PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 3, 2022
REVISED: June 22, 2022
ACCEPTED: July 25, 2022
PUBLISHED: August 22, 2022

Evidence for an algebra of G5 instantons

Michele Del Zotto,*® Jihwan Oh¢ and Yehao Zhou?

@ Mathematics Institute, Uppsala University,
Bozx 480, SE-75106 Uppsala, Sweden

b Department of Physics and Astronomy, Uppsala University,
Box 516, SE-75120 Uppsala, Sweden

¢Mathematical Institute, University of Oxford,
Woodstock Road, Ozford, OX2 6GG, United Kingdom

¢ Perimeter Institute for Theoretical Physics,
81 Caroline St. N., Waterloo, ON N2L 2Y5, Canada
E-mail: michele.delzotto@math.uu.se, jihwan.oh@maths.ox.ac.uk,
yzhou3@perimeterinstitute.ca

ABSTRACT: In this short note, we present some evidence towards the existence of an algebra
of BPS G5 instantons. These are instantonic configurations that govern the partition
functions of 7d SYM theories on local G2 holonomy manifolds X. To shed light on such
structure, we begin investigating the relation with parent 4d A/ = 1 theories obtained by
geometric engineering M-theory on X. The main point of this paper is to substantiate
the following dream: the holomorphic sector of such theories on multi-centered Taub-NUT
spaces gives rise to an algebra whose characters organise the G2 instanton partition function.
As a first step towards this program we argue by string duality that a multitude of geometries
X exist that are dual to well-known 4d SCFTs arising from D3 branes probes of CY cones:
all these models are amenable to an analysis along the lines suggested by Dijkgraaf, Gukov,
Neitzke and Vafa in the context of topological M-theory. Moreover, we discuss an interesting
relation to Costello’s twisted M-theory, which arises at local patches, and is a key ingredient
in identifying the relevant algebras.
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1 Introduction

The study of string compactifications on backgrounds with G2 holonomy has received a
recent renewal of interest in the physics literature [1, 3-20] due to the discovery of infinitely
many novel examples of such varieties. We can group the two kinds of novel G2 backgrounds
in two broad classes: on the one hand we have the compact ones, which arise from twisted



connected sums of asymptotically cylindrical Calabi Yau 3-folds [23-26], on the other hand
we have non-compact local models that are obtained either from specific circle fibrations
over asymptotic Calabi-Yau cones [27] or as asymptotically conical G spaces in their own
right [28].

Our paper builds on the remark that many of these non-compact cases might admit
equivariant-like twists as M-theory backgrounds [29-31] — see also [32, 33]. In analogy
with what happens for Calabi-Yau 3-folds [29, 34, 35] it is natural to expect these twisted
backgrounds are related to suitable generalisations of topological string partition functions,
the so called topological M-theories [36, 37], in terms of equivariant Donaldson-Thomas (DT)
theories [29].} From this perspective in particular, it is natural to expect an interpretation of
topological M-theory in terms of a generating function of Witten indices of supersymmetric
quantum mechanical sigma models with target suitable supersymmetric versions of the Go
instanton moduli spaces of a given geometry.

This short note is motivated by the question of understanding the structures gov-
erning the enumerative geometry of local G2 manifolds [42], as well as their physical
applications in the context of (equivariantly) twisted M-theory [29, 31, 43, 44] and stringy
correspondences [35, 45].

Geometric engineering techniques in M-theory can be exploited to associate to a given
local G2 manifold X a four-dimensional theory with A/ = 1 supersymmetry which we denote
Tx in this paper. Whenever Ty has a conserved U(1)r symmetry one can consider twisting
this theory on any Kéhler four-manifold, M, by identifying the U(1)z symmetry with a
U(1) subgroup of its U(2) holonomy [46-49] — see also [50, 51]. The resulting theory is
not topological in this case, rather it has a dependence on the holomorphic structure of M.
Often it is possible to compute the corresponding partition function Z7(M), for example
by means of localization methods. Then, we have a natural correspondence

Zre(M) = Z3(M x X) (L1)

between an M-theory partition function on a background with topology M x X and the
twisted 4d N' = 1 partition function on the background M of the field theory Ty. This
poses the question of constructing G2 manifolds corresponding to theories Ty with an
unbroken U(1) symmetry. Thanks to string duality, we argue in this paper that an infinite
class of such geometries exist, giving rise to local G2 manifolds that geometrically engineer
4d N'=1 SCFTs.?

In this paper we are interested in the case when either M is a multicentered Taub-NUT
space with k centers, which we denote TNy, or M is an ALE space of type A;.> Recall
that the theory obtained from M-theory on TNy is a 7d U(k) maximally supersymmetric
gauge theory. Similarly, the theory obtained from M-theory on the ALE, space is a 7d

!See also [38-41] for other attempts at a topological string or topological M-theory on G manifolds.

2We warmly thank Ifiaki Garcia Etxebarria for suggesting to exploit this duality to us, as well as
explaining several of his results that are crucial to argue for the stability of these backgrounds in M-theory.

$We refer our readers to the papers [52] and [35] for a through review of the properties of these spaces
and their relations. Of course our results can be generalised to include other ALE spaces, as well as discrete
C3 form fluxes in M-theory to give rise to G2 instantons in all other simple gauge groups.



SU(k) maximally supersymmetric gauge theory.* Therefore, the backgrounds of the form
TN x X and backgrounds ALE; x X are such that they admit a distinct interpretation
in geometric engineering, as 7d partition functions for these gauge theories, namely

Ziy(X) = Z2u(TN x X)  and  Z&{ ) (X) = Zu(ALE; x X) (1.2)

Whenever the G5 manifolds have compact associative 3-cycles, we argue that the 7d partition
functions on the L.h.s. of these identities receive contributions from G5 instantons for the
groups U(k) and SU(k) respectively, which therefore gives an interpretation in terms of
enumerative geometry of local G2 manifolds of the partition functions we are interested
in. Moreover, if the manifolds X’ admit compact co-associative four-cycles, we expect the
parition functions can receive contributions also from 7d monopoles.

From the relation with the M-theory partition function, combining (1.1) with (1.2) we
expect a 4d/7d correspondence of the schematic form [45]

ZAD(TN,) < 238, ()
TN;:((Jlius l l deIc;)(lll;)le (1 3)
Z#P(ALE,) = ZJ5,,(X)

which extends the results of [35] to this example, thus giving rise to a dictionary between
holomorphically twisted partition functions of 4d A/ = 1 SCFTs on multi-centered Taub-NUT
spaces and the U(k) Ga-instanton partition function. Whenever X admits a U(1) isometry,
the k = 1 case of this correspondence (in particular, the bottom line in equation (1.3))
coincides with the definition of topological M-theory as given in [37], in terms of a generating
function of D2-D6 boundstates arising from exploiting the U(1) fibration of X as an M-
theory circle to reduce to IIA. In this paper we will discuss how this perspective can
be exploited to begin unraveling the properties of these partition functions in a simple
example. In future papers of this series we will address more complicated geometries and
constructions. The main message of this paper is that building on the 4d/7d correspondence,
the algebra of operators which govern the holomorphic sector of 4d N =1 theory is such
that the resulting Gy instanton partition function can be interpreted as a character. This
provides a hope that the enumerative geometry of G3 manifold could be controlled by an
algebra which acts on the cohomology of G2 instanton moduli space. It worth pointed out
that there exists algebras which control the enumerative geometry of the toric Calabi-Yau
3-folds, which is known as the cohomological Hall algebra [2]. If we have a G2 manifold
with a torus action, whose cylindrical ends are toric Calabi-Yau 3-folds, then we expect that
there is a map from the cohomological Hall algebra associated to toric Calabi-Yau 3-folds at
cylindrical ends, to the algebra that controls the enumerative geometry of the Go manifold.

This paper is organised as follows. In section 2 we argue that the partition function
of the 7d U(K) gauge theory, in presence of compact associative cycles, localises on Go

instantons. This gives rise to a definition of the partition function ZS?K) (X) as a generating

4In this paper we are neglecting all the subtleties related to the choices of global structures for these
models [53-55]. We plan to revisit our analysis in the near future to take the latter into account.



function for some sort of equivariant volumes of Gs-instanton moduli spaces. In section 3
we discuss a string duality that allows to construct infinitely many novel examples of Go
manifolds with an interpretation as 4d N' = 1 SCFTs that will play a role in the construction
of the correspondence and give rise to the details of the corresponding dictionary as suggested
by geometric engineering. The resulting local G2 geometries can be understood in terms
of fibrations of Taub-NUT spaces over a collection of intersecting associatives. For this
class of geometries a strategy to reconstruct the full Go instanton partition function is
presented, in terms of the 4d side of the correspondence in section 4. Since the G5 instantons
are engineered by M2 branes wrapping these loci, this gives a way of determining their
contributions in terms of a matrix model which can also be uplifted to an index for an
associated supersymmetric quantum mechanics which we derive by a chain of string dualities.

Exploiting such quantum mechanics it is the key towards understanding the algebra of
G2 instantons for the example we consider, in particular, zooming to the intersection point
of a pair of associatives, one has a local model that can be traced back to a well-known
orbifold of the Bryant-Salamon metric for the G2 cone over the three-dimensional complex
projective plane CP? [56], that were discussed in [57, 58]. This is a universal building block
for the G instanton partition functions that can be understood in terms of the twisted
M-theory d la Costello [30] (see also [32, 33]), along the lines of [60].

Indeed, our search for the algebra of G2 instantons was initiated by the fascinating
observation by Costello:® if we instead consider twisted M-theory on R x C x TNk not the
G2 cone, one can argue that the Donaldson-Thomas partition function on C x T'Ng forms
a character of an algebra of operators of twisted M-theory. In this paper, we will consider
twisted M-theory on the G cone over CP2 and compute the G5 instanton partition, which
is presumably a part of the G Donaldson-Thomas partition function.® Along the way, we
will be able to see that the analogous statement to that of Costello can be made.

As a final comment, let us remark that the main aim of this paper is to pose this
problem: here we show that the study of the GG instanton parition functions have interesting
interconnections with various aspects of geometric engineering and M-theory, which already
unveils interesting algebraic structures: this is our evidence for the existence of an algebra
of GG instantons.

For the benefit of our readers, the vast majority of the technical aspects of the discussion
are confined in the appendix of the manuscript.

2 M-theory and G5 instantons

In this section we discuss our dictionary between the 7d Go instanton partition function
and the underlying M-theory geometry. We stress that in this paper, as in [35], the explicit
expression of the equivariantly twisted M-theory background is not yet known explicitly
for the cases of interest. The non-twisted version of these backgrounds are well known to
exist in M-theory, and have been discussed recently in [62, 63]: these are 11 dimensional

SWe learned this from Kevin Costello’s lecture “Cohomological hall algebras from string and M theory”
in Perimeter Institute, which can be found in https://pirsa.org/19020061.
5Tt will be nice to study a relation between our work and Joyce’s conjecture [61].
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spaces with topology M x X where M is a HyperKahler space and X is a G2 holonomy
space. The backgrounds are supersymmetric and preserve 2 supercharges. Strong evidence
towards the existence of similar equivariantly twisted structures comes from the supergravity
limit [29, 31-33], whenever the spaces M and X have sufficiently large isometry groups.

2.1 7d gauge theory and geometry

It is well known that M-theory on TNy x R gives rise to a U(k) gauge theory along R”.
The space of normalisable forms on TIN; can be parametrised by k elements,

wo, Wa a=1,...,k—1 (2.1)

where wy is such that [wy Awq =0 for all @ and [ wa A wg = Cq g, the Cartan matrix of
Ag_1 type. Consequently, the reduction of the Cs field of M-theory on such a basis gives
rise to 7d vectors:

C3=AD Awy+ 3 A Aw, (2.2)

where A©) is a U(1) gauge potential, while the remaining A(®) are associated to the Cartan
of SU(k). In the limit in which the Taub-NUT radius of TNy is sent to infinite size, the
form wq stops being normalisable and one is left with an ALEj metric, which captures only
the dynamics of a 7d SU(k) gauge theory. In the moduli space of these geometries we have
k — 1 compact PL whose volumes correspond to the vevs in the Cartan of SU(k) for the
scalars in the corresponding 7d vectormultiplets

(¢po) = vol PL /]P]1 Wp = Bagp - (2.3)
M2 branes wrapping such 2-cycles give rise to the corresponding W-bosons. Sending these
volumes to zero we have an enhancement of symmetry and the gauge group becomes
non-Abelian.

Besides these degrees of freedom, the resulting 7d gauge theory has the following
non-perturbative solitonic degrees of freedom:

¢ Instantons with worldvolumes of codimension four that are parametrized by M2 branes
strechced along R”;

e Monopoles with worldvolumes of codimension three that are parametrized by M5
branes wrapped around P.;

e Domain walls with worldvolumes of codimension six that are parametrized by M5
branes strechced along R”.

In this paper, we are interested in understanding some features of the partition function
of this theory coupled to a rigid supersymmetric background. In general, one expects to
receive contributions to these partition functions from BPS solitons that depend on the
properties of the localising BPS background.



2.2 Localising on G instantons

We are interested in the parition function for 7d SYM on a non-compact space with Ga
holonomy X, suitably regularized to avoid the potential IR divergence with a choice of
boundary condition at infinity. Several results about this theory on curved spaces have been
obtained recently, see e.g. [64—66], working d la Festuccia-Seiberg [67], however a detailed
study of the case of pure GGo holonomy is complicated by the fact that in this latter case
one has only a single parallel spinor, and therefore the localising locus is not reduced to
a combination of fixed points arising from a Reeb-like structure. Nevertheless, twisted
versions of this theory are well-known to exist and lead to an interesting cohomological field
theory depending on the Gg structure of X — see [68-70]. In particular, it is expected that
these theories receive contributions from analogues of G2 instanton configurations [71-74].
The main aim of this section is indeed to argue heuristically that the 7d instanton
partition function is governed by a suitable supersymmetrization of the topological term

AF) = [ (o cha(F)) (2.4)
X
where 3 is the parallel G form, which is closed and co-closed, i.e. it satisfies
dps =0 dxp3=0. (2.5)

This ensures that s(F) is a characteristic class. The action for 7d SYM is obtained by
dimensional reduction from the 10d SYM Lagrangian (see e.g. [75])

1 i
£= -3 FunF"Y - %\I/FMDM\II (2.6)

where ¥ is a Majorana-Weyl 10d spinor in the Adjoint of the gauge group. The supersym-
metry transformations are

: 1
§An = %éFM\II 6 = — FynTMNe (2.7)

The resulting theory has an Adjoint scalar triplet of SU(2)g symmetry, L,, that arises from
the components of Aj; in the directions 789. The corresponding supersymmetric action
can be found in [76]. Here we consider the partition function of the 7d U(k) gauge theory
on X, which can be written schematically as

Zl () = [ Do S5, (2.8)

where we collectively denote the fields in the 7d N'=1 SYM as ®, S[®] is the action of the
7d SYM on the G2 manifold X, and of course

1
S19] 2 Syw(F) = / bFa A *F4 (2.9)
X

where F is the 7d U(k) curvature with potential A. The trace is taken in the normalisation
for which a single instanton configuration of SU(2) has unit instanton number, and g is the
gauge coupling constant of the 7d theory. We proceed by arguing that the corresponding



action is dominated by G3 instantons in the saddle point approximation, following [77]. We
present our argument on the Yang-Mills side (2.9).

First of all it is necessary to remind our readers that two forms on a G manifold are
naturally organised according the representation theory of G as follows [78] (see also the
nice review [79])

A2T*X = A2 @ A2y, H2(X) = HX(X) & H2,(X), (2.10)

where the splitting is orthogonal with respect to the canonical pairing

<n,£>x=/XnA*€ (2.11)

induced by the Hodge star of the G5 manifold. We call m7y and 714 the corresponding
projectors.” Then, of course

SYM(F) = SYM(F7) -+ SYM(F14) (2.12)

There is a natural Gs-equivariant linear map, which is compatible with such a splitting,
meaning that [80]

T: N T*X — A2 T*X T(n) = *(n A ps3) = 2m7(n) — 714(n). (2.13)

It is easy to see that

/X nANA ez =2(mr(n), mr(n))x — (m1a(n), T14(n)) ¥ (2.14)

follows from the definition (2.11) and the property (2.13) by orthogonality.
Therefore, the topological term in (2.4) is such that

ax(F) = trg/X FANFAN @3 =2 trg(mr(Fa), m7(Fa))x —trg(m1a(Fa), m14(Fa))x

=g ( 2Sym(Fr) — SYM(F14)>
(2.15)
Here « is a constant to keep track of the correct normalisation for the second Chern class.
This gives rise to the following identities [21, 22]:

Sy1i(F) = % (3SYM(F14) n gO;%(F)> = 38y a(Fy) — %%(F) (2.16)

Since Sy p(F') has to be positive, then only two possibilities are allowed, either F7 = 0
and »(F) < 0, or F14 = 0 and »(F) > 0, which are the G2 analogues of the self-dual
and anti-self dual equations. For compact G9 manifolds, F% is always zero and for this
reason here we will also focus on those instanton configurations. The topological term in
equation (2.4) is then saturated by Go instanton configurations that are supported on an

"Sometimes we use the short hand N7 = w7 and N1a = T147.



associative 3-cycle o3 and have a non-trivial Chern class in the corresponding Poincaré dual
four-form. By definition, these G5 instantons are solutions to the equation

x* F'qp = —Fyq N 3. (2.17)

It is interesting to remark that G instanton equations are rigid for compact G2 spaces,
meaning that the corresponding moduli spaces have virtual dimension zero, and the
corresponding moduli space is a collection of points [81, 82], however for non-compact
manifolds the moduli problem becomes, of course richer, and more interesting moduli spaces
are allowed [83]. Of course, for 7d SYM field configurations the relevant moduli spaces will
be enhanced by the contribution from the other fields in the 7d SYM Lagrangian.

Remark. In general, X can have calibrated associative 3-cycles as well as calibrated
co-associative 4-cycles. For the examples that we are considering in this paper, however, we
always have a phase of the geometry where there are no compact co-associative 4-cycles, so
we will assume it to be the case for the time being. We will comment on the phases with
compact coassociative 4-cycles below.

Let us denote by 03 ; a basis of H3(X,Z) and by abuse of notation also their calibrated
representatives. The complexified volumes will give rise to complex scalar moduli for
M-theory, which we denote

7
C— = — (4. 2.18
4 /Ug’i P3 Y3 = @3+ 5y 3 ( )

Here, of course, C3 is the M-theory 3-form. A G2 instanton configuration for U(k) with
instanton number x; along o3; is engineered in this setting by a stack of Euclidean M2
branes wrapping o3 ; for x; times. The contribution from such a G2 instanton to the parition
function is proportional to

7y (03.)QF", (2.19)

where Q" = e~ %" and Z,’; (03,4) is the partition function of x; M2 branes wrapping the
associative 3-cycle 03; C X in the background of TNy x X. Whenever we have multi-
wrapping, this gives rise to further contributions proportional to the same power of ();. In
general, the coefficient multiplying Q¥ is of the from

Y. (Zh(oma))™ (2.20)

K;,m; such that
N=r;m;

(X)

. . b c
Whenever the instanton is supported on o3 = >°,%"’ m;03,; with instanton numbers x; on

each o3 ;, its contribution to the partition function receives a weight
b3(X)
so= ] Q. (2.21)
i=1

Therefore, schematically, for examples without co-associatives we can write

Zy= Y. > Zo)QL (2.22)

a’EHg(X)



Remark. The M-theory partition function could in principle receive contributions also
from M5 branes wrapping P x 84,4 where Sy, is a compact co-associative 4-cycle. These
contributions will be relevant for slight generalisations of our backgrounds, which are
associated to a different twist of the 4d A/ = 1 theory, in particular, the vevs of such
co-associatives will break the U(1)z symmetry and so the corresponding backgrounds would
no longer be twisted holomorphically. A construction of such partition functions on the 4d
side of the 4d/7d correspondence can be achieved by exploiting rigid curved supersymmetry
and non-minimal A/ = 1 supergravity coupled to the corresponding Ferrara-Zumino F
multiplet. Since the latter reduces to the R multiplet whenever we are switching off the
offending vevs, we believe that such partition functions are the most natural extension to
the partition functions we consider in this note.
Based on the above analysis then, naively one expects that

7D
ZU(k)(X) o3€H3(X) k>0 Mgk

where:

. Z[(JO()k)(X ) is a perturbative contribution;

. ./\/133(12) is the moduli space of a BPS version of the U(k) G2 instanton, with instanton
numbers x; over the collection of normal bundles in the associative 3-cycles in the
support of the vector m; associated to o3 = >, m;03 ;. Each G2 instanton configuration
contributes to the partition function with a suitably regularized volume of such

moduli space.®

Comparison between (2.23) and (2.19) leads to identify

k N\ —
7k (03,) = /MU(M 1. (2.24)

Ki:03 4

Building on the idea of topological M-theory [37], for the class of examples that we will
consider in this paper we claim that the matrix model computing Zf,fi(ag,i) can be obtained
by considering bound states of D2 and D6 branes in the type ITA frame. For the special
example we consider in section 4 below, we also comment on an interesting duality to IIB
where the same configuration is related to a 3d N' = 2 theory with impurities (a close cousin
of the theories studied in [86, 87]), which reminds also of the discussions in [62, 63].7

8 A possible regularization arise in the equivariant setting, where we expect that parameters for each
instanton contribution are associated to a local £ deformation [84, 85] of the SO(4) rotation of Ny, ;. The
explicit form of the glueing rules among such parameters into global ones can be read off by the existence of
the global G2 structure.

9This last connection is very interesting: the theory with impurities considered in these references is
associated to an M5 wrapping a co-associative, precisely of the type that would contribute to our parition
function in presence of compact 4-cycles. We believe this perspective could be the key to model certain
associative transitions, which are the G2 manifold uplift of the conifold transitions in ITA [57, 88].
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Figure 1. Some well-known examples of quivers from dimers.

3 N =1 SCFTs, G, manifolds, and dimers

In this section we give a simple argument for the existence of infinitely many examples of
Tx that have a U(1)g isometry.

3.1 Lightning review of dimers and mirrors

It is well known that probing singularities at the tip of Calabi-Yau cones X with a stack
of N D3 branes in type IIB one obtains 4d N/ = 1 SCFTs, which we label Tx 5.1 In
particular, when X is a local toric CY threefold, the corresponding theories on the stack of
N D3 branes have a 4d N/ = 1 Lagrangian description that is straightforward to compute,
being encoded in a dimer model. In general, many of these theories can be captured by a
quiver diagram (also in the non-toric cases) that can be read off directly from the structure
of the singular orbifold geometry exploiting standard techniques that we are not going to
review here. Some examples of such quivers can be found in figure 1.

A well-known feature of these geometries is that the resulting theories can be represented
in Type IIA by exploiting mirror symmetry. By mirror symmetry, the IIB theory on the
toric threefold X is equivalent to ITA on the mirror 3-CY XV. The D3 brane stack in IIB is
mapped to a configuration of wrapped D6 branes that have support on special Lagrangian
3-cycles in the mirror geometry XV, which can be understood, e.g. in terms of the SYZ
fibration [95]. We denote a basis of such cycles C; € H3(X",Z). For the mirrors of the toric
cases we are interested in, the topology of these 3-cycles is either an S or an S! x §2.

On the IIB side, the D3 brane fractions at the singularity X in a number b3 of fractional
D3 branes [96]. These are in one-to-one correspondence with the cycles C; in the mirror
dual. The original D3 brane is a bound state of fractional 3-branes, consisting of N; copies
of the i-th 3-brane. This is mapped in the mirror to IV; D6 branes wrapping the 3-cycle C;.
These D6 branes give rise to gauge groups SU(N;) on the 4d theories:'! if C; is an S we
obtain an A/ = 1 vectormultiplet, if instead C; ~ S x S? the resulting degrees of freedom
are those of an N' = 2 vectormultiplet. The intersection pairing

Bij =C; - Cj (3.1)

in the mirror geometry corresponds to an adjacency matrix of the quiver theory describing
the D3 brane worldvolume. In particular, if a pair of wrapped cycles C;,C; are intersecting,

0T here is a multitude of references about this subject and therefore it is hard to properly cite them, some
references there were key for the preparation of this section are [89-94].
"The corresponding U(1) are expected to decouple in the IR.

~10 -



then the corresponding wrapped D6 branes are intersecting, in which case we obtain extra
massless matter from open strings ending on them. Generically, we will have configurations in
which the 3-cycles are S%’s that intersect over a collection of |Bi;| points. In correspondence
to each point with B;; > 0 we obtain an ' = 1 chiral multiplet in a bifundamental (N;, N;).
In cases when the 3-cycles overlap along an S' the resulting contribution is an N = 2
hypermultiplet, which however gives B;; = 0. For most of the toric models, the topology of
the C; is always that of S® and one has an N = 1 theory. In particular, in this case, the
N; > 0 must satisfy

B;jN; =0, (3.2)

which guarantees anomaly cancellation on the 4d N' = 1 side. Whenever the quiver has
loops, the resulting 4d AV = 1 theory can also have an interesting tree-level superpotential,
which, in favourable circumstances, is also determined using geometry. For the toric cases
N; = N for all 1.

3.2 From ITA to M-theory

The G geometries that we will consider are captured by the ITA geometry of XV by
duality.'?> One has to uplift the configuration of intersecting D6 branes over the collection
of special Lagrangian 3-cycles C; to a hyperKé&hler fibration on a collection of associative
cycles o3, ~ C;, which gives rise to a G2 manifold that is a U(1) fibration over XV. The
fibration is such that the U(1) bundle degenerates along the cycles o3; that correspond
to the special lagrangian 3-spheres C; that are wrapped by IV; D6 branes, giving rise to a
local C? /Zn;, singularities with locus o3 ;. The singularities enhance to C? JZN,+ N;+1 at the
intersection where N; D6s meet with /V; D6s, similar to what happens in other geometric
engineering settings [97]. In this context, it is natural to conjecture that the condition for
the absence of anomalies (3.2) is equivalent to the condition that the corresponding ¢3 form
is not only closed but also co-closed. For toric examples, we have that N; = N, where N is
the number of D3-branes probing X. Therefore, we label this class of G'2 manifolds Xxv y.
From the perspective of geometric engineering, we have that

Tx

)

N =Txygv - (3.3)

In the toric examples, the mirror geometries are known explicitly. One starts from the
toric diagram of X and obtains the mirror geometry

XY = {uv = W(X,Y)} C C% x (C*)?, (3.4)

where W(X,Y) is the Newton polynomial obtained from the toric diagram by assigning
to the internal dots with coordinates (n,m) the monomial XY™ and X and Y are C*
variables [98]. We refer our readers to the beautiful detailed discussion in [94] for more
aspects of these geometries.

12Tt would be interesting to investigate generalising slightly the construction of Foscolo, Haskins, and
Nordstrom [27] to include orbifold singularities. We believe many of the geometries in this section are
orbifolds of the FHN metrics.
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An application of the fact that these models have an explicit description in terms of
a toric quiver, is that it is possible to use these gauge theories to argue for the lack of
contributions to the superpotential from euclidean M2 branes [19, 99, 100] wrapping the
associative 3-cycles o3 ;. This follows because for all toric dimer models the quiver associated
to the corresponding geometry is necessarily such that Ny = {N. where £ > 2. Since each
gauge node can be treated independently from the perspective of the generation of a non-
perturbative superpotential in gauge theory, this is precisely the condition that there are as
many incoming as there are outgoing arrows from each node, which is a condition that every
toric quivers satisfy. Then there is no non-perturbative superpotential generated [101]: in all
these cases the instanton generates no superpotential, but rather higher F-terms [102].'* The
higher F-terms involve lots of fermion insertions and therefore most likely will be irrelevant
deformations from the perspective of the SCFT. This guarantees that these geometries are
not receiving non-perturbative superpotential contributions from the associative 3-cycles,
and therefore evade the main issue in geometric engineering of 4d AN/ = 1 SCFTs, namely
that non-perturbative contributions to the superpotential could spoil geometric intuition
giving rise to a quantum moduli space that differs from the classical geometrical one —
see e.g. [103] for a recent discussion of this effect in the context of F-theory geometric
engineering of 4d N' =1 SCFTs.

This concludes our brief overview of these geometries. We stress that there are many
applications of this geometric setting, which uplift to Gs, for instance, the geometrization
of dualities by Ooguri and Vafa [89]. We will return to the study of more details of these
geometries in future papers in this series.

4 Towards the algebra of GG, instantons

4.1 Evidence from 4d/7d correspondence

In the previous section we have given an argument to provide infinitely many examples
of local G2 geometries that give rise to systems with an unbroken U(1)gr symmetry, and
therefore can be exploited to construct 4d holomorphically twisted TIN; partition func-
tions.' We can use this fact to our advantage while proceeding in our investigation of the
structure governing the BPS G3 instantons on the stringy side for the corresponding Go
manifolds Xxv .

The main feature of all the local models of G geometries we introduced in the previous
section is that those are dual to collections of NV D6 branes wrapping compact special
Lagrangians in the mirrors of toric geometries X’xv. We are interested in a configurations
of Euclidean D2 branes, wrapping the same special Lagrangians. From geometry it is clear
that the most interesting contributions will arise from intersecting loci (other loci would be
closer to ordinary instantons). Our task therefore is the following: (1) exploiting branes,
identify the contribution of intersecting loci to our putative BPS G5 instanton partition
function; (2) establish gluing rules corresponding to the quiver diagram associated to the

13We thank Ifiaki Garcia Etxebarria for an important clarifying discussion about this point.
147t would be interesting to explicitly construct the holomorphic partition function of these models on
multicentered Taub-NUTs.
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corresponding geometry. This is in a sense the analogue of the topological vertex [104, 105]
for this special class of GG manifolds.

This task is seemingly impossible, however some recent progresses in the context of
twisted M-theory can be exploited to our advantage. The main point is that the twisted
M-theory background by Costello [31] provides a local model of the form!?

TN, x R? x TNy, (4.1)

where the twist is holomorphic on TNy, and topological on R?® x TNy;,. Such a geometry
can be identified with a local patch in the structure of any of the geometries discussed in
section 3: it is enough to identify the R3 in equation (4.1) with a local neighborhood of one
of the associatives 3-cycles 03;. The fact that the twist is holomorphic on TN}, guarantees
that this twisted M-theory construction contributes a subalgebra of the cohomological field
theory associated to the holomorphic twist of one of the 4d N’ = 1 models TXx\/’ ~+ More
precisely, the contribution from a subsector like (4.1) is encoded in an algebra that we
schematically denote Alfvi. It is natural to conjecture that

Ak ; = U61 (062 (TNk) ® g[Ni) (4'2)

which is the quantum deformation with parameter €; of the universal enveloping algebra of
the algebra of deformed holomorphic functions on TNy, tensored by gly;, .

For the class of examples in this note, whenever we have a pair of intersecting D6
branes in the background of TIN, we expect to obtain a more general algebra that has two
such factors

Aﬁvl ®Bij Aﬂc\/jv (4'3)
where the notation ®p,; indicates that there are some further relations which arise from
the number of points of intersection among the associatives, and from gauging, and hence
the corresponding system is not just a tensor product (although being close to one).

Based on the structure of the geometries Xxv n it is natural to expect that the factors
A?Vi ®B,; A’ij fully determine the algebra of the associated quiver theory. Therefore, by
4d/7d correspondence we claim that for all these examples, there is an algebraic structure
underlying the Go instanton partition function, which we schematically denote Aj(Xxv n).
This is the algebra of GGy instantons, meaning that the corresponding 7d G2 instanton
partition function is organized according to characters of Ay (Xxv n). The task of finding a
precise definition of such an algebra is extremely hard, and in this section we build some
evidence towards its existence exploiting string dualities, which allows to capture some of
the features of its building blocks. From the perspective of the 4d N' = 1 theory, we expect
the Ai(Xxv n) to be computable in terms of the structure of the complexes associated
to the differential arising from the holomorphic twist on TNg. We will devote to this
computation another paper in this series.

Exhibiting the details of the gluing rule goes beyond the scope of this short note. In
what follows we proceed with a consistency check of (4.3): we consider the k =1 case, and
we prove that indeed equation (4.2) is verified, by considering a local model for the D6
brane intersection.

5 . . .
15WWe refer our readers to appendix A for a quick review.
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4.2 Building blocks from intersecting D6 branes

As a local model for the intersection between two D6 branes stacks, we can exploit a famous
class of asymptotcally conical Go spaces, which are metric cones on complex weighted
projective spaces WCP?’\L N.KK

Xy = C(WCPY v ki) (4.4)

here the case N = K = 1 coincides with the Bryant-Salamon G5 cone over the three-
dimensional complex projective plane CP? [56], while the other cases are natural generaliza-
tion of the Bryant-Salamon construction [57, 58]. The physics of these models is understood
in terms of a single chiral U(N) x U(K) bifundamental multiplet [57, 58]:

T B { 4d N =1 chiral }
W T U(N) x U(K) bifundamental |

It is well-known that the G2 manifolds Xy i are dual to a ITA configuration of N D6
branes intersecting with K D6 branes at angles. We choose a frame of reference such that
the stack of N D6 branes is located along the directions 0,1,2,3,4,5,6 and the stack of
K D6 branes is along the directions 0, 1,2,3 and it wraps a plane Lg ~ R3 which extends

(4.5)

in the directions 4,5,6,7,8,9, such that each of its components form an angle 6; with the
directions 4, 5, 6 respectively for i = 1,2,3.1® The M-theory background TNy x Xy k is
therefore dual to the following type 114 background

0O 1 2 3 4 5 6 7 8 9
NDG, | o o o o o o

My D2 o o o (4.6)
KDGy |[@ o o o Ly
My D2y Ly

TN, e o o o o o

where we are marking the directions that are filled by the corresponding object. In the Type
ITA frame the M2 branes wrapping the corresponding associative cycles are dual in this
context to two stacks of D2 branes, one is parallel to D6, and is wrapping the 456 directions,
the other is parallel to D65 and it is wrapping Lg. Note that there is a supersymmetric
constraint on 6 of each Ly and there is Omega deformation turned on Ly. The compatibility
with Omega background and supersymmetric constraint was discussed in [60].

From the 4d/7d correspondence we expect that the algebra A% ®p,,—1 AL organises
the generating function of some suitably regularised volumes of moduli spaces encoded in
a quiver matrix model supported at the common intersection of these two stacks of D2
branes. These moduli spaces control the contributions of the M2 branes to the 7d partition
function on the G manifold.

16Tn other words,
T4 = tanbi1xs
Lo = { z¢ = tan fa2z7 0 = (01,02,03)

zg = tan f3xg
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Figure 2. The quiver for the matrix model related to the A% ®p,,-1 A% algebra.

Here, we are interested in probing the conjecture with an explicit computation. therefore,
we consider the case L = 1 and we send the Taub-NUT radius to infinity, thus focusing
on the topological M-theory limit of our parition function. The resulting algebra is the
L = 0 version of the G2 instanton algebra. In the absence of the Taub-NUT background it
is relatively straightforward to derive the quiver which captures the D2 brane boundstates
from the building blocks we described above, namely we will have two distinct ADHM-like
quivers, each corresponding to one of the two factors of the algebra A?V and A}, arising
from the D2-D6 systems. On top of that from the intersection of the two D2 branes, we
expect to obtain a single chiral bifundamental contributing to the quiver. As a result we
obtain the quiver in figure 2.'7 Increasing Bis, the quiver is essentially the same, only we
obtain a collection S* of chiral bifundamental fields, at the intersections, which would carry
an index £ = 1,..., B1s. Here, we will focus on the case £ = 1, which corresponds to the
orbifolds of the Bryant-Salamon G2 cones that we are using as local models.

In appendix B, we discuss a proposal for the corresponding action for the 0d matrix
model'® supported at the intersection of the two D2 branes. From the D-term of the
associated quiver description, we see that the two ADHM quivers satisfy their own complex

moment map equations:

[X,Y]+IJ =0,
o (4.7)
[X, Y] +Ij=o,

and we also have a modified real moment map equation, which includes the contribution
from the chiral bifundamental field S
[X,XT] + {Y,Yq I — Tt — ST = ¢ Tug s
o o . . (4.8)
[X, XT] + [Y, YT] F I =TT+ S8t = ¢ Tuywanss
where £ is an FI term. This is the starting point for a more formal analysis for the structures
of the corresponding moduli spaces, which we describe in appendix C.

1"We review the relevant computation using string quantization in appendix B, and here we only report
on the main result.
181t is not matrix quantum mechanics.
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In appendix C, we compute the equivariant K-theory index of the corresponding moduli
space. Here, we briefly summarize the result, relegating the details to the appendix. The
first step is to utilize a well-known fact, namely that the virtual tangent bundle of the moduli
space encoded in the quiver diagram is captured by the cohomology of a specific complex:

End(V;) @ End(V) = End(V1)®2 @ End(V)®? @ VPN @ Vi @ YIPK @ p;oN wo)
4.9
®Hom(Vy,V2) @ Hom(Va, V1) g End(V1) @ End(V2).

Here V1, V, are universal bundles of rank M;, Mo, o is related to the stability condition or
real D-term equation, and g is complex moment map equation. Our goal is to compute the
Euler characteristics of the virtual tangent bundle of this moduli space.!? To do so, it is
necessary to find a suitable compactification of the moduli space, which typically is achieved
by means of equivariance. We can achieve this by turning on five-torus T} x T x T3 acting
on MNE (M, Ms), defined by

(7"1,’/“2) € Tll : (X? Y>Iv J) = (TlXa T2Y>Ia T1T2J)a
(51,82) € Th: (X, Y, I,J)  (51X,8Y,1,5180.]), (4.10)
ceT3:5—cS.

In the case when N = K = 1, we show in the appendix that the torus fixed points of the
moduli space are in one-to-one correspondence with M; + 2 copies of Young diagrams,
see Proposition 5. Using this fact, we are able to compute the equivariant K-theoretic
index of the moduli space of the GG instantons in appendix C.5. Especially, the equivariant
K-theory index nicely factorizes into two pieces in the limit r1ro — 1, sys0 — 1 for the
equivariant parameters of the torus action. We show this in Proposition 8. We conjecture
that each piece is captured by the Witten index that we will discuss in section 4.3. Finally,
in appendix C.6 we explicitly show that in a certain limit of the equivariant parameters the
equivariant K-theory index admits a structure of character of Verma module of A} ®; Aj.
Here A} is the affine Yangian of gl;, which acts on the equivariant cohomology of Hilbert
scheme of points on C3, and the latter is a Verma module of A} [59]. On the other hand, in
the case N = K = 1, the G5 manifold is a cone over CP? and there are two D2-D6 systems.
This might not be a coincidence, and we expect that each D2-D6 system contributes to
one copy of A}, which controls the enumerate geometry of one C? patch that D6 lies
in. This series of propositions is a strong evidence toward the existence of an algebra of
(5 instantons.

In sum, we claim that the contributions from the equivariant volumes of the Go
instantons to the 7d partition function are captured by the equivariant K-theory index
described above, which we denote I}Vh’ 1, (N, K). This gives rise to the following explicit
contribution to the partition function

Zih () = > QMY Thy 4y (1,1). (4.11)
My, M>

19This Euler character is interpreted physically in terms of a Witten index.
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| [0 1 2 3[4 5 6 7 8 9
Background A B

(D61 =)D41 |+ + 4+ + |+

(D23 =) D4, -+ + | + +
(D6 —)D8 | + + + + |- + + | + +

Table 1. Brane configuration after the T-duality. A and B denote angles and B-field. For instance,
D4, and D8 branes extend over an oblique line in 47 plane.

The main outcome of such analysis is that indeed, the resulting partition function is organised
as a character of Al ®1 A}, which is a first consistency check for the ideas discussed here. As
a final remark, it would be nice to know that our ADHM-like construction indeed reproduces
what has been discussed in mathematics literature, such as [61].

4.3 G2 instantons from an SQM Witten index

In this section, we present an alternative way to compute the G2 instanton partition function
as a Witten index [106]. We can achieve this by performing T-duality along two directions
on the D2,/D61/D29/ D6y brane system. The following table summarizes the resulting
D-brane configuration D0;/D4,/D45/D85. Note that we T-dualize two of the directions
previously occupied by a stack of D61(D2;) branes, which are forming angles with a stack of
D62(D25) branes. As we explained in appendix B, this T-duality converts D-branes at angle
configuration to B-field backgrounds along 5689 directions. It does not modify the result
of the string quantization, since the open string boundary condition do not change under
the T-duality. In other words, we may simply promote the matrix model field content we
discussed in the previous section to a 1d A/ = 4 quiver supersymmetric quantum mechanics.

4.3.1 Supersymmetric quantum mechanics

Let us first collect the quantum mechanical fields that are related to DO and D44 branes in
table 2. They are the standard ADHM mechanical fields [96, 107-109] (see also [110, 111]).
In the table, we organize the fields by their representation under SO(4) = SU(2)_ x SU(2)
and SO(4)r = SU(2)E x SU(2)%, where SO(4) acts on 0123 directions and SO(4) acts on
5689 directions.

Next, the fields that are not related to the usual ADHM quiver are from D0-D44 strings
and DO0-DS8 strings, which are T-dual to D2:-D25 strings and D2:-D6s strings. However,
we have seen in appendix B that the D2;-D62(D0-D8) are massive and decouple in the IR.
Hence, we only need to discuss the D0-D44 strings. Their T-dual is summarized in table 3.

The quantum mechanical fields collected in table 2 and table 3 are fields that appear
in a subquiver of the entire quiver for the system: compare figure 3 with figure 2. This is
the same quiver that was needed for our analysis in appendix C — see figure 5 there. We
showed in Lemma 3 that G instanton moduli space M- (M, My) is an entire space of a
trivial fibration over a single ADHM moduli space M™ (M) with the fiber being the moduli
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strings | N = 4 multiplets fields SU(2)- xSU(2)+xSU(2)ExSU2)F | U(M:1) x U(N)
gauge field (1,1,1,1)
vector scalar (1,1,1,1)
fermions (1,2,1,2)
DO-DO Fermi fermions (2,1,2,1) (Adj,1)
twisted hyper Scal.ars (1,1,2,2)
fermions (1,2,2,1)
hyper scalars (2,2,1,1)
fermions (2,1,1,2)
scalars (1,2,1,1)
hyper -
D0-D44 fermions (1,1,1,2) (M;,N)
Fermi fermions (1,1,2,1)

Table 2. The field content of the D0-D4 quantum mechanics. Note that 1d twisted multiplets does
not have a matrix model counterpart. Indeed, the field decouples from the computation of the index.

strings | N' = 4 multiplets fields SU(2)- xSU(2)+xSU(2)ExSU2)F | UM;)xU(M2)
scalar (1,1,1,2)
D0-D4 twisted h: M, .M
2 Wisted Ayber fermions (1,2,1,1) (M1,Ms)
Fermi fermions (1,1,2,1)

Table 3. The quantum mechanical fields from the D0-D45 strings. These will introduce local

operators that we can integrate out to form 1-loop determinants — see (4.15).

Figure 3. A subquiver of the whole quiver that is captured by the Witten index.

space described by figure 3. Here we will mimic that construction from the perspective of a

Witten index computation.

4.3.2

Witten index of SQM

Here we are interested in computing the following Witten index for our quiver in figure 3

TMiLN _ Tr3ons (_1)Fe/3{Q,QT }t2(J++JR)u2LU%gw?mmlﬂz
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Here F, Ji, Jg, Jg, II;, and 11} are the Fermion number and charges under the Cartan
generators of SU(2)+, SU(2)%, SU(2)E, U(N), U(Mz). Hqu is the Hilbert space of the
quantum mechanics.

The Witten index can be computed by supersymmetric localization of the quantum
mechanical path integral. As it has now become a standard technique, we will simply take
formulas from the original references and direct the reader to [110]. The difference between
the original set-up and our set-up is the presence of D0y — D45 strings, which are T-dual of
D21 — D25 strings. Since the other extra fields are all massive, the computation reduces to

M = /[d¢1] Do po(B1, €6, ) Z N0y, (Bir€xs 6, € ) 210 pa, (1, €4, - my),
(4.13)
where ¢; are Cartan elements of U(Mj), e, € are Cartan elements of SU(2)4, SU(2)%, and
a;, m; are Cartan elements of U(N) and U(Ma).
Z 38 poZba—pa, is given in [110, 112]:

My My
ZDO—DOZDO—D41
My sinh’ ¢I;¢J sinh ¢I*¢é+2€+ My h ¢1Ji€ e— M

sin sin
- Fim1 sinh ¢I_¢é]+2€1 sinh ¢1_¢QI+262 IlJ_ll sinh ¢>1J:|:E Proté—eq H H I azi6+

J—1i—=1 2sin
(4.14)

h ¢I azie

where the prime on sinh indicates that sinh(x) is omitted when x = 0.

We can read 2%7 p4, from [112, (3.6)]. The difference here is that we do not have
massless D41 — D45 strings. The chiral multiplet S maps to the twisted hypermultiplet in
SQM.?" The corresponding 1-loop determinant is

My Mo h (b[ ml:I:e,

sin
ZM _— (4.15)
DO0—D4y — [1_[1 11_11 sinh br— mli€+
After substituting the ingredients (4.14), (4.15) in (4.13), we can use the JK prescription [113,
114], which guides what poles to choose when one evaluates multidimensional complex
integrals. Let us explain the contour of the integral (4.13) following [112]. We can classify
the poles selected by the JK prescription in two types:

7)11 o1 —a; + e =0, o1 —dyte_+ep =0,

2 } (4.16)
P ¢I—ml—€+:0, ¢1—¢J:|:6—6+:0.

When evaluating the rank M; ¢; integral, one needs to choose M; poles out of (4.16) and
evaluate the residue integral. In other words, since we have two sets, if we can pick M poles
in P!, we need to pick the rest M; — M poles in P2. It was shown in [112] that each of the
first and second set of poles is classified by the N-colored Young diagrams Y = {Y¥3,--- , Yy}
with total size M and My-colored?! Young diagrams Y with total size M; — M, respectively.

20Here by twisted hypermultiplet we mean a multiplet whose scalar transforms non trivially under SU(2)%
but trivially under SU(2)+.

*'The case for My = 1 was discussed in [112], but the statement can be extended for general Ms. For
instance, quiver gauge theory with higher rank gauge nodes was discussed in [115].
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Each of the contributions can be naturally understood as the DO bound states on the D4,
branes and on the D45 branes. With this information, we can organize the result of the
integral as the following double summation over two sets of Young diagrams:

TMiN _ ZY: nyy(6+, €, & a;,my) (4.17)
Y

It is assumed in the above formula that we take e¢ — 0 limit to decouple the twisted
multiplet contribution, as we commented in the caption of table 2. This is a valid limit, as
discussed in [112].

Compared to [112], we do not have a Fermi multiplet, which would come from D4; — D45
strings. The corresponding 1-loop determinant is

N M

. a; — MMy
Zpa,—pay = | [ [ 2sinh = T (4.18)
i=1j=1

Since D4; — D4 strings are not related to DO branes(i.e. (4.18) does not depend on ¢y), this
1-loop determinant does not affect the ¢ integral. Hence, the structure of our integral (4.17)
is the same as that of [112].

Computing ZM1N for each M;, we can form a generating series by weighting each
IMuN with the instanton counting parameter Q; with power M;:

L+ > @ (4.19)
Mi=1

This gives a part of the GG instanton partition function that is associated to the fiber of
the bundle

7w MNVE (M, My) — MY (). (4.20)

We naturally conjecture that (4.19) is equivalent to the half (C.46) of the factorization
formula in Proposition 8, since both of them are labeled by the same information: two sets
of Young diagrams Y and Y.

Similarly, one can do the same computation for the second saddle of the G2 instanton
partition function that is represented by the following subquiver:
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Background
<D2 1 — ) D4/2 —

+ |+ || o
+ |+ | W >
— | || =
+ |+ | T oo
+ |+ ||| ©

(D61 —))D8/ + + + +| -
(D22 —))DOI +
(D62 —))D4,1 + + + + |+

Table 4. Brane configuration after the T-duality. A and B denote angles and B-field. For instance,
D4’5 and D8’ branes extend over a line in 47 plane.

This is done by first choosing a coordinate frame where we find D2y, D69 branes aligning
in the 4,5,6 coordinate axis and on the other hand D2;, D6, branes forming angles with
4,5,6 axis. Performing the same T-duality, D25 brane stack into D0’ brane stack. The new
configuration is as follows Doing the exactly same computation as above, we can form a
generating series by weighting each ZM2X with the instanton counting parameter Q.

L+ >0 QPT'E, (4.21)
Mor=1

This gives a part of the GG instanton partition function that is associated to the fiber of
the bundle

7' MNVE (M, My) — ME(My). (4.22)

Similarly to the other half, we expect that (4.21) is equivalent to the other half of the fac-
torization formula in Proposition 8, since both of them are labeled by the same information:
two sets of Young diagrams Y and Y.

4.4 A relation with 3d A/ = 4 theories with impurities

We conclude this section with a remark about a relation between our setup and 3d N =4
systems with supersymmetry breaking impurities. Exploiting the Taub-NUT radius to
perform a T-duality with IIB, starting from equation (4.6), we obtain the following setup:

0O 1 2 3 4 5 6 7 8 9
N D5, e o o o o
My D3y | e v (4.23)
K Db5q e o o Lo
Mg D32 o Lg
L NS5 e o o o o o

From this T-dual frame, it is interesting to notice a connection between our computation and
3d N = 4 theories with supersymmetry breaking impurities, which is somehow reminiscent
of the analysis in [62, 86, 87]. Indeed, the brane setup involving D31, D51, and NS5 is the
famous Hanany-Witten brane engineering for 3d A/ = 4 systems [116]. On top of that, we
have the injection of the D32 and D59 stacks, which can be described as impurities localised
at points from the perspective of the corresponding 3d N = 4 theories. The partition
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functions of M2 branes contributing to the 7d instanton partition function should have an
interpretation also in terms of this kind of systems.

In a sense, these would be captured by 3d AN/ =4 83 or S x S? parition function with
the insertion of impurity operators. It is interesting to remark that this impurity operator
can form a module of algebra of operators of the 3d N/ = 4 theory, as the impurity operator
admits an action of the algebra. It has a parallel structure as our main claim — the G,
instanton partition function admits an action of two copies of affine Yangian, so the partiton
function forms a module of the algebra. It would be nice to study this impurity module
and see if it indeed admits an action of large N limit of algebra of operators of 3d N = 4
theory, discussed in [43].%2
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A A brief review of the twisted M-theory background

Twisted M-theory is eleven-dimensional supergravity background that is specified by three
data (g,C, ¥): the metric, M-theory 3-form, and bosonic ghost for a certain component
of local supersymmetry. The metric is in general a product metric of a hyper-Kahler
4-manifold MI¥ and a Gy 7-manifold M7G2. In the original work [31], the geometry was
given by
C, xCy xRy xCqy x TNg .
N

MHK Go
4 M

(A1)

The generalized Killing spinor ¥ imposes a topological and holomorphic twist on M7 X
and M7G2 respectively. More precisely, we turn a nonzero bosonic ghost W [30] for the local
supersymmetry of the supergravity. We determine ¥ in the same way we get the scalar
supercharge in a twisted QFT [32]. Start with an 11d Killing spinor ¥1; and decompose it
into 7d and 4d components. Each of the component spinors decomposes into representations
of G and SU(2)_ x U(1)4, where U(1)4 is the Cartan of SU(2).

U =970V, =(1g,®7q,) ® (1.1 ® 111 ® 20). (A.2)

22We thank JHEP referee who suggested for us to think about this point.
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We keep a non zero bosonic ghost for the scalar ¥ = (1g, ® 1_1). There are ¥, and ¥,
such that
{U,¥,,} =P, {V, U4} =P, (A.3)

This implies that the dynamics in M$2 direction becomes topological and that in MHK
becomes holomorphic.
We can deform ¥ into U, [31] such that

02 = ey, (A.4)

where V is a Killing vector field on M7G2. With this deformation, we can incorporate an
Omega deformation Q¢, on C; and €2, X Q¢, on TN ~ (Cy x C3)/Z. €; are deformation
parameters and from now on we will denote €2, deformed C; plane as C,.

Lastly, the M-theory 3-form is

C = e;V4dzdw, (A.5)

where V¢ is a linear dual 1-form of the vector field V', which generates a rotation along the
Taub-NUT circle S%N.

As a result of the Omega deformation, we can expect that a localization happens
in the twisted M-theory. We can explicitly see this by going to the type IIA frame, by
reducing along St.,. The Taub-NUT geometry converts into K D6 branes and the closed
string states decouple from the Q-closed spectrum as discussed in [31]. Moreover, due to
Q¢,, the 7d SYM living on K D6 branes localizes to the 5d U(K') topological holomorphic
Chern-Simons theory [117]:

2
/ <hAde<A¢4+A*QA*QA). (A.6)
(CZX(CwXRt 3

Here, %, is a wedge product deformed by the non-commutative B-field B = eadzdw, which
descends from the M-theory 3-form. This is a typical Moyal product, which is defined
between two holomorphic functions as

1 0,0
f*€2g:fg+62§€ij87zif8jjg+'”' (A.7)

Another important difference with the usual 5d Chern-Simons action is that the 5d gauge
field has only three components:

A = Aydt + Azdz + Agdw, (A.8)

due to the presence of the holomorphic top-form dzdw in the action.

Due to the non-commutativity, the naive gauge symmetry algebra gl is modified
to g = Diff,,C, ® glg. Without the quantum deformation, i.e. ¢, = 0, the symmetry
algebra Adassical = Ae;=0,e, Of the 5d CS theory is generated by the Fourier modes of
the ghost c[m,n| for the gauge symmetry, together with the BRST differential . As a
graded associative algebra, Aclassical is iSomorphic to C*(g), which is the Chevalley-Eilenberg
algebra of cochains on the Lie algebra g.
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One of the major achievements of [43] was to use Kozsul duality C*(g) = U(g) and
identify the 5d CS algebra of operators with the protected operator algebra A%V) of N
M2 branes(on R; x C,) probing the twisted M-theory background in the large N limit.
Moreover, there is a surjective map s [43]

s : U, (gl(K) ® Diff,, (C)) — AR, (A.9)
which is compatible with a sequence of surjective maps s; : A%H) — Ag?. Moreover, the
intersection of the kernels of U, (gl(K) ® Diff,(C)) — .A%V) for all N is zero. In this sense,
one can define U, (gl(K) ® Diff.,(C)) as a large N limit of A%V), and denote it by Ax by
dropping the superscript (o).

Given the abstract description of .A%V) and its relation with the 5d CS algebra of
operators, let us provide the explicit description of A%V). One convenient UV descriptions of
the M2 branes worldvolume theory is 3d A/ = 4 U(N) gauge theory with 1 adjoint hypermul-
tiplet(with scalars X,Y’) and K fundamental hypermultiplets(with scalars I, J) [118]. Due
to the topological twist applied to Ry x C¢, C MGQ, we pass to a particular Q-cohomology
that only captures the Higgs branch chiral ring. This consists of gauge-invariant operators
made of X,Y, I, J, divided by the ideal generated by the F-term relation,

XSV — XEYE + BT = exdf, (A.10)

where we only presented gauge indices a, b, ¢, d, suppressing flavor indices.
¢, deforms the chiral ring into an algebra Ag [119-121] by making Poisson brackets

into commutators

(X2, Y5 = 18865, [J° 1) = €162, (A.11)
and the theory localizes on one-dimensional topological quantum mechanics [122, 123]

1

€1 JRy

Note that €; is a deformation parameter, and €5 is an FI parameter of the 3d A = 4 gauge
theory.
The algebra A%V) is generated by
1
tmn = —STrX™Y™, (A.13)

€1
where ST'r[e] means to take a trace of a symmetrization of a polynomial e. The generating
relations of the algebra was proposed in [124], proved in [125], and used in [124, 126] to
compute a large set of correlation functions in 3d N/ =4 ADHM gauge theories.

B The D2 matrix model from string quantization

In this appendix we review the computation that leads to the equation describing the moduli
space of vacua for the matrix model supported at the intersection of the two D2 brane
stacks in our local model arising from the X g geometry. We will use the language of 3d
supersymmetry because the multiplets we obtain organise naturally accordingly. However,
these are all fields supported at a point (the point of intersection of the two D2 brane stacks).
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B.1 Supersymmetry

We can determine the supersymmetry preserved by the intersecting D6 branes [127] by
solving the following equations of 10d spinor (er,, €r) equation (ez, and er are 10d Majorana-
Weyl spinors with different chiralities).

¢) = [0123456

Ielal
¢ = [0123456'

)

(B.1)
where 456, 4’5’6’ denote the directions along two stacks of D6 branes in the 456789 direction
and I'1+in denote the fully anti-symmetrized products of Gamma matrices I, ... T,

We need to remember that there is a B-field turned on 0123 directions. Let us

parametrize it as
Bor = —B1o = b1, B3 = —DB33 = bs. (B.2)

and set b, = tan mv,. Hence,

1 1
1 : B.3
5 <V <5 (B.3)

By [128], the Gamma matrix equation above changes to

0123456
er, = Bo123I' €R,

B.4)
01234’5'6’ (B.
er, = Boi2sl’ €R,

where
Boias = exp ((vr + 1/2)0°T! + (vp + 1/2)T°T?) (B.5)

For now, this change will not affect the calculation, since both of (B.1) and (B.4) reduce
into
[0, = TY50 ¢ (B.6)

where we used (I'”)? = 1. Therefore, it only constrains the 6d part egg of the 10d spinor
€R = €104 = €44 ® €gq Whose eigenvalues under the action of

FOl F23 F47 1‘\58 FGQ. (B?)
is (£, 4, £, £,+). Those are raised and lowered by the action of

1 1
PO = S (4T, T = (1 a0,

2 (B.8)
I-\Q:I: — 5(1—\4 + iF7), F3:t —

1 1

§(F5 +4T8), T4 = 5(FG +4T9).
Let R be the SO(6) rotation that takes the first stack of D6 branes to the second stack of
D6 branes.

R = diag(eiel, e—i91’€i627 €_i03, €i63, e—i@g). (Bg)

Then we have
0123456 _ (F01234’5’6’) RL (B.10)
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The solution for (B.6) only exists when R belongs to SU(3) subgroup of the SO(6) that
rotates 456789. The SU(3) condition is

01:|:92:i:(93:0m0d 2. (B.ll)

There are 4 spinors €194 = €44 ® €gq such that €45 = (£, %), €64 with one choice of signs out
of 8 possible choices (£, 4, £). In other words, a 4d theory along 0123 directions preserves
a chiral N’ = 1 supersymmetry.

Now, introduce D2; branes along 456 directions. This gives another spinor equation:

ep =I5, (B.12)
Coupling with the first line of (B.4), we get
Bo1gs V123456, — 1456, , (B.13)
Decomposing Fr = €49 ® €gq, We get
(Bor2sT " #esq) @ (I*%€6q) = €4a @ (I**€6a) (B.14)

Hence, it reduces to
Bo12sT "€y = —esq (B.15)

It has a solution only if

expm(Li(vy +1/2) £i(ve +1/2)) = —1. (B.16)
In other words, if vy, vo satisfy
v = Ty, (B.17)
we have
F012364d — €4d- (B18)
Note, however, by [128] only v; = —wv5 is allowed.?3 In any case, out of 4 spinors e4g = (&, £),
only 2 spinors survive: €49 = (4, +), (—, —); the number of the preserved supersymmetry is

independent of B as shown in [129].
Similarly, consider D25 branes along 4’5’6’ directions. This gives

e, =T¥5 e, (B.19)

Coupling with the second line of (B.1), we get (B.15). Therefore, out of 4 spinors e4q =
(£,4), only 2 spinors survive: €4q = (+,+), (—, —). We are allowed have both D2; and
D2, branes and preserve the same amount of supersymmetry, since both lead to the same
equation (B.15).

230ur B-field is anti-self-dual, which is consistent with v1 + v2 = 0, as shown in [128].

*B = €3 % (dfl AN déz) = €3 % [(dl‘l — idl‘g) A (d{EQ — Zd{E4)] = —eadz1 Ndzo = —B
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Therefore, we conclude that D2/D6/D6’ configuration preserves 2 supercharges. In D2
brane worldvolume, this is 3d A/ = 1 supersymmetry.

Before doing the sting quantization, let us review supermultiplets of 3d N = 1
SUSY [130]. First, N = 1 vector multiplet V consists of a gauge field A, and a Ma-
jorana fermion A,

V= (A4 ), where p=1,2,3, a=+,—. (B.20)
Second, N' = 1 scalar multiplet ® consists of a real scalar ¢, a Majorana fermion v, and
an auxiliary field D

b = (¢,%a, D). (B.21)
B.2 String quantization

We will follow [131] to account for the B-field background — recall we have turned B-field
on TN;.2* To quantize open strings, we need to mode-expand worldsheet bosons Z and
fermions ¥ that respect two types of boundary conditions at two boundaries. In the presence
of the B-field, the equation of motion is given by [132]

Oy Z=e2"9__7Z, TH =T at 0 =0,

Oyr Z = e 2mMo__7Z, Wt ="M at 0 =,

Solving the equations above, we see the worldsheet boson Z and R-sector fermion ¥ have

modes Z + 0 with § = y — v. The NS-sector fermions have modes Z + ¢ with e = 6 + % We

will denote the Neumann, Dirichlet, Twisted(by the B-field effect) boundary conditions as
N, D, T.

To arrange the spectra by their energy, we need to find a zero-point energy. The NS

(B.22)

sector zero-point energy is
1 1 1
EYS =<~ 16| — 2. B.23
=5 - Slel =5 (B.23)

The first excited state has energy B = ENS +|e| if —3 < e < % and BN = EVS + |1 —¢|
if % <e< % The R sector zero-point energy E(If = 0. The first excited state energy is
Eff =10 for 0 < [0 < % and 1— 0] for 2 < 0] < 1.

Let us recall the brane configuration from equation (4.6). We can quantize strings that
stretch between two stacks of D-branes. Start with D2; — D2 strings. Although we have
determined the minimal amount of supersymmetry that the brane configuration preserves
is 2, we will later see that the genuine 3d A/ = 1 multiplet is massive and decoupled in the
low energy. Therefore, we will supplement the discussion with the 3d /' = 2 representation.
Moreover, we will sometimes find helpful to reorganize the N’ = 2 supermultiplets into the
3d N = 4 supermultiplets, even though we do not have such an enhanced supersymmetry.
There will be just one genuine 3d A/ = 2 massless multiplet after all.

D2-D2 string NS sector. We know E(])VS = —%, so to get the massless states, we need

to act with NS fermion oscillators df . For u = 4,5,6, which are NN directions, d t gives
rise to three states, which consist of the 3d G gauge field A,. For other d’s, which are TT

and DD, they give rise to 7 scalars ¢, valued in adj(g) of G.

24Note that the D6-branes at angles configuration is equivalent to D0-D6 brane system with B-field on
ND directions [128].
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D2-D2 string R sector. R-sector vacuum energy is always zero. Since we have 10
NN+DD directions, we can use all 10 zero modes to act on the R-sector vacuum state and
form 32 dimensional ground state. The GSO projection projects out half of 32 and the
remaining 16 fermionic states pair up with the bosons determined from the NS sector to
complete the 3d N’ =1 supermultiplet.
Therefore, we see
D2, — D2q strings =V and 7 &, (B.24)

One can split 7 @, into {®7, Pg, Py} and {Pg, Py, P2, P3}. In the 3d N = 2 notation, one
of the scalars in the first set can be identified with the real scalar ¢ and the other two
scalars in the first set can be thought of as the complex scalar ¢. On the other hand, one

can split the 4 scalars in the second set into 2 complex scalars. In the presence of N' = 2
SUSY, each of them forms N = 2 chiral multiplets X, Y.

D2-D6 string NS sector. Let us denote two complex directions in 4 ND directions as
a and b. We first need to derive NS zero point energy. Recall B-field is only turned on the
4 ND directions. Hence, the zero point energy in these directions is
1 1 1 1 1 1
Sl — 5l = 7 = 5 ([val + [vp])- (B.25)
4 2
Other directions do not have twisted boundary conditions by the B-field. Taking two

directions out of three D2 world volume directions as the lightcone, we can compute the
zero point energy for the NN and DD directions:

4+ =_Z, (B.26)
Summing (B.25) and (B.26), we get

ENS = ——(|va] + |vs)- (B.27)

1
2
By applying a suitable oscillator that raises the energy by |v,| and |vp|, we get 4 states with
energies %(:l:va + vp). 2 out of 4 states are projected out by the GSO projection and the
remaining ones have energy :l:%(va — vp). Those are two complex scalars transforming in
(N, M) of U(N) x U(M;) of the D6 and D2 gauge groups with masses
2 1

m” = :|:§(va — ). (B.28)

One of the two is tachyonic, which needs further treatment later. Since for 3d A/ =1 the
elementary multiplet is a real scalar multiplet, it indicates that there are 4 scalars ®!.

D2-D6 string R sector. As before, the zero point energy of R-sector is zero. For
this case, we have 6 zero modes from 6 NN+DD directions. Therefore, we have 8 = 23
dimensional ground states. We can label those as |, A,A), where « is 3d spinor index,
A, A are the spinor index of SU(2) x SU(2) = SO(4) that rotates the transverse direction of
D2 inside D6 worldvolume. Then, these fermionic massless fields make a supersymmetric
completion of the bosons obtained from the NS sector analysis.
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Therefore, we get 4 scalar multiplets:
D2, — D6, strings = 4 ®. (B.29)

In the presence of 3d N/ = 2 supersymmetry, one can recombine the 4 real scalars into 2
complex scalars I, J. Each of them is a part of the 3d /' = 2 fundamental chiral multiplet.

Equivalence between B-field and angle configuration. It is helpful to recognize
the equivalence between B-field background and D-branes at angles [133] to unify the
background in a single frame before we do D2; — D62 quantization, whose ND directions
involve both B-field background and the angle background.

B-field background along 2n directions is T-dual to the D-branes at angles along 2n
direction. For instance, our D6;/D6y at angles configuration is T-dual to D0/D6 brane
system with B-field on 6 ND directions.

To see this, let us look at the open string boundary condition on 456789 directions in
the original D61/D62 system.

9, X456 — 5 X789 — ¢,
On [cosgoini + sincpin]} =0, (B.30)
OF [—singoini + Cosgpinj} =0,

where i € {4,5,6} and j € {7,8,9}.
T-dualizing along X*, X°, X% modifies the equations as

8, X456789 _
tanp;;0, X7 + 0, X' = 0, (B.31)
tancpij(?nXi -0, X7 =0.

These boundary conditions are exactly that of DO branes bounded on D6 branes with B-field
on 6 ND directions. The explicit dictionary is the following:

Bij = _Bji = tangoij (B32)
Recall that we had a useful parametrization for the B-field to utilize in the string quantization
Bi,i+3 = b;_o = tanmu;_s. (B33)

Hence, we can identify
Pii+3/T = Vi—2. (B.34)

D2;—D62, D2,—D6; strings NS sector. First of all, this configuration preserves 2
supersymmetries, which are the minimal amount among all configuration. We can see this
from the following Gamma matrix exercise:

Ieral 151Gl
1'\4 5’6 € = €, F01234566[ =€ = F0123456€l — F4 5'6 €. (B35)
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Decompose € = (€)1 ® (€)¢ then the above becomes

(1'% (e)1) @ (T ()s) = (@)a @ (T7% (@)s) = {F0123(6l)4=(6z)4

F456(€l)6 _ P4/5/6/(€l)6~
(B.36)
We know from [127] the second equation gives one solution and the first equation gives two
solutions for (¢)4: (+,4) or (—,—).

Let us resume the D21 — D6, quantization. We T-dualize 4, 5, 6 directions to convert
the D branes intersecting with angles into transversely intersecting D branes with B-field
background. We will parametrize the B-field background by vs, vs, v4. Now, the D21 — D69
configuration becomes D(—1); — D9s: D-instantons probing D9 brane worldvolume with 4
ND directions with the original B-field and the remaining 6 ND directions with the new
B-field. In this unified background, we compute the NS zero point energy. First, start with
the 0123 direction where the B-field is applied:

& = shol+ 5 = gl = 3 = 5 (ol + ). (B.37)
Second, for 456789 directions with the new B-field, we have
S glol g =gl + g = gl = 5 = Sl H ol 4 ). (B39)
Summing them up, we have
BYS =% — 2 (Juol +loal + o] + Jes] + o). (.39

We produce the excited states by acting NS fermion oscillators that increase energy by |v;]
on the NS vacuum state. First 32 states have energies

1
g + i(ﬂzvo + v v tug '1}4). (B.40)

Recall that there is a list of constraints:

vg+v1 =0,
m(ve £ v3 £ v4) = 0 mod 2, (B.41)
1
—5 <’UZ' < 5,

where each of the conditions comes from (B.17), (B.11), (B.3). Moreover, by the construction
of the twisted M-theory, we have a small non-commutativity parameter

v = —V] = €9 K 1. (B.42)

As for the second constraint in (B.41), we have a freedom to fix vo = v3 = vy = % To be
consistent with the third line, we shift vo, v3, v4 by the period of the tangent function, 1:

2 1
02:v3:v4:§—1:—§. (B.43)
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Hence, (B.40) becomes

8 2 3 3 3

Notice that only the minimal energy configuration can potentially be negative or zero energy

5 1 11 1
+<iegi€2iii>. (B.44)

depending on the value of €3 being greater or equal to %, since

5 1 1
E0:8+2<€2623)=€2. (B.45)
From now, we will denote 32 states by the signs in (B.44), e.g. (£, %+, £+, £, +).

Now, let us consider GSO projection

1
Peso = 5(1+ (—1)fs). (B.46)
We assign Fys = 1 to the NS vacuum state(the minimal energy configuration). In the
above convention, it corresponds to the state (—, —, —, —, —). Then, all states with even
number of ‘4’ are projected out, since their (—1)¥Ns = —1. Therefore, |Ep) is projected

out and we do not have any massless or tachyonic state in the spectrum. In other words, in
the low energy limit that we are interested in, there is no interesting state coming from the
NS sector of D21 — D69 or D29 — D67 strings.

Still, there are massive scalars. The lightest modes are from 0123 directions, due to the
relative strength of the B-field. After the GSO projection, we get 2 bosons.

D2;—D62; and D25;—D6; strings R sector. Since two D-branes are fully transverse
to each other, there are no NN or DD directions in this configuration. Hence, there are no
fermionic zero modes. Since R-sector zero point energy is zero, there is still one zero energy
state, the R-sector vacuum. However, the GSO projection projects this state out. Hence,
we do not obtain any massless fermionic state.

Still, there are massive fermions that pair up with the massive scalars determined from
the NS sector to complete the two lightest massive supermultiplet.

D6,-D6> strings. We already know that they give rise to the 4d A/ = 1 bi-fundamental
chiral multiplets at the 4d intersection [127]. Since we are only interested in the 3d
worldvolume theory of either D2; or D2y branes, we treat the D6 branes as a heavy
background. Hence, D6; — D69 strings will not play any important role in our story.

D2:-D25 strings. We can T-dualize the D6; — D69 configuration in the 4 directions
of intersection and arrive at D21 — D2y configuration. Since T-duality does not change
the amount of preserved supersymmetry, the D2; — D25 string quantization will yield the
dimensional reduction of the 4d A/ = 1 bifundamental chiral multiplet determined above
and live at the intersection of D2; and D29. It smears out the 3d worldvolume of both
D2; and D2y branes. Hence, we will treat it as 3d N’ = 2 bifundamental chiral multiplet
S, which consists of two AN/ = 1 scalar multiplets S; and Ss. As we will see later, S will
provide an edge between two conventional ADHM quivers and make our moduli space
more interesting.
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Summary. Let us summarize the result of the string quantization of our brane system in
the following

D2y — D2 strings = 3d N = 1 vector multiplets V5 and 7 scalar multiplets @,

D2y — D2y strings = 3d N = 1 vector multiplets V5 and 7 scalar multiplets <I>fl

D2y — D29 strings = 3d N = 1 bifundamental scalar multiplets S;, S

D2, — D6y strings = 3d N = 1 4 scalars multiplets ®'

D2y — D6, strings = 3d N = 1 4 scalars multiplets @'/ (B.47)
D2y — D6y strings = 3d N = 1 massive scalar multiplet

D2y — D6y strings = 3d N = 1 massive scalar multiplet

D6, — D6; strings = 7d U(NNV) vector multiplet

D6y — D69 strings = 7d U(K) vector multiplet

D6, — D6y strings = 4d N = 1 bifundamental chiral multiplet

For our purpose that will be described in the next subsection, we can focus on the strings
that are associated with the 3d massless fields: D2; — D2;, D2; — D6;, D21 — D24 strings.
Considering only the massless states, we get 3d N/ = 2 theory on the D2 branes.

B.3 Deriving the equations for the moduli space

Given the field content of the 3d A/ = 2 theory on each of the D2 brane stacks, we can
proceed to study the matrix model supported at the point of intersection. It is useful first
to recall our situation. We have converted the Go geometry and the G9 instantons into
the D6 brane and D2 brane stacks. Hence, the relevant moduli space M is the moduli
space of the intersecting D2 brane stacks fluctuating inside the intersecting D6 brane stacks.
The directions of the fluctuation are 0123. Therefore, we need to focus on the quantum
fields that arise from the quanta of the strings that correspond to 0123 directions. We have
denoted those fields as ®g 123, PO-1.2.3, Cf>071,273, d0:1:23  We also need to include the chiral
bifundamental S that is supported at the intersection of the D2 stacks.
In terms of 3d A/ = 2 superfields, M is parametrized by the scalar components of

X =3 +iPy, YV = D3 +idy, [ =D +i®%, J =3+ id?
X = &31 + iég, Y = (i)g + i(i)4, I=a! + i(i)Q, J =3 + i(i)4, (B.48)
S =51 +1iSs.

The moduli space is given by the zeros of the scalar potential, which is supposed to be

g2
Vzﬁﬂﬂﬂ+”w (B.49)

where D is the auxiliary field in the off-shell multiplets. The zeros of V is obtained by
setting D = 0. Our goal is to derive a set of D-term equations in the 3d N = 2 system that
fully specifies the moduli space. To do that, the first step is to figure out all auxiliary fields
in the supermultiplets.
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Let us start from D2; — D2 strings:

V= (A4 ),
®7 = (¢7,%7,0, D7), Pg = (98,980, D8), Pg = (P9, 9,0, Dy),

Qo = (¢0,%0,0: Do), P1 = (d1,V1,0, D1), P2 = (¢2,%2,0,D2), P3=(¢3,93,a,D3).
(B.50)
We will think of ¢7 as the real scalar o and (¢s, ¢g) as the complex scalar ¢ in 3d N = 2
notation. We find a triplet (D7, Dg, Dg) of the auxiliary D’s. Combine them into Dy,
where a,b are SU(2) indices. In the last line, we find 4 scalars ¢g, ¢1, ¢2, ¢3. In N' = 4

notation, we can combine X = ¢g + i1, Y = ¢ + ih3 and collect them into a fictitious?

SU(2) doublet Q = (X,Y). There is a coupling between Q, and D y:
Tr Q°DLQ,,. (B.51)

Also, there is a quartic term of D:
Tr | Dgl?. (B.52)

From D2, — D6, strings, we got
0 = (¢°,40, GY), @' = ("9, GY), = (¢, 43, G7), = (¢%¢5,G°), (B.53)

where we distinguish the auxiliary fields from those of D2y — D2; strings by denoting them
as G, not D. In N’ = 4 notation, we can combine I = ¢° + i¢', J = ¢ 4+ i¢> and further
form a fictitious SU(2) doublet Z = (I, J). It also couples to Dgp:

Tr Z°D°T,. (B.54)

We can do the similar analysis for D2;—D25 strings as they also form 3d A = 2 chiral
multiplets. Let us combine two real scalar superfields into a complex chiral multiplet
S = 51 + 1452 and treat it as a component of the fictitious SU(2) doublet S = (S,T"). Since
there is no T to pair with, one should treat this expression formally. Then, one can write
down, at least formally, the relevant Lagrangian:

(SMH(DL)HS)), (B.55)

where i, j are U(M;) gauge index for M; D2 branes on 456 direction and I, J are U(M3)
gauge index for Ms D2 branes on 4’5’6’ direction.
Finally, as our gauge group contains U(1) as a subgroup, there is an FI term:

Tr £ D¢ (B.56)
Collecting the D-related Lagrangian terms, we have the following matrix model action

Tr || Daf? + Q"D§ Qo + I DY T, + €405 + Tr S°DS,) (B.57)

ZEven though there is no such SU(2) symmetry in the 3d A/ = 2 system, this formal bookkeeping tool
enables us to present the material in a compact way.
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which gives the equation of motion of Dy = D
D =[x, X"+ v,y + 11t — g7t - 8§18 — ¢ Tuyeay, = 0. (B.58)
The equation of motion of Dg + iDg = D¢ is
De =[X,Y]+1J=0. (B.59)

We notice that there is no S in this equation, due to the absence of the N = 4 completion
of S. In other words, T is zero in the formal expression (B.55).

We can do the same for the second quiver. Collecting all the relevant D-terms and
solving the EOM for D; = D, we get

D= X, XM 4 [V, V1] + I = JJ' + 85" — & Tagyar, = 0. (B.60)
The equation of motion of Dg + iDg = D is
De =X, Y|+ 1] =0. (B.61)

Hence, the moduli space Mﬁ’fMg is the U(M;) ® U(Mz) quotient of the space of solutions
of (B.58), (B.59), (B.60), (B.61), where the groups U(M;) ® U(Ma) act as

(X,Y,1,J,8) > (g7 Xg,67'Yg,97'1,Jg,g7'S), where g € U(My),

H
o ~ ~ ~ (B.62)
(X,V,1,7,8) = (57'X5,57'V5,5 '1,J5.57'S), where j € U(Ms)

The FI parameter £ and the non-commutativity parameter e€2. There is a relation
between the FI parameter £ and the non-commutativity parameter ;. We have observed in
the D2, — D6, string quantization a tachyon with its mass squared given by

m? = —(v) — v2). (B.63)

We can resolve this potential instability and supersymmetry breaking issue by looking at
the induced mass term in the 3d Lagrangian [131]:

—g;Tr (—errt+¢Jt7). (B.64)

Mass squared of I is 5% and that of J is —f%. Hence, identifying this information
with (B.63), we get:

v) — vy = ¢, (B.65)

Because v; = —v2 = €2 in our background, the FI parameter is related to the non-
commutativity parameter eo:

&~ e (B.66)

This condition makes sure the low energy action to be supersymmetric. For the detailed
discussion on the tachyon condensation and restoration of the supersymmetry, see [131, 134].
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Figure 4. Double Nakajima quiver.

C Formal description of the moduli spaces

C.1 Moduli space as a subspace of a Nakajima quiver variety

If we add an arrow T from CM2 to CM1| see figure 4, then it is the double?® of the quiver
with same nodes but arrows are X, I, X,1,S.

Let us denote the corresponding Nakajima quiver variety of figure 4 by MK (My, My).
Apparently, MK (My, M) is non-empty and is smooth of dimension 2M; My + 2K M, +
2N M. Recall that MNE (M, My) is defined as the space of solutions to the equations

[X,Y]+IJ+TS =0,
[X,Y} +Ij-ST =0,

[X, XT} + [Y Y (G-1)

[XXT] i [Y,Y*} + I = JJT 4+ 88T T T = ¢ Tay s,

modulo the action of U(M;) x U(Ms). The first two equations of (C.1) says that the
complex moment map pc(X,Y,I,J,X,Y,1,J,S T) =0 and the last two equations of (C.1)
says that the real moment map ur(X,Y,I1,J, X, Y, I,J,5T) = (€ Ingyxnrs € - Ity

On the moduli space MNE (Mjy, Ms), there is a universal rank M; bundle denoted by
V1, and a universal rank M, bundle denoted by Vs, and a universal map 7T : Vo — V.

Assume that £ # 0, and denote by MN’K(ML M5) the space of solutions to (C.1), then
it is well-known that U(M;) x U(M,) acts on MNK (M, My) freely, and moreover the
pullback of the vanishing locus of T is exactly the locus in MNE (My, My) where T in the
equations (C.1) is zero. So we have

Lemma 1. Assume that & # 0, then MM (M, My) embeds into MNE (M, My) as the
vanishing locus of T.

26For a quiver Q, we define its double Q to be the quiver with the same nodes as Q and for every arrow
of Q we add an arrow of reverse direction.
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Recall that MN-K (M, M) has algebro-geometric description [135]. Let’s assume that
€ >0, then MNE (M, M) is the space of stable solutions to the equations
(X, Y]|+IJ+TS =0,
- - -~ (C.2)
[X,Y] L IJ—ST =0,

modulo the action of GLj;, x GLjz,. Here “stable” means that the only subspace of
CMi @ CM2| which contains the image of I and I and is invariant under the actions of
X,Y,X,Y,S, T is CM @ CM:2 jtself. This has the following obvious consequences:

Lemma 2. Assume that £ > 0, then we have an isomorphism:
MNE(My, My) = pc' (0P /GLay, x GLag,, (C.3)

where “stable” means the locus inside ,LL(El(O) such that {X,Y,I,J,X,Y I,J,S} satisfies
that
C(X,Y)Im(I) = C™ | C(X,Y)(Im(I) + Im(S)) = CM=,

Remark 1. If we assume £ < 0 instead, then the stability condition in the above lemma
becomes

* The only subspace of CMt @ CM2 which is annihilated by J & J and invariant under
the actions of X,Y, X,Y,S,T is 0.

Remark 2. Lemma 2 says that

(,LL(C X HR)_I(Ov‘g ) IM1><M1’£ ’ IMzXMz)/U(Ml) X U(M2) = /“L(El(o)Stable/GLMl X GLM27

and the following technical result [135, Proposition 3.5] provide a geometric interpretation
of this equality:

o Let 2 be a point in pg'(0), then x is stable if and only if the GLy;, x GLyy, orbit
through z intersects with ,uﬁl(f Tar sy € Iy, )-

Namely, if we consider the union of GLys, x GLyy, orbits of (uc x pr)™1(0,€ - Iy sy, € -

stable

Ias,xar,), then this set is exactly ,u(El(O) , and it is known that GLjy; x GLjy, acts on

piH(0)t2P1e freely, so we have
/,L(El(O)Stable/GLMl % GLM2
=(GLag, x GLag,) - (e X pr) ™ (0,€ - Tagyxary» € - It sy )/ GLag, X GLag, (C.4)
:(MC X MR)il(Ové : IM1><M17€ . IMQXMQ)/U(Ml) X U(Mg)

Notice that when £ > 0, the stability condition implies that the subset of quiver data
(X,Y,1,J) is stable as an individual ADHM quiver. This shows that:

Lemma 3. Assume that & > 0, then there is a map © : MK (M, My) — MN (M),
where MY (My) is the moduli space of torsion-free sheaves on P? framed at PL_ with rank
N and second Chern number My. Moreover,  is a locally trivial fibration with fibers

isomorphic to the quiver variety associated to the quiver diagram. The stability condition is
that C(X,Y)(Im(I) 4+ Im(S)) = CM2,
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Figure 5. A fiber of quiver variety.

Proof. = is defined by (X,Y,I,J,X,Y,I,J,S) — (X,Y,I,J). On the other hand, if we
use the universal bundle V; on MY (M) to form a fibration of quiver variety associated to
figure 5 with stability condition that C(X,Y)(Im(I)+Im(S)) = CM2, where CM! is replaced
by the bundle Vy, then the total space is exactly the moduli space of stable solutions to
equations (4.7). O

Proposition 1. Assume that € >0 and K = 0, then 7 : MNO(My, Ms) — MY (M) is a
locally trivial fibration with fibers isomorphic to Quot]\/[?((’)(]glgl).27

Proof. In the quiver 5, if we set K = 0, then the F-term equation is [X, 17] = 0, and the
stability condition reads that C[X,Y]Im(S) = CM2| this is exactly the definition of moduli
space of quotient sheaf of (’)(Jg[; such that the C-dimension of the sheaf is Ms. Note that
CM2 g the linear space of quotient sheaf and X,Y is the coordinate functions of C2. [

In general M™N-K (M, Ms) is highly singular, but the following proposition shows that
the singularity of M™% (Mj, M) is not too bad under some mild assumptions.

Proposition 2. Assume that £ # 0 and NK # 0, then the embedding M™N5X(My, Ms) <
MNE(My, Ms) is regular of codimension MiMs. Moreover, locally the set of matriz
elements of T is a regqular sequence of length My Ms.?8

Proof. Tt suffices to prove that M™-K (M, Ms) is local complete intersection®® (l.c.i) of
pure dimension3® M; My + 2M N + 2M> K, then it automatically follows that locally the
set of matrix elements of 7T is a regular sequence of length M;Ms. To this end, we need

2T Quot ™2 ((’)ggl) is the moduli space of quotient sheaf of Oégl such that the C-dimension of the sheaf
is Mg.

28 A regular sequence of length n in a commutative ring A is a set of elements a1, --- ,an € A such that
ai+1 does not have zero-divisor in the quotient ring A/(a1, - ,a;).A, for all ¢ ranging from 0 to n — 1 (set
ao = 0). The key point is that, if A is smooth, then a sequence a1,--- ,a, € A is regular if and only if
dim SpecA — dim SpecA/ (a1, - ,a;)A =n.

PLocal complete intersection means locally embeds into a smooth ambient space and is cut out by a
regular sequence of equations.

30Pure dimension means all irreducible components have the same dimension.
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to show that uEl(O)Stable is L.c.i of pure dimension M; My + 2M N + 2MoK + M? + M3,
since the quotient map pg'(0)52P' — 1ot (0)%%8Ple /GLyy, x GLyy, = MK (M, M) is a
principal GLjz, X GLjs, bundle and l.c.i property descends to a smooth morphism.

We claim that the map

pc : My x My* x End(M7)? x Ma x Ma* x End(M3)? x Hom(Mg, M2) — gly;, X glyy,

is flat.3! Note that the component Hom(Mjy, Mz) where S takes value in, plays no role in
the map uc, so uc factors through the product of moment maps

p x pfS s (M x My™ x End(M1)?) x (M x My* x End(M3)?) = gly, X glyy,.

And it is known that u¥ : M1 x M1* x End(M;)? — glyy, is flat, using Crawley-Boevey’s
criterion on the flatness of moment map [136, Theorem 1.1].32 Hence both u¥ and uf are
flat and we deduce that uc is flat.

Since {0} < glyy, % glyy, is a regular embedding, the flatness of ¢ implies that e L(0)
embeds into the ambient space regularly, and it has dimension

dimM; x M1* x End(M;)? x M2 x Ma* x End(M>)? x Hom(M;1, Ma) —dimgly,, x gly,
= My My+2M N +2MyK + M2+ M3.

(C.5)
This shows that ,u(El(O) is l.c.i of pure dimension M; My +2M N + 2MyK + M? + M2, and
obviously its open subset jic 1(O)Smble has the same property. O

In the proof of the proposition, we show that

« Assume that ¢ # 0 and NK # 0, then every irreducible component of M~ (M7, M>)
has dimension MMy + 2M1N + 2Ms K. In particular, the virtual dimension is the
actual dimension.

C.2 Virtual tangent bundle

Assume that £ # 0 in this subsection. It is well known that the tangent bundle of
MNE(My, Ms) is the cohomology of the complex

End(V1) @ End(Vs) %5 End(V1)®? @ End(V2)®2 @ VEN @ V&N @ pPE ¢ pyeN
®Hom(V1, Vs) @& Hom(Va, V1) 25 End(V;) ® End(Vs)

where the middle term has cohomology degree zero. duc is the differential of the moment
map, and explicitly it is written as

(@9, & §,4, 5,7, J,8,1) = ([X,y] + [, Y] + i + Ij + 8T, [X, 9] + [&,Y] +iJ + [] - St).
(C.7)

31Flatness means pullback of short exact sequence of sheaves is a short exact sequence.
32We use the equivalence between (1) and (4) in [136, Theorem 1.1}, and easy computation shows that
(4) holds.
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o descends from the action of gy, x gl),, and explicitly it is written as
(u,v) — ([u, X], [Y,u), [v, X], [V, v],ul, —Ju,vI, —Jv,vS — Su,uT — Tv). (C.8)

It is easy to verify that duc o 0 = 0. Note that o is injective and duc is surjective by
stability. Our moduli space M (M, M) embeds into MVN’K(Ml, M>) regularly, and is
locally defined by MM, equations coming from matrix elements of 7 € Hom(Va, Vi),
so MNE(My, M) has a perfect obstruction theory TMN’K(M17M2)|MN,K(M17M2) —
Hom(Vs, V1), and this complex is quasi-isomorphic to the tangent complex TMN-K (M, Ms).
This obstruction theory can be written as a complex of tautological bundles:

End(V;) @ End(V,) = End(V1)®? @ End(V)®? @ VPN @ VN @ YK @ poN
®Hom(V1, V) %5 End(V;) ® End(Vs)
The difference between (C.9) and (C.6) is that Hom(V2, V;) drops out and chain maps are
restricted to the rest of components. In (C.9), o is injective by stability condition, but duc
is not necessarily surjective. We shall show that duc fails to be surjective at some points
on MNE (M, My).
C.3 Some subvarieties of moduli space

We assume that £ > 0 in this subsection. Let us investigate some subvarieties of
MNE(My, My). We start with an open subvariety denoted by ./\;IN’K(Ml, My), and it is
defined by the open condition®? that

C(X,Y)Im(I) = C*,

Note that under this condition, two gauge nodes satisfy their own stability condition when
considered as individual ADHM quivers. So we have a projection

p: MNE(My, My) — MY (M) x M(Ms, K) (C.10)

and in fact the projection map is a vector bundle where fibers are maps between V; and Vs,
where Vi and V; are universal bundles on MY (M;) and M(Ms, K) respectively. In other
words, we have an isomorphism

MNE(My, My) = Hom(V1, Vy) (C.11)

Let us also consider the closed subvariety denoted by /\/l]}f’:[é(Ml, M>), and it is defined by
the closed condition* that
J =0.

The same argument of Lemma 3 shows that MJ]Y:IS(M 1, M>) is a locally trivial fibration
over MY (M) with fibers isomorphic to QuotMQ((’)é{;“Ml).

33This means that the set of point which satisfy this condition is open.
34This means that the set of point which satisfy this condition is closed.
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Proposition 3. Assume that & > 0 and K = 1, then ./\/l]}[’:lo(Ml,MQ) 1s the closure of
MV V(M Mp).

Proof. If K = 1, then the stability condition C(X,Y)Im(I) = CM2 together with the equa-
tion [X,Y]+1.J = 0 implies that J = 0, so MN1(M;, My) is a subvariety of./\/l]}[’:lo(Ml, Ms).
Moreover, we prove in the appendix that M]}[’Zlo(Ml, M) is irreducible (see Proposition 10),
thus M?jO(Ml, My) is the closure of ML, O

C.4 Torus fixed points

We first introduce some notations. Define the action of tori T;,i € {1,2,3} as follows:
ac€T:(X,Y) (aX,a'Y),
beTy: (X,Y)— (bX,b71Y), (C.12)
ceTs3:85—cS,

and denote by Tr,I C {1,2,3} the torus [[;c; T;.
The next proposition follows from the same argument as the proof of [137, Proposition
2.3.1]

Proposition 4. Assume that € > 0, then the T3 fized points have a disjoint union decom-
position:

MY M) = ] MO, MYy x MO (0, M)

C.13
MO+ MP =1, (C.13)

Remark 3. As we have mentioned in the Proposition 1, M™0(My, Mz(l)) is a locally trivial
(1)

fibration over the ADHM moduli space M” (M;) with fibers isomorphic to Quo‘cMZ’1 (Oé@).

And by definition, M?’K(Q MQ(Q)) is nothing but the ADHM moduli space M(MQ(Z), K).

Corollary 1. Assume that € # 0 and N = K = 1, then MVY(My, My)T1:23) s proper
(compact).

Proof. We only prove for the case £ > 0, the case £ < 0 is similar. It is enough to show
that:

(1) M(My, 1) is proper;
(1)
(2) Quo‘cM21 (Oé@)T2 is proper.

Note that if we can show (1) then the same argument shows that M(M2(2), 1)T2 is proper
as well.

Notice that (1) is a special case of (2), since M(M;,1) = Quot™ (Op2) and both
of the torus act on C? by (z,y)  (ra,r~'y), where (x,y) is a coordinate system on
C2. Let us omit the subscripts and show that Quot™ ((’)(L:Q)T is proper. Recall that
the Hilbert-Chow map®® h : QuotM ((’)((L:Z)T — SymMC? is proper and T-equivariant,
S0 QuotM(OéQ)T C A7 ((SymMC?)T). Since (SymMC?)T consists of a single point 0,
Quot™ (0L,)T is a closed subset of h~!(0), which is proper. This concludes the proof. [

35For the definition of Hilbert-Chow map, see for example [138, section 7.1].
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Remark 4. For general N, K, the fixed point set MN’K(Ml, Mg)T{lﬂ’?’} can be non-compact.
Note that MY (M;)T is the moduli space of T1-weighted representations of ADHM quiver
of gauge rank M; and flavour rank N, so the gauge node CM1 decomposes into T;-weight
space, and flavour node CV has Ti-weight zero, and X,Y,I,J are Ti-equivariant. A
connected component of M¥ (M7)Tt corresponds to a weight decomposition

Mi—1

CM = P C-e,
=0

where e; has weight i, X maps e; to \je;—1 and Y maps e; to pe;y1 (we set A\; = 0 if
i¢{l,---,M; —1} and set p; = 01if i ¢ {0,--- , My —2}), and I, J map between C - ey
and the framing node CV. It can be easily deduced from the stability condition that

/Li#o, Vi € {0, ,M1—2}.
It follows from the equation [X, Y]+ IJ = 0 that
Aifhi—1 = Nip1fti, Vi > 1.

Combine the above two facts with the equation A\j;, = 0, and we deduce that \; = 0, V.
In the moduli space of quiver representations, we can scale each node, so we can assume
that p; =1 for i = 0,--- , M; — 2. The remaining moduli parameters are I : CN — C - eq
and J : C-eg — C satisfying IJ = 0 and the stability condition that I # 0, and it
is well-known that this moduli space is T*PN~!, the cotangent bundle of PN~1. Hence
we see that M™ (M;)T1 contains a connected component isomorphic to T*PV ! which is
non-compact.

A peculiar fact about K = 1 is that M%1(0, MZ(Q)) = M(}’il(O, M2(2)) (this is a conse-
quence of stability condition together with the F-term equation), so we can actually turn
on a larger torus action, namely the two dimensional torus acting on both X and Y. This
torus will be denoted by T%. Similarly, if N = 1 then we have a two dimensional torus
acting on X and Y.

More generally, we have a five dimensional torus T x T x T3 acting on M™% (M, My),
which extends the action of Ty 5 3). The action is defined by

(a1,a2) € T} : (X, Y, 1, J) = (a1 X,a2Y, I, a1a2J),
(b, b2) € Th = (X, YV, 1,J) = (01X, 02V, I, b1 ).

Denote this torus by Tegge, then we have the following:

(C.14)

Proposition 5. Under the above assumptions, MY'(My, My)Tedse s disjoint union
of points,>® points one-to-one correspond to M, + 2 copies of Young diagrams
Yy, 0(2),Y1(2), e ’YI\(421)’ where |[YN| = My and Zf\ilo ]Yi(2)| = M. Moreover, the generat-
ing function for the number of Teqge-fixed points can be written as

S (MU, P ) My Mo =
My, My ((y;y)oo; (y;y)oo)oo (¥ 9)oo

where (a;y) . = [Treo(1 — ay®) is the Pochhammer symbol.

) (C.15)

36In the scheme-theoretical sense, i.e. there is no infinitesimal deformation of those points inside the
Teage-fixed points loci.
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Proof. Recall that the edge torus fixed points of the ADHM quiver variety M?(M,0) is
disjoint union of points which are one-to-one correspond to Young diagrams Y with |Y| = M.
More precisely, a fixed point p € MUO(M,0)T1 corresponds to a unique T'j-equivariant
quiver representation of which CM decomposes into T/ weight spaces

(CM = @ C- e,;,j,
(4,5)eYy

where (i,7) € Y is the (7,7) box in the Young diagram Y and e;; is a vector of weight

(—%,—j) under the T action. We set e; j = 0 if (¢, j) ¢ Y, then X maps e; ; to ej41,; and

Y maps e;; to e; j+1 and I maps the flavour vector to ego and all other arrows are zero.
Back to our situation, we have

MY (M, My)Tetse = |_| /\/11,0(Ml,MQ(I))T'le'2 % M0,1(0’MZ§2))T’2.
M MP =M

From the discussion above, we see that Mo’l(O,M2(2))T'2 is disjoint union of points la-
belled by Young diagrams with M2(2) boxes, and there is a map M"0(Mq, MQ(I))TQXTQ —
MO (M, O)Tll and the latter is also disjoint union of points labelled by Young diagrams
with M; boxes. Let us fix Young diagrams Y and Y0(2) such that |[Y(| = M; and
]YO(2)] = M2(2). Then Y corresponds to a point p in MLO(Ml,O)Tll, and a point in
the preimage of p in MY0(Mq, Mél))TQXTQ corresponds to a T} x Th-equivariant quiver
representation of which C™ decomposes into T/ x T, weight spaces

CM = @ C- €i,55

(i,5)ey ™)

where (i,7) € Y is the (i,) box in the Young diagram Y () and ei; is a vector of weight
(—i,—7) under the T action and of weight zero under the T% action. Next we decompose

(1)
M
CcMy” — @ Vi s

(i,5)ey®

(1), .
CM2" into T} weight spaces:

where V; ; has T/ weight (—i, —j). By equivariance, S maps e; ; to V; ; and X.,Y maps Vij
to itself, and by stability, we have C(X,Y)S (ei,) = Vi, this shows that the restriction of
X,Y to Vi, is a stable ADHM quiver representation, where the flavour vector is e; ;. In

other word, we show that the preimage of p in M0(Mq, MQ(I))TQXTQ is isomorphic to
| | MO0, N)T2 x -+ x MO0, Ny, ) .
Ni,++ Ny 20

Ni+-+Npy =M2(1)

Each product factor M%1(0, Ni)Té is disjoint union of points which are one-to-one correspond
to Young diagrams YZ-(Q) with N; boxes. Hence we prove that M1 (M, My)Tedze is disjoint
union of points which are one-to-one correspond to M; 4+ 2 copies of Young diagrams
YO,y v v ®) where [YO = My and XM 1V P| = M.
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To enumerate fixed points, notice that

Z(MLO(Ml,O)Tedge)ﬂfMlZZP(Ml)xMZﬁ = (C.16)
My

7 51 1—at  (x;2)

where p(n) is Euler’s partition function counting the number of partitions of n in to positive
integers. Thus we have

Z (Ml,l(Mth)T’l> M1y Mo

My,M>
M,
= Z(Ml,O(MlaO)ﬂ) Z H(Mo,l(O,Ni)T/z)leleJr...JrNMl
My N1, Ny >03=1
x| 30 (MO0, M)
M
z \" 2)
= Srn) () ) < | X s
My yay M2(2)
1

xT

(o ) 3 9)
O

In the next subsection, we compute the equivariant K-theory index of MU (My, M>)
using Teqge localization. This is a weighted version of (C.15), where the C coefficients will
be replaced by K, (pt)ioe coefficients, the localized ring of characters of Tegge.

Proposition 6. Assume that &€ # 0, then MNK (M, My)Tedze is proper (compact).

Proof. We only need to show that M (M;)T1 is proper. MY (M;)T1 is the moduli of
stable representations of ADHM quivers where the gauge node is a T} representation,
and the flavour node is a trivial T representation, and (X,Y, I, .J) are equivariant maps.
The stability condition C(X,Y;)Im(I) = CM: implies that the T} weights of CM! are
positive. Since J has weight (1,1) and C" has weight zero, J must be zero. This shows
that MY (M;)T1 = Quot™: ((’)gz)T,l, and the latter is proper as we have shown in the proof
of Corollary 1. O

C.5 Equivariant K-theory index
Following [29], the equivariant K-theory index of the moduli space M1 (My, Ms) is de-
fined by

XMV (M, My), OY7) (C.17)
where O'¥ is the virtual structure sheaf of MUY'(Mj, My). Since our moduli space

MUY (My, My) is l.c.i by Proposition 2, the virtual structure sheaf is the actual struc-
ture sheaf, i.e. OV = O. The equivariant K-theory partition function is defined by

Zia= Y x(MVU(My, M), Oy = % 7 (MU (M, My))a My M2 (C.18)
Ml,MQ M17M2
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Using equivariant localization, the Tegge-equivariant K-theory index of MUY (My, My) can
be written in terms of Teqge-fixed points:

YMUL (M, M), 0) = (Ml,l(MleQ)Tedge’ <S°(Tvir)*> (C.19)

|M1,1(M1,M2)Tedge)

where TV is the virtual tangent bundle (C.9).

Let us denote the equivariant parameters of T} by r1,72, and denote the equivariant
parameters of T% by s1, s2, and that of T3 by ¢. Then the Tegge-equivariant K-theory class
of the virtual tangent bundle (C.9) can be written as

Vi + Vikrl’l“g — VlVf(l — Tl)(l — 7‘2) + Vo + V;Slsg — ngg(l — 81)(1 — 82) + tVQVik
(C.20)
where V; and Vs, are universal bundles on Ml’l(Ml, M>) of rank My and M, respectively,
note that they are equivariant under the Teqge action. At a fixed point labelled by

(Y(l)v Y0(2)7 Yl(z)v o Y]\(421))

the fibers of Vi and Vs are representations of Tegge, and their Tegge characters can be
described as following. Let us introduce the notation

W)= X ()= ¥ e ) ey
(i,j)ey® (i) evs? |

From the description of the Teqge fixed points, we know that Y1(2), ‘e ’YJ\(421) are one-to-one
correspond to boxes (i, 7) in the diagram Y, s0 we use the notation Y(?]?) to indicate their
relationship to Y. Then the characters of V1 and Vs are

Vi=w(YO), =w (V) 4+ 3 it (V) (C.22)
(i,5)eY )

For example, if ® = O, then the Teqge-equivariant K-theory index is

X(Ml,l(Ml’ ]\42)7 O) _ Z S.(TViI‘)*

C.23
Y(l)’YO(Q)’Yv((iQ; ( )

)

where TV is given by (C.20), and S®*(T"") is the plethystic exponential of the virtual
character TV", and the * operator maps (71,79, 51, 52,t) to (r; 1,75 1, 877, 85 L, t71).

Example. Let us compute the example M; = My = 1 explicitly. In this case there is only
one possible YY) which is a single box at (0,0). There are two Teqge-fixed points:

v® =0,v\® = ¢, and

.24
v Zgv® —0 (C.24)
and the virtual tangent characters at these fixed points are
T"" =7y +ry+ s+ s2+t, and
1+ 72+ 814 82 (C.25)

Tvir =7y +r9+ 5]+ 89+ (t — 1)8182 + t_lv
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respectively. Plug these into (C.23) we get

- B 1 1 15189 *
XM 00.0) = (G (T Tl —))

1 1 n 1—81_182_1
A= HA=r A= (1 —sy ) \ 1=t (1=t sy ) (1—1)
rlrzs%s%t

T ) —ra) (1 s1)(1—s2)(ts152— 1) (C-26)

The limit s;s2 — 1. In the example that we computed above, we notice that when

s189 — 1, the contribution from the fixed point YO(Q) =0, Yl(2) = [J vanishes. This is not a

coincidence:

Proposition 7. In the limit s1s0 — 1, we have
X(MUL(My, My), 0)sy5551 = X (MBH(My, M), 0) 5,55 1. (C.27)
In other words, the fixed points outside of Ml’l(Ml, Ms) do not contribute in this limit.

Proof. Suppose that we have a fixed point labelled by M;+2 Young diagrams Y1), Y0(2)7 Y(Szj)),
where (i, j) takes value in coordinate of box in Y(). We need to show that S*(TV") vanishes
in the limit sys9 — 1 when there is an (7,7) € Y () such that Y(EQ])) is non-empty. We claim
that it is enough to show that the virtual character TJ;, o has negative constant term. To
prove the claim, we notice that constant term in 77 ., comes from

Z ak(slsg)k — Z bl(8182)l
k l

in TV where ay, b; are positive integers. After taking the plethystic exponential, this term

becomes o
[1(1—s7s5)”
[T, (1 — sfsh)on

and this becomes zero in the limit syso — 1if > b > Y ag, i.e. TYY o has negative

constant term.

Therefore, it remains to compute the constant term in 7§ ,o. Let us introduce some

notations. Define

VQ(O) —w (YO(O)) ’ Vg(l) - Z Tfirfjw (Y((fj))) ) (C.28)
(@)€Y ™)

so Vo = Véo) + tilVél). For every V € Kc2(pt) = (C[ul,ul_l, ug, uz_l], define
TV)=V4+V*=VV*(1 —u1)(1 —ug) (C.29)

For example, let C? be T} then u; = ry,us = ro, and T(Vy) = Vi + Virirs — VIVi(1 —
r1)(1 — r2). Using this notation, we expand (C.20) as following:

T = TV +TOV) 47V sy sV — VDV (1= 1) (1 s0)

(C.30)
VSOV = 1) (1= s2) =tV VM (1 - 51) (1= 82) +V5VE £ VYL
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Recall that if V is the weight space of a Young diagram Y, then [139, Lemma 6]

+1 —a
T(V) = I g (C.31)
dey Oey

where a(J) and [(J) are arm-length and leg-length respectively:
a(@) = #{j > jl(i,5') € Y}, 1(O) = #{i’ > i|(¢',j) e Y}. (C.32)

In particular, we see that constant terms in 7°(V1)s,s,—0 and T(Véo)) s1s5—0 are zero. Next,
we simply drop all the other terms in (C.30) which involve ¢ or ¢t~ because they can not be
constant in the limit s;s9 — 0. Therefore, we only need to compute the constant term in

VOYr — YWY 1 — s1)(1 - s9) (C.33)

in the limit s;s9 — 0. Let us take T-invariant first, this amounts to take those terms
in (C.33) which do not involve r; or 72, and the result is

(2) (2) (2)
> ow(¥) - X w(¥@)w(¥d)) - - (C.34)
(4,5)ey (D) (3,5)ey D)
Notice that this can be rewritten as

b T(“}(Y(g‘?)»_ > w(}f(f]?))*3132, (C.35)

(i,j) €YD (i,j)eY ™

and each individual T’ ( (}/((2)))) has zero constant term in the limit s;s9 — 0, as can be

seen from (C.31). Thus the constant term of T}1%, | equals to the constant term of

2 *
2, w (Y(g,})LlSﬁl ) (C.36)
(i,/)ey ™

which is minus the number of non-empty Young diagrams in Y(Ei)) In particular, it is

negative if one of Y((f]?) is non-empty. This concludes the proof of proposition. O

The index of the open subset MU' (M;y, M,). We have seen in (C.11) that
J\c/ll’l(Ml, M>) is the vector bundle Hom(Vy, V), so its ring of functions is

k>0

as a Teqge-equivariant sheaf on M(My, 1) x M(Mp,1). It is easy to see that

S*Va @ V) = @ S2(V2) ® SAVY), (C.38)
1A=k

where ) is a partition of k (given by a Young diagram) and S2(V,) is the irreducible
representation of GL(Vs) defined by

Homg, (Ry, V5*). (C.39)
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Here R, is the irreducible representation of permutation group Sy with the Young diagram
A. For example,

SP (V) = SF(1y), SV (Vy) = AR (V). (C.40)

Using the decomposition (C.38), we can write the Tcqge-equivariant K-theory index of
./\o/ll’l(Ml, MQ) as

XMEL(My, M), Zt"“ M(M, 1), SV MM, 1), 820%)), (1)

where the sum is for all Young diagrams A. Note that
X(M(M, 1), S2VD)) = 1y 2 (M (M, 1), S200)) (C.42)
Therefore, we have
XMEY My, M), 0) = v 2 M0 S~ 4 (MM, 1), S2(01)) "X (M(Ma, 1), S2(V2)).
A

(C.43)
Recall that the equivariant K-theory partition function of Mb! is defined as

1,1 My, M.
Mlz]%/[QX(M (MlvMQ)ao)x 1y 2. (044)

Combine (C.43) with Propistion 7, we then have

Proposition 8. In the limit riro — 1,s5159 — 1, the equivariant K-theory partition function
of MY factorizes as

A * A
Zl,l = Z thT(Th 79, x)rm_ﬂzf(sl, S92, y)3132_>1 (C.45)
A

where Z%(rl,rg, x) 1is the equivariant K-theory partition function for ADHM quiver:
Z3(r1, 1m0, Zx 1),52(V))a. (C.46)

Remark 5. Consider the ADHM quiver with framing rank one and gauge rank M;, and an
extra framing node with rank Ms, see figure 3, then it is easy to see that the corresponding
quiver variety is the universal bundle V on the ADHM quiver without extra framing. Note
that there is an action of T x T3 on the quiver variety and the equivariant K-theory index
for this variety is

XA: X(M(M, 1), S2(V))t. (C.47)

This is exactly the coefficient in the summation (C.46).

For general N, K, we know that MNKE (M, Mg)Tedge is compact, S0 Teqge-equivariant
K-theory index of MM (M, My) is well-defined. To compute this index, we turn on
the maximal torus of the flavour symmtry, i.e. consider the diagonal action of Tgaming =
C*N x C*N on the framing vector space, and then take the Tedge X Thraming fixed points
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of MN-E (M, My) and this will be disjoint union of points (scheme-theoretically), one
could follow the same argument in the computation of N = K = 1 case and compute
the Tedge X Thraming-equivariant K-theory index of MNE(NMy, M) and then take Tframing

equivariant parameters to 1 and this would be the Teqge-equivariant K-theory index of
MN’K(Ml, MQ)

C.6 Connection to the 5d Chern-Simons algebra of operators

Notice that in the t — 0,r179 — 1,8150 — 1 limit, the equivariant K-theory partition
function of MU' equals

A;V X(M(M, 1), 0)x(M(N, 1), 0)zMy", (C.48)

i.e. it is a product of equivariant K-theory partition functions of ADHM quivers:
Hm 211 = Zapum (71,72, ©)rirs 1 ZADHM (515 52, Y ) 515551+ (C.49)

Since the equivariant K-theory of ADHM quiver varieties admits a structure of Verma
modules of the affine quantum group Uq(gﬂl), we see that ¢t = 0 part of Z;; is a character
of a Verma module for Uq(éll) ® Uq(ﬁll). After passing from K-theory to cohomology, part
of Z1 1 is a character of a Verma module for the affine Yangian of gly © gly, which is exactly
the algebra of gauge invariant local observables of the 5d holomorphic Chern-Simons theory
with gauge group U(1) x U(1).

D Connectedness of MK (M, M,)

In this appendix, we show that
Proposition 9. MK (M, M) is connected.

First of all, if £ = 0, then the moduli space is the affine quotient of the solutions to
ADHM equations (4.7) by GLy x GLg. Consider the action of C* by

(X,Y,1,J,X,Y,I,J,8) — (rX,vY,rI,rJ,rX,vY,rI,7J,rS), (D.1)

then it contracts the Mév:’g(Ml, M>) to a single point (0,0, ---,0), thus Mévz’é((Ml,Mg)
is connected.

Next, we show that MN’K(Ml, M>) is connected when £ > 0, and the £ < 0 case is
similar. Consider the C* action (D.1), its fixed points in M (M;, My) correspondes to
quiver representations such that CM and CM2 are Z-graded and all arrows in the quiver
increase the grade by one. From the stability condition, C(X,Y)(Im(]) + Im(S)) = CM>
we deduce that CM2 must be positively graded. Since the framing vector space has grade
zero, we conclude that J = 0, i.e. MM (M, M) MJIY’:IS(MLMQ).

Note that the natural projection ¢ : MM (M, My) — Mév:’f)((Ml,Mg) defined by
semisimplification is projective and equivariant under the C* action. We claim that
Vo € MNE(My, Ms), its limit under the C* action lim, .o r(z) exists. This follows from
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the fact that lim,_,o7(g(x)) exists and the valuative criterion for a proper morphism. Since
Vs € C*, we have

s (limr(x)) = limsr(z) = limr'(x), (D.2)

r—0 r—0 r’'—0

we see that the limit lim, o r(xz) € MM (M, ]\42)(CX , thus every point in MK (M, M,) is
connected to some point in MM (M, M)C™ . As there is an inclusion MNE (M, Mg)(CX C
M];’:Ié(Ml, M), we only need to show that M]};IS(Ml, M>) is connected. In fact, we prove
a stronger result

Proposition 10. Assume that & > 0, the Mf}gé(Ml,MQ) is irreducible of dimension
2NM1 —+ MQ(Ml + K+ 1)

Proof. The same argument in Lemma 3 shows that there is locally trivial fibration
T MSY;IS(Ml,MQ) — MY (M)

with fibers isomorphic to Quot™2 ((’)(]CV[;JFK). It is known that the Nakajima quiver variety
MN (M) is irreducible” of dimension 2N Mj, so we only need to show that Quot™? (Oé/élJ“K)
is irreducible of dimension My(M; + K + 1), and this is proven in the next lemma. O

Lemma 4. Let S be a smooth connected algebraic surface and V is a vector bundle of rank
N on S, then the Quot scheme Quot™ (V) is irreducible of dimension (N +1)M.

Proof. Consider the Hilbert-Chow map h : Quot™ (V) — Sym™S. Its fiber over a point

n
(1'17"' y L1y L2y 3 L2y 3Ty, =" 7xn) € SymM87 M:ZL'L (D3)
i=1

L1 Ly Ln
is isomorphic to
n
H Quotli (C[z, y]™) (D.4)
i=1
where Quot® (C[[z,y]"V) is the formal Quot scheme defined by the moduli space of quotient
module of C[[z, y]" of C-dimension L; on the ring C[z,y]. We claim that Quot (C[z,y]V)
is irreducible. The irreducibility of Quot™ (V) follows from this claim and the irreducibility
of Sym™S.
To prove this claim, we notice that Quot® (C[z,y]") has the form U/GLy, where U is
an open subvariety of the following variety

{X,Y egl, |[X,Y] =0, X and Y are nilpotent} x Hom(CV,CL). (D.5)

The first factor in (D.5) is irreducible [141], and the second factor is obviously irreducible,
so U is an irreducible variety, thus Quot’i(C[z,y]"V) is irreducible.

Finally, the dimension of Quot™ (V) can be computed using the open locus h=1(V),
where V C Sym™ S is the open subset of points (z1, - - - ,zy;) where x; are distinct. Restrict

37The Kirwan map Ky, (pt) = K (MY (My)) is surjective by [140], so every K-theory class on M™ (M)
must have constant rank, then it follows that M~ (M) is connected thus it is irreducible.
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to h=1(V), h is a locally trivial fibration with fibers isomorphic to product of M copies
of PN-1 50

dim Quot™ (V) = dimh™ (V) = (N — 1)M +2M = (N + 1)M (D.6)
O
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