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1 Introduction

Compactifying a higher dimensional string theory to a lower dimensional theory typically
results in a negative minimum for the scalar potential. The general approach to find de
Sitter (dS) has been to find a proper way of “uplifting” an Anti de Sitter (AdS) potential
to yield a dS vacuum. Despite the promising results from KKLT-type scenarios [1] and
the Large Volume Scenario (LVS) [2], finding a dS vacuum remains an open problem. In
part because the AdS vacua used as starting point are often non-SUSY and thus believed
to be unstable [3]. This means that they will decay perturbatively or non-pertubatively.
The continuing struggle of finding a dS vacuum led to the dS Swampland land conjec-
ture stating that no such vacuum should exist in a UV self consistent string theory. In
short, the Swampland refers to the consistent quantum effective field theories that can-
not be UV embedded in a theory of quantum gravity [4]. However, in recent work by
Banerjee, Danielsson, Dibitetto, Giri and Schillo [5], a new and rather different way out
of the Swampland was proposed. They state that these vacuum-instabilities are no longer
problematic, but rather a necessary ingredient to find a dS cosmology. The idea is that
our universe is living on the boundary of a (3+1)-d bubble expanding in a (4+1)-d AdS
spacetime. Furthermore, a non-SUSY AdS5 spacetime decay to another, possibly SUSY,
AdS5 spacetime with a lower vacuum energy via the nucleation of a bubble of true vacuum,
as illustrated in figure 1.
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Figure 1. An AdS5 vacuum decaying to another AdS5 vacuum with more negative vacuum energy
via bubble-nucleation of a true vacuum.

The Israel junction conditions can then be solved across the boundary to compute the
Friedmann equations, cosmological constant (cc) and other cosmological properties on the
bubble.

It is important to distinguish this braneworld model with that of Randall-Sundrum
(RS) which glues together two insides of AdS spacetimes across a brane so that the space-
time on the brane becomes Minkowski [6, 7]. The model used in this paper deals with both
an inside and an outside of a bubble which automatically leads to expansion and dS on the
bubble that forms via an instanton with a finite Euclidean action. Furthermore, gravita-
tional modes are not localized in this picture but generated effectively due to backreaction
on the background. This is in contrast to the RS braneworld model where a 4-d gravity is
localized on the bubble.

In addition to the AdS to AdS case, we will for completion and curiosity consider
the case where we have a 4-d dS spacetime decaying to a 4-d Minkowski spacetime. This
scenario is much more speculative as a 4d dS vacuum is required, which per our discussions
is not a trusted construction.

The spacetime the bubble is propagating in is refereed to as the bulk spacetime. The
reason we work in a 4-d bulk spacetime is because known vacua from KPV, KKLT and
LVS can be used to explicitly compute a 3-d effective cosmology which is an equally im-
portant example as a higher dimensional cosmology, as far as the Swampland discussion is
concerned.

2 The KPV construction

In this section we briefly review relevant parts of the results of Kachru, Pearson and Verlinde
(KPV) that offered a vital ingredient to constructing a dS vacuum [8]. They found that
placing p anti-branes at the tip of the warped conifold in the KS geometry will contribute
with a positive term to the potential energy which enable the ‘uplifting-mechanism’ of an
AdS vacuum as explained below. The warped geometry of the conifold is described by

ε2 =
4∑
i

z2
i (2.1)
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where zi labels the coordinates on C4. Consider placing p � MK number of D3-branes
on the tip of the deformed throat. We will have M units of F3 flux on the three-sphere S3,
or A-cycle, as well as K units of H3 flux on the dual B-cycle satisfying the quantization
conditions [8]: ∫

A
F3 = 4π2α′M,

∫
B
H3 = −4π2α′K. (2.2)

A change in F3 or H3 must be accompanied by a change in the net number of brane charges
to satisfy the tadpole condition given by

χ(X)
24 = Q3 + 1

2(8πG10)2T3

∫
M
H3 ∧ F3. (2.3)

Here T3 is the tension of the D3-brane and χ(X) is the Euler characteristics of the manifold
X. The right-hand side of this equation counts the net D3 charge from transverse fluxes
and branes in the CY manifold. The left-hand side accounts for D3-charges of 7-branes in
F-theory compactifications and is given by the Euler number of the F-theory fourfold [9].
The tadpole condition plays a crucial role below when adding D3-brane and fluxes to our
system.

Now consider the case where the D3-branes polarize into NS5-branes. The effective
action for the NS 5-branes in type IIB theory is only understood from S-duality of the D5-
brane action. S-duality maps the type IIB theory to itself and exchanges weak and strong
coupling. The D5-brane action is however only valid in a weak coupling regime which
should also be true for the NS 5-brane action. But via S-duality, the coupling becomes
strong and outside its regime of validity. More recent papers consider the case where D3
branes get polarized into D5 branes instead to avoid this issue (see e.g. [10]). The action
for the D5 brane have a different tension and couple to different fluxes in the Chern-Simons
term but look very similar to that of the NS 5-branes. Here we will stick with NS 5-branes
since the results and intuition obtained from the analysis has been proven to survive this
subtlety [11].

Due to the presence of F5 fluxes the anti-branes will migrate to the tip of the throat
where the metric is given by [12]

ds2 = ε4/3

α′gsM
dxµdx

µ + α′gsMb20

(1
2dr

2 + dΩ2
3 + r2dΩ̃2

2

)
(2.4)

where b20 ≈ 0.93266, µ runs from [0,3] and r → 0. The NS 5-brane wraps a S2 inside a
finite S3 at an angle ψ which also specifies the radius of the S3: dΩ3 = dψ2 + sin2(ψ)dΩ2.
The metric of the NS-5 brane can thus be written as

ds2
NS5 = b20gsMα′[dxµdxµ + dψ2 + sin2(ψ)dΩ2

2]. (2.5)

The probe action of the NS-5 brane due to the polarization of p D3-branes reads [9]:

S = −µ5
gs

∫
d6ξ[−det(G‖)det(G⊥ + 2πgsF)]1/2 − µ5

∫
B6. (2.6)
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Here F = 2π
√
α′F2−C2 and F2 = dA is the world-volume field strength. G‖ is the metric

along ψ and the non-compact direction and G⊥ is the induced metric along the S2. B6 is
defined via H7 = dB6 + . . .. In terms of the polar angle, the action can be expressed as:

S =
∫
d4x

√
−detG‖L(ψ), (2.7)

L(ψ) = µ3M

gs

(
V2(ψ)

√
1− ψ̇2 − 1

2π (2ψ − sin(2ψ))
)
. (2.8)

Introducing the canonical momentum, Pψ, conjugate to ψ the Hamiltonian density, H, can
be written as [8]:

H(ψ, Pψ) = −µ3M

2πgs
(2ψ − sin(2ψ)) +

√√√√(µ3M

gs
V2(ψ)

)2
+ Pψ. (2.9)

Now, the effective potential is given by

V KPV = H(ψ, Pψ = 0) = µ3
M

(
V2(ψ)− 1

2π (2ψ − sin(2ψ))
)

(2.10)

which for small values of ψ can be expanded to

V KPV ≈ µ3M

πgs

(
p

M
− 4

3πψ
3 + b40M

2π2p
ψ4
)

(2.11)

with a minimum at ψmin = 2πp
b4

0M
. The potential at this point reads

V KPV
min ≈ µ3p

gs

(
1− 8π2p2

3b12
0 M

2

)
. (2.12)

As KPV found, this analysis is only valid for p
M ≤ 8% since the slope of the effective

potential will otherwise be negative for all values of ψ. Furthermore, the anti-branes are
perturbatively unstable for p

M ≥ 8% and the system classically approaches a SUSY-vacuum.
A key observation from the effective potential (2.10) is that the difference in vacuum

energy between the south and north-pole is equal to twice the tension of the a D3 brane:

V KPV (0)− V KPV (π) = 2pµ3
gs

. (2.13)

We can think about this as a comparison between the non-SUSY model with the case
where D3-branes are replaced by D3-branes which preserve SUSY and must thus have a
vanishing vacuum energy. To get the true potential, one must therefore add back p D3/D3
pairs that have vanishing charge and total tension 2pµ3

gs
. From the tadpole condition (2.3),

the true potential then becomes

V KPV
tot = V KPV + pµ3

gs
. (2.14)

Hence, the D3-branes provides a positive contribution to the overall potential.

– 4 –



J
H
E
P
0
1
(
2
0
2
2
)
1
8
3

In addition to the field ψ, the string compactification generally generates lighter moduli
fields. Giddings, Kachru, and Polchinski (GKP) stabilized all moduli fields except the
Kähler modulus [9], which we denote u(x), that determines the volume of the internal 6-d
space. By neglecting backreaction from branes and fluxes the 10-d string frame metric
takes the form

ds2
10 = gµνdx

µdxν + e2u(x)gi,j̄dz
idz̄j̄ (2.15)

where gi,j̄ is the Ricci-flat metric. The 4-d effective action thus becomes [8]

S = 1
(8πG4)2

∫
d4x

√
−g̃4

(
R̃4 − 6(∂µu(x))2 − ε8/3

gsM
e−6u(x)V2(ψ)(∂µψ)2

+ h4
0e
−12u(x)

(
VKPV + pµ3

gs

))
(2.16)

where h0 is the warp factor where the D3-branes are situated as defined in (3.12). g̃4 and
R̃4 is the Einstein frame metric and Ricci scalar, respectively.

The effective 4-d Planck mass is determined by the geometry of the extra dimensions
but since there is no string compactification in this setting, we use that the ad hoc relation
of the string scale and Planck scale

α′ = m−2
s ≈ (m(4)

pl )−2N

gs
(2.17)

where N is of order ∼ 103.
Consider a non-SUSY vacuum with p D3-branes. The KPV instanton describes the

decay of this vacuum into another lower vacuum via the nucleation of a bubble. A key
ingredient in this picture is that the bubble wall is described by a spherical NS 5 domain
wall. When computing the cc in section 4 we can thus use that the bubble tension is given
by the product of the NS5-brane tension µ5

g2
s
and the volume of the three-sphere S3 with

radius R = b0
√
gsMα′ that wraps it:

TNS5 = µ52π2b30(gsMα′)3/2

g2
s

. (2.18)

3 Uplifting 4d vacua

3.1 The KKLT approach

KKLT offered one of the most successful prototypes of a dS vacuum in string theory. They
used a combination of anti-branes, non-perturbative effects and fluxes to construct a dS
vacuum. After freezing all moduli while preserving SUSY, they obtain an AdS vacuum.
SUSY is then broken in a controlled manner by adding D3-branes which uplifts the poten-
tial. Adding D3-branes does not introduce additional moduli as its worldvolume scalars
are frozen by the potential generated by the background fluxes [8].

There is much debate about the validity of uplifting AdS vacua to dS and concerns
on weather or not the SUSY breaking is controlled (see e.g [13–16]). We will however be
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interested in the case where the uplifting yields a non-SUSY AdS which will decay and give
rise to our braneworld construction. The literature on KKLT is rich and vast so here we
will briefly present the relevant background leading up to our construction.

The total superpotential is given by

W = W0 + δW (3.1)

where W0 is the tree-level superpotential and δW is a non-perturbative correction term
required to stabilize the volume modulus. KKLT consider gluino-condensation on the
worldvolume of non-Abelian D7-branes as well as wrapped Euclidean D3-branes [1], giving
quantum corrections on the form:

δW = Aeiaρ. (3.2)

where A and a depend on the energy scales and details of the source of the correction, but
is of order 1 and 1

10 , respectively [1]. The volume modulus can be written as ρ = τ + iσ.
However, KKLT simplifies things by letting the axion, τ, vanish, which otherwise would
contribute with a degenerate prefactor e2iaτ . Since all moduli has been stabilized except
for the volume modulus, the only contributing term from the Kähler potential is

K = −3ln[−i(ρ− ρ̄)] = −3ln[2σ]. (3.3)

Combing the tree-level Kähler potential with the superpotential and using the N = 1
supergravity formula for the potential, we get that

V = eK
(∑

a,b

gab̄DaWDbW − 3|W |2
)
→ eK

(∑
i,j

gij̄DiWDjW

)
(3.4)

where Da is the Kähler derivative DaW = ∂aW + W∂aK and gab̄ = ∂a∂b̄K is the Kähler
metric. Here a, b are summed over all superfields and i, j run over all moduli fields except
ρ as it cancels with the −3|W |2 term.

In order to find the minimum of the AdS potential we use the SUSY condition DρW = 0
which gives us

W0 = −Aeaσ
(2

3aσ + 1
)
. (3.5)

Substituting this into the minimum of the potential (3.4) we get

VAdS = −a
2A2e−2aσ

6σ (3.6)

where the volume modulus now has been stabilized while preserving SUSY.

3.2 Uplifting AdS vacua

Now consider the case where too much flux is turned on so that the tadpole condition is
satisfied when inserting one D3-brane transverse to the compact manifold M . The extra
piece of energy from each D3-brane comes from the uplift term in the action (2.16). KKLT
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Figure 2. Plot of the potential (multiplied by 1015), where W0 = −10−4, A = 1, a = 0.1 and the
number of D3-branes are p = 0 (blue), p = 4 (yellow) and p = 11 (green).

reparametrize e−12u(x) such that the volume modulus scales as 1
σ3 : the volume of the

compactification without warping is∫
M
d6xh−1/4g ∼ e6u(x)α′3. (3.7)

The added contribution thus yields

δV = 2p
gsh0σ3 (3.8)

The potential now reads:

V KKLT = aAe−aσ

2σ2

(1
3σaAe

−aσ +W0 +Ae−aσ
)

+ 2p
gsh0σ3 (3.9)

which have a non-negative minimum for p ≥ gsh0
12 (Aaσe−aσ)2. The minimum is simply

given by adding the energy contribution from the anti-branes to the AdS minimum (3.6):

V KKLT
min = −a

2A2e−2aσ

6σ + 2p
gsh0σ3 (3.10)

In figure 2, the potential is plotted for a numerical example with three different numbers
of included D3-branes, with a minimum at σ = 113.6.

Since we are dealing with type IIB compactified on a CY manifold, the string scale
and 4-d Planck scale is related via the volume of the compact CY manifold, VCY , given
by (3.7):

(m(4)
pl )2 = 2VCY

g2
s(2π)7α

′4 = 2σ3/2

g2
s(2π)7m

2
s. (3.11)

The fact that the D3 branes migrate to the tip of the throat assures that δV will be
exponentially suppressed. The warp factor at the tip of the throat is given by [12]

h0 =
[(3

2

)1/3
b20gsMα′ε−4/3

]2
(3.12)

where the deformation parameter in the limit where MK � p is given by [12]

ε = z =
(27

4 πgsα
′2KM

)3/8
exp

(−πKM
gsM2

)
. (3.13)
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Now we have presented the background of the minimized scalar potential in the KKLT
construction that will be used to compute the AdS-lengths that goes into the expression
for the cc in section 4. However, we will also compute the minimized AdS scalar potential
in the Large Volume Scenario, the most prominent alternative to KKLT, described in the
next section.

3.3 The Large Volume Scenario

As was pointed out in the last section, there is much debate about the validity of the
KKLT model. The Large Volume Scenario (LVS) allows us to restore some of the issues
with the model. The three main advantages LVS have over KKLT are: (a) there is no
SUSY hierarchy problem, fluxes prefer W0 ∼ 1, (b) the SUSY breaking is not entirely due
to the uplifting-mechanism so the effects from fluxes are not erased and (c) the volume is
always exponentially large where the α′ expansions are under better control due to the small
expansion parameter, namely the inverse volume. Another advantage of LVS is the lack
of tachyonic direction in the scalar minimum, which often appear in KKLT solutions [16].
Moreover, it seems like the LVS vacuum is self-consistent and safe from further corrections
to the effective action.

Now we will consider the simplest example of a LVS with α′ corrections to the Kähler
potential (3.3) and two Kähler moduli τb and τ . We will also assume that one modulus
takes an exponentially large value while the other modulus stays small. This setup will
form the so called ‘Swiss-cheese’ structure of the CY three-form. In this picture, the volume
modulus is given by [12]

V = τ
3/2
big − τ

3/2 ≈ τ3/2
big . (3.14)

The volume modulus V is dimensionless and related to physical volumes via vol6 ∼
Vl6s = V(2π)6α′3. The string frame metric in this picture is given by

ds2 = V1/3e2A(y)ds2
4 + e−2A(y)dsCY0 , (3.15)

dsCY0 = V−1/3ds2
CY = gCY0,mndy

mdyn. (3.16)

Here ds2
4 is the 4-d Minkowski line element and the stabilized volume modulus can be

identified with a constant shift of the warp factor [17]:

e−4A(y) = V2/3 + h(y) (3.17)

where h(y) describes the warping. The above ansatz can be used to find the relation
between the string scale and Planck scale by reducing it to a 4-d Einstein frame [12]:

m
(4)
pl

2 = 1
2(8πGgs)2

(∫
d6y
√
gCY0e

−4A(y)V1/3
)
≈ (2π)3α′3V

2(8πGgs)2 = V
2πα′g2

s

. (3.18)

Contributions to the superpotential and Kähler potential takes the form

K = −2ln[V + ξ

2] + ln[gs2 ] + ln[−i
∫

Ω ∧ Ω̄], W = W0 + ΣAie−aiτi/gs (3.19)
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(a) (b)

Figure 3. Potential against τ (a) and V (b) where the other direction were fixed using (3.21)
and (3.22), respectively. The plots are made using the parameters given in table 1.

where ξ
2 comes from the leading α′ correction and depends on the Euler number of the CY

three-fold. Here Ai are constants depending on the complex structure, and ai = 2π/Ni

where Ni = 1 if the non-perturbative effect on a four-cycle τi arise from a Euclidean D3
brane, and Ni = ND7 if the non-perturbative effect comes from gaugino condensation on
a stack of D7 branes wrapped on τi [12]. In the large volume limit where V3/2 ≈ τ3/2

big , the
scalar potential is given by [12]

VLV S =
g4
s(m

(4)
pl )4

8π

[
2p

gsh0V4/3 + 8gs(aA)2√τe−2aτ/gs

3g2
sV

− 4aAW0
τe−aτ/gs

gsV2 + 3ξW 2
0

4V3

]
. (3.20)

To stabilize the moduli τ and V we find a stable minimum for the term in the square
bracket. The factor outside the square bracket is necessary in order for the supergravity
potential (3.4) arising from the string frame LVS Kähler and superpotential (3.1) to be
consistent with dimensional reduction [2]. Due to non-perturbative effects and α′ correc-
tions, the scalar potential for p = 0 have a non-SUSY AdS minimum where the volume is
exponentially large. To find the minimum, we compute the first derivatives of the term in
the square bracket of (3.20):

∂τVLV S = 0 ⇐⇒ Vmin = 3eaτ/gsgs
√
τ(aτ − gs)W0

aA(4aτ − gs)
≈ 3eaτ/gsgs

√
τW0

4aA (3.21)

∂VVLV S = 0 ⇐⇒ τmin = 1
9

(27ξ
2 + 16pV5/3

gsh0W 2
0

)2/3
(3.22)

where the approximate result in (3.21) were used in (3.22) for aτ
gs
� 1. This approximation

should however be used with caution; substituting in the approximate result of (3.21)
and (3.22) back into the LVS scalar potential (3.20) for p = 0 yields a Minkowski vacuum
(i.e. VLV S(Vmin, τmin) = 0). However, perturbing around (3.21) and (3.22) helps us find
the true global minimum which we search for around the minima in figure 3.
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Using the exact result in (3.21) the minimized AdS potential takes the form

V min
LV S =

a2A2e−3aτgs(m(4)
pl )4

288h0πτ3/2(gs − aτ)3W 2
0

×
(
− aAh0(gs − 4aτ)W0

(
16τ3/2(aτ − gs)(2aτ + gs)− ξ(gs − 4aτ)2

)

+ 32/38aAp(gs − 4aτ)3

gsW0

(
eaτ/gsgs

√
τW0(aτ − gs

aA(4aτ − gs)

)5/3)
. (3.23)

Now, letting τ → τ∗ denote the true minimized Kähler modulus, which we obtain numeri-
cally, and substituting in the warp factor at the tip of the conifold (3.12) we get:

V min
LV S =

a3A3 exp
(
−3aτ∗

gs

)
(gs−4aτ∗)

288g2
sτ

3/2
∗ (gs − aτ∗)W 3

0

(
g3
sW

2
0

π

(
−17τ3/2

∗ (aτ∗ − gs)(gs+2aτ∗) + (gs−4aτ∗)2ξ
)

+ 72× 22/3 exp
(−8Kπ+5aMτ∗

3gsM

)
gskp(gs − 4aτ∗)1/3

b40M

(
gs
√
τ∗(gs − aτ∗)W0

aA

)5/3)
.

(3.24)

4 An effective cosmology on an expanding bubble

The KPV, KKLT and LVS constructions presented in the previous sections allow us to
compute 4-d vacua. The KPV instanton described the decay of one such non-SUSY vacuum
to another lower vacuum. This decay takes place via the nucleation of a bubble that is
made up of a spherical NS 5 domain wall which our universe is localized on. In this section,
we will put the pieces together and compute properties of this braneworld and in particular
the 3-d cc’s.

Cosmological properties on the bubble wall can be calculated by solving the Israel junc-
tion conditions (4.2) across the boundary, which corresponds to Einstein’s field equations
on the bubble. The bulk metric gab induce a metric on the bubble given by hab = gab−NaNb

where Na = Na(x) is the unit vector normal defined in the propagating direction trans-
verse to the bubble wall. The bulk metric is different inside and outside the bubble and
the induced metric should be the same whether calculated with the bulk metric for either
region. The extrinsic curvature, Kµν , is defined as

Kµν = Na;be
a
µe
b
ν = hcah

d
b∇cNde

a
µe
b
ν . (4.1)

where eaµ = ∂ya

∂xµ are tangent vectors with Latin indices labeling bulk-coordinates and Greek
indices labelling coordinates on the bubble. By denoting the stress tensor on the bubble
tab and the trace of the extrinsic curvature as K, the Israel Junction condition can be
written as

− 8πGtab = ∆Kab −∆Khab (4.2)

where we have summed over both sides of the bubble and let ∆Kab = K+
ab−K

−
ab. To see an

explicit dimensional dependence, this expression could be split into a trace and a trace-fee
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part so that

8πG
(
tab −

1
n− 1 thab

)
= ∆Kab −

1
n− 1∆Khab. (4.3)

Since the energy can flow from the hyper surface to the bulk, the energy momentum tensor
is not necessarily conserved on the brane. The junction conditions will be used in the next
subsection to find the tension and Friedmann equations of the expanding bubble.

4.1 AdS4 decay to AdS4

Let’s consider a (2 + 1)-dimensional bubble created through the nucleation of a non-SUSY
(3 + 1)-dimensional AdS vacuum, decaying into a lower AdS vacuum. The weak gravity
conjecture [3] suggest that non-SUSY AdS vacua supported by fluxes must decay. However,
even if this is true and the vacuum interior to the bubble would nucleate a second time, it
will not affect this construction since it would never catch up and interact with the bubble
wall as the surface is spacelike and asymptotes to the lightcone [18]. If an external bubble,
a different universe, were to collide with the bubble from the second nucleation it could
however potentially catch up to the bubble we live on.

Due to the spherical symmetry of the nucleated vacuum, the bulk metric in global
coordinates can be written as

ds± = −f±(r)dt2 + 1
f±(r)dr

2 + r2dΩ2
2 (4.4)

with Ω2 = dθ2 + sin2(θ)dφ2 being the usual two-sphere and f±(r) = 1 + r2k2
± tells us

if we are describing the interior (-) or the exterior (+) region of the bubble. k± = 1
L±

where L± is the curvature length of the spacetime in the respective regions. Since we
are interested in dynamical solutions on the bubble, we define the coordinates there as
(R(τ), T (τ), θ, φ), where τ is the proper time as seen by an observer on the bubble. In
terms of these coordinates, the normal vector in the propagating direction transverse to
the bubble wall is given by

Na = (−Ṙ, Ṫ , θ, φ). (4.5)

where · = ∂
∂τ . By requiring that a point on the brane follows a timelike trajectory, the

condition gabNaNb = 1 gives us the additional relation

Ṫ =

√
f(r) + Ṙ2

f(r) . (4.6)

Now, the induced metric on the brane can be obtained by dividing and multiplying the
right-hand side of the bulk-metric (4.4) with dτ2:

ds2
induced = −f(r)dt2 + 1

f(r)dr
2 + r2dΩ2

2

= −f(r)
(
Ṫ 2 − Ṙ2

f(r)2

)
dτ2 +R2dΩ2

2

= −dτ2 +R2dΩ2
2

(4.7)
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where either choice of ± gives the same induced metric. Using (4.1) we can compute the
extrinsic curvature in the induced coordinates as

Kµνdx
µdxν = − 1

f(R(τ))Ṫ
[R̈+ 1

2
∂f(R(τ))

∂R
]dτ2 +RṪf(R(τ))dΩ2

2. (4.8)

The difference in extrinsic curvature across the bubble is given by

∆Kµνdx
µdxν =

 Rk2
− + R̈√

k2
−R

2 + Ṙ2
−

Rk2
+ + R̈√

k2
+R

2 + Ṙ2

 dτ2

+R2

√1 + Ṙ2

R2 + k2
+ −

√
1 + Ṙ2

R2 + k2
−

 dΩ2
2.

(4.9)

Now, solving the Israel junction conditions (4.2) for the tension we get

T = 1
4πG4

√1 + Ṙ2

R2 + k2
− −

√
1 + Ṙ2

R2 + k2
+

 . (4.10)

Here we have assumed the matter on the bubble to be distributed as an isotropic perfect
fluid so that the energy momentum tensor can be written as

tab = diag(−T , T , T , T ). (4.11)

Solving the junction conditions for Ṙ, we find the Friedmann equation

H2
3 =

(
Ṙ

R

)2
= − 1

R2 +
k4
− + (k2

+ − 16π2G2
4T 2)2 − 2k2

−(16π2G2
4T 2 + k2

+)
64π2G2

4T 2 . (4.12)

We will use the convention where Λ3 is the constant part of the Friedmann equation and
with mass dimension two:

Λ̃d = Λd(m
(d)
pl )d−2. (4.13)

To be able to express Λ3 in terms of the 3d-Planck mass, we will carry out a similar analysis
as in [18] to find a relationship between G3 and G4 which in turn relates to the Planck
mass via

Gd = 1
(m(d)

pl )d−2
. (4.14)

Here (d) in the right-hand side is not an exponent but denote the dimension of the Planck
mass. In figure 4 the induced cc is plotted as a function of the tension and it becomes
apparent that a small positive cc is expected near the critical tension.

By looking at the limit where the 3-d energy scales are much smaller than the 4-d
energy scales: 1

R ,
Ṙ
R � k± the critical tension becomes

Tcrit = 1
4πG4

(k− − k+) (4.15)
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Figure 4. The dimensionless 3d-cc vs the tension.

which correspond to a Minkowski space. From this it becomes clear that the critical tension
corresponds to the left root in figure 4 and for the bubble to expand, we must have T < Tcrit.
So, letting T = Tcrit(1− ε), and expanding in ε > 0 gives

H2
3 =

(
Ṙ

R

)2
= − 1

R(τ)2 + 2εk−k+ +O(ε2). (4.16)

This can be rewritten as
H2

3 = − 1
R2 + 4πG3Λ̃3 +O(ε2) (4.17)

where G3 and Λ̃4 are identified as

G3 = 2G4
k−k+

(k− − k+) , Λ̃3 = Tcrit − T . (4.18)

Using (4.14) we thus get the relation between the 4-d and 3-d Planck mass as

1
m

(3)
pl

= 2
(m(4)

pl )2

k−k+
(k− − k+) (4.19)

The relation between G3 and G4 can be derived and verified by considering how a string
pull and deform the brane, or gravitons propagating over the brane as explicitly done in [19]
for G4 and G5 with the same result up to a dimensional-dependent numerical factor.

4.1.1 AdS from LVS

When computing the cc it is important to distinguish between 4-d cc which is obtained from
a minimized AdS vacuum and the 3-d cc which is fundamentally different and obtained
from the Friedman equations.

From (4.12) we have that the 3-d cc, Λ3, is given by:

Λ3 =
k4
− + (k2

+ − 16π2G2
4T 2)2 − 2k2

−(16π2G2
4T 2 + k2

+)
64π2G2

4T 2 . (4.20)

The curvature lengths relate to the minimized scalar potential via

Λd = Vmin = (d− 1)(d− 2)
2L2 = (d− 1)(d− 2)

2 k2. (4.21)
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p− p+ M a gs ξ A K W0 τ∗

1 8 100 π 0.1 1 1.1 61 3 0.642658

Table 1. arameters used to compute the cosmological constant in the LVS scenario.

For the LVS scenario, we thus get

k =

√
−Λ4

3
1
mpl

=

√
−V

LV S
min
3

1
mpl

(4.22)

Now, substituting k± into Λ3 and using (4.19) to get 3-d Planck mass units yields

Λ3 =
e−2aτ∗/gsgsκ

2
−κ

2
+

72b60h2
0M

3π4V3
min(κ− − κ+)2

×
[
32a2A2b60gsh

2
0M

3π3√τ∗V2
min − 48aAb60eaτ∗/gsg2

sh
3
0M

3π3τ∗VminW
2
0

+ e2aτ∗/gs
(
V10/3

min p
2
−− 2V5/3

minp−(−6b60g2
sh0M

3π3 +V5/3
minp+) + (6b60g2

sh0M
3π3 + V5/3

minp+)2

+ 9b60g3
sh

2
0M

3π3ξW 2
0

]
(m(3)

pl )2 (4.23)

where κ is the dimensionless quantity of k:

κ±m
(4)
pl = k±. (4.24)

For the bubble to be energetically viable, the vacuum associated with k+ must be larger
than k−. Therefore, k+(k−) is obtained from V LV S

min assigned a larger (smaller) number of
D3-branes.

For the parameter set in table 1, τ∗ is stabilized at

τ∗ ≈ 0.642658 (4.25)

and we get

TNS5 = 2.72924× 10−12(m(3)
pl )3 (4.26)

k+ = 1.33074× 10−24m
(3)
pl (4.27)

k− = 1.33076× 10−24m
(3)
pl (4.28)

Λ3 = 6.84413× 10−41(m(3)
pl )2. (4.29)

As expected, the cc is indeed small and positive showing that there exists a parameter
space admitting a dS cosmology given that the instanton solution is valid which we will
comment on in subsection 4.3.

We see from figure 5a that we can move to a smaller coupling regime. However,
moving to a larger regime will result in an exponential increase in the cc. From figure 5b
and figure 5c we see that a and A should not be too many orders of magnitude away from
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(a) (b)

(c) (d)

(e)
4 6 8 10

p+

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Λ3mpl 3
2 x 1039

(f)

Figure 5. A plot of how the cosmological constant changes while varying the LVS parameters.

π and 1, respectively. In contrast to in the KKLT construction, we see in figure 5d that the
SUSY-breaking parameter W0 cannot take values smaller than 1. We see from figure 5e
that the parameter ξ should be close to 1 to avoid the cc to blow up. Finally in figure 5f
the cc is not sensitive to change is number of anti-branes for the decaying vacuum as long
as the probe approximation p

M ≤ 8% is satisfied.

4.1.2 AdS from KKLT

Now let us consider the KKLT construction where the AdS lengths are given by

k± =

√
−V min

KKLT

3
1

m
(4)
pl

= 1
3

√√√√(a2A2e−2aT

2T − 6p±
gsh0T 3

)
m

(4)
pl . (4.30)
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p− p+ M a gs σ A K W0 h0
1 4 200 0.1 0.05 113.58 1 36 −10−4 1.40435× 1011

Table 2. Parameters used to compute the cosmological constant in the KKLT scenario.

Substituting this along with the NS5 domain wall tension (2.18) into the expression for the
cosmological constant we get

Λ3 = 1
72σ9/2

[
− 4a2A2e−2aσσ7/2+

16σ3p2
− + (3b60g6

sh0M
3π2 + 4σ3/2p+)2 + 8p−(3b60g6

sh0M
3π2σ3/2 − 4σ3p+)

b60g
7
sh

2
0M

3π2

]
(m(4)

pl )2

(4.31)

where we have used (3.11) to relate the Planck mass and string mass. Using the rela-
tion (4.14) between the 4-d and 3-d Planck mass we get that

Λ3 = e−6aσ

5832b60g9
sh

4
0(κ− − κ+)2M3π2σ21/2

×
[
(−a2A2gsh0σ

2 + 12e2aσp−)(−a2A2gsh0σ
2 + 12e2aσp+)

(−4a2A2b60g
7
sh

2
0M

3π2σ7/2) + e2aσ(16σ3p2
− + (3b60g6

sh0M
3π2 + 4σ3/2p+)2+

8p−(3b60g6
sh0M

3π2σ3/2 − 4σ3p+))
]
(m(3)

pl )2. (4.32)

Now, using the parameters in table 2 yields the numerical values:

TNS5 = 3.73999× 10−26(m(3)
pl )3 (4.33)

k+ = 3.71881× 10−15m
(3)
pl (4.34)

k− = 4.75894× 10−15m
(3)
pl (4.35)

Λ3 = 8.83798× 10−23(m(3)
pl )2. (4.36)

Since we have a completely analytical expression for the cc as seen by an observer
on the bubble, we can again vary the parameters to get more insight into the parameter
regime admitting a dS cosmology.

We have used that gs ∼ 1
20 which is a relatively strong coupling. However, as illustrated

in figure 6a a smaller coupling regime will lead to an exponential increase in the cc in
contrast to the LVS case. In the same way as in the LVS, a and A are sensitive to change
and a controlled calculation should have a and A not too many orders of magnitude away
from 1

10 and 1, respectively. As seen in figure 6d, we are free to pick any (although not
arbitrary small) p+ < 10 without a drastic change in the magnitude of the cc.

In figure 7 the cc is plotted against the ratio p
M showing a runaway behaviour as p

M

becomes arbitrary small.
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(d)

Figure 6. A plot of how the cosmological constant changes while varying parameters in the KKLT
construction.

0 2 4 6 8 10
(p+ /M ) %

0.1

0.2

0.3

0.4

0.5
Λ3mpl 3

2 x 1023

Figure 7. The cosmological constant plotted against p
M . The shaded region is unstable with

p
M > 8%.

4.2 dS4 decay to Minkowski4
Now consider the case where we have a dS spacetime decaying to a Minkowski spacetime,
also via the nucleation of a bubble. As previously mentioned this model is not as the-
oretically motivated or as well understood as the AdS to AdS case. As in the previous
subsection, we start from the metric 4.4. Since there is no curvature length in Minkowski
space we get f+ = 1 and by analytically continue the AdS length to a dS length: k → ik,
we get f− = 1 − k2r2. In this metric we have that r → ρ. Repeating the same process as
in the previous sub section yields a tension

Tf =
√

1 + ρ′2 −
√

1− k2ρ2 + ρ′2

4πGρ . (4.37)
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The Friedmann equation in terms of the tension then becomes

H2
3 = − 1

ρ2 +
(k2 + 16π2G2T 2

f )2

64π2G2
4T 2
f

. (4.38)

Our bubble is realized by an instanton solution where the sphere nucleates at rest at a
finite size due to energy conservation. The radius of the instanton is such that the energy
liberated when reducing the cc balances the energy cost of the tension of the bubble. At
the instant when the bubble is formed, where Ṙ = 0, we have the radius

R = ρ =
√

1
Λ3
. (4.39)

We also have that H2
3 ≈ Λ3 in the late time limit (i.e. for large ρ so that the curvature term

vanish). Using these ingredients while requiring the tension to be real gives the condition

H3 > H4 ⇐⇒ ρ < L4. (4.40)

Since the nucleation event is non-local and the bubble forms as a spacelike surface at a
single instant, one might think that it doesn’t matter if it extends beyond the dS horizon,
but the above condition tells us that the bubble must fit inside the dS horizon.

Now, from (4.38) we obtain the cosmological constant

Λ3 =
(k2 + 16π2G2T 2

f )2

64π2G2
4T 2
f

. (4.41)

Using (4.30) and the minimized potential (2.12) from KPV, the four-dimensional Hubble
constant in the late-time limit is given by

H4,KPV =

√
V min
KPV

3
1

m
(3)
pl

≈

√√√√√ µ3p
gs

(
1− 8π2p2

3b12
0 M2

)
3

1
m

(3)
pl

. (4.42)

Now, letting H4 → H4,KPV and substituting in the NS 5-brane tension (2.18) into Tf the
cosmological constant yields

Λ3 = (9b18
0 gsM

5 + 6× 103b12
0 M

2pπ − 16× 103p3π3)2

5184× 109b30
0 M

7π4 . (4.43)

Letting the string coupling be gs = 0.01, M = 100 and p = 8 such that we are in the limit
p
M ≈ 8% gives the numerical value

Λ3 ≈ 6.916× 10−11(m(4)
pl )2. (4.44)

In figure 8 the cc is plotted against parameters to see how sensitive they are to change.
As seen in the above figures the cc does not change by more than one order of magnitude

in the plotted ranges. So, the parameters could vary by several orders of magnitude, while
p
M ≤ 8% is satisfied, without drastically change the magnitude of the cc. It is however
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(c) The region to the left of the arrow
shows the regime where p

M
> 8%

Figure 8. Plots showing how sensitive the cosmological constant is to change in certain parameters.

important to note that the cc is in terms of the 4-d Planck mass and thus not according
to an observer localized at the bubble. Expressing the cc in terms of the 3-d Planck mass
requires the relationship between G4 and G3 which is an open problem as it is unknown
whether gravity is localized on the brane in this picture. Finding this relation would lead
to a nontrivial rescaling of the Λ3-axis which might change the behaviour of the graphs.

4.3 Hierarchies and scales

In both the LVS and KKLT case in the AdS to AdS decay we have

m
(3)
pl > m

(4)
pl > k > Λ3 (4.45)

as required. If m(3)
pl is not greater than m(4)

pl , the corrections to the effective 3-d gravity will
be large and the interpretation of the junction equation as a 3-d Friedmann equation may
not be valid. If m(4)

pl is not greater than k then the 4-d AdS is not well described by general
relativity and the use of the Israel junction conditions are not valid. For the α′ corrections
to the compact 6-d manifold to be under control we also need m(3)

pl > m
(4)
pl > ms. It follows

from these inequalities that

(m(4)
pl )3 > (m(3)

pl )3 > TNS5. (4.46)
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However, this hierarchy should not be too big since then the energy scale of the tension
would have an energy scale of the same order as low-energy 3-d observers which would
rule out anything like “normal” braneworlds because observers, e.g. people living on the
brane, could alter it just by walking around. The cosmology from the KKLT potentials
satisfy (4.46) with a reasonable hierarchy. However, this is not the case for the LVS where
more fine-tuning of the parameters to generate a smaller tension might be required. Due
to the open problem of localizing gravity in the case where dS decays to Minkowski it is
too early to conduct the above analysis in this picture.

In the AdS to AdS channel, we must also have

Tcrit
TNS5

= 1 + ε (4.47)

for the expansion (4.17) to be valid. A numerical check with the parameters in table 1 and
table 2 shows that TNS5 � Tcrit for both the KKLT and LVS case, thus more fine-tuning
is necessary for an energetically viable model with a valid instanton solution.

5 Outlook and discussion

In conclusion we explicitly computed a 3-d effective dS cosmology in the braneworld con-
struction by [5]. This approach is fundamentally different from finding dS as minimized
scalar potential via a reliable uplifting mechanism of an AdS vacuum. Rather, we derive
the Friedmann equations and ask what cc an observer living on the bubble wall would see.
It is however still necessary to minimize the AdS potentials to be substituted into the cc
obtained from the Friedmann equations. To stabilize all moduli we must work in a regime
where the parameters and supergravity approximations are valid and thus fine-tuning is
still required.

The cc has been computed in (2+1)-d and will therefore not correspond to the cc
measured in the universe we live in with (3+1) noncompact dimensions. However, since
the dS Swampland conjectures state that no dS should be found in any dimension, this
example is equally important. So, the point of this paper is not to analyze the dominant
NS5 decay channel or to explain why our parameters take the certain values they do, but
rather to show that there exist an explicit realization of en effective dS cosmology in string
theory.

In the dS to Minkowski channel, we find a parameter set admitting a dS cosmology.
However, for the AdS to AdS channel to be energetically viable, the ratio between critical
tension (4.15) and the SUSY NS 5-domain wall tension (2.18) must be greater than and
close to one. But, we find that TNS5 � Tcrit so the bubble does not nucleate with the
parameters in this paper and further fine-tuning is hence necessary. Even though the
particular parameter sets explored for the AdS to AdS channel does not allow the bubble
to nucleate, the braneworld model in this paper remain a promising new way of looking
at the universe as an effective dS cosmology is realized automatically and there is thus no
need for a fundamental dS vacuum. It also offers a natural explanation of dark energy
using higher dimensional physics.
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Active work is being done to repeat this process of finding an effective dS in one higher
dimension. If an effective dS cosmology were to be computed in 4-d, the tension should be
well above any energy density probed by the LHC or high energy astrophysical processes.
The challenge is finding a decaying 5-d AdS that is perturbatively stable without any tachy-
onic directions. In recent work a systematic search of the supergravity landscape was done
using machine learning [20]. Several new critical points of a superpotential corresponding
to non-SUSY AdS vacua were found, however, all with Tachyonic direction. Once a 5-d
AdS that only decays due to none-perturbative effects is found and an explicit effective
4-d dS cosmology can be generated, the roam of testing the braneworld construction and
string theory using cosmological observations would open up.
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