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A B S T R A C T   

The effect of pre-impact waves on the coefficient of restitution (COR) in longitudinal impact of a uniform elastic 
rod on a linear elastic or bilinear inelastic spring supported by a fix rigid wall is studied. The spring models may 
represent the quasi-static response of, e.g., a small elastic cylinder or the inelastic bit-rock interaction in 
percussive drilling. The rod is accelerated to its impact momentum either by a force of relatively short duration 
which generates significant pre-impact waves in the rod (pre-impact wave case) or by a force of long duration 
which does not generate such waves (reference case). Analytical and numerical results based on the 1D wave 
equation are presented in dimensionless form. It is shown that the work performed by the accelerating force is 
much larger in the pre-impact wave case than in the reference case, and that the COR generally depends on 
spring stiffness, elasticity parameter, initial rod-spring separation, and wave transit time. In the pre-impact wave 
case, the COR may be significantly larger or smaller than in the reference case. It may also be significantly larger 
or smaller than unity. A pre-impact wave mechanism leading to super rebounds with COR up to 1.4261 is 
described.   

1. Introduction 

A force accelerating an elastic body to its momentum at impact 
generates pre-impact elastic waves in the body. If the duration of the 
force is comparable with a characteristic wave transit time through the 
body or shorter, such waves are normally significant; otherwise, they are 
normally not [1]. Therefore, pre-impact waves are significant in slender 
bodies such as rods that are accelerated in their longitudinal direction by 
forces of relatively short duration. Under such conditions, the following 
questions related to the effect of pre-impact waves on the coefficient of 
restitution (COR) are of interest: (i) What is the effect of such waves on 
the COR? (ii) Can such waves give rise to super rebounds, i.e., CORs 
larger than unity? 

Percussive top hammer drilling of rock [2–10] is an example of a 
technological process in which significant pre-impact waves commonly 
occur. Typically, a cylindrical rod with indenters at its front end is hit 
axially at its rear end by a hammer. This produces an accelerating force 
on the drill rod towards the rock, commonly with duration much shorter 
than the wave transit time. The pre-impact waves generated give the rod 
a momentum towards the rock from which it rebounds. In this appli
cation, the COR [10] is related to the thrust needed to keep the rock drill 

in contact with the rock. 
The phenomena of impact and restitution have given rise to a large 

number of publications during long time. Recent reviews of literature 
have been provided by Khulief [11] and Ahmad et al. [12], and exten
sive text books have been written by Goldsmith [13], Johnson [14] and 
Stronge [15]. 

Many studies concern post-impact waves and vibrations, e.g. 
[16–22]. Such waves and vibrations are generated to different extents 
during impact in the absence as well as in the presence of pre-impact 
waves and vibrations. As they are associated with kinetic and poten
tial energies that emanate from the pre-impact kinetic energy, they 
normally coexist with CORs less than unity in collisions of perfectly 
elastic bodies [16]. Zener [17] and Mueller et al. [18] determined the 
COR for the impact of an elastic sphere and a large thin elastic plate, and 
Hunter [19] determined that of an elastic sphere and an elastic half 
space. Others have considered impacts involving, e.g., elastic beams, 
bars and springs [20], circular elastic rings [21], and mass-spring sys
tems [22]. Often, the COR is found to be slightly less than unity in im
pacts involving compact or massive elastic bodies but significantly less 
than unity in impacts involving compliant bodies with relatively large 
dimension in one or two directions. 

Studies related to pre-impact waves and vibrations are scarce. Some 
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macroscopic such studies involve vibrating plates. For example, Jiang 
et al. [23] and Liang et al. [24] studied the chaotic dynamics of a ball 
bouncing on a plate with prescribed harmonic vibrations, and Ekpruke 
et al. [25] studied the effect of pre-impact vibrations on the low-velocity 
impact response of a rectangular plate. Some studies of microscopic 
systems concern thermally activated nanoclusters. Kuninaka and Hay
akawa [26, 27] simulated the collision between two identical such 
clusters and determined the emergence probability of four modes of 
collisions, viz., coalescence, bouncing, normal rebound with COR less 
than unity, and super rebound with COR larger than unity. In the last 
mode, energy is transferred from pre-impact thermal vibrations to 
post-impact translation. 

The aim of this paper is to study the effect of pre-impact waves on the 
COR in a simple case of longitudinal impact and to demonstrate pre- 
impact wave mechanisms involved, in particular those which give rise 
to super rebounds. The impacting body will be taken as a uniform elastic 
rod, and the impacted body will be modelled as a linear elastic or a 
bilinear inelastic spring supported by a fix rigid wall. The rod will be 
accelerated to its impact momentum by a force of relatively short 
duration that generates significant pre-impact waves. The COR of this 
pre-impact wave case will be compared with that of a reference case in 
which the rod is accelerated to the same impact momentum by a force of 
relatively long duration that does not generate significant pre-impact 
waves. In this case, therefore, the elastic rod will move like a rigid 
body before impact. 

First, in Section 2, an impact model will be established. Then, in 
Section 3, the processes of accelerating the rod to its impact momentum 
will be studied analytically for the pre-impact wave and the reference 
cases. In Section 4, three phases of impact will be studied analytically for 
the pre-impact wave case under the restrictions that (1) the initial sep
aration between the rod and the spring is zero, (2) the spring is linear 
and elastic, and (3) wave reflections at the rod-spring interface are 
separate from each other. In Section 5, analytical solutions will be pre
sented, and algorithms for numerical simulation (without the re
strictions above) will be described. In Section 6, results of numerical 
simulation for impact force, impulse, momentum and COR will be pre
sented and discussed, and comparisons will be made with analytical 
results. In Section 7, finally, main conclusions will be summarized. 

2. Impact model 

We consider longitudinal impact of a uniform elastic rod on a spring 
supported by a fix rigid wall as illustrated in Fig. 1. Initially, the rod is 
quiescent and its separation from the spring is d ≥ 0. It is accelerated 
from rest to its pre-impact momentum by a compressive force Fa(t) ≥ 0 
acting on its rear end. The duration of the force is t0 and its impulse is 

I0 =

∫t0

0

Fa(t)dt. 

The rod has length L, cross-sectional area A, Young’s modulus E and 
density ρ. The elastic wave speed is c = (E/ρ)1/2 and the characteristic 
impedance is Z = AE/c. The wave transit time is T = L/c, and the mass 

Nomenclature 

Latin 
A cross-sectional area 
a coefficient (= k/Z) 
c elastic wave speed (= (E/ρ)1/2) 
d rod-spring separation 
E Young’s modulus 
e coefficient of restitution (COR) 
F force 
h double wave transit time (= 2T)
I impulse 
k spring stiffness 
L length 
m mass (= ρAL = ZT)
N normal force 
p momentum 
s integration variable 
T wave transit time (= L/c)
t time 
U displacement of rod/spring interface; penetration 
u displacement 
v particle velocity 
x axial coordinate 

Z characteristic impedance (= AE/c)

Greek 
β dimensionless spring stiffness (= k/k0) 
γ elasticity parameter 
δ dimensionless rod-spring separation (= d/d0) 
ρ density 
τ dimensionless wave transit time (= d/d0) 

Subscripts 
a acceleration 
c cylinder 
i impact 
n negative direction (decreasing x) 
p positive direction (increasing x) 
s separation 

Superscripts 
f final 
0 wave generated at t = 0; characteristic quantity 
1, 2, 3, … wave reflected at global time t = T, 2T, 3T, … 

Acronyms 
COR coefficient of restitution 
CM centre of mass  

Fig. 1. Impact between a uniform elastic rod and a spring supported by a fix 
rigid wall. Accelerating force Fa versus time t and impact force Fi versus 
displacement Ui. 
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of the rod is m = ρAL = ZT. 
The 1D wave equation utt = c2uxx for the axial displacement u(x, t), 

where x is an axial coordinate and t is time, governs the motion of the 
rod. From its general solution, the relations N = Np + Nn and v 
= (1 /Z)(− Np +Nn) between the normal force N = AEux and the particle 
velocity v = ut follow. Here, Np and Nn are normal forces, positive in 
tension, associated with elastic waves travelling with speed c in the di
rections of increasing and decreasing x, respectively. These waves carry 
momentum, positive in the direction of increasing x, pp = −

∫
Npdt and 

pn =
∫

Nndt, and energy Wp = (1 /Z)
∫
(Np)

2dt and Wn =

(1 /Z)
∫
(Nn)

2dt, respectively. 
During primary loading, the response of the spring is given by the 

linear force versus displacement relationship Fi = kUi illustrated in 
Fig. 1, where Fi ≥ 0 is the impact force, Ui is the displacement, and k is 
the stiffness of the spring. During unloading and reloading, the stiffness 
of the spring is k/γ, with 0 < γ ≤ 1, so that dFi = (k /γ)dUi. The elasticity 
parameter γ, 0 < γ ≤ 1, signifies the fraction of reversible work at 
maximum load. 

In the linear elastic case, γ = 1, the spring may represent, e.g., a small 
linearly elastic cylinder with flat ends. If the axial transit time of the 
cylinder is small relative to that of the rod, its response will be quasi- 
static and linear [1] with stiffness k = AcEc/Lc, where Ac is the 
cross-sectional area, Lc the length, and Ec the Young’s modulus. In the 
bi-linear inelastic case, 0 < γ < 1, the spring may represent a 
wedge-shaped indenter of a percussive drill and its interaction with 
rock. For an indenter with such shape, dimensional analysis suggests 
linear relationships between changes in force and penetration during 
loading and unloading. Such relationships, of the type shown in Fig. 1, 
have also been demonstrated experimentally in impact tests with con
crete [7]. For indenters with spherical geometry, the force versus 
displacement relationships are generally complex [8]. However, they 
can sometimes be approximated by bilinear or biconvex relationships 
[9]. 

3. Acceleration process 

The acceleration process begins when at time t = 0 the accelerating 
force of short duration t0≪T, is applied at the rear end x = 0 of the rod as 
shown in Fig. 1. At this end, the force generates a compressive wave with 

time history N0
p(t) = − Fa(t) ≤ 0 and momentum p0

p = −

∫t0

0

N0
p dt equal to 

the impulse I0 =

∫t0

0

Fa(t)dt of the accelerating force, i.e., p0
p = p0 = I0. At 

the end t = t0 of the acceleration process, the rod has attained its pre- 
impact momentum p0 and centre of mass (CM) velocity v0 = p0 /m. At 
this time, the generated wave N0

p has not reached the front end x = L of 
the rod because of the condition t0≪T. Therefore, this end remains in its 
initial position. 

It is assumed that also in the reference case the rod has attained its 
pre-impact momentum p0 and CM velocity v0 at time t0. At this time, 
therefore, the motion of the rod is controlled by pre-impact waves in the 
pre-impact wave case, while it is that of a rigid body in the reference 
case. We next show that the acceleration of the rod to a given pre-impact 
momentum requires much more work in the former case than in the 
latter. 

While the front end of the rod is free, the velocity va(t) and the force 
Fa(t) at the rear end of the rod are related by the difference equation [1] 

m
1
h
[va(t) − va(t − h)] =

1
2
[Fa(t)+Fa(t − h)] (1)  

in which h = 2T. For an accelerating force of short duration t0 ≤ T = h 
/2, and 0 ≤ t ≤ t0, the second term in each member vanishes. Therefore, 

by use of m/T = Z, we obtain the relation Zva(t) = Fa(t) consistent with 
generation of pre-impact waves. In the limit of the reference case, h/t0→ 
0 and Eq. (1) turns into Newton’s second law m dva

dt (t) = Fa(t) governing 
the motion of the rod as that of a rigid body. 

Although the accelerating force produces the same impulse 
∫t0

0

Fa(t)dt 

in the two cases, it performs different work 
∫t0

− ∞

Fa(t)va(t)dt. In the pre- 

impact wave case this work is W = 1
Z

∫t0

0

[Fa(t)]2dt, and in the reference 

case it is (I0)
2
/2m, i.e., W0 = 1

2m[

∫t0

0

Fa(t)dt]2. These relations, m = ZT and 

the substitution t = t0s give 

W
W0 = 2

T
t0

∫1

0

[
Fa
(
t0s

)]2ds

/⎡

⎣
∫1

0

Fa
(
t0s

)
ds

⎤

⎦

2

≥ 2
T
t0, (2)  

where Schwarz’ inequality 
∫1

0

[f(s)]2ds ≥ [

∫1

0

f(s)ds]2 has been used. 

4. Three phases of impact 

4.1. Pre-impact phase 

The pre-impact phase begins when at time t = t0 the accelerating 
force Fa at the rear end of the rod assumes its final value zero, and it ends 
when the impact force Fi at the front end starts to increase from its initial 
value zero. In the absence of external forces during this phase, the rod 
has constant pre-impact momentum p0and CM velocity v0 = p0/m. 

Reflections at (x, t) = (L,T), (0, 2T), (L,3T), …, give rise to new 
waves N1

n , N2
p , N3

n , … as illustrated in Fig. 2(a). Here, the conditions are 
assumed to be such that at x = L the reflected waves N1

n and N3
n are 

separate from each other. In the analyses of wave reflections at the rod 
ends it is convenient to represent the waves by functions N0

p(t), N1
n(t), … 

with local time scales translated relative to the global one in Fig. 2 so 
that their origins coincide with the arrival of an incident wave and the 
departure of a reflected wave. In this way, the transit time T, insignifi
cant under the assumed conditions, is left out of the analyses. 

When there is an initial rod-spring separation d > 0, Fig. 2 (a) il
lustrates waves in the rod as long as its front end is not in contact with 
the spring. As the waves N0

p , N1
n , … undergo free-end reflections with 

sign reversal at both rod ends, they carry the same momentum p0 = −

∫t0

0

N0
p dt = Z

∫t0

0

v0
pdt, where v0

p = − (1 /Z)N0
p is the particle velocity asso

ciated with the force N0
p . The displacement of each free rod end during a 

reflection is d0 = 2
∫t0

0

v0
pdt, i.e., 

d0 = 2
p0

Z
. (3) 

The average rod-end velocity is d0/2T = p0/ZT = p0/m = v0. 
If the initial rod-spring separation d is an integral multiple of d0, the 

state of the rod at the end of the pre-impact phase is the same as for d =
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0. More generally, it is the same for initial rod-spring separations d with 
the same fractional part frac(d /d0). Thus, the COR is a periodic function 
of d/d0 with period unity. Therefore, it is sufficient to consider the 
period 0 ≤ d/d0 ≤ 1. In the reference case, it is obvious that the COR 
does not depend on d. 

4.2. Impact phase 

During the impact phase, the rod and the spring interact. It begins 
when the impact force Fi starts to increase from its initial value zero and 
ends when this force assumes its final value zero. As the initial separa
tion is taken as d = 0 here, the impact phase begins at global time t = T. 
Fig. 2 (b) illustrates waves in the rod during this phase. 

At the rod-spring interface x = L, the impact force Fi(t) and the 
particle velocity vi(t) are related to the incident wave N0

p(t) and the re
flected wave N1

n(t) by − Fi = N0
p + N1

n and Zvi = − N0
p + N1

n , respectively. 
As the interaction is assumed here to be linear elastic, γ = 1, they are 
related to each other as dFi

dt = kvi. From these relations and Fi(0) = 0, we 
obtain 

dN1
n

dt
+ aN1

n = −
dN0

p

dt
+ aN0

p , N1
n (0) = − N0

p (0), (4)  

dF1
i

dt
+ aF1

i = − 2aN0
p ,F

1
i (0) = 0, (5)  

where N0
p = − Fa and a = k/Z. 

Integrating both members of Eq. (4a) from t = 0 to ∞, noting that N0
p 

and N1
n vanish at ∞, and making use of the initial condition (4b), we 

obtain a
∫∞

0

N1
n dt = a

∫∞

0

N0
pdt. By use of this result we obtain the mo

mentum of the reflected wave N1
n as p1

n =

∫∞

0

N1
n dt =

∫∞

0

N0
pdt = − p0

p = −

p0. The impulse of the impact force during the reflection of the incident 
wave N0

p is I1 = − p1
n − ( − p0

p), i.e., I1 = 2p0 = 2I0. 
When, at t = 2T, the wave N1

n arrives as an incident wave at the free 
end x = 0 of the rod, it generates a sign-reversed reflected wave 

N2
p = − N1

n . (6) 

As the incident wave N1
n is initially tensile, the reflected wave N2

p is 

initially compressive. Its momentum is p2
p = −

∫∞

0

N2
p dt =

∫∞

0

N1
n dt = p1

n =

− p0 = − I0. When this wave arrives at the front end of the rod, there is 
forceless contact between the rod and the spring because of the assumed 
condition of separate reflections. As the wave N2

p is initially compressive, 
the contact between the rod and the spring is maintained up to some 
local time t = ts at which the rod and the spring separate. A reflected 
wave N3

n and an impact force F3
i are generated, and similarly as above we 

obtain 

dN3
n

dt
+ aN3

n = −
dN2

p

dt
+ aN2

p ,N3
n (0) = − N2

p (0), (7)  

dF3
i

dt
+ aF3

i = − 2aN2
p ,F

3
i (0) = 0 (8)  

for 0 ≤ t ≤ ts. The impulse of the impact force during the reflection of 

this wave is I3 =

∫ts

0

F3
i (t)dt = Δp0 > 0. The momentum p3

n of the re

flected wave N3
n is obtained from I3 = − p3

n − (− p2
p) which gives p3

n = −

(p0 + Δp0). 

4.3. Post-impact phase 

During the post-impact phase, the rod is free at both ends, similarly 
as during the pre-impact phase. The phase begins when the impact force 
Fi assumes and remains at its final value zero. From this time, the rod has 
its constant post-impact momentum pf and CM velocity vf = pf/m. For 
the COR it is natural here to use the kinematic definition [11,15] due to 
Poisson. In terms of CM velocities [22], it can be expressed as the ratio 
e = − vf/v0 of the post-impact CM velocity of separation − vf to the 
pre-impact CM velocity of approach v0 which is the same here as the 
ratio e = − pf/p0 of the sign-reversed post-impact momentum to the 
pre-impact momentum. 

If the reflected waves at the front end of the rod are separate from 
each other, as assumed, the impact force consists of a finite number n of 
separate force pulses F1

i , F3
i , …F2n− 1

i with impulses I1, I3, …I2n− 1 as 
indicated in Fig. 2 (b). Then, the post-impact momentum pf can be 
expressed as the difference pf = I0 − (I1 +I3 +… + I2n− 1) between the 
forward momentum of the accelerating force and the backward 

Fig. 2. Fronts of waves N0
p , N1

n , N2
p , N3

n generated in the impacting rod and 
momentum transported by these waves. Pre-impact wave case. (a) Pre-impact 
phase. Free-end displacements d0. (b) Impact phase. Zero initial rod-spring 
separation. Impulse I0 of the accelerating force and I1 and I3 of the 
impact force. 
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momentum of the impact force. 
In the case of a spring with infinite stiffness k, corresponding to direct 

impact of the rod on a fix rigid wall, the impact force consists of a single 
force pulse F1

i (n = 1) of duration t0 and impulse 2I0. Separation occurs 
at global time 3T and the COR becomes e = 1. In the case of a linear 
spring (γ = 1) of finite stiffness, the impact force consists of two force 
pulses (n = 2) and separation occurs at global time 3T +ts. Then, with p0 

= I0, I1 = 2I0 and I3 = Δp0, the COR can be obtained from anyone of the 
expressions 

e = −
pf

p0 = − 1 +
I1

I0 +
I3

I0 = 1 +
I3

I0 = 1 +
Δp0

p0 . (9) 

In the case of a bi-linear spring, the COR can always be obtained from 
the first expression. It can also be obtained from the second expression 
provided that there are not more than two impact force pulses. 

5. Analytical solution and numerical simulation 

5.1. Dimensional considerations 

Results for force, impulse, momentum and COR will be presented in 
dimensionless form. This will be done through normalization q /q0 of 
quantities q to characteristic quantities q0 with the same dimension. 
Four dimensionless parameters which determine the COR will be 
denoted by Greek letters. Otherwise, the same name and notation q will 
be used for a dimensionless quantity and its dimensional counterpart. 

The characteristic time and impulse are taken as the duration t0 and 
the impulse I0, respectively, of the accelerating force, and the charac
teristic momentum is taken as p0 = I0. The characteristic force is taken 
as F0 = N0 = I0/t0, the characteristic velocity as v0 = p0 /m, the 
characteristic initial rod-spring separation as d0 = 2p0 /Z, and the 
characteristic stiffness as k0 = Z/t0. The characteristic work is taken as 
the kinetic impact energy W0 = (1 /2)m(v0)

2 in the reference case. 
With the adopted convention for notation and these choices of 

characteristic quantities, the dimensionless form of Eq. (9) becomes 

e = − pf = − 1 + I1 + I3 = 1 + I3 = 1 + Δp0. (10) 

The COR e generally depends on the following dimensionless pa
rameters: the initial rod-spring separation δ = d/d0, the spring stiffness β 
= k/k0, the elasticity parameter γ, and the transit time τ = T /t0. Also the 
dimensionless forces N and F, the impulse I, and the momentum p 
generally depend on these dimensionless parameters. Sometimes they 
depend also on dimensionless time t. Under the condition of separate 
reflections in the pre-impact wave case there is no dependence on the 
transit time τ, and in the reference case there is no dependence on the 
initial rod-spring separation δ. 

In terms of dimensionless parameters, the assumption (1) of zero 
initial rod-spring separation becomes δ = 0 and (2) that of linear elastic 
spring becomes γ = 1. The assumption (3) of separate reflected waves 
corresponds to a restricted domain of the parameters β and τ. If these 
parameters are sufficiently large, overlap of reflected waves at the front 
end of the rod does not occur. The restrictions (1) to (3) apply to the 
analytical solutions to be presented but not to numerical simulations in 
which the permitted ranges of dimensionless parameters will be δ ≥ 0, β 
> 0, 0 < γ ≤ 1 and τ > 0, respectively. 

5.2. Analytical solution 

Here we present analytical solutions in dimensionless form for the 
pulses F1

i (t) and F3
i (t) of the impact force in the linear elastic case γ = 1 

with zero initial rod-spring separation δ = 0 when the accelerating force 
Fa(t) = − N0

p(t) is a rectangular pulse with unit amplitude and duration. 
They have been obtained from Eqs. (4) to (6) and (8) by use of Laplace 
transformation. 

The first pulse of the impact force is 

F1
i (t) =

{
2(1 − e− βt), 0 ≤ t < 1,
2
(
− e− βt + e− β(t− 1)), 1 ≤ t.

(11) 

Here and in similar expressions which follow, the symbol "e" denotes 
the base of the natural logarithms and should not be confused with the 
COR. Integration over the interval [0,∞) confirms that its impulse is I1 =

2. 
The second pulse of the impact force is positive during a finite time 

interval (0, ts) at the end of which the rod separates from the spring. For 
ts<1, the second pulse of the impact force is given by 

F3
i (t) = 2(e− βt + 2βte− βt − 1), 0 ≤ t < ts, (12)  

where ts = β1/β and β1 is the positive root β1 = 1.2564 of the equation 
eβ1 − 2β1 − 1 = 0. It follows that ts<1 corresponds to β > β1. Integrating 
over the interval [0, ts), we obtain the corresponding impulse 

I3 = 2
[

3
β
(1 − e− βts ) − ts(1+ 2e− βts )

]

, β > β1. (13) 

For ts ≥ 1, corresponding to β ≤ β1, the second pulse of the impact 
force is given by 

F3
i (t) =

{ 2(e− βt + 2βte− βt − 1), 0 ≤ t < 1,
2
[
e− βt + 2βte− βt − e− β(t− 1) − 2β(t − 1)e− β(t− 1)], 1 ≤ t < ts,

(14)  

where ts = 1/(1 − e− β) − 1/(2β). Integrating over the interval [0,ts), we 
obtain the corresponding impulse 

I3 =
2
β
[
− β − (3+ 2βts)e− βts +(3+ 2βts − 2β)e− β(ts − 1)], β ≤ β1. (15) 

The COR is obtained as 1 + I3 according to Eq. (10). 

5.3. Numerical simulations 

The pre-impact wave and reference cases were simulated by use of 
software PRDS 1.5.0 which is a further development of a simulation 
program for percussive drilling presented in [5,6]. The program makes 
use of the impact model presented in Section 2. It starts from the re
lations N = Np + Nn and v = (1 /Z)(− Np +Nn) derived from the wave 
equation. The uniform rod is divided into L segments of equal length and 
transit time. Initially, each segment contains constant-amplitude waves 
Np and Nn obtained from the initial conditions and the relations 
Np = (1 /2)(N − Zv) and Nn = (1 /2)(N+Zv) which are the inverse of 
those above. The COR is determined from the first equality of Eq. (10). 

In the reference case, e.g., the initial conditions N = 0 and v = v0 

give Np = − (1 /2)Zv0 and Nn = (1 /2)Zv0 in every segment. During each 
time step these waves propagate from one segment to the next in the 
positive and negative directions, respectively. At the rear end of the rod, 
the wave Nn undergoes a free-end reflection with Np = − Nn in the first 
segment. At the front end of the rod, similarly, the wave Np undergoes a 
reflection which generates a wave Nn in the last segment. This reflected 
wave depends on the incident wave Np and the history of transitions 
between the branches of different slopes in the force versus displace
ment diagram shown in Fig. 1. In addition it depends on the parameters 
β, γ and δ. During a time step, the impact force Fi is at a constant level 
while an increment of displacement dUi is produced at a constant rate. 
These quantities are such that an excess of work relative to the linear 
model during the first half of any displacement increment is compen
sated by a deficit of work of the same magnitude during the second half 
which makes the piecewise constant approximation of the bilinear force 
versus displacement relationship accurate. The wave propagation and 
reflection algorithms are summarized in Appendix A. 

Normally, the rod was divided into 10 000 segments of equal length, 
all with the same constant characteristic impedance and wave speed, but 
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for accurate determination of the COR e versus spring stiffness β and 
initial separation δ it was divided into 20 000 segments. In the pre- 
impact wave case, the accelerating force was a rectangular compres
sive pulse with unit amplitude, duration and impulse. Its length in terms 
of segments was 1 000 and 2 000, respectively, resulting in transit time τ 
= 10. The time step in the simulations was taken as the transit time 
through one segment. 

Because of the periodic dependence of the results on the initial 
separation of the rod and the spring, this quantity was restricted to the 
first period, 0 ≤ δ ≤ 1. Two values of the elasticity parameter were 
considered, viz. γ = 1, representing a linear elastic spring, and γ = 0.1, 
representing a bilinear inelastic spring. The latter value is typical in 
percussive rock drilling. The stiffness of the spring was varied in the 
interval 0.1 ≤ β ≤ 10 where the COR was found to be relatively high. 

6. Results and discussion 

In dimensionless form, Eq. (2) becomes W ≥ 2τ with equality if the 
accelerating force is a rectangular pulse as in the numerical results to be 
presented. In these results, the transit time is ten times the duration of 
the accelerating force, i.e., τ = 10 and W = 20. Thus, the work carried 
out by the accelerating force is 20 times larger in the pre-impact wave 
case than in the reference case. If instead the transit time would be half 
the duration of the accelerating force, the work would be the same in the 
two cases. 

Analytical results for impulse and momentum in the linear elastic 
pre-impact wave case are summarized in Fig. 2 (b). At the front end of 
the rod, the initial rectangular compressive wave N0

p with momentum p0
p 

= 1 generates a reflected wave N1
n which is tensile at its front and has 

momentum p1
n = − 1. It also gives rise to a first peak F1

i of the impact 
force Eq. (11)) with impulse I1 = 2. Through free-end reflection at the 
rear end of the rod it generates a sign-reversed wave N2

p which becomes 
an incident wave with momentum p2

p = − 1 at the front end of the rod. 
Because of the sign reversal, this wave is compressive at its front. When 
it arrives at the front end of the rod, in forceless contact with the spring, 
it generates a second reflected wave N3

n with momentum p3
n = − 1 − Δp0 

and a second peak F3
i of the impact force (Eqs. (12) and ((14)) with finite 

duration ts and impulse I3 = Δp0 > 0 Eqs. (13) and ((15)). Separation 
occurs at global time t = 3T+ ts. 

Eq. (10) shows that the COR exceeds unity by the amount of the 
impulse I3 = Δp0 > 0. Under the assumed conditions therefore, with δ =
0, γ = 1, and τ sufficiently large to avoid overlap of reflected waves, 
there results a super rebound with COR larger than unity for any stiffness 
β > 0 of the spring. The existence and positivity of the impulse I3 is 
explained by the distribution of the momentum carried by the incident 
wave N2

p . Even though the total momentum carried by this wave is − 1, 
it carries positive momentum at its front as a result of the preceding 
impact and reflection events at the rod ends. 

Direct impact of the rod on a fix rigid wall corresponds to infinite 
spring stiffness, β = ∞. In this case, the incident wave N2

p becomes a 
sign-reversed and by 2T delayed copy of the initial wave N0

p , i.e., a 
rectangular tensile wave carrying a uniformly distributed momentum −
1. Therefore, separation occurs at global time t = 3T with a COR of 
unity. Under the assumed conditions, therefore, a linear elastic spring 
with finite stiffness inserted between the impacting rod and the fix rigid 
wall increases the impulse of the impact force and the COR. 

The time-dependencies of the waves N0
p , N1

n , N2
p and N3

n at the mid-section 
of the rod in the linear elastic (γ = 1) and bilinear inelastic(γ = 0.1) pre- 
impact wave cases are shown in Fig. 3. The initial parts of the waves N1

n , N2
p 

and N3
n are identical in the two cases as the spring stiffness in loading β is the 

same. The final parts are different as there is a difference in unloading spring 
stiffness by a factor of ten. 

The time dependencies of the impact force Fi, the impulse Ii of the 
impact force, and the momentum p of the rod in the linear elastic (γ = 1)
and bilinear inelastic (γ = 0.1) pre-impact wave cases are shown in 
Fig. 4, where the relations e = − pf and e = − 1 + I1 + I3 of Eq. (10), valid 
for both cases, are indicated. The two peaks of the impact force are well 
separated, which confirms that the reflections at the front end of the rod 

Fig. 3. Waves N0
p , N1

n , N2
p , N3

n versus time t at rod mid-section. Initial rod-spring 
separation δ = 0, spring stiffness β = 0.5 and rod transit time τ = 10. Pre- 
impact wave case. (a) Linear elastic spring (γ = 1) and (b) bilinear inelastic 
spring (γ = 0.1). 

Fig. 4. Impact force Fi, impulse of impact force Ii, and momentum of rod p 
versus time t. Initial rod-spring separation δ = 0, spring stiffness β = 0.5, and 
rod transit time τ = 10. Pre-impact wave case. (a) Linear elastic spring (γ = 1) 
and (b) bilinear inelastic spring (γ = 0.1). 

B. Lundberg et al.                                                                                                                                                                                                                               



International Journal of Impact Engineering 151 (2021) 103816

7

are separate. 
In the linear elastic case, Fig. 4 (a), the impulse of the impact force 

first increases to the level I1 = 2 as a result of the first peak of the impact 
force. Then it increases to the level I1 + I3 = 1+ e > 2, consistent with e 
> 1, as a result of the second peak. During the acceleration phase, the 
momentum of the rod increases linearly with time from zero to the pre- 
impact level p0

p = 1. Then, during the impact phase, the momentum 
decreases first to the level p1

n = p2
p = − 1 and finally to the post-impact 

level p3
n = pf = − e due to the peaks of the impact force. In the bilinear 

inelastic case, Fig. 4 (b), the peaks of the impact force are narrower, and 
correspondingly the transitions between levels of impulse and mo
mentum are steeper. 

The results for the two peaks of the impact force in Fig. 4 (a), ob
tained through numerical simulation, are compared with the corre
sponding analytical results in Fig. 5. It is confirmed that when the force 
peaks are well separated, there is close agreement between the numer
ical and analytical results. 

For the pre-impact wave and reference cases, the dependence of the 
COR e on the spring stiffness β for a linear elastic (γ = 1) and a bilinear 
in-elastic (γ = 0.1) spring are shown in Fig. 6. Unit spring stiffness β = 1 
designates the axial stiffness k = k0 = Z/t0 = AE/ct0 of a rod with the 
cross-sectional area A, the Young’s modulus E and the length ct0, i.e., the 
length of the initial wave. 

In the linear elastic pre-impact wave case, with initial rod-spring 
separation δ = 0, 1, 2, …, the COR is larger than unity and has the 
maximum value emax ≈1.414 for β ≈ 0.300. For large increasing values 
of β, the COR approaches unity from above. In the linear elastic refer
ence case, the COR is slightly smaller than unity and has the minimum 
value emin = 0.971 for β ≈ 2.6. For small decreasing and large increasing 
values of β, the COR approaches unity from below. Thus, the pre-impact 
wave and reference cases are separated by e = 1. 

In the bilinear inelastic pre-impact wave and reference cases, the 

COR is lower than in the corresponding linear elastic cases. The main 
reason for this is that the characteristic time for unloading of the spring 
is γZ/k < Z/k in the bilinear inelastic cases while it is Z/k in the linear 
elastic cases. Therefore, there is less backward impulse I =

∫
Fidt 

delivered to the rod during unloading in the bilinear inelastic cases than 
in the linear elastic cases (cf. Fig. 4). Furthermore, the energy released 
by the spring during unloading is the fraction γ of the work carried out 
during loading, which means that there is also less energy released in the 
bilinear inelastic cases (γ = 0.1) than in the linear elastic cases (γ = 1). 

For intermediate spring stiffness, β ∼ 1, the COR is larger for the pre- 
impact wave case than for the reference case. For smaller values of β the 
situation is reverse. For small decreasing values of β in the bilinear in
elastic reference case, the COR approaches e = (γ)1/2

≈ 0.316. For large 
increasing values of β, the COR for the bilinear inelastic pre-impact wave 
and reference cases approaches unity. 

For large values of the spring stiffness β, the impact situation is close 
to that of direct impact on a rigid wall for all cases considered. This 
explains the asymptotic behaviour of the COR in the pre-impact wave 
and reference cases with γ = 1 and γ = 0.1. For small values of the 
spring stiffness β, the impact load in the reference cases (γ = 1 and γ =

0.1) has long duration relative to the rod transit time. Therefore, the 
response of the rod is close to that of a rigid body [1], which explains the 
asymptotic behaviour of the COR. 

The result for the COR in the pre-impact wave case in Fig. 6, obtained 
through numerical simulation, is compared with the corresponding 

Fig. 5. Impact force Fi versus time t. Initial rod-spring separation δ = 0, spring 
stiffness β = 0.5, elasticity parameter γ = 1, and rod transit time τ = 10. Pre- 
impact wave case. Comparison of numerical (dashed curves) and analytical 
(continuous curves) results. (a) First impact force pulse F1

i and (b) second 
impact force pulse F3

i . 

Fig. 6. COR e versus spring stiffness β. Initial rod-spring separation δ = 0, 1, 2,
… and rod transit time τ = 10. Linear elastic (γ = 1) and bilinear inelastic (γ =

0.1) spring. Comparison of pre-impact wave (solid curves) and reference 
(dotted curves) cases. 

Fig. 7. COR e versus spring stiffness β. Initial rod-spring separation δ = 0, 1, 2,
…, elasticity parameter γ = 1 and rod transit time τ = 10. Pre-impact wave 

case. Comparison of numerical (dashed curve) and analytical (solid curve) re
sults. The analytical results are valid for β ≥ 0.4. 
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analytical result in Fig. 7. When the spring is sufficiently stiff, β ≥ 0.4, 
there is no significant overlap of reflected waves at the front end of the 
rod and there is a close agreement between the numerical and analytical 
results. When the spring is softer, there is overlap of reflected waves and 
a discrepancy between the numerical and analytical results which in
creases with decreasing spring stiffness β; the value of the COR obtained 
numerically decreases while the analytical value asymptotically ap
proaches 4e− 1/2 − 1 = 1.4261. It should be noticed, that the discrepancy 
does not indicate an error in the numerical result; in the presence of 
overlapping waves, the numerical solution is valid while the analytical 
solution is not. 

Fig. 8 shows, for the pre-impact wave and reference cases one period 
of the dependence of the COR on the initial rod-spring separation δ for a 
linear elastic (γ = 1) and a bilinear inelastic (γ = 0.1) spring with 
stiffness β = 0.5. 

For the linear elastic pre-impact wave case, the COR has the 
maximum value emax ≈ 1.393 at the beginning and the end of the period, 
and it has the minimum value emin ≈ 0.844 for frac(δ)≈ 0.521. Thus, for 
the full range δ ≥ 0 of the initial rod-spring separation, there are sharp 
maxima of e at δ = 0, 1, 2, … separated by almost flat minima. The 
COR for the reference case, which does not depend on δ, has a constant 
value e ≈ 1.00 slightly below unity. For 0.33 < frac(δ) < 0.78, the COR 
is lower for the pre-impact wave case than for the reference case, while 
outside this interval the situation is reverse. 

In agreement with Fig. 6, the COR is much reduced, both in the pre- 
impact wave and the reference cases, when the spring is bilinear in
elastic. Also, the dependence on frac(δ) has a different character in the 
pre-impact wave case. In the lower part of the period, the COR is lower 
for the pre-impact wave case than for the reference case, and in the 
upper part of the period the situation is reverse. 

It is recalled that unit period d = 1 of the initial rod-spring separation 
corresponds to the displacement d0 of the free front end of the rod during 
the reflection of the initial wave. By use of Eq. (3) and the relations p0 =

mv0, m = ZT and T = L/c, this period can be expressed as d0 =

2(v0 /c)L. In an imagined test, therefore, with rod length L = 1 m, wave 
speed c = 5 000 m/s and impact CM velocity v0 = 1 m/s, the length of a 
period would be d0 = 0.4 mm. Under these conditions, it would be 
difficult to accurately control the initial rod-spring separation within a 
period. Under the assumed conditions therefore, and those of Fig. 8, 
repeated impact tests intended to be identical would result in a range 
0.844 ≤ e ≤ 1.393 of scattered CORs and an estimated fraction 0.33 + 1 
− 0.78 = 0.55 of super rebounds. 

In percussive top hammer drilling of rock, the thrust needed is pro

portional to the impulse of the reactive force from the rock on the drill 
which is I = 1 + e as illustrated in Fig. 4 (b). Under favourable drilling 
conditions, with stiffness β of the order of unity [4] and γ = 0.1, the COR 
is e < 1 as shown in Fig. 6, and the impulse is I < 2. Under less 
favourable conditions the COR may be larger due to, e.g., insufficient 
flushing of debris from the bottom of the hole. For estimation of the 
thrust needed it is natural to assume rigid response of the rock which 
leads to e = 1 and I = 2. However, the results presented in Figs. 6 and 8 
show that this is not the worst case; if the hole bottom is assumed to have 
elastic response (β finite and γ = 1) there results e > 1 and I > 2. With 
e = 1.4 (Fig. 6) and I = 2.4, e.g., assumed elastic response leads to 20 
percent higher estimation of the thrust needed than assumed rigid 
response. 

7. Conclusion 

The effect of pre-impact waves on the COR in longitudinal impact of 
a uniform elastic rod on a linear elastic or bilinear inelastic spring 
supported by a fix rigid wall has been studied. In the linear elastic case 
the spring may represent, e.g., the stiffness of a small elastic cylinder 
with flat ends, while in the bilinear inelastic case it may describe the 
interaction of drill bit and rock in percussive top hammer drilling. 

Significant pre-impact waves are generated by a force accelerating 
the rod to its impact momentum if the force has short duration relative 
to the wave transit time. The work carried out by this force is much 
larger than that carried out by a force of relatively long duration 
accelerating the rod to the same impact momentum but without 
generating significant pre-impact waves. 

The COR generally depends on dimensionless parameters repre
senting the spring stiffness, the elasticity parameter, the initial rod- 
spring separation, and the wave transit time. In the pre-impact wave 
case, the dependence of the COR on the initial rod-spring separation is 
periodic, while in the reference case the COR is independent of this 
parameter. The COR in the presence of pre-impact waves may be 
significantly larger or smaller than the COR in the absence of such 
waves. It may also be significantly larger or smaller than unity. 

In the linear elastic case, the mechanism which leads to super re
bounds with COR larger than unity has been described in terms of pre- 
impact waves. In the bilinear inelastic case considered, the COR is 
significantly smaller than in the corresponding linear elastic case. 
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Appendix A. Numerical algorithms 

In the reference case, the following algorithm was used for wave 
propagation and reflection. In the pre-impact wave case, a correspond

Fig. 8. COR e versus fractional part frac(δ) of initial rod-spring separation δ. 
Spring stiffness β = 0.5 and rod transit time τ = 10. Linear elastic (γ = 1) and 
bilinear inelastic (γ = 0.1) spring. Comparison of pre-impact wave (solid 
curves) and reference (dotted curves) cases. 
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ing algorithm was used with minor changes due to different initial condition (initialization) and boundary condition at rear rod end (i = 1). 
Variables:. 
pt

i : wave Np in rod segment i at time t 
nt

i : wave Nn in rod segment i at time t 
Initialization: 

p0
i ← − Zv0/2, ∀i ∈ {1,…, L}

n0
i ← Zv0/2, ∀i ∈ {1,…,L}

Algorithm:   

for t = 1, 2,…stop  
pt

1← − nt− 1
1  

for i = 2,…, L  
pt

i ←pt− 1
i− 1  

for i = 1,…,L − 1  
nt

i ←nt− 1
i+1  

nt
L←f(pt− 1

L , β, γ, δ, history)
Ft← − pt− 1

L − nt
L  

dUt←[ − pt− 1
L + nt

L ]/Z   
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