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Discrete time, spatially extended models play an important role in ecology, modelling population dynamics
of species ranging from micro-organisms to birds. An important question is how ’bottom up’, individual-based
models can be approximated by ’top down’ models of dynamics. Here, we study a class of spatially explicit
individual-based models with contest competition: where species compete for space in local cells and then
disperse to nearby cells. We start by describing simulations of the model, which exhibit large-scale discrete
oscillations and characterize these oscillations by measuring spatial correlations. We then develop two new
approximate descriptions of the resulting spatial population dynamics. The first is based on local interactions
of the individuals and allows us to give a difference equation approximation of the system over small
dispersal distances. The second approximates the long-range interactions of the individual-based model. These
approximations capture demographic stochasticity from the individual-based model and show that dispersal
stabilizes population dynamics. We calculate extinction probability for the individual-based model and show
convergence between the local approximation and the non-spatial global approximation of the individual-
based model as dispersal distance and population size simultaneously tend to infinity. Our results provide
new approximate analytical descriptions of a complex bottom-up model and deepen understanding of spatial
population dynamics.
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1. Introduction as ‘bottom-up’, since they explicitly represent individual actions and

interactions. This contrasts with the more classical ’top-down’ ap-

Spatial structure plays an important role in ecology [1] and nu-
merous models have been developed and explored to advance under-
standing of spatial population dynamics [2-12]. The importance of
using spatially explicit and discrete models was highlighted by Durrett
and Levin in a seminal paper that elucidated differences in outcomes
between plausible modelling assumptions: discrete individuals and ex-
plicit space were shown to be critically important for capturing salient
features of ecological systems [13]. The importance of spatial structure
has been manifested in many other ways as well. One well studied
aspect is the effect of dispersal on population dynamics. For example,
Gyllenberg et al. [14] and Hastings [15] show through simple mod-
els that dispersal between two metapopulations stabilizes population
dynamics.

Among the different ways to model spatial population dynamics,
spatially explicit individual-based models (arguably) stand out as the
most realistic approach. These type of models are often referred to
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proach, where the population dynamics is modelled through partial or
ordinary differential or difference equations. There are many benefits
of individual-based models. One is the ease by which spatial structure
can be represented. Another advantage, from a biological perspective,
is that observations of individual behaviour and interactions can be
included. However, individual-based models are rarely analytically
tractable and often computationally demanding. Therefore, it is im-
portant to study the relationship between individual-based models and
analytical, top-down models of populations dynamics.

Techniques that have been developed for this purpose include
reaction-diffusion approximations [16-19], the method of moments
[20-25] and pair approximations [26,27]. All these methods have
advantages and drawbacks. For example, pair approximation methods
work in epidemiological settings, but perform poorly when reproduc-
tion and dispersal take place on different spatial scales. Also, both
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pair approximations and the general method of moments fail to cap-
ture large scale patterns that can emerge through local interactions.
Reaction—diffusion approximations are useful for deriving limit dynam-
ics of individual-based models with continuous time and space [16],
and there are rigorous results for many of these models. Recently,
Patterson et al. [28] developed a new method demonstrating conver-
gence to a mean-field limit for an ecologically motivated discrete-space,
continuous-time stochastic individual-based model. These methods are
essentially techniques for approximating interacting particle systems
and spatial point processes, in which a continuous time approximation
is possible.

Here, we are interested in a different class of individual-based mod-
els: what Berec refer to as Individual-based models or D-space, D-time
IBMs [29]. These models are motivated by, for example, empirical stud-
ies of many insects [30,31], birds [32], microorganisms [33,34], and
other species for which the population is distributed across resource
sites and have a lifecycle involving discrete phases of: (1) competition
for resource sites, (2) reproduction by one or more of these individuals
and (3) dispersal of surviving offspring to new potential resource sites.
In this case, competition and reproduction happen on the same time-
scale and, as a result, classical spatial methods like pair-approximations
and reaction—diffusion approximations do not apply to models of these
systems.

The simplest way to approximate spatial population dynamics in
discrete-time discrete-space models is to neglect spatial structure al-
together, which is sometimes referred to as a mean field approx-
imation [35]. If the population is assumed to be well mixed, the
approximation describes how the mean population changes over time
through a set of differential or difference equations. A large class
of discrete-time individual-based models, in which individuals from
one or more species compete for resources in discrete sites but mix
uniformly in space, have been studied exhaustively [36-40]. However,
these studies do not extend to the spatial case when offspring are
more likely to disperse to nearby sites and, in this setting, the task
of deriving suitable approximations through first principles becomes
more difficult. The discrete nature of time and space in these site-
based models together with potentially long dispersal distances limit
the applicability of existing spatial approximation techniques.

As a first effort to describe the spatial population dynamics of
discrete-time, discrete-space site-based models, Bradnnstrom and
Sumpter [41] introduced a new approximation method called the
coupled map lattice approximation. The idea is to divide the lattice
which individuals inhabit into nine or more sublattices and decouple
the individual interactions within each sublattice from the dispersal
between each sublattice. An advantage of their approach is the ability
to disentangle the stochastic and deterministic parts of individual
interactions and dispersal, but a downside is that it leads to a large
system of difference equations which is not necessarily easier to analyse
than the individual-based model itself. Branstrom and Sumpter [41]
attempted to reduce the model to a single analytical tractable equation,
but in doing so they needed to make several simplifying assumptions
that are not necessarily justified for the full system. We complement
the previous work of Brannstrom and Sumpter [41] by studying and
characterizing the spatial dynamics that can occur in discrete-time,
discrete-space site-based models.

In this paper, we present an initial exploration of methods for
approximating the dynamics of D-space, D-time IBMs, based on a
selected spatial population model. The paper is organized as follows.
We start in Section 2 by describing a simple discrete time, discrete space
biologically motivated individual-based model with local dispersal and
reproduction. The qualitative behaviour of the model is studied through
bifurcation plots and the spatial statistics of the model is analysed, to
gain insight into the spatial patterns of the individual-based model.
From this, we continue in Section 3 where we derive three different
approximations: first we derive a global approximation (also known as
a mean field approximation), reducing the individual-based model to a
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one-dimensional discrete dynamical system. Based on the insight of the
local cluster sizes and the spatial distribution of the individual-based
model in Section 2.3, we derive a ’local correlation approximation’
where the dispersal length is taken into account. The local correlation
approximation is also given by a one-dimensional discrete dynamical
system, but with the dispersal length included as a parameter in the
model. We then derive a long-range dispersal approximation, in the
form of a two-dimensional coupled map lattice. We continue to analyse
these three models in Section 4, where we first present bifurcation plots
for the three approximations, to compare the qualitative behaviour of
the approximations with the individual-based model. We then carry out
a stability analysis of the global approximation and local correlation ap-
proximation and then calculate a ’general extinction probability’ of the
individual-based model to explain parts of the discrepancies in stability
between the global approximation and the individual-based model.
Finally, we show that the local correlation approximation converges
to the global approximation in the limit of large dispersal distances.

2. The individual-based model
2.1. Model description

We consider a model where individuals live on a D x D lattice with
cyclic boundary conditions. There is thus a total of n = D? resource
sites. We divide the life cycle of the individuals into a competition
phase, a reproduction phase and a dispersal phase. Let X,.’j be a random
variable denoting the number of individuals at site (i,j) at time ¢.
At the competition phase there may be more than one individual
at a particular site. In order to capture competition for resources we
define a survival function ¢ : N — {0,1} that acts on X I.’j giving a
new site population ¢(X i’j). The survival function maps the number
of individuals at a given site to O if the site is over exploited or 1 if
there is a survivor. This captures over-crowding: if there are too many
individuals at a resource site, they cannot all reproduce.

After competition the next phase is reproduction. The surviving
individual at a site (if there is one) produces Rﬁj offspring, where Rl’.j
is a random variable with expectation E[R;j] = r for all i, j and t.
We consider discrete generations, so after the reproduction phase the
parents die, resulting in R;J, 104 I?j) individuals at each site (i, j). These
offspring then disperse to a random site in a (2s + 1) X (2s + 1) Moore
neighbourhood, with uniform probability, resulting in a new site count
Xf;fl. The Moore neighbourhood of site (i, j) with range s, N(i, j, s), is
given by the set of sites (i’,j’) for which |i—i'| < s and |j —j'| < s.
Since the lattice has cyclic boundary conditions, individuals leaving the
lattice in one end, end up on the opposite side, i.e. two sites (i, j) and
(i’, j') are identical if i (mod D) = i’ (mod D) and j (mod D) = j’ (mod D).
The life cycle is complete and the process starts over again.

There are several ways to define the survival function and
Brénnstrom and Sumpter examine the population dynamics for differ-
ent survival functions for the non-spatial case [37]. In our simulations
of this individual-based model, however, we will define the survival
function as

1 ifk=1
¢<k>={ i &)

0, otherwise,

which gives a classic scramble competition model, as first described
by Nicholson [42]. In our simulations in the main article, we also
assume Rl’.j to be equal to a constant r for all i, j and ¢, and thus not a
random variable. In Supplementary material S3 we simulate the model
for Rl’.j ~ Bin(r/q,q), for different values of g. Fig. 1 illustrates the
individual-based model with scramble competition for r = 4 and s = 2.
Individuals that are alone in a site survive, whereas in sites with more
than one individual, all individuals die. The surviving individuals then
produce r = 4 offspring each, that disperse to a randomly chosen site
with uniform probability in a (25 + 1) X (2s + 1) Moore neighbourhood.
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Fig. 1. An illustration of the individual-based model. Each box represents a site, and individuals are represented by black dots. After the competition phase, only the individuals
that are alone in their boxes survive. They then reproduce r = 4 offspring that disperse in an s = 2 range (arrows for the dispersal illustrated for just two sites). We count the

population in the third state.
2.2. Simulations

The model has a rich set of dynamics depending on the parameter
values r and s. Fig. 2 shows how the spatial distribution of individuals
on a 101 x 101 lattice evolves over time for four time steps for
different values of s, when r = 20. When s = 1, there is no clear
spatial clustering, and between generations the population is relatively
stable. As s increases to 2 and 3 (Fig. 2(b)-(c)), we can distinguish
spatial clusters. While the overall population size is still reasonably
stable over time, there are local fluctuations. Patches of a size roughly
(2s+1)X(2s+1), i.e. the same size as the dispersal range emerge creating
a checkerboard effect. In Fig. 2(d) and (e), where s = 5 and s = 10
respectively, the global population is alternatingly large and small and
fluctuates in the four consecutive snapshots. The last figure, Fig. 2(f),
shows time evolution of the population for s = 50. Dispersal is now
global, i.e. individuals disperse uniformly to any site on the lattice,
since s = (D — 1)/2 = 50 for D = 101. The figure displays chaotic
oscillations between generations and there is no spatial clustering.

Further simulations are summarized in bifurcation plots shown in
Fig. 3. Here we varied r, simulated the model for 5000 time steps, and
the plot shows the outcome for the last 500 time steps. In Fig. 3(a),
we see how very local dispersal (s = 1) typically gives rise to a stable
population. This population reaches a maximum at around r =~ 15,
and it dies out at r = 23. Fig. 3(b)—(c) shows a stable population for
s = 2 and s = 3. Increasing s to 5, there is a period doubling when
r =29, and for s = 10, the period doubling bifurcation occurs already at
r = 8, which we see in Fig. 3(d) and (e). When dispersal is global the
population is stable for r < e(~ 7.39), and undergoes a period doubling
bifurcation after that, leading to an oscillating population size between
generations when 8 < r < 14. When r > 15 the population oscillates
chaotically. In summary, for all values of s, the population is stable for
small reproductive rates, but for higher values of r, the population goes
from stable to oscillating to chaotic by increasing s.

In Supplementary material S3 we look at what happens to the
dynamics if the reproductive rate is not constant, but instead the
reproductive rate at each site and time step, R;j, are i.i.d with Rl’.j ~
Bin(r/q, q), by producing bifurcation plots for different values of s and
g. We see that the overall behaviour is not affected by different values
of q.

Increasing the lattice size to 201 x 201 and the reproductive rate
to r = 30, the individual-based model produces interesting patterns,
which is seen in Fig. 4. When s = 10, we see oscillating ring patterns,
resembling reaction—diffusion patterns. As we increase s to 20, the
population dynamics instead behave as travelling waves. When s = 45
there is a band formation jumping between the two halves of the lattice
in each consecutive snapshot. In Fig. 4(c) the band formation is vertical,
but the band formation can also be horizontal. Note that, although
the particular vertical/horizontal band formation is most likely a result
from the anisotropy produced by Moore neighbourhood for dispersal,
we would also expect waves and bands to form at arbitrary angles in
isotropic settings as they do in cellular automata models [43,44].

In the bifurcation diagram in Fig. 5(a), we fixed r to 30 and varied
s, simulated the model for 5000 time steps, and the plot shows the
outcome for the last 500 time steps. From this bifurcation diagram, we

can conclude that the band formation seen in Fig. 4(c) gives rise to
stable population dynamics. For s = 10, the population dynamics seem
stable and for s = 20 the population is fluctuating. In the bifurcation
diagram in Fig. 5(b), we instead fixed s to 45 and varied r, simulated
the model for 5000 time steps, and the plot shows the outcome for
the last 500 time steps. We see that the population is stable for r < 8,
and exhibits a period doubling bifurcations after that. At r = 22, the
population becomes stable again. We can thus see that long-range, but
not global, dispersal has a stabilizing effect on the population dynamics
for high reproductive rates.

In essence, the snapshots of the model together with the bifurcation
plots, show that our model displays behaviour which are inherently
discrete in time: the population density display chaotic behaviour for
some values of r and s, and there are large-scale discrete oscillations in
the spatial distribution of the population, rather than waves that move
smoothly.

2.3. Spatial statistics

The snapshots of the individual-based model, together with the
bifurcation diagrams, demonstrate that spatial structure strongly in-
fluence the population dynamics. In Section 3 we will make different
assumptions on the spatial distribution of the individual-based model,
in order to find analytical approximations of the model. Thus, under-
standing the spatial structure and scales of the individual-based model
is valuable for the approximations done in 3. In the supplementary
material S1, we use Moran’s I (which measures spatial correlation)
to show that spatial clustering changes with dispersal distance. This,
in itself, does not give us any information of the scales of the spatial
clusters. A better measure for detecting spatial pattern scales is the
four-term local quadrat variance measure, referred to as 4TLQV. The
idea behind 4TLQV is to look at a block of size b x b and then
compare this block to three adjacent blocks. This is done by summing
all the individuals in the first block, multiply by —3 and then sum all
individuals of the other three blocks. Since any of the four blocks can be
used for comparison, there are four possible ways to do this calculation,
and the 4TLQV is calculated by taking the average of the squared values
of these four possibilities (see the Figure S3 for an illustration of this).
The peaks in 4TLQV as a function of b can be interpreted as the spatial
scale of the pattern. We used the PySSaGE package for Python, to
calculate the 4TQLV for 100 consecutive snapshots of 10 realizations
of the individual-based model for various values s (i.e. 1000 snapshots
for each parameter set) [45].

In Fig. 6 we see the average 4TQLV of 100 consecutive snapshots
from 10 realizations (1000 snapshots in total) for different values of s
when r = 20 as a function of the block size, b. We note that for s = 1
and s = 2, the peak in variance is already at b = 1, suggesting that there
is no clear spatial structure. For s = 3, there is a peak around b = 9. As s
increases, the value of the 4TLQV peak also increases. However, when
s = 50 the peak is now at b = 1, suggesting there is no clear spatial
structure.

In Fig. 7, the average 4TLQV variance is plotted for different values
of s when r = 30 and the lattice size is 201 x 201. We see that when
s = 10, there is a peak around b = 30. For s = 20, there are there is
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Fig. 2. Four sequential snapshots for the individual-based model on a 101 x 101 sized lattice when r =20 and (a) s =1 (very local dispersal), (b) s =2, (¢c) s=3, (d) s=35, (e)
s =10 and (f) s =50 (global dispersal). The snapshots show the population after competition, thus there are at most 1 individual in each site.

a peak around 60, and for s = 45, there is a peak at » = 90. What
should also be noted, but is not shown here, is that for all parameter
sets with clear spatial patterns, the variance of the 4TLQV increases as
b increases, meaning that the spatial patterns sizes varies between time
step. From these plots, we can conclude that if there is a spatial pattern,
the size of the pattern is always larger than 2s+1. This is not surprising,
since the individuals disperse into a (2s + 1) X (2s + 1) blocks and thus
compete with other individuals within that range, the spatial patterns
should be at least of that size.

3. Approximation

As we saw in the previous section, our model, which is very simple
to state, produces a rich variety of dynamics. The aim of this article is
to look at various ways to approximate the simulation model using an
appropriate dynamical system and then to use this approximation to
understand why these dynamics arise. In this section we describe three
such approximations.
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(©)

Fig. 4. Four sequential snapshots for the individual-based model on a 201 x 201 lattice when r =30 and (a) s = 10, (b) s =20, and (c) s = 45. The snapshots show the population

after competition, thus there are at most 1 individual in each site.

3.1. Global approximation

We start with the model described in Section 2 with scramble
competition described by Eq. (1). Let x, be the density of the population
at time ¢, where r = 0, 1,2, ... is the time after the competition phase,
i.e. after the survival function ¢(X|) has been applied to every resource
site. The expected population density at time 7+ 1 given the population
density x, at time 7 can be written as:

P(X, =KX, =x)-¢(k). (2

D
=1

1 o0
X1 = E(Xpp |X, = x)) = D2 z
k=

i=1j

Here ¢(k) is the survival function and P(XI.’/. = k|X, = x,) is the
probability to find k individuals in a site (i, j) at time 7, given that the

population density is x,. The question of approximating the population
dynamics becomes a question of finding a good approximation p, of
P(X ;j = k), which utilizes as much information as possible about the
correlations between neighbouring sites. Thus p, is an approximation
of P(X l.’j = k), which is not dependent on a specific site (i, j). From this,
we can reduce Eq. (2) to

o D D e
Xt = 3 2 2 0k 40 = Y- i, 3
i j k=1

k=1i=1 j=1

i.e. p, is site independent.
One possible way to define p,, is to assume that the offspring
disperse independently to any site on lattice with uniform probability.
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after reproduction.

When the lattice is infinitely large, X [?j is Poisson distributed with mean
rx, for all i and j, in which case

_ . B efrx,(rxt)k
pi= POXf = k) = — &)
giving the following population dynamics
o e (rx, )k
X1 = Y bR, ®)

k=1

In this case, the entire population dynamics for the scramble model is
X4 =rxe 6)

This equation, sometimes called the mean field equation [35], we
refer to as the global approximation equation of the individual-based
model. This is the same equation as derived by Sumpter et al. [46] and
Brannstrém and Sumpter [41] but with a change of variable x; =rx,
to reflect the fact that we measure the population after reproduction.
This global approximation works well for individual-based models with
large dispersal, i.e. when s is close to (D — 1)/2.

3.2. Local correlation approximation

From the simulations of the individual-based model, we saw that
even though the scale of the spatial pattern is the same for very local
dispersal (s = 1 and s = 2) and global dispersal, the population
dynamics is vastly different: when dispersal is global, the population
dynamics is chaotic, whereas the population dynamics is always stable
for local dispersal. This suggests, that for local dispersal, (s < D), we
need to take local correlations into account. To do this, we adopt an
approach that looks at correlations which arise between dispersal and
competition. Consider a particular lattice site, which we call the focal
site. In order to better account for local correlations we look in the
(2s + 1) x (2s + 1) Moore neighbourhood around the focal site. Let F be
the total number of parents in the (2s+1)x(2s+1) Moore neighbourhood
of the focal site (see Fig. 8).

For this approximation we assume — as we also did in our approxi-
mation of full independence between the sites — that the population is
uniformly distributed at this stage with population density x,. The spa-
tial statistics in Section 2.3 together with the supplementary material
S1, showed that this assumption is justified not just for global dispersal,
but also for very local dispersal (i.e. when s is small). Now, if s < D,
we can assume that each site in the neighbourhood of the focal site has
an independent probability p = x, of containing an individual, meaning
that F ~ Bin((2s + 1)%, x,).

In this new approximation, our aim is to calculate the number of
offspring of all of the parents in the neighbourhood of the focal site
that disperse to the focal site. We denote this as a random variable Y.
The probability that a particular offspring of a particular parent within
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the (25 + 1) x (2s + 1) Moore neighbourhood ends up in the focal site
is 1/(2s + 1)>. We can thus denote the event that this offspring j lands
on the focal site as a Bernoulli random variable, O; with parameter
1/(2s + 1)2. The dispersal of individuals is independent and thus Y is
defined by the sum

F-r
Y=3)0 ™
j=1
or, equivalently, Y ~ Bin(F - r, m).
Using the law of total probability we utilize Eq. (7) to write
(2s+1)%
pr=PY =k)= z P(Y =k|F =i)P(F =i). (8)

i=1

The two terms in this convolution are, respectively,

ir—k
B o [ir 1 — !
P(Y =k|F =i)= (k) (25 + 1) (1 (s + 1)2> ’ v
and
P(F=i)= ((zst 1)2>X§'(1 — ) O o

This gives the following explicit expression for p,
(2s+1)?

25+ 1) s+12—i [ 1
Pk = Z <( HI,— )>x,(1—xf)(2‘+”2 <l]:>

i=1

x — L <1- ! >H. an
25+ ) 25+ 1)

With the approximation that all sites on the lattice experience the same
dynamics as the focal site, the population dynamics are then given by

(8]
X1 = by B, a2)
k=1
For scramble competition, where ¢(k) is defined as Eq. (1), the expres-
sion becomes
2s+1)?

2 ) A ir—1
3 <<2sf1> >x;(1_xt)<zs+l>2_,,.r 1 2<1_ 1 2) .
P i 2s+1) 2s+1)

13)

Xyl =

By identifying the last factor as a derivative, the expression can be
simplified to

r—1 r (2s+1)2-1
X, =X <1—;> <x (1—;> - X +l>
e Qs+ 1)? ! @2s+1)? !
= F(xp). (14)

We now have an approximation of the individual-based model that,
unlike the global approximation equation (Eq. (6)), takes in the spatial
properties of the individual-based model, and has the dispersal dis-
tance, s, as a parameter. (See Supplementary material S4 for a detailed
derivation.)

Now, if R;. is not constant, but R,[“ are i.i.d. random variables with
R;j ~ Bin(r/q, q), the number of offspring the parents will produce will
be given by

F
Sp=) R 15
where R; ~ Bin(r/q, q). Thus,
Sk Z,F R;
Y=Y0,= 3 0, (16)
j=1 j=1

Using probability generating functions (see Supplementary material
S4), we can find a closed form of p; = P(Y = 1), which will be given
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Fig. 6. The average 4TLQV variance against the block size b for 1000 snapshots from 10 realizations of the individual-based model simulated on a 101 x 101 grid when r =20
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Fig. 7. The average 4TLQV variance against the block size b for 1000 snapshots from 10 realizations of the individual-based model simulated on a 201 x 201 grid when r = 30

(a) s =10, (b) s =20, and (c) s = 45.
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® ] ©

Fig. 8. An illustration of how p, is calculated for the local correlation approximation when s = 1. The focal site is dark grey, while its neighbours within distance s =1 are light
grey. The figure shows how individuals are (a) distributed around the focal site initially, where the number of parents is F =5, which in general is given by F ~ Bin((2s + 1), x,).
In (b) the individuals have each produced r = 4 offspring, meaning there is r- F = 4 -5 = 20 individuals within the neighbourhood of the focal site. In (c) the offspring have
dispersed. The event that a particular offspring j will disperse into the focal site, O; has probability 1/(2s + 1)2. The number of offspring landing in the focal site is then given by

Y = E]’Zl 0,= Efil 0O, which in this example is equal to 3, (Y = 3).

by

=rx <<1——1 > - +1>’/q‘1
P t Qs+ 1) q—4q
(2s+1)2-1

r/q
1
X,((l—m)l]—l]ﬂ-l) -x,+1 . a7

Thus, when the reproductive rate, Rf.j, is random with Rﬁj ~ Bin(r/q, q),
the population dynamics is given by

r/q—1
1
Xiy1 =T% ((l - —(23_'_ 1)2> q—q+ 1)
(2s+1)2-1

r/q
1
x,<(l—m>q—q+l> —Xt+1 . (18)

In the rest of the paper, we will focus on analysing the case with
deterministic r, but in Supplementary material S4, derive and analyse
the local correlation approximation with random R.

3.3. Long-range dispersal approximation

The bifurcation diagram in Fig. 5 shows that for long-range disper-
sal, i.e., s & D/2, the population density stabilizes. The four consecutive
snapshots of the individual-based model for s = 45 in Fig. 4(c) suggests
that this happens when the population propagates as a band over the
lattice, i.e., when the spatial pattern scale is around D/2, as seen in
Fig. 7(c). Even though there is a clear global spatial structure in terms
of the band formation, calculating the Moran’s I within each band,
suggest that the population is close to well mixed locally.
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Fig. 9. Division of the lattice into two patches. The light grey area consists of the sites
where dispersal to the other patch is possible, when the dispersal distance is s = 2. The
dark grey area shows the sites reachable by dispersal from the black site when s = 2.

To capture this observation, we propose a long-range dispersal
approximation, which divides the lattice into two patches, P, and P,,
with population size x; and x, respectively, with dispersal probability
& between the patches, as seen in Fig. 9. In this approximation, the
population is assumed large and well mixed within each patch, allow-
ing us to describe the population as a coupled version of the global
approximation (Eq. (6)), i.e.
Xy, = (1= 8)re”™ 1t + sre™"2 19
Xy, = (1 = 8)re™"™21 + fre”" 1.

We now want to determine reasonable values of the dispersal proba-
bility 6 as a function of the dispersal distance s, by reasoning from the
individual-based model. For simplicity, we assume that an individual
in P enters P, only when it crosses the border in the middle. When
crossing the other borders, it re-enters P,. Since P; and P, are identical
except for being laterally reversed, it suffices to determine the dispersal
probability from P, to P, to find §. To do this, we start by indexing the
sites by (i, j), as in Fig. 9. In P, wehave 1 <i < D/2and 1 < j < D. The
dispersal probability between P, and P, will be given by the probability
that an individual k is situated at site (i, j) times the probability that it
disperses to patch P,, given that it is at site (i, j), summed over all sites
in P;:

6= Z P(k at site (i, )| k in P) - P(k disperse to P,| k at site (i, j)).
(i,j))EP|

(20)

Assuming that within each patch the population is well mixed,
meaning that individuals are uniformly distributed over all sites, we
have that P(k at site (i, j)| k in P)) is given by ﬁ.

To determine P(k disperse to P,|k at site (i, j)), we want to find the
number of sites in P; where P, is reachable by dispersal. This obviously

depends on s. We have that
(s+1)—i

P(k disperse to P,| at site (i, j)) =
( P ] () 25+ 1

5

when i < s, and 0 when i > s.
Thus, we have

6= Z P(k at site (i, j)|k in P) - P(k disperse to P, |k at site (i, j))
(L.)EP,
D D/2 ’
= P(k disperse to P, |k at site (i, j
;;Dm( p ) )
j=li=
D/4 . D/4
=D P(k disperse to P, |k at site (i, j)) = 2D
X5 75 Pk disp ) ()

i=1

(s+1)—i
25+ 1

i=1
_os(s+ 1)
T D@2s+ 1)’
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We now have three different approximations that describe the pop-
ulation dynamics for the individual-based model. For the rest of the
paper we will analyse Eq. (14), (6) and (19) and compare it with the
individual-based model described in Section 2.

4. Analysis

In Section 3 we have derived three different approximations of
the individual-based model described in Section 2. In this section we
discuss how these approximations are able to describe the properties of
the individual-based model and the connections between the different
approximations.

4.1. Bifurcations

As for the individual-based model in Fig. 3, we produced bifurcation
plots for the local correlation approximation by iterating Eq. (14) for
different values of r, which can be seen in Fig. 10. When dispersal is
very local (s = 1), our approximation displays quantitatively the same
behaviour as the individual-based model: the population is stable and
at most around 2 (when r ~ 15). The only difference between the
individual-based model and the local correlation approximation is that
the population goes extinct already at » = 23 for the individual-based
model, whereas it goes extinct for r = 30 for the approximation. In
Fig. 10(b), we see that there is a period doubling bifurcation when
r = 10, for s = 2, in contrast to the individual-based model, where
the population is stable at least until r = 30 for s = 2. Increasing s to
3 (Fig. 10(c)), the approximation model undergoes a period-doubling
route to chaos: the model exhibits period doubling first at » = 8 and
then at r = 16, and becomes chaotic at r = 26. Increasing s further, the
period doubling takes place earlier and earlier: in Fig. 10(d) we see that
for s = 5, the first period doubling appears at » = 8 and the second at
r = 13. For s = 10, the dynamics of the approximation is more or less
the same as for s = 50. Quantitatively, the population density is higher
for the local correlation approximation, than for the individual-based
model, when s > 2. In summary, the local approximation seems to
approach the global approximation quicker than the individual-based
model approaches the well-mixed case. In Supplementary material S4
we show bifurcation plots for the local correlation approximation for
stochastic reproductive rates, i.e. Eq. (18). We see in the plots that
over all qualitative behaviour is not affected by the value of ¢, just as
for the bifurcation plots of the individual-based model with stochastic
reproductive rate.

For the long range dispersal approximation, we produced bifurca-
tion plots with both s and r as the bifurcation parameter. In (a) and (b)
we show the total population, (x, + x,,)/2, and in (c) and (d) we plot
the difference in population, (x;, — x,,)/2. In Fig. 11(a), we see that
for s between 40 and 50, the approximation has both quantitatively
and qualitatively the same behaviour as the individual-based model:
the population is stable and has a size around 4. Just before that, for s
around 33, there is bifurcation point, and for s = 37, the population
becomes stable again. However, in contrast to the individual-based
model, the long-range dispersal approximation exhibits a stable pop-
ulation already at s = 15 and up until s = 70. In (c) we see that, while
the total population is chaotic for s > 71, the difference in population
is stable for s > 77.

4.2. Stability analysis

One important property of the individual-based model, that is not
captured in the global approximation equation, is that the population
goes extinct for some values of r, both when s is very local (s = 1) and
when s is global,as seen in Fig. 3(a) and (f). We want to find for which
values of r this happens for the local correlation approximation. To do
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Fig. 10. Bifurcation diagram for the local correlation approximation, given in Eq. (14). In each subplot we vary r and iterate through x, for 5000 time steps and plot last 500
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Fig. 11. Bifurcation diagram for the long-range dispersal approximation, given
in Eq. (19). In (a) and (c) we fix r to 30, set D = 201, vary s, and iterate through
x;, and x,, for 5000 time steps and plot last 500 time steps of 50 realizations of the
total population, (x;, + x,,)/2, (a) and the difference in population, (x,, - x,,)/2, (c).
In (b) and (d) we fix s to 45 and D to 201, vary r, and iterate through x,, and x,, for
5000 time steps and plot last 500 time steps of 50 realizations of the total population,
(x1, +x,,)/2, (b) and the difference in population, (x,, — x,,)/2, (d).

so, we first observe that x, = 0 is always a steady state for Eq. (14).
We then check the stability for the steady state x, = 0. Differentiating
f(x,) we obtain:

2
b [(@s+ D21 ! Qs+12 -1\ (@s+12-2
f(x*)—r< s+ 17 ) (x*<< s+ 1) ) —1)+1)

X <(23+l)2x* <<%)r—1>+1> (22)
When x, =0, we have
RN -1
f’(0)=r<%> =r<l—m> . @3)
The stability condition |f”’(x,)| < 1 for x, = 0 yields
1 r-1
‘r(l—m> <1, @4

which, for s = 1, is true for 1 < r < 30. Thus, for our local correlation
approximation, the population goes extinct when r > 30, which is
seen in Fig. 10(a). This is a slightly larger value than what is seen in
bifurcation diagram of the individual-based model (Fig. 3(a)), where,
after + = 5000 time steps, extinction is observed already for r = 23.
When s increases, the extinction value for r in the local correlation
approximation increases as well. In Fig. 12(a), we see how the value
of s affects f’(x,) when x, = 0. For s = 2 e.g., r needs to be larger than
117 for the population to go extinct. For global dispersal, we have that

1 r—1
(2s+ 1)2> =" 25)
and thus the inequality (24) is only fulfilled for r < 1. This means that
the local correlation approximation never result in extinction for global
dispersal. In Fig. 12 below, we see a graphical illustration of this: when
s =1, f'(x,) crosses the line y = 1 when r = 30. As s increases, the slope
of f’(x,) increases. For the global approximation equation, f/(x,) = r,
and will thus never cross the line y = 1. In Fig. 12(b) we see f(x,) as a
function of x, when r = 20 and for different values of s. In this cobweb
diagram, we see that the population dynamics becomes unstable as s
increases.

Now for our local correlation approximation with R;j ~ Bin(r/q, q),
given by Eq. (18), x, = 0 will also be a steady state, and f’(x,)|—

will be given by
q > r/p—1
(2s+ 1)? '

The stability of x, = 0 of the local correlation approximation for
stochastic reproductive rate will thus be affected by the value of gq,
and for smaller values, the population will become extinct for higher r
values.

. ’ 1 _
:BTmf 0= sginoc r <1

FALE ] =r<1— (26)

4.3. General extinction probability

The individual-based model clearly displays population extinction
for some values of r when dispersal is global, as seen in the bifurcation
diagram in Fig. 3(f). However, this extinction is not due to the stability
of the stationary point x, = 0, but due to the stochasticity of the
individual-based model: when r is sufficiently large there is always a
probability that all sites get overcrowded in one generation and the
population goes extinct. We now want to find for which values of
r this happens. To find an expression for this, we make use of the
different life-cycle stages within one time step: the population before
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Fig. 12. (a) Plot of f'(x,), for x, = 0 for various values of s (see legend) . The model denoted global approximation is f(x,) = rx,e™™, i.e. Eq. (6). The black line shows f’(x,) = 1.
(b) Plot of the approximation in Eq. (14) for various values of s (see legend) and for r = 20. The model denoted Global is f(x,) = rx,e™™, i.e. Eq. (6)). The black line shows

Xr41 = Xpe

competition, the population after competition but before reproduction,
and the population after reproduction. Consider the individual-based
model with n = D x D resource sites. For the population to survive
after competition, at least one resource site must contain exactly one
individual (in case of scramble competition). Let x, be the number of
individuals before competition and reproduction at generation 7, and
x, be the number of individuals after reproduction in the same time
step. When dispersal is global, the probability that a particular resource
site contains exactly one individual, P(X = 1), will be a function of
x; p1(x,), since X is Poisson distributed with mean x,/n. We can thus
write

Xt

X, Xt
PGy = e 27)
p1(x,) will be maximized at x;, = n:
pm="2en =e = ph. (28)

n

Thus pj > p;(x,) Vx,. When this is maximized, there will be el
n individuals that survived after competition, meaning that, if the
reproductive rate is constant, there will be

! (29)

Xy = nre”

individuals after reproduction. Thus, the probability for a particular
resource site containing exactly one individual after reproduction

=1 et
G

e

nre 1 re!

(30)

pi(xy) = =re

Then the probability that none of the resource sites has exactly one
individual is given by

(1= p (e = (1 —re~le ™y, (31)

b thinct =
Since pi > pi(x) VX Pl < Pextinet(*y) Vx,. Thus, this is the
minimum probability of going extinct for each generation. In Fig. 13 we
see how this probability is affected for different values of D and r, and
how this is connected to the actual simulations of the individual-based
model (the black line and error bar). Recall that peyne. is the minimum
probability of going extinct at each time step, and thus when simulating
over many generations (below for 5000 generations), the population
will go extinct when peyiine: 1S quite low (= 0.1).

4.4. Convergence to the global approximation model

When deriving the local correlation approximation, we made the
assumption that s <« D. However Figs. 10 and 12(a) suggest that
as s increases Eq. (14) comes increasingly close to the global ap-
proximation (Eq. (6)). Indeed, when s = 50 in Fig. 12(b), the curve
defined by Eq. (14) is indistinguishable from the global approximation
equation. These numerical results suggest that when s is large, the
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Fig. 13. Probability of going extinct in the next time step for different values of D and
r. The heat map is produced from Eq. (31). The black line and the error bar show for
each value of D, the mean and standard deviation of the lowest value of r for which
the population was extinct after 5000 time steps for 10 simulation of each parameter
set of the individual-based model.

local correlation approximation reproduces the dynamics of the global
approximation, even though the s < D assumption that was made
for the approximation is not fulfilled. To rigorously determine whether
this result holds, we need to check if our population dynamics model
in Eq. (14) approaches the original global approximation as s — co.
This is equivalent to showing that the limit lim;_, Y — Po(rx,), in
distribution. Here Y is the number of offspring of all of the parents in
the (25 + 1) x (2s + 1) Moore neighbourhood of a focal site that disperse
to the focal site. Thus, lim,_,, Y — Po(rx,), means that when dispersal
is global the number of offspring from the whole lattice that end up
in a particular site, is Poisson distributed with mean rx,. To show this
limit, we can make use of the following theorem:

Theorem 1 (Yannaros 1991). Let £, &,, ... be i.i.d. Bernoulli variables with
P(; =1)=pand N a non-negative integer valued random variable which
is independent of the &;’s. Let Sy = Z,N= 1 &, then
. )4 _pN
d(Sy,U,,) <min{ ———, pE[1 —e™P"]
N>~ pa { 2 m }

+min{pE[|N—a|],% (32)

E[N — a]?
p———1,
a
for any a > 0. Here d is the total variation distance and U, is the Poisson

distribution with mean A.

The total variation distance is a measure of the closeness of two
probability distributions. Intuitively, the total variation distance be-
tween two probability distribution is the largest possible difference that
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the two probability distributions can assign to the same event. Thus,
a total variation distance equal to zero, indicates that the probability
distributions are the same.

Proposition 1. As s — oo, Y converges in distribution to a Poisson
distribution with mean rx,.

Proof. By choosing a in the right way, we can use Theorem 1 to prove
Proposition 1. First, recall that

F-r
Yy=3Yo0, (33)
j=1
Now since O; are i.i.d. Bernoulli variables with P(O =1 = ;2, we
(2s5+1)

can equate these with ¢&;, where p = # Likewise, we can equate

N = r - F, since it is an integer vaiue random variable which is
independent on the O;’s. Thus Y is equal to S. We can now find an
a > 0 such that d(Y,U__a

) —>0as s — oo.

(2s+1)2
Now choose a to be the expected value of r - F, i.e. a = E[r- F] =

. 1
rx,(2s + 1)2. Since p = fersuyel Uy = U,xl. We want to compute
lim_d(Y,.pU,y,). (34)
By applying Theorem 1 we know that
sginoo d(Yr'F’ Urx,)
_1 r
. . 2s+1)2 1 -
< lim (mm N E[l —e @stD)
s—+00 {2 - ) 2s+1)2 [ I} (35)
V (25+1)2
. 1 1 E[r- F — a)?
+ min{ ——EJ[|r- F —al], = B —— )
{(2s+1)2 fl oy}
_ L 1
Since —2*°__ _, () as 5 — oo, the first term, min { e
2, /1-(——) 2, /1-(——)
(25+1) (25+1)

1
(2s+1)?
For the second term, note that by choosing a = E(r- F) = rx,(2s+1)?

we get that E(r- F—a)?> = E[r- F—E[r- F]] = Var(r- F) = 2s+1)>x,(1 -x,).
So the second term will be

o iR
— . _E[r-F—a|l,=
miny ey o el 2\/(2s+1)2

. 1 1 @s+1)2x,(1-x) _ 1 (1-x,)
Since 2 \/ @s+1?  rx@st2 2V res+1)? — 0as s — oo, we get

that the second term goes to zero as s — . []

__rF
E[l —e @s+1?] }, will approach zero as s — co.

@s + 12x,(1 — x,)
rx,(2s + 1)2

).

5. Discussion

With increasing computational capacity during the last 30 years,
there has been a shift from ’top-down’ models in ecology, describing
the overall population structure, to ’bottom up’ individual-based mod-
els capturing the local behaviour of the population. In light of this
shift, a question arises as to whether it is possible to approximate
individual-based models with a small number of analytically tractable
equations, describing the overall population dynamics. For individual-
based models in continuous time or space or in which evolution in
space is ‘smooth’ [24,47-49], such as interacting particle systems and
spatial point processes, there are a range of analytical approximations
available [16,20,28]. For models which are, what Berec [29] refer to
D-space, D-time, like the one we study here, analytical approaches have
proved more limited.

The current work has started to look at ways into this problem,
by studying a specific model which has both spatial patterning and
large oscillations over a single time step. The spirit of our work here
is perhaps similar to how Durrett and Levin first looked at problems
for spatially discrete, but smoothly changing processes [13,50], which
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eventually led to the more rigorous treatments referenced above. But
we would also emphasize our focus on qualitative methods to compare
individual-based models with various approximations. We have used
a standard method for qualitative comparison: studying the bifurcation
plots of the models, as done by, e.g. [41,51,52]. We also produce a cob-
web diagram for two of the models, as done by Anazawa [51], and look
at how steady state stability depends on parameter values. These are a
few of a number of comparison methods; studying time series outputs
for different models as done by Nardini et al. [53], comparing mean
and variance in population size between models [41] or computing the
mean squared error between the time-series output of models [53], are
other examples. The point of such approximations is not always to find
a model for which we can prove convergence between approximation
and individual-based model, but to gain a qualitative understanding of
why an individual-based model produces the patterns that it does.

We have identified two novel qualitative approaches here. The
first is a local correlation approximation, which led to Eq. (14). This
provided a one-dimensional dynamical system, with two parameters —
s for dispersal range and r for reproduction number — which allows us
to the draw a bifurcation diagram illustrating how these parameters
determine stability. In this way, we show that our individual-based
model can be reasonably approximated for small dispersal distances
(compare Figs. 3 (a) and 10 (a)). The second in the long-range approx-
imation, consisting of two coupled maps, that captures some aspects
of the simulation when s is large. Again, this allows us to draw a
bifurcation diagram (Fig. 11).

Recently, interest has increased in the long-running discussion about
the prevalence of chaos in natural populations [54-57]. After May’s
original paper [58] on chaotic dynamics in populations, empirical
studies suggested that, in real ecological time series, chaos is infrequent
[54,55,59]. Often, two explanations are given for this inconstancy:
populations stabilize due to demographic stochasticity [60], or they are
said to stabilize due to dispersal. With our local correlation approxima-
tion, we show that a deterministic difference equation does have this
latter stabilizing effect on the population dynamics.

Interestingly, however, more recent empirical studies suggest that
chaos is more prevalent in ecological systems than previously estimated
[56,57]. One way which our model might help better understand when
chaos will and won’t be observed is to examine the scale on which
observations are made. While our individual-based model is stable
for small dispersal distances when measuring the whole population,
the statistical measurements of the model show high variability on
local level, suggesting that chaos could be present when measuring
population sizes in more local areas. A similar argument can be made
when comparing the total population and the difference in population
of the long-range dispersal approximation: while the total population
is chaotic for some parameter values, the difference in population is
stable for the same values (see Fig. 11). It would be interesting then to
look, in for example the 172 populations studied by Rogers et al. [56],
at the relationship between the size of the area from which observations
where collected (relative to the area over which the species disperse)
and the degree to which the dynamics are chaotic.

The long-range approximation establishes a link between our model
and two patch metapopulations discussed by [14,15]. Indeed, when dis-
persal is large in the individual-based model, the population dynamics
can be well approximated with a two patch system, as seen in Figs. 5
and 11. Long-range dispersal has been shown to play an important
role for seed dispersal and is key for understanding plant population
dynamics and community composition [61].

The work presented here can be extended in several natural direc-
tions. First, our characterization of the spatial dynamics could be ex-
tended to other survival functions, like those examined by Bréannstrom
and Sumpter for the non-spatial case [37]. Second, our two approxima-
tion techniques can be considered also for situation with two sexes, or
several populations. A better approximation should also result if corre-
lations are tracked also between generation, as opposed to currently
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within a single generation. The possibility to approximate spatially
explicit individual-based models with analytically tractable dynamical
systems does not only facilitate systematic exploration of parameter
space by speeding up numerical investigations but can potentially
reveal deeper insights about the role of space in population dynamics.
Also, as we showed here, this approximation helped us establish an
extinction probability curve, a result which could be extended further.
We believe that the results presented here has contributed to this
understanding and that future efforts will help to elucidate how and
why spatial structure affects the dynamics of populations.

It is also worth pausing to think about the limits which our results
point towards. Our starting question was the degree to which we
could analyse the complex dynamics generated by a relatively simple
individual-based model. The answer is that, through our two approx-
imations and statistical measurements, we can get some insight into
those dynamics, but this is not a complete mathematical explanation
of the phenomena that arise, i.e. of the patterns we see in Figs. 2
and 4. In particular, neither of the approximations work particularly
well for s between 3 and 10 in Fig. 2. This is in itself an interesting
observation. Our model is far from being the most complex bottom-
up model, yet there seems to be a limit to what we can currently say
about it using mathematical approaches. Our approach goes beyond,
for example, mean-field (well-mixed) equations, yet ultimately it still
fails to capture the richness of the individual-based model. While we
have little doubt that approximating stochastic individual-based models
with analytical approaches is a useful contribution, it might also be that
there are quite strong limits to what can readily be achieved with a
mathematical analysis.
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