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Estimating a VECM for a small open economy

Sebastian Ankargren* and Johan Lyhagen'

Department of Statistics, Uppsala University

Abstract

One of the most popular ways to model macro economic variables is by the vector error
correction model (VECM). Besides forecasting and testing of hypotheses, the VECM is often
used for calculating impulse responses, which describe how shocks today affect the variables in
the future. In economic theory, a small open economy denotes the economy of a country which
is too small to influence the surrounding world. The surrounding world can, for this reason,
be seen as exogenous relative to the economy of this small open economy. The main contri-
bution of this paper is the proposal of how to estimate a VECM with exogeneity restrictions
on both the short-run dynamics and the short-run adjustment parameters between small open
economies and the surrounding world. A Monte Carlo simulation of impulse responses shows
that the proposed model is considerably more efficient compared to models fully or partially
ignoring exogeneity. It is also shown that the empirical size when testing for the number of
long-run relations is closer to the nominal size. Using two Swedish macroeconomic data sets
the proposed method is applied to estimate the models under weak exogeneity and Granger
non-causality, respectively. We find for some variables large deviances in impulse responses
between our proposed model incorporating both types of restrictions and models using none or
only one type of restriction, thus illustrating the need for imposing the full set of restrictions
instead of settling for just one.

Keywords: VECM; Impulse responses; Small open economy; Exogeneity; Cointegration.

1 Introduction

A small open economy is an economy considered too small to influence the surrounding
world, for example in terms of world prices or interest rates. This label applies to most
countries today, except for the leading economies such as the United States and China, or
regions like the EU in which the countries grouped together no longer constitute a small open
economy. Hence, there is a great interest in developing economic theories that apply to small
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open economies. Statistics has played a crucial role in economics since the seminal paper
of Haavelmo (1944), which lay the statistical foundation for applied macro economics and
theoretically justified the work of the Cowles commission. The main focus when modeling
macro economic relations was, at the time, on large systems of equations and the majority
of the work in macro econometrics focused on related issues, including identification, endo-
geneity, system estimation, etc. Focus was shifted when Sims (1980) criticized large-scale
econometric models and popularized the VAR approach. An important contribution of the
Sims (1980) paper is the illustration of the usefuleness of impulse responses.

Engle and Granger (1987) introduced cointegration with the possibility of modeling eco-
nomic equilibriums. The main breakthrough has been the Johansen approach to cointegra-
tion (see e.g. Johansen 1988, 1991, 1995) which merged the VAR model with cointegra-
tion. This made it possible to test economic theories through the cointegrating relations and
stochastic trends, but also for policy evaluations using impulse responses. With the Johansen
approach it is possible to estimate and test restrictions on the cointegrating, or equilibrium,
relations, as well as on the adjustment parameters, which describe how the system moves to-
wards equilibrium. The interpretation of a restriction on the adjustment parameters is that
the feedback from deviations from the long-run equilibrium—the cointegrating relation—to
the corresponding dependent variable is constrained. This is the concept of weak exogeneity
applied to cointegration, see Engle, Hendry, and Richard (1983).

Johansen proposed the use of reduced rank regression to estimate the parameters of the
cointegrating relations and the adjustment parameters. To solve the problem with short-run
dynamics, the first step is to use the Frisch-Waugh-Lovell theorem to concentrate out the
short-run dynamics. When employing the model for a small open economy it is customary
to have two sets of variables. The first set is the variables of interest for the economy of
that country (e.g. GDP, exports, imports and inflation) and the other set contains foreign
variables (such as foreign GDP and interest rates). It is important to notice that the concept
of a small open economy implies no feedback from the small economy to the foreign, as these
can be seen as price takers. Currently, if this is taken into account in the model it is usually
accomplished by restricting the appropriate adjustment parameters to zero, but oftentimes
it is simply ignored. In possibly restricting the short-run parameters as well, a problem
arises as they cannot be concentrated out as in Johansen’s approach. Hence, restrictions
on the short-run parameters are very rare, but can be made using the results of Liitkepohl
(2005) implemented in the software jMulti. The drawback is that it is not possible to
simultaneously have restrictions on the short-run dynamics and the adjustment parameters.
The purpose of this paper is to propose an estimation procedure which can accommodate
restrictions on the short-run dynamics, the adjustment parameters and the cointegrating
relations simultaneously. The procedure is based on the results of Boswijk (1995) and Groen
and Kleibergen (2003).

The paper is organized as follows. The next section introduces the model and the main
restrictions of interest as well as the estimation procedure. Section 3 analyzes the perfor-
mance of imposing the restrictions by Monte Carlo methods while an empirical example is
the topic of Section 4. A conclusion ends the paper.



2 The model and estimation

The vector error correction model, VECM, for the k x 1 vector y; can be written, ignoring
deterministic terms, as

P
Ay, = Qﬂ,yt—l + Z DAy +e, t=1,...,T (1)
i=1
where o and ( are full column rank matrices of size k x r, I'; are k x k matrices containing
the short-run dynamics parameters, €; is a k x 1 vector of white noise disturbances with
covariance matrix © and Ay, = y, — y;—1. Following Johansen (1995), we assume that
y; is integrated of order one, meaning that it is dominated by a random walk, its first
difference Ay, is stationary and the cointegrating relation 'y, is stationary (and can be
thought of as economic equilibriums). The matrix o describes how quickly deviations from
the cointegrating relations vanish.

Next, let y; = [y}i, yéu], where yy, is the set of s (exogenous) variables from the foreign
economy and yg+ the k—s (endogenous) domestic variables. A small open economy paradigm
implies that Ayg,—1,..., Ayq.—, should not affect Ay, and as such motivates the restricted
model
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(2)

To estimate the model, we first note that as Ay, influences all left-hand side variables
and are without restrictions we can use the Frisch-Waugh-Lovell theorem to concentrate them
out. Let Agy, 9i—1, AYqs—; and €, denote the remaining variables with Ayy,_; partialed out.
Stacking the observations yields the model in matrix form

V=Y Il+¢ (3)
where
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and
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The concentrated log-likelihood is, bar a constant,

o) = —g\m _ %vec(f/ VIO ® Ip) vee(Y — ¥ 4TI), (6)

The second term in the above display can be rewritten into

-1

G (11,0) = vee [, (V - f/_ln)}’ 0w (V)] vee[y, (v-vam)], @

where maximization of (6) is equivalent to minimization of (7). For the time being, we as-

sume (2 is known. To accommodate minimization of (7), we first rewrite vec [}7_’ 1 (Y - }7,11'[)}
as

vec [}711 (Yf - fclnﬂ — vec (ff;y) ~ vec (3711}7,111) (8)
— vec (f/;lf/) ~ Fr, 9)

where I’ = ([ P @Y’ 1}7,1> and m = vec(II). The underlying idea for the estimation procedure

is that ['m can, to begin with, be written in two different ways, each conditional on one of
a and (. To fix ideas, first let

vec () vec ()
T = vec (:Fzgl) ’ _— vec <:F221) ' (10)
vec (fggp) vec (f22p)

Then, the generic F'r can be written as

Fr = Fg(a)mg (11)
= F,(8)ma (12)
where
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and
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We are here using K,,, to denote the commutation matrix for an m x n matrix A defined
by K,nvec(A) = A" (Magnus and Neudecker, 1979).

As is clear from (10), estimating 7, and 75 means estimating the full k£ x r matrices a and
B without restrictions. However, when the model is used for modeling a small open economy
where exogenous, large-economy variables are also included such an approach may not be
reasonable. If o and [ are left unrestricted then the model will allow for the r cointegrating
relations [3'y;_1 to enter all equations in the system, including the equations for the foreign
variables. As a small open economy should not be able to have this influence, shutting down
such a connection is in many modeling situations warranted. We consider two approaches
to enforce the small open economy property into our model.

2.1 Weak exogeneity

The first approach assumes the foreign variables to be weakly exogenous for the cointegrating
vectors ' such that o = (0., a4)’, where ay is (k— s) x r. Weak exogeneity naturally leads
to the notion of conditional and marginal models (Johansen, 1995) from which the full model
can be reconstructed (see also the discussion in Jacobs and Wallis, 2010). Such a restriction,
together with the restriction on the short-run parameters I' made in (2), effectively eliminates
feedback from the domestic variables to the foreign. We let the parameter vector 7, under

this paradigm be denoted by 7 E) where

vec (az)
TE e (19
vec (I'a2p)
which differs from 7, in that W&WE) only includes ay and not oy = [ozn 0412} (which is now

fixed to be 0). The corresponding F' matrix in (9) is given by

Osx(k—s)
FVP(B) = Fa(B) I’“®[ I, 1 Oricath—o | (16)
Op(k—s)QXr(k:—s) Ip(k—s)2
2.2 Granger non-causality

The second approach (which we refer to as Granger non-causality, see for example Toda and
Phillips, 1993) to eliminating feedback from domestic to foreign variables is to allow for some



cointegrating relations to enter the foreign equations, but only those which solely involve
foreign variables. In our application later, we will revisit a model for the Swedish economy
in which there are four domestic and three foreign variables. In this case, two cointegrating
relations among all variables exclusively enter the domestic part of the system and one
cointegrating relation involving only foreign variables is allowed to enter all equations.
Mathematically, this imposes restrictions not only on « but also on 5. To see this,
suppose that there are ry foreign and r, domestic cointegrating relations with ry + ro = 7.
If we partition o and /3 into blocks with r; and ry columns and s and k£ — s rows we have

a1 Qg2 Bi1 Prz
= , = ) 17
“ (am azz) & <521 522) (17)
This second approach then means to let a8’ be
/ 11 Os><r2 511 Orlxkfs
= : 18
v (O‘ﬂ 022 ) (512 Baa (18)

Such restrictions, coupled with the zero constraints on the I'; matrices, enforce Granger
non-causality of domestic variables on the foreign as also discussed by Toda and Phillips
(1993). In fact, Granger non-causality can be achieved by the less restrictive assumption
aq101; + a12/85; = 0. However, this enforces a non-linear restriction which complicates the
statistical analysis dramatically as Toda and Phillips (1993) demonstrate. We therefore
maintain the above assumption for the block-restricted model.

Estimation is carried out as in the preceding case but now using F’ matrices defined by

Fi(a) = (1 @ V!,V ) K
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where the parameter vectors are

vec(f]) vec(aq)
WEGN) = |vec(Bh) |, N = | vec(as) | . (20)
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2.3 Estimation

By substituting vec [Y/_’ 1 (37 — }7,11_[)} for (9) and F'm for the desired choice of F' and 7 it
is possible to solve for m3 and 7, respectively. The solutions are
- -1 -1 - -1 -
fts(, Q) = {Fﬁ(a)' [Q ® (Y_’IY_1>] Fﬂ(a)} Fi(a) [Q ® (Y_’lY_1>] Vec< L1Y>
(21)
- -1 -1 L -1 .
Fal(B,Q) = {Fa(ﬁ)’ e (V7)) Fa(ﬁ)} Fu(B) [@ (VL 14) | vee (V7).
(22)
Enforcing weak exogeneity or Granger non-causality simply amounts to substituting the F
matrices yielding the unrestricted estimates with FW#) or F(GN) in (21)-(22).
Finally, rarely ever is {2 a known matrix and it too must be estimated. To facilitate this,
we use the conditional maximum likelihood estimator of €2 conditional on II given by

Q(IT) = %(Y _ Y LTI (Y — Y T0). (23)
Evidently, there is a circular dependence in the equations which implicitly suggests an
iterative estimation procedure. This iterative procedure is as follows:
1. Estimate €2, « in an unrestricted VECM
2. Estimate 75 using 75(d, Q) in (21)
3. Estimate m, using @, (3, Q) in (22)
4. Estimate Q using Q(II) in (23)

5. Iterate 2—4 until convergence

Such a switching algorithm has previously been applied in the cointegration literature by
e.g. Johansen and Juselius (1992, 1994); Groen and Kleibergen (2003); Boswijk and Doornik
(2004). While none of the previous studies have proven that the algorithm converges to a
global maximum, each step is non-decreasing in the likelihood and generally works very
well. The asymptotic properties of the estimator based on (19)—(20) are established in the
following proposition in which we restrict ourselves to the case without deterministic terms
for simplicity, but without loss of generality.

Proposition 1. Assume that the model is
ANTY an 08, O Y1 [Ty 0 Aygi—;
’ — ’ + ’ + 5 24
{ Ayay o1 Q| Bl B Ydt—1 ; [o1;i Tagi AyYai— ot (24)

where



1. the error sequence {e;} is such that: 1) it is a martingale difference sequence satisfying
E(g) =0 and E(gie,-) = 0 for 7 > 0, 2) the strong law of large numbers applies so
that T-' S E(eiel| Fir) =5 Q where Fi_y is the filtration up to time t — 1,

2. aand B (k x 1) are full rank,
3. yp ~ I(1) so that o/, T'B1 is non-singular.
Using (19)—(20) for estimation, the asymptotic distribution of the long-run parameters is

7 ([eest] - [oseir]) )

kal Gk 1( )du®o/Q_1 kal Gk 2( )/du®C¥/Q_lOé.2
kag Gk 1( )du@a O la kaQ GkQ( )’du®o/2f2_1oz.2

vec (/Q7 [ AW, G 4)
. [ vec (7! [dWiGl,) |7 (27)

-1

(26)

where Gi1(u) and Gy o(u) denote the first s and last k — s elements of Gi(u) = CWi(u),
respectively; here, C = B, (o/,T) /), T' = I — SP2' Ty and Wy(u) is a k-dimensional
Brownian motion with covariance matriz 2, where also oy = [0/12 0/22}.

Moreover, the asymptotic distribution of the short-run parameters estimated based on

(19)~(20) is

255 11 ® 11 266,1- ® (9_1)12 260 1. @ ( ) -
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where g5 = plim T~ Zthl By, B, Ygo = plim T~1 Zthl Byi—1Ay, and Yoo = piim T~y Ay Ay;;
Yp11 @s the vy X 11 upper left block of Y, whereas YXgs.1 and Xgo.1 refer to the first ry

columns of the corresponding matriz. Similarly, (Q7');; is defined to be the (i,7)th block of

Q=1 (whose blocks have s or k — s rows and/or columns).

The proof is placed in the Appendix.

Remark 1. If the model is estimated under the weak exogeneity restriction r; = 0 and so

T vec (B(WE), — 6(WE),> (30)

N ( / Gk(u)Gk(u)’du@)a’Qla) _1vec (o/Ql / deG;) (31)
c / VG ( / Gk(u)ka)'du) _1] (32)




where Vi (u) = (o/Q7'a) 'a/Q ', (u). The latter form exactly mirrors the result by Jo-
hansen (1995).

Furthermore,
VT (7ZVE) = 2VB) L N apesy (0,571 @ (7150 (33)
where
pM p
o= 2. 34
{205 S0 (34)

Remark 2. If there are no foreign variables such that r, = s = 0, then
VT (7t — Ta) 5 Nepi2 (0,71 2 Q) (35)

and we obtain the same asymptotic distribution as derived by Liitkepohl (2005).

3 Monte Carlo simulation

To analyze the small-sample properties we generate data according to (2). We generate five
variables, whereof the first two exogenous, with two cointegrating relations and three lags,
ie. n =25, s =2, p=3 for the sample sizes T" = 100, 125,150, ...,500. The parameter
values are randomly chosen prior to the simulation and not altered. Figure 6 in Appendix
A displays the eigenvalues for the model, which summarize its dynamic properties. The
number of replicates is 5,000. As one main purpose of many macro economic modeling
exercises is to estimate impulse responses we mainly evaluate using deviations from the true
impulse responses, in form of mean squared error (MSE). The size property of testing the
null of two cointegrating relations and the power of testing the null of one relationship is also
investigated. The models we compare are the following VECM i) unrestricted, ii) restrictions
on a (weak exogeneity), iii) restrictions on I'; (short-run restrictions), and iv) restrictions on
both « and T';.

In Figure 1 the results for the trace test for cointegrating rank is shown. The two
models we compare are the standard VECM and a VECM with restrictions on the short-
run dynamics. The leftmost figure shows the rejection rates for the true null of a rank
equal to two. The middle and rightmost figures display the size-adjusted and raw powers,
respectively, for the case of a rank of two. The size adjustment is carried out by simulating
a model with rank one and adjusting size accordingly. The result is that the VECM model
with short-run restrictions has slightly better nominal size. The higher nominal size for the
unrestricted VECM carries over to the higher raw power compared to the restriced VECM.
After size adjustment, the power is very similar but with a very minor power advantage for
the restricted VECM.

In Figures 2 and 3 we display MSE for impulse responses as a function of impulse response
horizon and sample size respectively. The sample size in Figure 2 is 100 and it can be seen
that the weakly exogenous VECM with short-run restrictions always has the lowest MSE
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Figure 1: Nominal size, size-adjusted power and raw power using standard VECM (—) and
VECM with short-run restrictions and weak exogeneity (--).

while the standard VECM has the largest. Sometimes the weakly exogenous VECM is better
than the VECM with short-run restrictions, as in the top two figures, and sometimes it is the
other way round as in the bottom two figures. Interestingly, the MSE always increases for
the standard VECM when increasing the impulse response horizon, while this is not always
true for the other models. The interpretation of this is that the restrictions are important to
model the long-run relations, although they are not formally defined as long-run parameters.

Figure 3 show MSE as a function of sample size. As in the previous figure, the standard
VECM has the largest MSE while the weakly exogenous VECM with short-run restrictions
has the smallest. Also, as above, the ordering in terms of MSE between the VECM with
only short-run dynamics versus only weakly exogenous restrictions is inconclusive, but al-
ways between the standard VECM and the model with restrictions on both the short-run
parameters and weak exogeneity restrictions. As can be expected, as all models nest the true
model, the MSE decreases with increased sample size. Sometimes the relative difference is
small, as in the top-right figure, and in other cases the difference is large, as in the bottom
figures. Quite often, the differences are substantial.
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Figure 2: Mean squared error of impulse responses as a function of horizon, sample size
T = 100. The four lines in the figures represent standard VECM (—), VECM with weak
exogeneity (——), VECM with short-run restrictions (---) and VECM with short-run re-
strictions and weak exogeneity (-).
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Figure 3: Mean squared error of impulse responses as a function of sample size at impulse
response horizon h = 10. The four lines in the figures represent standard VECM (—),
VECM with weak exogeneity (——), VECM with short-run restrictions (---) and VECM
with short-run restrictions and weak exogeneity ().
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Table 1: Variable description for the Swedish data
Variable label Description

SWEGDP* Seasonally adjusted real GDP, in logarithms

KIX Competitor-weighted effective exchange rate index, in loga-
rithms

CPIX Underlying inflation index, in logarithms

TWGDP** Foreign GDP as weighted between the US GDP and the euro
zone’s GDP, in logarithms

TB Closing yield for a 3-months treasury bill

UNEMP Relative unemployment

Dummy Dummy variable of one from 1991:Q4 to and including

1992:Q3, and zero otherwise
Note: KIX, TB and UNEMP are aggregated to quarterly frequencies by taking
averages of the corresponding months.
*SWEGDP is sometimes referred to as GDP only for readability.
**The weights in TWGDP is 0.25 the US and 0.75 the Euro zone.

4 Empirical analysis

4.1 A weakly exogenous model for Sweden

The Swedish Ministry of Finance produces one of the most important GDP forecasts for the
Swedish economy. As simple baseline models, the Ministry of Finance uses various types
of vector autoregressive models, see e.g. Bjellerup and Shahnazarian (2012). We follow
the same track and use a cointegrated VAR model, where the main variable of interest is
the logarithm of GDP. Other variables in the model are a competitor-weighted exchange
rate index, consumer price index, a foreign trade-weighted GDP (the US and the EU),
interest on Swedish 3-month Treasury bills and unemployment. Similarly to Bjellerup and
Shahnazarian (2012) we also have a dummy for the period 1991:Q3 to 1992:Q3. This data
set has previously been used in Lyhagen, Ekberg, and Eidestedt (2015) which investigated
the effect of intercept correction on forecasts of GDP. Table 2 summarizes the data, which
ranges from 1988:Q1 up to 2015:Q4.!

The specification of the VECM closely follows Lyhagen, Ekberg, and Eidestedt (2015)
with two cointegrating relations, found by using the p-values of MacKinnon, Haug, and
Michelis (1999), and four lags in levels. As a measure of evaluation we use the same as in
the Monte Carlo simulation above, impulse responses. The size of the model is commonly
found in the literature of empirical VECM models. The number of observations, T' = 116,
is typical for this type of application.

In Figure 4 examples of the impulse responses from the model of the Swedish economy is
shown (the full set of impulse responses can be found in Figure 7 in Appendix B). Similarly
to the previous section we consider one standard deviation shocks without any further identi-

!The data constitutes an extension of the data set compared to Lyhagen, Ekberg, and Eidestedt (2015),
who used data for the period 1989:Q4-2012:Q2.
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fication scheme; the main purpose is to illustrate the differences obtained with changing sets
of restrictions, and that message will remain under sophisticated identification approaches.
Overall, imposing both short-run dynamics and weak exogeneity restrictions sometimes lead
to a different picture being painted than if none or only one type of restriction is enforced.

For example, in the middle-right figure the impulse responses of a one standard deviation
shock of Swedish GDP on the trade-weighted GDP is displayed (SWEGDP — TWGDP).
As TWGDP is assumed to be exogenous, the VECM with both short-run and weakly exoge-
nous restrictions yields a straight line at zero (dotted line). Only restricting the short-run
dynamics (dashed line) results in a negative impact of a shock to Swedish GDP on the
trade-weighted GDP. When ignoring short-run restrictions a positive effect emerges with a
larger impact of the standard VECM (solid line) compared to the VECM with weakly ex-
ogenous restrictions (longdashed line). Thus, failing to cancel the channel from SWEGDP
and TWGDP completely leads to the unrealistic result that Swedish GDP shocks affect
trade-weighted GDP.

Switching to a one standard deviation shock in the trade-weighted GDP and its effect on
Swedish GDP in the bottom-right figure (TWGDP — SWEGDP) we find an initial positive
impact for all models which levels out at a positive long-term effect of around 1-1.5 and all
models agree relatively well. In contrast, the effect of a one standard deviation shock of the
trade-weighted GDP on underlying inflation in the bottom-left figure (TWGDP — CPIX)
yields a negative impulse response for the standard VECM and the VECM with short-run
dynamics restricted, whereas there are positive effects indicated by the weak exogeneity and
fully-restricted models.

Shocks in exchange rates yield no effects on inflation (KIX — CPIX) according to the
weak exogeneity model, but the remaining models indicate negative effects. Lastly, exchange
rate shocks on itself as displayed in the top-right figure (KIX — KIX) have no long-run effects
according to the models with weak exogeneity restrictions, but a persistent positive effect is
found by the models without these restrictions.

According to our empirical results there are sometimes large differences depending on
the restrictions imposed. The results also clearly illustrate that occasionally models with
weakly exogenous restrictions seem to behave similarly with or without restricted short-
run dynamics, but that is not always the case. Hence, there is a need to consider models
enforcing restrictions on both the short-run adjustment parameter «, which impose weak
exogeneity, as well as on the short-run dynamics. While a model with no restrictions can
still be consistently estimated under the setting in Section 2, by the nature of a small open
economy the act of imposing such restrictions is uncontroversial for many applications.

4.2 Modeling Sweden using Granger non-causality

Our second example originates from the work of Jacobson, Jansson, Vredin, and Warne
(2001) who analyzed monetary policy and inflation forecasting for Sweden. One of the main
points is that restrictions motivated by economic theory imposed on the long-run relations
(i.e. the cointegrating vectors) are useful both for policy analysis as well as for forecasting.
The variables used are displayed in Table 2. Jacobson, Jansson, Vredin, and Warne (2001)

14
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Figure 4: Examples of impulse responses to 1 SD shocks for the model of the Swedish economy
(Section 4.1). The four lines in the figures represent standard VECM (—), VECM with
weak exogeneity (——), VECM with short-run restrictions (---) and VECM with short-run
restrictions and weak exogeneity ().
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argue that there should be four stochastic trends implying three cointegrating relations as
there are seven variables in total. Three of the variables are foreign and four domestic.
The time period is 1972:Q2-1996:Q4 yielding a total of 99 observations. Additionally, five
dummy variables for 'crashes’ and ’changes in growth’ capturing regime shifts in economic
policy are used. The interpretation of the three cointegrating relations are that the first is a
goods market equilibrium, the second is related to a financial markets equilibrium condition
while the third is common trends and equilibrium conditions between the foreign variables.
We use the same number of lags (four) and cointegrating vectors.

In this subsection we compare impulse responses from a standard VECM, a VECM with
Granger non-causality and a VECM with Granger non-causality and long-run restrictions.?
All impulse responses can be found in Figure 8, while a selected subset are shown in Figure
5.

As in the previous example the results differ substantially depending on if restrictions are
imposed and, if so, which restrictions are imposed. For example, Swedish real output on the
foreign variables as well as on all the domestic, except Swedish price levels, are very similar
no matter which model is used. According to the standard VECM there is no effect from
Foreign real output on Swedish price levels while for the Granger non-causal models there are
positive effects. The pattern is the same for Foreign real output on Swedish interest rates but
the level of the effects of the Granger non-causal models are on a lower level. The opposite is
true for Foreign price levels on Swedish interest rates where the Granger non-causal models
have no effect while the standard VECM has a positive effect. An interesting result is the
effect of Foreign price levels on Swedish price levels where the standard model shows a large
positive effect while the Granger non-causal with long-run restrictions has minor positive
effects and the Granger non-causal has negative effects. The results of the restricted VECM
are more reasonable as the unrestricted imply a permanent effect of the same magnitude as
the initial effect. The restricted VECMs imply that the pass through is not full and that
there is a change in consumption due to changed relative prices. According to a VECM with
Granger non-causality and long-run restrictions the effect of Swedish price levels on Nominal
exchange rates are about twice as large compared to the standard VECM, and the VECM
with Granger non-causality but no long-run restrictions is just below the one with long-run
restrictions. The results are the same, but on a lower level, when considering the effect of
Swedish interest rates on Nominal exchange rates. The pattern is the opposite for the case
of Nominal exchange rates on Swedish price levels where there are positive effects for the
standard VECM but no effects for the Granger non-causal models. A shock in Swedish price
levels on Swedish real output is shown to be positive for the standard VECM while negative
for both restricted versions.

2The long-run restrictions follow Jacobson, Jansson, Vredin, and Warne (2001). Using the same ordering
of variables as in Table 2, § is restricted to

Buin 1 Bz Bz -1 By 1
B'=10 par —1 a2 faz 1 fo. (36)
Ba1 Bz 1 0 0 0 0
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Table 2: Jacobson, Jansson, Vredin, and Warne (2001) data
Variable Description

yf Foreign real output, y{ = 100 ln(Y;f ) where Y;f is German real
GDP in 1991 prices
p! Foreign price levels, p{ = 100 ln(Ptf ), where Ptf is the geometric

sum of Sweden’s 20 most important trading partners weighted by
IMF’s TCW index

if Foreign nominal interest rate, 2{ =1001In(1+ Itf/lOO) where Itf is
the German three-month treasury bills rate

Y Swedish real output, y; = 100 In(Y};) where Y; is Swedish real GDP
in 1991 prices

P Swedish price levels, p; = 1001n(P;), where P, is the quarterly
average of Swedish CPI

i Swedish nominal interest rate, i; = 1001n(1 4+ I;/100) where I; is
the Swedish three-month treasury bills rate

e Nominal exchange rate, e; = 1001In(S;) where S; is the geomet-

ric sum of the nominal Krona exchange rate of Sweden’s top 20
trading partners using the TCW index
Note: The model also includes five dummy variables, see Jacobson, Jansson, Vredin,
and Warne (2001) for details.

Overall, these results show the importance to impose theoretically motivated restrictions
on the model, and not only on the long-run relations but also on the short-run dynamics.

5 Conclusions

In this paper we have proposed the use of an estimation procedure in the case of exogeneity
restrictions in a vector error correction model (VECM), which naturally arise when modeling
small open economies. A Monte Carlo simulation is used to show the advantages of imposing
such restrictions. It is found that it is beneficial, in terms of mean squared errors (MSE)
for estimating impulse responses, to impose restrictions on both the short-run dynamics as
well as on the adjustment parameters. Ignoring restrictions will most often substantially in-
crease the MSE. Using one set of restrictions is typically notably better than no restrictions,
but worse than using both. There is no clear winner between restrictions on the short-run
dynamics or on the adjustment parameters when using only one set of restrictions. The size
and power properties are improved, but not greatly. Finally, we apply our method to two
Swedish macroeconomic data sets and find in some cases vastly different results between the
models with or without one or both types of restrictions.
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Impulse response
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Figure 5: Impulse responses to 1 SD shocks for the Granger non-causal model of the Swedish
economy (Section 4.2). Columns denote the origin of the shock and rows the response. The
three lines in the figures represent standard VECM (—), VECM with Granger non-causality
(——) and VECM with Granger non-causality and long-run restrictions (---).
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A Simulation
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Figure 6: Characteristics of the simulation study’s data-generating process. Left: inverse
roots of AR characteristic polynomial. Right: absolute values of eigenvalues in decreasing
order. As noted in the text, there are two cointegrating relations and thus three unit roots.
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C Proof

Following Magnus (1978); Groen and Kleibergen (2003) the asymptotic distributions of the seemingly unre-
lated regressions-type estimators used are the same after one iteration as after full convergence. Moreover,
because the model parameters can be consistently estimated in the full model and the iterative procedure
produces non-decreasing steps on the log-likelihood surface (Boswijk, 1995; Groen and Kleibergen, 2003;
Boswijk and Doornik, 2004) the iterative procedure is also consistent.

To derive the asymptotic distributions, we first introduce a lemma with standard results.

Lemma 1. Let Wi(u) = Q2B (u) where By(u) is a standard k-dimensional Brownian motion. Fur-
thermore, let C = B, (o, T'B1)a/, where I’ = T — Zf:_ll T; and let Gip(u) = CWyi(u). Moreover, define
Yo = diag(T 11, T-Y21,(4—s)). Then

T8 yiry ~5 CWilu) (37)
T2 Aypry -0 (38)
.. ~ ~ . !
U2 L LR J Gi(u)Gr(u)'du 0 (39)
0 Yoo
. ~ /
Yy’ e -4 (f G’“Edwk) (40)
T6'G 1§18 = Spp (41)
T8 AY 25 5 (42)
TIAY'AY 25 %y (43)
_1/2 ﬁ/j]/,lé d C
s (33) 2 (¢ s
where
vec (g) ~ Ny (0,20 3) (45)
Zgs Lpo
Y= . 46
(205 E00) (46)
Proof. These results are standard in the literature and follow from Johansen (1995, Lemma 10.2-10.3) and
Hamilton (1994, Proposition 18.1). O

Before deriving the asymptotic distributions, a note on notation is in order. We let (271);; denote the
(i,7)th block of Q7! where 4,j = 1,2. Likewise, (271);. refers to the ith block of rows across all columns,
ie. [(Q71)i1 (271)i2], and vice versa for (271).;. A similar notation is also used for o, where a.o refers
to the second block of columns (across all rows), as well as for X3, where Ygg 11 is the top-left block and
Y pp,1. the upper block of ¥gg.

C.1 Asymptotic distribution of 7, under Granger non-causality
Let

11 ‘ Q12 = Os><7'2 (47)
Q21 ‘ Q22

where a1 18 s X 71, g1 is (k—s) X 1 and awgg is (kK — s) X ro. 71 denotes cointegrating relations which enter
the foreign variables. For convenience, let also a1 = (a11, a12), as = (a1, a92) and Ty = [Fggl e Fggp].
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The zero restrictions can be imposed by the following decomposition

, vec(aﬁ’) (6 & Ik:) Orkxp(kfs)2
vec(Il') = 01| = Osxk—s (48)
vec |:Fd:| Opk(k—s)xrk Ip(k—s) & |: I;;—s :|
F15(8)
I, ® [ In } Osxo—s vec(aiy)
% Kr,k 0 . 0;2><r1 Ks,rl I, ® |: I, :| OT'kXp(k—s)2 VGC(OKQ) . (49)
r(k—s)Xrys vec(Fd)
Op(kfs)QXrls Op(kfs)er(kfs) Ip(kfs)2
Fg’ﬁ
Let Fm/g(ﬂ) = Fl,g(ﬁ)Fgﬁ. Using that
~/
Ot _ | Y= ® I
and
eVl _ ﬁ,ng ® Ik
Fpl8) (T 0 10Knx = | sy b fg O | Ko ay
gives
Fos(8) (I ® Y.,) = F3 gF1,5(8) (Y.; @ Iy) K1k (52)
o Blng 0y Ik
=F5 AY' ® [Ok—sxs Ik:—s} K (53)
-Krl,s [Is & [Irl Orl ><7'2] Orlsxr(k—s)] Kk,r Orlsxp(k:—s)2 ﬂlng ® I
= I ® [Op-sxs Ti—s] Or () xp(k—s)? {AY’ & [Okae Tis) ] KTH Y
L Op(k—s)2><7"k Ip(k—s)2
_Krl,s [Is ® [Irl 0r1 ><T2] Orlsxr(k—s)] Kk,r(ﬂ/g/_l & Ik)
= (Ir ® [Op—sxs  Ir—s]) @ (B'71 @ L) Kr (55)
L AY’ ® [Ok—sxs Ik—s]
[ I, @ By 0
Krl,s [Is & [In 07‘1><r2] Orlsxr(k—s)] gy ! T 1~ :| Kk,T
_ » k—s @ By, Ko (56)
B Y_q X [Okfsxs Iszs] ’
i AY’ (24 [Okfsxs kas]
_Krl,s [Is Y Bing OrlsXT(kfs)] Kk,T
= ﬂ'ﬂl_l & [Okfsxs kas} KT,k (57)
L AY’ & [Ok—sxs Ik—s]

and it follows that

T Fop(8) [ @ (VL,71) | Fos(8) (58)
=T F Py p(B) (V) @ L) Ky (7 @ Ir) Kir(Yo1 © Ii) Fyg(8) Fayp (59)
K’rl,s [Ié ® ﬂigl—l OrlsXT(kfs)] Kk,T K’rl,s [Is ® Bigl—l OrlsXT(kfs)] Kk,T '
= Til 5/17/_1 ® [Ok—sxs Ik—s} (IT & Qil) ﬁ/g/_l & [Ok—sxs Ik:—s}
AY/ ® [Okfsxs Ikrfs] AY/ & [Okfsxs Ikrfs]
(60)
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The resulting matrix is a 3 X 3 symmetric block matrix. The blocks are in turn:

Is ® g*lﬁl

(L) =Ky, s [L® BT 1 Orysxros)] Kir(Ir @ Q1) Kr, {0
T(k—s)Xris

] Ko (61)

= Koo 1o B0 Ooertion] [0 r 0 18 (-t 13 (o] Ko

= Krys (L ® B1720) (7D @ Ir) (L @ §-181) Koy (63)

= B1715-161 @ (2 )1 (64)

(2,1) = (891 ® [Ok-sxs  In—s]) Ir ® Q™) Kz, B;f_i)iils] K, (65)
— Kope (O B 800 () 000 e, (66)
=B'915-151 ® () (67)

B.1) = (AV'® s D)) r w0 |2 O (68)
Koo (e D] 087 [T 000 (69)
=AY'§ 181 ® () (70)

2.2) = (474 [0 ) (007 (5080 ") ()
=87 1518 (2 a2 (72)

3.2 = (870 s B ) (1208 7] ) (73
=AY'§_18® (27 ")a2 (74)

(3,3) = (AY' ® [Op—sxs In—s]) Ir @ Q") (AY ® [OIZ’“D (75)
=AY'AY @ (2 Vg (76)

resulting in
T Fop(8) [0 @ (V171 )| Fou(8) (77)
BT 1G-181 @ (Q )1
=7 BY G151 @ (o BY1518 @ (27 )20 ] : (78)
AY'§_ 11 @ (2 a1 AY'§18@ (27 Ve  AY'AY ®@ (27 1)20
By Lemma 1

o ) Y511 @ (N1 Xppa @ (27 N1z Zgor @ (27110
T 'Fy5(8) {Q_l ® (YL1Y71)] Fog(B) — |Zp3,1 @ (Q 121 B ®@(Q M2 Zpo@ (2 1)a
Yog,1 @ (2721 Bog® (2 1) Yoo @ (27 1)a2
(79)
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Furthermore,

and so

F158(8) Kytp(k—s),k (Q_l ® fﬁ1> vec (&)

= Fup(8) (V11 @ Q1) Ky vee (3)

_ RV Vs -

N _(Ip(kfs) & [Ok—sxs Ik—s]) (AY’ & Q_l) KT’k vee (E)

_ —Irk 0 | 5'@’4 -1 ~

N L 0 Ip(k—s) ® I:Oszsxs kas]_ (|: AY’ @ KTJC vee (6)

o _Irk: 0 | —1 ﬂ/gl—l ~
=10 Lpgo [Ok—sXs Ik—s]_ Ky p(k—s).k (Q ® [AY’ vec (€)

(1,1 0 | —1 By €
=l Lphes) ® [Ok—sxs Ik—s] Koy p(k—s),k (Q @ Iy p(k—s)) Vec [Ayflg
[l 0 ‘ . B8 &
10 Ly ® [Ohaxe L] (Lrp(h—s) ® Q) Kygp(i—s) 1 Vec [AY’é
[Leot 0 By &
Lo (Tpte—s) @ [Ok—sxs  Ti—s]) (Ip(k—s) ®Q_1)} Frptos ke vec {AY‘?

I, @ Q1 0

Fos(B) (7' ® Lijp(r—s)) vec (ﬂﬁ)

ﬂ’z?’_lé}

= K :
0 Ipk—s) ® (91)2} r+p(k—s),k VEC [AY’g

= B 5F1 (8) Knap—opp (271 @72, ) vee (@)

I’!‘ ®Q_1 Orkxpk(kfs)

=F) K vec By,e
2,8 Op(kfs)Qer Ip(ktfs) ® (9_1)2‘ rtp(k—s)k Ay/é

_KT‘l,S [IS ® [ITl 0’!’1 ><’l"2]
= I.® [Ok—sxs Ik—s}
Op(krfs)2><rk

I, ®Q_1 Orkxpk(k—s)

_Krl,s [Is & [If’l OTIXT?]
= I’I‘ ® (Q_l)2

Op(}’cfs)2 xrk

X
=

/~L 5
r+p(k—s),k VEC {BAZ/Y% ]
_Krhs (Qfl (9 [Irl 07"1 Xrg}) Kr,lc
= Ir & (9_1)2‘
L Op(k—s)2><rk
_[I’l‘l 0T1><7’2:| ® Ql_l
— Ir & (971)24
Op(k—s)2><rk

Orlsxr(k—s)] Kk:,r

I

Orlsxpk(k:—s)
Or(k—s)xpk(k—s)
Lp(k—s) ® (7 1)2.

Orlsxp(szs)r"
O'r‘(kfs)xp(kfs)2
Ip(k75)2

ﬂ’@?'lﬂ

X Z K, s ec -
|:Op(ks)2><rk Ip(kfs) ® (Q 1)2':| olk=a)k ¥ [ AY's
OrlsXT(kfs)] (Q_l ® IT)KT;}C

Orlsxpk(kfs)
Or(kfs) Xpk(k—s)
Ip(kfs) 0y (9_1)2

Orlsxpk(kfs)

15
Or(kfs)xpk(krfs) !

157}
Kr+p(k—s),k vec |:ﬁAyy,,§:| .
1
p(k—s) & (Q )2'

B'y€
Krer(kfs),k vec |:Ayl1é: .
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Consequently, by Lemma 1

_ _ )~ d
T 1/2F07/5(ﬂ)/ (Q ! ® Ik+p(k,s)) vec (Yile’:‘) —

Y11 @ QN1 s @ (Q 12 Epoa @ (2712 (98)
Noystrbs)aptios? | 0, [ a1 @ (27121 Zgg®@(Q 7122 Tpo @ (2712 .
Y051 @ (2721 Bog @ (2712 oo ® (271) 20

151 =
The asymptotic covariance matrix in (98) follows from T—'/2 vec [ﬁAyY’léE] 5 vec [g] in (97) by Lemma
1, where also the variance of K, ),k vec [g = vec [C’ {’] is ¥ ® Q. The variance in the asymptotic

distribution in (98) then comes from

[Irl 07"1 XT’Q] ® Ql_l Orlsxpk(kfs) [Irl 07"1 ><7’2] & Ql_l Orlsxpk(kfs) '
I @ (Q7 1) Or(k—s)xph(k—s) | = ® I @ (Q7 ). O (k—s) x ph(k—s) (99)
Op(k—s)2><7'k: Ip(k—s) & (971)2‘ Op(k—s)2><7'k Ip(k—s) ® (971)24
_Eﬁﬁ,l- & [Is Osxkfs EBO,L & [Is Osxkfs [Irl On Xrg} & Ql_l Orlsxpk(k—s) /
= |28 @ [Ok—sxs Tr—s| Ypo® |Op—sxs Ti—s I @ (1) Or(k—s)x ph(k—s) (100)
_EOB ® |Og—sxs dp—s 200 @ |Op—sxs I Op(kfs)ZXTk‘ Ip(kfs) oY (Q_1>2,
(Y511 @ (7 D11 Bpp1 @ ()12 Bpo,1 ® (27 N1z
= 25,1 @ (Q Na1 Zps@(Q7 22 Bpo®@ (a2 |- (101)
| 208,10 (2 a1 Bog @ (22 Yoo @ (27122

As the (scaled) estimator can be written as the inverse of (79) times (98), the asymptotic distribution
of the estimator is

_ _ —1
Y11 @ QN1 Epp1 © (2 12 Bpor @ (2712

Q-
VT (7o — 7o) < Noystrbs)4ptios? | 0, [ a1 @ (27121 Zgp®@(Q 7122 Zpo@ (2 1)a
Y051 @ (27 a1 Vo ® (27100 B0 ® (271) 20

(102)

C.2 Asymptotic distribution of 73 under Granger non-causality
Let

_ 611 ‘ 612
r= { B21 = Ok—sxry ‘ B (103)

where 11 is s X 171, f21 18 k — s X r1, f12 I8 $ X 9 and [ag is (k — s) X r2. 71 denotes cointegrating relations
which enter the foreign variables. For convenience, let also 81 = (811, S12) and B2 = (821, fa22).
The zero restrictions can be enforced by the following decomposition

[vec(af)
vec(Il) = vee | 0 (104)
Iy
[ |: I Ok,sxm k—s)
s ® a Or r 0,00« )2 VGC(B/)
O« ] i X2 rmepat) 1
_ k—sx k—s @ Irz “ Vec((ﬁQQ)) . (105)
Osx—s vec(l'y
Opk(k—s)xrs Opk(k—s) xra(k—s) Tp(k—s) ® \‘ szs J

F2,a(o‘)
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Let
F07a(()t) = (I@ Yilf/—l) Fl,a(Oé) = (I@ }N/Lli/_1> Kk,ker(kfs)FQ,a(a)- (106)

It is then possible to rewrite (21) as

g =mp+ {Fl,a(a)' {Q‘l ® (fdlff_l)} FLa(a)} ' Fra(@) (271 1) vee (fdlé) (107)

by using the identity (I®A)(BoA!)(I®A) = (BRA). Consider now Y7 = diag(T*IIm_HQ(k_s), T’l/zfp(k_s)z)
and

YrFia(@) = YrFso(@) Kispos)k = Fo.a(@) (Y7 @ ) Kisph—s) k- (108)
Additionally, we can write
Q'Y Y)= (LY )Q e Ir) Iy @ Y_1). (109)
By Magnus and Neudecker (1979, Theorem 3.1(viii)) we also have
Kyiph—s),(Ix ® Y'))= (Y, ®L)Kry (110)
and hence it follows that

(Tr® I) K gp(k—s) (I ® Y= (Yr@ L) (Y, ® L)Kry

e (111)
=YY, @ I)Kr
By symmetry, (108) and (111) imply that
- -1
{TTFLa(a)’ [Q*l ® (Yily_l)} Flya(oz)TT} (112)
o~ o~ -1
- {FLa(a)’ [Q*l ® (rTyily_er)] Fl,a(a)} (113)
By Lemma 1 and the continuous mapping theorem, we obtain
o -1
{TTFLQ(OZ)/ [Q_l ® (Yilyfl)} FLQ(Oé)TT}
) 4 (114)
N {F1 (@) [Ql 2 (f Gr(u)Gr(u) du 0]@><p(k‘8)>:| o) a(a)}
’ Op(krfs)xkr Y00 ’
Furthermore, we can write
/ —1 a4
TrFia(a) (Q71 © Iyype—s)) vec <Y715> a15)
115
= F27a(0¢)/(TT [029] Ik)Kk+p(k—s)7k (971 X Ik+p(k—s)) vec (Yilé") s
where also ) .
(Y7 ® It) Kgopo—sy b (07 @ Tigp(i—s)) vee <Yi15>
= Kiipe—s) k(I @ Y1) (7 @ L pr—s)) vec (fdﬁ) a16)
116

= Kk+p(kfs),k(Q_1 & TT) vec (?ilg)

= Kk—&-p(k—s),k (971 (29 Ik-i—p(k—xs)) vec (YT}}il{:‘) .
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Thus, we have by (115), (116) and the continuous mapping theorem

YrFia(e) (7 @ I pis)) vee (fﬁla)
0y Byo(@) (21 @ Ly sy vee (f kadW,;) . (117)
Taking (114) and (117) together results in

Yol (75— mp) = {TTFM(@)' [Q—l ® (Y/LIY/_I)] FLa(a)TT}il

X YrFya(a) (271 @ Iy pee—s)) vec (ffilg)
d, {Fl,a(a)’ [Ql 5 <f Gr(u) G (u) du 0’“*%“))} Fl,a(a)}l (118)

Op(kfs) xk

/
X Fl,a(a)/ (971 ® Ik-‘rp(k—s)) vee (I Gké“de>

Next,
Fla( ) |:Q ® (ka Gk( )du kap(k—s))} Fl.a(a)
(k—s)xk 200 ’
= Fq(a) (V Gr(w)Gy(u)'du ka”(k_s)] ® Q‘1> Fy o(a)
’ Op(k—s)xk oo :
G (u)Gk(u)’du) ® Q_l Ok2 K (k— (119)
=F, ! (f k Xpk(k—s) Fy,
» (04) [ Ozuk(kfs)xk:2 Yoo ® Q! > (a)
[ Gra(w)Gri(w)'du®@ ’Q o [ Gra(u)Grz(w)du®o’Q oy Opsupr(h—s)
S Gra(u Gk,l( Ydu®a,Q e [Gia(u Gk,z( ) du® oy s Opgupr(i—s)
Opk(k—s)xrs Opk (k—s) xr(k—s) Yoo @ (27129
Similarly,
d /
Fra(a) (7 @ Iy prs)) vec [f Gkg Wk} (120)
= Fyo(a) vec [Q7Y2 [dB,G),  Q71¢] (121)
[ [Is Osxk—s] ® o' vec (Q_l/2dekG;€)
= | [Ory(hms)xks  Lo—s ® aly] vec (9_1/2 [ dB,G}) (122)
L Ip(k—s) ® [Ok—sXs Ik—s] vec (Q_lfl)
vee (/Y2 [ dByG )
= | vec (a{29_1/2dekG§c72) : (123)
vec ((271)2.€")
Thus,
Y7 (75 — mp) — (124)

JGri(w)Gra(u)du®o’Q e [ Gl 1 w)Gra(w)du® o' oy Opgypr(i—s) -
(125)
22

kag uw)G,1(u) du @ a5, 104 J Gr2(w)Gra(u)du® o/yQ oy Opgupr(is)
Opk(k S)Xrs Opk(k s)xr(k—s) Y00 ® (Qil)

vec (O/Q_l/QdekG;m)
X | vee (@712 [ ABGY ) (126)
vec ((271)2.¢)
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