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Abstract

For applications with biallelic genetic markers, group testing techniques, synonymous to pooling techniques,
are usually applied for decreasing the cost of large-scale testing as e.g. when detecting carriers of rare genetic
variants. In some configurations, the results of the grouped tests cannot be decoded and the pooled items are
missing. Inference of these missing items can be performed with specific statistical methods that are for example
related to the Expectation-Maximization algorithm. Pooling has also been applied for determining the genotype of
markers in large populations. The particularity of full genotype data for diploid organisms in the context of group
testing are the ternary outcomes (two homozygous genotypes and one heterozygous), as well as the distribution
of these three outcomes in a population, which is often ruled by the Hardy-Weinberg Equilibrium and depends on
the allele frequency in such situation. When using a nonoverlapping repeated block pooling design, the missing
items are only observed in particular arrangements. Overall, a data set of pooled genotypes can be described
as an inference problem in Missing Not At Random data with nonmonotone missingness patterns. This study
presents a preliminary investigation of the consistency of various iterative methods estimating the most likely
genotype probabilities of the missing items in pooled data. We use the Kullback-Leibler divergence and the L2
distance between the genotype distribution computed from our estimates and a simulated empirical distribution
as a measure of the distributional consistency.

Background

Purposes of group testing

Pooling is a group testing technique addressing how to
confidently identify a category of items, called ’defec-
tives’, in a population, with as few tests as possible.
Group testing has found numerous applications with
DNA data for e.g. the purpose of large-scale sequencing
or genotyping at reduced cost.

A pooling algorithm for genetic data

In an other study [1], we have explored the usage of a Non
Overlapping Repeated Block (NORB) design for simu-
lation pooling on genotype data, similar to the design
suggested by Erlich et al. [2]. Figure 1(a) presents the
principle of such a pooling experiment.

The NORB procedure divides the population into B
equally sized blocks of nB individuals. In the encoding
step of pooling, every block systematically defines how
many pools are formed from the nB items and the map-
ping of individual items to different pools. The genotype

of a pool is determined by the alleles that are detected
among the pool members at the testing step. In the de-
coding step, the algorithm attempts to retrieve the geno-
type of any item based on the genotypes of the intersect-
ing pools. In some cases, the decoding fails to confidently
identify the genotype of an item and returns it as missing.

Erlich et al. [2] originally presented a NORB algo-
rithm for decoding the genotypes into a binary response,
that is, whether any genotype is a carrier of a rare variant
or not. In our research, we extend the proposed decoding
to a more general case of a ternary outcome, determin-
ing if the genotype is homozygous for the reference al-
lele, heterozygous, or homozygous for the alternate allele.
We suggest for this purpose an algorithm based on the
Expectation-Maximization (EM) method that models all
possible pooling configurations and computes the most
likely genotype of every item involved in each configura-
tion. The items that cannot not be confidently identified
are assigned to a genotype which we call ’adaptive’. Such
a genotype is a local consistent block-wise estimate of the
genotype probabilities (GP) for these specific items. Fig-
ure 1(b) shows one example of our block-adaptive decod-
ing algorithm, where a block configuration is identified by
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its pooling pattern ψ.

In this study, we investigate the consistency of our
adaptive estimates compared to the pre-pooling genotype
values.

Probabilistic formulation of the
NORB pooling problem

Data sets

Representation of the genotype data

We model the genotype data at any marker for a sample
i as a probability simplex [p0i, p1i, p2i]

⊤, which stand, in
this order, for the probability of the genotype being a ho-
mozygote for the reference allele, a heterozygote, and a
homozygote for the alternate allele.

True genotype data

The pre-pooling data set, or true data set, consists of
n genotypes at each genetic position. Each data point
is a genotype x which is fully known, that is to say
[p0i, p1i, p2i]

⊤ is one of the three simplex in

X =


10
0

01
0

00
1

,

At any position, the n individuals in the popula-
tion are i.i.d. data points which sampled at frequencies
θ = [θ0, θ1, θ2]

⊤. They form an empirical distribution πn

x ∼ πn(x) (1)

x = (x1, x2, . . . , xn) ∀i ∈ [1, n] xi =

p0ip1i
p2i

 (2)

Under the assumption the HWE holds at each marker,
the population-wide frequencies of the three genotypes at
any marker are directly related to the alternate allele fre-
quency (AAF) that we denote f . Therefore, the model
of equation 1 can be reduced to a distribution which only
depends on the variable f

x ∼ πn(x; f) (3)

We note θ̂(f) = En [x; f ] the empirical risk minimizer
ERM estimating the mean of πn(x; f). Assuming HWE
let the ERM be expressed as a single-variable parameter,
that is

θ(f) =

 (1− f)2

2f(1− f)
f2

 (4)

As f is a continuous quantity, we discretize it for con-
venience in the simulation as the delimiting values of 21
equally-sized bins in the range [0.0, 1.0]. For each value
of f , we simulate n = 160 genotypes (10 pooling blocks
of 16 samples) for 10 genetic positions, that is a number
m = 200 simulated markers.

The true genotypes x are assigned to B = 100 inde-
pendent pooling blocks of nB = 16 samples

xB = (x1, x2, . . . , x16), (5)

and these blocks are used for simulating NORB pool-
ing and decoding as the examples shown on Figure 1.

Pooled decoded genotype data

Let us describe pooling as a transformation t that maps
the complete data x to the incomplete data z as follows

t : X −→ Z (6)

x 7−→ z (7)

The vector z consists of n genotypes resulting from
simulating pooling and decoding on the true data x

z = (z1, z2, . . . , zn) ∀i ∈ [1, n] zi =

p̃0ip̃1i
p̃2i

 (8)

and, correspondingly to equation 5, the pooled data
within a block b are denoted

zB = (z1, z2, . . . , z16), (9)

Depending on the pooling block configuration, the de-
coding is successful (or unambiguous) if the genotype zi
is a simplex as the ones in X (white items on Figure 1).
In this case, zi is said to be determined. If the decoding is
ambiguous, the genotype is said to be indeterminate and
it is considered as missing (orange items on Figure 1).

We introduce V the vector of indices in z for which the
data is fully observed, and correspondingly y = {yk}, k ∈
V the vector of observed genotypes i.e, determined af-
ter decoding. Conversely we use V to denote the vec-
tor of indices in z for which the data is unobserved, and
u = {uk}, k ∈ V the vector of indeterminately decoded
genotypes.

2



We are interested in studying the mappings t for any
value of f . However, the pooling decoding process gener-
ating z cannot be formulated in a closed-form expression.
Therefore, we model z as a sample from an unknown dis-
tribution

z ∼ π̃n(z; f) (10)

We consider that the distribution π̃n(f) has an em-
pirical mean ϕn(f).

Characteristics of the missing data for the unde-
coded items in pooling blocks

The missing data u can be categorized as Missing Not At
Random (MNAR) data [3], since it inherently depends
on the other genotypes observed in each pooling block,
as well as on the unobserved AAF at the given genetic
position. Because of the NORB setting used, the miss-
ingness patterns in the pooled decoded data are by design
nonmonotone.

Piece-wise estimates of the genotype prob-
abilities in MNAR data with nonmonotone
missing patterns

In another study (unpublished research), we propose a
method for computing the most likely probability of each
of the unobserved items u by inverse transform sampling.

The finite set of possible nomonotone missingness pat-
terns can be categorized into subsets of block patterns ψ.
All patterns with the same block pattern are just permu-
tations of that pattern as illustrated on Figure 2.

The proposed method exhaustively enumerates all
block patterns. For each pooling block having the pattern
ψ, the probability of any genotype in zB is conditioned
on ψ. The variable f is marginalized and depending on
the algorithm version implemented, any missing item in
u is substituted with a fixed prior probability that can
be initialized to any simplex. The missing data estima-
tion problem over all patterns is solved piece-wise as a
series of either Maximum Marginal Likelihood Estima-
tion (MMLE) or EM [4].

Our method produces self-consistent estimates of the
most likely genotype probabilities for any item in u.

Using the computed estimates in place of any missing
genotype in u, we reconstruct a fully observable vector
z as if the pooled genotypes would be sampled from a
distribution

z ∼ π̂n(z) (11)

The different versions we have implemented and tested
correspond to variations of an EM inference method:

0. The reconstructed distribution z corresponds to a
a naive uninformed completion of the data, where
any item in u is set to (1/3, 1/3, 1/3). That is, all
genotypes are equally likely, as they would be in
the case of a ”neutral” HWE and f = 0.5 at any
marker.

1. The GP are sampled based on the expected allele
frequency f in the entire block, that is from a bino-
mial distribution with parameters f and 32 = 16×2
as each genotype is a pair of alleles. The expected
allele frequency is initialized to f = 0.5 and then
deduced at each iteration from the priors for the
genotypes e.g. f = 0.5Pr(G = 1) + Pr(G = 2).
The posterior estimates for the GP are calculated
with an iterative adjustment of the fixed priors. At
each iteration, the posterior GP are divided by the
prior and normalized in order to ensure the self-
consistency of the algorithm. Moreover, since the
heterozygotes estimates are degenerated, the poste-
rior GP are rescaled by reweighing each genotype
probability in the simplex and normalized in order
to compensate for the degeneracy.

2. Similar to 1., but each of the 33 possible allele count
outcomes in the block has an individual iteratively
fitted probability. The lowest count of alleles is the
case of a pooling block where all items have a geno-
type G = 0. Conversely, if all items have a genotype
G = 2, the allele count sums up to 32. Therefore,
there are in total 33 = 32 + 1 possible allele count
outcomes in a pooling block. At every iteration, the
alleles for every individual in the block are sampled
from the allelic binomial distribution (reference or
alternate allele), and the GP posterior is deduced
from the allelic frequencies before rescaling it with
the GP prior.

3. Similar to above, but the allelic proportions are used
as such and not as binomial parameters.

4. Similar to 2., but the alleles are sampled geometri-
cally. The posterior genotype frequencies are di-
rectly used as priors at next iteration, without
rescaling them with the former prior. On the whole,
this process is very close to an EM algorithm.

We approximate the mean of the reconstructed dis-
tribution distribution with the empirical risk minimizer
ϕ̂n = En [z].

In this study, we evaluate the quality of the recon-
structed empirical distributions π̂n from the various ap-
proaches presented above, with respect to the simulated
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empirical distribution πn from which they were gener-
ated. We conduct a preliminary study of the quality of
the reconstructed data based on two consistency criteria.

Clustered bootstrap sampling for
pooled genotype data with a NORB
design

Statistics for studying the consistency of
empirical distributions

We use the following statistics to do a preliminary study
of the consistency of the reconstructed empirical distri-
bution π̂:

• The L2 norm δ̂n = ||π̂n(z)−πn(x)||2 which has been
suggested for testing goodness-of-fit for densities in
e.g. [5].

• The Kullback-Leibler divergence ν̂n = DKL(πn, π̂n)
as suggested in e.g. [6], defined for the genotype
data at one marker as

DKL =
1

n

n∑
i=1

2∑
g=0

−pg,i log
(
pg,i
p̂g,i

)
(12)

If the pooled reconstructed data z are consistent with
x , we expect δ̂n ≈ 0 and ν̂n ≈ 0.

Statistics computed on every marker having frequency
f in each f -bin.

Pooled genotype data reconstruction in
the case of infinite sample size

The simulated genotype data and the reconstructed data
from point-wise estimates have finite sample size n. We
assume the distribution π̂n is consistent with the distribu-
tion πn. In the case of infinite sample size when n→ ∞,
we expect the behavior

π̂n(z) −→ π∗(z) (13)

For addressing the variability issue for the estimated
statistics with a finite sample size n, we use a bootstrap
resampling method to compute confidence intervals (CI)

for both statistics ν̂n and δ̂n.

Motivations for using clustered bootstrap
sampling

Because of the NORB design chosen, the dependencies
between the samples in the pooled genotype data vec-
tors z and z are particular. Every block is independent

from the B−1 other ones but within a pooling block, the
samples are no longer i.i.d.

∀k ∈ [1, B] ∀j ∈ [1, nB ] z
k
j ⊥̸⊥ {zk−j} (14)

where zk−j is any sample but the j-th one in the k-th
block.

Construction of the clustered bootstrap
samples

Assimilating a pooling block to a cluster of data, we im-
plement a specific bootstrap method for clustered data,
largely based on the two-stage bootstrap described in [7].
However, if our block data are exchangeable (the order of
the blocks does not matter) as in the two-stage bootstrap,
the data within a block are not.

Let us form K bootstrap samples from the data z by
randomly choosing with replacement C clusters in the B
blocks

∀k ∈ [1,K] Z∗
k = {Z∗

k,1, Z
∗
k,2, . . . , Z

∗
k,C} (15)

In each bootstrap sample, we randomly sample a sin-
gle data point per block such that the equation (15) be-
comes

∀k ∈ [1,K] Z∗
k = {z∗k,1, z∗k,2, . . . , z∗k,C} (16)

For each bootstrap sample from z, we pick the same
block and sample indices in the pre-pooling data x

∀k ∈ [1,K] X∗
k = {x∗k,1, x∗k,2, . . . , x∗k,C} (17)

We note the mean of the k-th bootstrap sample as

Z̄∗
k· = C−1

C∑
c=1

z∗k,c, (18)

similarly for X̄∗
k·, such that K × C = N . The boot-

strap estimators of the Kullback-Leibler divergence and
the L2-norm are formed as

∀k ∈ [1,K] ν̂N,k = D(X̄∗
k·, Z̄

∗
k·) (19)

δ̂N,k = ||X̄∗
k· − Z̄∗

k·||2 (20)

ν̂N has a bootstrap estimated variance of

V̂N = K−1
K∑

k=1

(
ν̂N,k −K−1

K∑
k=1

ν̂N,k

)2

(21)

In pratice, we choose K = ⌊0.8B⌋. The 1 − α CI for
the bootstrap statistics is hence defined as
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T̄N
α =

{
ν : |ν − ν̂N | ≤

√
V̂N qα

}
, (22)

similarly for δ̂N .

Results

We do not claim to do any hypothesis test about the con-
sistency, we are rather interested in preliminary results
that let us visualize the dissimilarity between the simu-
lated and reconstructed empirical distributions. The re-
sults presented are to be considered in the perspective of
genotype imputation. Most methods achieving genotype
imputation essentially consist in a HMM-based inference
of the missing genotype data in a population and for a
given set of markers. They generally assume that the
genotypes at a marker in the population are at HWE.
Genotype imputation produces posterior genotype prob-
ability estimates for each individual at each marker. The
imputation algorithms internally double the prior geno-
type probability for the heterozygotes, so we need to
rescale the simpool estimates by doubling the heterozy-
gotes and normalizing every probability simplex in order
to render how the reconstructed distribution would be
used in the imputation method. Therefore, the results
presented compare statistics calculated from the rescaled
reconstructed distribution.

We use a ternary plot for representing a a geno-
type probability simplex. Ternary plots, synonymously
de Finetti diagrams, are a standard representation of 3-
dimensional data [8, 9, 10]. This representation provides
a first intuitive visualization of the distributions as well
as the distances between the different genotype estimates.
The ternary plots presented are produced with a specific
Python package [11].

Figure 3 shows an example of annotated ternary plot
for the estimates computed in a pooling block of pattern
((2, 2, 0), (2, 2, 0)). Table 1 gives the coordinates of every
data point projected on the ternary axes on Figure 3 in
order to facilitate the interpretation of the ternary plot.

Figure 4 shows the empirical means of the rescaled
data in each AAF-bin on a ternary plot. The ’true’ line
represents the distribution from which the data x is sam-
pled. The heterozygotes are under-represented in all re-
constructed distributions, which indicates that the sim-
pool algorithm tends to favor the inference of homozygous
genotypes. For example, in place of two missing items,
two opposite homozygotes are more likely than two het-
erozygotes. The closest reconstruction of the pooled dis-
tribution is achieved with the version 4 of simpool.

The L2 distance measures shown on Figure 5 present
the same characteristics as the DKL measures. Since the

reference and alternate alleles for biallelic markers have
symmetrical properties, the allelic frequency is commonly
presented as Minor Allele Frequency (MAF) rater than
AAF. The minor allele is either the alternate or the ref-
erence one depending on its frequency. The L2 distance
is a commonly used metrics that reveals how far the data
points forming the empirical ’true’ and the empirical re-
constructed distribution are. If the metrics is equal to
0, the data points have identical coordinates. This is for
example the case if MAF = 0 on Figure 5, that is to
say the population studied is purely homozygous for the
major allele at the marker considered. Given the NORB
pooling design used in this experiment, all genotypes are
decoded as homozygous for a pure homozygous popula-
tion. Therefore the decoded data are identical to the true
one and the L2 norm is null. However, we are more inter-
ested in studying the distributional consistency between
the ’true’ and the reconstructed distributions than the
distance between single points. Indeed, since the GP es-
timates are to be used as prior probabilities for genotype
imputation, we need to consider the dissimilarity between
the distribution from this perspective. In genotype im-
putation in a population and especially at the phasing
step, the posterior genotype probabilities computed for
the indeterminate markers depend on the Linkage Dise-
quilibrium (LD) between the markers. The LD renders
the probability that the genotypes of a sequence of mark-
ers in parent individuals are inherited together by the off-
spring. This metrics is correlated to the physical distance
between the markers in the DNA but the relationship is
not linear, such that the L2 distance is not the most well-
suited metrics for apprehending how the prior genotype
probabilities might impact the imputation. The concept
of DKL is more relevant for studying the distributional
consistency and quantifying the information loss between
probabilities, therefore we prefer to focus on describing
the divergence results of the bootstrap resampling.

The divergence DKL between πn and π̂n across range
of the MAF values is shown on Figure 6. It presents
the same characteristics as the confidence intervals for
the L2 distance. DKL quantifies as a single measure the
dissimilarity between the reconstructed distribution and
the ’true’ distribution it was pooled from. Overall, all
CI-envelopes reveal a correlation between DKL and the
MAF. As for the L2 distance, the minimum is observed
if the data is purely homozygous (MAF = 0) since all
items are fully decoded to homozygotes. The least di-
vergence is also achieved if both alleles are in equal pro-
portions (MAF = 0.5). Around MAF = 0.5, all pooled
genotypes are very likely to be missing and this results
in nearly uniform estimates (π̃ ∼ ( 13 ,

1
3 ,

1
3 )) regardless of

the version of simpool that is used. After rescaling, the
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estimates are almost equal to (0.25, 0.5, 0.25) which are
the HWE proportions used for generating the ’true’ data
set when MAF = 0.5. The situation is very similar to
the case of fully missing data with equally likely geno-
types for each of the unassayed markers, which is on the
whole the assumption made by most imputation methods.
The divergence of the reconstructed distributions reaches
a maximum around 0.05 forMAF = 0.2, except from the
reconstruction with the version 4 of simpool for which the
maximum is shifted to MAF = 0.3. When MAF = 0.2,
the homozygotes for the major allele are dominating in
the true data, whereasMAF = 0.3 coincides with the fre-
quency at which the heterozygotes are the most frequent
in a population at HWE.

When designing simpool, we expected our estimates
to be closer to the true distribution than the default case
of uniform data completion (version 0). Figure 6 however
shows that the estimates from the versions 1, 2, 3 are al-
most identical to the naive version 0. In other words, the
computed estimates do not add much information about
the most likely genotype. As it is already suggested by
Figure 4, the reconstructed distribution is the most con-
sistent with the ’true’ data when using estimates com-
puted with the version 4 of simpool. This reconstruction
is also the most accurate, as the narrow curve envelope in-
dicates. The version 4 of simpool was implemented while
conducting this study as we noticed that the earlier ver-
sions 1, 2, 3 were not satisfying. The version 4 intends to
improve the consistency of the reconstructed pooled dis-
tribution. While DKL still correlates to the MAF, it is
significantly lower (at most 0.012) than with the previous
versions (up to 0.055) and is almost null for MAF = 0.5.
The divergence measures reveals that we have succeeded
in capturing better the the ’true’ distribution when re-
constructing the pooled data.

Conclusions

Many studies have proposed powerful algorithms for de-
coding binary outcomes from pooled data and NORB is
one pooling design example that has been investigated.
When the test outcomes are ternary (G = 0, 1, 2) as for
genotyping biallelic markers, the DNA Sudoku method
described in [2] is not robust enough for decoding the
pooled genotypes. We implement in [1] various EM-based
estimation methods specifically tailored for reconstruct-
ing the incomplete genotype data from a NORB pooling
design.

The findings of the present study should be put in
the context of the genotype imputation that we are in-
terested in with our research [1]. Indeed, it is essential
that the GP estimates forming the reconstructed distri-

bution favor the downstream imputation of the correct
genotype. In this perspective, the consistency between
the reconstructed distribution and the ’true’ one is more
relevant than the physical closeness of the point-wise GP
estimates. Therefore, the quality metrics should not only
focus on the divergence from the true data but also re-
ward the information gain they bring to the pooled data.

In this paper, we made a preliminary analysis of the
consistency of these various GP reconstruction methods
in with a divergence and a distance measure. In order
to account for the limitations of the numerical represen-
tation of the genotypes in simpool, we have introduced
the concept of heterozygotes degeneracy. However, the
first versions of simpool did not appear to be satisfying
and we therefore explored variations with the explicit in-
tent to minimize the values of the KL divergence. The
later versions of simpool were implemented as we started
investigating the consistency of the reconstructed distri-
bution. Thanks to a geometrical sampling of the alleles at
each iteration, the improved simpool algorithm manages
to capture better the allelic distribution at the level of the
pooling block, as well as the derived genotype frequencies.
The version 4 of simpool uses the same initial prior prob-
abilities for each missing item regardless of the pooling
pattern in a block. Another strategy, possibly improving
the consistency of the reconstructed pooled distribution,
could choose the initial allelic priors depending on the
pooling pattern observed.

It is difficult to assess fromDKL only which of the het-
erozygous or homozygous genotypes contribute the most
to the divergence. A further analysis of the divergence
in relation to the heterozygosity rate might enlight new
improvements that could be made in the GP estimation
method. Moreover, a broader investigation of the infor-
mation gain brought by our adaptive GP estimates to
imputation would be suitable, especially compared to a
naive uninformed completion. We suggest for this pur-
pose to study the imputation results we obtained in an
earlier paper [1] with the results we would obtain for the
same pipeline but replacing the reconstructed estimates
with values of later simpool versions e.g. version 4 as they
have the highest consistency.
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Artwork

Figure 1:

Example of pooling simulation with a NORB algorithm.
A pooling block of nB = 16 samples is modelled as a square matrix, the rows and the columns
form 8 intersecting pools of 4 samples each. The encoding step assigns the 4 individual geno-
types to a pool and pooling is done as follows: the genotype of a pool is 0 (resp. 2) iff all sam-
ples are 0 (resp. 2), as for example the top row-pool. In all others cases (allelic-heterogeneous
pools), the genotype of the pool is 1, as for example the leftmost column-pool (green frame).
The decoding step reconstructs the genotype of every sample based on the intersecting pools.
Decoding is successful if at least 1 homogeneous pool (genotype 0 or 2) is involved. Otherwise,
the genotype of the sample is indeterminate and considered as missing.

A block is described by its pooling pattern ψ = (nGrows , nGcolumns) where nGrows (respectively
nGcolumns) gives the number of row-pools (resp. column-pools) in the block having the genotype
0, 1, and 2.

Subfigure (a): the pooled genotypes are decoded into integer genotypes (GT format) in
{0, 1, 2,−1} representing, respectively, a homozygote for the reference allele, a heterozygote, a
homozygote for the alternate allele, or a missing item. In this example, there are 4 indeter-
minate samples. The pooling pattern ψ is ((2, 2, 0), (2, 2, 0), and the sample highlighted by a
black square is intersected by pools having genotype 0 and 1.

Subfigure (b): the pooled genotypes are decoded to adaptive genotype probabilities (GP
format) that are computed with a Maximum Marginal Likelihood estimation method. We
qualify the genotype probabilities as ’adaptive’, as we estimate them relatively to the pattern
of the pooling block that the samples are part of. Four samples have an ambiguous genotype,
for which none the genotype probabilities is 1. ψ is the same as on the subfigure (a).
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Figure 2:

Permutations of block patterns.
Examples of two pooling patterns obtained from two distinct permutations from the same set
of genotypes. λ denotes the subvector of blue-colored genotypes that are possible completions
of z.

Subfigure (a): The carriers of the alternate allele e.g. having the genotype 1 or 2 are located
on different rows and different columns, such that they never show up in the same pool. In the
three pooling blocks shown, the pooling pattern ψ = ((2, 2, 0), (2, 2, 0)) is the same while they
result from different permutations of the completed data z.

Subfigure (b): The carriers of the alternate allele are located on different columns but the
same rows, such they are genotyped together in the row pool. The three pooling blocks shown
have the same pooling pattern ψ = ((3, 1, 0), (2, 2, 0)).

version Pr(G=0) Pr(G=1) Pr(G=2)

0 0.250000 0.500000 0.250000
1 0.141208 0.572528 0.286264
2 0.143231 0.606085 0.250684
3 0.134242 0.627877 0.237881
4 0.313383 0.654295 0.032322

Table 1: Rescaled most likely genotype probabilities computed by different versions of the simpool algorithm for
undecoded items in a pooling with pattern ψ = ((2, 2, 0), (2, 2, 0))
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Figure 3:

Example of de Finetti diagram: Genotype probabilities estimates for the
missing data in a pooling block with pattern ψ = ((2, 2, 0), (2, 2, 0)).
The annotations on the three axes indicate the coordinates of the orange point that is the GP
estimate computed with the version 2 of simpool. The orange lines represent the projection of
the data point on the axes. The values for all the data points displayed are given in Table 1.
Each of the tops of the triangle is the position for a fully known genotype, either homozygous
or heterozygous.
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Figure 4:

De Finetti diagram of the averaged genotype probabilities in true and re-
constructed pooled data for each allele frequency bin.
The series of points represent the mean genotype probabilities computed from genetic markers
with increasing allele frequency f : the smallest frequencies (from f = 0.05) are located at
the bottom right corner Hom. 00 (Pr(G = 0) is almost 1) and the largest frequencies (up to
f = 0.95) are located at the bottom left corner Hom. 11 (Pr(G = 2) is almost 1). The ’true’
points and line in yellow show the bin-averaged genotype probabilities from the true data set
used to simulate pooling. The other points show the bin-averaged genotype probabilities from
rescaled pooled data that was completed with different versions of simpool.
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Figure 5:

95% bootstrap confidence intervals for the L2 distance.
The distributional L2 distance is computed between a ’true’ empirical distribution and re-
constructed empirical distributions. The true data consists of genotypes sampled under the
HWE assumption, and used for simulating genotype pooling experiments. The reconstructed
distributions consist of decoded pooled data and different estimates of the missing data that
are computed with various versions of the simpool algorithm. Each data point in the recon-
structed distribution is rescaled before averaging the genotype probabilities in each MAF-bin.
The rescaling takes into account the heterozygotes degeneracy. The allele frequency is pre-
sented as MAF since the reference and the alternate alleles have symmetrical properties when
the genotype data are pooled. A null value for the L2 distance indicates that the reconstructed
distribution is perfectly consistent with the true one. The L2 distance computed from a re-
constructed distribution based on the simpool version 4 has a different shape from all other
versions and is the most consistent one. This is the only version of simpool that uses a geo-
metrical resampling of the genotypes at each iteration of the algorithm.
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Figure 6:

95% bootstrap confidence intervals for the Kullback-Leibler divergence.
The distributional divergence is computed between a ’true’ empirical distribution and recon-
structed empirical distributions. The true data consists of genotypes sampled under the HWE
assumption, and used for simulating genotype pooling experiments. The reconstructed dis-
tributions consist of decoded pooled data and different estimates of the missing data that
are computed with various versions of the simpool algorithm. Each data point in the recon-
structed distribution is rescaled before averaging the genotype probabilities in each MAF-bin.
The rescaling takes into account the heterozygotes degeneracy. The allele frequency is pre-
sented as MAF since the reference and the alternate alleles have symmetrical properties when
the genotype data are pooled. A null value for the divergence indicates that the reconstructed
distribution is perfectly consistent with the true one. Notably, the DKL computed from a
reconstructed distribution based on the simpool version 4 has a different shape from all other
versions and is the most consistent one. This is the only version of simpool that uses a geo-
metrical resampling of the genotypes at each iteration of the algorithm.
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