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Abstract

The detection of high-energy neutrinos in the £ > O(PeV) range requires new
detection techniques in order to cope with the decreasing flux. The radio detection
method uses Askaryan emission to detect these neutrinos. The propagation of the
radio pulses has to be modeled carefully in order to estimate the properties of the
neutrinos from the detected radio pulse. This report introduces a model which
was implemented to the NuRadioMC code to simulate birefringence effects in the
ice of the South Pole. To do that, a new ice model was created which combines
the density and directional dependence on the refractive index. With this ice
model and an analytical ray tracer the time delay and polarization resulting from
birefringence was simulated for different geometries. A directional dependence
on the magnitude of the time delay and the change of the polarization along the
propagation path was found. To model the mixing of the polarization states due
to this change in polarization a pulse propagation model was introduced. Time
delay calculations resulting from this model were compared to simulations and
measurements from the ARA experiment and have shown good agreement.
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1 Introduction

The neutrino is perhaps the least understood particle of the standard model. Many
questions like the absolute mass of the neutrino or the absence of right handed neutrinos
in weak interactions remain unanswered. However, neutrinos have certain properties
that make them very interesting in terms of probing astrophysical objects. They are
stable and only interact via the weak force with a relatively small cross section. In this
way they are less likely to be absorbed between a possible source and a detector than
for example photons. Secondly, neutrinos don’t carry an electric charge so they can’t be
deflected by electric or magnetic fields on their path. This means that when measuring
a neutrino in a detector, the direction it came from points directly back at the source
at which it was created. This makes neutrino detection extremely valuable in the field
of multi messenger astronomy. Problematically, the properties that make neutrinos
the ideal messenger particle also make it difficult to detect them, especially their small
cross section and the neutral electric charge. This results in neutrino detectors utilizing
bigger and bigger target mediums, usually ice or water. However, the flux of neutrinos
hitting the earth is dominated by solar neutrinos in the keV to MeV range. When
looking at higher energies the neutrino flux drops drastically and the sources of the
highest energy cosmic neutrinos in the above PeV range remain largely unknown [I].

So far, neutrino detection mostly relied on photo multipliers capturing the visible
part of the Cherenkov light emitted after a neutrino interaction. Due to the low flux of
high-energy neutrinos more target material has to be utilized to detect them. This
becomes very expensive when relying on photo multipliers that, in the case of ice
as target material, are reliant on kilometer deep boreholes. New methods based on
radio antennas strive to extend the energy range of neutrino telescopes [2, 3, [4]. The
development of those detectors needs precise models of the medium and the radio
signal propagation. This report focuses on the effect birefringence has on the radio
signal propagation in the ice of the South Pole.

1.1 Radio Detection of Cosmic Neutrinos

When a high-energy neutrino interacts in a target material via neutral or charged
current interactions, the nucleus of the target atom is destroyed and many secondary
particles are generated in a particle shower. All shower particles, satisfying the rela-
tion Bn > 1, emit Cherenkov radiation while the shower size scales with the neutrino
energy. The shower grows exponentially until the initial energy is deposited in the
medium. Since the positrons created in the shower annihilate in the target medium
and the shower electrons drag other electrons from the medium along, the shower front
is dominated by electrons. This time varying charge imbalance results in a dipole that
emits electromagnetic waves in the radio frequency range (MHz - GHz). This phe-
nomenon is known as the Askaryan effect. As the radio waves traverse through the
target medium towards the antenna many effects like refraction, reflection, attenuation



or polarization have to be taken into account. Especially interesting is the change of
density depending on the depth. This results in a change of the refractive index, espe-
cially in the top ~300m of the ice also known as firn. This change results in the radio
signals bending downwards as seen in figure[I] Due to this bending, signals from certain
positions can’t reach the antenna at all (shadow zone). However, the bending also leads
to many radio waves that would otherwise have missed the detection antenna getting
refracted downwards. The antennas are usually deployed in surface stations that use
LPDA (log-periodic dipole antennas) pointing in different directions including upwards
to discriminate against air showers. Many ideas for the design of these stations also
include a slot antenna at about 150 m depth. In this way the detection of rays that were
refracted downwards in the firn of the ice is enabled. This report exclusively focuses on
antennas deployed at 150 m depth but the principle of birefringence induced time delay
could also be used for more shallow stations.
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Figure 1: Sketch of Askaryan radiation in ice. Figure taken from [5]. The incoming
neutrino interacts in the ice and sends out a particle shower. The shower induces radio
waves that propagate through the ice and get detected by LPDA and slot antennas.

1.2 NuRadioMC

NuRadioMC [6] is a framework designed to simulate neutrino interactions and their
detection via radio waves. All steps, including the initial interaction, the radio emission
due to the Askaryan effect, the signal propagation and the measured signal by the
antennas, can be simulated using NuRadioMC. The Monte Carlo simulations made
possible by NuRadioMC offer the opportunity to set requirements for the experiment
and optimize the radio detectors. For the hardware side this has an impact on the



detector/station layout, the calibration specifications and the trigger level. From the
software side NuRadioMC can be used to create training sets to be able to reconstruct
the neutrino properties from the signal shape using deep learning. In a simulation using
NuRadioMC first an event list is generated with the energies, directions, and interaction
points of the specified number of neutrinos as a .hdf5 file. The next step takes the
event list and simulates the Askaryan signal generation, the signal propagation and the
detector output. The obtained simulation data can be visualized using histograms. The
following model was implemented into the signal propagation script of NuRadioMC but
not yet used by a full simulation. This report only focuses on describing the included
model and how it compares to other birefringence models and measurements.

1.3 Birefringence Effect

The optical properties of transparent crystals can be categorized by how the relative
permittivity behaves along different directions. Isotropic crystals have a cubic structure
which results in the same optical properties in all directions. As such they have the
relative permittivities of €, = €, = €,. This includes materials like glass or sodium
chloride. Uniaxial crystals have a trigonal, tetragonal or hexagonal structure which
results in the same optical properties in two directions and different properties for the
third direction. As such they have the relative permittivities of €, = €, # €,. This in-
cludes materials like rubies or quartz. Biaxial crystals have a orthorhombic, monoclinic
or triclinic structure which results in different optical properties in all directions. As
such they have the relative permittivities of €, # €, # €,. For an incident electromag-
netic wave entering a material, both the uniaxial medium and the biaxial medium split
the wave as parts of the wave get refracted stronger than others depending on their
polarization. This effect is called birefringence [7].
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Figure 2: Birefringence in a cristal due to different refraction for different polarizations.
Figure taken from [g].

In a uniaxial medium birefringence happens only for one directional axis, for a



biaxial medium it happens for every incoming direction. Due to their different paths
and polarization the two waves 'see’ different indices of refraction which determines the
phase velocity at which the wave propagates. As such there is a time delay between
different polarization states with which they reach a potential antenna depending on the
directional indices-of-refraction, the propagation direction and the propagation length.
With its hexagonal structure ice crystals could be considered uniaxial. However, due
to mechanical stress in large amounts of ice such as in Antarctica the ice layers shift
into a collective direction. This process is called ice flow and it causes the antarctic ice
to become biaxial birefringent.

Tc-am

T T

Figure 3: The hexagonal structure planes of the crystal are perpendicular to the c-axis.
The crystals deform by gliding along the basal planes. [9]

2 ’Regular’ Biaxial Birefringence

A ’regular’ birefringent medium has different indices of refraction in different directions.
However, those stay constant along the propagation path of the wave. This is not the
case for the ice of the South Pole since there is a big density dependency involved. Yet,
the principle calculations for the birefringence effect are the same. This chapter will
focus on those calculations and the resulting time delay and polarization of the wave.
Chapter 3| will then illustrate how this effect was combined with the density dependency
of the South Pole.

2.1 Effective Refractive Index

When electromagnetic waves travel through a biaxial medium the wave splits into two
distinctly polarized waves that take slightly different paths. The velocities of the two
polarization states (ordinary- and extraordinary ray) are different as well, which results
in a small time delay when the signals are measured by antennas. Modeling this time
delay and the polarization of the radio waves at the South Pole was the main objective
of this report in order to model the signal propagation more accurately. In theory, this
effect can also be used to estimate the distance from the antenna to the interaction
point of the initial neutrino.



Using Maxwell’s equations one can derive the solutions for harmonic plane waves.
From there, the wave equation can be used to calculate the effective refractive index in
a birefringent material:

.o OF (1)
V X B = ] +M0€oa

Here, p is the vacuum permeability, €y is the vacuum permittivity and E and B
are the electric field and the magnetic flux density. In the absence of currents and with
the E and B fields written as plane waves the following expression can be derived.

EXEIWMoﬁ

L , (2)
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Here, k is the wave vector, w is the frequency, € is the absolute permittivity and H is
the magnetic field of the plane wave. The wave equations can then be expressed via the
propagation direction § (normalized), the speed of light ¢ and the relative permittivity
of the medium ..

2
N =
SEE) = E+ 5o E=0 (3)
With the effective refractive index n = ke¢/w this can be written in matrix form by
using the biaxial dielectric tensor .

nz 0 0
e=ce=¢| 0 ny 0 (4)
0 0 n?
n2 — HZ(SZ + s%) n?8:Sy n?s,s, B,
0= n?8:Sy ny —n*(s; + s2) n?sys. E, (5)
n?8,5. n?sys. n? —n’(si +s;) E,

Setting the determinant of this matrix to zero gives the effective refractive indices
of the polarization eigenstates in a biaxial birefringent medium. Since it returns a
quadratic equation of n? it has two solutions which are the effective refractive indices
N1, Ny for the ordinary and extraordinary ray for the given propagation direction.

6
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This derivation was taken from [10] and equation |§| was implemented into NuRa-
dioMC. As an input it takes the direction s, the refractive index n and the entries
from the dielectric tensor from equation [4 To find the roots of the returned function
a minimizer was used to find the minimum and set the limit for the root finder. The
roots were then the solutions N; and Ny. This process can be seen in figure [4 where
equation [6] is plotted against various values of n. For this plot a toy model was used
with §=[1,1,1]/v/3, n, = 1.777 and n,, n, = 1.781.

Effective refractive index calculation
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Figure 4: Visualization of the numerical method to find the effective refractive indices
via equation [l

2.2 Time Delay and Polarization

In order to calculate the velocity of the wave traversing a medium at the given direction
S, the speed of light in vacuum c is divided by the effective refractive index N;. Including
the length of the medium [ returns the propagation time ¢. By subtracting the time
calculated from N; with the time calculated from N, gives the time delay AT due to
birefringence.

AT:%M—Ng (7)

c
The polarization of the two eigenstates was investigated as well. For n # N; equation



[6] can be used to find the direction of the electric field:

Sz

B=| w2t ®)

In order to take care of the cases where n,, , = N; o a few special scenarios where
considered. If the wave propagates exclusively into one of the three directions e.g.
the x-direction and the effective index of refraction equals approximately the index-
of-refraction of one of the other two directions e.g. the y-direction, the polarization
points exclusively into the direction in which the values of the indices are similar e.g.
E = (0,1,0). Another special case considers the direction vector being perpendicular
to just one of the principal axes e.g. the x-axis. If the effective refractive index is
approximately equal to the refractive index of this axis the polarization points into this
axis as well e.g E = (1,0,0). The precision at which the effective refractive index is
approximately equal to one of the directional indices of refraction can be adjusted in the
simulations. The polarization vector calculated with equation [§| was then normalized
and converted to spherical coordinates.

3 Modeling the refractive index of the Antarctic ice

The ’regular’ birefringence occurs in every medium that has different indices of re-
fraction in different directions. However, the ice medium in Antarctica is even more
complex. Due to the pressure of the ice and the way that ice accumulates the density of
the ice is depending on the depth. Since the index-of-refraction depends on the density
of the ice, the three indices-of-refraction for the x, y and z direction also depend on the
depth at which they are measured. As can be seen in figure [5] the index-of-refraction
changes from about 1.3 at the surface to about 1.78 at a depth of a few km. This density
effect is much larger than the differences occurring due to the directional dependence
of the permittivity.

3.1 Southpole 2015 Model

The model for the index-of-refraction used in NuRadioMC so far has not taken the
directional dependence on the permittivity into account. This model uses equation [
to calculate the index-of-refraction n depending on the depth z:

n(2) = Nige — An - exp (i) 9)
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Here nje.. = 1.78, An = 0.423 and 2z = 77m. The model was taken from [1I]. As
can be seen in figure [5| the index-of-refraction stays almost constant up until ~500m
where the pressure due to gravity changes the density of the ice.
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Figure 5: Refractive index as a function of depth. Visualization of equation |§|

3.2 SPICE Data

Since the ice of Antarctica is a biaxial medium it has different permittivities for every
direction. The coordinate system is chosen such that the z-axis corresponds to the c-
axis of the ice (depth) and that the x-axis points in the direction of the ice flow. For the
most part the three components behave similar to the refractive index calculated with[9]
However, at higher accuracy one can measure a difference between the three directions.
This difference of the eigenvalues representing the relative c-axis concentration F,, Fs,
E;5 was measured in the SPICE ice core [12] and used in the birefringence model of [13].
The diagonal matrix elements of equation (Eq. were calculated using €/, = 3.157
and A¢’ = 0.034 taken from [13].

& 0 0 ¢, + ACE, 0 0 n2 0 0
&(z)=10 ¢ 0] = 0 €, + A€e'E, 0 =(0 n O
0 0 e 0 0 €, + A'E; 0 0 n

A~

10)
It has to be noted, that it is not trivial that the matrix for the indices of refraction
resulting from the relative permittivities is diagonal. There are biaxial crystal struc-



tures with off diagonal entries in the permittivity matrix. However, for this model the
permittivity matrix was assumed to be diagonal.

Principle refractive index at SPICE
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Figure 6: Data set for the refractive indices in x-, y- and z-direction relative to 1.78.
Data taken from [12]
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Figure 7: Interpolated data set from figure @



With the measurement done by SPICE [12] this calculation results in the data seen
in figure [6] It has to be stated that this data set does not include the change of
the refractive index due to the depth dependent density change seen in [3.1} It only
shows the relative index-of-refraction of the directions compared to a set value of 1.78.
Also, this measurement only included the depths from —140m to —1739m. In order
to properly model the birefringence the refractive index had to range from the surface
down to —2500m. Due to this reason the average refractive index was calculated for
the first and the last ten points of each data set and constant values were added at this
average for the missing depth values. This ensured that the values for n,, n, and n,
to be constant outside of the measured data. This is also an approximation since the
values might change at those depths. A spline interpolation was used to approximate
the resulting data set. The result can be seen in figure [7]

3.3 Merging of the two Models

In order for the birefringence model to include both effects laid out in the previous
chapters figure [ and figure [7] were combined. To do this the difference between 1.78
and the interpolated values from figure [7] were added to the previously used model that
included the density dependency.

Refractive index model for birefringence
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Figure 8: Refractive index as a function of depth. Combination of figure |5( and figure
m The inner plot is the zoomed in version of the outer plot.
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4 Pulse Propagation

The modeling of a pulse propagating through the ice can be subdivided into two parts.
The first part focuses on the path the wave takes from the source to the antenna and
the second part is how the amplitude of the propagating pulse changes due to changes
in the wave propagation direction and its polarization.

4.1 Analytical Ray Tracer

When modeling the path of the wave the main difficulty is the depth dependence on
the index-of-refraction. This results in a bending of the radio wave along its trajectory.
Due to this bending there are three mayor types of solutions for the path. It can be an
almost direct path from the source to the antenna with minimal refraction, it can be a
path that would have missed the antenna but due to the major refraction in the firn gets
bend downwards again towards the antenna and it can be a path that is reflected at the
ice surface and is then detected by the antenna. In a numerical ray tracing model this
is calculated in a way that every layer at which the index-of-refraction changes Snell’s
law has to be satisfied.

nysin(fy) = ny sin(6s) (11)

This means those simulations rely on time intensive trial and error calculations to find
the path from the source to the antenna. However, when modeling the index of reflection
with equation [0} one can also find analytical solutions for the path of the wave.

2) = £204/n2 C3 —1-1In - +0O 12
y(2) o\/j <2m—b7+20> 1 (12)

Here, Cy and C are the initial conditions determined from the source and antenna
positions, 7 = An - exp (2/2), b = 2n4.. and ¢ = n2,_ — Cy 2. From this wave path the

ce

time it takes from the source to the antenna can also be estimated.

t = /12 "(;> \/1 + (dyd(;)>2dz (13)

Here, z; and 2} refer to the depth of the path position and can be determined from
the initial positions of the source and the antenna. Both of these functions are already
implemented into NuRadioMC and for a more detailed description see [6]. The direct,
refracted and reflected solutions from the analytical ray tracer can be seen in figure [9
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Different ray paths for different geometries

0 — direct path from: x_b =1000 ,z = -1000
reflected path from: x_b =1000, z = -1000

—— direct path from: x_b =3000, z = -1000

— refracted path from: x_b =3000, z = -1000

—200

—400

depth [m]

—600 A

—800

—1000

T T T T T T T
0 500 1000 1500 2000 2500 3000
distance [m]

Figure 9: Ray paths calculated with the analytical ray tracer for 2 different geometries.
Two direct paths, one refracted and one reflected path can be seen.

As explained in section [I.3] birefringence has the effect of splitting the wave at a
refractive surface according to its propagation direction and polarization. As such there
are potentially infinitely many different rays between the source and the antenna. The
largest birefringence effect in the propagation however, corresponds to the first time
this splitting occurs. This means for every solution of the ray tracer there is one 'slow’
and one ’fast’ component that take slightly different paths. For the calculations in this
report the spacial splitting between the ’slow’ and the 'fast’ component was considered
negligible and only the time delay due to different indices-of-refraction was considered
as well as the mixing of the two polarization states due to a changing polarization. In
this way the 3D version of the analytical ray tracer could still be used and the time
delay and the polarization could be calculated for every step of the path via equation [7]
and [8] In order to get the total time delay from the source to the antenna all the small
time delays for every step of the ray tracer were then added together.

4.2 Pulse Propagation due to Changing Polarization

After implementing the proposed birefringence model into the analytical ray tracer of
the NuRadioMC code, the polarization along the ray path was investigated. Due to
the change of the index-of-refraction and the direction, the polarization was expected
to change as well. In spherical coordinates the radial component of the electromagnetic
wave was almost zero and the polarization could be represented by the theta and phi
component alone.
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Figure 10: Left: Geometry of the source and antenna position projected on the xy-
plane. The starting position and propagation path are indicated in green. The ice flow
direction is indicated as a blue arrow. Right: Theta component of the polarization in
polar coordinates for the ordinary and extraordinary ray along the ray path. Only the

direct rays were considered.



The results from some toy geometries can be seen in figure [10l For these plots the
position of the antenna was set to x = 0m, y = 0m and z = —150 m. The position of
the source is indicated for every plot with a depth of 2 = —1000 m. The geometries were
chosen in a way that an azimuthal dependence between the ray path and the ice flow
becomes clear. The polarization plots show the absolute, normalized theta component
of the polarization vector against the length of the propagation path. For the first
geometry seen in figure the polarization seen in figure stays approximately
constant. However, for the second geometry seen in figure the polarization seen in
figure changes drastically about half way through the ray path. The polarization
of the ordinary and extraordinary ray seem to flip through the course of the path. For
the third geometry seen in figure the polarization seen in figure also changes
about half way through the ray path, but not as much as in the second case. These
results show a clear dependence between the polarization change and the azimuthal
direction of the ray. The biggest change of polarization is most likely caused, as the
ray enters the top ~500m of the ice sheet where the density change of the ice becomes
a major contribution to the refractive index. For completeness the polarization of the
refracted and reflected ray was visualized as well and can be seen in figure [I1 As the
polarization vector is calculated via the electric field, the sign change in the z-component
of the direction vector results in a sharp polarization change for both of these special
cases.
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Figure 11: Polarization change for a refracted ray from z = 3000 m, y = 1000 m and
z = —2000m (|11al). Polarization change for a reflected ray from z = 2000 m, y = 1000 m
and z = —2000m ((11b)).

With the results from figure [I0] the question of modeling birefringence becomes
more complicated. As the polarization changes both the ordinary and extraordinary
ray get split further as they now have a fast and slow component themselves. Therefore,
for every step of the simulation the number of rays doubles if there is a change in the

14



polarization. This also means that the signal measured at the antenna could be smeared
out as the polarization changes. This could potentially lead to smaller signal amplitudes
and possibly even missing the trigger level to measure one of the signals. To quantify
how big this effect would be the pulse propagation in the ice was modeled. Two time
traces were created with a length proportional to the time delay. One for the ordinary
and one for the extraordinary ray. This was done by applying a Fourier transformation
to a delta pulse and then cutting out frequencies over 500 MHz. For every step of
the ray tracer those time traces were then adjusted to represent the signal pulses at
this point. To do this a rotation matrix (Eq. with the polarization entries was
used to transfer the polarization states into the time domain of the ’fast’ and ’slow’
ray (Eq. . Then, the small time shift for the corresponding lengths was applied to
the 'fast’ trace (Eq. [L6). Then the inverse of the rotation matrix was used to rotate
back into the polarization states theta and phi (Eq. . As the polarization changes,
the rotation matrix changes for every infinitesimal step and the pulses propagate while

mixing according to this change.
0 —¢
= (89 »

() =n () 19

tfast — tfast + At (16)

t@ -1 tslow
=R 17
() = (i) an

This process of rotating and shifting the time difference can be seen in figure[12] In
step 0 the two pulses are created and overlap each other since there was no propagation
yet. Step one represents the rotation of the polarization states into the time domain
(Eq. with arbitrary values of # = 0.8 and ¢ = 0.6. Step two represents the time
shift performed by equation [16| with the arbitrary value of At = 10ns. Step three then
shows the rotation back to the polarization states theta and phi using equation |17, The
steps 1-3 are then repeated for every step of the ray tracer and the time delay which
should be measured at the antenna can be simulated while mixing the polarization
states along the way.
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Figure 12: Pulse propagation model with the created time traces at the source ((12al),
the rotation into the time domain (12b)), the time shift applied to the faster pulse (|12c)
and the inverse rotation back into the polarization states (12d]).

5 Results for different Geometries

So far, there have already been attempts to simulate and measure the birefringence
induced time delay. The results from the time delay calculation, the polarization cal-
culation and the pulse propagation of the introduced model will be compared to the
existing simulations and data from the ARA experiment presented in [13]. For this
comparison only the direct ray of the model will be used. However, the refracted ray
showed interesting properties as well. Namely, that the birefringence induced time de-
lay appears to be smaller in the refracted ray compared to the direct ray even though
the propagation length is longer. This can be traced back to the steeper inclination
angle of the refracted ray compared to the direct ray.
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5.1 Comparing the model to ARA measurements

The ARA experiment, located at the South Pole, has started to investigate birefringence
effects on radio wave propagation. The receiver stations A2 and A4 are composed of
different antenna geometries at slightly various depths and positions. The depth of the
antennas was approximated with —150 m. The approximate baselines and angles to the
ice flow from the sources to the antennas can be seen in table Il It has to be noted
that the used and displayed geometries are only approximations to the real geometries
and the main focus was whether the acquired values for the time delay behave similar
as in [13].

- Pulser/Receiver coordinates

b A4

E . Ice Flow

- A0

= IC22S DP
.LKII

CA3
: SP?E T IC1S DP
E A2
:p\km\\\\HIIIII\I\2\km\HHHHHHHI\II'

Figure 13: The geometry of the relevant ARA stations with SPICE and the deep pulser
(DP) sources and the antennas A2 and A4. The direction of the ice flow is indicated
as yellow. Taken from [I3].

source - antenna | baseline [m| | angle to ice flow
SPICE - A2 2353 77
SPICE - A4 3702 1°
DP - A2 3199 79°
DP - A4 3700 18°

Table 1: Baseline and angle to ice flow values used for the different geometries. Taken
from [13].
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and the SPICE core source to the A4 receiver (right).
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Figure 15: Simulation of the polarization (top), pulse propagation in polar (center) and
Cartesian (bottom) coordinates from the deep pulser source to the A2 receiver (left)
and the deep pulser source to the A4 receiver (right).
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The first geometry that was investigated was the SPICE source to the A2 antenna.
As seen in figure the propagation path is almost perpendicular to the ice flow.
Judging from figure the polarization along the path was not expected to undergo
major changes for this type of geometry. This was confirmed by figure The time
delay for this geometry was calculated to be AT = —21.45ns. Due to the small changes
in the polarization not a lot of mixing in the pulse propagation was to be expected
either. As seen in figure this was confirmed by the simulation. Only a small change
in amplitude between the two pulses is visible. By using the propagation direction at
the antenna position the polar representation of the time traces was converted back
into Cartesian coordinates. This can be seen in figure [[4¢ Here, it can be seen that
the slower pulse is a mixture of the polarization in x- and y-direction while the faster
pulse is a mixture between the polarization in z- and y-direction.

For the second geometry with SPICE as the source and A4 as the antenna more
changes in the polarization were expected judging from figure for this type of
geometry. However, as can be seen in figure this was not the case. It seems
that other than the earlier explained azimuthal dependence on the polarization there
is a zenithal dependence on the polarization as well since the horizontal distance from
the source is larger while the depth of the source stayed the same. This zenithal
dependence on the polarization change is not in the scope of this report but it should
to be investigated further in the future. The time delay for this geometry was calculated
to be AT = —5.93ns. For the pulse propagation this meant that there was not much
mixing to be expected either since the polarization did not show the expected change.
This can be seen in figure where again only a small change in the amplitudes is
visible. For the propagated pulses in Cartesian it is interesting to see that now the
slower pulse is dominated by the polarization in y-direction while the faster pulse is
dominated by the polarization in z-direction. The polarization in x-direction only has
a small effect on the faster pulse.

The third geometry used the deep pulser as a source and A2 as the antenna. Once
again there was not much polarization change expected due to the perpendicular direc-
tion to the ice flow. This was confirmed by the data seen in figure [I5a] The time delay
for this geometry was calculated to be AT = —40.45ns. For the pulse propagation the
situation was very similar to the SPICE - A2 geometry with minimal change in the
pulse amplitude even though the calculated time delay was almost twice as large. Also
the pulses in Cartesian coordinates are very similar to the SPICE - A2 geometry with
the polarization in x-direction contributing mostly to the slow pulse, the polarization
in z-direction contributing mostly to the fast pulse and the y-direction making minor
contributions to both pulses.

The fourth geometry using the deep pulser source and the A4 antenna was perhaps
the most interesting considering the model that was used. It showed a relatively big
change in the polarization along the path (figure [I5D]). This was consistent with the
polarization calculated with the third toy geometry in This also resulted in a
mixing between the two polarization states along the path as can be seen in figure
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and [I5fl The amplitude of the slower pulse is much smaller than the fast pulse. Also,
the fast pulse has a second, smaller peak due to the mixing of the polarization states.
The polarization of the y-direction is contributing to the slow peak and the second peak
of the fast pulse while the polarization of the z-direction is mainly contributing to the
fast pulse. The polarization of the x-direction is contributing to all three peaks but
with a very small amplitude in each of them.

receiver position source position | AT,... ATgim ATyp
source - antenna
X,y (m) X,y,z (m) (ns) (ns) (ns)
SPICE - A2 [529, 2293, —150] [O, 0, —1000] —21.45 | =225 | —14.1 £2.8
SPICE - A4 [3199, 56, -150] | [0, 0,-1000] | —5.93 | —1.6 | 4.6%9
DP - A2 [706 , 3634, -150] | [0, 0, -1400] | —40.45 | —42.5 | —25.2 4 2.0
DP - A4 [3538, 1143, -150] [O, 0, —1400] —10.69 | —0.2 0.7+14

Table 2: Time delay comparison to [13]. AT,,. is the time delay calculated by the
model presented in this report, ATy, and AT, are the time delays simulated and
measured in [13].

5.2 Numerical accuracy

As a first accuracy check the times from source to antenna from the ordinary and ex-
traordinary ray were compared to the travel time calculated from equation [13] For all
four presented geometries the travel time calculated by equation (13| (in the range of mi-
cro seconds) was between the calculated travel times for the ordinary and extraordinary
ray.

As a second accuracy check the step number of the ray tracer was increased to get
more accurate results for the time delay calculation and the pulse propagation. So far,
all results presented used the same number of steps in the ray tracer: 1000. In order to
investigate the numerical accuracy of the model, the time delay, polarization and the
pulse propagation was simulated for one geometry with different orders of magnitude
of accuracy. The geometry used was the deep pulser source and the A4 antenna since
this showed the most interesting mixing properties. The results for the time delay can
be seen in table [3and figure[16] Here, the time delay was calculated for 10? — 10° steps
in the analytical ray tracer. As a conservative estimate for the numerical error at 1000
steps +0.01 ns was used. Obviously, the accuracy does not only depend on the amount
of steps taken by the ray tracer but also the geometry used. If one investigates sources
>10km away from the antenna the step number would have to be increased in order to
maintain the accuracy. Since the attenuation of radio waves in ice restricts the distance
at which one can measure the signal it is unlikely that one would want to investigate
such geometries.
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number of steps in the ray tracer | step size [m] | calculated time delay [ns]
10 ~ 467 -10.43853
100 ~ 48 -10.66927
1000 ~ 49 -10.68909
10000 ~ 0.49 -10.69104
100000 ~ 0.049 -10.69124
1000000 ~ 0.0049 -10.69126

Table 3: Time delay comparison for different numerical accuracies.

Numerical accuracy of the time delay calculation

—10.670 —e— calculated time delay
estimated numerical error

@ time delay for 1000 steps
—10.675 A

—10.680 4

—10.685 A

time delay [ns]

—10.690 A

—10.695 4

—10.700 A

102 103 104 10° 106
number of steps in the ray tracer
Figure 16: Time delay comparison for different numerical accuracies. The calculated
time delay approaches a more accurate value with the increase in the step number. The

green area coveres the £0.01 ns error around the time delay for which 1000 steps were
used.

Figure 17| shows the pulse propagation using 1000 steps overlapping the pulse prop-
agation using 100000 steps. There is no visible difference between the two simulations
for the the same geometry. From the time delay and pulse propagation comparison
it is concluded, that 1000 steps in the ray tracer is sufficient for the most relevant
geometries.
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Figure 17: Pulse propagation for a simulation using 1000 steps in the solid blue and

orange lines compared to a pulse propagation for a simulation using 100000 steps in the
dashed black and red lines.

6 Summary and Outlook

For this report birefringence effects were simulated for the purpose of high-energy neu-
trino detection. The model used was derived from the Maxwell equations assuming
a diagonal biaxial dielectric tensor. From this model the relative time delay between
the two resulting polarization states could be calculated as well as their polarization.
In order to use the model the refractive indices and the propagation direction vector
had to be known at every depth. To model the refractive indices the currently used
model with a exponential density dependence was combined with dielectric measure-
ments with directional dependence from [I3]. The direction vector was calculated from
the analytical ray tracer already implemented in NuRadioMC by neglecting the spacial
splitting of the two polarization states.

After investigating the polarization along the propagation path for different geome-
tries an azimuthal dependence became visible. If the propagation direction was similar
to the direction of the ice flow there was a major change in the polarization direction
of the two polarization states. If the propagation direction was similar to the direction
perpendicular to the ice flow there was little to no change in the polarization of the
two states. Later simulations also showed a zenithal dependence of the direction on the
polarization change but this effect was not further investigated for this report. As the
polarization changed for some geometries along the propagation path it was expected
to result in a mixing between the two polarization states. This was investigated by
simulating pulses with time traces, rotating them into the time domain, shifting the
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faster of the two pulses by the calculated amount and rotating back into the polariza-
tion states. This process was repeated along the calculated path for every infinitesimal
step of the ray tracer. It was shown that the process of mixing polarization states can
lead to signals too low for a set trigger level or to smeared out pulse shapes for which
the arrive time might not be clearly identifiable.

The described model was then used to approximate the time delay simulations
made in [13]. For the SPICE - A2 geometry this model predicted a time delay of
—21.45ns while [I3] predicted —22.5ns. For the SPICE - A4 geometry this model
predicted a time delay of —5.93 ns while [13] predicted —1.6 ns. For the deep pulser - A2
geometry this model predicted a time delay of —40.45ns while [I3] predicted —42.5 ns.
For the deep pulser - A4 geometry this model predicted a time delay of —10.69 ns
while [I3] predicted —25.2ns. Overall, the proposed model shows similar behavior
for the presented geometries even though it uses different ray tracing and refractive
index models. The pulse propagation showed the most interesting behavior when the
polarization changed along the propagation path which was not the case for three out of
the four geometries due to the azimuthal and zenithal dependence on the polarization
and polarization change. However, it showed that birefringence induced time delays
are a viable option in determining the distance between the neutrino vertex and the
antenna even though the mixing of the pulses can cause problems when detecting these
radio pulses.

Moving forward it would be important to make the code more efficient and faster
especially for the time delay calculation and for the pulse propagation. This could
be done splitting the path the analytical ray tracer returns more efficiently according
to the changes of the refractive indices. In this way the simulation would do smaller
steps in the areas where the refractive index changes a lot and bigger steps when they
stay almost constant. Also, the pulse propagation could be made faster by creating
shorter time traces which focus on only describing the propagating pulse and not the
areas where the amplitude is close to 0. If these changes are made this model could
be very useful at simulating the propagation of many radio waves induced by neutrino
interactions with various energies, interaction points and directions. Also, more data is
available from the ARA experiment from other antenna stations than A2 and A4. Other
stations located at about ~ 45° with respect to the ice flow and the antenna would be
very useful at investigating the different polarization changes and pulse propagation
from these geometries. The final goal of birefringence modeling is, other than having
a better understanding of the radio propagation in ice, estimating the distance of the
initial neutrino interaction given the measured time delay and direction. In principle
this could be done in the future using this birefringence model.
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