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The strong coupling dynamics of Quantum Field Theories with gauge symmetries constitutes a 
profound problem in Theoretical Physics. Supersymmetric theories offer rare instances where 
this elusive problem is tractable and can be a valuable source of information and intuition. One 
of the most powerful approaches available for this purpose is supersymmetric localization. In 
this thesis, we employ this technique to study many facets of supersymmetric theories.

After a brief theoretical introduction to the basic concepts that make an appearance in this 
thesis, we begin with a localization computation for supersymmetric gauges theories on 
spheres of variable dimension, with eight and four supersymmetries, proving an earlier 
conjecture. We also analytically continue our results to get a partition function for the four-
dimensional N=1 theory, and perform various consistency checks. Then, we consider a 
special case of these theories, namely two-dimensional Yang-Mills gauge theory, and we 
study the matrix model that arises from its localization. We analyze the theory in the limit of 
large gauge group rank using numerical and analytical tools and connect it to previous related 
results from the literature. Next, we turn our attention to N=2 gauge theories with matter. We 
construct the theories on a general class of four-dimensional manifolds, ensuring that they 
are globally well-defined. Then, we reformulate them using twisted variables and perform 
localization on the resulting cohomological theory. Lastly, we study N=2 theories on another 
four-dimensional manifold, namely a product of a three-dimensional hyperbolic space and a 
circle, with the goal of finding infinite-dimensional chiral algebras. To pursue this goal, we 
once again employ a localization technique and find evidence of this structure in two cases.
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0Γ̃ÑΛχl

)
+ χiΛχl

)]
.

S = −
ˆ

ddx
√
g

(
b∇μA

′μ − c̄∇2c
)
,

c, c̄ b
A′μ

A′
μ = Aμ +∇μφ.

b c c̄ φ

Km φ0

Z =

ˆ
dσe−S (σ)

ˆ
DAμDφI �=0DΨe−S (φ0=2βσ).



Z =

ˆ
[dσ] e−S (σ)

∏
α

i〈α, σ〉
ˆ

DAμDφI �=0DΨe−S (φ0=2βσ).

Lb = ′
(
Φ · Ob · Φ− [Φ, φ0 ][Φ, φ0 ]

)
,

Lf = ′
(
ΨΓ0OfΨ+ΨΓ0[φ0 ,Ψ]

)
.

φ0 Eα

Φ =
∑
α

ΦαEα, Ψ =
∑
α

ΨαEα,

Lb =
∑
α

Φ−α
(
Ob + 4β2〈α, σ〉2

)
Φα,

Lf =
∑
α

Ψ−αΓ0
(
Of + 2β〈α, σ〉

)
Ψα,

[σ,Eα] = 〈α, σ〉Eα

Φ Ψ

ˆ
DΦDΨ

[
−
ˆ

ddx
√
g
(
Lb + Lf

)]
=
∏
α

(Of + 2β〈α, σ〉)
Ψ√

(Ob + 4β2〈α, σ〉2)Φ
.
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d
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8 vμ

Sd−4 S5 S4

S1 S3 4
Sd−2

8

Z
∏
α

i〈α, σ〉 =
∏
α

∞∏
k=0

[(k + i〈α, σ〉)(k + d− 2 + i〈α, σ〉)]Nk,d ,

Z =
∏
α

k=∞∏
k=0

[(
k +

d− 2

2
+ iμ+ i〈α, σ〉

)

×
(
k +

d− 2

2
− iμ− i〈α, σ〉

)]−Nk,d

,

Nk,d =
Γ(k + d− 2)

Γ(k + 1)Γ(d− 2)
.

Z
∏
α

i〈α, σ〉 =
∏
α

k=∞∏
k=0

[
(k + i〈α, σ〉)

(k + d− 1− i〈α, σ〉)
]nk,d

,

Z (μj) =
∏
α

k=∞∏
k=0

[
k + d

2 − iμj − i〈α, σ〉
k + d−2

2 + iμj + i〈α, σ〉

]nk,d

,



j = 1, 2, 3

nk,d =
Γ(k + d− 1)

Γ(k + 1)Γ(d− 1)
.

Z (μ1, μ2, μ3) = Z (μ1)Z (μ2)Z (−μ3).

S4 4

4 Sd≤3

S4

U(1)
S4

4
N = 1∗

U(1)

4 U(1)

S4

SU(1) =

ˆ
d4x

√
g

[
1

2
φ1

(−∇2 + 8β2
)
φ1

+
1

2
φ2

(−∇2 + 8β2
)
φ2 − ψ /∇ψ

]
,



φ1,2 ψ

ZU(1) =
/∇

(−∇2 + 8β2)
.

ZU(1) =

∞∏
k=0

(
k + 2

k + 1

) (k+1)(k+2)

2

.

SU(1) =

ˆ
d4x

√
g
(
A′ν [δνμ(−∇2 + 12β2) +∇ν∇μ

]
A′

μ − ψ /∇ψ

+b∇μA
′μ − c̄∇μ∂μc

)
,

A′μ ψ c, c̄
b

Aμ

∇μφ
φ

ZU(1) =

√ ′(−∇2) ( /∇)√
(−∇2 + 12β2)

,

ZU(1) =
1√
3

∞∏
k=0

(k + 1)3(k+1).

4
S4

Z =

∞∏
k=0

(
k + 2

k + 1

) (k+1)(k+2)

2

,

Z =

∞∏
k=0

(k + 1)3(k+1).



4 Nc

Rc

σ tσ O(σ2)

d Z

dt2
+
∑
α>0

1

t2
=
∑
α>0

〈α, σ〉2
[
F(d− 1, 0, t〈α, σ〉)

+ F(d− 1, d− 1, t〈α, σ〉)
]
,

F

F(x, y, z) :=

∞∑
n=0

Γ(n+ x)

Γ(n+ 1)Γ(x)

1

(n+ y)2 + z2
.

d = 4 − ε
t ε

Z =
3

ε
C2( )σ2 + . . . ,

C2

Z = −1

ε
C2(Rc)σ

2 + . . . .

O(σ2)

8π2

g2(Λ)
=

(
8π2

g20
− 3

ε
C2( ) +

1

ε
NcC2(Rc)

)
1

Λε
,

g0 Λ

β(g) = − g3

16π2
(3C2( )−NcC2(Rc)) .

N = 1∗

4



N = 1∗
N = 4

N = 1 N = 4
m(1) = m(2) = m(3) = 0

N = 4

N = 2
N = 2 N = 1

N = 1∗ N = 1 S4

4

N = 1∗

N = 1∗

μ
(3)
j = iΔj + rmR

j ,

Δj mR
j

μj σ(j)μj

μj r σ(j)

Z =

ˆ
dσi e

− 8π2

g2
σ2 ∏

α

∞∏
k=0

[
k − i〈α, σ〉

k + i〈α, σ〉+ 3

×
3∏

j=1

k − i〈α, σ〉 − iσ(j)μj + 2

k + i〈α, σ〉+ iσ(j)μj + 1

⎤⎦
(k+1)(k+2)

2

.

∞∏
k=0

[
(k + i〈α, σ〉)(k + i〈α, σ〉+ 2)3

(k + i〈α, σ〉+ 3)(k + i〈α, σ〉+ 1)3

] (k+1)(k+2)

2

= i〈α, σ〉,



Z =

ˆ
dσi e

− 8π2

g2
σ2 ∏

α

i〈α, σ〉Z ,

Z

Z =
∏
α

∞∏
k=0

3∏
j=1

[
(k − i〈α, σ〉 − iσ(j)μj + 2)(k + i〈α, σ〉+ 1)

(k + i〈α, σ〉+ iσ(j)μj + 1)(k − i〈α, σ〉+ 2)

] (k+1)(k+2)

2

.

Zk(σ − σ′, μ) :=
[
(k − i(σ − σ′)− iμ+ 2)(k + i(σ − σ′) + 1)

(k + i(σ − σ′) + iμ+ 1)(k − i(σ − σ′) + 2)

] (k+1)(k+2)

2

Zk 1/k

Zk(σ−σ′, μ) = −i

(
k +

1

2
+

(σ − σ′)2

k

)
μ− 1

2k
μ2+

i

3k
μ3+O

(
1

k2

)
,

k 
 1

μ1 + μ2 − μ3 = 0

μ

N

16π2

λ
σ � 2

 
dσ′ρ(σ′)

1 + 1
2

(
μ2
1 + μ2

2 + μ2
3

)
+ iμ1μ2μ3

σ − σ′ .

ρ(σ) =
2

πA2

√
A2 − σ2,

A

A2 =
λ
[
1 + 1

2

(
μ2
1 + μ2

2 + μ2
3

)
+ iμ1μ2μ3

]
8π2

.



F � −N2

2

ˆ
dσdσ′ (σ − σ′)2

� −N2

2

[
1 +

1

2

(
μ2
1 + μ2

2 + μ2
3

)
+ iμ1μ2μ3

]
×

[
λ

(
1 +

1

2

(
μ2
1 + μ2

2 + μ2
3

)
+ iμ1μ2μ3

)]
.

μi

F � −N2

[
1

16
(μ2

1 + μ2
2 + μ2

3)
2 +

i

4
(μ2

1 + μ2
2 + μ2

3)
2μ1μ2μ3

− 1

96
(μ2

1 + μ2
2 + μ2

3)
3 − 1

4
(μ1μ2μ3)

2 +O(μ7)

]
.

F = −N2
[
A1(μ

4
1 + μ4

2 + μ4
3) +A2(μ

2
1 + μ2

2 + μ2
3)

2

+ iB1(μ
2
1 + μ2

2 + μ2
3)μ1μ2μ3 − C1(μ

6
1 + μ6

2 + μ6
3)

−C2(μ
2
1 + μ2

2 + μ2
3)

3 − C3(μ1μ2μ3)
2 +O(μ7)

]
.

A1 +2A2 =
1

8
, B1 = −1

4
, C1 +C2 =

1

24
, −12C2 +C3 =

1

8
.

−12C2 + C3 � −0.58
B1



d

2 ≤ d ≤ 7

Sd



3 < d < 6

d = 2
d = 2

3 < d < 6

D



d 3 < d < 6

d

Sd

Z =

ˆ
dσ

(
−4π(d+1)/2Rd−4

g2 Γ(d−3
2 )

σ2

)
Z (σ)

σ N ×N R

σ σi

Z (σ)
∏
α>0

〈α, σ〉2 =
∏
α>0

∞∏
n=0

(
n2 + 〈α, σ〉2

(n+ d− 3)2 + 〈α, σ〉2
) Γ(n+d−3)

Γ(n+1)Γ(d−3)

,

α
d < 6

N

C1N

λ
σi =

∑
j �=i

G16(σij),

σij := σi−σj λ

λ := R4−dg2 N.

g2 2g2



C1

C1 :=
8π(d+1)/2

Γ(d−3
2 )

,

G16(σ)

iG16(σ)

Γ(4− d)
=

Γ(−iσ)

Γ(4− d− iσ)
− Γ(iσ)

Γ(4− d+ iσ)
− Γ(d− 3− iσ)

Γ(1− iσ)

+
Γ(d− 3 + iσ)

Γ(1 + iσ)
.

|σij | 
 1 G16(σij)

G16(σij) � C2|σij |d−5 (σij),

C2

C2 := 2(d− 3)Γ(d− 5)
π(d− 3)

2
.

d
C2 = 0 d = 3

3 < d

C1

λ
Nσi = C2

∑
j �=i

|σi − σj |d−5 (σi − σj).

ρ(σ)

ρ(σ) :=
1

N

N∑
i=1

δ(σ − σi),

C1

λ
σ = C2

 b

−b
dσ′ρ(σ′)|σ − σ′|d−5 (σ − σ′),

b

ρ(σ) =
2π(d+1)/2

πλΓ(6− d)Γ(d−1
2 )(b2 − σ2)(d−5)/2

.



b
ρ(σ)

b = (4π)
d+1

2(d−6)

[
32λΓ

(
8− d

2

)
Γ

(
6− d

2

)
Γ

(
d− 1

2

)] 1

6−d

.

N

F = N2

[
C1

2λ

ˆ b

−b
dσρ(σ)σ2

− C2

2(d− 4)

ˆ b

−b
dσρ(σ)

ˆ b

−b
dσ′ρ(σ′)|σ − σ′|d−4

]
.

F

N2
= −C1

2λ

6− d

(8− d)(d− 4)
b2

= − 16π
(d+1)(4−d)

2(6−d) (6− d)

λΓ(d−3
2 )(8− d)(4− d)

[
λ

4
Γ

(
8− d

2

)
Γ

(
6− d

2

)
Γ

(
d− 1

2

)] 2

6−d

.

d = 2

G16(σ) =
4

σ + σ3
.

−πN

λ
σi =

∑
j �=i

1

σij + σ3
ij

,

−π

λ
σ =

 b

−b
dσ′ ρ(σ′)

(σ − σ′)3
.

d = 2

ρ(σ) =
1

3λ
(b2 − σ2)3/2,



b2 =

(
8λ

π

)1/4

.

b2

F2 = −4(2π)1/2

3λ1/2
N2.

F2 ∼ N3/2.

d ∈ (3, 6)

d = 2

D

g2 = −λ

π
,

g2 > 0



W (σ) =

ˆ a

−a
dσ′ ρ(σ′)

σ − σ′ ,

g2

2x

g2
= W (x+ i0) +W (x− i0)−W (x+ i)−W (x− i),

ρ(σ)

−2πiρ(x) = W (x+ i0)−W (x− i0).

G(z)

G(z) =
z2

g2
+ i

[
W

(
z +

i

2

)
−W

(
z − i

2

)]
,

G

(
x+

i

2

)
= G

(
x− i

2

)
,

x ∈ (−a,+a) G(z)(± i
2 − a,± i

2 + a
)

z ∈ R, iR(± i
2 − a,± i

2 + a
)

G(z)
R+

iR+ ( i2 ,
i
2 + a)

G(z) = ζ

z = A

ˆ ζ

x1

dt(t− x3)√
(t− x1)(t− x2)(t− x4)

.

xi x1 > x2 > x3 > x4

ζ z

+∞ +∞
x1 0

x2 i/2

x3 a+ i/2

x4 i/2

−∞ +i∞



Re(z)

Im(z)

i
2 +ai

2 −a

− i
2 +a− i

2 −a

−∞

x4
x3

x2

x1 +∞

G(z)

G(z) = ζ

1

2
= A

ˆ x1

x2

dt(t− x3)√
(x1 − t)(t− x2)(t− x4)

,

a = A

ˆ x2

x3

dt(x3 − t)√
(x1 − t)(x2 − t)(t− x4)

,

−a = A

ˆ x3

x4

dt(x3 − t)√
(x1 − t)(x2 − t)(t− x4)

.

G(z)

A =
g

2
,

x1 + x2 + x4 = 2x3,

x21 + x22 − 2x23 + x24 =
6

g2
.

m =
x2 − x4
x1 − x4

,



0 < m < 1 xi g2

a m
xi

x1 =
3π2

K2(m)

2ϑ(m) +m− 2

3ϑ2(m) + 2(m− 2)ϑ(m) + 1−m
,

x2 =
3π2

K2(m)

2ϑ(m)− 1

3ϑ2(m) + 2(m− 2)ϑ(m) + 1−m
,

x3 =
3π2

K2(m)

3ϑ(m) +m− 2

3ϑ2(m) + 2(m− 2)ϑ(m) + 1−m
,

x4 =
3π2

K2(m)

2ϑ(m) +m− 1

3ϑ2(m) + 2(m− 2)ϑ(m) + 1−m
,

K(m) E(m)

K(m) :=

ˆ π/2

0

dθ√
1−m 2 θ

,

E(m) :=

ˆ π/2

0
dθ
√

1−m 2 θ,

ϑ(m)

ϑ(m) :=
E(m)

K(m)
.

g2

g2(m) =
K4(m)

3π4

[−3ϑ2(m) + 2(2−m)ϑ(m)− (1−m).
]

a

a(m) = −g
√
x1 − x2E

(
φ,

m

m− 1

)
+

g(x1 − x2 − x4)

2
√
x1 − x2

F

(
φ,

m

m− 1

)
,

F (φ, x) E(φ, x)

F (φ, x) :=

ˆ φ

0
dt

1√
(1− t2)(1− x t2)

,

E(φ, x) :=

ˆ φ

0
dt

√
1− x t2

1− t2
,



φ(m)

2 φ(m) =
x2(m)− x3(m)

x2(m)− x4(m)
.

ν(m) = 〈 σ2〉

ν(m) =
g4

2N2

∂F (N, g)

∂g2

=
1

12
− K2(m)

5π2

1

3ϑ(m)2 + 2(m− 2)ϑ(m) + 1−m
×

× [10ϑ(m)2(ϑ(m) +m− 2) + 2ϑ(m)(6− 6m+m2) + (1−m)(m− 2)].

m

g2 > 0 g2 = −λ/π 0 < m < 1
g2

g2 m

g2

g2(m) < 0
m = 2 m = 0

E(m) K(m) (+1,∞)
g2

n
K(m) E(m)

Kn(m) := K(m) + 2inK(1−m),

En(m) := E(m) + 2in [K(1−m)− E(1−m)] .

g2(m)



- ( )

()

-0.2 0

g2(m) m
g2(m) = 0

g2(m) < 0

m = 1
m = 1

(+1,∞)
m = 1

n → ∞ m = 1 g2

m = 1
(g2(m)) = 0

ν(m)

g2 � −0.1
∂2ν/∂(g2)2

g2 � −0.1

ν(g2)

G(z)
g2 > 0

a(m)



- - - -
-
-
-
-

( )

()

-1.8
-1.6
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2

-

-

( )

()

-4

-3

-2

-
-

( )

()

-13.2
-12.0
-10.8
-9.6
-8.4
-7.2
-6.0

g2(m)
m

E(m) K(m)
g2(m) < 0

g2 < 0

g =
√

g2 m g2(m) < 0

g(m) =
√

g2(m)
[a(0)] �= 0

g2(m) = 0
a(m)



-

-

( )

()

-1.8 -1.6 -1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2
g2(m) m

E(m) K(m)

- -

-
-
-

[ ]

ν(g2)

- - - -

/

∂ν/∂g2

- - - -

-
-
-

/ ( )

∂2ν/∂(g2)2

ν(g2)
g2(m) < 0

a(m)
(+1,∞)



Re(z)

Im(z)

i
2 +ai

2 −a

− i
2 +a− i

2 −a

g2 > 0

Re(z)

Im(z)

i
2 +a

i
2 −a

− i
2 +a

− i
2 −a

g2 < 0

g2(m)

E(m) K(m)
E(φ,m/(m − 1)) F (φ,m/(m − 1))

(+1,∞) g � −0.065 a � −0.38i a
a

a � −0.5i

- - - - - -

( )

(a)

- - - - - -

-
-

( )

(a)

g2(m) < 0



∂F

∂σi
= 0.

σi → σi(t)

τσ
dσi
dt

= − ∂F

∂σi
,

τσ ∈ C τσ
t → ∞

g2 � −0.1

ρ(x) :=
1

N

dx

d (σ(x))
.

ρ(x) =
2

a2π

√
a2 − x2.



- - ( )

-
-
-

( )

g2 = −0.05

- - ( )

-
-

( )

g2 = −0.095

- -

( )

g2 = −0.05

- -

( )

g2 = −0.095

g2 > g2

F = − Z =
2N

g2

∑
i

φ2
i − 2

∑
i<j

[
(φi − φj)

2 − (1 + (φi − φj)
2)
]
.



- - ( )

-
-

( )

g2 = −0.5

- - - ( )

-
-

( )

g2 = −1.05

- ( )

-
-

( )

g2 = −5.1

- - ( )

-
-

( )

g2 = −50

- - - ( )

-
-
-

( )

g2 = −100

- - - ( )

-
-

( )

g2 = −1000

- - ( )

-
-

( )

g2 = −4000

g2 < g2

--

g2 = −0.35

--

g2 = −0.5

τi
σi

τi := εσi,

ε = λ−1/4

−2πNτi = 2
∑
j �=i

1

τij(ε2 + τ2ij)
.



N

−2πτ = 2

 bε

−bε
dτ ′

ρ(τ ′)
ε2(τ − τ ′) + (τ − τ ′)3

=

 bε

−bε
dτ ′

ρ(τ ′)
ε2

(
2

τ − τ ′
− 1

τ − τ ′ + iε
− 1

τ − τ ′ − iε

)
.

ε

−2πτ =

 bε

−bε
dτ ′

1

ε2

(
2ρ(τ ′)− ρ(τ ′ + iε)− ρ(τ ′ − iε)

τ − τ ′

)
+

πi

ε2
[ρ(τ + iε)− ρ(τ − iε)] +O(ε)

=

 bε

−bε
dτ ′

ρ′′(τ ′)
τ − τ ′

− 2π

ε
ρ′(τ) +O(ε).

1/ε

1/ε
τ ± kε k 
 1

−ρ′′(τ) ρ(τ)

ρ′′(τ) = −2
√

b2ε2 − τ2 +
C√

b2ε2 − τ2
.

C = b2ε2

ρ(τ) =
1

3

(
b2ε2 − τ2

)3/2
,

b

b =

(
8λ

π

)1/4

,

1/ε
ε

ρ′(τ) = ετ +O(ε2),



ρ(τ)

ρ(τ) =
ε

2

(
τ2 − k2

)
.

ˆ k

−k
dτ

ε

2

(
τ2 − k2

)
= − ε

3
k3 = 1,

k =

(
−3λ1/4

2

)1/3

.

k =

(
± iπ

3

)(
−3λ1/4

2

)1/3

.

σi
(±iπ/3)(3λ/2)1/3

±π/3

- - - ( )

-
-

( )

g2 =
−4000 ±π/3

ν

ν = 〈 σ2〉 = g4

2N2

∂F (N, g)

∂g2
= − 2

15

(
∓πi

3

)(
3

2

)5/3

λ2/3,



- - -

( ( ))

g2 = −1000

- -

( ( ))

g2 = −2000

m = 1 g2 � 0
a g2 ν

n

n m− 1

1 1

2 0.02351

3 0.0006419

4 0.000017325

m = 1

m = 1 + abn, a � 42.52, b � 0.0235.

a b

g2 ν

g2 ∼ n3, ν ∼ n2.

ν

ν ∼ g4/3 ν ∼ λ2/3,



λ

ρ(σ) =
1

2λ
(σ2 − k2),

k = eiπ/3
(
3λ

2

)1/3

.

Z2

2M � N
N

±σ̃
σ̃

−2π

λ
σ̃ =

1

N

2

(2σ̃)3 + 2σ̃
+ 2

ˆ k

−k

dσ′ρ(σ′)
(σ̃ − σ′)3 + (σ̃ − σ′)

.

N 2σ̃ ±i
σ̃

σ̃ =
i

2
+ z,

z

1

2zN
� iπ

λ
+

2πz

λ

+

ˆ k

−k
dσ′ρ(σ′)

[
2

i/2 + z − σ′ −
1

3i/2 + z − σ′ −
1

−i/2 + z − σ′

]
� iπk2

λ
+

πz

λ
,

z � e5iπ/6

πN

(
λ

18

)1/3

.

2M 2M � N

σ̃i = ±
(
i

2
+ zi

)
,



zi
±i/2

− iπk2

λ
− πzi

λ
=

1

N

M∑
j �=i

2

zi − zj
− 1

N

M∑
j

1

zi + zj
.

zi zj zj =
−zi+2δz δz M j

i δz

−2πN

λM
zi =

M∑
j �=i

2

zi − zj
.

SU(M)
λ = Mλ/N

zi
zi M

N/λ δz
λ 
 M3/N3

ρ(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+C1

[
e2πi/3B2 − (σ − i/2)2

]
, σ = i/2 + eπi/3x,

−C1

[
e4πi/3B2 − (σ − i/2)2

]
, σ = i/2 + e2πi/3x,

+C1

[
e−2πi/3B2 − (σ + i/2)2

]
, σ = −i/2 + e−πi/3x,

−C1

[
e−4πi/3B2 − (σ + i/2)2

]
, σ = −i/2 + e−2πi/3x,

−iC2, −i/2 ≤ σ ≤ i/2,

x, B ∈ R 0 ≤ x ≤ B
−i/2 ≤ σ ≤ i/2

−2π

λ
σ =

 
dσ′ρ(σ′)

(
2

σ − σ′ −
1

σ − σ′ + i
− 1

σ − σ′ − i

)
.



(i/2±σ) (3i/2±σ)

C2 = −
√
3B2C1.

B

−2π

λ
σ = 4πC1σ +O(B−1),

C1 �= − 1

2λ
,

ρ(σ)
B

B =

(
3λ

4

)1/3

.

2−1/3

λ

ρ(σ) =
1

2λ
(σ2 − k2).

F = −2π

λ
N2

ˆ k

−k
dσρ(σ)σ2

−N2

ˆ k

−k
dσdσ′ρ(σ)ρ(σ′)

[
(σ − σ′)2 − [(σ − σ′)2 + 1]

]
.

C(σ) ρ(σ)
C(k) = 1 C(−k) = 0



F = −2π

λ
N2

ˆ k

−k
dσρ(σ)σ2 − 2π

λ
N2

ˆ k

−k
dσ C(σ)σ

−N2

ˆ
dσρ(σ)

(k − σ)2

(k − σ)2 + 1

= −π

λ
N2

ˆ k

−k
dσρ(σ)σ2 − π

λ
N2k2 −N2

ˆ
dσρ(σ)

(k − σ)2

(k − σ)2 + 1

= −6π

5λ
N2k2 −N2

ˆ
dσρ(σ)

(k − σ)2

(k − σ)2 + 1
.

O(N2 k
λ k)

F = −1

2

6π

5λ
N2

[(
k

21/3

)2

+

(
k∗

21/3

)2
]
.

1/2

1/21/3

λ

d



1/ε τ ± kε k 
 1
λ 
 N1/4

1/ε

−2π

λ
σ =

 b

−b
dσ′ ρ′′(σ′)

σ − σ′ − 2πρ′(σ) +O(1/λ),

V (σ) = −2πN

λ

∑
i

σ2
i − 4πN

∑
i

ρ(σi),

ρ(σ) =
1

3λ
(b2 − σ2)3/2.

ν



N = 2

N = 2 S4

N = 2

N = 2



N = 2

||v||2 = ss̃
s̃

s

N = 2

N = 2



SU(2)R

c

δ

(χ̄iα̇, ζ̌iα) (ζiα, ˇ̄χiα̇)
vμ = 0

a0
a0

mi a0
S2 × S2



S4

S2 × S2

N = 2

N = 2

N = 2

N = 2 SU(2)R

N = 2

SU(2)R Vμ
i
j i, j, . . .

SU(2)R
N Gμ Wμν

Fμν SU(2)R Sij

ζiα χ̄α̇
i

SU(2)R
i SU(2)R α, α̇

(ζiα)
∗ = ζiα, (χ̄α̇

i )
∗ = χ̄i

α̇.

ζiα χ̄α̇
i



(Dμ − iGμ)ζi − i

2
W+

μρσ
ρχ̄i − i

2
σμη̄i = 0 ,

(Dμ + iGμ)χ̄
i +

i

2
W−

μρσ̄
ρζi − i

2
σ̄μη

i = 0 ,

(
N − 1

6
R
)
χ̄i = 4i∂μGν σ̄

μνχ̄i + i
(∇μ + 2iGμ

)
W−

μν σ̄
νζi

+ iσ̄μ
(
Dμ + iGμ

)
ηi ,(

N − 1

6
R
)
ζi = −4i∂μGν σ̄

μνζi − i
(∇μ − 2iGμ

)
W+

μνσ
νχ̄i

+ iσμ
(
Dμ − iGμ

)
η̄i ,

Dμ SU(2)R
Vμ

i
j R ηi η̄i

ηi = (F+ −W+)ζi − 2Gμσ
μχ̄i − Sijζ

j ,

η̄i = −(F− −W−)χ̄i + 2Gμσ̄
μζi − Sijχ̄j .

W+ := 1
2Wμνσ

μν W− := 1
2Wμν σ̄

μν

F

s = 2ζiζi, s̃ = 2χ̄iχ̄i

vμ = 2χ̄iσ̄μζi,

ζiα χ̄α̇
i

vμ s, s̃ s, s̃ ≥ 0
vμ

||v||2 = ss̃.

ζiα χ̄α̇
i
vμ

s s̃ v Wμν (Vμ)
ij

bμ vμbμ = 0
N

Fμν K Sij



ζiα χ̄α̇
i

ζ̌ı̌ ˇ̄χı̌

vμ

s s̃ s̃
s K

s̃ s
||v||2/K

ζiα
χ̄α̇
i

vμ

s vμ

ζiα =

√
s

2
δiα, χ̄α̇

i =
1

s
vμ(σ̄μζi)

α̇.

s = 0

SU(2)R

Ui
j = i

vμ

||v||σμ i
j ,

χ̄α̇
i = −i

√
s̃

2
δα̇i , ζiα = −1

s̃
vμ(σμχ̄

i)α.

ζ̌ı̌ ˇ̄χı̌

SU(2)l×Z2
SU(2)Ř ζ̌ı̌ SU(2)r ×Z2

SU(2)Ř ˇ̄χı̌

ζiζ̌ǰ − χ̄i ˇ̄χǰ = 0, ζ̌ı̌ζ̌
ı̌ = χ̄iχ̄i,

ˇ̄χı̌σ̄μζ̌ı̌ + χ̄iσ̄μζi = 0, ˇ̄χı̌ ˇ̄χ
ı̌ = ζiζi,



SU(2)Ř

(ζ̌αı̌ )
∗ = ζ̌ ı̌α, ( ˇ̄χı̌α̇)∗ = ˇ̄χı̌α̇.

ˇ̄χα̇
ı̌ =

√
s

2
δα̇ı̌ , ζ̌ı̌ α = −1

s
vμ(σμ ˇ̄χı̌)α.

SU(2)Ř

Uı̌
ǰ = i

vμ

||v||(σμ)ı̌
ǰ,

ζ̌ ı̌α = i

√
s̃

2
δ ı̌α, ˇ̄χα̇

ı̌ =
1

s̃
vμ(σ̄μζ̌ı̌)

α̇.

SU(2)Ř SU(2)R

ζ̌ ı̌α = i

√
s̃

s
δ ı̌i ζ

i
α, ˇ̄χα̇

ı̌ = i

√
s

s̃
δiı̌ χ̄

α̇
i ,

N = 2

N = 2 X
Aμ λiα λ̃i

α̇
SU(2)R

Dij SU(2)R
Aμ



δX̄ = χ̄iλ̄i , δX = −ζiλ
i ,

δAμ = iζiσμλ̄
i + iχ̄iσ̄μλi ,

δDij = iζiσ
μ
(
Dμ+ iGμ

)
λ̄j − iχ̄iσ̄

μ
(
Dμ− iGμ

)
λj

+ 2i[X, χ̄iλ̄j ] + 2i[X̄, ζiλj ] + (i ↔ j) ,

δλi = −2i(Dμ − 2iGμ)Xσμχ̄i+ 2
(
F+− X̄ W+

)
ζi

+Dijζ
j + 2i[X, X̄]ζi − 2Xηi ,

δλ̄i = 2i(Dμ + 2iGμ)X̄σ̄μζi+2
(
F−−XW−)χ̄i

−Dijχ̄j − 2i[X, X̄]χ̄i + 2X̄η̄i .

Fμν Aμ

F+ := 1
2Fμνσ

μν F− :=
1
2Fμν σ̄

μν

Ψ

δ2Ψ = iLvΨ+ ivμVμ ◦Ψ+ iΛ(R)◦Ψ− i[Φ,Ψ],

Lv v ◦
SU(2)R

Λ(R) SU(2)R

Λ
(R)
ij = χ̄iσ̄

μ(Dμ − iGμ)ζj − ζiσ
μ(Dμ + iGμ)χ̄j + (i ↔ j),

Φ

Φ = ivμAμ + sX̄ + s̃X.

SU(2)R

Sp(k)

qni ψαn

ψ̄α̇ n

Fnı̌ n,m = 1, . . . , 2k Sp(k) i



ı̌ SU(2)R SU(2)Ř

(qni)
∗ = qni, (Fnı̌)

∗ = Fnı̌.

δqni = ζiψn + χ̄iψ̄n,

δψn = 2i(Dμqni)σ
μχ̄i + iqniσ

μ (Dμ + iGμ) χ̄i + 4iX̄n
mqmiζ

i + 2iFnı̌ζ̌
ı̌,

δψ̄n = 2i(Dμq
ni)σ̄μζi + iqniσ̄μ (Dμ − iGμ) ζi + 4iXn

mqmiχ̄i + 2iFnı̌ ˇ̄χı̌,

δFnı̌ = ζ̌ı̌
[
σμ (Dμ − iGμ) ψ̄n − 2Xn

mψm + 2(λj)n
mqmj − iW+ψn

]
+ ˇ̄χı̌

[
σ̄μ (Dμ + iGμ)ψn + 2X̄n

mψ̄m − 2(λ̄j)n
mqmj + iW−ψ̄n

]
.

Dμ

R
Xn

m

tαn
m Xn

m = Xαtαn
m

Fnı̌

ζ̌ı̌ ˇ̄χı̌

SU(2)Ř

Ψ Fnı̌

δ2Ψ = iLvΨ+ ivμVμ ◦Ψ+ iΛ(R)◦Ψ+ GΦ �Ψ,

SU(2)R
�

SU(2)Ř SU(2)R

δ2Ψ = iLvΨ+ ivμV̌μ ◦Ψ+ iΛ(Ř)◦Ψ+ GΦ �Ψ,

ı̌
SU(2)Ř SU(2)R



V̌μ Λ(Ř) SU(2)Ř

Λ
(Ř)
ı̌ǰ = 2ζ̌ı̌σ

μ
(
Ďμ − iGμ

)
ˇ̄χǰ + 2iζ̌ı̌W

+ζ̌ǰ − 2 ˇ̄χı̌σ̄
μ
(
Ďμ + iGμ

)
ζ̌ǰ

+ 2i ˇ̄χı̌W
− ˇ̄χǰ +

(
ı̌ ↔ ǰ

)
,

Ďμ SU(2)Ř

LB = +
1

2
(Dμqni)(Dμqni)− i

2
qni(D

ij)n
mqmj +

1

2
Fnı̌Fnı̌

−
(
R

12
+

N

4

)
qniqni + qni{X̄,X}nmqmi,

LF = − i

2
ψnσμ (Dμ − iGμ) ψ̄n +

i

2
ψnXn

mψm +
i

2
ψ̄nX̄n

mψ̄m

− iψn(λi)n
mqmi − iψ̄n(λ̄i)n

mqmi − 1

4

(
ψnW+ψn + ψ̄nW−ψ̄n

)
,

LB

LF LB+LF δ

L = LB + LF = δVG,

VG

VG =
1

2(s+ s̃)

[
2i(Dμ + iGμ)(qniζ

i)σμψ̄n − 2i(Dμ − iGμ)(qniχ̄
i)σ̄μψn

+ 2iFnı̌( ˇ̄χ
ı̌ψ̄n − ζ̌ ı̌ψn)− 4iqmi(X

m
nχ̄

iψ̄n + X̄m
nζ

iψn)

− 2qni(χ̄
iW−ψ̄n + ζiW+ψn)

− 2

s+ s̃
vνFμνqni(χ̄

iσ̄μψn − ζiσμψ̄n)

− 4iqni
[
(λi)n

mζj + (λ̄i)n
mχ̄j

]
qm

j
]
.

δ

s+ s̃ Fμν = 0



P+ =
1

2(s2 + s̃2)

(
(s+ s̃)2�+ (s2 − s̃2) �−4κ ∧ ιv

)
,

P− = �− P+,

� κ v

Ψ =

(
ψα

ψ̃α̇

)
.

L =
1

2

(
�+ γ5

)
, R =

1

2

(
�− γ5

)
,

γ5 = −γ1γ2γ3γ4 γμ

Z+ =
1

2

(
�+

s− s̃

s+ s̃
γ5 − 2

s+ s̃
vμγ5γμ

)
.

Z+

Z− = �− Z+, Z̃+ = γ5Z+γ5, Z̃− = �− Z̃+ .

Z+ Z̃+

P+

P+ Z+

ωμν = Ψ̄2γμνΨ1,



Ψ1,2 Z+Ψ1,2 = Ψ1,2

ω

P+ω = ω.

φ Ψ A
F

δφ = ıvΨ,

δΨ = ıvF + idAφ,

δA = iΨ,

ıv v
ϕ

η

δϕ = iη,

δη = ıvdAϕ− [φ, ϕ].

H
χ

δχ = H,

δH = iLA
v χ− i[φ, χ],

LA
v v

A P+χ = χ
H



qn, hn bn, cn
Sp(k)

ζi χ̄i

zi =

(
ζi
χ̄i

)
,

Z+zi = zi
ζ̌ı̌ ˇ̄χı̌

žı̌ =

(
ζ̌ı̌
ˇ̄χı̌

)
,

Z̃−žı = žı

qni qn

qn = ziqni =

(
ζiqni
χ̄iqni

)
.

qni = − 4

s+ s̃
z̄i qn.

ψn ψ̄n

cn

cn = −s+ s̃

4
Z+

(
ψn

ψ̄n

)
= −1

4

(
sψn − vμσμψ̄n

s̃ψ̄n + vμσ̄μψn

)
,

bn

bn =
s+ s̃

4
Z̃−γ5

(
ψn

ψ̄n

)
=

1

4

(
s̃ψn + vμσμψ̄n

−sψ̄n + vμσ̄μψn

)
.

(
ψn

ψ̄n

)
=

4

s+ s̃
(γ5bn − cn).

hn
hn = −iδbn

hn =
s+ s̃

2
žı̌Fnı̌+Z̃−

[s+ s̃

2
γμ(Dμ+iTμ)qn+ivμGμqn−i

(s+ s̃)

2
ϕn

mqm

]
,



Tμ

Tμ =
s− s̃

(s+ s̃)
Gμ +

ss̃

(s+ s̃)2
bμ + i

∂μ(s
2 + s̃2)

2(s+ s̃)2
,

bμ

Fni

Fnı̌ =
8

(s+ s̃)2

[
¯̌zı̌hn − s+ s̃

2
¯̌zı̌γ

μ(Dμ + iTμ)qn − ivμGμ(¯̌zı̌qn)

+i
(s+ s̃)

2
ϕn

m(¯̌zı̌qm)

]
.

Z+q = q, Z+c = c, Z̃−b = b, Z̃−h = h.

(hn)
∗ = −h̄n −

[
(s+ s̃)(Dμ + iTμ)q̄

nγμ − 2ivμGμq̄
n

− i(s+ s̃)q̄mϕm
n
]
Z̃−,

(qn)
∗ = q̄n.

δq = c

δc = (iLv − GΦ)q

δb = ih

δh = (Lv + iGΦ)b

GΦ Φ = (iıvA+φ)

δ2 = iLv − GΦ,

δ
L = δVG



VG(qni, ψn, ψ̄n, Fnı̌) VG(q, b, c, h)

VG

VG =
8

(s+ s̃)3

{
īcLvq+ iq̄ [φ+ i(s− s̃)ϕ] c− i(∂μvν)c̄ γ

μνq

− (s+ s̃)

(
Gμ − s2 − s̃2

64
bμ

)
c̄γμq

+ i(s+ s̃)b̄γμ(Dμ + iTμ)q

− (s+ s̃)b̄ϕ q− 2ιvGb̄q− i

4
(s+ s̃)2q̄χq− ih̄b

}
,

Sp(k) Ψ̄1Ψ2 =
(Ψ̄1)mΨm

2 χ := 1
2χμνγ

μν

VG

L = LB + LF

LB

LB =
8

(s+ s̃)3

{
− Lvq̄Lvq−Dμvν q̄γ

μνLvq− i(s− s̃)q̄ϕLvq

+ i(s+ s̃)

(
Gμ − s2 − s̃2

64
bμ

)
(q̄γμLvq+ q̄γμφ q)

− ∂μvν q̄γ
μνφ q

− 1

2
q̄

[
i

2
(s+ s̃)2H+ + {φ, φ}+ i(s− s̃){ϕ, φ}

]
q

− (s+ s̃)h̄γμ(Dμ + iTμ)q− 2iιvGh̄q

+ i(s+ s̃)q̄ϕ h+ h̄h

}
,



LF

LF =
8

(s+ s̃)3

{
− ib̄Lvb+ ib̄φb− īcLvc− i(s+ s̃)b̄γμ(Dμ + iTμ)c

+ 2ιvGb̄c+ (s+ s̃)

(
Gμ − s2 − s̃2

64
bμ

)
c̄σμc

+ īc [φ+ i(s− s̃)ϕ] c+ i∂μvν c̄σ
μνc

+ (s+ s̃)c̄ϕ b+ i(s+ s̃)q̄γμΨμb+ i(s+ s̃)q̄ η b

+ iq̄

[
2ιvΨ− (s− s̃)η +

1

2
(s+ s̃)2χ

]
c

}
.

h = 0,

(iLv − GΦ)q = 0.

Φ v q

q = 0,

V =
1

4 zizi
(δΨn)

∗Ψn =
8

(s+ s̃)3
[(δbn)

∗bn + (δcn)
∗cn],

V =
8

(s+ s̃)3

{
−bδb+b [i(s+ s̃)γμ(Dμ + iTμ)− 2ιvG− g(s+ s̃)ϕ] q

+ (δq) [iLv − iΦ− i(2φ+ i(s− s̃)ϕ)] q
}
.



δV

V =
8

(s+ s̃)3
(
δq, b

)(D00 D01

D10 D11

)(
q
δb

)
,

D00 = iLv − iΦ− i[2φ+ i(s− s̃)ϕ],

D10 = i(s+ s̃)γμ(Dμ + iTμ)− 2ιvG− g(s+ s̃)ϕ,

D01 = 0,

D11 = −�.
D10

Z̃−D10Z+ = D10

D10

D10

σ[D10] =
8pμ

(s+ s̃)2
Z̃−γμZ+

σ [D10]|s̃=0 =
8 pμ
s2

RγμL, σ [D10]|s=0 =
8 pμ
s̃2

LγμR

s = 0 s̃ = 0 v = 0

D10

s = s̃

σ [D10]|s=s̃ =
pμ
2s2

(
1− vν

s
γ5γ

ν
)
γμ
(
1− vρ

s
γ5γ

ρ
)

=
4

s2
Z̃−γ5γμνpμvν .

pμ = vμ �= 0

σ [D10]|s=s̃ = 0,

p v
D10

(D10)(t) =
∑

x : x̃=x

qe
−i tH − be

−i tH

(1− ∂x̃/∂x)
.

H
H = δ2 = iLv − GΦ,



x x̃
t

(z1, z2) zi ∈ C

(ε+1 , ε
+
2 )

v = iε
(+)
1 (z1∂z1 − z̄1∂z̄1) + iε

(+)
2 (z2∂z2 − z̄2∂z̄2).

(z1, z2)

(z1, z2) �→ (z̃1, z̃2) = (q1z1, q2z2),

q1,2 = eiε
(+)
1,2 t, t ∈ R,

U(1)× U(1)

(
1− ∂z̃i

∂zj

)
= (1− q1)(1− q1)(1− q2)(1− q2) ,

q1,2 q1,2
H

U(1) × U(1)
Spin(4) = SU(2)+ × SU(2)−

= xμγ
μ =

⎛⎜⎜⎝
0 0 z2 z1
0 0 z1 −z2

−z2 −z1 0 0
−z1 z2 0 0

⎞⎟⎟⎠ .

g SU(2)+ × SU(2)−

g =
(√

q1q2,
√
q1q2,

√
q1q2,

√
q1q2

)
,

→ g g−1,

Ψ → g−1Ψ.



q b

H
q+ → √

q1q2 q+,

q− →√
q1q2 q−,

b̃+̇ →√
q1q2 b̃

+̇,

b̃−̇ →√
q1q2 b̃

−̇.

(D10)| =

√
q1q2

(1− q1)(1− q2)

∑
ρ∈R

e−t ρ(Φ0),

ρ R Φ0

a0

(z′1, z′2)
(ε−1 , ε

−
2 )

v = iε
(−)
1 (z′1∂z′

1
− z̄′1∂z̄′

1
) + iε

(−)
2 (z′2∂z′

2
− z̄′2∂z̄′

2
),

(z′1, z
′
2) �→ (z̃′1, z̃

′
2) = (q′1z

′
1, q

′
2z

′
2),

q′1,2 = eiε
(−)
1,2 t, t ∈ R.

q b

b+ →
√

q′1q′2 b+,

b− →
√

q′1q′2 b−,

q̃+̇ →
√

q′1q′2 q̃
+̇,

q̃−̇ →
√

q′1q′2 q̃
−̇ .

(D10)| = −
√

q′1q′2
(1− q′1)(1− q′2)

∑
ρ∈R

e−t ρ(Φ′
0).



[
1

1− qi

]
+

:=
∑
n≥0

qni ,

[
1

1− qi

]
−
:= −

∑
n≤−1

qni = −
∑
n≥0

q−n−1
i .

q1 q2

ΓN (ω|�a) =
∏

�n∈NN

(ω + �a · �m)−1 = e∂sζN (s,ω|�a)|s=0 ,

ζN (s, ω|�a)

ζN (s, ω|�a) =
∑
�n∈NN

(ω + �a · �m)−s.

++[
(D10)|

]
++

= +
∑
ρ∈R

∑
n1,n2∈N

q
n1+

1

2

1 q
n2+

1

2

2 e−t ρ(Φ0),

Φ0

Φ0 = a0 + k+(ε
(+)
1 , ε

(+)
2 ),

k+(ε
(+)
1 , ε

(+)
2 )

[
Z
ε
(+)
1 ,ε

(+)
2

(a0, k+)
]
++

=
∏
ρ∈R

Γ2

(
i ρ(Φ0) +

ε
(+)
1 + ε

(+)
2

2
|ε(+)
1 , ε

(+)
2

)
.



+−[
(D10)|

]
+−

= −
∑
ρ∈R

∑
n1,n2∈N

q
n1+

1

2

1 q
−n2− 1

2

2 e−t ρ(Φ0)

[
Z
ε
(+)
1 ,ε

(+)
2

(a0, k+)
]
+−

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ0) +

ε
(+)
1 − ε

(+)
2

2
|ε(+)
1 ,−ε

(+)
2

)]−1

.

−+[
(D10)|

]
−+

= −
∑
ρ∈R

∑
n1,n2∈N

q
−n1− 1

2

1 q
n2+

1

2

2 e−t ρ(Φ0)

[
Z
ε
(+)
1 ,ε

(+)
2

(a0, k+)
]
−+

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ0) +

−ε
(+)
1 + ε

(+)
2

2
| − ε

(+)
1 , ε

(+)
2

)]−1

.

−−[
(D10)|

]
−−

= +
∑
ρ∈R

∑
n1,n2∈N

q
−n1− 1

2

1 q
−n2− 1

2

2 e−t ρ(Φ0)

[
Z
ε
(+)
1 ,ε

(+)
2

(a0, k+)
]
−−

=
∏
ρ∈R

Γ2

(
i ρ(Φ0)− ε

(+)
1 + ε

(+)
2

2
| − ε

(+)
1 ,−ε

(+)
2

)
.

++[
(D10)|

]
++

= −
∑
ρ∈R

∑
n1,n2∈N

(q′1)
n1+

1

2 (q′2)
n2+

1

2 e−t ρ(Φ′
0)

Φ′
0

Φ′
0 = a′0 + k−(ε

(−)
1 , ε

(−)
2 ),



k−(ε
(−)
1 , ε

(−)
2 )

[
Z
ε
(−)
1 ,ε

(−)
2

(a′0, k−)
]
++

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ′

0) +
ε
(−)
1 + ε

(−)
2

2
)|ε(−)

1 , ε
(−)
2

)]−1

.

+−[
(D10)|

]
+−

= +
∑
ρ∈R

∑
n1,n2∈N

(q′1)
n1+

1

2 (q′2)
−n2− 1

2 e−t ρ(Φ′
0)

[
Z
ε
(−)
1 ,ε

(−)
2

(a′0, k−)
]
+−

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ′

0) +
ε
(−)
1 − ε

(−)
2

2
|ε(−)
1 ,−ε

(−)
2

)]
.

−+[
(D10)|

]
−+

= +
∑
ρ∈R

∑
n1,n2∈N

(q′1)
−n1− 1

2 (q′2)
n2+

1

2 e−t ρ(Φ′
0)

[
Z
ε
(−)
1 ,ε

(−)
2

(a′0, k−)
]
−+

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ′

0) +
−ε

(−)
1 + ε

(−)
2

2
| − ε

(−)
1 , ε

(−)
2

)]
.

−−[
(D10)|

]
−−

= −
∑
ρ∈R

∑
n1,n2∈N

(q′1)
−n1− 1

2 (q′2)
−n2− 1

2 e−t ρ(Φ′
0)

[
Z
ε
(−)
1 ,ε

(−)
2

(a′0, k−)
]
−−

=
∏
ρ∈R

[
Γ2

(
i ρ(Φ′

0)−
ε
(−)
1 + ε

(−)
2

2
| − ε

(−)
1 ,−ε

(−)
2

)]−1

.



H3 × S1

R4

N = 2 H3 × S1

N = 2

H3 × S1

∂H3



N = 2

Q R2 R4

Q

c2d
c4d c2d = −12c4d

S3 N ≥ 4

N = (2, 0)

N = 2
H3 × S1

H3 × S1

N = 4 S3



N = 8

SL(2,C)

L−1 = −∂z, L0 = −z∂z, L+1 = −z2∂z,

L−1 = −∂z, L0 = −z∂z, L+1 = −z2∂z,

N = 1
O(x) {Qα,O(x)} =

0 Qα α + −



[L+1, L−1] = 2L0, [L0, L±1] = ∓L±1,

[L+1, L−1] = 2L0, [L0, L±1] = ∓L±1.

sl(2)× sl(2)
O(z)

z
sl(2)

On :=

˛
dz

2πi
zn+h−1O(z),

h
sl(2)

Tμν JA

Tzz Tzz

T (z) := Tzz(z), T (z) := T zz(z).

T (z)

Ln :=

˛
dz

2πi
zn+1T (z)

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0,

c
T (z)

JA(z)

JA
n :=

˛
dz

2πi
znJA(z),

[JA
m, JB

n ] =
∑
c

ifABCJC
m+n +mk δABδm+n,0,

k

O(z)



d
Rd

sl(2) sl(2) so(2+
d) Rd sl(2)×sl(2) ⊂ so(d+2)

sl(2)
so(d+2) so(d+2)

N = 2

Q

sl(2)× sl(2)

Q

sl(2)×sl(2)
N = 2 sl(4|2)

Q2 = 0

sl(2) sl(2)

sl(2) Q

sl(2) Q

sl(4|2)
sl(2)×sl(2|2) N = (0, 4)



N = 2

Q

Q 1 := Q1 + S2
, Q 2 := S1 −Q2.

QI
α,QI α̇ Sα

I ,S
I α̇

Q i

Qi

1

2
(E − (j1 + j2))−R = 0 r + (j1 − j2) = 0,

E j1 j2 sl(2)1 sl(2)2
M+

+ M+̇
+̇

N = 2 R sl(2)R r
U(1)r

R4

Q i S

(x3, x4)

O(z, z) = ezL−1+zL̂−1O(0)e−zL−1−zL̂−1 ,

z = x3 + ix4 z = x3 − ix4 O(0)

L−1 = P++̇, L0 =
1

2
(H+M) , L+1 = K+̇+,

P,K
H

L̂−1 := L−1 +R−, L̂0 := 2(L0 −R), L̂+1 := L+1 −R+,



R−,R R+ sl(2)R L̂−1, L̂0

L̂+1 N = 2

L−1 = P−−̇, L0 =
1

2
(H−M) , L+1 = K−̇−.

z
Q i O

z

∂z[O(z, z)]Qi
= 0

Qi

(z, z) sl(2)R
k OI1...I2k Ii = 1, 2

O1...1(0, 0)

O(z, z) := uI1
(z) . . . uI2k

(z)OI1...I2k(z, z)

uI := (1, z)

H3 × S1

N = 2 H3×S1

H3 × S1

ds2 =
L2

r2
(
dx2 + dy2 + dr2

)
+ L2β2dθ2,

L H3 β S1 H3

θ θ ∈ [0, 2π)

e1 =
L

r
dx, e2 =

L

r
dy, e3 =

L

r
dr, e4 = Lβdθ.

a, b
μ, ν



N = 2

N = 2

H3 × S1

DμζI − iAνσμνζI = 0,

Dμχ̃
I + iAν σ̃μνχ̃

I = 0,

Dμ

ωμab = eb ν∇ea
ν SU(2)R Vμ

J
I

DμζI = ∂μζI +
1

2
ωμab σ

abζI − 1

2
Vμ

J
IζJ ,

Dμχ̃
I = ∂μχ̃

I +
1

2
ωμab σ̃

abχ̃I +
1

2
Vμ

I
J χ̃

J .

H3×S1 A = −βdθ Vμ
I
J = 0

ζIα =
1√
2

( 1√
r
(aI − bIw)√

r bI

)
α

, χ̃Iα̇ =
1√
2

( 1√
r
(cI − dIw)√

r dI

)α̇

,

w = x+ iy w = x− iy aI , bI , cI , dI

N = 2

X λI λ̃I aμ



DIJ

δX = −ζIλ
I ,

δX̃ = χ̃I λ̃I ,

δaμ = iζIσμλ̃
I + iχ̃I σ̃μλI

δλI = −2i σμχ̃IDμX + Fμνσ
μνζI +DIJζ

J + 2ig[X, X̃]ζI

δλ̃I = 2i σ̃μζIDμX̃ + Fμν σ̃
μνχ̃I −DIJ χ̃J − 2ig[X, X̃]χ̃I ,

δDIJ = 2i ζ(Iσ
μ

(
Dμ +

i

2
Aμ

)
λ̃J) − 2i χ̃(I σ̃

μ

(
Dμ − i

2
Aμ

)
λJ)

+ 4ig
[
X, χ̃(I λ̃J)

]
+ 4ig

[
X̃, ζ(IλJ)

]
.

LV =

{
−4(Dμ + iAμ)X̃(Dμ − iAμ)X − 1

2
FμνF

μν +
1

2
DIJDIJ

+
2R

3
XX̃ + 4g2[X, X̃]2 − 2iλIσ

μ

(
Dμ +

i

2
Aμ

)
λ̃I

−2igλI [X̃, λI ]− 2igλ̃I [X, λ̃I ]
}
.

Sp(k)
Sp(k) n m

1, . . . , 2k I J
SU(2)R

qnI ψn ψ̃n



FnI

δqnI = ζIψn + χ̃I ψ̃n,

δψn = 2i σμχ̃IDμqnI + iqnIσ
μ

(
Dμ +

i

2
Aμ

)
χ̃I

+ 4igX̃n
mqmIζ

I − 2iFnI ζ̌
I ,

δψ̃n = 2i σ̃μζIDμq
nI + iqnI σ̃μ

(
Dμ − i

2
Aμ

)
ζI

+ 4igXn
mqmI χ̃I − 2iFnI ˇ̃χI ,

δFnI = ζ̌I

[
σμ

(
Dμ − i

2
Aμ

)
ψ̃n − 2gXn

mψm + 2g(λJ)n
mqmJ

]
+ ˇ̃χI

[
σ̃μ

(
Dμ +

i

2
Aμ

)
ψn + 2gX̃n

mψm − 2g(λ̃J)n
mqmJ

]
,

ζ̌I ˇ̃χI

ζI χ̃I

ζ̌I =

√
s̃

s
ζI , ˇ̃χ

I
= −

√
s

s̃
χ̃I ,

s = ζIζI , s̃ = χ̃I χ̃
I .

s s̃

LH =− 1

2
DμqnIDμqnI +

i

2
gqnID

IJ
n
mqmJ − 1

2
FnIFnI +

R

12
qnIqnI

− g2qnI{X̃,X}nmqmI +
i

2
ψnσμ

(
Dμ − i

2
Aμ

)
ψ̃n

− i

2
gψnXn

mψm − i

2
gψ̃nX̃n

mψ̃m

+ igψn(λI)n
mqmI + igψ̃n(λ̃I)n

mqmI .



N = 2
H3 × S1

J i R
R(i) ΦI SU(2)R

[
J (i),ΦI

]
= −LJ(i)ΦI ,

[
R(i),ΦI

]
= R(i)I

JΦ
J ,

Ri 2× 2

R1
1 = −R2

2 =
1

2L
τ3, R1

2 =
1

2L
(τ1 − iτ2), R2

1 =
1

2L

(
τ1 + iτ2

)
,

τ i

P
∂H3 K M⊥

∂H3 S1 M||
∂H3 D P ∂H3 K

∂H3

LK =
i

L

(
w2∂w + wr∂r − r2∂w

)
, LM|| =

1

L
(w∂w − w∂w) ,

LD =
i

L
(w∂w + w∂w + r∂r) , LM⊥ = − i

Lβ
∂θ,

LP = − i

L
∂w, LP = − i

L
∂w,

LK =
i

L

(
w2∂w + wr∂r − r2∂w

)
.

[D,P] = − i

L
P, [D,K] =

i

L
K,

[M||,P] =
1

L
P, [M||,K] = − 1

L
K,

[P,K] = − 1

L

(
iD +M||

)
, [RI

J ,RK
L] =

1

L

(
δKJRI

L − δILRK
J

)
.



M⊥

{M⊥} = u(1)M⊥ ,

{P, K, D + iM||} = sl(2),

{RI
J} = su(2)R.

sl(2) so(1, 3) so(1, 3) �
sl(2)⊕ sl(2)

H3

∂r
r → 0

φ(w,w, r, θ) m
D K
S1

φ(w,w, r, θ + 2π) ∼ φ(w,w, r, θ)

φ(w,w, r, θ) =
∑
k

eikθφk(w,w, r).

φk(w,w, r) H3

m2
k = m2 − 1

L2
+

(
k

Lβ

)2

.

φk,Δ−
k
(w,w)

r→0
φk(w,w, r) = rΔ

−
k φk,Δ−

k
(w,w) + rΔ

+
k φk,Δ+

k
(w,w),

Δ±
k Δ+

k + Δ−
k =

∂Hd+1

Δ+ = Δ− = d/2

r→0
φk(w,w, r) = −rd/2 r φ

k,Δ−
k
(w,w) + rd/2 φ

k,Δ+
k
(w,w).



Δ±
k =

d

2
±
√

d2

4
+ L2m2

k.

D

r→0
[D,φk] = rΔ

−
k

[
D,φk,Δ−

k

]
+ rΔ

+
k

[
D,φk,Δ+

k

]
= − i

L
rΔ

−
k

(
w∂w + w∂w +Δ−

k

)
φk,Δ−

k

− i

L
rΔ

+
k

(
w∂w + w∂w +Δ+

k

)
φk,Δ+

k
.

r

[
D,φk,Δ±

k

]
= − i

L

(
w∂w + w∂w +Δ±

k

)
φk,Δ±

k
.

D
φk,Δ±

k
Δ±

kK [
K, φk,Δ±

k

]
= − i

L

(
w2∂w +Δ±

k w
)
φk,Δ±

k
,

K
∂H3

ΦI

{δζ , δχ}

{δζ , δχ}ΦI = 2iLKΦI + iKμVμ
I
JΦ

J − iΘI
JΦ

J ,

LK Kμ

Kμ := χ̃I σ̃μζI ,

ΘI
J

ΘI
J := 4iAμ

(
χ̃I σ̃μζJ − 1

2
δIJK

μ

)
.

aI , bI , c
I dI

δa1a2b1b2 δ̃c1c2d1d2



Q1 → δ1000, Q2 → δ0100, S̃1 → δ0010, S̃2 → δ0001

Q̃1 → δ̃1000, Q̃2 → δ̃0100, S1 → δ̃0010, S2 → δ̃0001,

QI
α, Q̃I α̇ Sα

I , S̃I α̇

{
QI , Q̃J

}
= −2δIJP,{

S̃I ,SJ

}
= +2δIJK,{QI ,SJ

}
= δIJ

(−D + iM|| + iM⊥
)
+ 2iRI

J ,{
S̃I , Q̃J

}
= δIJ

(−D + iM|| − iM⊥
)− 2iRI

J ,

sl(2|2)
sl(2)× sl(2|2) N = (0, 4)

Q1 := Q1 − S̃2,

Q̃1 := S1 − Q̃2,

Q2 := S1 + Q̃2,

Q̃2 := Q1 + S̃2.

Ẑ = LM⊥

L̂− := − iL

2
{Q1, Q̃1} = − iL

2
{Q2,Q2} = −iLPw + LR2

1,

L̂0 :=
iL

4
{Q1, Q̃1} =

iL

4
{Q2, Q̃2} =

L

2
(M|| − iD)− LR1

1,

L̂+ :=
iL

2
{Q1,S2} = +

iL

2
{Q2, S̃1} = −iLKw − LR1

2,

{Q1,Q2} = −2i

L
Ẑ.

L̂−, L̂0 L̂+ su(2)R sl(2)

ŝl(2)

[L̂+, L̂−] = 2L̂0, [L̂0, L̂±] = ∓L̂±.



su(2)R
r → 0

L̂− = −∂w, L̂0 = −w2∂w, L̂+ = −w∂w,

su(2)R

su(2)R
H3

[L̂0,O(0)] = 0, [Ẑ,O(0)] = 0.

∂H3

Φ

Φ = Φ0 + Φ̂ + δΦ,

Φ0, Φ̂ δΦ

Φ0 Φ̂
δΦ

Z [Φ0,m] =
(
−S∂ [Φ0,m]

)ˆ
DΦ̂

(
−S∂ [Φ0,m]

)
Δ′ [m],

m Δ′

δΦ S∂ S∂

S∂ =

ˆ
∂H3

d2z1d
2z2

Φ0(z1)Φ0(z2)

z1z2
+ . . . ,

S∂ =

ˆ
∂H3

d2z Φ̂(z)∂zΦ̂0(z) + . . . .



S∂

Φ0 S∂

F Φ̂

Φ0 Φ̂
Φ0

S∂

S∂

Φ̂

δψ = δψ̃ = 0
Q1 Q2

Lf̂ + r(∂rG + 2r∂wF) = 0, r∂rF − 2∂wG − Lf0 = 0,

L H3

G =
1

r

(
q1 + wq2

)
=

1

r
(q2 − wq1) ,

F =
1

r
q1 = −1

r
q2,

f̂ =
1

r

(
F 1 + wF 2

)
=

1

r
(F2 − wF1) ,

f0 =
1

r
F1 = −1

r
F 2.

r∂r
(
r−1∂rG

)
+ 4∂w∂wG = 0, r−1∂r (r∂rF) + 4∂w∂wF = 0.



F G x y

F =

ˆ
d2p

(2π)2
ei(pxx+pyy)F̃(px, py, r),

G =

ˆ
d2p

(2π)2
ei(pxx+pyy)G̃(px, py, r).

F G
H3

F̃(px, py, r) = K0(r|p|)F̃ (0)(px, py),

G̃(px, py, r) = r(ipx + py)

|p| K1(r|p|)F̃ (0)(px, py),

Kn(z)

p |p| =
√

p2x + p2y
q̃1 q̃2 q1 q2

q̃1(px, py, r) = rK0(r|p|)F̃ (0)(px, py),

q̃2(px, py, r) = rK0(r|p|)
(
i∂px

+ ∂py
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1√
2

(
r−1/2Qn

−r−1/2qn 2

)α̇

,

Qn = uI(w)q
nI = qn 1 + wqn 2.

SH = −8πβL4

ˆ
∂H3

d2x
[
r−3qnσ̃

⊥μ̂Dμ̂q
n
]
r=0

.

Qn



Qi

Qn

SH = 2πβL2

ˆ
∂H3

d2w
[
2G(0)n(w,w)∂wG(0)

n (w,w)

+ rG(0)n(w,w)F (0)
n (w,w)

]
r=0

,

G(0)n = r→0 Gn F (0)
n

SH = −2πβL2

ˆ
∂H3

dwdw
[
r−2qnIq

nI
]
,

ŜH
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δ̂ ã0 = c̃0,

δ̂a0 = 0,

δ̂ c̃0 = 0,

δ̂ c̃ = b,

δ̂b0 = c0,

δ̂b = 2iLKb,

δ̂c0 = 0.

δ̂ δ
δ

S = 4πβL

ˆ
H3

d3x
√
g∇μ

[
s̃sY μJ

KY ν IKΣIJ∂νc
]
.

∂μc δ̂a = 0
Λμ = −∂μc
H3

∂H3

Y μ
IJ Qi

ΣIJ c ΣIJ



λI λ̃I c

r→0
c(w,w, r) → −r r c0(w,w) + rĉ(w,w).

S = gV

ˆ
∂H3

d2w

(
Λ̂(w,w)− ̂̃Λ(w,w)) ∂w ĉ(w,w),
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