = Sarfd el Ae ¢, (2.35)

where again we have a Lie derivative plus a gauge transformation. The last term in
eq. (2.35) is an R-symmetry transformation. The transformation on the fermions is

1 v
020 = = vV DNW — (V)T
L . i (2.36)
— BV ATy; W — o (d - 3)B(eLABAT 45V,

where the terms in the last line are R-symmetry transformations. Finally, the transforma-
tion on the auxiliary fields is

FK™ = —oMDy K™ — (VMTHY K, 4 (d - 4)B(vIm AV K, (2.37)

where the last two terms are generators of an internal SO(7) symmetry.



With fewer supersymmetries the fields divide up into vector, hyper or chiral multiplets
along with the accompanying modifications to the aj. For the case of eight supersymme-
tries, we split the pure spinors such that I'v,,, = +v,, for m = 1, 2, 3, while I'v,,, = —v,, for
m = 4,5,6,7. The associated auxiliary fields K™ belong to the vector and hypermultiplet
respectively. Their transformations are

S K™ = — v+ B(d—4) V" AY, for ~m=1,23,
(SeKm = — l/mlDX - QZ,UIBVmAX7 for m = 4—7 5a U 77'

Here 1 = mr is a dimensionless parameter.

(2.38)

With reduced supersymmetry, the transformations in eq. (2.34) are unchanged while
those in eq. (2.35) are modified by the change in the ;. For fermions in the vector multiplet
eq. (2.36) holds with W replaced by . For fermions in the hypermultiplet eq. (2.36) becomes

1
652X = = UNDNX - Z(V[H’UV])FMVX

. o (2.39)
- iﬁ(eFUAe)FUX — 2ipB(eT A Ae)T 4 Ay .
For the auxiliary fields, equation (2.37) splits into two:
S2K™ = —oMDy K™ — (VMY YK, + (d - 4) (M AV K,
(2.40)

K™ = — oM Dy K™ — (VT WK, — 2ipB(/M AV K,
where the first equation is for m = 1,2,3 and the second is for m = 4,5,6,7. Invariance
under off-shell supersymmetry for the Lagrangian supplemented with L,,x can be shown
by a computation that is almost identical to the one in [8] for 16 supersymmetries.
Reducing the number of supersymmetries to four, we split the pure spinors further
as follows.

Iy = 4V for m=1,4,5, Iy = =V for m=2,3,6,7. (241)

The transformations of the auxiliary fields are

K™ = "D+ B(d—4) V™A, for m =1,

K™ = —v"Dx1 — 2ip B Axa, for m=2,3, (2.42)
S K™ = —v" Py — 2iuaBr™ Axa, for m = 4,5,

S K™ = —v"Dxs — 2iuzBr™Axs, for m=6,7,

with gy = myr being dimensionless parameters. As before, eq. (2.34) is unchanged and
eq. (2.35) is modified by the change in a;. For two supersymmetry variations of the aux-
iliary field we have a straightforward generalization of eq. (2.40), where we split the auxil-
iary fields into four different types. Two supersymmetry variations of the chiral multiplet
fermions take the following form

1
52xe = — vV Dyxe — 1 Vinos) I xe
- L (2.43)
— 55(6F Ae)Tryxe — 2ipeB(el Ae)T g4 Ay -

Invariance of the Lagrangian under off-shell supersymmetry follows just as in the case of
eight and 16 supersymmetries.



3 The localization Lagrangian

In this section we present the localization argument and compute the quadratic fluctuations
about the fixed point locus. We also add a gauge fixing term in the Lagrangian and give
the precise form of the partition function in terms of the determinants of the quadratic
fluctuations around the fixed point locus. We only consider contributions in the zero
instanton sector where the fixed point locus has a vanishing gauge field.

3.1 Fixed point locus

Let us modify the partition function path integral as follows:
Z[t] = /D<I> e IRV, (3.1)

where D® denotes the integration measure for all the fields, @ is a fermionic symmetry of
both the integration measure and the action and QV is positive semi-definite. The partition
function is then independent of the parameter ¢. This allows us to evaluate the partition
function at ¢ — oo, where it only receives contributions from quadratic fluctuations of the
fields about the locus of the zeros of QV'.

For our purposes we choose Q) to be the supersymmetry transformation generated by
€, and V to be

V= /ddx\/§ Tt (V6. V), (3.2)

where Tr’ is a positive definite inner product on the Lie algebra, which can be different
than the product used in the original action. We will drop the Tr’ sign henceforth for
notational simplicity. J.V is given by

6.0 = %fMNFMNI‘Oe + % T $ TV e — K™T 00y, (3.3)
So, QV will be
QV = / A%z \/g 0.5 U — / dz \/g Vs, (5.) = / d'z\/g L° + / d’z\/gLl  (3.4)

The first and second terms in the above equation contain the bosonic and fermionic part of
the localization Lagrangian respectively. Let us now find the locus where the path integral
localizes when ¢ — co. The bosonic part is [8]

Lh = %FMNFMN — EFMNFM/N/ (JMNM/N’%)

4
n ﬂcioq Funés (eA(f\IfMNFO _ fOFIFMN)e) (3.5)
m 0 m /BQd2 2 1,0
= K" Knt® — Bdagdo K™ (vimAe) + = > (or)?¢ro"”.
1

We choose the spinor € such that v* = 1 and v® = v? = 0. Then the fixed point condition
in the zero instanton sector can be written as

62(12
V' ViG! — (K™ +2B(d — 3)¢o (vmAe))® +

> (ar)’¢r¢" =0, (3.6)
140

~10 -



All terms on the left hand side of the above equation are positive definite if fields K™ and
¢o are imaginary. So the fixed point locus is given by

K™ = —28(d — 3)¢o (umAe),  ¢o = const = ¢ = % b;=0 (J#£0). (3.7)

The dimensionless variable o is an element of the Lie algebra and parameterizes the fixed
point locus. The action evaluated at the fixed point becomes

Vy (d=1)(d—3 8r 2 rd—4
S )
9vyMm r g

Sy =

where Vj is the volume of the d-dimensional sphere.

3.2 Quadratic fluctuations

The next step is to move away from the localization locus by perturbing the fields about
their fixed point values. We write

1
o= %+ — 3.9
Nk (3.9)
for all fields ® in QV, with ®°! being their value at the fixed point. In the ¢ — oo limit, the
only terms that survive in the localization Lagrangian are quadratic in the perturbations
®. Details of the computation of quadratic fluctuations about the fixed point locus are

given in appendix B. Here we briefly summarize our results.
The bosonic fluctuations for the vector multiplet takes the following form

(3.10)
— K"Ky — 4B(d — 3)¢ o K™ (v Ae) — ¢ (—=V? + 48%(d — 3)*) ¢o.
The indices with a tilde take the values as defined below
M = {u,i}, p=1,2---.d, i=d+1,---D, (3.11)

where D = 5(3) for theories with eight(four) supersymmetries. A,, is the usual vector field,
while fields A; denote scalars in the vector multiplet other than ¢q. The operator O MN is
defined as i i i i

O = =6 V2 +ay™ —28(d - 3)el " V¥V, (3.12)

N oo o .
ay;" is a diagonal matrix given by

ayV = 48 <(d _01)5Z ;) . (3.13)

The fermionic fluctuations for the vector multiplet can be written as
1 . _
L8 = (V) + (vr° 680 ) = 5(d = 3)80™ (41T ;A0 -
3.14
1 o
~ (@ =3)8 (LY A) (UI°T g 5) + my (VAY)

Here m,, = 95 for eight supersymmetries and my, = (d — 2) for four supersymmetries.
(2 2 2 Y
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For theories with eight supersymmetries we have one hypermultiplet. The bosonic part
contains four scalars. Their contribution to the quadratic fluctuations can be written as

9
Lhuw= D |66 (-2 + B2(d = 2+ 2i0s)?) &1 — (6, 61105, 04
i=6 (3.15)

+ 48 (2ip — 1) ¢pev"* Vo7 + 48 (2ip + 1) ¢sv!'V .

For the hypermultiplet fermions we have

££‘m = (va) + (Xfo[gbgl, X]) - %B (ef‘MNAe> (XFOFMNX) + 2ipBo™ (XFOf‘NAx) )
(3.16)
For the case of four supersymmetries we have three chiral multiplets. The chiral
multiplet part contains six scalars. Their contribution to the quadratic fluctuations is
given by

3

Lo = 61, (=92 + B2(d = 2+ 2icyu)?) o™ — (65, 01,105 6™
=1 (3.17)

+ 45 (QW — U(g)) ¢2e+2®”vu¢2£+3-

Finally the contribution from the chiral multiplet fermions is

3 oo
Lim=Y (xe¥xe) + (XEFOWSI,X@]) - %B (efMN AE) (xeT°T 5 x¢)
=1 (3.18)

+ o8 (QZWUN (XiFOfNAXz) + XiAXe) :
3.3 Gauge fixing

With the expressions for quadratic fluctuations in hand, let us give the precise form of the
partition function in terms of quadratic fluctuations. To compute the partition function
we need to add a gauge fixing term. In the computation of the quadratic fluctuations, we
employed the Lorenz gauge, so we need to use the following gauge fixing term

Set = — / dz\/gTr (bV, A" — eVZc) . (3.19)

Here b is the Lagrange multiplier which enforces the Lorenz gauge condition in the path
integral. ¢, ¢ are the usual Fadeev-Popov ghosts. AL denotes the off-shell gauge field which
can be decomposed as

AL = A, +V,0, (3.20)

where A, is divergenceless and ¢ encodes the pure divergence part.
To compute the partition function one now has to integrate over the following set
of fields:

bv ¢, C, (,ZS, Km7¢07Au7¢]7607‘11‘ (321)
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The first six give the following contributions:
e The b ghosts give a factor of § (V,A'*) = § (V?9).
e The c and ¢ ghosts give a factor of det (VQ).

e The gauge parameter ¢ has two contributions. There is a Jacobian factor v det V2
coming from the change of integration measure DV ;¢ — D¢, while the integration
over ¢ gives a factor of (det VQ)_1 coming from the delta function § (V2¢).

e The contribution of the auxiliary fields K, is trivial. It gets rid of the mass term for
the scalar field ¢g in the quadratic fluctuations.

e The scalar ¢g gives a factor of (Vdet V2)~1,

These factors cancel and the partition function reduces to
Z = / doe™ 5w (@) / DA, Dy soDWe Sauad(90=25), (3.22)

Since the integrand is invariant under the adjoint action of the gauge group, we can
replace the integral over the entire Lie algebra with an integral over a Cartan subalgebra.
This introduces a Vandermonde determinant and we can write the partition function, with
some convenient normalization as follows:

Zz = / (0] cartan €% [ [ 40, 0) / DA, DprioDWe Sanad(¢0=250) (3.23)

«

Now, what is left to be computed is the integral over the fields A,, ®;.o and ¥. Before
doing that, let us comment on the decomposition of the fields and quadratic fluctuations in
terms of the root vectors of the Lie algebra. Schematically, bosonic quadratic fluctuations
are given by

Lh= T ((I) O - [@, 51} [cb, ¢31D . (3.24)

Let us expand the field @ in the Cartan-Weyl basis. The component of ® along the
Cartan generators only contributes an uninteresting ¢§ independent overall constant to the
partition function, and so we do not need to focus on that part. Next, we can write ® as:

o =) O°E,, (3.25)
(03
where E, are the root vectors of the Lie algebra. They are normalized so that Tt (E,Eg) =
datp- Using [0, E,] = (o, 0)FE,, the quadratic fluctuations can be written as
o= Yo (Ob +452<0z70>2> 9, (3.26)
(0%

Similarly the fermionic quadratic fluctuations can be decomposed as

cf= T (xproof\y + 9T [ 81,\IID — Y wer? (Of+26<a,a>) v (3.27)
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After integrating over the quadratic fluctuations in £Pf one gets:

f
det (O' +28(a,0)),, . (3.28)
Vdet (OP +48%(a, 0)2),

/DCI)D\IJe fddx\f Lb+£f H

Hence to compute the one-loop determinants one needs to diagonalize the action of the
“quadratic” operators OFP appearing in the quadratic fluctuations. We turn to this com-
putation in the next section.

4 Determinants for eight supersymmetries

In this section we compute the determinants for theories with eight supersymmetries. We
compute the determinants for bosons and fermions separately and then combine them to
see that after a large cancellation the results match exactly with the conjectured form
n [10].

4.1 Vector multiplet

Let us first compute the determinant for the vector multiplet. We start by introducing
a complete set of basis elements that span spinor and vector harmonics on S¢. Then we
diagonalize the action of the quadratic operator on these basis elements.

4.1.1 Complete set of basis elements

To compute the determinants we need to diagonalize the action of the quadratic operator.
This can be done by using a suitable set of basis elements. To this end, we define spinors

ne= (120 e= (1FiI%)e,  fr = (% £i0Y)e, (4.1)

which satisfy
I, = +ins, Tov™T e = ns, (4.2)
Fsgﬁi — Zl:if]ji, ]‘:‘OUMFMﬁi = ’F}:t' (43)

We can now build a basis for the vector multiplet fermions by using the spinors 74, 7+
and the scalar spherical harmonics Yyﬁ. Scalar spherical harmonics are labelled by the
eigenvalues of the Laplacian and the Cartan generator along the vector v*:

V2YE = —4B%k(k+d—1), o'V, YF =2iBmY}. (4.4)

The ~deﬁmitions of our spinor harmonics and their eigenvalues under operators I'8? and
f‘ovMFM are given in table 1.
Here V 47 18 defined as
@MEVM—UMU-V. (4.5)
X2 and XJQF vanish identically for m = +k (see appendix D for a proof). The set of spinors

with a ‘4’ subscript is related to the set with a ‘—’ subscript via complex conjugation.
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Spinor harmonics I'®_eigenvalue fOUMI‘M -eigenvalue
Xl =Yhny +i +1
XL =YFkq, +4 —1
X2 =ToIMY o VEn., for m # +k +i +1
X2 =ToIMY o Vi, for m # Tk +i —1

Table 1. Spinor harmonics basis and corresponding eigenvalues.

We take the standard approach [4] that the Euclidean action is an analytical functional
in the space of complexified fields and integrate over a certain half-dimensional subspace
in the path integral. With this in mind, we will focus on the basis for spinors with I'8?
eigenvalue +i.

Let us show that set of spinors in table 1 provide a complete set of basis elements
for the vector multiplet fermions on S% To do so, we compute the action of the Dirac
operator, f‘OW, on these spinors using

ToYn, = +idny,  ToYYE = TorMV,VE + 2impYE. (4.6)
This gives
~ d
LoV, X} = 2if <m + 2) X+ a7 (4.7)
Next we note that X_% can be written as
X% = ToYY[rn, — 2impxl. (4.8)
The action of ['\¥V can now be worked out by using eq. (4.6), eq. (4.7) and the fact that
- 2
(FOW) = V?, which gives

. d—2

Tol*V, X2 = —4B%* (k—m) (k+m+d — 1) X} — 2iB (m + 2) X2, (4.9)
Similarly, for /f}rg one finds

A ruo Pl o AW

Lol*V, XL =2iB | m 5 X+ &7, (4.10)

r 52 2 o1 : d—2Y 5

LoV, XL = —4pB%(k+m)(k—m+d—1) X —2if (m — 5 g (4.11)
Now we diagonalize the action of To¥ on the spinor basis to get the eigenvalues

d d

By shifting & in the second set of eigenvalues, we can arrange the spinor harmonics into two
sets of eigenstates of the Dirac operator, with eigenvalues +2¢83 (k‘ + g) whose degeneracy
degy (k,d), is given by

degf (k’, d) = Dk (d, O) + Dk_l’_l (d, 0) - Nk+1’d, (413)
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where Dy, (d, r) is the total degeneracy of symmetric traceless, divergence-less rank-r tensors
defined on S¢ [25]. N, 4 is the number of scalar harmonics Y% for the case of eight
supersymmetries. The explicit expressions for these degeneracies are given in appendix C.
Using these expressions we get

T (k+d)

deg (k,d) = 4m.

(4.14)
For d = 4,5 this is equal to the degeneracy of spinor harmonics on S [26] and for d = 2,3
this is twice the degeneracy of spinor harmonics, as expected. Hence, we conclude that the
set of spinors defined in table 1 provides a complete basis for the vector multiplet fermions
in the case of eight supersymmetries.

Next we use the spinor basis to construct a basis for the fields A ;. We define

Ay = (&) +c' VY = (Dgdl) +c' VYo = vyYo+¢' VYo,
A% = % (0 X2 — €0 X2) + AV 5 YE = e AV, Y 4+ AV Y,

» (4.15)
Ay = D TV, vh = (0 B - ey 2))

1 . .
Aly = 0 TPV, = (@2 + e 22).

Here ¢!, ¢? are constants which are determined by the condition that A}L and Ai should be
divergenceless:

1 m s (d—1)im
C T %kktrd—1) T k(k+d—1) (4.16)

There is another bilinear involving spinors X2, which is equal to a linear combination of a
pure divergence term and A}\z

L X2 + el g X2 = 2V 5 YE — dimBu Vi, (4.17)

Since X2 vanishes identically for m = £k, we see that A' and A% are not linearly inde-
pendent for m = Lk:

A% = —2kBAL,  for  m=zk (4.18)

Similarly, A% and A?* are proportional to each other for m = +k.

Let us now show that the bosonic fields defined in eq. (4.15) provide a complete basis
for bosons in the vector multiplet.® We do so by diagonalizing the action of V2 on A i 1t
acts on the vector field vy; to give

Vi, =—-48*(d—1)v,, Vi = —4B%dv;. (4.19)
Using this along with

VAV, YE = 482 (k(k+d—1) - (d— 1))V, Y, Vi, =28l Ae,  (4.20)

SExcluding the scalar field ¢o.
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gives us the action of V2 on the A}\Z

VA, =487 k(k+d—1)+d— 1] A, + 4BA7,

4.21
V2ZAD = —4B%[k(k +d — 1)+ d] Al +4B8A2. (421)

To find the action of V2 on A?\Z we need to know how the operators V* and V2 act on

more complicated bilinears. Using the Killing spinor equation and the fact that ¢ = SAe,
one gets
VQEPMVAG = — SﬂzeFM”Ae, V2el;V Ae = —452%T;Y Ae,
VA (D" Ae) VAV, Y,E = 883k (k +d — 1)y Y (4.22)

+ 4828 (imV, Y + DAV YE)
Using these results we find that

VEAL =168%k(k +d — 1) A}, — 4% (k(k+d — 1) — (d — 1)) A2,

V2A2 = 168%k(k +d — 1) A — 482 (k(k +d — 1) — (d — 2)) A2, (4.23)

The action of V2 on A%** can be computed in a similar way. The following results are
necessary for this calculation:

V2l T = —48%(d — 2)el "%, Vel ' TOeV\V, Yk =0, for I=6,T.
(4.24)

This gives

VEAY = —4B% (k(k +d — 1) — 1) AYY,

4.25
V2A = —4B%k(k+d — 1) A, (4.25)

The eigenvalues of V2 acting on the vector and the scalar parts of Aj; are given below.
The first term in each row corresponds to A, and the second to Aj;:

—482 (k(k—3) +d(k—1)+1), —4pB%(k—1)(k+d—2),
—4p%(k(k+d+1)+d—1), —4B% (k+1) (k +d), (4.26)
—48*(k(k+d—1)—1), —48%k (k+d—1).

These eigenvalues correspond to the following linear combinations of the basis
1 2 1 2 3 g4

For m = 4k, we use the fact that A?\Z = —261{:.,4}\;[ to see that the first eigenvalue
in eq. (4.26) does not contribute. Similarly, AZJS\Z F Z'A%Z vanish identically for m = £k so
corresponding eigenvalues do not contribute. By shifting k, we can rearrange the basis into
vector and scalar harmonics with eigenvalues

—48% (k(k+d—-1)—-1), —4B%k (k+d 1), (4.28)
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respectively. The total number of harmonics is given by
degy, (k,d) = Dy+1(d,0) + Di_1(d,0) + 2Dy, (d,0) — 2Ng1+1,0 — 2Nj 4. (4.29)
Using the explicit expressions for the degeneracies provided in appendix C we get
degy, (k,d) = (5—d)Dx(d,0) + Dy (d,1). (4.30)

So we deduce that the basis defined in eq. (4.15) provides a complete set of harmonics for
the vector multiplet in the case of eight supersymmetries.

4.1.2 One-loop determinant for bosons

Let us now compute the one-loop determinant for vector multiplet bosons. We need to
diagonalize the action of the operator O MN defined in equation eq. (3.12)

Oy = =5V +ay™ = 28(d = 3)el "V ¥ev,. (4.31)

The matrix aMN is defined in eq. (3.13). The action of V2 on the basis is given in
equations (4.21), (4.23) and (4.25). The next non-trivial part of the operator 07" involves
eI‘M)‘NggeV)\. For A! we have

EFM’\NSQGV,\AJIV = ZﬁeFM)‘nge eI’N)\AeYnli + GFM)‘nge UNV)\Yn’fL. (4.32)

The term multiplying Y,* and its derivative can be simplified using triality.
eFﬂ/\Ngge el g Ae = —(d — 1)y, eFi)‘Ngge el 5\ Ae = —dv;, GFM’\Ngge el e = eI’M)‘Ae.
(4.33)

Using these relations, we get

MOV, AL = —25(d — 1) AL + A2,

8 (4.34)
DMV AL = —2B8d A} + A7
The action on A?V can be computed in a similar manner:
GFH)‘NBQGVA‘A?V = 48%k(k+d —1)A}, (435)
LAV A% = 4B (k + d — 1)A} — 2842, '
However, the computation for Af’\; is slightly different. We have
T MSeVy AL = e MR, [ 006w, V] (4.36)
where I = 6,7 corresponds to A3, A* respectively. First we note that
Vi (EFM’\NSQE) = QBdGFMNoe =0. (4.37)
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So we can write the right-hand side of equation (4.36) as a total derivative. Next we use
the following relation due to triality,

6FM,\NBQ T 5 voI9 —eTy VAIS, _ UVGFM/\01867 (4.38)
which allows us to write
T evy, ALY = v, (er MEV, Y 4+ 2imBel MAOISYn’;) . (4.39)

This can be now computed using the Killing spinor equation and the triality identity,

N .A3 d—2 im A3
AN89 - "
L™ eV <A4> 26 (zm d— 2) (Aﬁ) ’
4.40
AN89 “43 -1 A? ( )
el’; eV A4 = -2 im d .A;l .

The action of the complete operator on the set of basis vectors can be written in the

resulting in

following compact form:

(OAY) ;=48 [k(k +d — 1) + (d — 1)*] AL —28(d — 1) A%,
(OA%) g = —88%k(d — 1)(k + d — 1) AL +48%k(k + d — 1) A%,
(OA%) ;=48 [k(k +d — 1 + (d — 2)?] A%, + 4iB*m(d — 3) A},
(OAY) o =48% [k(k +d — 1) + (d — 2)*] AL, — 4i°m(d — 3) A%

(4.41)

The corresponding eigenvalues are
4%k%, 4B (k+d—-1)%, 4B [k(k+d—-1)+(d—22+m(d—-3)].  (4.42)

Including the contribution from different roots and taking into account the degeneracy of
the basis, we get the one-loop determinant for the bosonic part of the vector multiplet:

2 (12 4 M_de
I]ecloop HH 4,3 k >)] 5 7
= Dy (10)
462 ((k+d—1)? + (a,0)? 2
gy )
k=00 m=
XH H [4,32( k+d_1)+(d_2)2+(d_3)m+<0[7O'>2)i|Nm’d'
k=1 m=-—%k

(4.43)
4.1.3 One-loop determinant for fermions

Next, we calculate the contribution to the one-loop determinant from the vector multiplet
fermions. We will use the basis with the ‘+’ subscript introduced in table 1. We need to
diagonalize the action of the following operator:

Of — Ty — %(d —3)BuT A — i(d )8 (DA Ty + % (d—1)T%.  (4.44)
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The action of ['yY has been computed in eqs. (4.9), (4.7) and (4.10). The second
operator can be written as

’UMFMA = F89 (fovMFM> . (445)

The spinor basis elements have definite eigenvalues under the action of I'*? and fovM Iy
as given in table 1. Hence the action of the second and the last operator on the righthand
side of eq. (4.44) is trivial to evaluate.

The action of the third term appearing in Of,.m can be obtained using triality.

erﬂiﬂ? ATy} = — i, TMN AT 5 XL = +4iX), (w16)
eTMNACD o X2 = DMV AL ;o X2 = 0.
We get the action of the full operator on the spinor basis to be
Of XL =2iB(m+ (d—1)) XL + A2,
Of W XF = —48%(k —m)(k +m+d — 1) XL — 2iBmX7, (4.47)

Of XL =2iB (m — (d—2)) XL + X2,
Of X2 = —4B%(k+m)(k —m+d— 1)X} — 2iB (m — (d — 2)) X2
For m # +k, all of the above spinors contribute to the determinant. The contribution from

% and 2&’2 is
4P k(k+d—1),  48%[k(k+d—1)—m(d—3)+ (d—2)?], (4.48)
respectively. However, as discussed earlier, Xf(?@) vanishes identically for m = k(—k).
So for m = k(—k), the first(second) term in eq. (4.48) is replaced by the eigenvalue corre-
sponding to X (X1):

Oy i = +2if (k+ (d — 1)) X}, (4.49)
Of X1 = —2iB (k+ (d—2)) X1. '

Including the contribution from different roots, the one-loop determinant for the fermions

is given by
Z1 %00, = TTT] 28 (k +d — 1 — i(a, o)) PO
a k=0
H (=28 (k + (o, o)) P&~ Nea H 208 (k + d — 2 + (v, o)) Ve
k=1 k=0

H [4ﬁ2( k:+d—1)+m(d—3)+(d—2)2+<a,a>2)}N’“’d. (4.50)

Combining this with the bosonic determinant, we see that most terms cancel and in
the end we are left with:

ZY%0p [ [0y = TIT] Ik +ie,0)) (b +d =2+ i(e, o))V (4.51)
« a k=0

With N 4 given in eq. (C.7) this matches exactly with the conjecture in [10].
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4.2 Hypermultiplet

In this section we compute one-loop determinants for a hypermultiplet with eight super-
symmetries. We proceed in the same manner as for the vector multiplet by introduc-
ing a complete set of states and then computing the eigenvalues and degeneracies of the
quadratic operator.

4.2.1 One-loop determinant for bosons

The bosonic part of the quadratic fluctuations about the fixed point locus for the hyper-
multiplet is given in eq. (3.15).

9
Choun (1) = D 64 (~V2 + B2(d — 2+ 2i030)%) 6 — [65), &1][65, 0]
i=6 (4.52)
+ 48 (261 — 1) 60" Vb7 + 48 (2i + 1) 50V u.

We see that ¢g7 and ¢g9 mix under the action of the kinetic operator. We use lefl to
diagonalize the action of the operator appearing in eq. (4.52). The eigenvalues for ¢g 7 are

2

43 <k: (k+d—1)+ <d;2 + iu) +m (2ip — 1)) . (4.53)

The eigenvalues for ¢gg are the same as above with 4 — —p. Including the contribution
from different roots, the bosonic part of the one-loop determinant is given by

k=co k 2 Nim,d
2 =11 kH Hk 46° (k (k+d -1+ <d;2+z‘u> +(a, )2 +m (2ip — 1))]
o =0 m=—
2 Ni,d
X [4&2 (k (k4+d—1)+ <d;2—w> +{a, o) —m (2ip + 1)) , (4.54)

where we have used the fact that in the product positive and negative values of m come in
pairs, so the product is invariant under m < —m.

4.2.2 One-loop determinant for fermions

The relevant part of quadratic fluctuations is given in eq. (3.16). We need to compute the
determinant of the operator

- 1/ =vrr .
Olfl.m = FOW - 56 <€FMNA6> FMN + QZ/LﬁUNFNA (455)

To diagonalize the action of this operator, we construct a complete basis for the hypermul-
tiplet fermions. We define the spinors

Ay = (e +il7)e, Ay = (Tg+ilg)e, (4.56)

which satisfy
89N, = +ids, ToT Mo Ay = =y, (4.57)
T893, = +il,, oMo Ay = —Ay . (4.58)
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Now we define the spinor harmonics, using the spinors )\_11;2 and the scalar spherical har-
monics Y:
XL=YiAp, =TT (VYE) Ay
~ ~ ~ R . R (4.59)
XL=YEA, R =TT (VYR Ay

The spinors X2 (X2) vanish identically for m = k(—k). An analysis similar to the one
in eq. (4.1.1) shows that the basis defined above, provides a complete set of spinor harmonics
on S¢ for hypermultiplet fermions. The action of the operator on these basis elements can
be computed in an analogous fashion to the vector multiplet fermions, resulting into

—2
Of XL =—2ip (m + (d2 + Z,u)) X+ X2,
d—2
Of X2 = —4B%(k —m)(k +m+d — 1)X] + 2ip <m+ (2 +w>) A3,
(’)th$2—226< (2—z,u)))alr+é’?2,

-9 ~
Of X7 = —4B%(k +m)(k —m +d — 1) X} + 2ip < <d2 - w)) X7

(4.60)

For m # +k, the contribution to the determinant from these basis elements is given by

d—2 2
X2 482 <k(l~c+d— 1) +m(2ip—1) + <2 +m> ) :
, (4.61)
. d—2
X2 432 <k(l~c+d— 1) +m(2ip+1) + <2 —iu) ) .
For m = k (—k), only XL (X}) contributes to the first(second) term in eq. (4.61).
d
Of WXL =—2ip (k + (2 + iy — 1)) Xl
(4.62)

- d -
Of WXL =—2ip <k: + <2 — i — 1)) Xl

After including the contribution from roots, the fermionic part of the one-loop determinant

is given by
k=co k-1 d—9 2 Nin,a
h , — .
Z%en| = 1111 11 452( k+d1)+m(2w1)+<2+w> +<a,a>2>]
a k=0 m=—k

Nm,d

X [462 (k:(k+d— 1) —m(2ip+1) + (CZ;2 —z',u)z—i- (a,0>2>]

X [462<(k:+d;2+iu>—i< )) <</~c+d22—w>—|— (a, 0>>]Nk’d.

(4.63)
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Combining this with the bosonic determinant and after many cancellations, we are left with:

i | H [<k++w+l<a 0>) <k+d22 —ip — e, 0>>}_NM-

a k=0
(4.64)
This matches with the conjectured form in [10].

5 Determinants for four supersymmetries

In this section we will compute one-loop determinants for theories with four supersymme-
tries. Most of the computation is similar to the case of eight supersymmetries. However
there is an additional subtlety in the construction of complete sets of basis elements.

5.1 The complete set of basis elements

One can verify that only the first two of the spinors defined in table 1 have +1 eigenvalue
for IV and hence belong to the vector multiplet of theories with four supersymmetries.
However, they do not provide a complete set of basis elements for spinor harmonics. To
see this, recall that eigenvalues of the Dirac operator acting on X}F’Q are given in eq. (4.12).
By shifting the value of k, one can arrange them into spinor harmonics with eigenvalues
+2ip3 (k: + %) However the degeneracy of positive and negative eigenvalues is not the same.

deg, = Di(d,0), deg_ = Dyy1(d,0) — ngg1,4- (5.1)

Here n,, ¢ denotes the number of scalar harmonics Yn]ﬁ for the case of four supersymmetries.
This differs from N, j, as the vector field v, now vanishes only on an S2=4 An explicit
expression for ny 4 is provided in appendix C. Using that, we get

T (k+d)

T TGy

(5.2)

which is equal to the degeneracy of spinor harmonics on S? for d = 2,3. Clearly deg L s
different. Moreover one can show that:

deg_ (k,d) —deg, (k,d) = npgq. (5.3)

So X}r and X_% do not provide a complete basis for the spinor harmonics. This can be fixed
by including another spinor X " which has the correct eigenvalue and degeneracy,

/ d
let — F0579n$yqlfk" FOWX:‘: = :|:2Z/8 (k’ + > X (54)

So a complete basis for spinor harmonics is provided by Xi, Xf and X}r/.
For the vector multiplet bosons we use the following basis

k k
Ay = v Yo + 'V Yy,

(5.5)
A% =l AV, Y ) 4+ PV Y
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These are the first two basis elements that we used for theories with eight supersymmetries
as defined in eq. (4.15). As discussed in eq. (4.1.1), these basis elements can be arranged
into vector and scalar harmonics on S¢ with the total number given by

degy, (k,d) = Dry1(d,0) + Di—1(d,0) — 2ng41,4- (5.6)
Using explicit values one can show that
degy, (k,d) — Dy (d,1) — 3 —d)Dx (d,0) = —2ny_1,4 # 0. (5.7)
Hence the above basis is not complete. We can complete it by including
£ _
AM = e’y X (5.8)

The elements Aff defined above are divergenceless. Their eigenvalues under action of
Laplacian are

VEAL = 4B (k(k+d+1)+d—1)AF,  V2AF = —4p% (k+1) (k+d) AF. (5.9)

By shifting & — k — 1, we can put eigenvalues in the canonical form with the total number
of harmonics given by 2nj_; 4, precisely what is needed to complete the basis.

5.2 Vector multiplet
5.2.1 Omne-loop determinant for bosons

To Compute the one loop determinant we need the actlon of the operator O ; N on the basis
clements A2 o and AE. The computation for A% 1 was performed in detail in eq. (4.1.2).
Their contribution to the one-loop determinant is given by

I1 ﬁ [452 (K + (a, 0)2)] (0 2k ﬁ [452 ((k: td—1)2+ (a, a>2)f’“(d’0) . (5.10)

a k=1 k=0

The action of O N on .A can be calculated using the same techniques as were employed
in eq. (4.1.2).

N g+ 2 4+

OV AL = 48° (k+d - 1)" A7, (5.11)

Including the contributions from all basis elements, we get the bosonic part of the one-loop
determinant:

» 2 (k2 4 oy 220 _p,

Z1%100p |, [T [48° (* + (a,0)?)] ’

[e] 1

k=
xﬁ[4ﬁ2(k+d_1> )]

k=0

DO o (5.12)
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5.2.2 One-loop determinant for fermions

The quadratic fluctuations for the vector multiplet fermions for the case of four supersym-
metries are given in eq. (3.14). We need to diagonalize the operator

~ 1 y 1 7
of =TIV, — 5(d— 3)BvMT A — 1P 3)elMN Al ;5 + (d —2) BT (5.13)
acting on X}F’Q and X}r/. The details of this computation are similar to the case of eight
supersymmetries. One gets

Of WXL =2iB(m+ (d—1)) X} + &2,
Of X2 = —4B%(k —m)(k +m+d— 1)X} — 2ifmX?, (5.14)
Of XY = 12iB(k+d—1)at.

From this we get the one-loop determinant

k=
Zlvecloop H —2if (k + i« U>)]Dk(d70)_nk,d

a k=1

< [ [2iB8 (k+d—1—ia, &))|P(d0) (5.15)
k=0
k=00

x [T =28 (k+d—1—i{a,0))]"™.
k=0

Combining this result with the bosonic determinant, we get the full one-loop determinant
for the vector multiplet:

. e k+ila,o P
A ! ila, o) = 1;[ kl;[O [(k +(dJ—r1<_¢<>a), 5 (5.16)

One can check that for d = 3, this gives the correct one-loop determinant which matches
with the results in [2]. One can also check that eq. (5.16) agrees with the perturbative
result for two dimensional theories with (2,2) supersymmetry [27, 28].

5.3 Chiral multiplet

Let us now compute the one-loop determinants for the chiral multiplet. For the case of
four supersymmetries, the mass-deformed Lagrangian contains three chiral multiplets.
5.3.1 Omne-loop determinant for bosons

Let us consider the chiral multiplet containing the scalar fields ¢4, ¢5. The relevant bosonic
part of the quadratic fluctuations is given by

Y (60 (V282 (d =2+ 20m)%) ¢i] — 48 (1= 2ip) pa0"'V 5. (5.17)

i=4,5
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Using the scalar spherical harmonics, the action of the kinetic operator can be diagonalized
to obtain the one-loop determinant

N
2 00p (1) |,

oo k d—2 9
:HH H [462 (k(k+d_1)+<2+iul) +(Oz,0>2+m(1—2i,u,1)>]

a k=0m=—k

Nm,d

(5.18)
The determinant for scalar fields ¢g7 (¢3,9) is the same as the above expression, but with

pir = p2(—p3)-
5.3.2 One-loop determinant for fermions

To compute the one loop determinant, we introduce a basis for the spinor harmonics as
before. We introduce three sets of basis elements for three types of chiral multiplets:

Mo = Yphee X2 =TolMVi Yode, (5.19)
Xfé — F0579y7§)\_é, for m—= — (_1)51(6)52(5) k.

where A4y is defined as
)\:i:ﬁ = FO (F2g+2 + Fgg+3) €. (520)

The index ¢ = 1, 2, 3 corresponds to the three chiral multiplets. Now, we need to diagonalize
the action of the following operator

3
f f
Oc.m - Z Oc.m,[?
/=1

~ R .
Ol e =ToV — 1 (EFMNAe) Iy +owh (QiMUNFNA + F89) .

(5.21)

Let us give the result for the ¢ = 1 explicitly:
[yl o -2 . 1 2
Oc.m,l‘/YJrl - 21/8 m+ 9 + 1 X+1 + X+1 ,
f 2 4n82(1 _ _ 1 ; a—2 . 2
OcmiXir = —487(k—m)(k+m+d—1) Xy +2iB(m+ 5 +ip | Xy, (5.22)
/ , d . /
Of maXi) = +2iB <1<; +5- zm) X
From this, one gets the one-loop determinant for fermions:

N
200 (1) |,

k=com=k—1 d—9 2 Nm,d
STTTETL o (452 ) a0+t stera- )
a k=0 m=-—k
k=00 Tk e
X [—Qiﬁ (k‘ + % +ipr + i(a,a>)] [22’6 (k: + g — iy — (o, 0—))] .
k=0
(5.23)
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Combining this with the bosonic determinant, we get the full one-loop determinant for the
chiral multiplet:

Nk,d

k=00 d . .
: k+§ —iu —i{a,0)
Zeos ()= 1T 11 2 (5.24)
a k=0

k+ 952 4 + i, o)

nk,q is given in eq. (C.8) The one-loop determinant for y,(3) can be obtained by simply
replacing p; with ps (—pus). Hence, the full one-loop determinant for the chiral multiplet
part is given by

Zfliiloop (”17 K2, M3) = Zflliloop (Ml) Zfliiloop (NQ) Zflliloop (_M3) : (525)

6 Analytic continuation to d = 4 with four supersymmetries

Now that we have obtained expressions for partition functions with eight supersymmetries
in d < 5 dimensions and four supersymmetries in d < 3 dimensions, it is tempting to
continue the results to higher dimensions. In [11] this was done for eight supersymme-
tries where it was shown that the results were consistent with the one-loop running of
coupling constants in flat space. In this section we consider continuing theories with four
supersymmetries up to d = 4 using the expressions in eq. (5).

6.1 Consistency checks of analytic continuation

In this subsection we perform consistency checks on the analytic continuation with four
supersymmetries. We will show that in the gyy — 0 limit, the analytic continuation gives
the correct partition function for a free vector and free chiral multiplets on S*. We also
show that the analytic continuation gives the correct one-loop divergence for theories with
four supersymmetries in the decompactification limit.

Partition function of U(1) theory on S%. A U(1) gauge theory with four supersym-
metries and massless adjoint matter in four dimensions is free and conformal. Hence it can
be conformally coupled to S* and the partition function can be explicitly computed. This
matches with the result of our analytical continuation as we demonstrate now.

Consider the chiral multiplet in the adjoint representation of the U(1) gauge group.
Our expressions for the one-loop determinants can then be simplified to take the form

(k1) (k42)

chi - k + 2 2 vec -
Zi e || (k+1) C 2% = [[R+ DY (6
k=0 k=0

The full partition function in this case is equal to the product of the one-loop determinants
up to an overall constant.

The chiral multiplet of N' = 1 supersymmetry in four dimensions contains a two
component Weyl fermion and two real scalars. The conformally coupled action for a free
chiral multiplet on the sphere takes the following form:

S = / d*1./g (; [61 (=7 +88%) ¢1 + ¢ (—V* +857) 6o — wW) R
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The partition function for the matter part is then given by

: detY
ZChl _ ) )
u(1) det (_VZ + 852) (6 3)

The eigenvalues and the degeneracies of these operators are given in appendix C. Using
these we get

00 (k4+1)(k+2)(k+3)
dety = [] [452 (k+2) } 3
. (6.4)
k+1)(k+2)(k+3) k(k+1)(k+2)
= H 3 [218 (k+ 1)] 3 )

where the last equality follows by splitting the product into two parts and shifting £k — k—1
in one of the parts. Similarly, we have

(2k+3) (k+2) (k+1)

det (—V?* + 83%) H (482 (k +1) (k +2)] 6 . (6.5)

Combing the two factors of determinants, one gets

(k+1)(k+2)

. . © k+2 2
chi chi
N | | <k+1> , (6.6)
k=0

which matches the analytic continuation.

Next let us compute the partition function for the vector multiplet. The N = 1 vector
multiplet in four dimensions contains a gauge field and a two-component Weyl fermion.
The relevant action on S*, with the gauge fixing term included is given by

= [ (47 [ (974 1287) 4 9,90 4, —

(6.7)
+ bV, A — EV“GMC).
We split the vector field as follows
Al = A+ V9, such that ~ V,A" =0. (6.8)

By using the fact that D (V,¢) = D'¢y/det (—V?), we can write the partition function
as follows

Zye) = / DADYD' $DbDcDey/det (—V2) exp (—Su(1)wm) - (6.9)

Integration over b gives a factor of § (—Vngb). This, upon integrating over ¢ gives a factor of
[det (—VQ)] ~!which cancels against the contribution coming from integrating over ghosts.
Hence the partition function becomes

vee  V/det' (=V2)det (V)

VT Jdet (-V2 + 1232)

(6.10)
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where the operator in the denominator acts on divergence less vector fields. Using the
formulae for eigenvalues and degeneracies of the operators, the above expression reduces
to the following infinite product:

vec 1 - 3(k+1
25, = %H(/@H) (k1) (6.11)
k=0

This is the same as the analytically continued Z7%  , up to an overall finite constant.

Beta function from analytic continuation. The one loop beta function for a gauge
theory in four dimensions with Ny Dirac fermions in the representation Rf and Ng complex
scalars in the representation Rs of the gauge group is given by:

3

Blg) = —1g7r2 <13102 (Adj) — %Nsz (Rg) — éNsCQ (RS)> . (6.12)

For an N/ = 1 supersymmetric theory with a vector multiplet and N, chiral multiplets in

the representation R, of the gauge group the above expression for beta function reduces to:
3
B9) = —15—5 (3C2 (Adj) — NeCz (Ro)). (6.13)

We will reproduce this result by dimensional regularization of the analytically continued

expression. To do so, we need to determine the O (02) terms appearing in the one-loop
determinants. We proceed as in [11], by replacing ¢ — to in the expressions for the one-
loop determinants. The parameter ¢ keeps track of the order of o. Focusing only on the
vector multiplet, one can easily find that

allongveCloop
s Z = (a,0)* (F(d—1,0,t {o,0)) +F(d—1,d— 1t {a,0))),

a>0

(6.14)
where
n+x 1
(z, 9,2
ZI‘ m) (n+y)2+22
:i (y+iz2F1 (ac,y—l—iz;y—i—iz—i—l;l)—c.c) . (6.15)

For d = 4 — ¢, we expand the R.H.S in powers of ¢ and €. Keeping only the leading terms,
we find

dlog Z7°S 3
—=Tteor _ Zon (Adj) o - (6.16)
dt? €
From this we can easily obtain
3 .
log 210y = ~Ch (Adj)o® + - . (6.17)

A completely analogous calculation for a chiral multiplet in the representation R of the
gauge group gives
; 1
log ZM, = —Z6%2Cy (Re) + - - - . (6.18)
€

1—loop
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We combine the O (02) contribution from one-loop determinants with the O (02) term in
the fixed point action as given in equation (3.8), to get

g% (A)

where A is the renormalization scale and gg is the bare coupling. Differentiating the above

82 8?3 o1 _
0

equation w.r.t. the log A, one obtains the beta function

3

B9) = —1o— (3C2(Adj) — NoC2 (Ro)) (6.20)

which is exactly what we wanted to show.

6.2 Free energy of mass-deformed N' = 4 SYM

In this subsection we compare results from analytic continuation to a recent holographic
analysis for N/ = 1* super Yang-Mills [22]. There are some caveats which we explain
below, but to the extent that we can make a comparison our results are consistent with
the holographic results.

The N = 4 super Yang-Mills multiplet decomposes into an N' = 1 vector multiplet and
three massless adjoint chiral multiplets. The superpotential also has a cubic term which is
the product of all three chiral fields. We can give masses m’, j = 1...3, to the three chiral
multiplets and still preserve A = 1 supersymmetry. If we choose m®) = 0 and m® = m®)
then we preserve N = 2 supersymmetry, with the massless chiral multiplet joining with the
N = 1 vector multiplet to form an N = 2 vector multiplet, while the two massive chiral
multiplets combine into a hypermultiplet. The cubic term in the superpotential remains
unchanged. The supersymmetry is broken to A/ = 1 if the third chiral multiplet is given a
mass or the first two multiplets have unequal masses. The theory is called N' = 1* if the
cubic term in the superpotential is left unchanged.

It was shown explicitly in [12] how to put an A" = 1 theory on S% and the N' = 1*
theory is no exception. However, there are some subtleties. First for a Lorentzian N = 1
theory, every chiral superfield ® has a complex conjugate superfield ®. In Euclidean space,
these fields should be considered independent. Likewise, for a flat Lorentzian AV = 1 theory,
a mass term would appear in the superpotential, W,,, = %mq)?. The conjugate fields would
have a complex conjugate mass m. In Euclidean space these masses are independent. In
the holographic analysis in [22] mY) is set equal to m).

There is no known localization procedure for N/ = 1* on S*. Instead we propose
analytically continuing the mass deformed theory in d < 3 up to d = 4. There is an
important warning in doing this. If we consider N” = 1* on flat space and compactify down
to three dimensions, the resulting three-dimensional chiral multiplets have complex masses.
As explained in eq. (2), the mass deformed theory we use in the analytic continuation has
real masses. Hence, it is not obvious that the analytic continuation of the perturbative
mass-deformed partition function actually equals the perturbative partition function for
N = 1* on S*, where the continuation of each real mass is set equal to the mass, or its
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negative, of the corresponding N/ = 1* chiral multiplet.” Perhaps there is a more involved
relation between the two sets of the mass parameters for which the analytically continued
partition function equals that of the AV = 1*. We leave this question for future work.
Here we simply explore the consequences of analytically continuing to d = 4 and find
that the general form of the real part of the free energy at large IV is consistent with the
holographic results.

In three( 3(%imensions the mass parameters that appear in the partition function are

written as py = (FAVIES rmj where mj

charge under a corresponding flavor symmetry. When continuing up to four dimensions

is the real three dimensional mass and A; is a

we assume that this becomes ,ug.?’) — 0(j)l5 Where o(;) is defined in (2.20) and p; the four-
dimensional complex mass multiplied by 7. If we then set d = 4 in eq. (5.16) and eq. (5.24)
for three massive adjoint chiral multiplets, we find the perturbative partition function

(k+1)(k+2)
Tra

3 . i

io(j)kj +2)
Zpert = do; 4
pert / oie M 1;[;[0 ]g—|—z (a, o) +3 ]1_[1 k+z >+w( Vg +1)

871' T‘I’U
/dale 9Fm Hz’(a,a>Zmass, (6.21)

«

where Zn.ss is the mass correction to the A" = 4 partition function,

(k+1)(k+2)

(k— —io (ki + 2)(k+i(a, o) +1)
P 1;[]}_[0]1_[1 [ +za(j)uj+1)(k—z<a, o)+ 2)] ) (6.22)

This last expression collapses to Zmass = 1 if all y; = 0. In deriving the second line in
eq. (6.21) we used the identity
(k41) (k+2)

2

= i{a,0) (6.23)

ﬁ [( (k+ilo, o)) (k+i{a, o) +2)° ]

Py k+i{a,0)+3)(k+i{a,0)+1)3

and that every root in the product comes with its negative. The o are N x N matrices
and the root vectors are all possible combinations o; — 0, ¢ # j where o; are the N
eigenvalues of o.

This term is divergent if any p; # 0 and needs to be regularized. To this end we define

(h=ilo — o) —ip+ 2)(k+ilo — o)+ )] 7
Zp(o—o' ) = |30 7T 7= 24
Klo=atn) [(kzﬂ'(a—a/)+z'u+1)(k:—z'(a—a’)+2) (6.24)
For k > 1 we expand log[Z;(c—o', )] in 1/k, where we find
ot ) = —i (et oy L
log(Zp(c—0o',p)) = z<k‘+2+ ’ 7 2k,u +3k,u ’+0 =) (6.25)

"Note that these concerns do not apply to N/ = 2* theories, which correspond to N/ = 4 in three
dimensions. In decomposing the three dimensional ' = 4 vector multiplet into an A/ = 2 vector and chiral
multiplet, one can choose to have the scalar field ¢o be part of the vector multiplet, which leads to real mass
terms. However, we could have also chosen ¢4 to be part of the vector multiplet and ¢o to pair up with ¢s
in the chiral multiplet. If at the same time one changes the pairings of the other four scalar fields, then the
mass terms and the cubic term proportional to the mass in (2.14) would come from the superpotential.
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Hence, if we expand log Zass in powers of f1;, the terms up to cubic order in the masses
will be divergent. The term linear in i can be dropped as it eventually will cancel because
of the mass condition (2.27), which in terms of the p; is

p1+puzs—ps =0. (6.26)

The remaining divergent terms are independent of o — ¢’ and can be removed by adding
constant local counterterms to the Lagrangian.

In the large N-limit the free energy can be found by saddle point. We are particularly
interested in the behavior at strong coupling, where the 't Hooft coupling A = g%MN > 1.
In this case, the saddle point will have the separation between two generic eigenvalues
|o; — 0| to be much greater than 1. One can then check that for |0 — 0’| > 1,

3 oo
1
DD 108(Zk(0=0", 0 i)reg) ~ + 7 log(o—0") (s + 5 +413)

j=1k=0 (6.27)
- élog(a—a’)z(ui’+u§—u§)-
Using (6.26) we can reexpress the cubic term as
s — g = =3 ppaps (6.28)

Then, when eq. (6.27) is combined with the AN/ = 4 part of the partition function, the
saddle point equation reduces to

, (6.29)

A

o—o

167 L+ 5 (ui+p3+p3) +i
Q ~ ][dO'/p(U/) 2(“1 125} M3) H1p2 43

where p(o’) is the eigenvalue density. Notice that eq. (6.29) is similar to the N' = 2* saddle
point equation [29, 30] which has the same form as the saddle point equation for a Gaussian
matrix model. One then solves for p(o) in the standard way, where one finds the Wigner

semi-circle distribution,
2
plo) = 0 A2 — o2, (6.30)
with
A+ 5 +p5+p3) + ipfiaps)
82

Because of the imaginary part in eq. (6.31) the eigenvalue distribution runs at an angle off

A? = (6.31)

of the real axis. One then substitutes p(o) back into the free energy, where the dominant
part is given by
N2
F~— 5 /dada’ log(o — o)?

N? 1 .
-5 (14 i) + s (6.32)

Q

2

1 .
x log (A (1 + 5 (s +5) + wlmm)) :
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Expanding about small x; and dropping terms up to cubic order which are not universal [21,
22], eq. (6.32) becomes

1 i
F~-—N? <16(M?+u§+u§)2 + Z(u?w%w%)muzuz

1 1 (6.33)
= o5 it map3)’ = S (mpaps)® + O(u7)> :

In [22] it was argued that the terms in the free energy could only come with factors of
mOmPmB mMmn@mG) or Zj(m(j)m(j))" where n is a positive integer in order to be
consistent with supersymmetry. If m() = m() then this translates into terms of the form
1 papts or p3"+pu3"+p3". Equation (6.33) is consistent with this observation. One should
also note that the regularization should preserve the supersymmetry. If equation (6.26)
had not been in effect, we would have had to add counterterms linear in p;, which violates
this supersymmetry prescription.

Assuming that a regularization can be performed, one expects the free energy for a
general choice of 41 to have the form [22]

F=-N? <A1(u?+u§+u§)+A2(u?+M§+u§)2 + i By (13 + 15+ 113) 11 o3

(6.34)
— C1(uf +p5+p5) = Co(pi+ps+43)° —Ca(papaps)® + 0(u7)>
Comparing with eq. (6.33) and using eq. (6.26), we find that
A 4245 =S Bi=—1 i40i=2, 1205405 —1 (6.35)
1 2= 3> 1=-7, @ 2= 510 2 3= 3 .

The first and third relations were derived in [22] using the N' = 2* results, where one has
p1 = 0. The second relation differs from [22] since their free energy is real. The fourth
relation is a new prediction.

One feature that is different here compared to the holographic dual is that the free
energy in (6.34) has an imaginary piece, while the holographic result has a real free en-
ergy [22]. Since the theory is Euclidean and nonconformal it is not reflection positive [12],
so it is not obvious on general grounds why the supergravity dual gives a real free energy.
This issue deserves further investigation.

One further issue is that a gaugino condensate appears in the holographic analysis if all
three chiral multiplet masses are nonzero [22]. It is not clear how one sees the condensate
in the analytic continuation.

7 Summary and discussion

In this article we computed perturbative partition functions for theories with eight and
four supersymmetries on spheres, with the dimension of the sphere being a continuous
parameter. This proved the conjecture in [10] for eight supersymmetries and provided a new
result for the case of four supersymmetries. We analytically continued our result for four
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supersymmetries to d = 4 and performed non-trivial consistency checks. We showed that
in the limit of zero coupling the analytic continuation gives the correct partition function
for the free conformal theories on S*. We also showed that the analytic continuation is
consistent with the one-loop running of the coupling in four dimensions. Then we used our
results to study the free energy for mass-deformed theories with four supercharges on S*
and compared these to the holographic results for N’ = 1* theory.

For eight supersymmetries our analysis can be straightforwardly generalized to hy-
permultiplets in other representations of the gauge group. For four supersymmetries one
should also be able to extend the chiral multiplets to other representations, with possible
restraints on the masses to be consistent with supersymmetry.

At the same time it would be desirable to weaken any constraints on the masses
so that one could obtain determinants with independent masses for three adjoint chiral
multiplets. Despite the constraint, our work provides a way forward for localizing minimally
supersymmetric theories on S%.

Our work opens up various directions for exploring the dynamics of A” = 1 theories on
S%. One obvious possibility is to apply the analytic continuation to A = 1 superconformal
theories, analogously to the work in [16-20]. We have already shown that it works for
free theories. These theories would also have the advantage of not having any ambiguities
about real versus complex masses.

A natural extension of our results is to include instanton contributions. These con-
tributions have only been studied for d = 4,5 for supersymmetric theories on spheres. It
would be interesting to revisit those computations and investigate if they admit an analytic
continuation in dimensions. If the continuation exists it must be nontrivial as instantons
themselves do not exist below four dimensions. The analytic continuation would have to
flow to some other non-perturbative behavior.

From a more formal perspective, it would be instructive to derive our results using
index theorem techniques. In our computations with non-integer d we witnessed large
cancellations between bosonic and fermionic contributions. This hints that our results may
be derived from some underlying index theorem for non-integer d. It would be interesting
to explore this issue further.

Another avenue for future work is to consider the analytical continuation for N’ = 1
theories in other dimensions where it is not known how to localize explicitly. Theories with
eight supersymmetries on S% and with 16 supersymmetries on S%9 can be constructed [31].
However just like the case of AV =1 on S%, it is not known how to localize these theories.
We hope to explore these issues in future.
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A Conventions and useful properties

We use 10-dimensional Majorana-Weyl spinors ¢, and V., etc. The 10-dimensional I'-
matrices are chosen to be real and symmetric:

I\Mocﬁ :FMﬁa, f\MOcﬁ :fMﬁa (Al)

Products of I'-matrices are given by:

MN — pIMpN] PMN — pIM{N]
MNP _ F[Mle:P]7 [MNP — PIMPNTP] ote. (A.2)
we also have that TMNPaf — _TMNPBa  hepce:
MNP e — g (A.3)
for any bosonic spinor €. We also introduce:
€ = BAe, (A.4)
where g = % and A =T9%9 A very useful relation is the triality condition,
T 005 + DRsTasya + T5al a8 = 0. (A.5)
Using eq. (A.5) one can show
eTMeel yrx =0, (A.6)

where y is any spinor. It immediately follows that v™vy; = 0, where v is the vector field

oM = erMe, (A.7)
We define another set of bosonic spinors, v, for m = 1,2,---,7. They satisfy the
following properties.
l/mFMe =0,
Vi PMuy, = 6™ (A.8)

1 ~
VZ"‘VE + €a€p = §UMFMQ5.

They are invariant under an internal SO(7) symmetry, which can be enlarged to SO(8) by
including e.
To reduce to eight supersymmetries we impose the condition € = +I'%"8%. Further-

1‘\6789

more, for d < 5, ¥ can be split up into even and odd eigenstates of The even
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eigenstates, ¢ = % (1 + F6789) W, make up the fermions in the vector multiplet, while the
odd eigenstates, x = % (1 — F6789) W, make up the fermions in the hypermultiplet. The
scalars ¢!, I = 6,...9 constitute the bosonic fields of the hyper multiplet. The gauge
fields A* and the rest of the scalars ¢y, I = 0,d + 1,...5 make up the bosonic fields in
the vector multiplet. Finally, the auxiliary fields split up, with K™, m = 1,2, 3, being in
the vector multiplet, and K,,, m = 4,5,6,7, being in the hypermultiplet. The same is
true for the pure-spinors . Reduction to four supersymmetries can be done similarly by
imposing € = +148%,

B Quadratic fluctuations about the fixed point locus

In this appendix we give details of the computation of quadratic fluctuations about the
fixed point locus. We focus on bosonic and fermionic parts separately.

B.1 Bosonic part

The bosonic part of fluctuations about the fixed point locus is equal to [10]:

LP = 5.V5. 0
_ %FMNFMN _ iFMNFM’N’ <6FMNM’N’06>
n ’BCZO”FMWI (eA (fIfMNFO —fOFIFMN> e) (B.1)
— K™K,,v° — Bdagpo K™ (v Ae) + 24d2 Z(aI)qub[gblvO.
I

Expanding the first term in eq. (B.1) we get
1 1
S PN MY = o By P 4 Fyo PO = (6, 01166, 671 + Vs v
= VA VIAY — VAV AR £ V,00V 60 + 2V ,00[A, ¢0]  (B2)
— [Au, #8114%, 661 — (98, 051[05, ¢7] + V05 V67,
where J =d+1,...,9. The second term in eq. (B.1) can be expanded to get:
1 ! ! 1., !
— Fun Far (erMNM N Oe) = —V, ANV A, (JW v Oe) — OV, A,V by (erwfﬂ JOG)

0Ty ().
(B.3)
The third term in eq. (B.1) is

Bdoy
4

Fundr <eA (fffMNro - fOFIFMN) e)

_,BdOZJ
2

(VA — VA by (eAf‘]FOf“F”e) + Bday YV ubrdy (eAfJ’rofﬂr%) .
(B.4)
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Collecting our results, we find that the bosonic part is:
,Cb = V;LAVV:“AV _ V/J,AVVVA'U‘ — VMQZ)UV'M(ZSO _ 2vu¢0[Au’ ¢81] - [A/U ¢81] [A'“, d)gl]
— (68, 651165, 0] + Vb V67 = VA, V0 Ay (DV0)

— 2V AV g (T 0C) ViV (D0 0)

P 9, T 6 (ATTC) 4y 9,007 (170D
2 72
— 0" K" K — Bdaogo K ™ (vimAe) + %vo PCHETT (B.5)
1

Next, we rewrite this expression as a quadratic form:
L0 = Al (=509% + 9V, — (0,06 ¥V, — 28(d = 3) (AT, 0 ) V0 ) 4,

- (11" ]+ 0 (- 920 — 280~ 1) (A7) 9,

2 72
_ Bdauy (eAfJ’roer Je> v, + b 4d (as)25 J’>¢ o
2d2
— (95, 0[5 &7 + o (v? N aé) b0 —4B(d — 2) A,V 65 (Al I0%)
+ Bdory 6V, A, (eAf‘J FOPWE) K™K, — BdaodoK™ (vmAe), (B.6)

where we have used the Lorenz gauge condition and the relation T, [** = (d — 2)T"*".
Now, note that the third term in the first row vanishes, and that for the second term, we
can exchange the order of the covariant derivatives to get a term which is zero due to the
Lorenz gauge condition and another one which contains a Ricci tensor, which on spheres
is proportional to a Kronecker delta. Furthermore, we can combine the two terms which
are proportional to V¢ into one, and finally get:

Lo — Ar <_5;v2 +46%(d —1)5Y, — 28(d — 3) (eAr,ﬁ’Voe) v,,) Ay — [Ay, 05 11A%, 65
2 72
Y <_v25;}’ +B(=2(d— 1) + day) (eArJ’rJrM%) Y+ 54d (aJ)25J'> b

2 72
- ool ")+ o (V2 - T o ) o

+ B (=4(d — 2) + day) A,V ¢y (AT T %) — K™K, — Bdagdo K™ (v Ae).
(B.7)

This general result includes both the vector multiplet and the hypermultiplet bosons. Let
us now specialize to the vector multiplet.

B.1.1 Vector multiplet

The vector multiplet contains the vector field A, and the scalar fields ¢g, ¢;, where the
index ¢ takes values i =d+1,---D and D = 5 for eight supersymmetries and D = 3 for
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four supersymmetries. We use

4(d — 3)
—

apn =

4
@ =, for i=d+1,...,D. (B.8)

We also combine p and ¢ indices into M = {p,1} to write the bosonic part of the vector-
multiplet Lagrangian from equation (B.7) in the following compact form:

Ly =AY O™ A — Ay, 65114Y, 6§

(B.9)
— K"Ky — 4B(d = 3)go K™ (v Ae) + o (V? = 45%(d — 3)%) do.
The operator O MN is defined as follows:
05" = 0NV + ayN —28(d - 3)el 7" VPev,. (B.10)
and « MN is the diagonal matrix given by:
J d—1)6" 0
ay = 4p? <( 0) p 51)' (B.11)

B.1.2 Hyper/chiral-multiplet

The scalars ¢!, I = D+1,...,9 are part of the hypermultiplet. For eight supersymmetries
we get a single hypermultiplet and for four supersymmetries we get three hypermultiplets
by reduction of 10-d theory. Let us first focus on four supersymmetries:

62 d2

E};m = ¢’ <—V25j]7/ +B(=2(d—1) +day) (6AFJ/FJFNOE> Viu+ 4 0@55/) o

_[ 817¢J][ 817¢J]’ (B.12)

For four supersymmetries, the values of o are given in (2.20). The Lagrangian of equa-
tion (B.12) splits up in three decoupled parts which take the form:

3
£ =D 0" (= V3] = 28(1 = 2ic(u) (ADT;,T0€) ¥,
(=1

‘ B.13
+52(d— 2+220(g)ug)25[[‘]g>¢h ( )
— 66, onllef, 0"
This can be simplified by noting that
eATT0M0¢ — oH eAT®M0e = g1, eAT50¢ — yH, (B.14)
This gives the following form of the chiral multiplet Lagrangian.
3
L= Y |01 (=77 + BAd = 2+ 2iope)?) 6" - (66, 61,6610 (B.15)
(=1 :

+4B (2ipe — o)) P20120" Vydarys.
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For the case of eight supersymmetries the Lagrangian for hypermultiplet bosons can
be obtained from the above expressions by ignoring ¢q4, ¢5 and setting us = us:

9
Lhuw= D |66 (-7 + B2(d = 2+ 2i0s)?) &1 — [0, 61105, 04

1=6
+ 4B (2611 — 1) $6v" V7 + 48 (2ip + 1) ds0"'V .

B.2 Fermionic part

(B.16)

The fermionic part of the fluctuations around the fixed point locus is given by:
L= w5, (5,9) = U2 — gr° [2PM’05€FM,06 + T 5.00V e + 26 K™vp | . (B.17)

Let us focus on the first term, involving two variations of the fermion.

ayfBd
2

520 = (PN DM W) T pyye — 3 (eAf“FN\If> e — (el T) T Ae

L (B.18)
+ (elD\I/) €— ivMFM]D\I/ +AK"y,,.

This expression can be brought into the desired form by using triality and other identities.
Using triality the first term in eq. (B.18)

— (ePW) e — (eI'Ne) Dy + % (eI'Ve) Ty Y. (B.19)

Using triality, the second term in eq. (B.18) becomes

1 1
Bd (eAT) € + 55 (eAT prne) TMN g — 38 (eAT76) T W

(B.20)
1 g N
+58 (AT}, €) TH W — 23 (eI * W) T'yAe + dB (TN W) Iy Ae.

The second term in the above expression can be simplified using the following Fierz iden-
tity [4, 32]:
1 .
= 5 (uwe) TMNY — 4 (Ve)e 4 2(Iy0)ITNVE=0, (B.21)
Combining all these pieces we get

1 1 d .
620 = — N Dy — 2 Vv T — DB (AT e) 7w+ 8 <2 — 0‘;) (eI 0) T Ae

+ B(d — 4) ((eA\I/) e+ (eLnD) f‘NAe> + AK™y,,. (B.22)

Let’s focus on the second term in (B.17) and simplify all three terms appearing there. The
first one is

2 (WTOTM %) 6. Faprg = 2 (W) (€7'W) ~2Bd (WTV€) (eAW)+2 (WIM'¢) (eDa DoW)
(B.23)
The second term is:

— agUTT 06,0V e = apdB (PT7) (eAT). (B.24)
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The third term is:
—2 (UT%;,) 8 K™ = — 2 (UI%) (eYV) + 2 (VTV%) (eLgDo V)

. B.25
+ o™ (WD W) — 2 (UT0,) AK™. (B.25)

Collecting all the terms, we get:

o™ (WOT B )+ (ag — 2) (VT0) (eAW)+2 (VT Me) (ePyy DoW) 2 (WT0%,) AK™.
(B.26)

The first term in the above expression can be rewritten using the identity MpN — gMN 4

I'MN " and the third one can be manipulated using the triality identity. The result is

9
(TYT) + o (VTT,, VV0) + ) of (WIT, V¥ ) + o (VT0V,0)
o (B.27)
+2 (UMD V) + dB (ag — 2) (VT%) (eAV) — 2 (VT ) AK™.

Using integration by parts, the second and third terms can be modified to give
(WYW)— 5 (el Ac) (W, W)~ (el Ae ) (VIOT5, ) +0# (WI0V,,0)

+2 (VT°Do¥) + dB (a — 2) (PT%) (eAW) — 2 (UT %, ) AK™.
(B.28)

Now, combining this with the result for WT'%5?¥, we get the complete expression for the
fermionic part

LE= (UYW) + (VD) + 8 (3d — 16) (VTV) (eAW) — %ﬁ (T¥¥ Ae) (UTOT 1 )

+ 8 (2 - O‘éd) (\IIFOfIAe) (eD'¥) + B(d — 4) (\IJFOfNAe) (eI'nY)
— (9T%,,) AK™. (B.29)

The terms on the second line can be modified by using the following identity:

. . 1 -

IV Ae (D) — 2T Ae (D4 0) = §UNAFN\I’. (B.30)
So the quadratic part becomes

LE= (UYT) + (VD) + 8 (3d — 16) (VTV) (eAW) — %ﬂ (TN Ae) (ITOT 0y 0)

d—4
2

+ 6C; (\IIFOfI Ae) (eLp0) + Ly (qfr‘)]\rNfo) — (UT%,,) AK™,  (B.31)

where the coefficient C; which appear in the first term in second line is given by:

aad a;d
= 2d—6— — = 2 — .
Cy d—=6 5 C 5

(B.32)

Let us now specialize to vector and hypermultiplets separately.
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B.2.1 Vector multiplet

The vector multiplet fermions have same eigenvalues under the projection operators I', T
as the Killing spinor. We denote the vector multiplet fermion by . For a fermion in
the vector multiplet, the first term on the second line of eq. (B.31) does not contribute.
It is easy to verify that for this term, either C; vanishes or (eI';v)) = 0. Furthermore,
for the last term in eq. (B.31), we take pure spinors v™ m = 1,2,--- D — 2 to have the
same eigenvalues under projection operators as the Killing spinor and the vector multiplet
fermion, while the rest of the pure spinors have the same eigenvalues as the hypermultiplet
fermions. We use

AKm = B(d_4)VmA1/}, for 777/:1727.-.D_27 (B33)

to write:
m=D-2
— (¥I',) AK™ = —B(d—4) (T %) (V" AR)

=1

7
S (Wr%n) (A (B39
m=1

= B(d—4) (¥T%) (eAw) — 5/3 (d—4)v™ ($T°TwAw) |

where in the second equality we have used the fact that for rest of the pure spinors
(1/11“01/’“) = 0. The last equality follows by using the completeness relation of the pure
spinors and the Killing spinor. Next we use the fact that:

N ($rArye) — o (10T yAp) = 20" (41T gAp). (B.35)

Using all this information in equation (B.31), we get the quadratic Lagrangian for vector
multiplet fermions to be:

E o= (VYY) + (UT°Dotp) + 48 (d — 5) (¥T0%) (eAgp) — %5 (efMNAe> (TOT pyne))
— B d—4)v" (YT gAv) . (B.36)

We use a few relations to simplify the Lagrangian further. First we can use the Fierz
identity quoted in eq. (B.21) and triality to bring the third term above in the desired form:

48(d — 5) (VT0%) (eAw)) = —fﬂ(d 5) (YT MN ) (eAFMNe)—fﬂ(d 5)uw (¢r°]\rN zp) .
(B.37)
Secondly, we rewrite the last term of this equation as

N (wrofer w) (YA — v (wor Az/1> (B.38)
Further, we note that for the vector multiplet fermions, we have:
—5(d = 4)8 (F4PA) (WIOT ) = B(d — 4) (vA)

) o (B.39)
(JMN Ae) ($TOT prne)) = (erMN Ae) (UTOT  5¥) — (9 — D) (YAW).
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Combining these results in the general Lagrangian eq. (B.36) we get finally get the following
expression for Lagrangian of vector multiplet fermions:

£ = (099) — 5(d = 3)80™ (T°F 5 A%) + 00 (¥T°De) (.40
_ %(d —3)8 (efMNAe> (VTOT g 50) + my (YA) .

Here m,, = %1 for eight supersymmetries and my, = (d — 2) for four supersymmetries.
(0 p) 8 Y

B.2.2 Hyper/chiral-multiplet

Let us treat eight and four supersymmetries separately. For eight supersymmetries, we
have a single fermion in the hypermultiplet. Let us denote it as yx = —Iyx. For the
hypermultiplet fermion (eAy) = 0. Wehave Cg = C7 = —Cs = —Cy = — (d — 4 + 2ip).
Also using the fact that e[y x = 0 for M = 0, M, we see that the first term on second
line of eq. (B.31) can be written as

_ C _
— ACs <XF0AFN6> (Tnx) = Bo" (XFOAFNX>. (B.41)
Using this, we get the following expression for the hypermultiplet fermion’s Lagrangian

£ = (x¥) + (I°Dox) — 55 (V) (I Tarn)

(B.42)
—ipBoy (XI’OJXI’Nx) - (XFOVm) AK™.
It is easy to verify that the contribution of third term in eq. (B.42) is
<ef‘MNAe> (XFOFMNx) = (ef‘MNAe> (XFOFMNX) . (B.43)
The last term in eq. (B.42) gets contributions from
AK™ = —2iuv™Ayx, for m = 4,5,6,7. (B.44)

Using the completeness property for pure spinors and the fact that eAy = 0, we get:
— (Xfoum) AK™ = iupoy (XFOf‘NAx> . (B.45)

This and the second to last term in eq. (B.42) can be combined using the identity eq. (B.38).
After all the simplifications, we obtain the following form for the Lagrangian of the hyper-
multiplet fermion with eight supersymmetries:

ﬁ{l.m = (XWX) + (XPODOX) - %5 (EfMNAG) (XPOPMNX) + 2iu5vN (XFOf‘NAx) )
(B.46)

The chiral multiplet fermionic part with four can be obtained by similar computation:

3 -
Lim= Y (V) + (XzFO[ (C)l,xz]> - %5 (EfMNAG) (xeI°T 5 x¢)
=1 (B.47)

+owB (QWWN (XiFOfNAXK) + XiAXZ) :
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C Degeneracy of harmonics on §¢

The spectrum of the Laplacian and the degeneracy of symmetric traceless tensors on S¢
is given in [25]. We summarize the results for scalar and divergence-less vectors here for
completeness. Scalar harmonics are labelled by the eigenvalues of the Laplacian on the
sphere, with the eigenvalues and the degeneracy given by:

2k +d—1T (k+d—1)
T (d)T (k+1)

VYh = ARk (k+d—1)Yy,  Dy(d,0) = (C.1)

Divergence-less vector harmonics are also labelled by eigenvalues of the Laplacian on the
sphere which are different than scalars. Their degeneracy is given by:

VAN = —4p?(k(k+d—1)—1)Ar, VA" =0,

k(k+d—1)2k+d—1)T (k+d—2) (C2)
T(d—1)T (k+2) ‘

Dy (d,1) =

Spinor harmonics on S? are labelled by the eigenvalues of the Dirac operator. We summa-
rize results of [26] here:

23T (k + d)

T (T (1) (C.3)

Voh = i (k4§ ) vk Deld) = Du(do) =

An important degeneracy factor that appears in the computation of the one-loop de-
terminant is the number of spherical harmonics Yfk. Since the spin is labelled by the

Cartan generator along the direction of the vector field v, the degeneracy is different for
the case of eight and four supersymmetries. Let us derive this degeneracy for the case of
eight supersymmetries now.

Consider an S% parameterized as follows:

|z + 2F =1, (C.4)

where z; € C, z; € R and the indices 7, j range in i = 1,...,%%1 and j = 1,...k". Let

us consider the vector field v, which acts on the sphere coordinates as
2 — zi€'®, Tj = Tj. (C.5)

The fixed point locus of this vector field is given by the equation z; = 0,4 = 1,... k, which,
when substituted in equation (C.4), leaves a (k' — 1)-sphere fixed. For example, in the case
of eight supersymmetries we have

o S5 |21|% + |22]? + |23]? = 1 has a fixed S71,
o S |21]% + |22]2 + 22 = 1 has a fixed S° (two points on the poles),
e $3: |21 + 23 + 23 = 1 has a fixed S,

e 5% 22 4+ 22 + 23 = 1 has a fixed S2.
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So in the case of eight supersymmetries the action of the vector field leaves an S*~¢ fixed.
In this parametrization, the scalar spherical harmonics Y/fL can be written as polynomials
in the variables z;, z; and ;. To construct a spherical harmonic of level k£ and “charge” m,
we assign charge +1 to z;, —1 to z; and 0 to ;. Thus, the top spherical harmonics can be

written as:
Ykk N Zi1 g e - Ry (CG)
with the degeneracy given by:
k4 kL T(k+d—2
Neg= ("1 2 _ _Lk+d-2) (C.7)
’ k N'k+1)I'(d—2)

In the case of four supersymmetries, oM leaves an S2~¢ fixed, so the degeneracy of the

top level harmonics is:
- D(k+d-1)
Mhd = T+ )T — 1) (C-8)

D Vanishing of top spinor modes

Certain elements of the basis for spinor harmonics vanish identically for m = +k. Here we
will demonstrate explicitly that for m = &

X2 =TMV Yk, =14, YEn, +2ipkYEn, = 0. (D.1)

We will take the top and the bottom modes of the scalar spherical harmonics to be given by:

YE=2¢  and Yk =78 (D.2)
where
25 x4+ ix? (D.3)
z = —F. .
1+ 2232

We will also use the relation between the gamma matrices with the flat and curved indices,
given by:
T = (1 + 2228, (D.4)

Now, the first term in equation (D.1) becomes:
THY, Y, = [25k(rl +iT2) A1 — 282z - sz] s (D.5)

whose first term can be expanded to:

(! +i0?)p, = Ty (fG + if7) [(Fl +iT9) + BTy +iTy)z - IN“A} \/uiw (D.6)
Note however that:
(T + i07)(Dy + iTo)e, = [fﬁrl — oDy + (Tl + fm)] €
_ (F61 — [I1267 + (T +F71F1267>] € (D.7)
= O’
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where we have used the fact that T''267¢, = +¢,. This result implies that:
(D +il7) (T +il9)TasAes = 0,  for M #1,2. (D.8)

Thus:
1

Vit gt (D.9)

(' 4+ iT%)p, = Ty <f6 + if7) B[(z" +ia?)Aes + i(x' + ia?)IVe,]
€s
1+ 3222

Let’s proceed to second term of equation (D.5):

= —2iB(z" + iz?)(Tg + il'7)

€s

N

z-Tny =ax-TT(Ts +1il7) (1 + Bz - TA)

1. - . - €
= ——Ty(T6 + il'7)A(Bz - TA — g*2? -
5 o(T'6 +il'7)A(B Frat) s (D.10)
1 ~ €
= +—i(Tg +iT7)(Br - TA — f%2%) ——.
E (T'e +4L'7) (B Bra7) T
Combining our results for the two terms of (D.5), we get:
k| —2iB(1 + 228)(Dg + il7) — 2iB(T + il7)(Bz - TA — ﬂ%ﬂ)} €
1+ a2 (D.11)
= —QZﬂk‘(FG + ZT7)€
which finally implies that i
MV LY, = 0. (D.12)
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