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1 Introduction

Recent studies of scattering amplitudes revealed a variety of symmetries of and connections
between different quantum field theories that are hidden in traditional Lagrangian formula-
tions. The most famous example concerns the double-copy structure of (super-)gravity: the
loop integrands of supergravity amplitudes can often be assembled from suitably chosen
squares of gauge-theory building blocks. This phenomenon relies on the Bern-Carrasco-
Johansson (BCJ) duality between color and kinematics in gauge theories [1-3], see [4] for
a comprehensive review. In many cases, the gravitational double copy can be naturally
understood from string theory, e.g. from the famous Kawai-Lewellen-Tye (KLT) relations
at tree level [5], and from chiral splitting [6, 7] at the level of loop integrands.

The field-theoretic double-copy structure applies to a growing list of theories including
Born-Infeld, special Galileons [8, 9] and even open-string theories [10-12]. In particular,
amplitudes of Einstein-Yang-Mills (EYM) theories can be obtained from the double copy
of (super-)Yang-Mills with the so-called YM+¢? theory [13]. EYM refers to Einstein
gravity, extended by a dilaton & B-field! and minimally coupled to Yang-Mills, including
supersymmetric extensions with up to 16 supercharges. The non-supersymmetric ingredient
YM+¢? of its double copy augments pure Yang-Mills by a minimal coupling to bi-adjoint

IThe couplings of the dilaton & B-field contribute to the one-loop EYM amplitudes in this work and are
natural from the viewpoints of the double copy, supersymmetric extensions and string-theory realizations.
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scalars with a cubic self interaction. Similar double-copy descriptions have been found for
variants of EYM with spontaneous symmetry breaking [14, 15].

The double-copy structure of EYM implies relations between EYM amplitudes and
those of (super-)Yang-Mills. At tree level, such EYM amplitude relations have been
analyzed from a multitude of perspectives including open strings interacting with closed
strings [16, 17], the Cachazo-He-Yuan (CHY) formalism? [24-28], heterotic strings [29],
gauge invariance [30, 31] and the color-kinematics duality of YM+¢? [32]. Similar double-
copy structures and resulting tree-amplitude relations apply to conformal supergravity
coupled to gauge theories [12, 33].

There is considerably less literature on loop-level amplitudes of EYM: specific four-
point one-loop amplitudes with half-maximal supersymmetry and external gluons have
been determined in [13] whereas rational one-loop EYM amplitudes can be found in [34] at
leading order in the gravitational coupling x and in [35] at general orders. Moreover, all-loop
results for one-graviton-n-gluon amplitudes have been obtained in [32]. At leading order in
K, relations between gauge-invariant building blocks of one-loop EYM with higher numbers
of gravitons and (super-)Yang Mills amplitudes have been pioneered in [36]. The relations
among “partial integrands” in the reference take a universal form for EYM theories with
four to sixteen supercharges, but they only capture the contributions from gauge multiplets
in the loop.

In this work, we describe a method to extend the one-loop EYM amplitude relations
of [36] to arbitrary combinations of gauge and gravity multiplets in the loop and the
external legs, i.e. to all orders in k. Our results again reduce loop integrands of EYM to
dimension-agnostic partial integrands of super-Yang-Mills without any coupling to gravity.
In particular, the relations we will derive take a universal form for any non-zero number of
supercharges — they are expressible in terms of the gauge-invariant partial integrands of [36]
that carry the variable amount of supersymmetry in the double copy. The universality
of the relations stems from the non-supersymmetric YM+¢? constituent that appears in
the double-copy construction of EYM theories with any number of supercharges. The
dependence of our relations on color factors can be straightforwardly adapted to gauge
groups U(N) and SU(N).

The amplitude relations in this work are derived from forward limits of tree-level
building blocks, where divergences in intermediate expressions are bypassed via ambitwistor-
string methods [37-40].> This way of implementing forward limits has been applied to
explicitly construct loop integrands of gauge theories [43-45] and one-loop matrix elements
of higher-mass-dimension operators in the low-energy effective action of superstrings [46].
However, the ambitwistor methods at work lead to an unconventional form of the Feynman
propagators in the loop integrand: the inverse propagators of the partial integrands are
linearized in the loop momentum /, i.e. given by 2¢ - K + K? instead of (¢ + K)? for
(combinations of) external momenta K [36-39].

?Representations of EYM tree amplitudes in the CHY formalism [18-20] were given in [8, 21, 22], also
see [23] for an underpinning via ambitwistor strings.

3 As detailed for instance in [41] and references therein, the significance of forward limits for one-loop
amplitudes can be anticipated from the Feynman tree theorem [42].



We provide the detailed form of the loop integrands in four-point EYM amplitudes
with sixteen and eight supercharges in terms of traditional quadratic propagators (¢ + K)~2.
In particular, we address various configurations of external gauge and gravity multiplets
as well as different orders in k, i.e. all admissible contributions from gauge and/or gravity
multiplets in the loop. The conversion between linearized and quadratic propagators in
the loop is performed via elementary partial-fraction manipulations in the examples of
this work, see [46-52] for more general recent discussions of this conversion. However, the
supersymmetry-agnostic amplitude relations of this work still feature linearized propagators
in intermediate steps. We leave it as an open problem to preserve the universal form of the
relations for EYM loop integrands while manifesting the quadratic propagators (£ + K)~2
of the super-Yang-Mills building blocks.

Outline. This paper is organized as follows: in section 2, we review the EYM double
copy including the CHY methods relevant to this work and state the main formulae for our
construction of one-loop EYM amplitudes. Their central building blocks are so-called half
integrands of YM+¢> theory; we spell out the detailed form of their color decomposition in
terms of tree-level data for any number of external states in section 3. Based on the four-
point examples of YM+¢? half integrands in section 4, we proceed to constructing four-point
one-loop EYM amplitudes at all orders in the coupling: maximally supersymmetric loop
integrands in D < 10 spacetime dimensions in section 5 and half-maximally supersymmetric
ones in D < 6 in section 6. In both cases, we expose all supersymmetry cancellations and
convert the output of the CHY double copy to quadratic Feynman propagators. Moreover,
the chiral fermions in six-dimensional EYM theories with 8 supercharges give rise to gauge-
and diffeomorphism anomalies whose integrated results can be found in section 6.5.

This work is supplemented by three appendices, starting with a review of the general
form of CHY integrands for EYM tree amplitudes in appendix A. Moreover, we have
gathered background information on kinematic factors with half-maximal supersymmetry
and rational Feynman integrals in the six-dimensional anomalies in appendices B and C,
respectively. Finally, some of our results are available in machine-readable form in the
supplementary material attached to this paper.

2 Review and basics

In this section, we review the basics of the EYM double copy, the CHY formulation of its
tree-level amplitudes and the construction of one-loop amplitudes from forward limits of
trees in the ambitwistor framework.

2.1 Einstein-Yang-Mills as a double copy

The oldest incarnation of the double-copy structure of perturbative gravity is the KLT
formula for its n-point tree-level amplitudes [5]

Mg = > AW, p,n—=1,n)S(p|lr)1 AYRi(1, 7,n,n—1) . (2.1)
PyTESn—3



On the right hand side, p = p(2,3,...,n—2) and 7 are permutations of n—3 legs in
the color-ordered gauge-theory amplitudes AY$S(1,2,...,n) referring to the coefficient of
Tr(t*¢*2 ... t%) in the color decomposition. The entries of the (n—3)! x (n—3)! KLT matrix

S(p|T)1 [53, 54] are degree-(n—3) polynomials in Mandelstam invariants
1 2 1 2
Sij = k; - kj = 5(]%—}—]{3') , Sij.p = §<k'i—|-kj—|— . —i—k‘p) R (2.2)

(such as S(2]|2); = —s12 at four points), where all the external momenta k; are lightlike
throughout this work. The (n—3)! permutations of AYsS, AYSS form a basis of color-ordered
amplitudes via BCJ relations [1] and are therefore sufficient to generate a permutation
invariant gravity amplitude via (2.1).

The KLT formula calculates the tree-level amplitudes in a variety of further theories
with double-copy structure including EYM [13], Born-Infeld and special Galileons [8, 9] as
well as even open-string theories [10-12]. In general, (2.1) yields the tree amplitudes Mflf%?®c
in the double-copy theory B ® C such as general relativity (GR) from the color-ordered
amplitudes A%e¢, A% in theories B and C, say Yang-Mills (YM). Since (2.1) features the
outer products of the polarizations of theories B and C, the spins of the external legs add
up under double copy. The color degrees of freedom common to theories B and C' in turn
are stripped off.

In the case of B ® C' = EYM, the constituent theories are B = YM and an ex-
tended gauge theory C = YM + ¢? [13] whose Lagrangian (u,v = 0,1,...,D—1 in D
spacetime dimensions)

1 1 2
‘CYM+¢3 — __F% pon o 5(DM(;SA)a(D,u(;SA)a o ngabefecd(;saAd)ngbchde

4
A9 rabe FABC jaA BB ;cC
S e fABC oA ghB e (2:3)
with coupling constants g, A involves gluons A, = Aft* coupled to bi-adjoint scalars

P = ¢*t* @ T4 with two species of gauge-group generators t*, T4 and respective structure
constants £, fABC Our conventions for the non-linear gluon field-strengths Fj, and
gauge-covariant derivatives D,, are

Fi, = 0,A% — 0,A% + gf** Ab A
(DMQSA)G — 6M¢QA + gfabCAZQZ)CA ] (2‘4)
In adapting the KLT formula (2.1) to EYM, the color-ordering of the YM + ¢3 amplitudes

is performed w.r.t. the generators ¢t* common to the scalars and the gauge bosons (rather
than the T4 exclusive to scalars). In other words, the color-dressed n-point amplitudes?

MU = S Te(tt?@e®) ety atee . (1,p(2,3,...,n)) (2.5)
pGSnfl

4For gauge-group generators t* and T, we will often abbreviate the adjoint indices a; — ¢ and A; — 4
referring to the color degrees of freedom of the i external leg and write t* and T* in the place of t% and
T4 respectively.



decompose into color-ordered amplitudes Ayyj 43 entering (2.1) that still depend on the

T4 of the external scalars. In case of scalars in the first legs 1,2,...,r, further color

tree

decomposition w.r.t. T4 gives rise to doubly-partial amplitudes YN 43>

A$§2+¢3(1, p) = Z Te(T TG .TV(T))m%e\fi_wg(l, p|1,v) + multitrace. (2.6)
YESr_1

The multitrace terms receive contributions from the contractions ¢*¢*2¢C P8 100D
in (2.3) and gluon propagators. They realize all cyclically inequivalent partitions of the r
scalars into up to | %] traces, e.g. three permutations of Tr(T'T?)Tr(T3T*) at four points.
In the double copy to EYM, the T4 are re-interpreted as the gauge-group generators of the
YM states. For r external gluons in the first legs 1,2,...,7 and n—r external gravitons,
the color-decomposition (2.6) as well as the KLT formula (2.1) carry over to

My = 3 Te(T' T T O)ARS (14(2, ... 7)) + multitrace

’Yesrfl
(2.7)
Ag%eM(l,’}/(Z...,T)) = Z A%;ﬁ/?(L/07n_lvn)S(ph)lm%ﬁ—f—qﬁ(l?Tvn7n_1|17’7)'
p,TESH_3
(2.8)

The results of this work concern the explicit form of the analogous one-loop amplitudes.
More specifically, we present a general method to determine n-point loop integrands of
EYM from one-loop building blocks of (super-)Yang-Mills and spell out the detailed form
of four-point examples. Our relations between loop integrands apply to supersymmetric
EYM theories in any number of spacetime dimensions D compatible with the variable
amount of supersymmetry, and the four-point examples in sections 5 and 6 preserve 8 or
16 supercharges.

The double copy for supersymmetric EYM has all the supersymmetries on the YM side
while taking YM + ¢2 as a purely bosonic theory with color structure ¢ for each gluon and
t* @ T4 for each scalar. Furthermore, in the double copy to EYM, the coupling constants g
and A from the constituent theories are mapped onto the gauge coupling ¢g and gravitational
coupling k of EYM theory according to

(6% 2) = (Z 4 i) . (2.9)

In four-point one-loop amplitudes of EYM, for instance, (2.9) leads to the powers of k and g
listed in table 1. In the examples of sections 5 and 6, we will determine the contributions at
the orders of gmli4_m (0 < m < 4) for different numbers of external gluons and gravitons.

2.2 The Einstein-Yang-Mills double copy in the CHY formalism

There are several equivalent formulations of the double-copy structure of tree-level amplitudes
including the KLT formula (2.1), the BCJ double copy based on cubic-vertex diagrams [1-3]
and the CHY formalism [18-20]. The backbone of the CHY formulae for n-point tree-level
amplitudes are moduli-space integrals over punctures o1, 09, ...,0, on the Riemann sphere



YM+¢? | YM | EYM
94)\4 g4 g4
g4 )\3 g4 %Kg:%
N | gt | e
g'x | g | s’y

g4 g4 ﬁ/"fl

Table 1. In four-point one-loop amplitudes of YM @ (YM + ¢?) = EYM, the couplings g and \ on
the left-hand side of the double copy are mapped to the following powers of the couplings x and g
in EYM via (2.9).

CU{oo} which are completely localized by the scattering equations. The latter are imposed
by the delta functions in the measure

doidog . da " s
tree __ n / ij g — s
dp, = ol SL2 I I (5( E ) Oij =04 —0j. (2.10)

=1 Oij

J#i
The inverse vol SLo(C) and the prime along with the product instruct to drop any three
do;do; doy, and the associated delta functions, and the respective punctures can be fixed to
(0i,0,01) — (0,1, 00) after inserting the Jacobian |o;jo,0jx|2. The CHY reformulation of
the KLT double copy then reads

M %oc = /d,u“”ee Ige({1,2,...,n}) I&°({1,2,...,n}), (2.11)

where the integral is over the moduli space My, of n marked points on the Riemann sphere.
The so-called half integrands I, I#°® are functions of the aj that both transform with

weight two under Mobius transformations o — - J+b with (2%) € SLy(C). Moreover, the

half integrands I, I{#°® depend on momenta and polarlzatlon or color degrees of freedom
of the particles enclosed in {...}.

2.2.1 Basic half integrands for color and kinematics

The CHY formulae for bi-adjoint scalars, YM and gravity are based on two types of
half integrands:

e Color degrees of freedom are encoded in
I ({1,2,. = Y Tr'er@er® e PT(1,p(2,3,...,n))  (2.12)
PESH—1
with Parke-Taylor factor

1
PT(1,2,...,n) = . (2.13)
012023 - - - On—1,n0nl




Upon color ordering w.r.t. two species of gauge-group generators, Parke-Taylor
integrals

mes(1,2,...,n|p(1,2,...,n)) :/d,uffeePT(l,Q,...,n)PT(p(1,2,...,n)) (2.14)

yield the doubly-partial amplitudes of biadjoint scalars. We will frequently apply
this formula to determine Parke-Taylor integrals from the straightforward Feynman-
diagram computation of mgs, for instance using the Berends-Giele recursion of [55].

o The dependence on polarization vectors €; (subject to transversality €; - k; = 0) in
YM and gravity is carried by the reduced Pfaffian

_1)i+J ..
Iee{1,2,...,n}) =P, ({1,2,...,n}) = ¢Pf[\lln({1,2, cn]s (2.15)

Uij

where 7 instruct to remove the i and j*™ rows and columns from the 2n x 2n

matrix ¥,
A —Ct iy i# ]
U,({1,2,... n)) = By ={ 2.16
({12 ) (CB> ’ {O:i:j (2.16)
Ajj = { 7id .#J. Cij = { e .#]. :
0 1=y T lm#i gy - LT
The reduced Pfaffian is linear in all of €1, €9, . . . , €, and, on the support of the scattering

equations in (2.10), independent on the choice of 7,5 € {1,2,...,n} in (2.15) and
invariant under linearized gauge transformations €,, — ky,.

2.2.2 Integrands of EYM from half integrands of YM 4¢3

The CHY formula (2.11) for EYM tree-level amplitudes with r gauge bosons and n—r
gravitons reads [8, 21]

Mfzf%eYM = /d/ﬁzree Pf,\lfn({l, 2,... 7n}) Igf/?+¢3({1v 2,... >T}; {7“—|—1, s ,’I’L}) ) (2'17)

and supersymmetric EYM amplitudes can be obtained by replacing the Pfaffian (2.15) by
its fermionic completion.” The non-supersymmetric half integrand I{fl’f/f g refers to YM+¢?
theory with Lagrangian (2.3). It depends on the gauge-group generators 77 of the external
scalars j = 1,2,...,r in the first set of labels and the polarizations €; of the external gauge
bosons j = r+1,...,n in the second set. By analogy with the color decomposition (2.6),

®For ten-dimensional SYM, the supersymmetrization of the Pfaffian may be imported from the open
pure-spinor superstring [56], based on the correlation functions of massless vertex operators in [10, 57, 58].
Alternatively, the simplified spin-field correlation functions of [45] yield an analogue of the Pfaffian (2.16)
with two and four fermions and arbitrary numbers of bosons among the external states, also see [59] for
two fermions.



it will be convenient to separately analyze color-ordered half integrands Jy; tree M3 for single
and double traces,

Ihirgs (12, {r+L, o nd) = TN g e o (2.18)
e (12l fr L) = B s oymgrons oy
where vertical bars are used to separate multiple traces (e.g. Jtr§f+¢3(. N R S fi o T /1

for triple traces). The curly-bracket notation {...} refers to permutation-invariant functions
of the data of the enclosed particles, e.g. J\tff/ﬂabg( i g, ..} = J{fl‘fﬁ_&( i{d,0, ... }).
By contrast, the J{ff/f 3 in (2.18) are only cyclically invariant in each of the slots associated

with trace structures, e.g.
Bt oo linsin il Lo 1) = g (o lin s ipin s o)) (210)
The single-trace instances of the half integrands are given by [21]
Tires (12, {r+1,...,n}) = PT(1,2,...,r)PE U, ({r+1,...,n}), r>2 (2.20)

and combine the Parke-Taylor factor (2.13) from I3i* with the Pfaffian from Iy§f. The
2(n—r) x 2(n—r) matrix ¥, ({r+1,...,n}) slightly generalizes the definition (2.16) of the
matrix ¥, ({1,...,n}): the sum over m in any Cj; = — > 1, _ € - km/0im entering (2.20)
runs over all of {1,2,...,n} instead of the shorter list {r+1,...,n} of gluon labels. Note
that (2.20) only applies to r > 2 scalars. For n gluons, the results of appendix A lead to
the half integrand

g;;+¢3(@ {1,2,...,n}) = Pf'0,({1,2,...,n}) = I¥({1,2,...,n}), (2.21)

and tree amplitudes with a single external scalar (r = 1) vanish. For single-trace amplitudes
of 7 = n scalars in turn, we recover the result of the pure ¢* theory in (2.12),

TNt rgs (1,2, m;0) = J3°(1,2,...,n) = PT(1,2,...,7n). (2.22)
In the double-trace situation, the simplest cases with zero and one gluon are [8, 21]
Jgf/ﬁ&( oo plp+l, o ony0) = s12. pPT(1,2,...,p)PT(p+1,...,n) (2.23)
Iisgs (1,2, plp+1, . .on=1;{n}) = PT(1,2,...,p)PT(p+1,...,n-1) (2.24)
p—1 p
X [;J;l (8jn€n - k;_n:nn;n kj)oi; ¥ 519 p; egf } ’

and more general half integrands of YM + ¢ can be found in appendix A.

2.2.3 Kleiss-Kuijf relations

We note for future reference that partial-fraction relations between Parke-Taylor factors

imply so-called Kleiss-Kuijf relations [60] for JU¥F | 43+ Within each trace, different cyclic

orderings are related by

JEE s (i P, QL {r kL nd) = (1)@ YT e (i Ry (L))
RePwQ
(2.25)



The shuffle product w is defined recursively by
Paw@b = (PwQ@b)a + (Paw@)b (2.26)

for any two words P = (p1,p2,...,pp|) and Q = (q1,q2, - - -, q|g|) concatenated with words
a and b of length one and Pwf) = JluP = P in case of the empty word (). The length of the
word @ is denoted by |Q|, and we use a tilde-notation for the reversal Q = (@ -+ 92, 01)-
Intuitively, the shuffle product P collects all possibilities to interleave the letters in P
and () while preserving the order among the p; and g;.

2.3 One-loop CHY formulae and forward limits

The CHY formulae for tree-level amplitudes were underpinned by ambitwistor-string
theories in the Ramond-Neveu-Schwarz [61, 62] and pure-spinor formulations [63, 64].
The ambitwistor-string prescription for one-loop amplitudes is centered on moduli-space
integrals over punctured genus-one surfaces or tori, and all integrations are again localized
by scattering equations involving a D-dimensional loop momentum /¢. In particular, the
manipulations of [37, 39] localize the integrand at the cusp 7 — ico, where the torus with
modular parameter 7 degenerates to a nodal Riemann sphere. This limit reduces the
genus-one scattering equations for the punctures to (i = 1,2,...,n)

e-kiJrzki-kj

o

=0 (2.27)
=1 Oij

i
which are the forward limits k+ — =£¢ of the genus-zero scattering equations in (2.10)
with two additional legs +, —. Accordingly, D-dimensional n-point one-loop amplitudes in
theories B ® C' with double-copy structure are given by [37, 39]

n

loo ree jyl-loo 1-loo
Mleor, TQkinn [ 1P,k O T2 k) (229)

in terms of forward limits of (n+2)-point CHY integrals at tree level. For theories with

1-loop Il loop

an ambitwistor-string description, the half integrands I can be obtained from

correlation functions on a torus in its degeneration limit to a nodal Riemann sphere. For
instance, the maximally supersymmetric four-point correlators known from type-I and
type-II superstrings [65] give rise to

L = I (({1,2,3,4}:0) = t5(1,2,3,4) > PT(+,p(1,2,3,4),-),  (2.29)
p€S4

where the external polarizations conspire to the permutation-symmetric ¢g-tensor contracting
the linearized field strengths f]“ Y (not to be confused with structure constants)

15(1,2,3,4) = tr(fi fofsfi) — gtr(ffo)in(fofs) +cye(2,3,4)
= 512593 AU%%(1,2,3,4) (2.30)
1 =klel — ke



Similar to (2.29), the half integrands IvaoP({1,2,...,n};£) of gauge theories with 0 to 16
supercharges can be expressed in terms of (n+2)- pomt Parke-Taylor factors (2.13) involving
the double points (o4,0_) — (0,00) of the nodal Riemann sphere. This can for instance be
seen from the conformal-field-theory origin of these correlators® [62] and the manipulations
of Ramond-Neveu-Schwarz spin sums in [43] based on [66].

Alternatively, (2.29) as well as generalizations to higher multiplicity and reduced
supersymmetry [39, 43, 59] can be obtained from forward limits of genus-zero half integrands.
For one-loop amplitudes in pure YM, the forward limit of the Pfaffian of (2.16) was shown
to match the appropriate correlation functions on the torus [39] and to yield combinations
of Parke-Taylor factors that reproduce known amplitude representations [44]. Apart from
aligning the momenta k+ — +/, the forward limit in pairs of external gluons +, — amounts
to the replacement (see section 3.1.1 for the analogous color replacement rules for scalars)

Z e’ =AM 5, AP =D-2 (2.31)

Vqu,A“”:V-W, VW e {ki,e;: i=1,2,...,n}.

Similarly, by combining forward limits (2.31) in gluon polarizations with those in fermions
and scalars yields n-point correlators with supersymmetric multiplets in the loop such
s (2.29) [45].

The key idea in this work is to extend the construction of one-loop half integrands from
forward limits of tree-level ones to the YM+¢? theory. As will be detailed in section 3.1,
forward limits of the tree-level half integrands of YM+¢? in the gluons and scalars yield
the non-supersymmetric half integrands

1-1 .
I (AL rh{r+1,. o} 0) = kilgnﬂ; [T s ({152, 4, =} {41, n})
I¥ﬁ+¢3({17 2,k {r+l, ... n,+,—})]
(2.32)
in one-loop amplitudes of EYM with r external gluons and n—r external gravitons:
1-1 1-1 7
MR = [ St i [ aptes RO b B (1) (L k)
(2.33)

The amount of supersymmetry will be indicated by the parameter a on the left-hand side
and in the subscript of the YM half integrand on the right-hand side (e.g. @ =max or
$-max). In the same way as I3 Mg are available in Parke-Taylor form [24, 27, 28, 68],”

the forward limits in (2.32) can be brought into the n!-term form

—731/_1{2123 (E) = Z N—Hp(12n)|—(€)PT(+, p(lv 2’ st TL), *) ) (234)
PESn

5QOne can again import simplified correlators from the chiral-splitting formulation [6, 7] of superstrings to
the ambitwistor setup such as the four-point expression (2.29) from [65] and the multiparticle correlators
of [66] for external bosons and of [67] for the entire gauge multiplet.

Tt follows from the work of Aomoto in the mathematics literature [69] that an arbitrary half integrand
in the tree-level formula (2.11) with SLa(C)-weight two in all of 01,02, ...,0, can be decomposed in terms
of Parke-Taylor factors.

~10 -



where N_|,12..n)—(£) are local combinations of the color degrees of freedom, momenta
and polarizations of the YM+¢? states. Together with the Parke-Taylor representations of
I529% [43-45], all the dpt-integrals in (2.33) can be straightforwardly performed in terms
of doubly—partlal amplitudes of biadjoint ¢3 via (2.14). In this procedure, the forward limit
k4 — ££ of the integrals over o; should be performed after summing the permutations to
avoid divergences. More specifically, forward-limit divergences occur in non-supersymmetric
theories and can be addressed in the ambitwistor framework using the methods of [44].%
The supersymmetric examples in sections 5 and 6 will be unaffected by subtleties related to
forward-limit divergences, and the discussion of half integrands of YM+¢? in sections 3
and 4 are completely supersymmetry-agnostic.

2.4 Linearized versus quadratic propagators

Given that doubly-partial amplitudes (2.14) at tree level are functions of k; - k; with all the
k:2 set to zero, the forward limit in (2.28) and (2.33) can only involve the loop momentum

via k; - ¢ and not via ¢2. Hence, the square of ¢ only enters the loop integrand of M };Q%%

as a global prefactor /=2 outside the du;rf_%—lntegral, see [37, 39] for its origin. This can
be reconciled with the Feynman propagators (£ + K)~2 (with combinations K of external
momenta) expected for loop diagrams in massless field theories by the following rewriting

of an n-gon integral,

271—1 dDE on— 1 dDE 1
020303, .. .02 Z/ /2 52 — 2 (2.35)
1412 12..n—1 12..4 12...5 12..4
S T
e j= 05g+1,g+2, il i i SitLit2,. ,gz

where our notation for composite momenta and ¢-dependent Mandelstam invariants is
P
ki2.p = Z k;, lio.p =L+ Fkia. p, S12..p4t = S12.p £ L - k12.p. (2.36)

The first step of (2.35) is based on partial-fraction manipulations, and we have shifted the
loop momentum by external momenta in passing to the second line such that the only
quadratic propagator is £~2 rather than (¢ + K)~2. The transition to linearized propagators
in (2.35) can be straightforwardly extended to massive corners. As visualized in figure 1,
each of the n terms in the partial-fraction decomposition (2.35) of the n-gon can be thought
of as the (n+2)-point tree-level diagram obtained from cutting one of the n-gon propagators.

With the n possibilities to cut a given n-gon and its (n—1)! cyclically inequivalent
orderings, the linearized n-gon propagators can be associated with n! tree-level diagrams of
half-ladder topology. These are the master diagrams in the sense of the BCJ color-kinematics
duality [1, 2], i.e. their kinematic numerators w.r.t. linearized propagators generate all
the lower-gon numerators by kinematic Jacobi identities. The n! Parke-Taylor coefficients

8In general non-supersymmetric one-loop CHY formulae, the regularization of forward-limit divergences
can be traced back to the dropout of singular solutions of the scattering equations [38, 40].
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+4 [ N —¢ + cyclic(1,2,...,n)

N4

Figure 1. Terms in the partial-fraction representation of n-point loop integrals in (2.35) can be
interpreted as (n+2)-point tree-level diagrams.

Ny p(lgmn)‘,(ﬁ) in (2.34) with p € S, are the master numerators associated with the ladder
diagram in figure 1 and its permutations in 1,2, ...,n. The kinematic Jacobi identities that
determine the remaining cubic-diagram numerators (of (n—1)-gons, (n—2)-gons etc.) can
be traced back to properties of the duﬁf_ﬁ%—integrals over Parke-Taylor factors in (2.33).
However, the forward limit of individual doubly-partial amplitudes (2.14) will usually
not recombine to quadratic propagators. It requires the sum over n terms in (2.35) to
recover the n-gon integral with Feynman propagators (¢ + klg,,,p)_Q by reversing the shifts of
loop momentum and the partial-fraction manipulations. It will be an important cross-check
for the I. ﬁil;g, to be derived from forward limits (2.32) that their du$%-integrals against
Igjf?;’ admit a recombination to quadratic propagators. We will do so at the level of

color-ordered EYM amplitudes where, in analogy with the tree-level notation (2.18),

J;ﬁgﬁg(l,z...,j|j+1,...,p| o {rL Lm0 (2.37)
1-1
= Yl\/?ilfzﬁ?’({l’ 2, .,rh{r+1,... n}; 6)’Tr(T1T2...Tj)Tr(Tj+1...TP)... :

We can express the loop integrand of color-ordered EYM amplitudes in terms of so-called
partial integrands in YM theory

1 1
ayy (+op(1 o), =) = lim / dpsSPT(+, p(1, ... n), =) Iy P ({1, .., n}; 0)
(2.38)

which were introduced in [36] as gauge-invariant building blocks of loop integrands in
linearized-propagator representations. The idea is to calculate the dpff$%-integral separately
for each Parke-Taylor factor in the decomposition (2.34) of the YM+@? half integrand (2.37)

and to thereby obtain the decomposition

I . -
A]{ﬁ?f/lpa(l v gli 1 pl {1, n}) (2.39)
I 11 11
=/£2 i ﬂ/du%i% Ut (Lo g1 oplos {r41, b O LW ({1, n b 0)

dPe o
/ Z N+|p 12..n \— |Tr TUT2,. T3)Te(TI+1...TP).. aY1\(/)10§(+aP(172,---7n),—)-
pESH

The partial integrands aYl\?[Op with maximal and half-maximal supersymmetry are available
from forward limits of doubly-partial amplitudes [36, 43] and will be reviewed in sections 5.1

1- loop

and 6.1, respectively. While the ax, are still given in terms of linearized propagators, the

- 12 —



single- and multi-trace amplitudes AE?&I)& admit quadratic-propagator representations. By

combining the contributions of all the n! permutations p in (2.39), we will find the expected
quadratic-propagator expressions for EYM loop-integrands at n = 4 for different amounts
a of supersymmetry, and separately at each order in the couplings g and k (see table 1).

3 YM-+¢? half integrands at one loop: all-multiplicity results

The first step in the construction of one-loop amplitudes in EYM theories is to obtain the
non-supersymmetric half integrands I;ﬁi% in their CHY representation (2.33). In this
section we investigate the color decomposition of these one-loop half integrands in YM+4¢?
theory, with single- and multi-trace coefficients Jéﬁi%?, entering the color-ordered EYM
amplitudes in (2.39). In particular, we explain how to choose the forward limits of tree-level

half integrands in (2.32) that contribute to a given color-ordered one-loop half integrand

Jl—loop

VM3 Four-point examples can be found in the next section 4.

3.1 First look at one-loop YM+¢3 half integrands from forward limits

In YM+¢? theory, various forward limits of tree-level half integrands in both scalars and
gluons contribute to the same color-ordered one-loop half integrand. The basic premise for
the choice of these contributions is to include all forward limits of (n+2)-point tree-level
half integrands that have the external states, color structure and powers of the couplings
A, g compatible with the desired n-point one-loop half integrand.

3.1.1 Color management in forward limits

In EYM theories with gauge groups SU(NN) and U(N), forward limits in color degrees of
freedom may change the number of traces. At the level of the double-copy constituents
YM+¢3, this concerns the trace structure of the generators T specific to the bi-adjoint
scalars which changes upon forward limits in the scalars. The sum » , _ over adjoint degrees
of freedom T+ = T4+ and T~ = T4~ of scalar legs + and — in (2.32) is implemented
through the completeness relations

S (THIT W =65, : U(N) (3.1)
+7_
. 1
S (T (1) = sls, — <75} : SU(N),
o~ N
with fundamental indices 4, j,k,l = 1,2,..., N. Depending on the relative positions of legs

+ and —, the forward limits of traces follow from one of

> Tr(P+,Q,—) =Tr(P)Tx(Q) + ¢1 Tr(PQ)
+ —
> Tr(P,+,—) =cTr(P) (3.2)
+ —
Z TI‘(—l—, _) =Ncy
+ —

> Te(P4)Tr(Q, —) =Tr(PQ) + c1 Tr(P)Tr(Q) .

+—
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factor || U(N) | SU(N)

C1 0 —%

N2—1
c2 N | T

Table 2. The color factors ¢; and ¢ subject to co — ¢y = N arise in the forward limits of traces
over generators of the gauge groups U(N) and SU(N), see (3.2).

We employ the shorthand notation
Tr(iy,dg, ..., in) = Te(TA0 T4 TAin) (3.3)

and use capital letters from the second half of the alphabet for words P = (i1,12,...,i|p|)
of length |P| as in section 2.2.3. Moreover, the factors ¢; and ¢ subject to ca —c¢; = N
differ for gauge groups U(N),SU(N) and are listed in table 2. The first and last line
of (3.2) illustrate that the number of traces may be raised or lowered under forward limits
in color factors.

3.1.2 Coupling dependence in forward limits

Even though we defined the half integrands Jgff 3 1O exclude the couplings in the YM + ¢>
Lagrangian (2.3), one can straightforwardly associate powers of g and A to each trace-

tree

and external-state configuration of Jy; : single-trace integrands of n external scalars

M43
generate diagrams with n—2 cubic Verti::rg)s ~ ¢3, so they are associated with the powers
(g\)"~2. Cubic vertices involving one or three gluons in turn involve a factor of g rather
than g\. As exemplified in figure 2, this reduces the power-counting of A\ by one whenever
an external scalar is replace by an external gluon and by two for each additional trace.

Hence, we associate

m-trace J{}f&(ﬁg @ 7 > 2 scalars & n—r gluons « g¢" 2N (3.4)

for instance ¢"2\" 2 to single-trace examples and ¢" 2A\""* to double-trace examples with
r > 2 scalars and n—r gluons.

By the color-factor identities (3.2), forward limits in a scalar can introduce or eliminate

one trace. As a result, the tree-level power counting of (3.4) yields a bandwidth of three

1-loop
J. YM+¢3

arises from forward limits in a pair of gluons,

different powers of A in each with m > 2 traces, where the lowest power A" ~2™ also

1-loop
m-trace Jy; B

- GgnATTImAA & gn \T=2mA2 & gn \T=2m - gealar forward limit
g"A\"2™ - gluon forward limit .

@ r > 2 scalars & n—r gluons with m > 2 (3.5)

For single-trace half integrands at one loop, the option with the highest power of A in (3.5)
is absent since there is no underlying forward limit with fewer traces. Hence, one arrives at

— 14 —
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Figure 2. Trading an external scalar for a gluon effectively removes a power of A (left panel).
Similarly, increasing the number of traces effectively removes two powers of A (right panel).

only two dependences on the couplings for single traces, where the lower power \"~2 also

arises from forward limits in gluons.

single-trace J;{Ei‘;g @ r > 2 scalars & n—r gluons (3.6)

g"\" & g"A\""2 : scalar forward limit
g"\" "2 : gluon forward limit .

Upon double copy through the CHY-representation (2.39) of EYM amplitudes, the dictio-
nary (2.9) for the couplings leads to the following power-counting on g and ,

single-trace Ag})ﬁ’a Q@ r > 2 gluons & n—r gravitons (3.7)
g"k"T & g" 2k 27" i gluon forward limit
{ g™ 2k" 27" graviton forward limit
m-trace Agﬁj{‘ja @ r > 2 gluons & n—r gravitons with m > 2
o {gr2m+4nn+2m4r & grTEmA2gnt2m=2-r & gr—2mgnt2m=r . olyon forward limit

g"2mgnt2m=r s oraviton forward limit .

3.2 Explicit single-trace YM+¢3 half integrands at one loop
We shall now spell out the detailed decomposition of single-trace YM+¢? half integrands

at one loop into forward limits of their color-ordered tree-level counterparts J{fff R This
will be done separately for the two orders in the coupling noted in (3.6), i.e. for both half

integrands on the right-hand side of

JEOP (1,2, ri{r+1,...,n}i0) = Jéﬁi%(l, 2, {r+1,. .. ,n};f)‘gn)\r (3.8)

YM+¢3
+ J§§123(1, 2., {r+1,...,n}0)

gn)\'r72 .

3.2.1 No external gluons

In order to simplify the bookkeeping, we shall focus on the case with r = n scalars first.
The contribution ~ A" to (3.8) can then be obtained by adding up all the forward limits
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that yield the single-trace Tr(1,2,...,n) on the right-hand side of (3.2). As we shall see,
both U(V) and SU(N) gauge groups give rise to the same A" contributions

Jé:ll\/T—OF%S(]"2""’n;@;£)|g")\n:N[Jtrf/?+¢3(l727‘"7n7+7_;®) Jgf/ﬂ&( 2 7”7_7+;®)
+cye(1,2,...,n)]. (3.9)

With the Parke-Taylor form (2.22) of the single-trace half integrands of the pure ¢3-theory,
this reproduces the color factors in the ambitwistor-string formulae for planar one-loop
super-Yang-Mills amplitudes [37, 39]. Still, it is instructive to see how it arises from the
forward-limit computations and a careful tracking of all single traces at the A" order in (3.2):
intermediate steps towards (3.9) give

1-loo
Tyntgs (1,2, n: 050))| .

:C2[J;E(rl$/[6+¢>3( 2 : n+7_;®) J\t;f/?+¢3( 2 ..,n,—,—i—;@)]

+012 trf/?er)s 2,0, +,J+1,...,n,—;0) +cye(1,2,...,n), (3.10)

where the special case J{ff/f+¢3(1,2, cooyn, — 45 0) + eye(1,2,...,n,—) = 0 of the Kleiss-
Kuijf relations (2.25) identifies the coefficient of ¢; to be minus the coefficient of ca2. By
virtue of the relation ca —c¢; = N universal to SU(N) and U(N), one arrives at the simplified
expression (3.9).

At the subleading order of A"~2 in turn, the N-dependence varies between U(N) and
SU(N) through the color factor ¢y in table 2 (with Ncy = N2 for U(N) and Ncp = N2 — 1
for SU(N)),

1-loop L.
J. (1a2a-'-7na®a€)|gn)\n—2

YM-+¢3
= NCQJ{/FK/?+¢3( ,TL|—|—,—;@) ng\e/?-l—qﬁk‘( - 13 {+7_})
$§f+¢3 2, gl L s 0) 4 eye(1, 2, ... )] (3.11)

The forward limit in the gluon legs {+, —} is understood to incorporate the sum over D—2
physical polarization vectors ey, e_ as in (2.31).

In the expression (3.11) for the A"~ 2-order, the gluonic forward limits J{yf, pla{t =1
and the scalar forward limits Jtrff+¢3(1 cesJyHl—, 41, ... n;0) capture different terms
in the partial-fraction decomposition of various Feynman integrals. For instance, the n-gon
diagram in figure 3 with one gluon propagator and otherwise scalar propagators yields one
tree diagram corresponding to a gluonic forward limit and n—1 tree diagrams corresponding
to scalar forward limits under partial-fraction decomposition. As a result, the recombination
of the loop integrand of (2.39) to quadratic propagators relies on having the correct relative
normalization of the terms J{,rl’f/f+¢3( ;{+,—1}) and Jtrf/[e+¢3( e et aatl P73 )
at the same order of g, A in (3.11). Since this recombination has to occur for any value
of N, its first term with coefficient Nco will separately yield quadratic propagators after
performing the duf/$% integral in (2.39).
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L n 1 2 n—1

R +€—qul I ---- I —/ +(n—2 others)

Figure 3. In the partial-fraction decomposition of an n-gon diagram with one gluon propagator
and otherwise scalar propagators, the associated tree-level diagrams describe one gluonic forward
limit with internal scalars and n—1 scalar forward limits with one internal gluon line.

One can also confirm from one-loop Feynman-diagram computations that the only
admissible dependence of color-ordered EYM amplitudes on the group-theory data can
occur via Kronecker-deltas in the fundamental indices 6! = N and in the adjoint ones
0% = Ncy. This can be manifested in the forward-limit approach of this work by applying
Kleiss-Kuijf relations, both at the single-trace and at the multitrace level.

3.2.2 Adjoining external gluons

The single-trace expressions (3.9) and (3.11) can be straightforwardly generalized to external
gluons. The two contributions in (3.8) at different orders in the couplings then read (for
r > 2 scalars)

Tontons (L2 fraL,nds 0)] Ly

= N[J{fff+¢3(l,2, oo = {r+1, ..o n})
J$ff+¢3(l, 2, —, i {r+1,....n}) + cye(1,2,...,7)] (3.12)

as well as

J;ﬁ;fi‘;g(l, 2, ., {r+1,. .. :”}35)’971,\772

= NCQJtrf/ﬁqsp,(l, 2.+, = {r+1,...,n})

J{fff+¢3(1 2, o, {r4+1, ., 4, =) (3.13)
Z tr§f+¢3 2,y gy = gL {r L o nd) +eye(L, 2,0, )]

In particular, the simplification of the leading order in A literally follows the discussion
around (3.10) since the tree-level half integrands (2.20) with external gluons obey the same
Kleiss-Kuijf relations as in the case without gluons.

While YM + ¢3 amplitudes and half integrands with a single scalar vanish, the purely
gluonic cases can be obtained by truncating (3.13) to its first two lines,

Tonars 01,2, n}0) = T4 s (01,2, ,n}0)] (3.14)

= Neadyyg g (4, =3 {1,2, - on}) + Iap s (0:{1,2, ..o, +,—})

17 -



see (2.20) and (2.21) for the respective tree-level building blocks. The first and second
term on the right-hand side of (3.14) describe diagrams with scalars and gluons in the loop,
respectively.

3.3 Explicit multi-trace YM+¢3 half integrands at one loop

The single-trace results of the previous section will now be generalized to multiple traces.
By (3.5), there are three possible dependences on the couplings

J\lfﬁi%:a (Try|Tra| ... |Try,; P;0)

l-loop (TI']_|TI'2‘ . |Trm, P, E) ’gn)\r_gm+4 + Jl lOOp (TI‘]_’TI‘2| e ’Tl"m, P,E) |gn)\r_2m+2

YM+¢3 YM+¢3
1-1
+ J 1\/([)_0’_1()253 (TI']_’TI'2| tet ’Trmv P,E) |gn)\r—2m (315)
for a total of n—r gluons in P = {r+1,...,n} and r scalars in the union of the cyclically
ordered sets Try, Tro, ..., Try,, with m > 2. In the same way as the combinatorial structure

of the single-trace formulae (3.9) and (3.11) does not change upon addition of gluons
n (3.12) and (3.13), also the multitrace results can be presented in a unified way for any
choice of P.

3.3.1 Double trace

In the double-trace example, i.e. (3.15) at m = 2, the three different orders in couplings
contribute with

J;-Ii/?i%g(l, 27 SRR S|S+1, RN P’E) |
= Z [Jtrf/[e+¢3(Qa +, R, —; P) + (+ < —)] 5.16)

Qecyc(1,2,..., s)
Recyc(s+1,..., T)

gn AT‘

T (1,2, slstl, o PO |y,

=N{ > J$§f+¢3( 4, —|s+1,...,7; P)
Qecyc(1,2,...,8)

o2 Hie el 5P+ (o —)} (3.17)
Recyc(s+1,...,7)
1-1
Jyl\/CI).T_I;?s(l LSlsHL, L Pyl | -
= NCQJtrf/F+¢3( 3’54—1 H_’_;P)
Jtrf/le+¢3( o Sls+L o PU{+, -}
+Z Tatres (1,2 d, =41, sl s P) +eye(1, 2, 5)]
r—s—1
Z gl?/?—ﬁ-qﬁf L8lsHL, o s+d, =L s+i+L, o P) + eye(s+LL L )]

(3.18)
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While the orders of g" A" and ¢g"\"~* follow from straightforward application of (3.2), the

n)\r—2

result (3.17) for the intermediate order of g is based on additional simplifications: the

color identities (3.2) in the first place lead to

Jﬁl(ﬁf;)g(l, 2,...,8s+1,...,1m; P;0) ‘g”rd

262{ Z Jtrlt\%/?+¢3( ’+,—\3+1,...,n;P)
QECyC(172""$ )

+ Z Jtrls/?+¢3( -8R, +, — P)+(+<_>_)}
REcyc(s-l—l7 T)
trcc 1 ] ;
+clz YM+(Z53 a"’7j7+’j+1""78’_|S+1"”7T,P) (319)
r—s—1
o 3 Ao, 2 S L

+a Z [Jee, 3(Q. +|R, = P) + JU s(Q, —| R, +: P)] |

Q€cyc(1,2,..., s)
Recyc(s+1,..., T)

but the last line cancels by Jgff+¢3(1,2, cooymy 4|3 P) +cye(1,2,...,m) = 0, i.e. by
Kleiss-Kuijf relations. Moreover, the same type of Kleiss-Kuijf relations implies that the
coefficients of ¢; in the third and fourth line of (3.19) conspire to minus the coefficient of
co in the first two lines. Based on ¢o — ¢y = N, one can then confirm the global prefactor
n (3.17); the same recombination was already noted in the single-trace context of (3.10).

As mentioned before, one can anticipate from one-loop Feynman diagrams that the

only N-dependence in (3.16) to (3.18) has to occur via one of ! = N and 6 = Nca.

3.3.2 Any number of traces

The multitrace generalizations of the double-trace results (3.16) to (3.18) are given as

follows for r scalars in Try, ..., Tr,, with m > 2 and n—r gluons in P = {r+1,...,n}
1-1
JYN([)T;S(TrﬂTrQ\ oo | Trp; P; 0) |gn”,2m+4
m

=Y 3 U (@ R —|Tue| . [Trg| Ty [T P) + (4 > =)

1<i<j Q€cyc(Tr;)

Recyc(Trj)
(3.20)
1-1
JYN?_T_Zg(Tr1|Tr2| oo | Ty P30) !gn)\r_QmH
m
=NY D T (@ —ITra] [ Trj) . [ Tr; P) + (+ < —) (3.21)
J=1Qecyc(Try)
1-1
JYI\/([)iI;B (’I‘I.1|Tr2‘ M |Trma P7 e) |gn)\T72'm
= Nc2J$ff+¢3(Tr1]Tr2] | T |+, = P) + J{,rf/ad)d (Tr1|Tra| ... |Try; PU{+,—})
+ Z{ S R s (Q IR, —|Try| . Ty .. [ Trpn; P) +cyc<Trj>}- (3.22)
Tr;=QR
IQ\ |R|#0
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The notation f‘rj instructs to omit the respective trace, and the sum in the last line is over
all possibilities to split Tr; = (c1,¢2,. .., ¢,) into non-empty words Q = (ci,...,¢|q|) and
R = (cjg|41,--->¢r) with [Q[ =1,2,...,7—1. The prefactor N of (3.21) again follows from
Kleiss-Kuijf relations;? together with the first term in (3.22), the complete color dependence
lines up with the factors 6 = N or §2 = Nc¢y expected from Feynman diagrams.

3.4 Parke-Taylor form of the tree-level building blocks

The forward-limit representations of Jéli/[ o
tree

venient if the du, % integration over the punctures in one-loop CHY formula (2.33) can

3 in sections 3.2 and 3.3 are particularly con-

be performed via (2.14) in terms of doubly-partial amplitudes. This is the case when all
the contributing J\tff/f o3 ATe organized in terms of (n+2)-point Parke-Taylor factors as we
assumed in (2.34) and in passing to the last line of (2.39).

In order to make use of the Parke-Taylor decompositions of tree-level half integrands in
the literature [24, 27, 28] or the Mathematica package [68], we relegate the forward limit
k+— £ £ to the last step of the computation, i.e. after performing the dugj%—integral in
terms of doubly- partial amplitudes. This has been implicitly assumed in introducing the

partial integrands aYl\?[Op (2.39).

3.4.1 Examples at leading order in A with external gluons

The simplest non-trivial examples of Parke-Taylor decompositions (2.34) arise for the
A"-order of the single-trace half integrands (3.12) with external gluons. Their tree-level
constituents are given in (2.20) and in the one-gluon case for instance reduce to [16, 24]

.
Fonires (1,2, 4+, = {p}) = Y e (kAki+ ... +k)PT(=,1,2,..., 4, p, j+1,...,7,+).

§=0
(3.23)
The resulting one-loop half integrand in (3.12) then becomes
1-1
JYI\/??:;S(LZ...,T; {p};E)]gn)\T
:N{ep-e[PT(—, Losr42p)=PT(+, 1, ..., )] (3.24)
r—1
+Zﬁp'k12...j [PT(_a 1727 ce 7j7paj+1v ) +)+PT(+a 1727 e 7j7p7j+17 A _)] }
j=1
and thereby reproduces the expression for agym(+,1,2,...,7,—;p) in [36], averaged over

(+ +> —), also see the appendix of the reference for the two-gluon case. The generalizations
of (3.23) to higher numbers of gluons can be found in [24, 27, 28, 68] and give the g A"-order

of Jlli/(lji%?’( S ri{r+1,...,n}; ) for arbitrary n,r via (3.12).

9More specifically, the cancellation of the last line of (3.19) straightforwardly generalizes to insertions
of 4+ and — into any pair of Tr;, Tr; with 1 <4 < j < m. Similarly, the conspiration of c1, ¢z in the first
four lines of (3.19) to c¢2 — ¢1 = N occurs for the terms where +, — are inserted into the same Tr; with
j=1,2,...,m. All of these manipulations are again based on the Kleiss-Kuijf relations (2.25) that hold for
any number of traces or gluon insertions.
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3.4.2 Examples at subleading order in A with external scalars

The one-loop EYM amplitude relations in [36] are limited to gauge multiplets in the loop

and lowest orders in the gravitational coupling. Already the amplitude relations for the
loop

YM+¢3
work. In absence of external gluons, the relevant Parke-Taylor decompositions include [24]

subleading orders (3.13) of single-trace J in the double copy are a new result of this

J n
It s (1, 2,...,j,—|—|—,j—l—1,...,n;@):zjlkzl(—l)“rksik (3.25)
1=1k=j5+
x Z Z Jtrl\e/[e+¢3 (Qvia k7R7 ) +a ®)

Qe(1,2,...,i—1) Re(k+1,k+2,...n)
WG, —Loeyitl)  wk—1,...,5+1)

n—1
T (L2, onl =0 =3 (-1 s Y MR (@t —30),
j=1 Qe(j—1,..., 2,1)

w(i+1,j42,...,n—1)

where the double traces signal that the EYM amplitudes obtained from double copy via (2.39)
feature gravity multiplets in the loop. Note that the right-hand sides of (3.25) admit a
variety of alternative Parke-Taylor representations'? related by scattering equations. As
usual in worldsheet approaches to field-theory amplitudes, modifying the moduli-space
integrand via scattering equations or total derivatives might reorganize the cubic-diagram
expansion of the loop integrand and amount to generalized gauge transformations in the
lingo of the literature on the color-kinematics duality.

The forward limit in a pair of gluons simplifies the Parke-Taylor decomposition of [24] to

St{?f/[e+¢3( : ,T;{—i—,—})
—2
=— [s12.;PT(1,2,...,4,+,j+1,...,r,—) +cyc(1,2,...,7)]
j=2
A—D r—1 ]
T (_1>]_18j,5 Z [PT(]7 Q7 T, =, +) - PT(]? Q7 r, +7 _)] . (326)
j=1 Qe(i—1,..., 2,1)

w(j+1,5+2,..., r—1)

This expression is obtained after bringing the Mandelstam invariants s;; with 1 <7 <j <r
into an §(r—3)-element basis and exposes that the /-dependent terms in the second line
cancel in D = 4 spacetime dimensions. We have verified (3.26) up to and including r = 6
external scalars, and its validity for higher r is conjectural.

In fact, the second line of (3.26) can be identified with a multiple of the scalar forward
limit Jtrf/[e+¢3(1, 2,...,r|+,—;0) in (3.25): the latter is symmetric under (+ > —) including
¢ — —¢,' 5o the two Parke-Taylor factors in the square bracket of (3.26) yield the same

0NMore specifically, the right-hand sides of (3.25) are attained by rewriting the products

tree

PT(i1,i2,...,ip)PT(j1,72,-..,Jq) entering the expression (2.23) for M43 (G152, - -+ ipli1, G2, -5 4q; 0)
in terms of (p+¢q)-point Parke-Taylor factors. In doing so through the identities in section 7 of [24],

the cyclic symmetry in 41,i2,...,4, and ji,j2,...,j¢ is no longer manifest. Our expression for
$f/le+¢3 (1,2,...,4,+|—,j+1,...,n;0) in (3.25) is tailored to avoid s;, involving loop momenta.

HEollowing our earlier comment this symmetry is manifest from the left-hand side of (3.25), but it
requires a substantial amount of scattering equations to verify the symmetry on the right-hand side of (3.25).
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tree
Jynig s upon summation over j and @), i.e.

It s (1,2, {4+, =) = Z 512 ;PT(1,2,...,5,+,+1,...,m,—)+cye(1,2,...,7)]
J:
+(D—4) trf/[e+¢3(1 sy |4, —30). (3.27)

On these grounds, the A" ~2-order of one-loop half integrands (3.13) simplifies to

1
Tintgs (12, 050)]

= (Ncy+ D — 4)th§;+¢3(1, 2,...,n|+,—;0)

n

|
N

— [s12.;PT(1,2,...,4,+,j+1,...,n,—) +cyc(1,2,...,n)] (3.28)
=2
n—1
Z ¥ﬁ+¢3 ,...,j,—l—\—,j+1,...,n;(2))+Cyc(1,2,...,n)]

with the JUEF M3 OL the right-hand side given by (3.25).
Based on (3.25) to (3.28), the A"~ 2-order of one-loop half integrands (3.13) without
gluon insertions is available in Parke-Taylor form. Generalizations to additional gluons,

traces or to different power counting in g, A can be obtained by inserting the tree-level
results of [24, 27, 28, 68] into (3.16) to (3.18) and (3.20) to (3.22).

4 YM+¢@? half integrands at one loop: four-point examples

We shall now specialize the general approach of the previous section to four external legs
and spell out all color-ordered one-loop half integrands in YM+¢? theory, separately at
each order in the couplings g and \. Each subsection is dedicated to a different combination
of external scalars and gluons.

4.1 No external gluons

We begin with the one-loop four-scalar amplitude in YM+¢? theory. In this case, we have
a single- and a double trace sector.

4.1.1 Single-trace sector

There are two different orders in the couplings contributing to the single-trace sector by (3.8)

1-1 g 1-1
JYI\/(I)TZﬁ(l 2,3,4;0; l) = Yﬁi%3(1>2>3745®§£)|g4>\4 +JY]\/([)iF;B(1727374;®;€)‘g4)\2 . (41)
At order g*\* the color-ordered half integrand comprises cyclic combinations of PT(+, ..., —)

in (3.9) known as one-loop Parke-Taylor factors [37],

1-1
‘]Yl\/([)?s—r;sif(l’ 2,3, 4; ®;€)|g4)\4 = N[PT(+,1,2,3,4,—) + PT(—,1,2,3,4,+) + cyc(1,2,3,4)] .
(4.2)
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Figure 4. The half integrand in (4.3) receives contributions from forward limits in both scalars
(drawn in the left panel) and gluons (drawn in the right panel).

According to (3.11), the half integrand at the subleading order g*\? receives contributions
from forward limits in both scalars and gluons,

1-1
T (1,2,3,40:0)| 1o = Nead Yty 4s(1,2,3, 41+, =5 0) + JYe, s (1,2,3,4; {+, )

+ [J{:{I‘f/[e+¢3(1’ 2,3, +|774; (Z)) + ngs/f+¢3(1v 2, +’773a 4; (D)

+ J{"rl'\e/?+¢3<17 —H_a 27 37 4; (Z)) + CyC(l, 27 37 4)} . (43)

By the discussion below (3.10), the relative normalization between the forward lim-
its in scalars and gluons is fixed by requiring a quadratic-propagator representation
of Agﬁf}ﬁa(l,&&él) resulting from (2.39). More specifically, changing the prefactor of
J{ff/ﬁd)g,(l, 2,3,4;{+,—}) on the right-hand side of (4.3) would spoil the recombination of
linearized propagators to quadratic ones in four-gluon one-loop EYM amplitudes (for any

amount of supersymmetry «). The two classes of tree-level diagrams associated with the
forward limit in a gluon or scalar are drawn in figure 4 (cf. figure 3).

The tree-level building blocks on the right-hand side of (4.3) are given by the following
specializations of (3.25)'2

It s (1,2,3, 41+, =5 0) = 51,PT(4,3,2,1, -, +) + 53,PT(4,1,2,3, -, +) (4.4)
— 590[PT(4,1,3,2,—,+) + PT(4,3,1,2, —, +)]

T (1,2,3, +|=,4;0) = —514PT(3,2,1,4, —, +) — 534PT(1,2,3,4, —, +) (4.5)
+ 504[PT(1,3,2,4, —,+) + PT(3,1,2,4, —, +)]

It s (1,2, +]=,3,4;,0) = 513PT(2,1,3,4, —, +) — 514PT(2,1,4,3, -, +) (4.6)
—s23PT(1,2,3,4,—,+) + 524PT(1,2,4,3, -, +)

12Note that (4.4) to (4.6) are forward limits of the six-point tree-level identities (74) and (75) of [24]
whose right-hand sides obscure the cyclic symmetries of the double-trace structures. Cyclic permutations in
the underlying tree-level expressions lead to alternative representations of (4.4) to (4.6) which may also alter
the power-counting of loop momenta, see for instance the factor of s4,, in the following equivalent of (4.5):

Inires(1,2,3,+]—,4;0) = —s24PT(+,3,2,4, —, 1) — s4/PT(2,3,+,4,-,1)
+ 834 [PT(27 -+ 37 47 ) 1) + PT(+7 27 33 47 R 1)] .
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and of (3.26),

T (1,2,3,4; {+,=}) = —512[PT(1,2,+,3,4,—) + PT(1,2, -, 3,4, +)]
— s93[PT(2,3,+,4,1,—) + PT(2, 3,—,4,1,4)]
4—D
+ {SI,KPT(L 2) 37 4—7 ) +) + 83,ZPT(37 27 17 47 ) +) (47)

—590[PT(2,1,3,4,—,+) + PT(2,3,1,4,—,+)] — (+ + _)} '

Following the general discussion around (3.27), the last two lines of (4.7) are proportional
to (4.4) on the support of scattering equations. Hence, the half integrand (4.3) can be
simplified to

Jl-loOP (172’3’4’®’£>|

VM43 = (Nea+D—4)Jyxr, s (1,2,3,4]4,—30) (4.8)

g4A2

[Jtrff+¢3(1,2,3,+\ A5 0)+ T8 4 (1,2, 4| -, 3,4:0)

I 4 (1, |—,2,3,4;@)—312PT(1,2,—}—,3,4,—)+cyc(1,2,3,4)},
in lines with (3.28). Finally, with the expressions in (4.5) and (4.6), the last two lines
of (4.8) conspire to a permutation sum of Parke-Taylor factors,

1-1 r
TNt (15 27 37 47 ®; €)|g4)\2 = (NC2 +D — 4)Jt 1?/?—1—(;53(17 27 37 4‘+a ) @)

YM-+¢3
+2s13 3 PT(+,p(1,2,3,4),-). (4.9)
PESy

4.1.2 Double-trace sector

The double-trace sector of the one-loop half integrand with four external scalars is compatible
with three different powers A*, A2, A%, see (3.15),

1-1 11
Tynrgss (1,213, 45 05.0) = Jyyq 7 (1,2[3, 4503 0)] oy (4.10)
1-1 1-1
+J. 1\/([)33)3(17 2‘3>4§ ®;€>|g4>\2 + JYN([)T;SS(L 23, 4; ®§£)’g4

At leading order g*\* in the couplings, (3.16) specializes to

Jl IOOp(l 2|3 4 @ €)| FX = 2[PT(17 27 +a 3a 4’ _) + PT(2’ 17 +> 37 47 _) (411)
+PT(1,2,+,4,3,—) + PT(2,1,+,4,3,—)].
Also the subleading order g*\? entirely stems from tree-level half integrands with six scalars

(this time distributed over two traces). More specifically, (3.17) with P = () as well as s = 2
and r = 4 yields

1-1 T T
JYN([)_T_I:zﬁ(l’ 2|3747 @;f)’g4)\2 = [J{;(']s/?+¢3(17 27 =+, |3 4 (D) + {’1{\3/?-1-(753 (2> 17 =+, _|3747 ®)
ngs/ii-qﬁ?’(lv 2|37 47 +, =3 @) J$ﬁ+¢3(17 2’47 37 +, =3 @)] ’
(4.12)
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Figure 5. The one-loop half integrand in (4.12) has contributions from forward limits of tree-level
half integrands associated to diagrams with six scalars and a double trace.

Figure 6. The half integrand in (4.14) has contributions from forward limits in both scalars and
gluons. Typical diagrams from J{}l\e/fjr(bg (+,1]3,4]2, —;0) and J{ffﬁd)g(l, 2|3,4;{+, —}) are depicted
in the left and right panel, respectively.

where all terms on the right-hand side are permutations of
Jtrf/?+¢3( 2,4+, —3,4;0) = s24[PT(1,+,2,4,3,—) + PT(+,1,2,4,3,-)] (4.13)
— s14PT(+,2,1,4,3,—) — s4,PT(1,2,+,4,3,—).

A typical diagram contributing to the forward limit in (4.12) is depicted in figure 5.
At the lowest order in A, we also have contributions with gluons in the forward limit
from the second line of (3.18),

1-1 T T
JYI\;I)?}(;)3(1’2’3’4;®;€)|574 :NCQth/?+¢3(172|374’+7_; ) th/?+¢3(la2‘374; {+>_})
J%ff—i—qﬁ( 71‘374|27 aw) $§f+¢3(+,2‘3,4|1,—;®) (414)
Jtr§f+¢3( 73‘172’47 7®) tr§f+¢3(+74‘172|37_;®)7

see figure 6 for typical diagrams that contribute. It would be interesting to investigate
multitrace generalizations of (4.8), e.g. whether the expression for Jtrff+¢3(1, 23,4;{+,-})
simplifies after peeling off (D—4)J$§/E’+¢3(l, 2|3, 4|+, —; 0).

4.2 One external gluon

For one-loop half integrands of YM + ¢ with three external scalars and one external
gluon p, (3.8) admits two different powers of the coupling A from the forward limit of trees,

J\lz_li/?_o,:;s(l 2,3;{p}; ) = leli/?—oi-%3(17273§ {p}§€)’g4)\3 + Jlli/([)j_%3(172,33 {p}§€)’g4)\' (4.15)
Following the lines of [36], at order g*\3 we use (3.12) to obtain

-loo ree ree
Tontans (1,2,3:4p}; O uye = N [J8T g0 (4 1, 2,3, =5 {p}) + T4 g5 (= 1,23, 43 {p})]
+cye(1,2,3), (4.16)

where the Parke-Taylor decomposition (3.24) for the Jt]fee Mgs On the right-hand side yields

It s (451,23, = {p}) = —(&p - OPT(+,1,2,3,—,p) + (e - k1)PT(+,1,p,2,3, )
+ (Gp ’ kl?)PT(+v 17 2ap7 37 _) . (417)
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Figure 7. The forward limits contributing to the integrand in (4.16) are performed in scalars as
illustrated in this figure.

Figure 8. The half integrand in (4.18) receives contributions from forward limits in both scalars
(left panel) and gluons (right panel).

A typical diagram at the order of ¢g*\3 is depicted in figure 7.
The half integrand at the order of g%\ receives contributions from forward limits in both
scalars and gluons (see figure 8 for typical diagrams in both cases), and (3.13) specializes to

1-1
Tyt (12,3 {p}: 0)] o

Jgff—f—(ﬁ?’(l’ 27 3; {pa -+, _}) + Nep ‘]trls/[e+¢3(17 2, 3|+7 5 {p})
[‘]{}f/?—&—qsi”(l’ 25 +|77 3a {p}) + {/rls/le—‘,-qﬁi”(l’ +|7a 27 37 {p}) + CyC(l, 27 3)] . (418)

The tree-level half integrands on the right-hand side have both been brought into Parke-
Taylor form in sections 5 and 8 of [24].

4.3 Two external gluons

Also for two external scalars and two external gluons p, ¢, one-loop half integrands of
YM + ¢? exhibit two different powers of the coupling A from the forward limit of trees,

1-1 11 1-1
Tyarres (1 24P, 031 0) = Jypf s (124D, a3 0] jaye + Tyargs (L2, ¢t )] o - (4.19)

As in the previous case, at the leading order in A we use (3.12) to obtain

1-1 T T
JYI\/([)—T-I:153(1’2; {pa Q};£)|g4/\2 - QN[J{(f/IG+¢3(1a2a+7 {pa Q}) g/f/[eJ,-d)?’(Q’]-a_'_a_;{pa q})} 9
(4.20)

see figure 9 for typical diagrams that contribute. The J§; tree Mg OD the right-hand side are of
the following form,

Jtrf/[e+¢3(2717+7 5 {p’ q}) = PT(l 2 P ’+)(
+PT 1 p727Q7 7+

(ep - 12)(€q - 6) %(ep €q)(Spe — Spq))
( )
+PT(1,p,q,2,—,+)
( )
( )
)

(€q- (€p €q)(s1p + Sp0))
(€q - glp) (ep €q)(81p + $p,0))
€q ) — (ep €q)Sp,t)

+ PT(p, 1a‘]a y =+ €q lip) — (Ep €q)Sp,0)
+PT(p,q,1,2,—,+ lp) — (€~ €q)5p.0)
+(peq), (4.21)

(
((ep - £1)
((ep - 1)
((ep - O)(€q
((ep - O)(
((ep - O)(eq

ep - ) (e

+ PT(p,1,2,q,—, +
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186 |

Figure 9. The forward limits contributing to the integrand in (4.20) are performed in scalars of

tree-level half integrands with two gluons and four scalars.

Figure 10. Forward limits in gluons and scalars that contribute to the half integrand (4.22) are
illustrated in the left and right panel, respectively.

666

Figure 11. The four-gluon one-loop half integrand has a contribution with a scalar loop (left panel)

and a gluon loop (right panel).

which is equivalent to the n = 2 instance of (28) in [36].

At the subleading order in A, (3.13) specializes to

Jéﬁiig(l, 2:{p, 0} 0 s = Fieer (1, 2:{p, 0, +, = 1) + Neadyr, e (1,24, = {p. a})

+ J;D(}f/‘[a-s-(j)if(lv +|27 B {pa Q}) + J{’rl‘\s/le-i-qb3 (27 _Hl? s {pa q}) ’
(4.22)

and typical diagrams associated with the gluonic and scalar forward limit are depicted in
figure 10.

4.4 Four external gluons

In case of four external gluons p, ¢, 7, t, half integrands of YM 4 ¢? only receive contributions
at the order of g* according to (3.14). This time, scalars and gluons in the loop occur at
the same powers in the couplings,

J;_li/?i};)?’({p’ q, T, t}v e) - NCQ J¥§f+¢3 (+7 - {p7 q, T, t}) + J;'rl(\%/[e(®7 {p7 q,7, tv +7 _}) 9
(4.23)

but with an extra factor of Nc¢o in case of the scalars in the loop. The master numerators
in the Parke-Taylor decomposition of Ncsy J\t(rf/f . ¢3(+, —:{p,q,r,t}) can be found in the
supplementary material attached to this paper. The master numerators associated with
J&e(0; {p,q,r,t,+,—1}) in turn are described in section 3 of [44]. The associated master

diagrams are depicted in figure 11.

_97 —



5 Four-point EYM amplitudes at one loop with maximal supersymmetry

In this and the following section, we apply the method of this work to obtain expressions for
one-loop integrands of four-point amplitudes in EYM theories that expose the simplifications
due to supersymmetry. The calculations are driven by the results of section 4 for the
four-point one-loop half integrands of YM+¢3 which apply to EYM with any number of
supercharges. We perform separate calculations for the color-ordered EYM amplitudes (2.39)
at different orders in the couplings g and x which are related to the orders of the couplings
g and X of YM+¢?3 via (2.9), see table 1.

Following the last line of (2.39), we first obtain the loop integrands of EYM in terms of
one-loop half integrands of YM+¢? on the nodal Riemann sphere and partial integrands
a(...) in YM theory. While the partial integrands are defined in terms of linearized propaga-
tors, we combine different terms in the permutation sum of (2.39) to attain the conventional
form of Feynman integrals with quadratic propagators. The maximal supersymmetry of
the partial integrands in this section leads to extra simplifications in comparison to the
half-maximally supersymmetric case in section 6.

The recombination of the loop integrands in (2.39) to quadratic propagators is a first

consistency check of our method and the expressions for the half integrands ']\1’;/([)1%3 in the

previous section. Moreover, we have verified all EYM amplitudes with external gravitons to
respect linearized diffeomorphism invariance. This is non-trivial for the polarization vectors

1-loop
from Jy; e

half integrands). All the explicit results for four-point EYM amplitudes in this section are

that we denote by €; (in contradistinction to the polarizations €; of the YM

checked to vanish under the linearized gauge transformation €, — p that double copies to
linearized diffeomorphisms.

The results of this section exemplify that the no-triangle property [70] of maximally
supersymmetric YM and supergravity does not apply to EYM with 16 supercharges. In spite
of their maximal supersymmetry, the one-loop integrands of EYM amplitudes in (5.7), (5.9)
and later equations feature triangle and bubble diagrams.'® The loop integrands presented
in this section can also be found in the supplementary material attached to this paper.

5.1 Partial integrands with maximal supersymmetry

Maximally supersymmetric EYM theory has 16 supercharges and can be defined in spacetime
dimensions D < 10. Its four-dimensional incarnation is said to have N' = 4 supersymmetry.
In the CHY construction of EYM one-loop amplitudes, all the supersymmetries arise from
the YM half integrand which takes the simple form (2.29) at four points. The simplicity of
the underlying correlation function on a torus was first revealed in [65], and the associated

(L+K)?

(e+K)?

need to manifest the color-kinematics duality in the results of this section). For instance, the triangle with
2

¢ . . . .
= 57— Is not counted as a box with the inverse propagator 0255 in the numerator.
17127123

13We refrain from re-interpreting diagrams by introducing spurious propagators 1 = (as one may

1
propagators 7aE,
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partial integrands in terms of linearized propagators are given by [36]'

tg(1,2,3,4)

$1,0512,05123,¢

_ tg(1,2,3,4) n ts(1,2,3,4) n tg(1,2,3,4) n ts(1,2,3,4)
51,512,544 51,0512,453,¢ 51,514,534 54,0514,653,¢
tg(1,2,3,4) n tg(1,2,3,4) n tg(1,2,3,4)
81,0512,05124,6 514514451240  S54,0514,£5124,¢

. ts(1,2,3,4) n ts(1,2,3,4) n ts(1,2,3,4) ‘

84,0534,05134,6  S1,4514,05134,6  54,514,05134,¢

a;ll\(/)l?nliax(l’ 2,3,4,—,4) =

a%(_ll\(/)[?rﬂax(l? 27 37 ) 47 +)

aif_ll\?[?rlr)lax(]'? 27 ) 37 47 +) =

(5.1)

The tg-tensor defined in (2.30) prescribes a dimension-agnostic contraction of D-dimensional
polarization vectors and momenta. Given that also the YM+¢? ingredients of the previous
sections are dimension agnostic, the results of this section apply to any dimensional reduction
of ten-dimensional EYM with maximal supersymmetry to D < 10.

5.2 No external gravitons
The amplitude with four external gluons has a single- and a double-trace sector.

5.2.1 Single-trace sector

By the two contributions (4.1) to the YM+¢? half integrand, there are two different
combinations of couplings in the single-trace sector,

1-1 1-1 1-1
AEY(')I\(;[I?max(:l? 27 37 4’ ®) = AEY(')I{)/II?max(]‘? 27 37 47 0) |g4 + AEY(')I{)/E)max(]‘7 27 37 4? 0) |,€2g2 M (52)

The first term describing a four-gluon amplitude with the maximally supersymmetric gauge
multiplet in the loop coincides with the one-loop amplitude in SYM [65] (g* does not
leave any room for gravitational exchange). The YM+¢? half integrand is the one-loop
Parke-Taylor factor given in (4.2). In combination with the partial integrands (5.1), we find

Alla_{(olsﬁ)max(172’3’4;®) |g4 = Aijll\/ol,ollrjlax(1727374)
dPe : r 1-1
[ i [ ap R (11,2,8,450
X [PT(+717273747_)+PT(_717273747+)+CYC(1,2,3,4)]
=Ntg(1 234)/‘& - +eye(1,2,3,4)
e 02 51,0512,05123,6  S1,£514,05143,¢ P

dPe 1 1
=8Ntg(1,2,3,4 /( + )
s )| & \eee 2,8

17127123 143
:16Nt8(1,2,3,4)/

dPe
GG

(5.3)

where we used (2.35) to obtain the quadratic propagators 61_22”4, = ({+ki2. )% The
last step is based on the reflection property ko <> k4 of the scalar box with propagators
O g

4 Actually, only the first line of (5.1) is independent under the Kleiss-Kuijf relations while the second and the

last two lines can be obtained from —a?ﬁfﬁax(uml, 2,3),—,+) and a%gll\zt)rﬁax((l, 21114, 3), —, +), respectively.
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Figure 12. At order x2¢? the four-gluon EYM amplitude at one loop has a single- and a double-trace
sector. The single-trace sector in (5.4) is exclusively furnished by the box diagrams in the left
panel with one propagator of the gravity multiplet (double wavy line). The tree diagrams in its
partial-fraction decomposition correspond to forward limits in different particles, see figure 4 for their
YM+¢? analogue. The double-trace sector in (5.7) of the maximally supersymmetric four-gluon
amplitude is built from the triangle diagrams in the right panel. All graphs in this figure and later
ones do not represent Feynman diagrams but instead illustrate the propagator structure of the
maximally supersymmetric loop integrands.

At order k2¢?, the relevant half integrand is given by (4.9) and leads to the following
single-trace contribution to the four-gluon amplitude in EYM theory:

Alli_\l{?l\(;fmax(l’ 27 37 4; ®)|

1 dPr . tree y1-loop 1-loop
16/ 2 kilgnﬂ/d“(s Iy Nimax ({123,430 Ty (1,2,3,4:0:0)|

(5.4)

K292

s t(1234)/dD€ { ! +perm(234)]

= s13l8{1l, 4,9, s 9y
02 6,50

dPe [

2 [ (6505

= 2513 t8(1727374)/ +CYC(2,3,4):|

As illustrated in figure 12, the result stems from box graphs with a graviton propagator,
and the Mandelstam invariant s13 can be attributed to its two gravitational vertices ~ k2.
Note that the x2g? order does not share the prefactor of N in the g* order in (5.3), and the
first line ~ (Ncg+D—4) of the half integrand (4.9) does not contribute in the maximally
supersymmetric case.

By the permutation-symmetric combination of boxes in (5.4) and si3 + cyc(1,2,3) =0,
our result obeys Kleiss-Kuijf relations AE{?&?HI&X(L 2,3,4; @)!KQQQ + cyce(1,2,3) = 0. This
ensures that the accompanying color factors combine to permutations of contracted structure
constants fAlAzB f BA3As a5 expected from the left panel of figure 12.

5.2.2 Double-trace sector

Based on the half integrand (4.10) of YM+¢?, the double-trace sector of the four-gluon
amplitude can come with three different powers of the couplings

AR A e (1,213, 450) = AP (1,213, 450)]
1-1 1-1
+ AE\?I?/II?max(L 2(3,4; (Z))‘,,@gQ + AEY(?I{)/II?max<17 2|3, 4; @)‘

(5.5)

K4
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At order g*, we recover the double-trace amplitude of SYM which is determined by the half
integrand in (4.11)
dPe ( 1

1-1
AY]\(/}OrIr)lax(lv 2|37 4; (D) |g4 =32 t8(1a 2a 37 4) / 672 £2€22£123

+ cyc(2,3,4)> . (5.6)
Since this is proportional to a permutation sum of the single-trace amplitude (5.3), we can
verify the relation of [70] between planar and non-planar one-loop gauge-theory amplitudes
which only holds for the k — 0 limit of EYM amplitudes.

At the order of k%¢? in the double-trace sector, the net effect of the gravitational
vertices is to cancel one of the propagators of the box diagrams: the YM+¢? half integrand
constructed in (4.12) leads to triangle diagrams

1
All"]\;)l\(;lpmax(lﬂ 2|3’ 47 (D)’ 2 2

D
= o [ i [ AR (00,2,3,4% O (1,203, 4:0:0
:—t8(1234)/dD€K = +(1<—>2)>+(12H34) (5.7)
p 8239 [ |\, 2
aPe

= —2Nt5(1,2,3,4) | 5.
(20303,

These triangular contributions are illustrated diagrammatically in the right panel of figure 12.
The recombination in terms of quadratic propagators is based on the identity

4/dD€f _/dDﬁ{ [0 fe—kp) | [~ kp—kg)

2 0303 0% |spespoe SQUSQRY SRUSRP

(5.8)

for multiparticle momenta subject to kp + kg 4+ kr = 0 which can be derived from partial-
fraction identities and shifts of the loop momenta similar to those employed to obtain (2.35).
In passing to the last line of (5.7), we have used elementary properties of the scalar triangle
integrals which allow to identify the four terms in the square bracket of the third line.

The triangles in (5.7) are the first example where one-loop EYM amplitudes with
16 supercharges violate the no-triangle property of maximally supersymmetric YM and
supergravity [70]. As we will see in (5.9) and below, generic one-loop integrands of maximally
supersymmetric EYM additionally involve bubble diagrams which go even further beyond
the no-triangle property.

At order k* we use the YM+¢? half integrand constructed in (4.14) to obtain:

1
Allﬂ\;)l\cjlpmax(172|374;®)| 4

1 ree 71-1 1 1
= 556 62 kﬁ /dut Iyt ({1,2,3,4};0) Yﬁi%3(1,2]3,4;®;£)]94 (5.9)
t8(1,2,3,4)/dD€ 88%4 4519 4519 (D—3+NCQ)
= 34 12
256 o\ |eaa, T ee, tea, T ae, T80 TeD
~ t8(1,2,3,4) / dPe { 52, n 5%, 2512 (D—3+Ncy) }
16 EQ £%€%2€%23 €2€%2€124 6%6%2 86%2
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1 4

Figure 13. The expression (5.9) for the x? order of the four-gluon EYM amplitude at one loop
mixes box integrals with triangles and bubbles.

In addition to the partial-fraction manipulations (2.35) and (5.8) we use the identity

dPe 1 dPe | 1 1
2 [ = = -y 1
/ 02 03 / 12 [Spj + 8Q75‘| (5.10)

for multiparticle momenta kp + kg = 0 to obtain the quadratic propagators of the bubble

integral in (5.9). Again, we have used relabelling symmetries of the boxes, triangles and
bubbles in passing to the last line of (5.9). The contributions to the one-loop amplitude
with four external gluons at the x* order are depicted diagrammatically in figure 13.

5.3 One external graviton

The structure of the YM+¢?3 half integrand in (4.15) admits two contributions to the EYM
four-point amplitude with one external graviton and three gluons,

1 11 11
Ayt max(1:2:3:{0}) = Ay max(1:2:3: {0} s + AByM max (123 {p})] 5, (5.11)

At order kg3, the YM+¢? half integrand in (4.16) leads to

1-loo
Apyimax(1: 2,3 {p})] . 4o (5.12)
1 dPe ; tree y1-loop 1-loop
= Z/ngignig/dluﬁ IYM,max({]"2a3ap};€)‘]YM+¢3(17273;{p};£)|g4)\3
dPe €, 1
:4Nt8(1,2,3,p)/ 72 [62(;2) EQ) +cyce(1,2,3)] .
1*12%123

As already derived in [36], maximal supersymmetry leads to a cyclic orbit of box integrals
as depicted in figure 14. The recombination to quadratic propagators is done by supple-
menting (2.35) with a shift £ — ¢ — k1a._; of the loop momentum in the numerator in the
ith term of the second line. Linearized gauge invariance of (5.12) can be shown via shifts of
loop momenta in the cyclic orbit of

Py ( 2(¢p - £) >: C—By 1 1 (5.13)
TINCEO ) POy Gy PRG, ‘
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Figure 14. The box graphs in the three-gluon amplitude at order xg> given by (5.12).

Figure 15. The box graphs in the three-gluon amplitude at order x3g given by (5.14).

For the order x3g we use the half integrand (4.18) to get,
1-1
Apyitmax(L 2,33 {p})] 3, (5.14)

1 dDé . ree 71-loo 1-loo
- 674 52 k’ilgnif/d'u% IYM,IEax({]ﬂ273ap};€)JYM+I;,3(17273;{p};£)|g4)\
1 - dPre 1
= = 15(1,2 - S - 1,2
1 tg( , ,3,p) (k’l fp kg) / 1z {E%E%QE%% + cyc( ) 73) ’

where we introduce the linearized field strength in (2.30) to manifest gauge invariance of
kl . f_p . kQ = Slp(gp . kg) — Sgp(gp . kl) . (515)

The configurations of vertices ~ k3¢ in the box diagrams of (5.14) are depicted in fig-
ure 15. Moreover, the kinematic factor (5.15) manifests the permutation antisymmetry of
AE&?&pmax(l, 2,3; {p})]ﬁ‘gg in 1,2, 3, consistent with the color structure f41424s expected by
the figure.

5.4 Two external gravitons

With two external gravitons, the YM+@? half integrand (4.19) introduces the following

coupling dependence:

1-1 1-1 1-1
AEY?I{)/II?maX(lv 2; {p7 Q}> = AEY(')I\(?[I?maX(l’ 2; {p7 Q})‘,{?gQ + AEY?I{)/II?max<17 2; {p7 Q}> ’,44 (516)

— 33 —



Figure 16. The x2¢? order of the two-gluon-two-graviton amplitude in (5.17) is given by the
depicted boxes and triangles.

Using the YM+¢? half integrand (4.20) we obtain the following combination of boxes and
triangles at order k2g?, see figure 16 for an illustration of both contributions.

1-1
AEY?I{)/IpmaX(l72; {pu Q})’HZQQ (517)
dPe tree y1-loop 1 loop
8 62 k:k: iZ d'u IYM max({l 2 paq} E) YM+¢3(172; {pa Q};£)|g4/\2

AP0 ([ -0E -0 (G- U+E)E -0 (6-&)
=2Nt 1,2,p,q/ {K P d 4 P _\%p q)
s( )] & 2e 2, 20603,63, 1202,

+(p<—>q)] +(1<—>2)}.
For the order x* contribution we use (4.22) to get
Aﬁ?&pmax(la 2:{p. a})] s (5.18)
_/ 7 m /dﬂtreeféﬁi‘iﬁax({l 2,0, 03 Oy (1,2 {9 a1 O

_ z,p,q)/‘w{“wcﬁl}_g) (1(€p.€q) 25 e)(gq.ep)>

256 02 2 qu E%E%q
4312(@) ) Eq) + 4512(51) ) Eq) + 4(Ep ) Q)(Eq “p)
E%E?Q 6127“412)61
8 2(617 '61)(&1 ) 6) + (EP 61)(@1 k1) + (Ep ) kZ)(Eq -0)
— 08512 22
¢ 612512;;
8 (Ep ) Eq)Slq + (gp ) g)(ﬁq -p) + (€p ) k2)(gq ) kl) - (Ep : Q)(Eq ) K) - (Ep ) kl)(gq ) k2)
+ 3514 02022
1t12%12p
4 2(€p i fl)(gq i E) + (Ep Kl)(gq kl) + (gp i kQ)(gq i 5)
— 3512 2,2
5141 €1p2
€.V, - c. N €, - k €. -
+ 4s14 & O p)+ (epggi)(f )+ (& k)& p)} +(1 2)} +(p < q)}.
1 1p2

The contributing diagrams are illustrated in figure 17. For both of (5.17) and (5.18), we
have verified gauge invariance in both €, and €.
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Figure 17. At the x* order of the two-gluon and two-graviton amplitude of EYM, various boxes,
triangles and bubbles contribute to the integrand (5.18).

5.5 Four external gravitons

Finally, the entire one-loop four-graviton amplitude is proportional to x*, but it can be
organized into contributions from gauge and gravity multiplets in the loop,

1-1 1-1
AEY(')]\(;[pmaX({pu q7 7’, t}) AEY?I\C/)[pmax {p7 q7 7’, t}) ‘,izl (519)
Al loop 1-loop

EYM maX({p’ 4, t}) ‘graviton loop + AEYM,max({p’ 4T, t}) |glu0n loop ’

see (4.23) for the analogous organization of the YM+¢3 half integrand. The contri-
bution to (5.19) from a gluon loop follows from inserting the Parke-Taylor form of

J{ff/a&( —;{p,q,r,t}) in the supplementary material attached to this paper into (2.39):
1-1
Ay max ({2 675D 1uon 100p (5.20)
o [0 [ L (g ON s B (1) =
=356) P YMmax (1P, @751 YM+o 4
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Figure 18. The contribution (5.19) of a gauge-multiplet loop to the four-graviton amplitude
contains box, triangle and bubble graphs.

Ne dPe (1 /(6p€))(Er&) (6per)(Eger)  (6p&)(eqer
:?fts(p,q,r,t)/ 2 {2<(p ‘%i ) & éﬁ ), & l?fiq >>
(€p-0)(Eq-bp)(Er-bpg) (&) ((&-O)(E-Lr)  (&-L)(&-L)
+([2 B ar e (g ﬂ

+perm(p, g, t)) }

The different diagrams with a gluon loop are depicted in figure 18, and their interplay gives
rise to a gauge-invariant amplitude under €, — p.
One can similarly obtain the contributions from a graviton in the loop via

1-1
Ay masx (102 € 7)) | raviton 1oop (5.21)

1 dDE . tr 1-1 tr
= % 672 kigniZ/dM(s “ IYI\/([):iEaX({pv q,T, t}a f) JYf/F+¢3 (®7 {pa q,7, ta =+, _}) ;
where the master-numerator decomposition of JUgf g (0;{p,q,r t,+,—}) — the forward

limit of a six-point Pfaffian (2.15) — can be found in section 3 of [44].

6 Four-point one-loop EYM amplitudes with half-maximal
supersymmetry

In this section, we investigate four-point one-loop amplitudes in EYM theory with half-
maximal supersymmetry, i.e. 8 supercharges instead of 16. This kind of half-maximal
supersymmetry can be realized in spacetime dimensions D < 6 and is referred to as N = 2
supersymmetry in four dimensions. Our procedure to construct the loop integrands of EYM
is very similar to the one presented for the maximally supersymmetric case in section 5:

we start by introducing half integrands I;;/‘;Of iy failored to a chiral hypermultiplet in

the loop'® and spell out the associated half-maximally supersymmetric partial integrands
of YM. Based on the CHY formula (2.39), one-loop amplitudes of EYM are constructed
from the double copy of these YM partial integrands with the YM+¢?3 building blocks of

5Maximally supersymmetric gauge multiplets can be decomposed into a vector multiplet of half-maximal
supersymmetry (one vector and two Weyl fermions in six dimensions) and two hypermultiplets (two scalars
and a single Weyl fermion in six dimensions). Accordingly, one can extract the contribution of a vector
multiplet in the loop from the linear combinations (6.4).
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sections 3 and 4. In all cases, we convert the linearized propagators in the loop integrand
of (2.39) to conventional quadratic ones.

All supercharges in our EYM results are from the half-maximally supersymmetric
YM theory which is double-copied with the universal, non-supersymmetric YM+¢? theory.
By double copy of the hypermultiplets of YM with the scalars and gluons of YM+¢3,
the internal states for the EYM results in this section are hypermultiplets in the adjoint
representation of U(N) and gravitino supermultiplets. In six dimensions, the gravitino
multiplet has 8 bosonic and 8 fermionic on-shell degrees of freedom from the double copy
of a hypermultiplet with the 4 physical polarizations of a D = 6 gluon. The contributions
to the EYM loop integrand from adjoint vector multiplets and graviton multiplets with 8
supercharges each can be reconstructed from combining the results of this section with the
maximally supersymmetric loop integrands of section 5.

Massless gravitino multiplets generically conflict with local supersymmetry unless they
are embedded into a larger gravity multiplet or rendered massive via compactification, see
for instance [71] or section 2.6 of [4]. Hence, one can view the expressions of this section
for gravitino multiplets in the loop as formal building blocks that compactly encode the
difference between supergravity multiplets with 16 or 8 supercharges in the loop.

The half-maximally supersymmetric EYM amplitudes in this section are once more
expressed in terms of dimension-agnostic gluon polarization vectors. Hence, the loop
integrands in this section apply to both the maximal dimension D = 6 for 8 supercharges
and dimensional reductions thereof. We also track parity-odd contributions from the chiral
fermions in the loop in terms of the six-dimensional Levi-Civita tensor. The running of
chiral fermions in fact leads to gauge and diffeomorphism anomalies in some of the four-point
amplitudes. We perform the loop integrals for these six-dimensional anomalies and obtain
rational functions of the momenta as expected.

The reduction from 16 to 8 supercharges leads to longer expressions for the EYM loop
integrands in this section as compared to those in section 5. Hence, we only present a subset
of the possible four-point amplitudes with external gluons or gravitons in the main text
and relegate some cases (or certain orders in g, k) to the supplementary material attached
to this paper.

6.1 Partial integrands with half-maximal supersymmetry

The four-point one-loop half integrand of YM with half-maximal supersymmetry will again
be used in Parke-Taylor form [43]

rhloor (£ 2.3 4};0)

YM,%—max

1
=5 > PT(+,p(1,2,3,4),—) (6.1)
PESY

v p 1 p n p i
X {%601273,4%# [sgn2382301‘2374+sgn2482401|2473+sgn34334C1‘3472} },
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where the coefficients depend on the permutation p in the Parke-Taylor ordering via

sqn’. — +1: ¢ is on the right of j in p(1,2,3,4) (6.2)

K —1 : 4 is on the left of j in p(1,2,3,4). )

The vectorial and tensorial kinematic factors Cfl23 4 and Cﬁg 34 introduced in [72, 73] are

multilinear in D-dimensional gluon polarization vectors, see appendix B for a brief review.

In contrast to the scalar tg(1,2,3,4) that we encountered in the maximally supersymmetric
case, they are not permutation invariant and obey

B oy oy w _
Cl|2,3,4 = 01|3,2,4 = 01|2,4,3’ C'1|23,4 = Cl|32,4 (6.3)

as well as more complicated identities under exchange of leg 1 in front of the vertical bar [73]
and contractions with external momenta, see for instance (6.13). Moreover, they exhibit
simple poles in s;; from their expansion in terms of polarization vectors and momenta in
the supplementary material attached to this paper.

The analogous half integrand associated with a half-maximally supersymmetric vector
multiplet in the loop (instead of a hypermultiplet) is a linear combination of (6.1) with the
maximally supersymmetric one (2.29) [39, 43]

1-1 A 1-1 1-1 A
IYI\/([),O%p—max({l’ 2,3,410)] o ror = Ioni e ({1,234} ) — QIYI\Zf’%I’_maX({1, 2,3,4}:0).
(6.4)

Their relative coefficients follow from the fact that the maximally supersymmetric gauge
multiplet with 8 + 8 on-shell degrees of freedom decomposes into one vector multiplet and
two hypermultiplets associated with 8 supercharges.

6.1.1 Singling out an anomaly leg
While the vector C’ﬁ234 is gauge invariant with respect to €§ — kY V j = 1,2,3,4, the

parity-odd part of the tensor C’ﬁg 5 4 has an anomalous gauge variation in the first leg,

561_>le{“§7374 == 2’”}““/56(,1{32, €2, ,IC3, €3, k:4, 64) s 5€j_>ijﬁ;7374 =0 for ] == 2, 3, 4, (65)

where g¢ is the six-dimensional Levi-Civita tensor contracting the six vectors in the brackets.

By the asymmetric gauge variation (6.5) of the tensor, the half integrand (6.1) is gauge
invariant in external legs 2, 3,4 but anomalous in the first leg [43, 45]

561%11\1('11;?‘)%1’%“({1,2,3,4};6) = il%cg(ka, €2, ks, €3, ka,ea) > PT(+,p(1,2,3,4), ).
PESy

(6.6)

The hat above leg 1 in the notation on the left-hand side of (6.1) keeps track of the external
leg that carries the anomaly. While generic kinematic half integrand le('ﬁ/(f? in (2.39) are
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supposed to be permutation symmetric, the anomaly introduces a mild asymmetry [43, 45]'6

1-loo 1 loo 5
IYM,%p e ({1 2,3,4};0) — YMlp max({2,1,3,4};€) (6.7)
= —ilPcg(eq, €2, k3, €3, Ky, €4) Z PT(+,p(1,2,3,4),-)
pPESy

while maintaining permutation invariance in the unhatted legs 2,3,4 in (6.1). As we will see
in section 6.5, the factor of £? in the asymmetry (6.7) and the anomalous gauge variation
d¢y—ky Of (6.1) implies that all the Feynman integrals obtained from integration over the
oj evaluate to rational functions of the momenta, i.e. no logarithms in the Mandelstam

invariants.

6.1.2 Partial integrands

A Kleiss-Kuijf basis of partial integrands (2.38) for an internal hypermultiplet resulting
from (6.1) can be assembled from permutations in {2,3,4} of

M cH Ly ct
. o 1234 1/34,2
al 100{) (17273a4a_7+) = | | (68)
YM, 5 —max 81,0840 51,512,¢
1 7 I
E ¢ Cl|2 34 (éu01|24,3324 + €u01|23,4823 + €u01|34,2534)
251,054,0512,¢
2,C"
. o 1)23,4
A ? (412,38, =, ) = -4 (6.9)
2 4,0514,0
v I I n
B €M£V01|2,3,4 + gu01|24,3324 - gu01|23,4523 + Z/101\34,2534
25405305140
4, ct
. o 1/34,2
alooP 3410~ 4) = L1342 (6.10)
YM, 5 —max 52,0534,

% 7 I _ I
6M6V01|2,3,4 + gu01|24,3524 + gu01|23,4523 6u01\34,2334

259.053,0534,0

0,C% 0,CY
1-loop 2 11342 1]23,4
a 2,3,4,1,—,4) = 6.11
YMV%_maX( )= 51,052, 51,0523, (6.11)
E ¢ Cl|2 34 (gucﬁ24,3524 + éucﬁ23,4523 + Eucﬁ34,2334)

251,082,0523 ¢

Vector multiplets in the loop can be accommodated by taking linear combinations with the
maximally supersymmetric partial integrands in (5.1) according to (6.4). In (6.8) to (6.11)
and similar equations below, the hat indicates the leg that carries the anomaly i.e. singles
out the variant of the underlying half integrand (6.1).

16The asymmetry of the half integrand can be traced back to the assignment of superghost pictures to
the vertex operators of the RNS ambitwistor string [62] that determine I;i,?ff through their genus-one
correlators. More precisely, the prescription for the parity-odd part of genus-one amplitudes in the reference
requires one of the vertex operators to appear in the superghost picture —1. In contrast to the remaining
vertex operators in the zero picture, the gauge variation in the —1 picture yields a derivative in moduli
space and ultimately leads to the factor of £2 in (6.7).
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6.1.3 The anomalous kinematic factor Pj|3 34

As we will see below in (6.16) and (6.17), we will also encounter scalar kinematic factors
Pijgjp.c = Pijaje,p introduced in [72, 73],

s12Py23.4 = i[tr(flf?,)tr(fzﬁ) + tr(fifa)te(fofz) — tr(fifo)tr(fafa)] — tr(fifsfafa)

+ i[(el . k2)56(k27 €9, ks, €3, ky, 64) + (1 — 2)] — i812€6(61, €9, ks, €3, ky, 64) R
(6.12)

where the traces refer to the Lorentz indices of the linearized field strengths, e.g. tr(f1f2) =
(f1)u" (f2),*. They are symmetric in the last two legs, Pjjgj34 = Pijgj4,3, and related to the
vectors and tensors in (6.1) via identities like

(k1) uCljp.a = Priajoa — Pijzjaa
(h)ucﬁau = —k5Pijgj34 — ki Prizjoa — ki Prjae3 (6.13)

77,1:1052374 = 2(Pyg3.4 + Przjea + Pria2,3) -

Similar to (6.5), the parity-odd terms in (6.12) exhibit an anomalous gauge variation in the
first leg,

561_)]91P1|2‘374 = 2i€6(1€2, €9, k3, €3, k4, 64), 5€j_>ij1‘2|374 =0forj=2,3,4. (6.14)

The anomalies of the six-dimensional loop integrands due to (6.5) and (6.14) are discussed
in more detail in section 6.5.1.

Note that spinor-helicity components of Cfl23, " Cflg,& 4 and Pyjg34 upon dimensional
reduction to D = 4 vanish outside the MHV sector as required by supersymmetry, see

section 5.1 of [73] for the non-zero MHV expressions.

6.2 No external gravitons

We shall now determine the loop integrand of the four-gluon amplitude from the half-
maximally supersymmetric ingredients (6.1) and (6.8) to (6.11). As before, separate
calculations are performed for the single- and double-trace sector.

6.2.1 Single-trace sector
As in the maximally supersymmetric case, the two contributions (4.1) to the YM+¢* half
integrand give two different dependences on the couplings in the single-trace sector,

Al—loop i’ 2’ 37 4; 0) = Al—loop i, 27 3, 4’(2) L+ Al—loop
g

EYM,}—max EYM,2—max EYM, 2 —max (1 23,45 0)]

H2g2 )

(6.15)

where the hat above the first leg tracks the anomalous leg in the underlying half inte-
grand (6.1). Using the half integrand in (4.2) and the half-maximally supersymmetric
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partial integrands in (6.8) to (6.11), we obtain the single-trace sector of a half-maximally

supersymmetric four-gluon amplitude in EYM theory at order g*:

1 5
AEY(?I()/II?%—maX(]" 2’ 3’ 4’ @) |g4 (616)
dDE tree 1 100p 1 100])
— ZTkihmﬁ:K dpg IYM . ({1 2,3,4};0) YM+¢3(1,2,3,4;@;€)’94>\4
_ 4]\7/ de{ 1|234 ¢ C'1|234 ¢ Cl|342 ¢ C'1|342 ~ Pigiga Prapgs
GGy (30 (3063, G, GGy B0
E ¢ 01\2 34— ¢ (Cﬁ34,2534 + 0524,3524 + 0523,4523)
(30356303
fufvcﬁg,u + gu(cﬁ34,2534 + Cﬁ24,3524 + Cﬁ23,4523)
+ 202,02 '
16148143

This expression matches the representation of the four-gluon amplitude in half-maximally
supersymmetric YM obtained in [73] after symmetrizing the loop integrand in the reference
w.r.t. 2 <> 4. The scalar kinematic factors P4 have been introduced in section 6.1.3.

Similarly, we use the YM+¢? half integrand (4.9) at subleading order in A to get:'”

1-1 .
AEY?&Z_maX(L 2,3,4;0)] 2, (6.17)
P [ apireerioop L1,2,3, 45005300 (1,2,3,4:0:0)
16 62 ki—>:i:€ YM, 1 —ma: YMA¢3 L5 29 5 W ) gan2

1 dby 1 1
= — —t5(1,2,3,4) | 55 + 55—
5 | ez{ 31,23, ><e§@3+e§e§2)

n L 01\2 3,4 fu(5230f|23,4 + 524Cﬁ24,3 + 534Cﬁ34,2)

(3035605
Eugvcﬁ;,?),zx - gu(3230ﬁ23,4 + 824Cﬁ24,3 - 534Cﬁ34,2)
(3035604
EMEVCﬁ;,3,4 - gu(_3230ﬁ23,4 + 3240%24,3 + 5340%34,2)
(3033035,
Eu&/cﬁg,u - fu(_323cﬁ23,4 - 8240524,3 + 5340534,2)
(1035005,
EuﬁyCﬁ;?)A - Eu(5230ﬁ23,4 - 524Cﬁ24,3 - 534Cﬁ34,2)
(303,65
N eueycﬁ;&z; + eu(mCﬁz& 4+ 3240{124’3 + 334Cﬁ3 42)
GG

1 1 1 1 1 1
— P23 <+> — Pro34 <+) — Pyi312,4 <+> }
HRI\ga, " 3a, Fea\aa, T e, BRa\ae, T Ba,

"We have discarded a tadpole diagram proportional to AYse(1,2,3,4) f % in deriving the result (6.17)
which integrates to zero in dimensional regularization.
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Since the loop integral over the expression in the curly brackets is permutation invariant
w.r.t. 2,3,4, the color-ordered amplitude (6.17) obeys Kleiss-Kuijf relations just like its
maximally supersymmetric counterpart in (5.4).

6.2.2 Double-trace sector

The double-trace sector of the half-maximally supersymmetric four-gluon amplitude, based
on the half integrand (4.10) of YM+¢3, introduces three different powers of the couplings:

1-1 & 1-1 ~
AE;I\(;[I,)%—maX(l’ 2|3’ 4; Q)) = AYI\?I?g—maX(l’ 2’37 4; ®)|g4 (618)
1-1 & 1-1 4
+ AE;I\(jII?%—max(l’ 2|3’ 4; m |n292 + AE;I\CJII:%—max(l’ 2|3’ 4; ®)|m4 :
For the order g* of the double-trace sector we get
1-1 A
AEYOI\C;[I?%—max(172|3’4; ®)|g4 (619)

dDg . tree r1-loop 7 1-loop
= [t [t (128,45 00500 (1L 203, 4 (01 0)

_ 8/ dDﬁ{guEVC%,sA - eu(cﬁ24,3324 + Cﬁ34,2334 + Cﬁ23,4323)

02 (10350053
6,&,,0{‘67374 - eu(cﬁ24,3524 - Cﬁ34,2334 + Cﬁ23,4323)
(303565,
Zugvcﬁ;,m - fu(cﬁ24,3524 + Cﬁ34,2534 - Cﬁ23,4523)
(1033035,
Eugvcﬁ;,u + Eu(0ﬁ24,3524 - Cﬁ34,2534 + Oﬁ23,4523)
(3033035,
KMEVCﬁ;?)A + eu(cﬁ24,3324 + Cﬁ34,2334 - Cﬁ23,4323)
GGG
n Eugvcﬁ;,?)A + gu(cﬁ24,3324 + Cﬁ34,2834 + Cﬁ23,4823)
(303,65

— 17)4)2,3 — I171)2)3,4 — I7312,4 .
2\ B, T B, BNga, T e, 2\ B3a, " a3,

This is again proportional to a permutation sum of the single-trace amplitude (6.16), so the
results of this section respect the supersymmetry-agnostic relations of [70] between planar
and non-planar one-loop amplitudes at zeroth order in k.

Similarly, for the order of x2¢? in the double-trace sector, we obtain

1-1 &
AEY(')I\(;II?% —max(l’ 2‘3’ 4; (Z)) |n2g2 (620)

1 dPe . ree 71-1oo 2 1-loo
- E/Wkigniz/dﬂg IYM,%p—max({l’2’3’4};£)JYM+%3(1’2’3’4;W)‘g‘*k? -
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N [dPye 1 1
:Z/ 12 {28”5 0”342&252 TR }

K _ _
gu(33401\34,2 32301\23,4 32401\24,3) e C'1|234

22
503,
_ - - s
EM( 53401|3472 5230”2374 52401|2473) E ¢ 01\234
292
lilis
g H — K
6“(32301‘2374—1—32401‘2473 83401\34,2) ns C'1|234
292
GGr
" wo H — [t
KM(32301‘2374+824CH24,3 334C1‘34,2) ENEV01|2,3,4
+ 0202 ’
221

The x* order of the double-trace sector (6.18) is more lengthy and therefore relegated to
the supplementary material attached to this paper.

6.3 One external graviton

For all results with external gravitons and half-maximal supersymmetry, we chose to have

1 loop

a graviton carry the anomaly of I o and therefore write p in the place of p. The

analogous expressions with a gluon in the anomaly leg can be found in the supplementary
material attached to this paper.
The amplitude with one external graviton is based on the half integrand in (4.15) and

therefore contains two different combinations of couplings,

Apoe, (L2301 = AP (12,301, 0 Ayt (12035401 s,

EYM, 3 EYM, 2 —max EYM,-ma
(6.21)
At order kg> we find
Agi;’;;p;_m(l, 2,3 {p})] .0 (6.22)
dDg tree y1-loop 1 loop
=1 [, / Al T d o (12,30 DI (12,3 0k )y
— 9N / dDé{ [ (-0t ) phzs (& l3)l Clli2a (& OPy3p
6%6% 0303 3 2,
-0)0,0,0M € ~€)(323E C*t. . +s13t,CF ., +s120,CH
n (ep - )ty p[1,2,3 — (& |23 1 1&pl13,2 Iz p\12,3> } n cyc(1,2,3)} ’

which we confirmed to be invar1ant under linearized gauge transformations €, — p in
the YM+¢? half integrand. The analogous integrand at order 3¢ can be found in the
supplementary material attached to this paper. At both orders kg3 and k3¢, the anomalous
variations €; — k; on the supersymmetric side can be found in section 6.5.2.

6.4 Two external gravitons

The amplitude with two external gravitons, based on the half integrand (4.19) of YM+¢3,
can come with two different powers of the couplings:

1-1 ~ 1-1 A 1-1 A
Arva t o (L 2200 = Apprs (L2040 D)oo T Apyyrs (L 250,41 s
(6.23)
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The half-maximally supersymmetric amplitude at order x?¢? is found to be

A;;;;Pl (15268, 1) 2, (6.24)
o dpree plloop 1,2 0)Jkleor (1 9. -/
8 62 ki%i YMl —ma ({ pvq} ) YM+¢3( ’ a{p)q}a )|g4)\2
B /dDg{ 0)(F - k2)0uCl s . (& - 1)(F - F2)0uCl s
2 e ae
n p ’ Eq) [Squ (Cp\qQ Cp|12 q) + 5p2£ (Cp\qz 1 C;l;|q1,2> B Eugvcﬁz,m}
2022,
& 0) (& 0p) [z 0 CM | — (5p20uCP 5 + SpgluCli Ly + 51 cplqm)}
+ 22 2
p*pq-pql
. (6 O)(Eq - (€= k2)) [ulu ChY 1 o = (5p10uCl gy = $luClioy 5 + 5paluCling )]
Gl g
. & 0, 0) [e 00N+ (sple c s + 5920, C 1y — Spal Cpmq)}
B (€p - ) (&g - (E—p))qu\l,Q B (€p - E)(eq ()P, pl2lg1 (6p - O)(€q - 1) P, p|1]q,2 Y (1o 2)}
202, 26, aa,

Our result for the integrand at order x* as well as the one for the four-graviton amplitude
can be found in the supplementary material attached to this paper.

6.5 Gauge anomalies in six dimensions

In this section, we integrate the anomalous gauge variations of the six-dimensional versions
of the amplitudes in this section. These anomalies result from the variations (6.5) and (6.14)
of the tensor Cﬁ;g, 4 and scalar Pyjp3 4 which yield rational functions of the momenta upon
loop integration.

6.5.1 Amplitudes with no external gravitons
First, we consider the variation e; — ki of the four-gluon amplitude at order ¢g*. In the
single-trace sector, the anomaly due to the expression (6.16) is given by
1-1 4
561_>k1AEY(,)1\(;[p1 —ma ){(];,27 3,4; ®)|g4 (6-25)

mwﬁ“ﬁ” mwﬁl‘ﬁ” 1 _ 1 }
¢ 626%26123 62526%45143 626421£4213 gzé%E%?)
B 187 L see)
24 4) 0,
£2€%£ 26123 Z%g 2£123

:8iN€6(k2,62,k3,63,k4,64)/dD«g{

= SiNEﬁ(kQ, €2, ]{73, €3, ]{74, 64)/dD€{

where a naive contraction 7, 0"¢" — £? would give rise to a vanishing loop integrand.
However, all the integrals with measure d”/ in this work are understood in dimensional
regularization where D = 2m — 2¢ is displaced from integer values 2m € N by some
infinitesimal parameter €. In an expansion around six dimensions (with m = 3), the inverse
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propagators /3, are (6—2¢)-dimensional contractions while the anomalous contributions in
the numerator are lacking the formal (—2¢)-dimensional components of /,

Ml =02 =07 4. (6.26)

In this way, the integrand of (6.25) is found to be non-vanishing and proportional to 6%_2 e

561Hk1 Ag?;f% 7max(i’ 2,3,4; (Z)) |g4 (627)
e,

= —8iNeg(ko, €2, k3, €3, ka, €4) /d6_2€€ {M + (24 4)} ,
1t12%123

The key formulae for the evaluation of E?_Q o) integrals in D = 6 — 2¢ dimensions are reviewed
in appendix C. Specifically, the identity (C.5) for the integral in (6.27) yields

oo . 8
(561%k1 A]15)§1{'MI,)%—max(1’ 2, 3, 4; @) ’94 = g 7'1'3 NEG(]CQ, €2, kg, €3, k4, 64) s (6.28)

consistent with the anomaly of the four-gluon amplitude in [73]. Here and below, we discard
the O(e) contributions that vanish in D = 6.

Based on the permutation sum of the computations in (6.25) to (6.28), the double-trace
sector (6.19) of the one-loop four-gluon amplitude is given by

-1 A
6614)]6114]13‘4;1\(;5%—max(1’ 2’3,4; @)‘94 = 167T3 66(/{?2, €2, ]{3, €3, ]{24, 64) . (6.29)

At the order x2g? of the single-trace amplitude in (6.17), the same mechanism leads to

A 1-loop (1,2,3,4;0)]

_ .3
551_>k1 EYM,%—maX o = T 513 56(k2562)k3563)k4564) . (630)

K2g

For the anomaly at the x2g? order of the double-trace sector in turn, the variation of (6.20)

introduces
-1 A~
Ocrrkr Ayt 1 a1 2134 0)] g2 (6.31)
IN d6_25£

1 1 1 1
= _756“{27627]{37637]{4764) — 1 Vgugl/{ + + + }
2 ez (3G, Gy 036, 66,

With the rewriting (6.26) of the six-dimensional 7, ¢#¢”, we obtain one-mass bubble integrals
that vanish in dimensional regularization such as

d6_25£
———=0. (6.32)
e,

The (—2¢)-dimensional parts of 7, ¢#¢ in (6.31) introduce rational versions (C.6) of scalar
triangles which yield the anomaly

-loo o
Ser sk AL 1 (1 213,40 2 (6.33)
N , 2
= " ok, €2, ks, €3, kas €4) /dHE {( C2) (34 4)> 1 (1,24 3,4)}
7.‘.3
= ]gf]V'812€6(k2,62,k3,63,k4,64)-
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Finally, the expression for the order x* of the double-trace sector in the supplementary
material attached to this paper and the integrals in appendix C give rise to the follow-

ing anomaly

3
™
N2 = ﬁ&s(km €2, k3, €3, k4, €4) (6.34)

y (2(NCQ+D—3) , 16 )

1-1 A
661*)]{)1 AEY?I\O/II,)%—IH&X(jL’ 2’37 4; @

S — 514513
15 123

6.5.2 Amplitudes with one external graviton

For the amplitude with one external graviton at order xg® that was given in (6.22), the
sum of the anomalous variations from the tensor and scalar building blocks conspire to

-loo A
56p—>pA]13YMI7)% —max(]" 27 37 {p}) |ng3 (635)

2
= —2iN€6<k1, €1, kQ, €2, k3, 63) /d6—25£ (Ep . E){WEZ(E;?Q + cyc(l, 2, 3)} .
prpltpl2

By the expression (C.8) for the vector integral, the anomaly is proportional to the cyclic
sum over €, - (k1+2k2+3k3) which vanishes by €, - p =0,

1-1 «
5€ﬁpAE;1§°;j%_max(1, 2,3; {p})|@3 =0. (6.36)
The same conclusion can be reached for a gluon in the anomalous leg,

1-1 &

561*}]61 AEY?I\O/[I?%—maX(l’ 27 37 {p}) ’Hg3 == O . (637)
The integrand for the amplitude with one external graviton at order 3¢ can be found in the
supplementary material attached to this paper. In six dimensions a gauge transformation in
the leg p in the half-maximally supersymmetric half integrand together with (C.5) results
in the anomaly

-loo ~
55p‘>pA11§YMI7)%,maX(1? 27 37 {p}) |/~c3g (638)
, d6725£
= é66(k1,61,k2,€2,k3,63) 7
x (k1 - fy - k3) 6(2_26) (ky - fp - ko) 7£%_26) + cye(1,2,3)
1 : 02 2 1- : y &y
g 512962271612013 : 61275127142;12
3
e _
=3 (k1 - fp - k2)es (K, €1, k2, €2, k3, €3)
(see (2.30) for the linearized field strength f,) and similarly
1-loo o 773 =
561—>k1AEYMIj%—maX(]" 2,3; {p})|nsg = ) (k1 - fp - k2)ee(ka, €2, ks, €3, D, €p) - (6.39)

— 46 —



6.5.3 Amplitudes with two external gravitons

For the amplitude with two external gravitons at order x2¢? in half-maximal supersymmetry
the anomaly in six dimensions is:

1-1 A
5ep—>pA47EO§I;/L%_maX(172§{p>Q})|5292 (6.40)

db—2e¢ (€p€5)  (€,-€,)
:iN€6(]€ , € ,kl,el,kg,éz) 7€2_ { B4 + B4
o 2 2033, T 26363,

(6p0)(eq- (U+p+k1)) (6-0)(eg(U+p)) (& 0)(ég ({+D))

Gl g 5 a oy (a2
. (Ep'f)(gq'g) . (Ep‘f)(gq'(g_kl)) _ (gp.g)(gq.g) }
612)4271622712 612)%261272(1 622761232612021

N _ _
= _ﬁ7T356(kq=eqak1=517k2=52)(fp)w(fq)w~

The integrals were calculated as indicated in appendix C, and we have rewritten the kinematic
factor in terms of linearized field strengths via (fp)u (f)* = 2(&p - €9)spq — 2(€p - @) (€q - D).

7 Conclusion

We have introduced a method to determine one-loop integrands of EYM theories with any
number of external gauge and gravity multiplets to all orders in the couplings s and g.
Our construction is based on the double copy of (possibly supersymmetric) gauge theories
with YM+¢? theory, implemented via one-loop CHY formulae involving forward limits
of tree-level integrands on the Riemann sphere. More specifically, the forward limits of
YM+¢? building blocks yield new relations between loop integrands of EYM and those of
YM theories, see (2.32) and (2.39) for the main formulae. These relations take a universal
form for any number of supersymmetries and spacetime dimensions.

We have worked out the composition rules for tree-level building blocks in color-ordered
EYM loop integrands with any number of traces. At four points, we have applied our
method to determine one-loop EYM amplitudes with 8 and 16 supercharges and exposed
their supersymmetry cancellations. In particular, the linearized Feynman propagators
resulting from the CHY integrals are recombined to conventional quadratic ones. Moreover,
we have evaluated the rational expressions for six-dimensional gauge and diffeomorphism
anomalies in the half-maximally supersymmetric case due to chiral hypermultiplets in
the loop.

This methods and results of this work suggest a variety of follow-up research directions:

e higher multiplicity: with the availability of supersymmetric YM loop integrands at
n > 5 points [36, 43, 45, 74, 75], there is no obstruction to constructing higher-point
one-loop EYM amplitudes from our method. It is conceivable that the half integrands
of YM+¢? in section 3 admit further all-multiplicity simplifications as exemplified
in (3.28) for n external scalars at subleading order in the coupling .

e higher loops: based on ambitwistor-string methods, the integrands of two-loop am-
plitudes in gauge theories and (super-)gravity can be derived from double-forward
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limits of tree-level building blocks [76-78]. It would be interesting to perform the
same double-forward limits in the half-integrands of YM+¢? and deduce two-loop
EYM amplitudes from the setup in the references.

e more general supergravities: the double-copy structure of EYM theories generalizes
to magical, general homogeneous or gauged N = 2 supergravities [79, 80]. The
non-supersymmetric double-copy constituents in the references augment YM+¢?3 by
fundamental fermions and mass terms that preserve the color-kinematics duality. It
would be a rewarding line of follow-up research to investigate worldsheet descriptions
of the double copies and one-loop integrands of these N' = 2 supergravities.

e comparison with conventional string theories: it would give a valuable crosscheck
of our results to match the one-loop EYM amplitudes in this work with the point-
particle limit o’ — 0 of genus-one amplitudes of heterotic and type-I superstrings. In
particular, the EYM amplitude relations in this work call for comparison with the
o/ — 0 limit of the relations for mixed open- and closed-string type-I amplitudes at
genus one in [81].

o uplift to higher-mass-dimension operators: it would be rewarding to incorporate
o/-corrections into our forward-limit approach to EYM one-loop amplitudes as done
for loop integrands of pure SYM and supergravity in [46]. Adapting the methods of
the reference to genus-one correlators mixing gauge and gravity multiplets should
yield one-loop matrix elements of higher-mass-dimension operators'® D2 F™R"™ and
the non-analytic contributions to the a’-expansion of the respective genus-one string
amplitudes.
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A YM+4¢?2 half integrands at tree-level

In (2.18), (2.20), (2.23) and (2.24) we gave some specific examples for the half integrands
of YM+¢? in the CHY representation (2.17) of EYM tree-level amplitudes. These can be
deduced from a general expression for multiple traces given in [8] that we review here. We
denote the cyclically ordered set of scalars in the i*" trace as Tr;. The color-decomposed

18The shorthand D?* F™R™ refers to effective operators involving m powers of the non-abelian gluon field
strength F'; n powers of the Riemann tensor R and 2k gauge- and diffeomorphism-covariant derivatives.
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YM+¢?3 half integrand with r gluons {p1,ps, ..., p,} and scalars in m traces Try, Tra, - - - Tty
is given by
Jgﬁ/f+¢3(Tr1| | Tris{p1, - pr ) =PT(Try) .. . PT(Trp ) PETL( Ty, . .., Tro, {p1,- - 0r }) -
(A1)
The antisymmetric 2(r+m) x 2(r+m)-matrix II(Try, ..., Try, {p1,...,pr}) is constructed
from the (2r x 2r)-matrix ¥({p1,...,pr}) in the YM half integrand (2.16) by adding rows

and columns for each of the traces:
be{p1,...,or} J€{l,...,m} be{p1,....,pr} J€{1,....,m}

A I, ; (o)L, I, a€{pi,...,pr}
II:= ip IL; ; I IL; ie{l,...,m}
Cub ﬁau’ By ﬁaa” a€{p1,...,pr}
I I I Il jo i"e{l,...,m}
(A.2)

The submatrices are defined as

i = Z kc.kb’ ;= Z kc.eb, Wy p= Z UCkc'kba I = Z gekercy

cetr; Jcb cetr; Job ceTr; Jcb ceTr; b
ke k ockek ocke-kgo
M= 3 chd M= 3 Tele'Rd, W= > Jele hdYd
c€Tr;deTy; 7ed c€Tr; deTy; Jod c€Tr;deTy;  J6d
(A.3)
The modified Pfaffian Pf’ of II can be evaluated in several equivalent ways
. —1)e g —1)e . —1)atb
Pf'I1 := Pf [11)7, = U b )7 = L ™ = EUT gy m*,  (A4)
ij j'a Oq ia Tab ab

Oq
where [...]% once more instructs to remove the a'® and b*" rows and columns. Note that in
the absence of scalars, the matrix IT reduces to the matrix ¥ in (2.16) and thus the YM+¢?
half integrand reduces to a YM half integrand. Similarly, (A.2) smoothly reduces to the

IL; ; Hi,j’

2m x 2m matrix ()

o) with 4, 5,7, 5" € {1,2,...,m} in absence of gluons.
157 153

B Building blocks of the half-maximally supersymmetric integrand

The tensor Cﬁ; 3 4 and the vectors C’ﬁab . are the central building blocks of the half-maximally
supersymmetric integrands in section 6. Together with a closely related scalar C4, they
are defined in terms of more elementary tensors ¢ [72, 73]

Chi2za = t1234 + 112,30 + 1234 — 1243 — 14,23 — t142.3 + L1432

Cligza = ozt togs — o + Khtiosa — Khtisea + K [f1as — toras +t3142]  (B.1)

g = ta T2 [R50 + (20 3,9)] = 2 k'R o150 + (2,32,3,9)]
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which in turn are defined in terms of Berends-Giele currents ¢ and § as

1 v
tap = _§(fA)uVﬁ§
{
thipe = [eitpe + (A« B,O) + 1¢6(ea, 5, fc) (B.2)

v l v
Usen =2 X eton + (A BIA,B,C.D)] + 5 [ef= (ea,fe ) + (B & €, D)] .

These currents are labelled by words P = (p1, p2, ..., p|p|) and recursively defined by

1 v
Q'I;DZE Z [e@(kY'eY)‘i‘(eY)V% _(XHY)]
XY=P
W= kel — Kpelh — Y (el — efek) (B.3)
P Pep Xy — ¢y ex) :

XY=P

starting with the single-particle cases ¢/ = €/ and ;" = kf'¢] — k¢/. Vector indices are

symmetrized according to the normalization convention 2k k3) = ké‘ k¥ + kYKL, and the
sums over deconcatenations P = XY exclude the empty words X = () and Y = ().

The propagators sp' in the recursion (B.3) for ¢% expose simple poles t’f27374 ~ 819,
and one might naively expect a pole structure of (s125123) ! and (s238123) " for t1234. The
propagators 31_213 diverge in the momentum phase-space of four massless particles and are
in fact absent from t123.4 based on the Minahaning procedure [72, 73, 82]. 19" Similarly, the
poles 312 and 534 of (f12) uv and f do not occur simultaneously in #12 34. On these grounds,
all of Cj934, C’1|234 and 01\2 3

More details on the symmetries and relations of these building blocks can be found
in [43, 73].

4 only have simple poles in s;;.

C Feynman integrals in six-dimensional anomalies

In this appendix, we review the expressions for the Feynman integrals in the anomalous
gauge variations of half-maximally supersymmetric EYM amplitudes presented in section 6.5.
As a common feature of the Feynman integrals in such anomalies, their loop integrand is
proportional to E%_Q <> the formal (—2¢)-dimensional part of the (6—2¢)-dimensional square
¢?. These factors of E%_Q ) arise along with the propagators of box and triangle integrals via

v 2
[ { O fw—kl)} . FOf 1)
B2, 120203, 2323,
v 2
[ {f(f)M o f(f—ko} [ FOf 2 (©2)
26303, 202 ?260R, '

where f(¢) is a polynomial in the loop momentum. Such integrals can be related to the
poles in dimensionally regulated integrals in higher dimensions with the relation [83-85]

d2m 26@ 5 . 5 1-\(7. o 5) d2m+2r—25£
/W(_e(_2€)) F(K(Zm)’g(_%)): I'(—e¢) / jrmtr—e F(ﬁ( )5( 25)) (C.3)

YFollowing J. Minahan’s prescription to relax momentum conservation in intermediate steps [82], factors of
s123 are temporarily taken to be non-zero and cancel between numerators and denominators of t123.4 [72, 73].
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valid for m,r € N and arbitrary functions F(E(Qm),é%_za)) of the 2m- and the (—2¢)-
dimensional components of the loop momentum. Specifically, we use this relation with
r=1and m =3,

3 _
/d6 2666% 25)F(£( 6)> E( 25)) = ;/dg 2€£F(€(6)7€%—25))) (04)

where the resulting scalar boxes, triangles and bubbles in 8—2¢ dimensions can be obtained
with standard methods [85], for instance

1 g3
q6—2ep (=20 ( 2)  _ E/d8—2€g7 = .
/ CREE,. T 5252@2@23 6 " o) €9
02 € im3s
d6 266 (=2¢) — 7/d8 255 = — 12 .
/ 62626%2 - €2€2€%2 10 + O(e) (C.6)
E £ _ 1 ’i7T382
/d6 i e(2e ) = T /d8 %Em =5 1006, (€7
1

where the O(g) terms on the right-hand sides are not tracked in the six-dimensional
anomalies of section 6.5. Additionally, the anomalies in half-maximally supersymmetric
EYM amplitudes with external gravitons feature vector and tensor integrals with Z%_Z )
insertions. We employ Passarino-Veltman reduction [86], in particular its implementation in
the Mathematica package FeynCalc [87], to obtain these vector and tensor integrals from
scalar ones. Upon inserting the expressions (C.5) to (C.7) for scalar integrals, we arrived at

N o
6-2ep (=2)7(6) _ € [ 18-2 (6) _ 1 1 n
[d 66262@2@23 = [a gw%gﬁﬁ o Dok 43K+ O() (C8)
o e
d6 26€ ( 2e)7(6)7(6) — /dS 2E€ () (Cg)
/ g 626%26123 E 526%25123
= go [2KEKY + 3(KEKY + KYkL) + A(KEEY + kYK

+ 6kL kY + 8(KKKY + K5KL) + 12K KL + 0 s13]) + O(e) .
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