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Abstract
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We are surrounded by data in our daily lives. The rent of our houses, the amount of electricity
units consumed, the prices of different products at a supermarket, the daily temperature, our
medicine prescriptions, our internet search history are all different forms of data. Data can
be used in a wide range of applications. For example, one can use data to predict product
prices in the future; to predict tomorrow's temperature; to recommend videos; or suggest better
prescriptions. However in order to do the above, one is required to learn a model from data. A
model is a mathematical description of how the phenomena we are interested in behaves e.g.
how does the temperature vary? Is it periodic? What kinds of patterns does it have? Machine
learning is about this process of learning models from data by building on disciplines such as
statistics and optimization.

Learning models comes with many different challenges. Some challenges are related to how
flexible the model is, some are related to the size of data, some are related to computational
efficiency etc. One of the challenges is that of data outliers. For instance, due to war in a country
exports could stop and there could be a sudden spike in prices of different products. This sudden
jump in prices is an outlier or corruption to the normal situation and must be accounted for
when learning the model. Another challenge could be that data is collected in one situation
but the model is to be used in another situation. For example, one might have data on vaccine
trials where the participants were mostly old people. But one might want to make a decision on
whether to use the vaccine or not for the whole population that contains people of all age groups.
So one must also account for this difference when learning models because the conclusion drawn
may not be valid for the young people in the population. Yet another challenge could arise when
data is collected from different sources or contexts. For example, a shopkeeper might have data
on sales of paracetamol when there was flu and when there was no flu and she might want to
decide how much paracetamol to stock for the next month. In this situation, it is difficult to
know whether there will be a flu next month or not and so deciding on how much to stock is a
challenge. This thesis tries to address these and other similar challenges.

In paper I, we address the challenge of data corruption i.e., learning models in a robust way
when some fraction of the data is corrupted. In paper II, we apply the methodology of paper I to
the problem of localization in wireless networks. Paper 111 addresses the challenge of estimating
causal effect between an exposure and an outcome variable from spatially collected data (e.g.
whether increasing number of police personnel in an area reduces number of crimes there).
Paper IV addresses the challenge of learning improved decision policies e.g. which treatment
to assign to which patient given past data on treatment assignments. In paper V, we look at
the challenge of learning models when data is acquired from different contexts and the future
context is unknown. In paper VI, we address the challenge of predicting count data across space
e.g. number of crimes in an area and quantify its uncertainty. In paper VII, we address the
challenge of learning models when data points arrive in a streaming fashion i.e., point by point.
The proposed method enables online training and also yields some robustness properties.
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Sammanfattning

Vi dr omgivna av data i vart dagliga liv. Hyran f6r vara hus, méng-
den elenheter som férbrukas, priserna pa olika produkter i en stormark-
nad, dagstemperaturen, vara lakemedelsrecept, var internet sokhistorik
ar alla olika former av data. Data dr mycket anvindbart eftersom den
kan anvandas for att gora méanga intressanta saker. Till exempel kan
man anvinda data for att forutsiga produktpriser i framtiden, for att
forutsiga morgondagens temperatur, for att rekommendera videor eller
foresla battre likemedelsrecept. Men for att géra ovanstaende maste
man lira sig en modell fran data. En modell 4&r en matematisk beskrivn-
ing av hur de fenomen vi ar intresserade av beter sig. Till exempel hur
beter sig temperaturen? Ar det periodisk? Vilka typer av ménster har
den? Maskininldrning handlar om att ldra sig modeller fran data genom
att anvinda metoder fran statistik och optimering.

Inldrning av modeller medfér manga utmaningar. Vissa utmaningar ar
relaterade till hur flexibel modellen &r, vissa &r relaterade till datastorlek,
vissa ar relaterade till berdkningseffektivitet etc. En av utmaningarna
ar extrema datapunkter. Till exempel, pa grund av krig i ett land, kan
data om priser pa produkter i en stormarknad férvanstas. Den plotsliga
prisstegringen &r en avvikelse fran den normala situationen och maéste
beaktas vid inlarning. En annan utmaning kan vara att data samlas in
i en situation, men modellen ska anvdndas i en annan situation. Till
exempel kan man ha data fran vaccinforsék dér deltagarna mestadels
var gamla méanniskor, men man kanske vill dra en slutsats om vilket
av vaccinerna som ska anvindas for hela befolkningen som innehaller
méanniskor i alla aldersgrupper. Sa man maste ocksa ta hansyn till denna
skillnad nar man lar sig modeller eftersom slutsatsen annars kanske inte
ar giltig for de unga i befolkningen. Ytterligare en utmaning kan uppsta
nir data samlas in fran olika kéllor eller ssammanhang. Till exempel kan
en butiksinnehavare ha uppgifter om férséljning av paracetamol nar det
var influensa och nér det inte var influensa och hon kanske vill bestamma
hur mycket paracetamol som ska lagras for ndsta manad. I det har laget
ar det svart att veta om det kommer att bli en influensa nista ménad
eller inte, och det ar dérfér en utmaning att bestamma sig for hur mycket
hon ska lagra. Denna avhandling forsoker ta itu med dessa och andra
liknande utmaningar och foreslar 16sningar for dem.

I artikel I tar vi upp utmaningen med datakorruption. Mer specifikt
foreslar vi en metod som lar sig modeller pa ett robust sétt dven nar en
del av datan ar korrupt. I artikel II tar vi upp utmaningen med datako-
rruption i tradlosa kommunikationsnitverk dar malet ar att lokalisera
en tradlés nod. Data kan hér bli korrupt ifall siktlinjen mellar noderna



ar blockerad. Artikel III tar upp utmaningen att uppskatta orsakseffek-
ten mellan en exponering- och en utfallsvariabel fran rumsligt insamlad
data (till exempel om ett 6kand antal poliser i ett omrade minskar an-
talet brott dar). Har kommer utmaningen pa grund av dolda variabler
som kan skapa samband mellan exponerings- och utfallsvariabler &ven
om det inte finns nagot orsakssamband mellan dem. Paper IV tar upp
utmaningen att lara sig forbattrade beslutspolicyer, till exempel vilken
behandling som ska tilldelas vilken patient givet tidigare data om behan-
dlingar. T artikel V tittar vi pa utmaningen med att lara sig modeller nir
data inh&mtas fran olika kéllor eller sammanhang och det framtida sam-
manhanget ar okant. I artikel VI tar vi upp utmaningen att forutsiaga
rakningsdata Over ett omrade, t.ex. antal brott i en stad och kvantifiera
osédkerheten i prediktionen med hjalp av giltiga prediktionsintervall. I ar-
tikel VII tar vi upp utmaningen med att lara modeller nér datapunkter
anldnder punkt for punkt. Den féreslagna metoden maojliggér uppdater-
ing av modellen online och ger dven vissa robusthet egenskaper.
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1. Overview

Chapter 2 of the thesis gives an introduction to the basics of machine
learning (ML) and builds towards a popular learning criterion used in
ML; namely, empirical risk minimization. Subsequently, Chapter 3 high-
lights some limitations of empirical risk minimization and motivates dif-
ferent robust approaches developed in this thesis.

Below, a short summary and a statement of contribution for each
individual paper included in the thesis is provided.

Statement of contribution

Paper [

This paper considers the problem of statistical learning when some frac-
tion of training data is corrupted. Intuitively, the idea is to assign un-
known weights to each data point in the training data and then jointly
learn the weights and the model parameters. This is done by defining a
risk with respect to a non-parametric distribution. Then it is proposed
to minimize the risk jointly with respect to the non-parametric distri-
bution and model parameters subject to some constraints. This gives
robustness against corrupted points. A coordinate descent algorithm to
solve the optimization problem is also proposed. The method is shown
to perform well across wide variety of machine learning tasks.
Statement of contribution

The initial idea was proposed by Osama and further developed together
with Zachariah. The experiments were designed together by Osama
and Zachariah. The implementation was done by Osama. Osama and
Zachariah were equally responsible for writing with important contribu-
tion and feedback from Stoica.

Paper II

This paper applies the method developed in Paper I to the problem
of localization in a wireless network from timing based measurements,
where the measurements could be corrupted due to non-line-of-sight con-
ditions. The method is tested for different measurement schemes such

13



as time-of-arrival, time-difference of arrival etc. The method is shown to
localize accurately even under non-line-of-sight conditions and different
measurement, schemes.

Statement of contribution

The idea to address this application was proposed by Zachariah and
formulated together with Osama, who also implemented and tested the
method. Osama and Zachariah were equally responsible for writing, with
important contributions and feedback from Dwivedi and Stoica.

Paper III

This paper proposes a method for estimating spatially varying causal
effect of an exposure variable (e.g. amount of fertilizer) on an outcome
variable (e.g. crop yield) from data acquired over space when there are
unobserved confounding variables. Intuitively, the idea to handle con-
founding is to use residuals of exposure and outcome instead of these
quantities directly. However, these estimated residuals may themselves
have errors and hence we propose a method that is robust to these errors.
The method is tested on synthetic and real data.

Statement of contribution

The central ideas were formulated by Zachariah and developed together
with Osama, who also implemented and tested the method. Osama and
Zachariah were equally responsible for writing, with important contribu-
tions and feedback from Schon.

Paper IV

This paper addresses the problem of learning a new decision policy (e.g.
which treatment to assign to a patient) from observational data on past
decisions made in certain contexts (e.g. patient covariates) with associ-
ated costs (e.g. blood pressure increase). Unlike methods which focus on
learning a policy that minimizes the average cost, we note that in safety-
critical applications, such as medical decision support, it is of interest to
learn robust policies which minimize the tails of the cost. We propose a
method to learn a policy that minimizes the quantile of the cost and use
conformal methodology to find a proxy for the quantile. The method is
tested on synthetic and real data and shown to reduce the tails of the
cost.

Statement of contribution

The central ideas were formulated by Zachariah and developed together
with Osama, who also implemented and tested the method. Osama and
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Zachariah were equally responsible for writing, with important contribu-
tions and feedback from Stoica.

Paper V

This paper addresses the problem of learning a decision parameter when
data is obtained from different contexts and the future context is un-
known. Intuitively, the idea is that when future context is unknown one
could just learn a decision parameter that minimizes the average risk
where average is taken over the context distribution. However, the esti-
mate of context distribution is poor when number of context is large or
number of data points is small. So one needs to be robust against that.
Moreover, when data is obtained from different contexts, we note that
using excess risk is a more appropriate criterion than risk. We build a
robust method based on these motivations and show that it gives better
worst-case performance as compared to other methods.

Statement of contribution

The central ideas were formulated by Zachariah and developed together
with Osama, who also implemented and tested the method. Osama and
Zachariah were equally responsible for writing, with important contribu-
tions and feedback from Stoica.

Paper VI

This paper is about building a model for predicting count data across
space (e.g. number of crimes in a district) and using that to estimate
the underlying intensity function. We also quantify uncertainty in the
predicted count using conformal methodology. We use Poisson model
and propose a regularized criterion that yields an out-of-sample guaran-
tee and smaller prediction intervals empirically.

Statement of contribution

The central ideas were formulated by Zachariah and developed together
with Osama, who also implemented and tested the method. Osama and
Zachariah were equally responsible for writing, with important contribu-
tions and feedback from Stoica.

Paper VII

This paper addresses the problem of learning models when data points
arrive in a streaming fashion. A linear smoother predictor and a covari-
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ance model for the outcome is proposed. Furthermore, a covariance fit-
ting criterion is specified to learn the hyperparameters of the covariance
model. This yields a linear smoother predictor which can be updated
online. It is also shown that the resulting predictor has several robust-
ness properties.

Statement of contribution

The central ideas were formulated by Zachariah and developed together
with Osama, who also implemented and tested the method. Osama and
Zachariah were equally responsible for writing, with important contribu-
tions and feedback from Stoica and Schon.
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2. Introduction

In the world today, many technologies and businesses are data-driven.
For example, process industries use data to forecast maintenance of
equipments to avoid losses arising from equipment breakdown. Produc-
ers of consumer goods and services use our search history on the Internet
to show us targeted advertisements or recommend videos and movies.
Banks and investment firms use data to assess risk of investments. All
these examples involve statistical learning.

Statistical machine learning (ML) is a discipline which utilizes data
to make decisions. Consider the following example. Suppose that a stu-
dent applied to graduate school and receives offers from multiple research
groups. The target here is to make a decision about which of the research
groups to join. For this purpose, the student will look at data which will
include factors such as research interest, supervisor, work of the super-
visor’s current PhD students, publications and future prospects, etc. He
will weigh these factors in his mind and arrive at a decision that is best for
him. In other words, he will be performing some sort of optimization in
his head. Machine learning builds on different mathematical disciplines,
such as statistics and optimization, to automatically learn decision rules
from past data that will perform well in future.

2.1 Data generating process

The first important object in ML is the data, which we represent here
by D as a collection of n data points, i.e.,

D = {z1,...,2n},

where z is a single data point. D could be something as simple as
recordings of monthly precipitation over the past n months or something
as complicated as someone’s internet search history for the past n days.
We assume that the observed data arises from some data generating
process (DGP). We describe this process by a probability distribution
with a joint density function [3]

p(D) = p(21,. .., 2n). (2.1)

Thus we assume that the observed data D is just one possible draw from

p(D) and if we were to collect data again we would observe something
different D’.
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In ML, it is often assumed that the data points are drawn in an in-
dependent and identically distributed (i.i.d.) manner. That is, the joint
distribution p(D) can be factored as

p(D) = [ [p(z) 22)

Hence the n points that make up the data are n i.i.d. draws from p(z).
Let us look at a few examples of different p(z).

Example 2.1 Suppose that an engineer wants to measure the tempera-
ture of a warehouse. She installs several temperature sensors to do that.
Figure 2.1 shows the data obtained from the different temperature sen-
sors. Here the data point z is a scalar. From the specification of the
sensors, it is known that the errors of the sensors have a normal distri-
bution. Hence the data distribution

p(2) = N(zip,0°)

1s a Gaussian distribution where p is equal to the underlying warehouse
temperature. The goal in this example could be to estimate the underlying
temperature from the obtained measurements.

0.20

0.151
N 0.101
Q.

0.05+

0.00 1

Figure 2.1. Data z on temperature (denoted by crosses) and density p(z).

Example 2.2 Figure 2.2 shows data from students partaking in an ML
course offered at a university. Here each data point is a pair, i.e.,
z = (x,y) wherey represents the obtained marks of a student in the final
exam of the course and x represents the hours of study spent preparing for
the exam. Suppose the data is drawn i.i.d. from a Gaussian distribution
[3], i.e.,

p(z) = p(x,y) = N(z,y;p,3),

18
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Figure 2.2. Data distribution p(z), illustrated by contours, and the data points
z = (z,y), denoted by red crosses, for regression data of Example 2.2

2
- . . (o POz0y
where p = [E[z],E[y]]" is the mean vector and ¥ = [pUny 05 ]

is the covariance matrix.

This is a typical example of many problems in ML where it is of
interest to summarize the association between outcome y and vector of
covariates .

Example 2.3 Figure 2.8 shows data on vaccination rate and mortality
rate acquired over 2-dimensional space. Here each data point z = (s,x,y)
where s = (81, $2) denotes the spatial coordinates, x is an exposure vari-
able denoting the vaccination rate and y is an outcome variable denoting
the mortality rate. The data is drawn i.i.d. from the following structural
causal model (SCM) [31]:

s ~ Unif ([0, 10]?),
z = fo(s,u;) €[0,1], (2.3)
y = fy(z,uy) €[0,1].

An SCM 1is a set of equations that show how different variables are as-
signed values. For example, here the SCM describes that s takes values
uniformly at random in the region [0,10] x [0, 10] in two dimensions, x
takes values according to a function f,p of s and some random noise uy.
And y is related to x according to another function f,. The SCM in turn
induces a data generating distribution p(z) = p(s,z,y). A typical goal
in these types of problems is to estimate average treatment effect [15] of
the exposure x on the outcome y.
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Figure 2.3. Data acquired over space: (a) Contour plot of vaccination rate x
across space (b) Contour plot of mortality rate y across space (c) Scatter plot
of z and y. Here the data generator is induced by the ScM in (2.3).
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Example 2.4 Figure 2.4 shows data on blood pressure of female and
male patients obtained as a result of using some policy to assign a treat-
ment. Here each data point z = (t,x,y) where t € {0,1} is a treatment
variable indicating whether treatment was assigned or not. x € {0,1} is a
covariate denoting the gender of a patient and y is an outcome variable
denoting the blood pressure. The data is drawn i.i.d. from the following
data distribution that admits a causal factorization

p(t,z,y) = p(ylt, x)p(t|z)p(z). (2.4)

Here p(y|t, ©) = N (y; u(t, ), 0%(t, 7)) is a normal distribution with mean
and variance depending on t and x. p(x = 1) = p(z = 0) = 0.5 is the
covariate distribution i.e. the probability of drawing a male (x = 0) or
female (x = 1) patient from population. And p(t|x) is the policy followed
to assign treatment to a patient which is given as

0.6 x =1 (female),

0.4 x =0 (male). (2:5)

p(t = 1la) = {

According to the above policy, female patients were assigned treatment
with a higher probability than male patients. A typical goal in these kind

20
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Figure 2.4. Plot of distribution p(y|t,z) in (2.4) for gender covariate
x = females in (a) and for x = males in (b). The orange and blue curves in

(a) and (b) denote the distribution for the treated and untreated respectively.
The orange and blue dots denote the data points for the treated and untreated
respectively.

of problems is to improve upon the existing policy to get a better outcome
for the population.

2.2 Parameter set

After data collection, the next important task is to make a decision. In
Example 2.2, we might want to make a decision on what line describes
the association between hours of study and obtained marks. A decision
is indexed by a parameter 8 and the set of possible decisions is denoted
O, which we call the parameter set. Let us consider a few examples.

e In Example 2.1, if we are interested in fitting a Gaussian distribu-
tion to the data then

© = {all Gaussians with a mean and variance} = R x R*.

e For Example 2.2, if we are interested in learning a straight line that
summarizes the association between obtained marks and hours of
study, we want to choose a line from a set of possible lines

© = {all lines with a slope and intercept} = R

e For Example 2.3, if we are interested in learning the average causal
effect of vaccination rate on death rate then

© = {all possible values for ATE} = R.
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e For Example 2.4, if we are interested in whether a patient with
covariate x should be assigned treatment 1 or 0 then the set is all
possible treatments i.e.,

© = {all possible treatments} = {0, 1}.

In ML, we are interested in choosing a 6 from © using data.

2.3 Loss function

When talking about choosing a target 8 € O, the first question that
comes to mind is how should one make that choice? What should be the
criterion? This brings us to the concept of a loss function.

The loss function quantifies the cost incurred in choosing a particular
6 € O for a given data point z ~ p(z). Let us look at a few examples of
some common loss functions used in ML.

Lo(2)

-2 -1 0 1 2 3 4
6

Figure 2.5. Illustration of squared loss in (2.6) evaluated at z = 1.

Example 2.5 One common loss function used in ML is the squared loss.
For a scalar data point z as in Example 2.1, the squared loss is

ly(2) = (z — 6)% (2.6)
Here 6 € R. Figure 2.5 shows the loss function against 0 evaluated at a

particular point.

Example 2.6 The squared loss for regression data in Example 2.2, where
z = (x,y) and x is preparation time for exam and y is the obtained
marks, is

lo(x,y) = (y — 261 — 6o)*. (2.7)
Here @ € R%. Figure 2.6 shows the contour plot of the squared loss
evaluated at a particular point.
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Figure 2.6. Contour plot of squared loss in (2.7) evaluated at point
(x,y) = (171)
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Figure 2.7. Contour plot of surprisal loss in (2.8) for point z = 10.

Example 2.7 Another commonly used loss function in ML is the sur-
prisal or the negative log-likelihood loss [9]. For instance in Ezample
2.1, one may be interested in learning a parametric data model. Then
the surprisal loss is

lo(z) = —Inpp(2). (2.8)

Intuitively, it quantifies the surprise of observing a data point z under the
model pg(z). If z is likely to come from pg(z) then the loss is small. If the
loss is very high then the data point z is very surprising under the model
pe(z). Figure 2.7 shows the contour plot of surprisal loss evaluated at a
particular point when pg(z) is a one dimensional Gaussian distribution
with mean 0y and variance 01. Here @ = [0, 061].
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2.4 Best parameter

Given the parameter set © and the loss function ¢g(z), we can define the
optimal or best parameters as those which minimize the expected loss,
ie.,

Juin - Ey[fo(2)]. (2.9)

In words, all the parameters that would give the minimum loss on average
as we get different draws of data from p(z). Under certain conditions,
there is a unique parameter which minimizes (2.9) i.e.,

0" (p) = arg min Eyllo(2)], (2.10)

for instance when the loss function is strictly convex in 6.

Example 2.8 Here we find the best parameter (2.10) for the data in
Ezxample 2.2 using the squared loss in Example 2.6. In this case, there
exists a closed-form solution i.e.,

6*(p) = E, [i ﬂ E, [y [iH (2.11)

Figure 2.8 shows 6.

2.5 Empirical Risk Minimization

Note that 6*(p) depends on the unknown distribution p(z). We only
observe n data points {z;} ; from p(z). In lieu of p(z), we replace p(z)
by the empirical distribution constructed using the observed data points
ie.,

Pn(2) = =D 6(z — zi). (2.12)
=1

This gives us the following estimate

n
Beargmin ~ 3 fo(:), (2.13)
feo N7
which is called empirical risk minimizer (ERM) [40]. ERM is a very
general principle for learning parameters in ML. For instance, ERM using
surprisal loss fg(z) = —Inpg(z) is equivalent to maximum likelihood
principle [40]. Under certain boundedness conditions on the expected
loss in (2.10), ERM is said to be risk consistent which means that the
minimum value of the objective in (2.13) approaches the minimum value
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Figure 2.8. Best parameter 8* and ERM estimate 0 for linear regression

of the objective in (2.10) as n increases [40]. Under regularity conditions
[36, 44] 6 approaches 6* as n — 0.

Closed-form solutions of ERM in (2.13) are not readily available and
so one must resort to numerical search techniques. For low dimensional
0, one could use grid search techniques. However, for higher dimensions
one must resort to gradient-based methods [22] which make use of the
gradient of the objective in (2.13) i.e.,

~ ~ 1 &
Ori1 =0, — n > dgle(2:) 5 (2.14)

i=1 ¢

In (2.14), one starts from an intial estimate 6, and then keeps updating
by taking a step of size 7 in the direction opposite to the gradient until
convergence. There are different gradient-based techniques for example
Newton’s based methods [22], majorization-minimization algorithms etc.
Now let us see ERM in action in some examples.

Example 2.9 Here we find the ERM estimate (2.13) for the data in
Ezxample 2.2 using the squared loss in Example 2.6. ERM has a closed
form solution in this case i.e.,

0 =E, B 52}_1 En [y H ] (2.15)

n
Here
1 Tl
X=1: : and yz[yl,...,yn]T.
1 =z,
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Figure 2.8 shows 6 which is close to 6*.

Example 2.10 Here we estimate the average treatment effect (ATE) T
of vaccination rate x on mortality rate y using data {x;, y;};, in Example
2.3. We use the ERM approach in (2.13) and squared loss with 6 =
[0, 61] i.e.,
~ R 5
0 = argmin — 2(.% — 0o — O12;)". (2.16)
[00, 0] i

Here 01 represents the ATE. The best and ERM estimates of ATE are
T =-0.9, 7=-0.903. (2.17)

Example 2.11 Suppose that we want to fit a Gaussian distribution
po(z) = N(z;p,02) to the temperature data in Example 2.1 where
0 = [u,0%]. We use the surprisal loss in (2.8). Then the best and ERM
solutions are given as

1 _ 2
(1", 0*) = arlgl’r?in E, [5 logo? + (2202:“)], (2.18)
and . )
A N | (zi — )
= — —1 LRI SR ol 2.19
(11,5) arin;un - Z; 5 logo” + 572 (2.19)

The best and the ERM solutions are [p*,0*] = [10,2] and
[@,0] = [10.28,2.25] respectively. Figure 2.9 shows the corresponding
Gaussian distributions.

0.20+
0.15+
N i
e 0.10

0.05

0.00_

Figure 2.9. The best and ERM Gaussian distribution fit to temperature data
in Example 2.1 using surprisal loss.

Example 2.12 Here we want to estimate a new policy for the data in
Example 2.4 which if followed will reduce the average blood pressure. Let
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0 € {0,1} be a binary decision policy denoting whether or not to assign
the treatment. Then the best policy is given as

0* = argmin E°[y]. (2.20)
0 € {0,1}

Here the loss is simply the blood pressure itself. Moreover, E? is the
expectation with respect to distribution

pg(t,$,y) = p(y|t,x)]1(t = H)p(l'),

where 1(t = 0) is a degenerate distribution representing the new policy.
We do not have data from pg and hence we can not evaluate the expecta-
tion in (2.20). However, E? can be written in terms of expectation with
respect to distribution p(t,x,y) from which data is obtained in Example
2.4. Then the best policy becomes

0* = argmin E[y|t = 0]. (2.21)
0 € {0,1}

And the ERM estimate for the policy is given by

~ 1 &
6 = argmin Z yi1(t; = 0), (2.22)
0 e {0,1} Tt=0;—

where ny—g = Y, 1(t; = ). In words, the ERM policy is to choose

the treatment which gives the lowest average blood pressure. Based on the
distributions and data in Example 2.4, 0* = 0 = 1 i.e., treat everyone.
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3. Limitations of Empirical Risk Minimization

In the previous chapter, we discussed that empirical risk minimization
is a general principle that, under some conditions, also has consistency
properties as the number of data points increase. However, ERM has
certain limitations and alternate robust methods are needed to address
them. In this chapter, we look at some of these limitations and their
corresponding solutions.

3.1 Robustness against corrupted data

In the best parameter 8*(p) in (2.10), when p(z) is replaced by the em-
pirical distribution p,(z) to obtain the ERM estimate in (2.13), it is
inherently assumed that all observed samples {z;}_; are drawn from
p(z). If this assumption is true then p,(2z) is a suitable approximation
of p(z). However, in practice some of the observed data D could be
corrupted by outliers, mislabeled examples or adversarial points. For ex-
ample, when collecting data from several temperature sensors, data could
be corrupted due to malfunctioning of some sensors. In such cases, it is
more reasonable to assume that data is drawn from a contaminated dis-
tribution. One popular contamination model is the Huber contamination
model [17] which assumes that data is drawn i.i.d. from the following
distribution

B(2) = (1 - Op(z) + eq(2). (3.1)
Here p(z) is the observed distribution from which data points z; are
drawn. It is a mixture of the target distribution p(z) and a corrupting
distribution ¢(z). Furthermore, from the n data points that are observed,
1 — € fraction come from the target distribution and a small e fraction
come from the corrupting distribution ¢(z). Under such contamination,
the ERM in (2.13) would result in a poor estimate. Let us look at an
example.

Example 3.1 We draw n = 60 data points z = (x,y) i.i.d from the
following distribution

Pz, y) = (1 —e)p(z,y) + eqz,y), (3.2)

p(ay) :N([gg} 1 iﬂ), (33
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Figure 3.1. Linear regression example illustrating how ERM underperforms in
the presence of corrupted data.

1

\ —— Huber loss !
i \

2.5 v —— Abs. loss /

\ ---- Sq. loss /

Figure 3.2. Plots of different loss functions. For the Huber loss in (3.6), ¢ =
1.345 and 0 = 1.

1s the target distribution and

9(z,y) = 0'5N< [566] ’ [0%52 0%2]> +O'5N< [624} ) [0%52 0.%2]>

(3.4)

is the corrupting distribution. The corruption fraction € ~ 17%. Figure
3.1 shows the contours of p(xz,y) and q(x,y) (in red). It also shows the
best parameter 8* (2.10) and the ERM estimate 6 (2.13). It can be seen
that ERM performs poorly due to the corrupted data points.

Alternative solutions have been proposed in literature for estimation
under the Huber contamination model. Classical approaches are build
on using modified loss function pg(z). Here pg(2) is a modified or less-
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sensitive loss function. In a sense, this approach is similar to (2.13) with
lg(z) replaced by pg(z) and learning € by solving

n
arg min Z po(zi). (3.5)
Consider the case of linear regresssion using the squared loss
lo(z) = (y —2'0),

where z = (x,y). One example of pg(2z) in this case is absolute-deviation
loss
— —x'0
po(z) = ly—=z 0|
This loss function is intuitively less sensitive to large errors as compared
to the squared loss. Another example is Huber’s loss |17, 47|

1 | =z0F ly — x| < co,
po(z) = 2 {20|;wT0| — |ly-x'0|>co’ (3:6)

where o is the standard deviation of the residual and c¢ is a user-defined
threshold. Huber’s loss is also intuitively less sensitive to outliers: it
behaves like a squared loss below the threshold ¢ and like an absolute
deviation loss above the threshold. Figure 3.2 shows the absolute devi-
ation and the Huber loss compared with the squared loss.

Other methods in the literature make use of the same loss function
i.e., lg(z) and aim to minimize the same objective as in (2.13). However,
they either try to find robust estimates of the gradient of the objective
or eliminate corrupted data points from the original data set. For exam-
ple, the solution of (2.13) can be obtained via gradient updates of the
following form

0" = 0' —n E; [dele(2)],

where the second term is the gradient of the objective in (2.13). When
data is corrupted, the gradient above is poor. So some methods [32]
try to come up with robust estimates of the gradient itself (using robust
mean estimation methods [19]) which can then be plugged in the above
gradient step.

In addition, some methods [11] try to remove outliers from the original
data set D to create a reduced data set D. To identify and remove
corrupted data points, they compute scores 7; for each data point z;.
Those data points whose scores are less than a certain threshold c are
retained while others eliminated i.e.,

D= {ZZ} st. < ¢
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Then ERM estimate is computed using D. This process is repeated until
there are no more corrupted points identified. The scores and threshold
make use of singular-value-decomposition of gradient matrix of the loss
function, evaluated at the data points.

Another method is random sample consensus (RANSAC) 7] in which a
random subset of the data containing a minimum number of data points
is selected. Then a model is learned using the data points in the subset.
All other data points in the training data are then tested against the
learned model using a user-defined threshold to determine which data
points are ‘inliers’ and become part of a consensus set. The model is
improved by re-estimating it using points in the consensus set. This
procedure is repeated a fixed number of times.

The above methods have several limitations. For methods that utilize
some modified loss function, it might be easy to specify pg(z) for lin-
ear regression problems but it might not be straightforward to specify it
for other machine learning problems such as classification etc. Moreover,
methods which rely on robust gradient estimates or eliminating corrupted
points from the data set, make use of scoring functions and user-specified
thresholds (without clear guidelines) and also assume knowledge of the
fraction of corrupted data e. The sample consensus methods require
sampling subsets containing at least as many data points as the number
of parameters in the model which makes them unsuitable for high dimen-
sional 8. Moreover, they also require specifying a user-defined threshold
for identifying corrupted points.

In our work [28], we propose that since some fraction of the data is
corrupted, it is not a good idea to replace p(z) in (2.10) with p,(z) in
the first place. Instead, we propose to replace p(z) by a non-parametric
distribution with unknown probability weights i.e.,

pr(z) = Y mid(z — 2i), (3.7)
=1

which gives us the following objective

areg rﬁin E,. [lo(2)]. (3.8)

So intuitively the idea is to jointly minimize the weighted loss in (3.8)
with respect to both 8 and 7. We additionally propose an entropy con-
straint on pr(z) to ensure that its support spans all the non-corrupted
data points. Unlike above methods, our method does not require knowl-
edge of the exact fraction of corruption and is free from scoring functions
and user-defined thresholds. We also apply the method developed in [28]
to the problem of localization in wireless networks when data is corrupted
due to non-line-of-sight conditions [27].
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3.2 Robustness against confounding

In Example 2.10, we were interested in the average treatment effect
(ATE) of vaccination rate x on mortality rate y using ERM. In general,
the ATE is defined as 5
72 —Ey|& 3.9
Bl (39)
where E[y|#] is the conditional outcome y were the exposure  intervened
upon and set to T. The expectation can also be written as

E[y|7] = E[y], (3.10)
where E[] is the expectation with respect to the following distribution

ple,z,y) = p(yl|z, c)L(z = T)p(c). (3.11)

Here ¢ represents confounders which are common causes of both exposure
x and outcome y. For instance in Example 2.10, income could be a
confounder since it might affect both who can afford the vaccine and
also who has a better overall health. Our target is to find the ATE in
(3.9), however, the problem is that in practice we do not observe data
from (3.11) and hence cannot evaluate the expectation in (3.9). Instead,
data is observed from

ple,z,y) = plylz, o)p(zle)p(c), (3.12)

which admits a causal factoriztion according to the directed acyclic graph
(DAG) in Figure 3.3a. Note that contrary to (3.11), where the exposure
is fixed at 7, the assignment of z depends on confounder ¢ according to
p(z|c) in (3.12). The DAG corresponding to the distribution in (3.11) is
shown in Figure 3.3b.

_ It is still possible to estimate the ATE by re-writing the expectation
E[y] in the following way

By -2 [2000) s [X D) sy -2, a3

where E[-] is expectation with respect to distribution in (3.12) from
which data is observed. Note that to be able to re-write the expectation
as above we assume that p(xz|c) > 0 for all x and ¢. (3.13) reveals some
important points. First it shows that the expected outcome were the
exposure fixed to Z is not the same as the outcome condition on Z. So
for instance, if x were a binary treatment variable and we were interested
in finding whether assigning treatment improves blood pressure y, we
cannot simply compare the blood pressures of those treated to those
untreated in the observed data. Instead, (3.13) shows that one needs to
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T ¢ Y
(a) (b)
Figure 3.3. (a) Direct acyclic graph (DAG) showing relationship between expo-

sure z, outcome y and confounder c. It induces distribution in (3.12) (b) DA
where the exposure is set to Z. It induces distribution in (3.11).

re-weight the observed outcome by p(z|c) to adjust for the confounding
variable. This shows us how the presence of confounders must be taken
into account to estimate the ATE.

This technique of re-weighting the outcome as above to adjust for con-
founders is called inverse probability weighting [13|. Another technique
is called regression adjustment which also comes from (3.13). Replacing
p(z|c) by % from Baye’s rule in (3.13) we get

E[y] = E.[E[y|Z, ]]. (3.14)

Here E. represents expectation with respect to p(c). So in regression
adjustment one can estimate ATE by marginalizing E[y|Z, ¢] over c.

When confounding variables are observed then one can adjust for them
using the techniques indicated above. However, it may be that some or
all confounding variables are hidden. In that case, a direct estimation
using ERM and observed data on only x and y would be problematic.
Let us look at an example.

Example 3.2 We modify the SCM of Ezample 2.3 as

s ~ Unif ([0,10]%), ¢ = fo(s,uc),

3.15
v = foleun), u=fyle.u) (319)

Here ¢ represents standardized income which acts as a confounder and
it affects both vaccination rate x and mortality rate y. We assume that
c is unobserved. Figure 3.4 shows the plots of different variables across
space. Note that here the exposure x has no direct effect on outcome y
i.e., ATE 7 = 0. However, they are still correlated across space and using
ERM gives us an ATE estimate of T = 0.812. This illustrates the problem
of confounding.

The problem of confounding when it occurs in the context of data
collected over space is called spatial confounding and there are different
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Figure 3.4. Illustration of spatial confounding: (a) Contour plot of confounder
¢ denoting standardized income across space (b) Contour plot of exposure vac-
cincation rate x across space (c) Contour plot of outcome mortality rate y
across space. Note that y and z are correlated across space although ATE is
zero here.

approaches in literature to handle spatial confounding even when c is
unobserved.
Many approaches in literature use a linear model to estimate the ATE
ie.,
y=0p+0x+e €~N(005?).
Here the noise is assumed to be i.i.d normal. However, if there is a hidden

confounding variable that varies spatially, the noise would have a spatial
structure. For instance, if the data were generated linearly as

y = po+ 7z + Be(s) +uy (3.16)
(s)

then the noise would be spatially varying (here ¢(s) denotes a spatially
varying confounder). One approach is to allow for spatial structure in
the noise, an approach called spatial generalized linear mized model [2].
ie.,

y =6y + 01z + €(s)

where €(s) is a spatially correlated noise. There are different ways of
specifying a spatial structure for €(s). For instance, one could specify
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Figure 3.5. DAG with unobserved counfounder c. Spatial location s can be
used to block the backdoor path between z and y.

that given n data points the n x 1 vector of noise € is jointly Gaussian
with some covariance matrix i.e.,

€~ N(0,Y).
Other approaches use some spatial basis function [10] i.e.,
2s)= b (s 1~ N(0,K).

Although a spatially structured noise allows us to account for the unob-
served spatially varying confounder, we still have the problem that this
structured noise € is correlated with the spatially varying exposure x.
And the estimate of ATE may still have bias [16, 29]. To handle this
problem, the idea is to allow for spatial structure in the noise while also
ensuring that it is uncorrelated to x i.e.,

y =00+ 6ix+ei(s),

where

el(s) L.

This approach is called restriced spatial regression |14, 16, 18] . To ensure
the above, the vector of spatially structed noise € for observed data is
projected onto the space orthogonal to the span of the vector of exposure
x i.e.,

€1 = (I-Py)E, €~N(0,%)

where P, is the projection matrix on the span of «.

In our work [23|, we take a different approach which blocks the non-
causal association between x and y. We assume that data follows causal
structure in DAG in Figure 3.5. Then we try to block the non-causal
association between x and y by conditioning on space s. We note that
even if the confounding variable ¢ is unobserved, under the DAG in Figure
3.5, conditioning on s would block what is known as the backdoor path
[31] between exposure x and outcome y. In which case, we have

E[ys] = E[ylz = ,s].
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So one can build a model for E[y|z = Z, s] to estimate the causal effect.
We assume a linear model as in (3.16). Moreover, we note that if one
defines residuals w = y — E[y|s] and v = x — E[y|s] then

w = TUVH+E.

In other words, one can estimate the ATE from the residuals w and v.
This avoids the need for specifying a spatial structure on noise and the
problem of it being correlated with the exposure variable as discussed
above.

3.3 Robustness against tail events

In Example 2.12, we made a single decision of treating all patients ir-
respective of whether the patient was a male or a female. However in
medicine, people with different covariates such as gender, age etc. can
respond differently to treatments [8, 39]. This motivates the need for
individualized treatment rules (ITR) instead of one decision for all. ITR
is a deterministic function 6(x) that maps covariates @ to a treatment ¢
ie.,

O(x): X > T.

Here X is the set of covariates and 7 is the set of treatments. For
instance, if X = [0,1] and 7 = {0,1} then O(x) = 1(z < 0.75)
would map covariates z < 0.75 to £ = 1 and covariates x > 0.75 to
t = 0 (see Figure 3.6). The goal is to estimate f(x) from observed data
D = {(ti, x;,yi)}I, on treatments ¢, covariates  and cost y drawn i.i.d
from

pt,z,y) = plylz,t) pt|le) p(z). (3.17)

past policy

In literature, the best ITR is defined as the decision rule which if
followed will minimize the average cost [33]. That is,

0*(x) = argmin E°[y]. (3.18)
0(x)

Here E? is expectation with respect to

po(t,®,y) = plylz,t) L(t =0(x)) p(z). (3.19)
—_—

new policy

Here ]l(t = H(zc)) is a degenerate distribution representing the new pol-
icy. Note that we do not observe any data from (3.19) but from (3.17).
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Figure 3.6. An example of individualized treatment rule 6(z) = 1(z < 0.75)

However, one can re-write the expectation in (3.18) as

* = argmin 71@:9(33))
0" (x) = §(m) E[ i) y], (3.20)

where now the expectation is with respect to distribution in (3.17). More-
over, (3.20) can be further simplified into

0*(x) = argmin E[y|t, x]. (3.21)
teT

It can be seen that the best ITR for a given covariate @ is the treatment
that minimizes the conditional expectation. Hence, one approach used
in literature is to learn a model E[y|t, ] for the conditional expectation

and then use that model to find an estimate 6(x) [33]. Let us take a look
at an example.

Example 3.3 Here we find an ITR according to (3.21) for the blood
pressure data on males and female in Example 2.4. That is,

a(ac) = argmin Iﬁ[y|t,x], (3.22)
te{0,1}

where x € {0, 1} represents male and female respectively and E denotes
the empirical expectation. For x = 0, we have

E[ylt =0,2 = 0] =99.9, E[y|t =1,z = 0] = 105.02 (3.23)
and for x =1, we have

E[y|t =0,z =1] =99.8, E[y|t =1,z =1] = 92.6. (3.24)
The ITR O(z) is

~ ~

O(x = female) =1, 6O(x = male) =0
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The success of approaches that specify a model for the conditional
expectation of cost y in (3.21) depends on how well-specified the model
is. If the model is misspecified then the policy estimate can be biased
[33]. Hence, another approach used in literature is to avoid building a
model for the conditional expectation. They are based on viewing (3.20)
as a weighted classification problem when the treatment is binary i.e.,

* = argmax y x)) |.
0*(x) = %(sc) E [p(t|a:)]l(t #0( ))]

Here if one thinks of §(x) as a classifier then the above equation is equiv-
alent to maximizing a weighted zero-one loss. Several robust approaches
have been built along this idea [12, 45, 46].

All the above approaches for learning ITR use the criterion of mini-
mizing the expected cost (3.18). However, in some safety-critical appli-
cations, it might be important to minimize the tail cost. For example if
y denotes the risk of death of a patient then it would be of interest to
have an ITR which minimizes the risk of very sick patients. Using the
expected cost criterion in such safety-critical applications might not be
appropriate as the following example illustrates.

Example 3.4 We generate outcome y according to
y=1+3t+2—5tz+ (1 +t+2tzx)u,, (3.25)

where T ~ Um'f([O, 1]) 15 a covariate, t is a binary treatment variable
and € ~ N(0, 1) is noise. Here y represents negative cost (i.e., reward).
We use the following ITRs to assign treatment based on covariate: (1)
0i(x) = 0 (2) o(z) — 1w < 2) (3) bs(e) — 1(a < 1) and (4)
Oi(x) = 1(z < %) The mean optimal ITR in this case is (2). We
generate n = 10% for each ITR and estimate the mean, 25" quantile
Qo.25 and the 10" quantile Qo.19. The results are shown in table 3.1. If
we consider a hypothetical setting where y denotes survival time of cancer
patients, then the mean optimal ITR (2) may have deterimental effect.
ITR (3) gives a higher Qo.25 without much degradation in the mean.

To tackle the problem illustrated in Example 3.4, some works target
learning ITR that minimize the quantile of the cost directly [20, 43| i.e.,

0*(x) = argmin Q’(y). (3.26)
0(x)

Here QY is the 7! quantile of y if treatments were assigned according
to ITR A(x). These works propose different methods for estimating the
above quantile.
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It | (1) | 2) | 3) | (4)
Mean | 1.5 | 2.39 | 2.37 2
Qoos | 0.8 | 1.10 | 1.14 | 1.01
Qo10 | 0.16 | 0.03 | 0.20 | 0.33
Table 3.1. Table showing the mean, 25" quantile and the 50 quantile of
negative cost i.e., reward for four different policies. The mean optimal policy is
(2), however, other policies give higher quantile-rewards without much decrease
in the mean reward.

In our work [24], we target minimizing the tail of the cost but we make
use of a covariate-treatment specific upper limit on the cost. Specifically,
we propose

O(x) = argmin vy, (¢, ). (3.27)
teT

Here y.(t,x) is an upper limit of the cost y for a given treatment ¢ and

covariate  which satisfies

Pri{y<y-(t,®)}=>1-1 (3.28)

In words, the idea in (3.27) is that given a person with covariate x,
evaluate the upper limit y,(¢,x) for each t € 7. Then the optimal
treatment is given as the one which gives the samllest y, (¢, ). Moreover,
equation (3.28) indicates that the upper-limit is valid in the sense that
the unknown cost lies below y. (¢, ) with probability atleast 1 — 7.

We employ conformal methodology [38, 41| to construct y, (¢, ) using
data {(t;,z;,v;)}! ; and a simple linear model for y. Unlike [43], our
proposed method is applicable even when there are more than two treat-
ments. Moreover, our method also gives a valid upper limit on the cost
for the learned ITR.

3.4 Robustness against uncertainty in distribution

So far we have seen examples where the data was drawn from a single
data generator. However, in practice one could also obtain data from
different environments or contexts. For instance, data could be collected
in different experimental conditions [6], images could be captured in dif-
ferent backgrounds [1] or data could come from different sub-populations
[37]. In general,
z~ pc(z)a

where z is the data and p.(z) is the data distribution for context ec.
When data comes from different contexts, the best decision (2.10) for
each context may differ. That is,

0; = argmin E,_ [(e(2)]
00
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Figure 3.7. Nlustration of data from multiple contexts: (a) Scatter plot of data
on paracetamol sales y obtained in two different contexts namely when there
is a contagious flu and when health conditions are normal (b) plot of data
generating distributions (log-normal) for the two contexts.

where 67 is the best decision and E,, [¢g(2)] is the expected loss for
context c. Let us take a look at an example.

Example 3.5 Figure 3.7a shows data on sales of paracetamol at a phar-
macy obtained in two different contexts namely when there is a contagious
flu and when conditions are normal. The data generating process for the
two contexts are log-normal distributions with different means shown in
Figure 3.7b. The decision variable 0 here is how much should the phar-
macy stock to minimize their loss. Figure 3.8a shows the expected loss
and the corresponding optimal stock levels for each context.

Although each context has its own best decision, however, if the con-
text ¢ is unknown at test time then one needs to make a single decision.
For instance, the pharmacy might not know whether there will be flu or
not next month but it has to decide on how much paracetamol to stock.
In such a situation, one approach is that since we do not know what
context will occur in the future, let us guard ourselves against the worst
that could happen. More precisely,

i (), 2
min max R.(0) (3.29)

where

Rc(e) = Epc [EB(Z)])

and C is the set of all possible contexts. This is called the min-max
approach [34, 42|. In Figure 3.8a, the best decision for the context flu is
also the min-max solution.

Another approach for dealing with unknown context is to consider
context ¢ to be a random variable and specify a prior distribution over it
i.e., ¢ ~ m(c). Then minimize the average loss with respect to the prior
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[30] i.e.,
min R.(0)m(c). (3.30)

0e© ‘e

Figure 3.8b shows the average loss with a uniform prior and the corre-
sponding solution for paracetamol sales data.

Suppose that we have information on context in the training data.
For example, for every sales point in Figure 3.7a, we also know whether
this was during flu period or normal period. In general, we observe data
point

(z,¢) ~p(z,¢) = p(2)p(c),
where p(c) is the context distribution.

Figure 3.9a shows the context distribution for paracetamol data. If
we assume that at test time, the context distribution is the same as that
during training then we can make a single decision according to

6* = argmin E, [(s(2)],
6ece

= arg min Z R.(0)p(c),
0e© ceC

the ERM version of which is given as

Opny = argmin Z R.(0)p(c). (3.31)
6eco ceC
Here,
~ Ne
p(C) = ga

where n. is the number of data points observed from context ¢ and n is
the total number of data points. Figure 3.9b shows 0ggry for the data
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Figure 3.9. (a) Plot of true context distribution p(c) over the two contexts for
the paracetamol data in Figure 3.7a. (b) Average risk in (3.31) and two ERM
solutions for two different estimates of p(c).

on paracetamol sales. The two solutions in Figure 3.9b correspond to
two different estimates of p(c): one obtained for large n (orange) and
the other obtained for small n (green). Note that when n is large, the
ERM estimate is close to the minimum. In general, there is error in the
estimate p(c) [5]. When n is large, the error is small and we can go ahead
and obtain the ERM estimate in (3.31). However, when n is small the
error is larger which leads to poor worst-case performance for ERM.

One approach taken in literature to handle ambiguity of p(c) is to
build a distribution set Pg around p(c) as shown in Figure 3.10a. The
set is defined as

Ps = {p': D(p.p') < ep), (3.32)

where D(ﬁ, ' ) is some divergence measure between distributions. Many
different divergence measures are used in literature such as f-divergences
[21], Wasserstein distance [4] etc. Then the idea is to solve the following
distribution robust optimization [21| problem

~

Oros = argminmax Re(0)p(c). (3.33)

0e0 PP (e

It is desirable that the set has the property that it covers the true p(c)
with high probability i.e.,

Pr{p(c) € Pg} = f. (3.34)

The intuition behind (3.33) is that the set Pg changes its size depend-
ing on the confidence level 5 and number of data points n (see Figure
3.10b). When n is small, we are uncertain about the estimate of context
distribution which is reflected by a large Pg. Then (3.33) is equivalent to
solving a min-max problem. However, when n is large and the estimate
of the context distribution is reliable then Pg is small and concentrated
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around the true p(c). In that case, (3.33) is equivalent to (3.31). In this
way, one can trade-off between min-max and ERM approaches in a data
dependent manner based on the desired level of confidence.

Unlike previous works, which use expected loss or risk R.(0) in (3.33),
in our work [26] we propose use of excess risk i.e.,

A(0) = R.(0) 7.,

where 7. is the minimum risk in context c¢. This is motivated to counter
the pessimistic nature of (3.33) where it could be dominated by a single
context which has an overall very high R.(0) [30, 35]. In addition, we
construct set Pg such that it has the coverage property in (3.34) and
also adapts size with n as explained above. Sometimes in many of the
works in literature, there is no clear criterion for choosing es in (3.32).

3.5 Robustness against misspecification

Often in ML, one makes the assumption that the model class in well-
specified. Well-specified implies that the data generating distribution lies
in the model class. For instance, in Example 2.11 where we were fitting
a Gaussian distribution, our model class was all Gaussian distributions
N(z;1,0%). And it was well-specified because the temperature was in-
deed drawn from a Gaussian distribution. However, our model class may
very well be misspecified. For instance, this would have been the case
if the data generating distribution in Example 2.1 would have been a
Laplace distribution.

When the model class is misspecified, one needs to be careful about
the conclusions drawn from the ERM estimate. The claims that one

44



0.20

0.151
N 0.101
Q.

0.051

0.00

Figure 3.11. An illustration of misspecification in ML. The data generating
distribution is Laplace (black dotted) and the assumed model class in Gaussian
(solid blue). The prediction interval (red) does not have valid coverage.

makes based on ERM estimates may not be valid. We illustrate this via
an example.

Example 3.6 In Example 2.11, we fit a Gaussian distribution to the
temperature data z using ERM and the surprisal loss. Now we want to
construct a prediction interval Z, such that the temperature will lie in it
with probability of 1 — «. That is

Pr{ize Z,} =1—a. (3.35)
We consider two cases:

o Well-specified: We draw data from a Gaussian distribution i.e.,
p(z) = N(2;10,4) and assume a Gaussian model class i.e.,

po(z) = N(z; p,0%).

e Misspecified: We draw data from a Laplace distribution i.e., p(z) =
Laplace(z;10,/2 % 2) and assume a Gaussian model class.

We estimate i and ¢ using ERM and construct the prediction interval as
Zo = [ﬁ - QQ/26-7 i+ QQ/28]7 (336)

where qq 0 = Q_l(%) 1s the inverse g-function. We draw a test point
z from Gaussian and Laplace distributions and check if it lies in the
prediction interval. We compute the coverage probability in (3.35) by
repeating the process over many Monte carlo simulations. We choose
a = 1%. The coverage for the two cases turns out to be

99.7%  Well-specified,

3.37
96.7%  Misspecified. (3:37)

Pr{ze 2.} = {
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It can be seen that the coverage in the case of misspecified model class is

not what we expect it to be. In other words, the prediction interval is not
valid.

Conformal prediction is a method for constructing valid prediction
intervals [41] Z,. The conformal method uses a predictor for the quantity
of interest and scores to determine whether a new data point conforms
with the observed data. For instance, in Example 3.6, the predictor for
temperature could be the sample mean

1 n
o= Z; % (3.38)
1=

where D = {z}' ; is the data. In conformal method, a candidate point
zn+1 is augmented to the data to create an augment data set of n + 1
points. This gives us a corresponding updated sample mean Z,.;. Then
scores are computed for all the data points i.e.,

87;2|Zi—,§n+1|f01“i=1,...,n+1. (3.39)

These scores are used to find a rank for the candidate point i.e.,

1 n+1
r(znsn) = ——— D L(si < Sng1)- (3.40)
i=1

The rank r(z,+1) and the coverage level « are used to determine whether
or not the data point z,,1 is part of the interval or not. The entire pre-
diction interval is build by repeatedly checking for new candidate points
in some range. The conformal prediction interval for the misspecified
case in Example 3.6, gives a coverage of 99.6% for a = 1%.

In our work [25|, we make use of the conformal methodology to build
valid prediction intervals for predicting count data across space (e.g.
number of crimes in a district). We also propose a regularized maxi-
mum likelihood approach which, empirically, gives smaller interval size
as compared to the unregularized counterpart.
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