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Abstract
We study entanglement properties of hypergraph states in arbitrary finite dimen-
sion. We compute multipartite entanglement of elementary qudit hypergraph
states, namely those endowed with a single maximum-cardinality hyperedge.
We show that, analogously to the qubit case, also for arbitrary dimension
there exists a lower bound for multipartite entanglement of connected qudit
hypergraph states; this is given by the multipartite entanglement of an equal-
dimension elementary hypergraph state featuring the same number of qudits as
the largest-cardinality hyperedge. We highlight interesting differences between
prime and non-prime dimension in the entanglement features.

Keywords: quantum computation, entanglement, multipartite entanglement,
qudit, hypergraph states, prime dimension

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum hypergraph states [1, 2] are a class of multipartite states that generalise the class of
graph states (for a complete review on graph states see [3]). It was recently shown that quantum
hypergraph states play a major role in various aspects of quantum information processing and
in the foundations of quantum mechanics. For instance, they are employed in many quantum
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algorithms [4], they exhibit interesting nonlocal features [5] and provide extreme violation of
local realism [6], and they are a key ingredient in recent proposals of quantum artificial neural
networks [7].

The notion of quantum hypergraph states was recently generalised to systems of arbitrary
finite dimension (qudits) [8], and interesting features were derived in terms of entanglement
classes. Multipartite entanglement is of high interest in multipartite systems, since it is a funda-
mental resource in several quantum information tasks, such as secret sharing [9], multipartite
quantum key distribution [10] and distributed dense coding [11]. Multipartite entanglement
properties of qubit hypergraph states were recently studied [12]. In this paper we investigate
multipartite entanglement properties for qudit hypergraph states.

The paper is structured as follows. In the first two sections we review previous results
in the domain: section 2 is devoted to qudit hypergraph states, and section 3 to multipar-
tite entanglement. In section 4 we develop a mathematical formalism that we use throughout
our work. In section 5 we compute multipartite entanglement of qudit elementary hypergraph
states. In section 6 we prove the existence of a lower bound for multipartite entanglement
of connected qudit hypergraph states. We conclude the paper with a summary and outlook in
section 7. The technical derivations of the main results presented in the paper are reported in the
appendices.

2. Qudit hypergraph states

In this section we review elements of the theory of d-dimensional quantum systems and intro-
duce qudit hypergraph states. All of the results presented here can be found in references
[8, 13], where qudit hypergraph states where first studied.

In the following, d will always denote an integer larger than one, and n a positive integer.
Moreover, we will use ω = e2πi/d for the dth complex root of unity, Zd for the integers modulo
d, and ⊕ for the addition modulo d.

2.1. d-dimensional n-partite systems

We consider an n-partite quantum system described by the Hilbert space H = ⊗n
i=1Hi, with

all the local spaces Hi having finite dimension d.
Let us focus at first on the local Hilbert spaces. We denote the one-qudit computational basis

as {|0〉, |1〉, . . . , |d − 1〉}. We define the local unitary operators

X =
d−1∑
q=0

|q ⊕ 1〉〈q|, Z =
d−1∑
q=0

ωq|q〉〈q|, (1)

that generate the d-dimensional Pauli group. These have the properties Xd = Zd = I and
XmZn = ω−mnZnXm. One may notice that for arbitrary dimension they are not self-adjoint in
general, whereas for d = 2 they are and they correspond to the Pauli matrices.

Moving to the full Hilbert space, we define controlled operators among multiple qudits as
follows. Given a local operator M and a set of r qudits with indices I = {i1, i2, . . . , ir}, the
r-qudit controlled operator for M is obtained recursively as

MI =

d−1∑
q=0

|qi1〉〈qi1 | ⊗ MI\{i1}. (2)
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Figure 1. Examples of multi-hypergraphs H = (V, E). Points represent vertices and
lines hyperedges. In all cases V = {1, 2, 3, 4}. In (a), E = {{2, 3, 4}, {1, 4}2, {2}3}, with
a multiplicity-3 loop on vertex 2. In (b), E = {{1, 2, 3, 4}3}. This is an elementary
multi-hypergraph. In (c), E = {{1, 2, 3, 4}2, {2, 3, 4}3}. The associated quantum states
are respectively Z{2,3,4}Z2

{1,4}Z3
{2}|+ 〉V , Z3

{1,2,3,4}|+ 〉V , and Z2
{1,2,3,4}Z3

{2,3,4}|+ 〉V .

This procedure permits to build the r-qudit controlled phase gate ZI from the local unitary Z,
obtaining

ZI =

d−1∑
qi1

=0

. . .

d−1∑
qir=0

ωqi1 ·...·qir |qi1 . . . qir〉〈qi1 . . . qir |. (3)

This has again the property Zd
I = I, and different controlled phase operators commute. More-

over, it can be shown that the following identities involving the X Pauli operator hold:

X†
kZIXk = ZI\{k}ZI , Z†

IXkZI = XkZI\{k}. (4)

2.2. Qudit hypergraph states

A multi-hypergraph is a pair H = (V, E), where V is a set of vertices and E is a multi-set of
hyperedges (a hyperedge is any subset of V). In the following, we will always consider non-
empty hyperedges.Being E a multiset, a hyperedgee ∈ E may appear more than once: the num-
ber of times it appears is its multiplicity, that we denote as me. Examples of multi-hypergraphs
are depicted in figure 1.

Definition 2.1 (Qudit hypergraph state). Given a dimension d, we build the quantum
state associated to a multi-hypergraph H = (V, E) as follows

• We associate a local state |+〉 = d−1/2
∑d−1

q=0|q〉 to each vertex in V. This gives the global
state |+〉V = ⊗i∈V|+〉i, corresponding to the empty multi-hypergraph.

• For each hyperedge e ∈ E, we apply a controlled phase gate Ze for me times to |+〉V.

The procedure yields the qudit multi-hypergraph state

|H〉 =
∏
e∈E

Zme
e |+ 〉V . (5)

From now on, we will always refer to qudit multi-hypergraph states simply as hypergraph
states. Whenever referring to the special case of qubits, we will explicitly specify that. More-
over, we will use attributes (such as for example elementary or connected) indifferently for a
multi-graph and the hypergraph state to it associated.

Since Zd
e = I, for hypergraphstates we typically consider me ∈ Zd. Please notice that single-

vertex hyperedges (known as loops) are possible, see for example figure 1(a). In that case, the
controlled phase gate Ze reduces to the local unitary Z.
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An important class of hypergraph states is represented by states in the simple form
Zme

e |+ 〉V , namely those endowed with a single maximum-cardinality hyperedge, figure 1(b).
In accordance with reference [8], we call these elementary hypergraph states. In section 5 we
compute their multipartite entanglement.

The notion of hypergraph state can be used to define an orthonormal basis of the global
Hilbert space. This is known as the hypergraph state basis.

Definition 2.2 (Hypergraph state basis). Let |H〉 be an n-qudit hypergraph state, the
states

|Hk1,k2,...,kn〉 := Z−k1
1 Z−k2

2 . . .Z−kn
n |H〉, (6)

with ki ∈ Zd ∀ i, represent an orthonormal basis for the n-partite Hilbert space.

For the purposes of this work, it is interesting to have a closer look to the effect of Pauli
operators on hypergraph states. Let us consider the unitary X. The application of an X† gate on
a qudit k of a generic hypergraph state, see equation (4), gives

X†
k

∏
e∈E

Zme
e |+ 〉V =

∏
e∈E

Zme
e Zme

e\{k}|+ 〉V . (7)

This amounts to creating, for each hyperedge containing k, an additional hyperedge with the
same multiplicity but not containing k. Let us consider now the unitary Z. As already observed,
it is not self-adjoint for arbitrary dimension, and a measurement of Z itself is not possible.
One may measure instead an observable MZ =

∑
q μq|q〉〈q|, with μq real. It can be shown

that a measurement of MZ on qudit k with outcome μq projects a generic hypergraph state∏
eZme

e |+ 〉V onto the state

|qk〉 ⊗
∏

e

Zme ·q
e\{k}|+ 〉V\{k}. (8)

In this process the hyperedges containing k are replaced by new hyperedges not containing k
and with a multiplicity that depends on the outcome of the measurement.

Before concluding this section, it is worth mentioning that a characterization of hypergraph
states in terms of stabilizer operators is also possible [8]. We do not introduce it here, since the
use of stabilizers is not within the scope of this work.

3. Multipartite entanglement

We briefly recall definitions and well-known results concerning both bipartite and multipartite
entanglement. For a detailed discussion of these topics, we refer to reference [14].

Definition 3.1 (Bipartite and multipartite entanglement). Let |ψn〉 ∈ Hn be a pure
state composed of n subsystems. And let AB be a generic bipartition of the system into
A = {1, 2, . . . , k} and B = {k + 1, . . . , n}, with 1 � k < n. We define the bipartite entangle-
ment of |ψn〉 with respect to the bipartition AB as

EAB(|ψn〉) := 1 − max
|φA〉|φB〉

∣∣(〈φA|〈φB|)|ψn〉
∣∣2 ≡ 1 − αAB(|ψn〉), (9)

where the maximum is over all the pure states in Hn which are separable with respect to
the bipartition AB. We define the multipartite entanglement of |ψn〉 as the minimum bipartite

4



J. Phys. A: Math. Theor. 55 (2022) 415301 D Malpetti et al

entanglement with respect to all possible bipartitions AB, namely as

E(|ψn〉) :=min
AB

EAB(|ψn〉) = 1 − max
AB

αAB(|ψn〉) ≡ 1 − α(|ψn〉). (10)

Here αAB(|ψn〉) and α(|ψn〉) denote respectively the maximum overlap with the pure states in
Hn which are separable with respect to AB, and the maximum overlap with the full set of pure
biseparable states in Hn.

Interestingly, α(|ψn〉) does not need to be calculated by direct maximization of the overlap,
but it can also be obtained as the maximum eigenvalue of the reduced states of |ψn〉 [15]. In
section 5 we use this method to calculate the maximum overlap with pure biseparable states
(and then the multipartite entanglement) of elementary hypergraph states.

Moreover, as demanded to any good measure of entanglement, both bipartite and multi-
partite entanglement are invariant under local unitaries (LU) and non-increasing under local
operations and classical communication [16]. This is fundamental for the procedure that we
develop in section 6.

4. String-sets

In this section we develop a formalism that will be a convenient framework for the entangle-
ment calculations of section 5. It is based on sets of strings that we call ‘string-sets’. In order
to reduce the extent of technicalities in the discussion, all of the results concerning the cardi-
nalities of string-sets are provided here without a proof. The interested reader shall refer to the
appendices for details. In appendix A the general formula for cardinality is derived, whereas
appendix B deals with properties of the cardinalities. The connection between string-sets and
quantum states is shown at the end of the section.

4.1. Definitions

We give the fundamental definitions of the formalism. As a general remark, please notice that in
many cases, for the sake of simplicity in the notation, the dimension d is not explicitly marked
on mathematical objects. For example, we use S(n) instead of a more informative but heavier
Sd(n), or ζ x(n) instead of ζ x,d(n). This should not lead to ambiguities in any case. Moreover,
we use gcd for the greatest common divisor and x|y for ‘x is a divisor of y’.

Definition 4.1 (n-string). We define an n-string s as a collection of n non-negative integers
smaller than d:

s := {q1, q2, . . . , qn}, with qi ∈ Zd ∀ i. (11)

We call S(n) the full set of n-strings.

One may notice that the cardinality of S(n) is |S(n)| = dn.

Definition 4.2 (String-set). We define ζ x(n) as the set of n-strings such that the product
of their elements is congruent mod d to an integer x:

ζx(n) :=

{
s ∈ S(n) :

n∏
i=1

s[i] ≡ x mod d

}
, (12)

where s[i] denotes the ith element of the string s.

5
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It follows naturally, for example, that ζ x(n) = ζ x+d(n) ∀ x (the freedom in the choice
of indices implied by this equality is particularly useful for the calculations in the
appendix). Moreover, ∪d−1

i=0 ζi(n) = S(n) and
∑d−1

i=0 |ζi(n)| = |S(n)| = dn.

4.2. Cardinalities

Deriving the analytical expression for the cardinality of string-sets is a straightforward task for
d prime, but it involves a certain amount of technicalities for d non-prime. We present here the
general formula and refer to appendix A for the derivation.

Theorem 4.1 (Cardinality of string-sets). Let us consider a dimension d =
∏

i∈J p�i
i ,

with {pi∈J } the prime factors of d, and a non-negative integer x such that gcd(x, d) =
∏

i∈J pki
i .

J is the union of two sets: J1, containing the indices i such that ki < �i, and J2, containing
those such that ki = �i. The cardinality of the set ζ x(n) is

|ζx(n)| = ϕn−1(d)

⎡
⎣∏

i∈J1

(
n + ki − 1

ki

)⎤⎦ ×

⎡
⎣∏

i∈J2

n−1∑
j=0

(
n + �i − 2 − j

�i − 1

)(
1 − 1

pi

)− j
⎤
⎦, (13)

where ϕ is Euler’s totient function4.

Such expression, in a few special cases, takes a much simpler form:

• For any x, |ζ x(1)| = 1.
• For x coprime to d,

|ζx(n)| = ϕn−1(d) = dn−1
∏
i∈J

(
1 − 1

pi

)n−1

. (14)

• For d prime,

|ζx(n)| = ϕn−1(d) = (d − 1)n−1 if x �≡ 0 mod d, (15)

and

|ζx(n)| = |ζ0(n)| = dn −
d−1∑
x=1

|ζx(n)| = dn − (d − 1)n if x ≡ 0 mod d. (16)

It is also worth noticing that, for an x as in theorem 4.1, the cardinality of the set ζ x(n) can
be factorized as

|ζx(n)| =
∣∣∣∣∣ζ∏

i∈J
p

ki
i

(n)

∣∣∣∣∣ = |ζ1(n)|
∏
i∈J

∣∣∣ζ
p

ki
i

(n)
∣∣∣

|ζ1(n)| . (17)

4.3. Properties of cardinalities

It can be shown that the following identities involving the cardinalities of string-sets hold (see
appendix B for details)

4 We recall that, for a d as in the theorem,

ϕ(d) = ϕ
(∏

i∈J p�i
i

)
=

∏
i∈Jϕ

(
p�i

i

)
= d

∏
i∈J

(
1 − 1

pi

)
.

6
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• For α and 0 < k < n integers,

d−1∑
r=0

ω−αr|ζr(n)| =
d−1∑
r=0

ωαr|ζr(n)| =
d−1∑
x=0

d−1∑
y=0

ωαxy|ζx(k)||ζy(n − k)|. (18)

• For α and n > 1 integers,

d|ζ0(n − 1)| �
d−1∑
r=0

ωαr|ζr(n)| � dn. (19)

Notice that the sum in r is a real number.
• For a dimension d =

∏
i∈J p�i

i , with {pi∈J } the prime factors of d, and m ∈ Zd such that

gcd(m, d) =
∏

i∈J pki
i ,

1
dn

d−1∑
y=0

d−1∑
t=0

ωmty|ζy(n − 1)| =
∏
i∈J

⎡
⎣1 − (1 − δki ,�i)

(
1 − 1

pi

)n�i−ki−1∑
j=0

p− j
i

(
n + j − 1

j

)⎤⎦,

(20)

where δ denotes the Kronecker delta.

These three results will be used in the following section, in the proof of theorem 5.1.

4.4. n-strings and quantum states

We observe that, for given d, there is a one-to-one correspondence between n-strings in S(n)
and elements of the n-qudit computational basis. It seems therefore natural to denote a state
|q1q2 . . . qn〉 as |s〉, using the n-string s = {q1, q2, . . . , qn} ∈ S(n). In the following, we will use
this notation.

5. Multipartite entanglement of elementary hypergraph states

In this section, we calculate multipartite entanglement of elementary hypergraph states. These
are hypergraph states endowed with a single maximum-cardinality hyperedge, in the form

|Gme
n 〉 = Ze|+ 〉V =

1√
dn

d−1∑
q1=0

. . .
d−1∑

qn=0

ωme·q1·...·qn |q1 . . . qn〉. (21)

Throughout all the section, we make use of the formalism and the results presented in
section 4. We also make use of the following matrix norm.

Definition 5.1 (Infinity norm). Let M ∈ Cn×n be a square matrix. We define its infinity
norm as

‖M‖∞ := max
i∈{1,2,...,n}

n∑
j=1

|Mi j|. (22)

It can be shown that, for M � 0, its maximum eigenvalue λmax is upper bounded by the
infinity norm as λmax � ‖M‖∞ [17].

7
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Before moving into details, we outline the general procedure behind our proof using a
generic n-partite state |ψn〉. The reasoning that we follow is analogous to some of the proofs
in reference [12], where the qubit case was investigated. Here we generalise this derivation to
generic dimension.

I. We consider an (n − 1)-to-1 bipartition Ā = {1, 2, . . . , n − 1}, B̄ = {n}. We derive the
Schmidt decomposition of |ψn〉 with respect to the bipartition ĀB̄. The maximal squared

Schmidt coefficient
(

sĀB̄
max(|ψn〉)

)2
is the maximal eigenvalue of the (n − 1)-qudit reduced

state [18].
II. We consider an (n − k)-to-k bipartition A = {1, 2, . . . , n − k}, B = {n − k + 1, . . . , n},

with k > 1. We construct the reduced density matrix corresponding to n − k qudits and
calculate its infinity norm ‖ρ(1,2,...,n−k)‖∞. For the observation above, this represents an
upper bound for the eigenvalues of the reduced state.

III. We observe that
(

sĀB̄
max(|ψn〉)

)2
� ‖ρ(1,2,...,n−k)‖∞ ∀ k. Since the maximum overlap of |ψn〉

with pure biseparable states, α(|ψn〉), can be obtained as the maximum of all the eigen-

values of the reduced states [15], we conclude that α(|ψn〉) =
(

sĀB̄
max(|ψn〉)

)2
. We finally

obtain multipartite entanglement by definition as E(|ψn〉) = 1 − α(|ψn〉).
Theorem 5.1 (Multipartite entanglement—elementary hypergraph states). Let
us consider a dimension d =

∏
i∈J p�i

i , with {pi∈J } the prime factors of d. Let |Gme
n 〉 be

an n-qudit elementary hypergraph state with hyperedge multiplicity me ∈ Zd such that
gcd(me, d) =

∏
i∈J pki

i . The maximum squared overlap between |Gme
n 〉 and the pure biseparable

states is

α
(
|Gme

n 〉
)
=
∏
i∈J

⎡
⎣1 − (1 − δki ,�i )

(
1 − 1

pi

)n−1�i−ki−1∑
j=0

p− j
i

(
n + j − 2

j

)⎤⎦, (23)

and the multipartite entanglement of |Gme
n 〉 is

E
(
|Gme

n 〉
)
= 1 −

∏
i∈J

⎡
⎣1 − (1 − δki ,�i )

(
1 − 1

pi

)n−1�i−ki−1∑
j=0

p− j
i

(
n + j − 2

j

)⎤⎦. (24)

Proof. We split the proof into three different parts, corresponding to the three points outlined
above.

Part I: maximal squared Schmidt coefficient for (n − 1)-to-1 bipartition.
Let us consider the bipartition Ā = {1, 2, . . . , n − 1} and B̄ = {n}. Denoting the product of

the elements of a string s as P(s), the state |Gme
n 〉 can be written as

|Gme
n 〉 = 1√

dn

∑
s∈S(n−1)

d−1∑
q=0

ωmeP(s)q|s〉|q〉

=
1√
dn

d−1∑
y=0

∑
s∈ζy(n−1)

d−1∑
q=0

ωmeyq|s〉|q〉

=
1√
dn

d−1∑
y=0

⎛
⎝ ∑

s∈ζy(n−1)

|s〉

⎞
⎠
⎛
⎝d−1∑

q=0

ωmeyq|q〉

⎞
⎠. (25)

8
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Introducing the local orthonormal basis |hk〉 := d−1/2∑
q=0 ω

kq|q〉, with k ∈ Zd , we have

|Gme
n 〉 = 1√

dn−1

d−1∑
y=0

⎛
⎝ ∑

s∈ζy(n−1)

|s〉

⎞
⎠|hmey mod d〉. (26)

For d prime, by varying the index y in the sum, |hmey mod d〉 covers all of the elements of the
local basis. But this is not the case for d non-prime. Whenever two indices y, y′ are such that
mey ≡ mey′ mod d, then |hmey mod d〉 = |hmey′ mod d〉. By exploiting the identity [19]

mey ≡ mey′ mod d ⇔ y ≡ y′ mod d/ gcd(me, d), (27)

we express |Gme
n 〉 as

|Gme
n 〉 = 1√

dn−1

d/gcd(me ,d)−1∑
x=0

⎛
⎝d−1∑

y=0

δx,mey mod d

∑
s∈ζy(n−1)

|s〉

⎞
⎠|hx〉. (28)

This equation can be reshaped in the form

|Gme
n 〉 =

d/gcd(me ,d)−1∑
x=0

√
Nx√

dn−1
·
∑d−1

y=0 δx,mey mod d
∑

s∈ζy(n−1)|s〉√
Nx

|hx〉, (29)

with

Nx =
d−1∑
y=0

δx,mey mod d|ζy(n − 1)|, (30)

so that the states 1√
Nx

∑d−1
y=0 δx,mey mod d

∑
s∈ζy(n−1)|s〉|hx〉 are orthonormal for different x

(notice that
∑

s′∈ζy′ (n−1)

∑
s∈ζy(n−1)〈s′|s〉 =

∑
s∈ζy(n−1)1 = |ζy(n − 1)|). Then, equation (29) is

the Schmidt decomposition of |Gme
n 〉, and it is interesting to observe that the Schmidt rank

is d/gcd(me, d), in accordance with the results in reference [8]. In order to identify the largest
squared Schmidt coefficient

√
Nx/

√
dn−1, we should maximizeNx . Since, for a sum of powers

of complex roots of unity [20] the following identity holds

δx,mey mod d =
1
d

d−1∑
t=0

ω(mey−x)t, (31)

Nx can be reshaped as

Nx =
1
d

d−1∑
t=0

ω−xt
d−1∑
y=0

ωmeyt|ζy(n − 1)|. (32)

This expression makes it easier to see that, being the sum over y real positive for any t
(equation (19)), Nx is maximal for x = 0. The largest squared Schmidt coefficient is then

(
sĀB̄

max(|Gme
n 〉)
)2

=
1
dn

d−1∑
y=0

d−1∑
t=0

ωmety|ζy(n − 1)|. (33)

Part II: infinity norm for (n − k)-qudit reduced density matrix.

9



J. Phys. A: Math. Theor. 55 (2022) 415301 D Malpetti et al

Let us consider a bipartition A = {1, 2 . . . , n − k} and B = {n − k + 1, . . . , n}, with k > 1.
The state |Gme

n 90 can be written as

|Gme
n 〉 = 1√

dn

∑
s∈S(n−k)

∑
s′∈S(k)

ωmeP(s)P(s′)|s〉|s′〉

=
1√
dn

d−1∑
x=0

d−1∑
t=0

∑
s∈ζx (n−k)

∑
s′∈ζt(k)

ωmext|s〉|s′〉

=
1√
dn

d−1∑
x=0

d−1∑
t=0

ωmext
∑

s∈ζx (n−k)

∑
s′∈ζt(k)

|s〉|s′〉, (34)

and its density matrix as

ρ(1,...,n) =
1
dn

d−1∑
x,y,t,u=0

ωme(xt−yu) ×
∑

s∈ζx (n−k)

∑
s′∈ζt (k)

∑
s′′∈ζy(n−k)

∑
s′′′∈ζu(k)

|s〉〈s′′| ⊗ |s′〉〈s′′′|. (35)

By performing the partial trace over the last k qudits, we obtain the reduced density matrix

ρ(1,...,n−k) = Trn−k,...,n[ρ(1,...,n)]

=
1
dn

d−1∑
x,y,t=0

ωmet(x−y)|ζt(k)|
∑

s∈ζx (n−k)

∑
s′′∈ζy(n−k)

|s〉〈s′′|.
(36)

This can be visualized as a block matrix in the form

ρ(1,...,n−k) =
1
dn

⎡
⎢⎢⎢⎣

γ(0, 0) · J0,0 γ(0, 1) · J0,1 . . . γ(0, d − 1) · J0,d−1

γ(1, 0) · J1,0 γ(1, 1) · J1,1 . . . γ(1, d − 1) · J1,d−1

...
...

. . .
...

γ(d − 1, 0) · Jd−1,0 γ(d − 1, 1) · Jd−1,1 . . . γ(d − 1, d − 1) · Jd−1,d−1

⎤
⎥⎥⎥⎦,

(37)

where Jx,y denotes a matrix of ones with |ζ x(n − k)| rows and |ζy(n − k)| columns, and

γ(x, y) =
∑d−1

t=0 ω
met(x−y)|ζt(k)| =

∑d−1
t=0 ω

met(y−x)|ζt(k)| (this for equation (18)). All of the ele-
ments of ρ(1,...,n−k) are real positive (equation (19)), and its infinity norm is

‖ρ(1,...,n−k)‖∞ =
1
dn

max
x∈{0,...,d−1}

⎧⎨
⎩

d−1∑
y=0

|γ(x, y)||ζy(n − k)|

⎫⎬
⎭

=
1
dn

max
x∈{0,...,d−1}

⎧⎨
⎩

d−1∑
y=0

d−1∑
t=0

ωmet(y−x)|ζt(k)||ζy(n − k)|

⎫⎬
⎭.

(38)

In a similar way as done above for Nx , it can be shown that the expression inside the curly
brackets is maximal for x = 0. Then, using the fact that equation (18) holds for any k, taking

10
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k = 1, and recalling that |ζ t(1)| = 1∀ t, we finally obtain

‖ρ(1,...,n−k)‖∞ =
1
dn

d−1∑
y=0

d−1∑
t=0

ωmety|ζt(k)||ζy(n − k)|

=
1
dn

d−1∑
y=0

d−1∑
t=0

ωmety|ζt(1)||ζy(n − 1)|

=
1
dn

d−1∑
y=0

d−1∑
t=0

ωmety|ζy(n − 1)|. (39)

Part III: conclusions.

The maximal squared Schmidt coefficient
(

sĀB̄
max(|Gme

n 〉)
)2

in equation (33), and the infinity

norm ‖ρ(1,...,n−k)‖∞ in equation (39), are identical. This implies that the inequality

(
sĀB̄

max(|Gme
n 〉)
)2

� ‖ρ(1,...,n−k)‖∞ (40)

is satisfied for every k. Therefore, the maximum squared overlap of the state |Gme
n 〉 with pure

biseparable states is

α(|Gme
n 〉) =

(
sĀB̄

max(|Gme
n 〉)
)2

=
1
dn

d−1∑
y=0

d−1∑
t=0

ωmety|ζy(n − 1)|. (41)

Using the identity in equation (20), and recalling that by definition E(|ψn〉) = 1 − α(|ψn〉), we
obtain the equations in the assertion of the theorem. �

Entanglement values for small elementary hypergraph states up to d = 10 are shown in
figure 2. These are calculated using the formula in equation (24). In the figure one can observe
the different entanglement values determined by multiplicities.

Moreover, the results obtained in theorem 5.1 permit a few interesting observations:

• Elementary hypergraph states such that gcd(me, d) = gcd(m′
e, d) have the same entangle-

ment. This is a consequence of them being equivalent under LU, as shown in [21].
• For d prime, entanglement of elementary hypergraph states does not depend on the multi-

plicity of the hyperedge. The formulas above reduce to the simpler form

α(|Gme
n 〉) = 1 − (d − 1)n−1

dn−1
, E(|Gme

n 〉) = (d − 1)n−1

dn−1
. (42)

For d = 2 these are consistent with the results in reference [12].
• For given dimension and hyperedge multiplicity, entanglement of elementary hypergraph

states is strictly monotonically decreasing in the number of qudits. This can be seen in
figure 2 and is proved analytically in appendix C.

• For given dimension, among the elementary hypergraph states with the same number of
qudits, the state having multiplicity equal to d/lpf(d), where lpf stands for least prime fac-
tor, is minimally entangled. This can be seen either by directly considering equation (24)

11
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Figure 2. Multipartite entanglement of elementary hypergraph states: values for states
up to 10 qudits and up to 10 dimensions (all multiplicities are shown). For d prime,
entanglement does not depend on multiplicity. For d non-prime, the curve for minimally
entangled states is in green and that for maximally entangled ones in red.

(the minimum is attained when for all indices but one ki = li, and the remaining index
is the one corresponding to the smallest pi in the factorization), or as a consequence of
proposition C.2 in the appendix with the choice of m∗ = 1. The states having multiplicity
coprime to the dimension are maximally entangled (in that case ki = 0∀ i in equation (24)).
Observing that 1 is coprime to any n, this leads to the inequality

E(|Gd/lpf(d)
n 〉) � E(|Gme

n 〉) � E(|G1
n〉). (43)

12
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6. Lower bound to multipartite entanglement of a generic hypergraph state

In this section we prove that there exists a lower bound for multipartite entanglement of con-
nected hypergraph states. This is a generalization of theorem 3.4 of reference [12], where
this result was proved for the qubit case. The global structure of our proof is analogous to
the one in the reference. There are nevertheless some relevant differences, determined by
the generalization to arbitrary dimension. We discuss these more in detail in the following
section.

6.1. Preliminary observations

As already pointed out, the Pauli operators X and Z are self-adjoint for d = 2, but not for arbi-
trary d. For this reason, by measurements in the Z basis, in the following we will always mean
measurements of a non-degenerate observable MZ =

∑
q μq|q〉〈q|, with μq real. Moreover, we

will always apply X† gates (and not X) to hypergraph states.
The removal of hyperedges by applying unitary gates, a procedure systematically used in

the reference, requires special care for arbitrary dimension. For d = 2, it is always possible to
remove a largest-minus-one cardinality hyperedge contained into a largest cardinality one by
means of an X(†) gate (in that case X† = X). For arbitrary d, such operation is only possible
if certain relations among the dimension and the multiplicities of the considered hyperedges
hold. Let us consider for example the hypergraph state

|H4〉 = Z2
{1,2,3,4}Z

3
{2,3,4}|+ 〉4,

for arbitrary d > 3. The state is depicted in figure 1(c). The application of an X† gate on the
first qudit for q times, see equation (7), leads to

(X†
1)q|H4〉 = Z2

{1,2,3,4}Z
3+2q
{2,3,4}|+ 〉4.

If, for example, d = 5, the hyperedge {2, 3, 4} can be removed by applying the gate once
(q = 1). But, if d = 6, there is no q such that 3 + 2q ≡ 0 mod 6, and the hyperedge cannot
be removed.

The following proposition analyzes more in general the case of hypergraph states endowed
with a single largest cardinality hyperedge containing at least one largest-minus-onecardinality
hyperedge. It inspects the possibility of removing hyperedges by means of X† gates and the
effect of measurements in the Z basis.

Proposition 6.1. Let |Hn〉 be an n-qudit hypergraph state in the form

|Hn〉 = Zme
e Z

me\{k}
e\{k} |H′

n〉, (44)

where e is a hyperedge of cardinality |e| = n, k is a qudit, and |H′
n〉 is either a hypergraph

state featuring only hyperedges of cardinality smaller than n and different from e\{k} or the
empty one. Let also AB be a bipartition crossing both e and e\{k}. For d prime, it is always
possible to remove the hyperedge e\{k} by means of an X†

k gate. For d not prime, whenever
this operation is not possible, a measurement in the Z basis on the qudit k never results in a
separable state with respect to the bipartition AB.

Proof. The application of the Pauli gate X† on qudit k for q times gives

(X†
k)q|Hn〉 = Zme

e Z
me\{k}+qme

e\{k} (X†
k)q|H′

n〉, (45)

13
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where (X†
k)q|H′

n〉 is again a hypergraph state featuring only hyperedges of cardinality smaller
than n and different from e\{k} or the empty one. In order to remove the hyperedge e\{k},
there has to exist a q satisfying the condition

me\{k} + qme ≡ 0 mod d.

Such a q does not always exist [22]. It does, for example, if d is prime5.
Let us consider the case where there is no q satisfying the previous condition. A measure-

ment in the Z basis on qudit k, see equation (8), has one of the possible outcomes

|q〉Zme\{k}+qme

e\{k} |Hn−1〉, (46)

where |Hn−1〉 is either a hypergraph state featuring only hyperedges of cardinality smaller
than n − 1 or the empty one. Equation (46) can result in a separable state with respect to the
bipartition AB only if there exists a q such that

me\{k} + qme ≡ 0 mod d.

For our assumptions on q, this is never possible. �
The fact that, for the qubit case, it is always possible to remove a largest-minus-one cardi-

nality hyperedge contained into a largest-cardinality one by means of an X(†) gate, emerges as
a consequence of d = 2 being a prime number.

6.2. Lower-bound theorem

In the light of our previous observations, we develop an iterative procedure which permits
to transform any connected hypergraph state into a state constituted by an elementary hyper-
graph state and possible additional factorized qudits. A use-case of the procedure is shown in
figure 3.

Proposition 6.2. Let |Hn,kmax〉 be an n-qudit connected hypergraph state of largest hyper-
edge cardinality kmax. It is always possible to transform |Hn,kmax〉 into a state in the form

|Gμ
κ〉|q1〉|q2〉 . . . |qn−κ〉, (47)

by only means of single-qudit measurements and operations that are local with respect to a
chosen bipartition AB. |Gμ

κ〉 is an elementary hypergraph state with 2 � κ � kmax qudits and
hyperedge multiplicity μ ∈ Zd, and it is still crossed by the bipartition AB.

Proof. We provide a step-by-step iterative procedure which permits to realize the desired
transformation:

• Among the hyperedges crossing the bipartition AB, we select one (or the one) with the
largest cardinality. We denote its cardinality as κ: by construction κ � kmax.

• If κ = kmax = n, we move directly to the next point, otherwise we perform measurements
in the Z basis on the qudits outside of the selected hyperedge. These measurements do not
delete the selected hyperedge, but can modify the structure of hyperedges inside of it. The
measurements shall be repeated until the state is in the form

|Hκ〉|q1〉|q2〉 . . . |qn−κ〉, (48)

5 In that case, as a consequence of lemma A.1, the d possible products obtained multiplying me by a q ∈ Zd , belong
to d different congruence classes mod d.
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Figure 3. Example of transformation of a generic hypergraph state into an elemen-
tary one, following the procedure in proposition 6.2. Here the dimension is d = 4
and the input state Z{2,3,4,5}Z2

{3,4,5}Z2
{1,2}Z{3,4}|+ 〉5, with the choice of the bipartition

A = {1, 2, 3}, B = {4, 5}. In the scheme, the notation (MZi , | j〉) stands for a measure-
ment in the Z basis on qudit i that projects the qudit onto the state | j〉, whereas X†

k (Zk)
stands for the application of an X†(Z) gate to qudit k. Branching describes different possi-
ble measurement outcomes. For the given example state and bipartition, the least entan-
gled states obtainable through the procedure are those depicted at the bottom corners of
the scheme (see for example panel d = 4 in figure 2).
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where |Hκ〉 is a hypergraph state endowed with a single hyperedge of largest cardinality
κ and possibly other lower cardinality internal hyperedges, and {|qi〉} are single-qudit
states whose state depends on the outcomes of the measurements. If |Hκ〉 is an elementary
hypergraph state, then we stop here, otherwise we move to the next point.

• Three scenarios are now possible:

∗ There are no hyperedges of cardinality κ− 1 crossing the bipartition. In this
case, we move directly to the next point.

∗ There are one or more hyperedges of cardinality κ− 1 crossing the bipartition,
and they can all be removed by means of X† gates. In this case, we remove them
and then move to the next point.

∗ There are one or more hyperedges of cardinality κ− 1 crossing the bipartition
which cannot be removed by means of X† gates. In this case, we measure in the
Z basis on a qudit outside of a hyperedge that cannot be removed, but within the
highest cardinality hyperedge. For proposition 6.1, the outcome of the measure-
ment will never result in a state which is separable with respect to the chosen
bipartition. We restart then the procedure from the beginning, using the hyper-
graph state resulting from the measurement as an input state. Please notice that,
in the new round, κ will be redefined to a value lower by one.

• At this point, there are no more hyperedges of cardinality κ− 1, but there can be hyper-
edges of smaller cardinality. If there are any not crossing the bipartition, we remove them
by means of controlled phase gates. Despite not being single-qudit, these operations are
local with respect to the bipartition. This guarantees that entanglement is non-increasing
under them. For d > 2, it can be necessary to apply a same controlled phase gate multiple
times, according to the multiplicities of the hyperedges to be removed.

• The state is currently in the form

|H′
κ〉|q1〉|q2〉 . . . |qn−κ〉, (49)

where |H′
κ〉 is still a hypergraph state endowed with a single hyperedge of largest cardinal-

ity κ and possibly other lower cardinality internal hyperedges. If |H′
κ〉 is an elementary

hypergraph state, we stop here. If this is not the case, then there are one or more internal
hyperedges of cardinality smaller than κ− 1 crossing the bipartition. Among these, we
select one (or the one) of largest cardinality. We measure in the Z basis on a qudit outside
of it but within the hyperedge of cardinality κ. By construction, the state resulting from the
measurement possesses at least one hyperedge crossing the bipartition. This state might
be a non-connected one. In such case, among the hyperedges crossing the bipartition, we
select one of largest cardinality, and we remove all the hyperedges not connected to it by
means of (possibly repeated) measurements in the Z basis. We restart then the procedure
from the beginning. Please notice that, in the new round, κ will be redefined to a lower
value.

The procedure above yields a state in the form

|Gμ
κ〉|q1〉|q2〉 . . . |qn−κ〉, (50)

where |Gμ
κ〉 is an elementary hypergraph state crossed by the bipartition AB, with 2 � κ � kmax

and μ ∈ Zd . �
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Using the previous procedure, we prove the existence of a lower bound for multipartite
entanglement of connected hypergraph states.

Theorem 6.1 (Multipartite entanglement—lower bound). Let |Hn,kmax〉 be an n-qudit
connected hypergraph state of maximum hyperedge cardinality equal to kmax. Then its overlap
with pure biseparable states is upper bounded as

α(|Hn,kmax〉) � α(|Gd/lpf(d)
kmax

〉), (51)

and its multipartite entanglement is lower bounded as

E(|Hn,kmax〉) � E(|Gd/lpf(d)
kmax

〉), (52)

where |Gd/lpf(d)
kmax

〉 is an elementary hypergraph state of cardinality kmax and multiplicity d/lpf(d),
with lpf(d) the least prime factor of d.

Proof. Let us consider a bipartition AB. Using the procedure detailed in proposition 6.2,
we reduce the state |Hn,kmax〉 to an elementary hypergraph state |Gμ

κ〉 which is still crossed
by the bipartition AB and such that 2 � κ � kmax and μ ∈ Zd . Such a reduction is realized
by only means of single-qudit measurements and operations that are local with respect to the
chosen bipartition AB, under which entanglement is non-increasing. Therefore, the initial state
is equally or more entangled (with respect to the bipartition AB) than the outcome state of the
procedure:

EAB(|Hn,kmax〉) � EAB(|Gμ
κ〉). (53)

In particular, the initial state is equally or more entangled than the least-entangled possible
outcome state:

EAB(|Hn,kmax〉) � min
μ∈Zd ,2�κ�kmax

EAB(|Gμ
κ〉). (54)

Using the definition of multipartite entanglement, and noticing that E(|Gμ
κ〉) is minimized by

μ = d/lpf(d) and κ = kmax (see the observations after theorem 5.1), we have

EAB(|Hn,kmax〉) � min
μ∈Zd ,2�κ�kmax

E(|Gμ
κ〉) = E(|Gd/lpf(d)

kmax
〉). (55)

Since the inequality holds for any choice of the initial bipartition AB, we can conclude that

E(|Hn,kmax〉) � E(|Gd/lpf(d)
kmax

〉). (56)

The inequality for the maximum overlap with pure biseparable states follows naturally from
the previous one by recalling that E(|ψn〉) = 1 − α(|ψn〉). �

One may observe that for d prime equations (51) and (52) reduce to the simpler forms

α(|Hn,kmax〉) � 1 − (d − 1)kmax−1

dkmax−1
, E(|Hn,kmax〉) � (d − 1)kmax−1

dkmax−1
. (57)
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6.3. A tighter lower bound

For a special class of hypergraph states, the lower bound given above in theorem 6.1, can be
tightened. Let us consider states endowed with a hyperedge of largest cardinality kmax and such
that the multiplicities of their hyperedges are all multiple of a same divisor of d, namely states
in the form6

|Hn,kmax〉 =
∏
e∈E

Zβem∗
e |+ 〉V , βe ∈ N0 ∀ e. (58)

As a consequence of equations (7) and (8), the procedure described in proposition 6.2, in this
case, can only yield an outcome state in the form

|Gβm∗
κ 〉|q1〉|q2〉 . . . |qn−κ〉. (59)

Then, we can introduce a lower bound for such states as

E(|Hn,kmax〉) � min
2�κ�n,1�β<d/m∗

E(|Gβm∗
κ 〉) = E(|Gd/lpf(d/m∗)

n 〉), (60)

where the equality comes as a consequence of propositions C.1 and C.2 in the appendix C.
The observation above is of interest whenever lpf(d/m∗) �= lpf(d). In that case,

equations (52) and (60) provide different lower bounds. Let us consider for example the state

|H6,4〉 = Z8
{3,4,5,6}Z

2
{1,2,3}Z

6
{3,4,5}Z

4
{1,5}|+ 〉V ,

for d = 10. Equation (52) gives the inequality

E
(
|H6,4〉

)
� E
(
|G5

4〉
)
= 0.125

whereas equation (60) gives

E
(
|H6,4〉

)
� E
(
|G2

4〉
)
= 0.512

namely a lower bound more than four times larger.
Notice that equation (58) also comprises the special case of uniform-multiplicity hypergraph

states. In that case,

|Hn,kmax〉 =
∏
e∈E

Zm
e |+ 〉V , (61)

and the lower bound can be expressed as

E(|Hn,kmax〉) � E(|Gd/lpf(d/ gcd(m,d))
n 〉).

7. Conclusions

In this article we investigated the entanglement properties of qudit hypergraph states for an
arbitrary number of qudits n and arbitrary finite dimension d. We computed multipartite entan-
glement of elementary hypergraph states (those endowed with a single maximum-cardinality

6 In principle, what follows could be extended to states also featuring single-vertex loops with multiplicities not
multiple of m∗. For the sake of simplicity, we do not consider this case.
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hyperedge). We showed that, if the multiplicities of two equal-cardinality elementary hyper-
graph states are such that gcd(me, d) = gcd(m′

e, d), they exhibit the same amount of entan-
glement, as a consequence of the fact that they are equivalent under LU (as proved in [8]).
In particular, we showed that for d prime, all equal-cardinality elementary hypergraph states
have the same entanglement, with a simple explicit form for the entanglement content. This
supports previous observations that primality of the underlying dimension significantly affects
the properties of quantum states [23]. Moreover, we showed that the multipartite entangle-
ment of a generic hypergraph state is lower bounded by that of an equal-dimension elemen-
tary hypergraph state featuring the same number of qudits given by the largest-cardinality
hyperedge.
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Appendix A. Cardinality of string-sets

In this section, we derive the formula in theorem 4.1. The procedure involves the proof of a
few preliminary results, including a recursive formula. We obtain the final result by solving
the recursion.

Before starting, we recall some of the observations already reported in section 4 of
the main text. The definition of string-sets implies that ζ x(n) = ζ x+d(n) ∀ x, thus leaving
freedom in the choice of the indices of the sets. We typically consider x ∈ {0, . . . , d}.
In particular, we use indifferently ζ0(n) and ζd(n), according to what is handier in each
specific case. Notice for example that

∑d−1
x=0|ζx(n)| =

∑d
x=1|ζx(n)| = dn. We also recall that,

by construction, |ζ x(1)| = 1∀ x.
We start by proving a lemma concerning integer products and congruence classes, and then

we derive a first property of the cardinalities of string-sets.

Lemma A.1. For r a non-negative integer, and p an integer assuming each value in Zd once,
the d possible products r · p belong to d/gcd(r, d) different congruence classes mod d, in the
number of gcd(r, d) to each class. Such classes can be identified by the values gcd(r, d) · i, with
i ∈ Zd/ gcd(r,d).

Proof. In general, for r, p, q non-negative integers and d a positive one, the following identity
holds [19]
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r · p ≡ r · q mod d ⇔ p ≡ q mod d/ gcd(r, d). (A.1)

We prove the two statements in the lemma separately.

• By construction, given a non-negative integer r, the d integers in Zd belong to d/gcd(r, d)
different congruence classes mod d/gcd(r, d), in the number of gcd(r, d) to each class.
Then, for the identity above, given a p assuming each value in Zd once, the d possible
products r · p belong to d/gcd(r, d) different congruence classes mod d, in the number of
gcd(r, d) to each class.

• Since r · p is either zero or a multiple of gcd(r, d), and d is by definition a multiple of
gcd(r, d), the residue of the integer division of r · pby d can only be either zero or a multiple
of gcd(r, d). Therefore, the congruence classes mod d to which the products r · p belong,
are those identified by gcd(r, d) · i, with i ∈ Zd/gcd(r,d). �

Proposition A.1. For any x,

|ζx(n)| = |ζgcd(x,d)(n)|. (A.2)

Proof. For n = 1, as well as for x = gcd(x), and for x ≡ 0 mod d, the proof is trivial. Let us
consider n > 1 and x generic, and let s be a string in S(n − 1): by construction it belongs to
a set ζr(n − 1). The string s can generate strings in S(n) upon appendage of elements qn ∈ Zd

at its end. Let us evaluate how many strings it generates in ζ x(n) and how many in ζgcd(x,d)(n),
when all possible values for qn are used. For the previous lemma, if x ≡ 0 mod gcd(r, d), s
generates gcd(r, d) strings in ζ x(n), otherwise zero; if gcd(x, d) ≡ 0 mod gcd(r, d), s generates
gcd(r, d) strings in ζgcd(x,d)(n), otherwise zero. Since x/gcd(x, d) is coprime to d, then x ≡ 0
mod gcd(r, d) ⇔ gcd(x, d) ≡ 0 mod gcd(r, d), showing that, for any x, s generates the same
number of strings in both sets (either gcd(r, d) or zero). Being the initial choice of s arbitrary,
we can conclude that |ζ x(n)| = |ζgcd(x,d)(n)|. �

Using the results above, we derive a recursive formula for the cardinality of string-sets. The
derivation of the formula is preceded by the proof of a simple lemma involving the use of
Euler’s totient function.

Lemma A.2. Let d be an integer and D(d) the set of its divisors. For r an integer assuming
each value in {1, 2, . . . , d} once, gcd(r, d) only assumes values inD(d). In particular, it assumes
each value m ∈ D(d) for ϕ(d/m) times.

Proof. By definition, gcd(r, d) is a divisor of d for any value of r. Let m be a divisor of d:
then there exists an integer p such that d = mp. The equality gcd(r, d) = gcd(r, mp) = m only
holds if r is in the form r = mq, with q an integer coprime to p. There are ϕ(p) = ϕ(d/m) such
q’s. This since ϕ(p) counts the positive integers up to p that are coprime to p [22]. �

Proposition A.2. For n > 1, the cardinality of the set ζ x(n) can be expressed recursively
as

|ζx(n)| =
∑

r∈C(x,d)

|ζr(n − 1)|rϕ(d/r), (A.3)

where C(x, d) is the set of common divisors of x and d.

Proof. As observed above, a string in ζ r(n − 1) can generate strings in ζ x(n) upon appendage
of elements qn ∈ Zd at its end only if x ≡ 0 mod gcd(r, d). Whenever this condition is met, it
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can generate gcd(r, d) such strings. As a consequence, the cardinality of the set ζ x(n) can be
expressed recursively as

|ζx(n)| =
d∑

r=1

δ0,x mod gcd(r,d)|ζr(n − 1)| gcd(r, d)

=
d∑

r=1

δ0,x mod gcd(r,d)|ζgcd(r,d)(n − 1)| gcd(r, d), (A.4)

where we encoded the condition on the possibility of generating strings in the Kronecker delta,
and we used proposition A.1.

Let D(d) be the set of the divisors of d. For the previous lemma, the sum in equation (A.4)
can be reshaped as sum over the set D(d), with the use of a multiplicity factor for each divisor:

|ζx(n)| =
∑

r∈D(d)

δ0,x mod r|ζr(n − 1)|rϕ(d/r). (A.5)

The Kronecker delta can be removed by imposing that the sum is over the common divisors of
x and d. �

We prove a last lemma and then solve the recursion in equation (A.3).

Lemma A.3. For d =
∏

i∈J p�i
i and r =

∏
i∈J pki

i positive integers such that r|d, where
{pi∈J } are the prime factors of d, it holds that

rϕ(d/r) = ϕ(d)
∏
i∈J

(
1 − 1

pi

)−δki ,�i

. (A.6)

Proof. We introduce two subsets of J : J1, containing the indexes such that 0 � ki < �i, and
J2, containing those such that ki = �i. By construction J1 ∪ J2 = J . We have

rϕ(d/r) =
∏
i∈J1

pki
i

∏
j∈J2

p
� j
j ϕ

⎛
⎝∏

i′∈J1

p
�i′ −ki′
i′

⎞
⎠

=
∏
i∈J1

pki
i

∏
j∈J2

p
� j
j

∏
i′∈J1

p
�i′ −ki′
i′

(
1 − 1

pi′

)

= d
∏
i∈J1

(
1 − 1

pi

)

= d
∏
i∈J

(
1 − 1

pi

)1−δki ,�i

= ϕ(d)
∏
i∈J

(
1 − 1

pi

)−δki ,�i

.

�

21



J. Phys. A: Math. Theor. 55 (2022) 415301 D Malpetti et al

One may notice that, if ki < �i ∀ i, equation (A.6) reduces to the simpler form
rϕ(d/r) = ϕ(d).

Theorem A.1 (Cardinality of string-sets). Let us consider d =
∏

i∈J p�i
i , with {pi∈J } its

prime factors, and x such that gcd(x, d) =
∏

i∈J pki
i . J is the union of two sets: J1, containing

the i’s such that ki < �i, and J2, containing those such that ki = �i. The cardinality of the set
ζ x(n) is

|ζx(n)| = ϕn−1(d)

⎡
⎣∏

i∈J1

(
n + ki − 1

ki

)⎤⎦ ×

⎡
⎣∏

i∈J2

n−1∑
j=0

(
n + �i − 2 − j

�i − 1

)(
1 − 1

pi

)− j
⎤
⎦. (A.7)

Proof. We introduce η(r) = rϕ(d/r), and D(r) for the set of the divisors of an integer r. By
iterating on n in the recursive formula in proposition A.2, we obtain

|ζx(n)| =
∑

r1∈C(x,d)

|ζr1 (n − 1)|η(r1)

=
∑

r1∈C(x,d)

∑
r2∈D(r1)

|ζr2 (n − 2)|η(r1)η(r2)

=
∑

r1∈C(x,d)

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

|ζrn−1 (1)|η(r1)η(r2) . . . η(rn−1)

=
∑

r1∈C(x,d)

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

η(r1)η(r2) . . . η(rn−1), (A.8)

where the sequences of sum indices r1, r2, . . . , rn−1 are such that rt′ |rt for t′ > t.
Let us focus at first on the special case where J1 �= ∅ and J2 = ∅. In this case, for lemma

A.3, η(rt) = ϕ(d) ∀ t, which simplifies the previous equation to

|ζx(n)| = ϕn−1(d)
∑

r1∈C(x,d)

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

1. (A.9)

Since, in this case, gcd(x, d) =
∏

i∈J1
pki

i , and using the coprimality of the pi’s among them-
selves, the previous equation can be reshaped as

|ζx(n)| = ϕn−1(d)
∏
i∈J1

⎛
⎜⎝ ∑

r1∈D(p
ki
i )

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

1

⎞
⎟⎠. (A.10)

In the sum inside the round brackets, the possible sequences of sum indices can be expressed
as r1 = pu1

i , r2 = pu2
i , . . . , rn−1 = pun−1

i , with ki � u1 � u2 � . . . � un−1 � 0 (this since rt′ |rt

for t′ > t). Each sequence contributes to the sum with 1. Consequently, performing the sum
is equivalent to counting the existing sequences. For the inequality above, there is only one
sequence featuring N0 indices equal to 0, N1 equal to 1, . . . , Nki equal to ki (with the condition∑ki

j=0 Nj = n − 1). Therefore, counting the existing sequences amounts to counting the possi-
ble ways of distributing n − 1 identical objects among ki + 1 distinguishable boxes, which is(

n+ki−1
ki

)
[24]. Equation (A.8) results in

|ζx(n)| = ϕn−1(d)
∏
i∈J1

(
n + ki − 1

ki

)
. (A.11)
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Let us move to the general case. According to lemma A.3, in equation (A.8),
it is not true anymore that η(rt) = ϕ(d) ∀ t. Instead, for an rt =

∏
i∈J pji

i , η(rt) =

ϕ(d)
∏

i∈J

(
1 − 1

pi

)−δ ji ,�i
= ϕ(d)

∏
i∈J

(
1 − 1

pi

)−δ
p

ji
i ,p

�i
i . Using again the coprimality of the pi’s,

and distinguishing between the contribution of the indexes in J1 and J2, equation (A.8)
becomes

|ζx(n)| = ϕn−1(d)
∏
i∈J

⎛
⎝ ∑

r1∈D(pki )

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

×
(

1 − 1
pi

)−
∑n−1

t=1 δrt ,p
�i
i

)

= ϕn−1(d)

⎡
⎣∏

i∈J1

(
n + ki − 1

ki

)⎤⎦·

·

⎡
⎣∏

i∈J2

⎛
⎝ ∑

r1∈D(p�i )

∑
r2∈D(r1)

. . .
∑

rn−1∈D(rn−2)

×
(

1 − 1
pi

)−
∑n−1

t=1 δrt ,p
�i
i

)]
. (A.12)

In the sum inside the round brackets, each sequence of sum indices contributes to the sum with(
1 − 1

pi

)− j
, where j is the number of indices equal to p�i

i . For each j there exist
(

n+�i−2− j
�i−1

)
sequences, namely the number of ways of distributing n − 1 − j identical objects among �i

distinguishable boxes. Being j ∈ {0, . . . , n − 1}, then the sum is equivalent to

n−1∑
j=0

(
n + �i − 2 − j

�i − 1

)(
1 − 1

pi

)− j

. (A.13)

Substituting this result back into the previous equation proves the theorem. �

Appendix B. Properties of the cardinalities of string-sets

We prove the properties of the cardinalities of string-sets listed in subsection 4.3 of the main
text. In particular, proposition B.1 contains a proof for the first equality in equation (18),
proposition B.2 a proof for equation (19), proposition B.3 a proof for the second equality in
equation (18) (notice that it makes use of proposition B.2), and proposition B.4 a proof for
equation (20).

Proposition B.1. For α and 0 < k < n integers, it holds that

d−1∑
r=0

ωαr|ζr(n)| =
d−1∑
x=0

d−1∑
y=0

ωαxy|ζx(k)||ζy(n − k)|. (B.1)
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Proof. For α ≡ 0 mod d, ωαr = 1, and the proof is straightforward. Let us consider the gen-
eral case. We introduce the short-hand notation P(s) =

∏n
i=1s[i] for the product of the elements

of a string s, and we prove the statement by proving that both sides of equation (B.1) are equal
to
∑

s∈S(n) ω
αP(s). For the lhs we have

∑
s∈S(n)

ωαP(s) =

d−1∑
r=0

∑
s∈ζr(n)

ωαP(s)

=
d−1∑
r=0

∑
s∈ζr(n)

ωαr

=

d−1∑
r=0

ωαr
∑

s∈ζr(n)

1

=

d−1∑
r=0

ωαr|ζr(n)|,

and for the rhs, for any arbitrary choice of a positive integer k < n,

∑
s∈S(n)

ωαP(s) =
∑
s∈Sk

∑
s′∈Sn−k

ωαP(s)P(s′)

=

d−1∑
x=0

d−1∑
y=0

∑
s∈ζx (k)

∑
s′∈ζy(n−k)

ωαP(s)P(s′)

=

d−1∑
x=0

d−1∑
y=0

∑
s∈ζx (k)

∑
s′∈ζy(n−k)

ωαxy

=

d−1∑
x=0

d−1∑
y=0

ωαxy
∑

s∈ζx (k)

∑
s′∈ζy(n−k)

1

=

d−1∑
x=0

d−1∑
y=0

ωαxy|ζx(k)||ζy(n − k)|.

�

Proposition B.2. For α and n > 1 integers, it holds that

d|ζ0(n − 1)| �
d−1∑
r=0

ωαr|ζr(n)| � dn. (B.2)
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Proof. Using proposition B.1 with the choice of k = 1, we have

d−1∑
r=0

ωαr|ζr(n)| =
d−1∑
x=0

d−1∑
y=0

ωαxy|ζy(n − 1)|

= d|ζ0(n − 1)|+
d−1∑
y=1

|ζy(n − 1)|
d−1∑
x=0

ωαxy.

(B.3)

Let us focus on the sum
∑d−1

x=0 ω
αxy. If αy ≡ 0 mod d, the sum gives d, otherwise it gives 0

(sum of powers of primitive complex roots of unity) [20]. The lower bound in equation (B.2)
can be attained for α coprime to d, the upper bound for α ≡ 0 mod d. �

Proposition B.3. For α and n > 1 integers, it holds that

d−1∑
r=0

ωαr|ζr(n)| =
d−1∑
r=0

ω−αr|ζr(n)|. (B.4)

Proof. As a consequence of proposition B.2,
∑d−1

r=0 ω
αr|ζr(n)| is a real number, implying that

it has to be equal to his complex conjugate. Since the cardinalities of string-sets are positive
integer numbers, such complex conjugate can be expressed as

(
d−1∑
r=0

ωαr|ζr(n)|
)∗

=

d−1∑
r=0

(ωαr)∗|ζr(n)| =
d−1∑
r=0

ω−αr|ζr(n)|.

�

Lemma B.1. For n, �, p positive integers, with p > 1, the following identity holds:

p−�
n−1∑
j=0

(
n + �− 2 − j

�− 1

)(
1 − 1

p

)−( j+1)

=

(
1 − 1

p

)−n

−
�−1∑
j=0

(
n + j − 1

j

)
p− j.

Proof. We make use of the two identities

(
1 − 1

p

)−n

=

∞∑
j=0

(
n + j − 1

j

)
p− j for n > 0 and |p| > 1, (B.5)

r∑
j=0

(
r + s − j

s

)(
j + k

k

)
=

(
r + s + k + 1

s + k + 1

)
. (B.6)
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The first one can be easily proved by expanding the lhs, whereas a proof for the second one
can be found in reference [25]. We have

p−�
n−1∑
j=0

(
n + �− 2 − j

�− 1

)(
1 − 1

p

)−( j+1)

= p−�
n−1∑
j=0

(
n + �− 2 − j

�− 1

) ∞∑
k=0

(
j + k

k

)
p−k

=

∞∑
k=0

p−(�+k)
n−1∑
j=0

(
n + �− 2 − j

�− 1

)(
j + k

k

)

=

∞∑
k=0

p−(�+k)

(
n + �+ k − 1

�+ k

)

=

∞∑
j=0

(
n + j − 1

j

)
p− j −

�−1∑
j=0

(
n + j − 1

j

)
p− j

=

(
1 − 1

p

)−n

−
�−1∑
j=0

(
n + j − 1

j

)
p− j.

�

Proposition B.4. For a dimension d =
∏

i∈J p�i
i , with {pi∈J } the prime factors of d, and

m ∈ Zd such that gcd(m, d) =
∏

i∈J pki
i , it holds that

1
dn

d−1∑
y=0

d−1∑
t=0

ωmty|ζy(n − 1)| =
∏
i∈J

⎡
⎣1 − (1 − δki,�i )

(
1 − 1

pi

)n�i−ki−1∑
j=0

p− j
i

(
n + j − 1

j

)⎤⎦. (B.7)

Proof. We use the property of the greatest common divisor gcd(ca, cb) = c gcd(a, b) (for c
a non-negative integer), as well as a few identities and previous results, namely equations (31),
(A.1) and proposition A.1. The introduction of Euler’s totient function follows the same rea-
soning as in proposition A.2. Notice that in the following we use again the notation D(r) for
the set of divisors of an integer r

1
dn

d−1∑
y=0

d−1∑
t=0

ωmty|ζy(n − 1)| = 1
dn−1

d−1∑
y=0

δ0, my mod d|ζy(n − 1)|

=
1

dn−1

d∑
y=1

δ0, my mod d|ζy(n − 1)|

=
1

dn−1

gcd(m,d)∑
y=1

∣∣ζyd/ gcd(m,d)(n − 1)
∣∣

=
1

dn−1

gcd(m,d)∑
y=1

∣∣∣ζgcd(yd/gcd(m,d),d)(n − 1)
∣∣∣
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=
1

dn−1

gcd(m,d)∑
y=1

∣∣ζgcd(y,d)d/gcd(m,d)(n − 1)
∣∣

=
1

dn−1

∑
y∈D(gcd(m,d))

ϕ
(
gcd(m, d)/y

)
×
∣∣ζyd/ gcd(m,d)(n − 1)

∣∣.
(B.8)

Using the prime factorizations of d, gcd(m, d) and y, and factorizing the cardinalities of string-
sets as in equation (17), the previous equation becomes

1
dn

d−1∑
y=0

d−1∑
t=0

ωmty|ζy(n − 1)| = 1
dn−1

k1∑
j1=0

k2∑
j2=0

. . .

k|J |∑
j|J |=0

ϕ

(∏
i∈J

pki− ji
i

)
×
∣∣∣∣∣ζ∏

i∈J
p

ji+�i−ki
i

(n − 1)

∣∣∣∣∣
=

|ζ1(n − 1)|
dn−1

k1∑
j1=0

k2∑
j2=0

. . .

k|J |∑
j|J |=0

∏
i∈J

ϕ(pki− ji
i )

|ζ1(n − 1)| ×
∣∣∣ζ

p
ji+�i−ki
i

(n − 1)
∣∣∣

=
|ζ1(n − 1)|

dn−1

∏
i∈J

ki∑
j=0

ϕ(pki− j
i )

|ζ1(n − 1)| ×
∣∣∣ζ

p
j+�i−ki
i

(n − 1)
∣∣∣. (B.9)

Let us focus on the sum. We express the cardinalities of string-sets explicitly, theorem 4.1,
and use the identity in lemma B.1

ki∑
j=0

ϕ(pki− j
i )

|ζ1(n)|

∣∣∣∣ζp
�i−ki+ j
i

(n)

∣∣∣∣

= (1 − δki ,0)
ki−1∑
j=0

ϕ(pki− j
i )

|ζ1(n)|

∣∣∣∣ζp
�i−ki− j
i

(n)

∣∣∣∣ +
∣∣∣∣ζp

�i
i

(n)

∣∣∣∣
|ζ1(n)|

= (1 − δki ,0)ϕ(pki
i )

ki−1∑
j=0

p− j
i

(
n + �i − ki + j − 1

�i − ki + j

)
+

n−1∑
j=0

(
n + �i − j − 2

�i − 1

)(
1 − 1

pi

)− j

= (1 − δki ,0)ϕ(p�i
i )

ki−1∑
j=0

p−(�i−ki+ j)
i

(
n + �i − ki + j − 1

�i − ki + j

)

+

(
1 − 1

pi

)−n+1

p�i
i −

(
1 − 1

pi

)
p�i

i

�i−1∑
j=0

p− j
i

(
n + j − 1

j

)

= p�i
i

(
1 − 1

pi

)⎡
⎣(1 − 1

pi

)−n

+ (1 − δki ,0)
�i−1∑

j=�i−ki

p− j
i

(
n + j − 1

j

)

−
�i−1∑
j=0

p− j
i

(
n + j− 1

j

)]
= p�i

i

(
1 − 1

pi

)[(
1 − 1

pi

)−n

− (1 − δki ,�i )
�i−ki−1∑

j=0

p− j
i

(
n + j − 1

j

)]
.

(B.10)

Substituting this back into equation (B.9), and calculating |ζ1(n − 1)| (see equation (14)),
proves the proposition. �
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Appendix C. Properties of entanglement of elementary hypergraph states

We prove two properties of multipartite entanglement of elementary hypergraph states. The
first one is for given dimension and multiplicity of the hyperedge; the second one is for given
dimension and number of qudits.

Proposition C.1. For given dimension d and multiplicity of the hyperedge me, the multi-
partite entanglement of elementary hypergraph states is strictly monotonically decreasing in
the number of qudits n, or

E(|Gme
n+1〉) < E(|Gme

n 〉). (C.1)

Proof. Proving the proposition, amounts to proving that for every ki < �i (by construction
there has to be at least one),

(
1 − 1

pi

)n�i−ki−1∑
j=0

p− j
i

(
n + j − 1

j

)
<

(
1 − 1

pi

)n−1 �i−ki−1∑
j=0

p− j
i

(
n + j − 2

j

)
. (C.2)

For ki = �i − 1 the proof is trivial. Let us consider the case ki < �i − 1. Using the recurrence
relation of binomial coefficients, we have

(
1 − 1

pi

)�i−ki−1∑
j=0

p− j
i

(
n + j − 1

j

)
<

�i−ki−1∑
j=0

p− j
i

(
n + j − 2

j

)

�i−ki−1∑
j=0

p− j
i

(
n + j − 1

j

)
−

�i−ki−1∑
j=0

p− j
i

(
n + j − 2

j

)
<

�i−ki−1∑
j=0

p− j+1
i

(
n + j − 1

j

)

�i−ki−1∑
j=1

p− j
i

(
n + j − 2

j − 1

)
<

�i−ki−1∑
j=0

p− j+1
i

(
n + j − 1

j

)

�i−ki−2∑
j=0

p− j+1
i

(
n + j − 1

j

)
<

�i−ki−1∑
j=0

p− j+1
i

(
n + j − 1

j

)
. (C.3)

�

Proposition C.2. For given dimension d and number of qudits n, among the elementary
hypergraph states having hyperedge multiplicity multiple of a same divisor m∗ of d, the one
having multiplicity equal to d/lpf(m∗) is minimally entangled, or

min
1�β<d/m∗

(
E(|Gβm∗

n 〉)
)
= E(|Gd/lpf(d/m∗)

n 〉). (C.4)

Proof. Using the prime factors of d, {pi∈J }, we factorize m∗ and d as

m∗ =
∏
i∈J

pki
i , d =

∏
i∈J

p�i
i . (C.5)

For theorem 5.1, the states |Gβm∗
n 〉 such that β is coprime to d have the same entanglement

as |Gm∗
n 〉; those such that β is not coprime to d have lower entanglement. Among these lat-

ter, a minimally entangled one has to be such that gcd(βm∗, d) = d/pi, with pi a prime factor
of d. In this way, the only element which is not one in the product in equation (24) is that
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for the index i. Among the pi’s, the one which minimizes entanglement, is the smallest one
such that ki < �i in the factorization above, namely pi = lpf(d/m∗). This corresponds to a
β = d/

(
m∗lpf(d/m∗)

)
. �
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