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1. Introduction 
 

Spontaneous Parametric Down-Conversion (SPDC) is a non-linear optical phenomenon that serves as 

the basis for many quantum optics phenomena and experiments. It consists in a process where a 

photon is converted spontaneously into a pair of entangled photons with lower energies, following 

the laws of conservation of energy and momentum. It is a very weak process, meaning that only a 

small fraction of the photons used generate down-converted pairs of photons.  

SPDC is very common in quantum optics and is broadly useful. Photon pairs produced during SPDC are 

used in different experiments in quantum optics and quantum mechanics [1], such as one-photon 

interference, biphoton interference, study of polarization and interference, etc. This process is also in 

the heart of many quantum optics applications, in areas such as quantum cryptography, quantum 

simulation and quantum metrology [2].  

Given its wide range of applications, it is a matter of interest obtaining the rate of production of 

photon pairs, that is, calculating the number of photon pairs produced by a certain source of photons 

so they can be used in experiments. 

2. The model 

2.1. Description in the framework of classical 

electromagnetism 
 

In Spontaneous Parametric Down-Conversion a single, high frequency photon called pump is 

instantaneously converted into a lower frequency pair of entangled photons, usually called signal and 

idler. This can only take place in materials with non-linear optical properties, such as birefringent 

crystals (those where the refractive index of the material changes with frequency and polarisation), 

where the laws of conservation of energy and momentum are simultaneously fulfilled. 

 

Figure 1: Schematic of SPDC. Figure courtesy of JS. Lundeen at English Wikipedia. 
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According to the behaviour of the non-linear crystal, SPDC is classified into three categories: 

• Type-0 SPDC: the pump photon has the same polarisation as the signal and idler photons. 

• Type-I SPDC: the pump photon has orthogonal polarization with respect to the signal and idler 

photons. 

• Type-II SPDC: the pump, signal and idler photons all have orthogonal polarisations. 

This phenomenon is associated to another optical process known as Second Harmonic Generation 

(SHG) or frequency doubling, which consists in the reverse process of SPDC: two photons with the 

same frequency are combined and generate a single photon with higher frequency and, therefore, 

higher energy. Even though SPDC and SHG are not independent, only SPDC will be in focus in this work, 

under right assumptions.  

 

Figure 2: Feynman diagram for SPDC. Figure taken from [5]. 

The simultaneous conservation of energy and momentum is also called phase-matching condition and 

is the key for SPDC to happen. Using the subscripts p, i, and s to refer to the pump, idler, and signal 

photons respectively, this condition can be written as:   

𝐸𝑝 = 𝐸𝑠 + 𝐸𝑖       (1a) 

𝑝𝑝 = 𝑝𝑠 + 𝑝𝑖      (1b) 

Where 𝐸 = ℏ𝜔 is the energy of a photons with frequency 𝜔 and 𝑝 = ℏ�⃗⃗� is its respective momentum 

for a wavenumber �⃗⃗�. These two can be related by the dispersion relation 𝑘 =
2𝜋

𝜆
=

𝑛𝜔

𝑐
, where c is the 

speed of light. That way, one can re-write the previous equations in terms of frequency and 

wavenumber: 

𝜔𝑝 = 𝜔𝑠 + 𝜔𝑖      (2a) 

�⃗⃗�𝑝 = �⃗⃗�𝑠 + �⃗⃗�𝑖      (2b) 
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This condition can be represented graphically as: 

 

Figure 3: Phase-matching conditions. Figure courtesy of JS. Lundeen at English Wikipedia. 

Using the two conditions in Eq. (2), a classical theoretical description [3] of SPDC will be derived using 

Maxwell’s equations. Let’s start by supposing a non-linear medium different from the vacuum, 

without external charges or currents, and non-magnetic. The standard relations for the displacement 

and magnetic fields in the medium are: 

�⃗⃗⃗� = 𝜀0�⃗⃗� + �⃗⃗�  �⃗⃗� = 𝜇0�⃗⃗⃗�    (3) 

Where �⃗⃗�, �⃗⃗� and �⃗⃗⃗� are the electric field, polarisation vector, and magnetic field strength, respectively, 

and 𝜀0 and 𝜇0 denote the dielectric permittivity and the magnetic permeability in vacuum. By plugging 

these relations in Maxwell’s equations, one can derive the following non-homogeneous wave 

equation for the electric field: 

∇⃗⃗⃗2�⃗⃗� −
1

𝑐

𝜕2�⃗⃗�

𝜕𝑡2 =
1

𝜀0𝑐2

𝜕2�⃗⃗�

𝜕𝑡2  .    (4) 

Here the polarisation vector �⃗⃗� = �⃗⃗�𝐿 + �⃗⃗�𝑁𝐿 describing the usual charge displacement in the medium 

due to an external electromagnetic field contains both the linear (L) and non-linear terms (NL). SPDC 

is a three-wave interaction and therefore one can consider only the first non-linear term for the 

polarisation: 

𝑃𝑖
𝑁𝐿 = 𝜀0 ∑ ∑ 𝜒𝑖𝑗𝑘

(2)
∙ 𝐸𝑗𝐸𝑘  𝑘𝑗 ,    (5) 

where 𝜒𝑖𝑗𝑘
(2)

 is the second order non-linear susceptibility of the medium, with {𝑖, 𝑗, 𝑘} = {𝑥, 𝑦, 𝑧}. Now 

suppose that the medium is lossless, and the beam is well collimated and monochromatic.  This allows 

continuous excitation, normal incidence and no double refraction. Assume to be in the non-depleted 

regime, which means that SHG can happen but without significant energy loss for the excitation beam. 

This will also apply for SPDC as it is a very inefficient process. Under these assumptions, one can solve 

the wave equation in Eq. (4) by using pump fields with exponential form: 

 𝐸𝑝(𝑧, 𝑡) = 𝐴𝑝𝑒𝑖(𝑘𝑝𝑧−𝜔𝑝𝑡) + 𝐶. 𝐶.  ,    (6) 

where C.C. stands for the complex conjugate of the function and 𝑘𝑝 =
𝑛𝑝𝜔𝑝

𝑐
  is the wavenumber of the 

pump photon inside the non-linear crystal, and 𝑛𝑝
2 = 𝜀𝐿(𝜔𝑝) is the refractive index of the medium, 

which is a function of the frequency and depends on the linear part of the polarisation of the pump 

laser. Therefore, the polarisation must have a form: 

𝑃𝑝(𝑧, 𝑡) = ℘𝑝𝑒𝑖(𝑘𝑝𝑧−𝜔𝑝𝑡) + 𝐶. 𝐶.    (7) 
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with  

℘𝑝 = 4𝜀0𝑑𝑒𝑓𝑓𝐸𝑠𝐸𝑖   .     (8) 

Where 𝑑𝑒𝑓𝑓 =
1

2
𝜒𝑒𝑓𝑓 is the effective nonlinear susceptibility, which depends on the material used. By 

plugging Eq. (6-7) into the wave equation in Eq. (4) one obtains two equations for the signal and idler 

photons: 

𝑑𝐴𝑠

𝑑𝑧
= 𝑖

𝜔𝑠

𝑛𝑠𝑐
𝜒𝑒𝑓𝑓𝐴𝑝𝐴𝑖

∗𝑒𝑖∆𝑘∙𝑧     (9a) 

𝑑𝐴𝑖

𝑑𝑧
= 𝑖

𝜔𝑖

𝑛𝑖𝑐
𝜒𝑒𝑓𝑓𝐴𝑝𝐴𝑠

∗𝑒𝑖∆𝑘∙𝑧     (9a) 

Where ∆𝑘 = 𝑘𝑠 + 𝑘𝑖 − 𝑘𝑝. Now recall the phase-matching conditions in Eq. (2), that tell that ∆𝑘 = 0 

for SPDC to happen. This leads to the so-called Manley-Rowe relations for the amplitudes of the signal 

and idler photons: 

𝐴𝑠(𝑧) = 𝐴𝑠(0) cosh 𝛼𝑧                 (10a) 

 𝐴𝑖(𝑧) = 𝑖√
𝜔𝑖𝑛𝑠

𝜔𝑠𝑛𝑖

𝐴𝑝

|𝐴𝑝|
𝐴𝑠

∗(0) sinh 𝛼𝑧               (10b) 

Where 𝛼 =
𝜒𝑒𝑓𝑓

𝑐
|𝐴𝑝|√

𝜔𝑖𝑛𝑠

𝜔𝑠𝑛𝑖
 . These solutions only exist if there is initial incident power, that is, if 

𝐴𝑆(0) ≠ 0. For any other situation, the classical description of SPDC does not work and a quantum 

description of the phenomena is necessary.  

One can discuss how to derive a quantum model of SPDC starting also from Maxwell’s equations but 

applying quantum mechanics rules. Instead of going over the mathematical formulation, instead, I will 

do a brief, qualitative explanation of the derivation: Working with single photons and using the vector 

potential 𝐴 under Coulomb’s gauge (∇⃗⃗⃗ ∙ 𝐴), one reaches an equation of similar form as the quantised 

harmonic oscillator. If the rules of quantum harmonic oscillators are applied to the vector potential, 

one reaches an expression for 𝐴 where the creation and annihilation operators appear for photons. 

These operators allow a single photon to be created from the vacuum state and an existing single 

photon to disappear, respectively. This means that a photon of high energy can split into two photons 

of lower energies that were not previously around when the interaction with the non-linear medium 

takes place, thus Spontaneous Parametric Down-Conversion is possible.  

To describe SPDC in a quantum mechanical framework, an effective interaction Hamiltonian [3] that 

accounts for both SPDC and SHG must be inferred. As said before, only SPDC is in focus, so only the 

terms corresponding to this phenomenon must be taken into account. Once one has the Hamiltonian, 

the Schrödinger equation can be used to look for the state with N incoming photons (pump beam) 

and no signal or idler photons, and by applying the phase-matching conditions and doing the right 

assumptions one can obtain the number of down-converted photons. This would give the rate of 

production of down-converted photons pairs. 

Recall that Spontaneous-Parametric Down-Conversion is a very inefficient process, and therefore, 

most of the pump photons are left untouched and only a small portion of them go into producing a 

twin pair of down-converted photons. One can expect this rate to be between 10−5 and 10−12 [2], 

depending on the specifications of the laser and crystal used. 
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2.2. Optical properties of a birefringent crystal 
 

There are many quantum optics and mechanics experiments that use down-converted photos 

originating from SPDC. While some of these experiments can have complex builds and many 

components, the model required to produce down-converted photons is rather simple. In this case, 

Type-I parametric down-conversion will be at the focus, meaning that a pair of photons will be 

produced with equal polarization, which is orthogonal to the polarization of the pump beam. To do 

so, one needs: 

• Non-linear material: a Beta-Barium Borate (BBO) crystal is used. It is a nonlinear 

crystal with features such as wide transparency region, broad phase-matching range, large 

nonlinear coefficient, and high damage threshold. Its length is 𝐿𝑧 = 2 mm. Its effective 

nonlinear susceptibility is 𝑑𝑒𝑓𝑓 = 2 pm/V. The ordinary and extraordinary refractive indices 

are given by the following Sellmeier equations (note that λ is in μm): 

𝑛𝑜
2 = 2.7366122 +

0.0185720

𝜆2−0.0178746
− 0.0143756 𝜆2              (11a) 

𝑛𝑒
2 = 2.3698703 +

0.0128445

𝜆2−0.0153064
− 0.0029129 𝜆2              (11b) 

• Photon source: a GDP Series laser of power 𝑃 = 50 mW is used. The wavelength of 

the pump beam is  𝜆𝑝 = 405 nm (blue light). 

 

Figure 4: Schematic of the experimental model. Figure taken from [6]. 

To simplify the model, degenerate SPDC will be focused on, that is, the signal and idler photons 

have the same wavelength (or frequency), which is double of the pump wavelength (or half of the 

pump frequency). Therefore, our signal and idler photons have is  𝜆𝑠 =  𝜆𝑠 = 810 nm (red light).  
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3. Calculations 
 

The goal is to calculate the generation rate of photon pairs for the laser and crystal described before, 

so the number of down-converted photons produced can be estimated. To do so, several steps have 

to be taken. 

3.1. Task 1: Calculation of the phase-matching angle 
 

The directions taken by the down-converted photons are determined by the angle formed by the optic 

axis of the crystal and the propagation direction of the pump beam, called the phase-matching angle 

𝜃𝑚. To use these photons in experiments their direction has to be determined correctly, which 

requires correct tuning of the phase-matching angle. That is the objective in this section. 

As said before in Eq. (2), SPDC conserves both energy and momentum. If 𝜃𝑐 is the angle formed by the 

directions of the signal and idler photons and the direction of the propagation of the pump, one can 

re-write Eq. (2) as: 

𝑛𝑝𝑘𝑝 = 2𝑛𝑠𝑘𝑠 cos 𝜃𝑐     (12) 

Note that the fact that 𝑘𝑠 =  𝑘𝑖 was taken into account. Eq. (12) can be further simplified if one recalls 

that 𝑘𝑠 = 𝑘𝑝/2 due to the relation between frequencies:  

𝑛𝑝 = 𝑛𝑠 cos 𝜃𝑐      (13) 

Eq. (13) can only be satisfied in a non-linear medium like the BBO crystal because it requires that 𝑛𝑠 >

𝑛𝑝, which does not happen for normal dispersion. To calculate the refractive indices of the pump and 

signal photons, one must differentiate between the ordinary and extraordinary indices: for the pump, 

𝑛𝑝 depends on the phase matching angle so the extraordinary index must be used. For the signal and 

idler, 𝑛𝑠 does not depend on the angle, thus the ordinary index can be used. By plugging the respective 

wavelengths in Eq. (11) one gets: 

𝑛𝑝 = 𝑛𝑒(𝜆 = 0.405 μm) = 1.567 𝑛𝑠 = 𝑛𝑜(𝜆 = 0.810 μm) = 1.660    (14) 

 

The extraordinary index �̃�𝑒 for a given phase-matching angle is given by Eq. (11): 

�̃�𝑒(𝜃𝑚) = (
cos2 𝜃𝑚

𝑛𝑜
2 +

sin2 𝜃𝑚

𝑛𝑒
2 )

−1/2 

   (15) 

Therefore, two cases can be studied: 

• Collinear signal and idler photons (𝜃𝑐 = 0): 

According to Eq. (13), this means that 𝑛𝑝 = 𝑛𝑠. Plugging the numbers in Eq. (14) into Eq. (15) one gets 

the phase-matching angle for collinear photons: 

𝜃𝑚 = 28.6° 

• Signal and idler photons forming a 3° laboratory angle (𝜃𝐿 = 3°): 
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Using Snell’s law, one can obtain the angle 𝜃𝑐: sin 𝜃𝐿 = 𝑛𝑠 sin 𝜃𝑐 → 𝜃𝑐 = 1.81° . Using Eq. (13), one 

gets the pump refractive index, 𝑛𝑝 = 1.659. Finally, the phase matching angle is obtained by plugging 

the value of 𝑛𝑝 in Eq. (15): 

𝜃𝑚 = 29.1° 

3.2. Task 2: Estimation of the generation rate of photon pairs 

from empirical data  
 

Literature on the subject estimates the generation efficiency for down-converted photons in similar 

experiments to be around 10−10 [2]. One can calculate the number of photons emitted by the blue 

laser and, with this estimation, obtain the number of red photons produced. 

The energy of a photon is given by: 

𝐸 =
ℎ𝑐

𝜆
      (16) 

Where ℎ is Plank’s constant and c is the speed of light in vacuum. Then, for 𝜆𝑝 = 405 nm, the photon 

energy is 𝐸𝑝 = 4.9 ∙ 10−19 J. Using the power of the laser, the number of blue photons produced per 

second is obtained: 

𝑁𝑝 =
𝑃

𝐸
→ 𝑁𝑝 = 1.02 ∙ 1017 photons/s     

So, according to the estimation for similar experiments, the number of down-converted photons 

should be around: 

𝑁𝑠 = 𝑁𝑝 ∙ 10−10 = 10.2 ∙ 106 photons/s 

3.3. Task 3: Calculate the generation rate of photon pairs from 

the quantum model 
 

Following the quantum mechanical description of SPDC given in [3] one can calculate the generation 

rate of biphotons for the laser and crystal used in this work. The results obtained in the previous 

section are estimations, but in this section, the numbers for a system with the characteristics given 

before will be derived. Under reasonable assumptions, it is possible to arrive at the following 

expression for the single-mode rate for degenerate Type-I SPDC [3]: 

𝑅𝑆𝑀 = √
2

𝜋3 ∙
2

3𝜀0𝑐3 ∙
𝑛𝑔𝑠𝑛𝑔𝑖

𝑛𝑠
2𝑛𝑖

2𝑛𝑝
∙

𝑑𝑒𝑓𝑓
2 𝜔𝑝

√𝜅
∙ |

𝜎𝑝
2

𝜎𝑠
2+2𝜎𝑝

2|
2

∙
𝑃

𝜎𝑝
2 ∙ 𝐿3/2     (17) 

Where: 

• 𝑛𝑔𝑠 and 𝑛𝑔𝑖 are the refractive group indices for the signal and idler photons 

respectively, given by the ratio of the speed of light in vacuum 𝑐 and the group velocity in the 

medium 𝑣𝑔 =
𝜕𝜔

𝜕𝑘
: 

𝑛𝑔 = 𝑐 ∙
𝜕𝑘

𝜕𝜔
     (18) 

 As the degenerate case is considered, the indices are 𝑛𝑔𝑠 =  𝑛𝑔𝑖 = 1.303. 
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• The parameter 𝜅 is the group velocity dispersion constant at half the pump frequency, 

given by |
𝜕2𝑘

𝜕𝜔2|
𝜔𝑝/2

. By deriving the Sellmeier Eq. one obtains that 𝜅 = 7.31622 ∙ 10−26 s2

m
 . 

 

• The parameters 𝜎𝑝 and 𝜎𝑠 are defined as the widths of the Hermite–Gaussian modes 

of the pump and signal light. To calculate them, assume that the laser produces only the 

fundamental Gaussian mode and that the beam size is 1 mm: 

 

𝜎(𝑧) = 𝜎𝑜√1 + (
𝑧

𝑧𝑅
)    (19) 

Where 𝑧𝑅 is the Rayleigh length, given by 𝑧𝑅 =
𝜋𝜎𝑛𝑝

𝜆𝑝
. Therefore, at 𝑧 = 𝐿𝑧 the widths are 𝜎𝑝 ≈

𝜎𝑠 ≈ 0.001 m. Observe that the beam width for the signal and idler are approximately the 

same since diffraction is weak. 

• The rest of the parameters are known or given before. 

Plugging these parameters in Eq. (17), the number of photon pairs generated for a 𝑃 = 0.05 W laser 

beam in the single-mode regime is obtained: 

𝑅𝑆𝑀 = 1.6065 ∙ 104  
m

sW
= 1.6065 ∙ 104 photons/s  

Dividing this number by the number of photons in the beam calculated before (𝑁𝑝 = 1.02 ∙

1017 photons/s) gives the actual probability of SPDC, which is 1.6 ∙ 10−13. This is considerably lower 

than the estimated generation efficiency used previously, around 10−10, so one can conclude that the 

obtained result for the rate of SPDC is lower than quoted in the literature [2]. This might originate 

from weak focusing of the laser beam. 

 

To contrast these results, the emission rate in the multi-mode regime will be calculated. Following [3], 

the expression for multi-mode rate for degenerate Type-I SPDC is: 

𝑅𝑇 =
32√2𝜋3

27𝜀0𝑐
∙

𝑛𝑔𝑠𝑛𝑔𝑖

𝑛𝑠
2𝑛𝑖

2 ∙
𝑑𝑒𝑓𝑓

2

𝜆𝑝
3 √𝜅

∙
𝑃

𝜙
∙ √𝐿       (21) 

One can approximate 𝜙 ≈ 0.035 under the right assumptions, the rest of the parameters are known 

and stated before. Therefore, the number of photons generated in the multi-mode regime is: 

𝑅𝑇 = 4.5273 ∙ 103
m

sW
 = 4.5273 ∙ 103 photons/s  

And the probability of SPDC in the multi-mode regime would be 4.4 ∙ 10−14 , once again smaller than 

expected but coherent with the single-mode results.  

4. Summary 
 

Spontaneous Parametric Down-Conversion is a fundamental process in Quantum Optics and one of 

the main sources of pairs of correlated photons, which can be used in a wide range of Quantum 

Mechanics experiments. Given its importance, it is of interest to estimate the number of biphotons 

one can produce with a laser in a laboratory or, in other words, to know the probability of SPDC. 
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In this project different aspects of SPDC were studied, all with the objective of calculating the 

probability of degenerate Type-I SPDC inside a BBO crystal using a pump laser of wavelength 405 nm. 

To begin, the phase-matching angles under different laboratory conditions were determined, 

therefore obtaining the optimal angles for SPDC to take place. Secondly, the number of photons 

produced by the pump laser were calculated and, using an estimation, an approximate number of 

biphotons produced has been obtained. Next, to contrast this result, the rate of biphoton generation 

in different regimes and models was calculated. In the end one can conclude that, for the experiment, 

the probability of SPDC is substantially lower than expected. The probability obtained with our 

parameters is of the order of 10−13 and 10−14 (single and multi-mode regimes, respectively), while it 

was expected to be around 10−10. This could be a hint that there are ways to achieve a higher 

probability, perhaps by changing some of the components of the model (crystal or laser). 

Nevertheless, this project allowed to get a feeling of what SPDC really is and how the generation of 

biphotons works, and the results obtained are useful for further experiments in Quantum Mechanics 

where correlated photons are used. 

Recapitulating, the obtained parameters and results for the model are: 

 

Type-I SPDC in BBO Crystal 

𝜔𝑝 4.65 ∙ 1015 s−1 

𝐿 2 mm 

𝜎𝑝 1 mm 

𝜎𝑠 1 mm 

𝑛𝑝 1.567 

𝑛𝑠 = 𝑛𝑖 1.660 

𝑛𝑔𝑠 = 𝑛𝑔𝑖 1.303 

𝜅 7.31622 ∙ 10−26
s2

m
 

𝑑𝑒𝑓𝑓 2 
pm

𝑉
 

𝑅𝑆𝑀 (𝑠𝑖𝑛𝑔𝑙𝑒 − 𝑚𝑜𝑑𝑒) 1.6065 ∙ 104  
m

sW
 

𝑅𝑇 (𝑚𝑢𝑙𝑡𝑖 − 𝑚𝑜𝑑𝑒) 4.5273 ∙ 103
m

sW
 

 

Table 1: Experimental results and parameters 
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