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Floquet’s theorem, a temporal analogue of Bloch’s theorem, is used for studying a time-dependent
potential. With applications in cold atoms on optical lattices, quantum dots and more, there is a
growing interest in Floquet engineering exotic materials and phases. By solving the time-dependent
Schrodinger equation scattering amplitudes are derived from which the transmission spectrum are
generated. The driving field induces Floquet sidebands into which the particle can inelastically
scatter. Fano resonances are observed when the incoming particle and a bound state of the static
potential differ by some energy quanta. This process is mediated by the driving field. The scattering
matrix and transmission spectra are reproduced from previous work on electron gas, graphene, and
a semi-metal admitting a point of quadratic band touching (QBT). The QBT system is extended
with linear tilting along the potential, which proves to be another good quantum number for tunable

control.

I. INTRODUCTION

Understanding electronic properties are of fundamen-
tal interest and importance in physics and for society.
For instance, semiconductors such as transistors are used
in most electronic devices today, where the intricate de-
sign and manipulation of the band gap is paramount.
The processes of interest are typically triggered by non-
equilibrium light-matter interactions. Moreover, apply-
ing external electromagnetic fields to the system can al-
ter these properties. This, sometimes drastic, response
enables control of certain material properties including
transport. By continuously irradiating a material the
effective behaviour can be modelled by a time-periodic
Hamiltonian. In the non-adiabatic regime the system
can be studied through the lens of Floquet(-Bloch) The-
ory, a complete temporal analogue of the Bloch-theory
for spatially periodic systems (crystals). The result is
an analytical framework for studying scattering proper-
ties and how they change due to tunable parameters of
the driving. Notably, Fano resonances occur by media-
tion of the driving field when an evanescent mode of the
charge carrier overlaps with a bound state mode of the
static potential. The techniques are being harnessed for
so called Floquet Engineering, with most of the applica-
tion so far taking place in systems of ultra-cold atoms in
optical traps. Several exotic quantum materials are also
being studied via this framework, such as band topology
deformations, improved spintronics, as well as extending
theoretical tools [1].

In this report the focus is on single charge carriers in-
teracting with a rectangular potential well of depth Vj
and width L and a driving field with frequency w and
amplitude V; contained in the same region. The poten-
tial is assumed to be strictly along the z-direction, with
transversal invariance in other directions. Explicitly this
is

Vo + Vi cos(wt)
V(z,t) =
(@,7) { 0 , elsewhere

if v € [-L/2,L/2]

It is possible to study any number of oscillators, but we
restrict ourselves to the simplest case of a single field of

sinusoidal character still providing a rich subject. The
Floquet S-matrix is derived from boundary conditions
of the solutions to the Schrodinger equation. When nor-
malized it is the scattering matrix containing information
about transmission and reflection amplitudes. The trans-
mission spectra are generated for the cases of an incident
beam from the left propagating to the right, through the
potential. Experimentally this can be studied via the
conductance for some cases, however there might be sys-
tems where the behaviours are too sensitive to be cap-
tured by such means, therefore the shot-noise is also gen-
erated. Any parameters used are presented in A found in
appendix A, and the python codes constructed are found
in appendix B.

To get familiar with the methods and formalism, previ-
ous results are reproduced. Section II covers the work of
Li and Reichl [2], where the basic case of a 1-dimensional
system is studied. Here the groundwork for working
in the Floquet formalism is established, so that simi-
lar details can be skipped in later sections. The sug-
gested mechanism behind the Fano resonances are also
discussed. Section III explains pumped shot-noise, as
used in Refs.[3, 4], and how it is used for detecting reso-
nances. Sections IV and VI covers the work of Zhu et. al.
[3] which extends the previous section to a 2-dimensional
electron gas (2DEG) as well as the 2-level graphene. Sec-
tion IV is purely mathematical, where a general result for
the wavefunctions of a two-level system is derived by di-
agonalizing a general 2 X 2 Hamiltonian. Section VII is
the last review section, covering the work of Bera and
Mandal [4] regarding a 2D, 2-level, Weyl-semimetal with
a quadratic band touching point (QBT). Such a struc-
ture can be realised in checker-board, kagome, and Lieb
lattices at different fillings. Our contribution is contained
in Section VIII. Here we extend the QBT Hamiltonian to
include 7ypy, tilting the band structure along y. We com-
pare the effect of tilt to the previous section. At the end
we finish with some concluding remarks and suggestions
for further research.
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FIG. 1: Along z the space is divided into three regions. Re-
gions I and IIT are to the left, —co < = < —L/2 and right,
L/2 < z < oo of the potential, respectively. Here the poten-
tial is zero and the propagator is a free particle. In region II,
—L/2 < x < L/2, there is the electrostatic potential V5 and
the dynamic contribution Vi cos(wt). The system is assumed
homogeneous along y, providing transversal invariance.

II. 1-DIMENSIONAL CASE

For one incident non-relativistic electron with effective
mass p the Hamiltonian is
2 9?2
H=———+V(x,1),
24 Ox? + Vi)
for the time-dependent Schrédinger equation (TDSE)
tho, W = HV.

The space can be organised into three regions, pictured
in Fig.[1], with regions I and III being the free space out-
side the potential and region II being the extension of the
potential. With the presence of a strong enough oscillat-
ing potential Floquet’s Theorem [5] ensures a solution of
the form

V(@ t) = e Frh(a, 1) (1)

where Er is the Floquet quasi-energy taken to be the
Fermi energy proceeding forward, and ¢(z,t + T) =
@(x,t) is periodical with period T' = 27 /w, w is the driv-
ing frequency. This is in complete analogy with Bloch’s
theorem for a spatial periodicity, i.e. changing the time-
energy interplay to position-momentum would recreate
exactly that of Bloch. Hence the theory is sometimes
called Floquet-Bloch theory. Plugging 1z into the TDSE
we get

h? 02

~ 552 (z,t)+V (2, t)¢p(x, 1)

0

EF¢(‘T3 t) +’Lh*¢($, t) =
ot

Starting with region II we notice the variables are inde-

pendent, motivating a separation of variables approach,
orr(z,t) = g(x) f(t). The TDSE then becomes

1 0 R 1 02

ith———f(t)—Vi cos(wt)+Epr = —ﬂm@g

F(6) ot (2)+Vo-

The two sides are dependent on different variables,
meaning the only way for the DE’s to have a solution
is if they are equal to some constant F, meaning

zhf?ﬂgtf(t) — Vicos(wt) + Ep = E, (2)
o1 92

—ﬂﬁﬁg(xﬁ—%:E. (3)

The temporal equation (2) can be written as

Oty = (B~ Be) (1) ~ " costwn 1),

with solution

F(t) = exp (/Ot d’ H(E By — % cos(wt')D

— e—i(E—Ep)t/fLe—iVl sin(wt) /hw

— o~ H(E—-Er)t/h Z J, (;ﬁ))einm&7 (4)

n—=—oo

where we have used the Jacobi-Anger identity and J,(z)
are the normal type Bessel functions. The periodic
constraint on ¢(x,t) transfers to f(t) meaning f(t) =
f@&+T) = f(t+ 2w /w). This obviously holds in the fre-
quency exponential. The energy exponential, however,
gives

o~ i(E=Ep)t/h _ ,~i(E—Er)(t+2r/w)/h
— o~ H(E=Ep)t/h,—i(E-Er)2r/hw

implying the second factor must vanish. This occurs
when

—i(F—Ep)2r/hw = i2rm = E = Ep+mhw, m € Z,
giving us a condition on the mutual energy parameter E.
Plugging this into the exponential gives

efi(EfEF)t/h _ efi(EF+mhw7EF)t/h _ —imwt

€ 5

meaning (4) becomes

ft) = Z J7L<h‘ji)ei(n+m)wt;

n=—oo

which we write alternatively, by letting n — n — m, as

ft) = i Jan/;)emt. (5)

n=—oo

This modulation, entirely dependent on the driving
strength and frequency, is what quantizes the energy for
fixed Er. By this token the energy landscape can be
viewed as consisting of (Floquet-)sidebands or channels
into which the propagator can scatter with probabilities
weighted by the Bessel functions, depicted in Fig.[2]



FIG. 2: The V7 contribution enables this different view of the
energy landscape. A particle propagating with energy F, can
jump energy level inside the potential to E,, with proability
weighted by the Bessel function Jn—m(Vi/fiw). The wave-
function carries a superposition of all possible level jumps.

Moving on to the spatial equation (3) we have

R 1 02
—ﬂ@@g(l‘) + V() =F
which we write as

I (@) =~ (B~ Vo))

with general solution
g(x) = e’ + be 11" (6)
where we have defined

2u
¢ = 73 (B = V).

Since F is discrete in terms of m every such integer cor-
responds to a solution. Moreover any linear combination
of them are solutions. We can thus extend (6) to

oo
9@) = 3 (ame T+ bpe ) (1)
m=—oo
where we now notate the energy as E,, := Ep + mhw

and apply indices accordingly on the momenta as well as
the probability amplitudes. The complete wavefunction
for region II is thus

Yir(z,t) = e iEFt/h Z Z (ameiqmm + bmefiqmz)Jn_m <;)emwt

n=—00 Mm=——00

_ i e—iEnt/h i (ameiqu—l—bme_iqm”’)c]n,m

n=—oo m=—o0

Moving on to the outer regions. In a similar fashion,
but for V(z,t) = 0 we simply get instead

2
ki = FT/;E"

and the infinite sum of the temporal part vanishes. We
get for regions I and III

o0
Vr(z,t) = e~ iErt/h Z (Ai‘leiknw _i_Azefiknx)efinhwt/h

n=—oo
o
— E e—zEnt/h(A?nezknz +A7ole—zknx)’
n=-—oo
and
o
bz, t) = Y e (Brettnt 4 Bl e,
n=-—oo

respectively. The superscripts ¢ and o of amplitudes A
and B correspond to incoming and outgoing waves from

. 8)

N\
gl=
SN—

left and right respectively. Boundary conditions for a
smooth continuous function give the following

Yr(=L/2,t) = rr(=L/2,1) 9)
0 0
il — 10
azwl e &Clﬂn e (10)
Yrr(L/2,t) = Yrrr(L/2,t) (11)
0 0
— - 12
&Ewn e ar'(/}HI L (12)

Noting that for the exponentials to match, they equal



only with the same index. Explicitly this gives, for (9)

i (Ai e~hnl/2 | go eiknL/Q)e—iEnt/h
- —1 - iqm T —1Qm T V
= Z e iEnt/h Z (ame™™® + bye”"m )Jn_m<h:1)

n=—oo m=—0o0

: AzlefiknL/2+A7oleiknL/2

c- %
— —igmL/2 | p z‘qu/2> J 129
Z (ame + m€ n—m h(.d 5

) (13)
and for (10)

ik Ale= B2 i, A0 e B2 =

> V;
. —i . i 1
5 (im0 et 1, (15,

(14)

m=—0o0

Similarly, (11) and (12) becomes
BOeiknL/2 | Bi g=ikal/?

>, 1%
= Z (ameiqu/Z—Fbmeiqu/Q)Jn_m(mlJ), (15)

m=—o0
and

iknBoe b2 — ik, Blem B2 =

> Vi
- 2 - —1 1
m;oo <7IQmame aml/2 _ 1¢mbme qu/2> Jn—m (hw)’
(16)

respectively. Now we combine expressions as ik, (13) +
(14) and ik, (15) — (16) to get

oo

2k,nA;lefiknL/2 _ Z [(kn +qm)amefiqu/Z
. V;
+ (kn - Qm)meWML/Q]Jn—m <h:))7
(17)
and
2k, Bl e knl/2 = Z [k — Gm)ame’dmt/?
m=—oo
. Vi
R & @)™ 2 T (
+ (kn + qm)bme ] )
(18)

respectively. Finally we combine (17) & (18) to get
2%k, (AL £ Bi)e~thnl/2 =

D7 [+ gu)e 2
£y = )05 (1) 09

where we have defined
C’?,:L ‘= Ay £ by

Next we define some matrix elements, and subsequently
re-express our results in terms of matrices for a more
general view.

(Msi)nm =[(kn + Qm)e_iqu/2

. Vi
+ kn — Gm, lQTnL/2 1 71
(= e, (1

(Mr)nm :2kn6_ik"L/25nm

P i
ME) ., =" FnEam)L/2 L1
( ‘ ) ‘ / hw

(M;) o =e~knL25,
We can now write (19) as
ME.C* =M, (A" + BY)
Thus
C* = (M5t M, - (A"+ BY).

We can then express the well amplitudes as

a=3(C*+C)
=5 () 4 ()7 - M- A
ol — ()] M, B
and
b—-(C*—C")

(M) = (M) M, - AT

S

1 .
+3 (M)t + (M) M, B
Moving on to the outgoing amplitudes we have

A’ =M} -a+M; -b—M; A’
B°=M; -a+M}-b—M,; B’

c

By plugging in the results for a and b we get



To ease the notation further we define matrices such that
the equations becomes

A°=Mupy- A"+ Myp - B,
B°=Mpa-A'+ Mpg - B,

which finally can be written as

(5) - (it 35s)- () =+ (5)

Be ) Mpa Mpp BY) — B* )’
where we denote S as the Floquet flux matrix. Whenever
the momentum is imaginary, in this case n < 0, there is
an evanescent mode meaning it gets bound in the quan-
tum well.

As a side note, without the presence of a static po-
tential, Vo = 0, Ref.[2] found that strong enough driving
still induced quasi-bound states with a limited life-time,
perhaps connected to Wigner delay.

Returning to the S-matrix, the n < 0 states are non-
propagating evanescent modes (having imaginary mo-
mentum k,), hence we discard them when calculating
the total transmission. As it stands the S-matrix de-
scribe the Flux, making it a scattering matrix we must
have unitarity. We obtain that by normalizing element-
wise as

E SLR(ETHEW)
E, Ev) spp(En En)) (20
k

V[ Re(kn) ™™ \tam Tnm)

where we read s, (En, E,) as the process where the par-
ticle enters from lead 8 with energy F,, and scatters into
lead v with energy E,,. The indices can be either L (left)
or R (right). We can thus identify the elements 7y, tnm
as the amplitudes for reflecting (r) and transmitting (t)
an incoming particle on the left from the m-th to the n-th
sideband. Primed quantities correspond to scattering on
the right side. For all calculations we assume a system
where the incident particle approaches from the left in
the zeroth Floquet sideband, thus carrying the momen-
tum kg, with energy Fy = Er. The total transmission is

then calculated as

oo

T= ) |5RL(En, Em)|* = > [tnol*.
n=0

n,m=—oo

In order to avoid computationally dealing with in-
finitely large systems we truncate the number of side-
bands to n,m € [—N,N]|, with a lower bound of N >
V1 /hw to ensure stability demonstrated by Refs.[6, 7]. To
elucidate the mechanism of exchange for the Fano peaks
the total transmission, the zeroth to zeroth mode trans-
mission, as well as the ¢_; ¢ flux before normalizing, are
plotted over the Fermi energy. The results are displayed
in Fig.[3]. The first observation is that a Fano reso-
nance occurs at energy Frqno, which is related to the first
bound state energy by one quanta: Epgn, — iw = Ep.
For stronger driving and higher modes accounted for,
more resonances at higher Fr emerge, noted in Ref.[2].
The middle plot illustrates how the major contribution
lies within only the zeroth-mode transmission, when the
electron just passes through. In the bottom plot a di-
vergence arises at the resonant energy. This indicates a
build-up of evanescent modes, or bound states. In Ref.[2]
they attribute it to the incoming electron, when reach-
ing the potential, interacting with the driving field such
that it emits a quanta to the field at the point when it
can de-excite into a bound state of the static potential.
The electron then absorbs quanta, exciting it up into a
propagating sideband, resulting in perfect transmission.

III. PUMPED SHOT-NOISE

The transmission spectrum can be captured in conduc-
tance measurements. Although, to better capture the
transport for small numbers of quantized charge carriers,
measuring shot-noise may provide significant signals. It
is a measure of the current-current correlation across the
scattering region. This technique is possible to use to-
day due to the technological improvements in sensitive
detection. We consider the pumped shot-noise, which is
induced by the oscillating potential (our quantum pump),
as was done in Refs.[3, 4] following the framework devel-
oped in Ref.[8]. The underlying formalism is restated
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FIG. 3: Transmission of an incident electron in the zeroth
Floquet sideband, through a time-varying potential well. (a)
displays the total Transmission for > _ |tnol>. (b) shows
the lowest sideband almost entirely captures the transmis-
sion behaviour. (c) shows a peak at the Floquet energy
Er = FEp 4+ hw corresponding to the Fano resonances where
the electron ejects a photon of energy iw dropping down into
an evanescent mode.

here and further detailed to provide a clear step for im-
plementing in numerical calculations. The same result-
ing expression is used for all subsequent systems studied.
Zero -frequency, -temperature and bias is assumed for
which the analytical expression is

e o0
Vo [ 3 i

0 ¥6 mnp€ZL

x [fo(En) = fo(Em)]? (21)

where e and h are the fundamental charge and Planck’s
constant, respectively. The multi-variate element

Maopys(E, Ep, Ey, Ep) ZSZW(E, E,)sas(E,En)  (22)
X Sgé(Epa En)spy(Ep, En),

is the product of matrix elements described in Eq.(20)
with indices «, 8,7, 6 € {L, R} again denoting which lead
is considered, where L, R denote the left and right lead
respectively. The integrand described by Eq.[22] records
the scattering process contributing to the pumped shot-
noise, which reads as two particles entering from lead v
and § with energies F,, and E,,, respectively. They are
then scattered into leads o and S with energies E and
E,, respectively. Rephrased, the incoming pair are scat-
tered from the n-th and m-th sideband, into the zeroth
and p-th sidebands. The zero temperature Fermi-Dirac

distribution

1
e(EnfEF)/k?BT + 1 ’

fO(En) =

is used, and we define Fpp := [fo(En) — fo(Em)]? for
easier notation. All the energies are taken as F; = £ +
jhw, with the same zeroth mode energy Ey = FE in all
quantities, corresponding to the integration parameter.

Pumped shot-noise is unitary, Ny, = —-Nprp =
—Ngrr = Ngpr, meaning we only need to consider one
of the quantities which we choose to be N, =: N. We
then have

e

:ﬁ o dEZ Z MLL'yé(EvEmaEnaEp)fnm

¥6 mnp€EZL

Denoting , and noticing it is symmetric, we take a closer
look at the integrand to arrive at a more explicit expres-
sion. We have

> Mprys(E, B, En, Ep) Fom =

mnp€E”Z

Z Sty (B, En)sps (B, Em)sys(Ep, Em)

mnp€e”Z
X SL'y(EpaEn)]:mn

using the notation s.g(E;, Ej) =: (Sap)i; the expression
above becomes

Z (Szy)On(SL(S)Om(S*L(S);Dm(SL'y)pnfmn

mnpe”Z

= Z (szy)no(stS)Om(SE(;SL'y)mnfmn

mnéeZ

= Y (sz8)om([855524] © Fumn (L )no

mnéeZ

= (swsl[sh5524] © Fs} oo

where ©® is the Hadamard product, an element-wise prod-
uct between two matrices. Including summation over
leads we find the integrand to be

Z Z MLLA/(S(EvEm;EruEp)—an

¥0 mnpEZL
=(r[[rTr] © FlrHoo + (#[[rTt'] @ F]t'Noo
+ (@ [[¢"tr) © Flrtoo + ([[t1] © Ft oo
=(r[[rTr] @ Flrt 4+ r[[rTt'] © FIt't
+ [t @ Flrt + ¢ [H'TH] © FIt' Moo
For the computations we truncate the energy range to
be E € [0,EF], and only consider propagating modes
which for our case are the non-negative values. With

the previous lowest upper bound given by the oscillation
strength we get m,n,p € [0, N], or ¢/,7 € CINFUx(N+1)



being a lower right block of spr and sy respectively.
With these results the final expression we compute is

Er
N=oms 20: AE(r([rtr] © Flrt + r[[rt] © FI't

+t'[[t'Tr] © Flrt +¢[[t'T] © Flt'oo

where AF is sum small energy step. Resonant scatterings
has a suppressing or enhancing effect on the spectrum of
N. However, this effect might be too small to prope%y
observe by inspection and therefore its differential é?TF
with respect to the Fermi energy is also calculated and

plotted in the coming sections.

IV. 2DEG

The 2-dimensional electron gas in the zy-plane is the
extension of the previous system to the 2D Hamiltonian
h2
H=——V*4+V(xt)
2p
Thus deriving the scattering matrix proceeds much the
same except for a slight tweaking of wave-vectors. There
is an added transversal dimension in y-direction which
is invariant under the potential due to the potential well
being considered infinitely extended in the y-direction.
In real systems we consider the case of y-extension much
larger than the potential width L. We make the wave-
function ansatz

Oz, y,t) = ez, 1)

with ¢(x,t) constructed the same as in the previous sec-
tion. The resulting wave-vectors for regions I,IIT and II
are

2u
2 _ 2
kyp = W2 E, —k,,

and

qzm = %(Em - VO) - kzv
respectively. Plugging these into the scattering matrix
for the 1D case of section II we obtain the desired result.
Increasing &, is observed to shift the resonant transmis-
sion points to higher incoming energies, shown in the top
plots of Fig.[4]. In Ref.[3] they observed that the res-
onant energies are now connected to the bound states
according to

h2 k2
Epanofﬁwf Y :Eb.
12

capturing the increasing energy requirement due to k.
The result elucidates the previous matching condition
of energies put forth by Ref.[2], to now identify it as a

wave-vector matching between the x-components of the
evanescent mode and a bound state. In this setup it is
k:c,—l = kb,x-

The pumped shot-noise is shown in the middle plot
of Fig.[4], displaying a monotone increase with higher
energies followed by a monotone decrease. Before the
peak there is a small kink for each graph, which is hard to
notice. The differential shot-noise highlights these kinks
as a resonance at the Fano energies.
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FIG. 4: Transmission for a 2-dimensional electron gas with
an electrostatic potential well. Transversal invariance in the
y-direction. Increased momentum in y-direction shifts res-
onant point towards higher energies. Pumped shot-noise is
suppressed at resonant point. Its differential more clearly
captures the effect.

V. GENERAL 2-LEVEL STATE

To reduce the work later on we diagonalise a gen-
eral two-level system so that it later on can be handled
through parameter mapping. The Hamiltonian for such
a system can be expressed as

H=0J+50z+70y+502: (OZ+5 ﬂ27>

B+iv a—9¢

where a could correspond to some potential or tilt. We
can identify the bloch-vector » = (8,v,d) to write the
Hamiltonian as

H=aol+7r o

where o is the Pauli vector. The time-independent part
of the Schrodinger equation would then be

Hy = By



with E the energy-eigenvalues of the matrix H. Diago-
nalizating H we obtain the characteristic polynomial

0—det(H —EI) = |“FT0-F B—iv

B+iy a—-6-—F
= (a—EP? =8 = (°+7") = (a—E)’ —|r["
We let r := |r| for notational ease. Solving for E we
obtain

ELi=axr

indicating the energy average is o with r splitting into
two levels. The corresponding eigenstates are obtained as
the parametric solutions to N(H — E1I), the nullspace.
We get

2 =0 Er)(B 1))

2Jrv) (B—iy)(6£r) )
—(6£7)(B— i)

—(B%++?) (6iv)(5ir)>

22 (B—in)(0ET) )

which is parametrized by
1
X+ = Ni | g+iv | »
oxr

here we use Ny as the normalizing factor, so that the wf
is in turn normalized. The explicit expression for Ny is
obtained by solving

1= el N#u (ii”) (

r+d
\/1+€§;7)2 TV ER
r+d

B r+4
J( 2100 +02+B2+42 V2P E 2
r+d r+0

DR

meaning the final form of the general eigenstates are

r+46 1 n r—29 1
7 Cc_ i .
oy \ -2t 2r \ 2t

Depending on the system, both vectors might have sev-
eral attached phase factors such as plane waves, e.g.

B+iv
dEr

X = C+

exp(ik - ), determining the explicit expressions for the
vector parameters. The coefficients ¢4 correspond to the
energies Fi, meaning for Ey (F_) we keep ¢y (c_).
That is, when £ = a +r (E = a — r) rearranging we
get E—a =r (—[F —a] = r). Since r is a modulus
r > 0 is always fulfilled, so we can write it as £ —a >0
(=[F — a] > 0). Finally this tells us we can write the
coefficients in terms of the Heaviside function,

cr = 0O(£(F — a)),

defined as

r—90 1
o (ﬁ) (23)

To clarify, in the case of @« = 8 = 0 # 6 = r the procedure
done above is not required, and furthermore could not
be carried out the same due to division by zero. The
Hamiltonian would already be diagonal.

VI. GRAPHENE

In graphene an electron-hole coupling form a massless
quasiparticle, which close to the Dirac point display rel-
ativistic properties (linear dispersion). The Weyl-Dirac
Hamiltonian is therefore employed,

0
zhatlll (vpo - p+V(z,t))T, (24)
where vp &~ ¢/300 is the speed of the quasiparticle, a sort
of effective speed of light. Considering the static case first
we have

EV(z,y) = (vpo -p+ Vol)¥(x,y), (25)
where we can identify the system parameters as o = Vj,
B8 = UFpy, Y = VUFDy, and 0 = 0 giving us r =
(VFPz, VFDy, 0). We therefore have the energy

Ey =Vy £vpp,

where we keep the same expression for all regions but
note that outside the potential well we put V, = 0.
Assuming plane wave solutions we have p; = hk; and
r = hupk. We can then write

ELr -V E-V

k=4 =sign(E — V) o
F

hor (26)



where the sign function is implemented to keep k = |k| >
0. If we define k; = kcos ¢ and k, = ksin ¢ we get

r = hupk(cos ¢,sin @) = s - (E — Vp)(cos ¢, sin ¢),

where we defined s := sign(E — Vp).
factors are

The normalizing

rj:(?_i
2r 2

which we absorb into the amplitudes as it is constant
and won’t affect the overall dynamics. For the spinor
elements, we have the case of 8 = thugk, for the corre-
sponding plane waves e***+% 5o that

Ny =

B+iy  s-(E—Vy)(Ecosp+ising) Lio
o (E—V) B ’

where ¢ = arctan(k,/k;). Plugging all of this into
Eq.(23), for U(z,y) = e™v¥yp(x) = ¥ (¢ (), va(2))”

—iEnt/h

Yz, t) =e

where we have defined Jy,;,, := Jp—pn (V1 /Fw) and use the

indexed notation s, = sign(E,), s, = sign(E,, — V).
The momenta, solved from Eq.(26), are
2 (Em — Vo)?
k2, = ——— — kI, 2:7”7—14;2. 28
™ = (hopk,)? W= horkye v (8

For the S-matrix derivation we need only consider the
wf continuity at the boundaries, because we expect the
spinor to be continuous elementwise it provides enough
equations to solve. The relations are

U (=L/2,8) = 910, (=L /2,1),
Vi (—L/2,t) = U3}, (=L/2,1), (29)
T (L/2,1) = 910, (L/2, 1),
o (L/2,0) = ¥30,(L/2,1),
explicitly expressed as
Aflefikl.nL/2 _’_A;)leik:an/Q —
e . .
S [ame T e tr2), (30)

m=—0o0

we obtain

'(/) :e(E - VQ)[G, (36:11‘15) eisz +b (_si—Mv) e—ikmr]
+O(—[E - W) (—slei¢> cikeT 4, (S;w) e ikae].

Notice that sO(—[E — Vp]) = —sO(E — Vp), meaning the
two rows of the solution are equivalent, we keep the first:

Po(z) = asethatid _ pge=ihaz—id,

{ Y1 (x) = aet*=® 4 pe= ket

Including the quantum pump Floquet’s theorem as in
previous sections, expanding for all possible modes we
obtain the total wavefunction

-1 ,
__ Ao —ikgnT
An (sne‘i‘/’") ‘ ’
1 QT b -1 —igmT
Z Tom |@m \ o i, ) € =m0, | € ) (27)
m=—oo Sm€ m

) -1 ) 1 )
_ R —ikznT o 1ken
Bn <Sne—i¢n > € + Bn <Snei¢n> € ’

A;sne—zkmL/2+z¢n _ Azsnelkan/2_l¢n _

o0
/ —iqm L /2410
g Jnm [smame am L/

m=—00

/ iqmL/2—i6,,
— 8! bye' /

)

(31)

B:'le—ikan/Q + Bzeikan/2 —

S a2 g e 2) (32)

m=—00
and

_ stneﬂkmLﬂﬂm + B,’OLSnekanL/2+Z¢n —

oo
§ Jnm |:8;namezqu/2+19m

m=—0o0

/ —igmL/2—16
_Smbme gm L/ m

(33)



respectively.
5pe'%n (32) —

We compute s,e %" (30) + (31) and
(33) to get

2 cos (¢ ) spe” Fen /2 A1 =

oo
§ : Jnm[ame_zqu/Q(sne_w" _,_S;nez@m)

n=—oo

+ bypetdmL/2 (5,070 — g e71m)) (34)

and

2 cos(¢hy ) spe” Fen L2 Bl =

o0

Z Jrm [ameiq’" L/2 (snei‘ls

m=—0o0

+ bme’iq'”L/Q(snew" + s;ne*w"”)}, (35)

n g etm)

respectively. Finally we compute (34) & (35):
2 cos(dn)Sn

Z Jnm{amle

m=—0o0

e~ikenL/2( Al 4 Bi) =
—ie‘tmL/2(Sne—wn _|_Sfmei9m)

+ eiqu/z(sneid’" — s’mew’")] (36)
+b,, [6iq’”L/2 (Sn67i¢" — s:nefwm)

+ Giiqu/z(Sne’id)" + s;ne*w’")]}.

Defining the matrices

(Mi)n [e zqu/Z(S e z¢>n+s 6191")
+ e’qu/Q(sne Wn _ g 6 )T nms
(MZ) m[eiinl/2(s, e 00 _ 5] c=i0m

+ efiqu/z(sne“b" + smefw’")](]nm,
(Mr)nm =2 COS((ZSn)Sneiikw"L/?(snma
M,

—ikzen L
=€ 5nm7

e ilkentam)L/2y

we reformulate Eq.(36) as

o0

Z (Msia)nmam + (Mi>nm.bm

m=—0o0

(M, ), (4}, £ By) =

or in the more compact form
M, (A'+ B') = MEa+ M2b. (37)

Again we proceed to isolate a and b using Eq.(37),
{ (m+Bﬁ M}a+ M}b
M, (A’ — B') = M ,a+ M_b

_ {<M:b> M, (A4 BY) = (M)

(Mg,)

Mjaa—i-b
Ms_aa—i-b

( )=
(M) "M, (A"~ B) =
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eliminating b gives

(M) M, (A" + BY) - (M) M, (4" - BY)
= [ v - (M) M
— ()™ = (v3) ' pr, A

v+ () B
= [ v - (M) M
which we write as

a=ayA'+apB’, (38)

where we have defined

s = (0) " naf - (M) "]
x (M) = (M) |,

ap =[(M3) 7'M - (M) M|

sa
< [a) ™ + () ]
Similarly we can obtain
b=bjsA" +bpB’, (39)

with

sa

ba=[ (ML) M — (M) T M|

() - (v

)|,

b o= [ (M35) ' — (0

)|

| (vz) T (M) |

We isolate A2 and B¢ from Eqgs.(30, 32) written in the
matrix notation as

A° =
B° =

Applying the notation from Egs.(38, 39) gives

M:a+ M;b— MA'
M:a+ M b— M;B'.

A°= M} (aAAi —|—aBBi)
+M,; (baA’ + bgB') — M;A’
B°= M (asA’+ apB')
+MF (bAAi + bBBi) — M, B?
or
A° = (MC—FG,A—FMC_bA—Mi)Ai
+(Mfap + M bp)B’, (40)
B° = (MgaA + Mij)Ai

+(M;ap+ M;bg — M;)B".



Defining

Maa =M as+ M by — M,
Mag = M ap + M, bg
Mpa =M a,+ M b,
Mpp =M ap + M, bg — M,

we can write Eq.(40) in the familiar form

(5) - (i 3i2s) () - (5)
B°) ~ \Mgs Mpgp) \B') ~ B!
where we once again have the S-matrix.

The transmission spectra is generated for different pa-
rameters than the electron-gas cases. We can still ob-
serve three distinct resonances with a slight difference
in k,, captured in the differential shot-noise, depicted in
Fig.[5]. The shot-noise is even more non-descriptive for
Graphene, motivating the use of the differential further.
Resonances are found at much higher energies than in
2DEG, requiring a substantial increase in computation
for the shot-noise calculations. The jaggedness in the
differential plot is a computational artefact due to time
limitations. The shape for the different k, are different,
sharpening the Fano peaks for higher momentum. In-
terestingly they are shifted in the opposite direction to
previous results, higher y-momentum lowers the value of
Erano- Due to higher driving frequency the number of
modes are truncated to N = 2.

1.0

~ 0.5+

0.01

0.2 4 _.————‘/j;m;ﬁ

2 — k,=0.0009 1/A
o4 ' k=0.001 1A

0.10
—
0.05 1

0.00 A —_‘{\/\

dNYdEF

Er [meV]

FIG. 5: Transmission and shot noise of graphene. Increased
momentum now lowers the resonant energy.
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VII. QBT

We assume the Hamiltonian used in [4], representing a
system with a Brillouin zone of Cg rotational symmetry,
also harbouring a point of quadratic band touching,

FLZ
H= ﬂ(%xkyaw + (kj —k2)o,) + V(x, ). (41)

where we identify

We solve for the momentum to get

/21
+ _
kz_:l: ﬁ‘E_%‘_kgv

where we have considered £(Ey — Vp) = |E — Vy|. The
corresponding wf, if we pick k, =k}, is

Ky |
k2 + k2

| & -

1
et 4 | kx| e | O(E - V)
k

H

1
ks ) )
i ky | e + | ky | e”™" | O(—[E - V).

\/ K2+ k2 i Cky Ky |

For the incident or outgoing electron we only consider
the conduction band for transport, meaning the second
row of the wf vanishes for the outer regions. By consid-
ering the dynamic potential and the Floquet formalism
we obtain the total wf

+
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1 , 1 ‘
T B e e ol B P
ky ky
1 1 ‘
DA PR PP 7 TSN [ PRt RTINS
Unlz,y,t) = ey 8 T 1 K 1 & (42)
Fam | am [ Ky | €9 b | Ky | e | O(=[Ep — Vh))
m dm
1 ‘ 4 1 '
Mo | BY | ken | €0 + Bl [ kun | e7hen®
ky ky

where we have defined the normalizing factors Mon (BTOLeilfamL/2 + Bfle—ikmL/Q) =

k k , .
Mon ﬂ’ m = %’ Z T [nZ,m (amezqu/Q + bme—zqu/2> (__);&T-L
ki + k5 \ @+ Ky m=—o0
— o (5 b ) o) (0
G + K and
The boundary conditions are the same as for the
Graphene, and the procedure is performed similarly. To
decrease clutter we define OF := O(£[E,, —a]). We find
Mo (A;Zle—ikan/Q + A%eikan/Q) — m kxn (BO ikonL/2 _ pi e_ikmL/z) _
n ky n

Z T [112,m (ame‘”’”L/2 + bmeiqu/z) or

= Z T2, m (ameiqu/2 _ bme’iq’”L/Q) or
(43) - ’

+ 713,m (a7n€7i(IML/2 + bmeiqML/2) 6';1}7 k ) )
+ 773,m7y (—amelq’"L/Q + bmeﬂquN) 0,], (46)
dm

kwn
M,n L

Y

i —ikenL/2 _ o ikenL/2) _
(Ane —Ave ) =

Z T, m (a e—iamL/2 _ bmeiqu/2)@ﬁ1

m=—0o0 y

for the first and second element of the spinors in regards
" ﬂg,m& (_ame—iqu/z i bmeiqu/2> ©.], (44)  to theleft and right side respectively. We compute (43)+
Gm ky/ksn(44) and (45) — ky/kyn(46) to obtain
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2771,nA31€7ikI"L/2 _ Z Jnm 172 . <am m 4qu/2 +b,, ( Igm )eiqu/2> @:Z (47)
) k2 .
_|_,’73 m ( )e_MJmL/Q + bm(l + y)el‘IWL/Q) @:n]’
anm xndm
2771,nB;€_ikwnL/2 — Z Jnm nQ’m (am m ’LQmL/2 + b ( Ijm )e—iQmL/2> 6; (48)
Mmoo zn
) k2 )
+13,m q ) tam L/2 + bm(l - 72)6_2(1"111/2 @771]’

respectively. Combining (47) + (48) yields

2y e M L2 (AL £ BL) = Y Jumnm ((am + by ) (1 + Igﬂ)e*iqw/? + (A £ b ) (1 — gm)eim/?) e}

k2 . K2
+13.m ((am 4 by ) (1 — —L—)e L2 & (a,, £ b)) (1 + —2— )eme/2> 0,].  (49)
zndm zndm

If we define Cf := a,,, + b, we can simplify Eq.(49) as

o0
e AL R B = 3 Sl (1 e g (1= )i ) o

k2 , kK2
+13.m | (1 — kiy)ef%m 4+ (1+ —2L—)emb/2 ) o] (50)

Defining the matrix elements
(Mr)nm ::2771,n67ikmLL/25nm,

(th)nm =dom[M2,m <(1 + Igﬂ)eﬁqum +(1- ]Zm)ez'qu/z) o,

xndm xnqm

k2 ) k2 )
| (1=t )eT 0 B2 (14 et b2 ) O ),

Jnm —1
(Mi) (12,m©(Em) + 13,mO(—em))e Z<kmiqm)L/27
M,n
(Mi)nm :eiikw"Lanma (51)
lets us write Eq.(50) as we can write the outgoing as
i A + + .
M, (A'+B')=M: -C A°=M}-a+M;-b— M, A,
meaning we can isolate C' as B°=M_ -a+ M -b— M;- A" (52)
+ _ -1 ' ;
C*=(M7)" M, (A"+B") Using the same notation as in Eqgs.(38,39) but with
from which we get 1
! 1 aa = (M) + (M) - M,
_§(C++Ci), b25(0+—07) 1
ap = (M) — (M) ™) - M,

We will use these in (45) and (47) to isolate the outgoing
quantities. First we define the matrix elements so that



1.0

k 0.59

B

—0.0075 | —— k,=0.00095 1/A
' _0.0100 4 — ky=0.00096 1/A
— ky=0.00097 /A
-0.0125
0.00 A

—0.01 4

dNTdEF

—0.02 4

T T
4.6 4.7 4.8 4.9 5.0 5.1 5.2 5.3
Er [meV]

FIG. 6: Transmission, shot-noise, and the differential shot-
noise, respectively of a quasiparticle in a generic QBT mate-
rial. Fano peaks are shifted to higher energies with increased
ky

we can write Eq.(52) as

A°=(M/ -aas+ M by — M) A’
+(Mfap + M. bg)- B’
B° =(M_ -aa+M] bs)- A’

c

+(M; -ap + M} -bp — M;) - B,

C

and finally put in the familiar S-matrix form

() ) (8) > 8).
B° Mpa Mgpp B*) — B )

In Fig.[6] three values of k, are again used for plotting
the transmission, shot-noise, and the differential of the
shot-noise. Similar system parameters to the graphene
in Fig.[5] were used, but the qualitative signatures are
more akin to those of the 2DEG of Fig.[4]. This seems
to be related to whether the model used is of linear or
quadratic dispersion. For the energy range used the shift
of Fano peaks are again to higher energies with increased
momentum. However, in Ref.[4] they observe the shifts
to alter this characteristic depending on over what range
of momentum the spectra are computed, thus connected
to the propagation angle to the z-axis. Furthermore they
categorise whether a peak first drops to zero then spikes
up to one, or vice versa, as two distinct types of Fano
peaks.

VIII. QBT WITH TILT

We now aim to augment the previous sections Hamil-
tonian with a linear tilting term. They are named such
due to the effect they have on the band structure. The
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== Fermi level
0= =0

— T, =500000
15 { — 1,=2000000

e

ky [107°A7Y)

FIG. 7: Band structure for k, = 0. Conduction (valence)
bands are solid (dashed). For non-zero tilt there is a Weyl-
semimetal type transition from I to II.

band topology is tilted in the direction of the tilting term.
Introducing 7,p, to the Hamiltonian it becomes

h2
H =g (ko + (ky — k2)o2) + V (@, t) + 7 lik,

from which we can identify the only change occuring for
the parameter

a = 1yhk, + Vo,

from which we get the new energy as
R s 2

Viewing a k, resolved band plot would raise (lower) the
bands if the tilt 7, and momentum k, have the same
(different) signs. If instead we regard the bands from a
ky resolved perspective, the system will transition from
a type I to a type II Weyl-semimetal for any non-zero
tilting, depicted in Fig.[7].

Solving for the momentum we obtain

kE = i\/i‘;w — Vo — hryky| — k2
which we can observe to be similar to the previous section
with just an extra term inside the absolute value. We can
then apply similar strategies, very much like we did for
the 2DEG compared to the 1D case. We will have the
same derivations and expressions, with only plugging in
these new momenta and adjusting the attached Heaviside
functions. Again, taking k, = k7 the wf is

k 1 I k 1
w :[ | y| (kz) ezka, + I y| (_z
/B EZ Ny \E2ZHR2 N Ry
k 1 ) k 1 .
| $| ( ky> ezkzx+ ‘ 2| <ky> efzkzm}ef
NN A JE2 2R

ko

) e—ik,,x}@-i—

=+



We consider the conduction band for outer regions as
in the previous section. We therefore keep only O for

J
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regions I and III. Introducing the pump we get the total
wf as

1 1
Mo | AL | kan | eFen® + A2 kyp | e than®
ky ky
o0 1 1 4
> |t @ | G | € by | A | €T | OB — Vo)
. m=—00 k? k
Yoy, ) = e Y 1\ (54)
+03m | am | Ky elm® 4 b | Kk, | e7m® | O(—[E,, — Vo])
qm q
1 ' _ 1
M| B | ken | eFen® + BY kyn | e than®
ky ky
which looks the same as the non-tilted one, but here the
momentum k, and q,, are adjusted. Lo
Through observation we can note that the qualitative i
effect tilting has on the x-momentum is to lower the en- " o5
ergy contribution, similar to how the ki term interacts.
Although, for only a certain range is the overall effect a 0.0 4
d.ec.reased value under t.he square root. Strong enough 0025 —_———
tilting has the effect of increasing the energy term. For om0l — w=0ms

the tilt to have a similarly strong impact as the ki term
implies the tilting must be comparable to 7, ~ 2uk,/h
which for the parameters we consider is 7, ~ 10%. At the
same time we have to consider proper values such that
the incoming energy isn’t corresponding to an evanes-
cent mode rendering our calculations nonsensical. The
evanescent region is described by

B, My _ B My
LEn _ Pky k

ey, 2p T Rk, T M0
En bk, _ By hk

Ln _ Pky k<0
Wk, ou VT Rk, out S

which suggests the possibility of promoting previously
evanescent modes to propagating modes, thus shifting
the sidebands, by tuning the tilt to lie outside of the
above bound.

For the S-matrix, as previously mentioned, we can
adopt the same results as in Section VII due to no ex-
plicit change in the wavefunction. This means we con-
sider the same matrix expressions as in Eq.(51) and end
up with the same underlying expression for the S-matrix
in Eq.(53).

Transmission is calculated with momentum constant at
k, = 0.00095 A1, the smallest value in the Section VII,
and varying 7, on the order of ~ 10, shown in Fig.[8].

Comparing to the non-tilted case in Fig.[6] the Fano
peaks are shifted similarly for the chosen parameters. In-
deed, for the specific range of parameters chosen, varying

— T, =10000 m/s

—0.035 1 —— 1, =20000 m/s

0.00 1

dNJdEr

—0.05 4

T T T
4.9 5.0 5.1

Er [mev]

4.6 4.7 4.8 5.2 5.3

FIG. 8: Constant k, = 0.00095 A~'. Fano peaks shift similar
to no tilt and varying k,. These peaks are captured in the
shot-noise and more so in its differential.

momentum on the order of ~ 10° or tilt on the order of
~ 10* affects the scattering probabilities equally. This
suggests some equivalence between momentum and tilt
in their capacities as good quantum numbers.

IX. CONCLUSIONS

To learn how to work with non-adiabatic oscillating po-
tential, in the framework of Floquet theory, the work of
Refs.[2—4] were reproduced in regards to finding the Fano
resonances present in transmission spectra. The pumped
shot-noise, with use for measuring the resonances, has
been elaborated upon for pedagogical reasons so that
implementations in computational analysis is easier. A
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detailed general derivation for diagonalizing a two-level
Hamiltonian was made, and subsequently utilized.

The theory for a QBT-point system was extended to
include linear tilt, enriching the structure. Two regions of
tilt were identified that could promote evanescent modes
to propagating and vice versa. Tilting on the order of
2pk, [k was shown to have similar effect on the spectrum
as ky. We therefore conclude that 7, is also a good quan-
tum number, with one magnitude less than that of k,
required for similar effects. This provides another con-
trol parameter for placing the resonant points as desired
in applications.

For further research, considering negative tilt and mo-
mentum, but also sampling other parameter regions to
apply the same analysis around the different types of
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resonances as described in Ref.[4] is of interest to form
a complete picture of the used setup. Generalizing tilt
to incorporate both y and x tilt is a natural extension.
This was pursued at first for this report, but proved to be
too complicated to properly study given the time. Incor-
porating magnetic potentials, both static and oscillatory
would complete the basic quantum pump part to enable
circularly polarized light. One could also tilt Graphene
and compare it with the tilted QBT system. This might
provide more fundamental insights into the consequences
of tilt, as it would compare a linear system (Graphene) to
that of a quadratic (QBT). Natural results to compare,
as extensions of this report, would be whether the shift
in resonant energies are system dependent or not.
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Appendix A: Numerics

N|L [A]| Vo [meV]|Vi [meV]|hw [meV]|p [me]|vr [m/s]|Er [meV]|Er steps| E range | E steps
1D |5| 10 | -20 5 1 | o067 [0, 1.4] | 1000
9DEG |5| 10 | -20 5 1 |o0.067 [0,1.4] | 1000 | [0, Er] | 1000
Graphene | 23000| -50 1 ¢/300 | [7.2,82] | 200 | [0, Er] | 30000
QBT |2|3000| -10 1 4 |0.001 [4.6,5.3] | 200 | [0, Er] | 500
QBT + tilt| 2 [3000| -10 1 4 |0.001 [4.6,5.3] | 200 |[3.5, Er]| 500

import
import
import
import

numpy as np

def barrier_wave_vec (m,

scipy.special as spec
scipy.constants as const
matplotlib.pyplot as plt

E_F, mu,

v_o,

TABLE I: Numerical parameters

Appendix B: Code

1.

1D

hbaromega) :
return np.sqrt ((E_F+m*xhbaromega-V_0) *2*mu*1.6%10**x(-22))/(const.hbar)




def

def

def

def

def

def

def

def

def
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free_wave_vec(n, E_O, mu, hbaromega):
return np.sqrt ((E_O+n*xhbaromega) *2*mu*1.6*10**(-22)+0j)/(const .hbar)

M_S(k, q, L, Bessel):

M_s_m = ((k[:,np.newaxis]+qlnp.newaxis,:])*np.exp(-1j*q*L/2)-(k[:,np.newaxis]-qlnp.newaxis,:])*
np.exp(1j*q*L/2))*Bessel
M_s_p = ((k[:,np.newaxis]+qlnp.newaxis,:])*np.exp(-1j*q*L/2)+(k[:,np.newaxis]-qlnp.newaxis,:])*

np.exp(1j*q*L/2))*Bessel
return M_s_m, M_s_p

M_R(k, L):
M_r = np.diag(2*k*np.exp(-1j*kx*xL/2))
return M_r

M_C(k, q, L, Bessel):

M_c_m = np.exp(-1j*(k[:,np.newaxis]-qlnp.newaxis,:])*L/2)*Bessel
M_c_p = np.exp(-1j*(k[:,np.newaxis]+qlnp.newaxis,:])*L/2)*Bessel
return M_c_m, M_c_p

M_I(k, L):
return np.diag(np.exp(-1j*xk*L/2))

M_BA(M_c_m, M_c_p, M_r, M_s_m, M_s_p):

M_s_p_inv = np.linalg.inv(M_s_p)

M_s_m_inv = np.linalg.inv(M_s_m)

return 0.5*np.matmul (np.matmul (M_c_m,M_s_p_inv+M_s_m_inv)+np.matmul (M_c_p,M_s_p_inv-M_s_m_inv),
M_r)

T(M_BA, m, N):
return np.sum(np.absolute (M_BA[N:, m+N]) *x2)

t(M_BA, n, m, N):
return np.absolute(M_BA[n+N, m+N]) *x*2

main () :
mu = 0.067*const.m_e #Effective electron mass in GaAs in units of m_e
V_0 = -20 #meV

V_1 = 5 #meV

hbaromega = 1 #meV

L = 10%10**x(-10) #m

N = 5 # Dictaded by N>V_1/hbaromega

n = np.arange(-N,N+1) # Sideband indexing

Bessel = spec.jv(nl[:,np.newaxis]l-n[np.newaxis,:], V_1/hbaromega+0j) # The bessel function of
the first kind, over all index combinations

E = np.linspace(0,1.4,1000) # Incoming energy in meV

t_00 = []
t_m10 = []
t_tot = []

for E_O in E:
# Create the wave-vectors

k = free_wave_vec(n, E_O, mu, hbaromega)
q = barrier_wave_vec(n, E_0O, mu, V_O, hbaromega)
Create the first batch of matrices, _p and _m denotes + or - type (plus, minus)

#

M_c_m, M_c_p = M_C(k, q, L, Bessel)

M_r = M_R(k, L)

M_s_m, M_s_p = M_S(k, q, L, Bessel)

# Create the S-matrix submatrix M_BA we are interested in
matrix = M_BA(M_c_m, M_c_p, M_r, M_s_m, M_s_p)

t_00.append (t(matrix, 0, 0, N))

t_m10.append (t(matrix, -1, 0, N))

t_tot.append(T(matrix, 0, N))
fig, ax = plt.subplots(3,1)

# Plot transmissions
ax [0].plot(E, t_tot)
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ax [0].set_ylabel (*$T$’)

ax [1] .plot (E, t_00)
ax[1].set_ylabel (°$[t_{0,0}1"28’)
ax [2] .plot (E, t_m10)

ax [2] .set_ylabel (’$|t_{-1,0}1"2%")
ax[2].set_xlabel (’E [meV]’)
plt.show ()

main ()

2. 2DEG

import numpy as np

import scipy.special as spec
import scipy.constants as const
import matplotlib.pyplot as plt

def

def

def

def

def

def

def

def

barrier_wave_vec(m, E_F, mu, V_O, hbaromega, ky):
return np.sqrt ((E_F+m*xhbaromega-V_0)*2*mu*1.6*x10%*(-22) /(const.hbar**2)+0j-(ky) *x*2)

free_wave_vec(n, E_O, mu, hbaromega, ky):
return np.sqrt ((E_O+n*hbaromega) *2*mu*1.6*10%*(-22) /(const.hbar**2)+0j-(ky) **2)

Matrices(k, g, L, Bessel):

M_c_m, M_c_p = M_C(k, q, L, Bessel)

M_r = M_R(k, L)

M_s_m, M_s_p = M_S(k, q, L, Bessel)

M_i = M_I(k, L)

return M_c_m, M_c_p, M_r, M_s_m, M_s_p, M_i

M_S(k, q, L, Bessel):

M_s_m = ((k[:,np.newaxis]+qlnp.newaxis,:])*np.exp(-1j*q*L/2)-(k[:,np.newaxis]-qlnp.newaxis,:])*
np.exp (1j*q*L/2))*Bessel
M_s_p = ((k[:,np.newaxis]+qlnp.newaxis,:])*np.exp(-1j*q*L/2)+(k[:,np.newaxis]-qlnp.newaxis,:])x*

np.exp(1j*q*L/2))*Bessel
return M_s_m, M_s_p

M_R(k, L):
return np.diag(2*k*np.exp(-1j*kx*L/2))

M_C(k, q, L, Bessel):

M_c_m = np.exp(-1j*(k[:,np.newaxis]-qlnp.newaxis,:])*L/2)*Bessel
M_c_p = np.exp(-1j*(k[:,np.newaxis]+qlnp.newaxis,:])*L/2)*Bessel
return M_c_m, M_c_p

M_I(k, L):
return np.diag(np.exp(-1j*k*L/2))

Matrix(M_c_m, M_c_p, M_.r, M_s_m, M_s_p, M_i, k):
# Produce the inverses
M_s_p_inv = np.linalg.inv(M_s_p)

M_s_m_inv = np.linalg.inv(M_s_m)

# Compute the normalizing factor (Re(kn)/Re(km)) " -1/2

x1 = np.real(k[:,np.newaxis])
x2 = np.real(k[np.newaxis,:])
norm = np.where(x2 == 0, 0, np.sqrt(x1/x2))

# Combine the inverses accodingly
pM_s = M_s_p_inv+M_s_m_inv
mM_s = M_s_p_inv-M_s_m_inv

# Compute the final reflection and transmission matrices

m_AA = O0.5%norm*np.matmul (np.matmul (M_c_p,pM_s)+np.matmul (M_c_m,mM_s) ,M_r)-norm*M_i #Reflection
from either side

m_AB = 0.5*norm*np.matmul (np.matmul (M_c_p,mM_s)+np.matmul (M_c_m,pM_s),M_r) #Transmission to

left



90

91

92

96

112

114
115

116

118
119

120

def

def

def

def

def

m_BA

= 0.5*norm*np.matmul (np.matmul (M_c_m,pM_s)+np.matmul (M_c_p,mM_s) ,M_r) #Transmission to

right

return m_AA,

altf

(n, hw

» E,

E_F):

m_AB,

m_BA,

m_

AA

# make into a matrix with O and 1 to multiply the entire matrix M_nmp

return (0.5%np.sign(n*hw + E-E_F)[:,np.newaxis]-0.5*np.sign(n*hw + E-E_F) [np.newaxis, :])*%*2

shot_noise (N,

S_rl
ran

=0

step,

= range (-N,N+1)
for n in ran:
for m in ran:

for p in ran:
for e in range (2*N+1):
M_RLRR =

return S_rl

M_RLRL
M_RLLR
M_RLLL

sE_RR,

M_mnp =

np.

np

np.

np

sE_RL, s_LR, s_LL):

M_RLRR + M_RLRL + M_RLLR + M_RLLL

S_rl += M_mnp*step*fermi(n,m)

Transmission(s_RL,
return np.sum(np.absolute(s_RL[N:, m+N]) **2)

ddE(A,E_F):
return np.diff (A)/np.diff (E_F)

main
mu =
V_0
v_1
hbar
L =
N =
n =
Bess

first kind,

E_F
dE =
E =
fig,
kys
cols
for

m, N)

conj(sE_RR[e,n+N])*sE_RR[e,m+N]*np.
.conj (sE_RR[e,n+N])*sE_RL[e,m+N]*np.
conj(sE_RL[e,n+N])*sE_RR[e,m+N]*np.
.conj (sE_RL[e,n+N])*sE_RL[e,m+N]*np.

conj (s_LR[p,m+N])*s_LR[p,n+N]
conj(s_LL[p,m+N])*s_LL[p,n+N]
conj (s_LR[p,m+N])*s_LL[p,n+N]
conj(s_LL[p,m+N])*s_LL[p,n+N]

0.067*const.m_e #Effective electron mass in GaAs in units of m_e

O:

= -20 #meV

= 5 #meV

omega = 1 #meV
10%10**x(-10) # m

5 # Dictaded by N>V_1/hbaromega
np.arange (-N,N+1) # Sideband indexing

el = spec.jv(n[:,np.newaxis]-n[np.newaxis,:],
over all index combinations

= np.linspace(0,1.4,1000) # Incoming energy in meV
(N+1) /(2%N+1)
np.arange (0,

ax =

= [o,

0.00

1,

= [’black’,
i, ky in enumerate(kys):
ky /= 10%x(-10)

T = [1]

S_LL =

[1
[]

N+1, dE
plt.subplots(1,1)

0.

002]

‘red’,

for E_0 in E_F:
= free_wave_vec(n, E_0, mu, hw, ky)
= barrier_wave_vec(n, E_O, mu, V_O0, hw, ky)

k

q
M

S_

-c_m,

LL,

M_c_p,

s_LR,
T.append (Transmission(s_LR, 0, N))

s_RL

)

‘bl

M_r,

s S

ue ’]

M_s_m, M_s_p, M_i = Matrices(k, q,
_RR = Matrix(M_c_m, M_c_p, M_r, M_s

Emax, Esteps)

hw, e, E_0)

free_wave_vec(n, e, mu, hw, ky)
barrier_wave_vec(n, e, mu, V_0, hw, ky)

S_11 = 0
Emax = E_O
Esteps = 1000
E = np.linspace (0,
dE = Emax/Esteps
for e in E:
F = altf(nl[N:],
kE =
qE =
ME_c_m, ME_c_p,

ME_r, ME_s_m, ME_s_p, ME_i = Matri

V_1/hbaromega) # The bessel function of the

L, Bessel)
_m, M_s_p, M_i, k)

ces(kE, qE, L, Bessel)
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N

38

ax [
ax [
ax [
ax [
ax [
plt
main ()

import
import
import
import

def barrier (m,

q =
the
sm

sE_LL, sE_LR, sE_RL, sE_RR = Matrix(ME_c_m, ME_c_p, ME_r,
S_11 += Shot_noise(N, F, e, E_0, sE_LR, sE_LL)
S_LL.append (S_11*dE)

dS_LL = ddE(S_LL, E_F)
ax [0] .plot(E_F, T, ¢ = cols[i], label=f’k$_y$={kys[il} 1/ )
ax [1].plot(E_F, S_LL, c = cols[i], 1label=f’k$_y$={kys[il} 1/ )
ax [2] .plot(E_F[:-1], dS_LL, c = cols[i], 1label=f’k$_y$={kys[il} 1/
0] .set_ylabel (’$T$’)

1] .set_ylabel (’$\mathcal{N}$’)

2] .set_ylabel (’$d\mathcal{N}/dE_F$’)
1] .legend ()
2] .set_xlabel (’$E_F$ [meV]’)
.show ()
3. Graphene
numpy as np

scipy.special as spec
scipy.constants as const
matplotlib.pyplot as plt

E_F, hvf, V_0, hbaromega, ky):
np.sqrt (((E_F+m*hbaromega-V_0) /hvf) **2+0j-ky**2)

ta = np.where(np.real(q)==0, np.arctan(ky/q)-np.pi, np.arctan(ky/q))

ME_s_m,

)

ME_s_p,

ME_i,

20

kE)

def

def

def

def

def

= np.sign(E_F+m*hbaromega-V_0)

return q, theta, sm

free(n, E_0, hvf, hbaromega, ky):

k = np.sqrt (((E_O+n*hbaromega) /hvf) **2+0j-ky**2)

phi = np.where(np.real(k)==0, np.arctan(ky/k)-np.pi, np.arctan(ky/k))
sn = np.sign(E_O+n*hbaromega)

return k, phi, sn

Matrices(k, q, L, Bessel, sn, sm, phi, theta):

M_c_m, M_c_p = M_C(k, g, L, Bessel)

M_r = M_R(k, L, phi, sn)

M_sa_m, M_sa_p = M_Sa(q, L, Bessel, sn, sm, phi, theta)

M_sb_m, M_sb_p = M_Sb(q, L, Bessel, sn, sm, phi, theta)

M_i = M_I(k, L)

return M_c_m, M_c_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i

M_Sa(q, L, Bessel, sn, sm, phi, theta):

M_sa_m = ((sm[np.newaxis,:]*np.exp(lj*thetalnp.newaxis,:]J)+sn[:,np.newaxis]*np.exp(-1j*phil[:,np

.newaxis]))*np.exp(-1j*qlnp.newaxis,:]1*L/2)-(sn[:,np.newaxis]*np.exp(1j*phil:,np.newaxis])-sm[np
.newaxis ,:]*np.exp(1j*theta[np.newaxis,:]))*np.exp(1j*qlnp.newaxis,:]*L/2))*Bessel
M_sa_p = ((sm[np.newaxis,:]*np.exp(lj*theta[np.newaxis,:])+sn[:,np.newaxis]*np.exp(-1j*phil[:,np
.newaxis]))*np.exp(-1j*qlnp.newaxis ,:1*L/2)+(sn[:,np.newaxis]l*np.exp(1j*phil[:,np.newaxis])-smlnp
.newaxis ,:]*np.exp(lj*thetal[np.newaxis ,:]))*np.exp(1j*qlnp.newaxis,:]*L/2))*Bessel

return M_sa_m, M_sa_p
M_Sb(q, L, Bessel, sn, sm, phi, theta):
M_sb_m = ((sn[:,np.newaxis]*np.exp(-1j*phi[:,np.newaxis])-sm[np.newaxis,:]*np.exp(-1j*thetalnp.

newaxis ,:]))*np.exp(l1j*q[np.newaxis ,:J*L/2) -(sn[:,np.newaxis]*np.exp(1j*phi[:,np.newaxis])+sm[np
.newaxis ,:]*np.exp(-1j*theta[np.newaxis,:]))*np.exp(-1j*q[np.newaxis,:]*L/2))*Bessel

M_sb_p = ((sn[:,np.newaxis]*np.exp(-1j*phi[:,np.newaxis])-sm[np.newaxis,:]*np.exp(-1j*thetalnp.
newaxis ,:]))*np.exp(l1j*qlnp.newaxis,:J*L/2)+(sn[:,np.newaxis]*np.exp(1j*phi[:,np.newaxis])+sm[np
.newaxis ,:]J*np.exp(-1j*thetal[np.newaxis,:]))*np.exp(-1j*q[np.newaxis,:]*L/2))*Bessel

return M_sb_m, M_sb_p

M_R(k, L, phi, smn):
return np.diag(2*np.cos (phi)*sn*np.exp(-1j*k*L/2))

30 def M_C(k, q, L, Bessel):



10 M_c_m = np.exp(-1j*(k[:,np.newaxis]l-qlnp.newaxis,:])*L/2)*Bessel
A1 M_c_p = np.exp(-1j*(k[:,np.newaxis]+qlnp.newaxis,:])*L/2)*Bessel
42 return M_c_m, M_c_p

1 def M_I(k, L):
15 return np.diag(np.exp(-1j*xk*L/2))

17 def Matrix(M_c_m, M_c_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i, k):

49 # Produce the inverses
50 M_sa_p_inv = np.linalg.inv(M_sa_p)
51 M_sa_m_inv = np.linalg.inv(M_sa_m)

52 M_sb_p_inv = np.linalg.inv(M_sb_p)
53 M_sb_m_inv = np.linalg.inv(M_sb_m)

55 # Compute the normalizing factor (Re(kn)/Re(km))~-1/2

56 x1 = np.real(k[:,np.newaxis])
57 x2 = np.real(k[np.newaxis,:])
58 norm = np.where(x2 == 0, 0, np.sqrt(x1/x2))

60 # Combine the inverses accordingly

61 pM_sa = M_sa_p_inv+M_sa_m_inv
62 mM_sa = M_sa_p_inv-M_sa_m_inv
63 pM_sb = M_sb_p_inv+M_sb_m_inv
64 mM_sb = M_sb_p_inv-M_sb_m_inv

66 # Combine other stuff
67 appmm = np.matmul (M_sb_p_inv,M_sa_p)-np.matmul(M_sb_m_inv, M_sa_m)
68 bppmm = np.matmul (M_sa_p_inv ,M_sb_p)-np.matmul (M_sa_m_inv, M_sb_m)

70 # Get the inverses
71 appmm_inv = np.linalg.inv(appmm)
72 bppmm_inv = np.linalg.inv (bppmm)

74 # Compute parts of final

75 aA = np.matmul (np.matmul (appmm_inv, mM_sb), M_r)
76 aB = np.matmul (np.matmul (appmm_inv, pM_sb), M_r)
77 bA = np.matmul (np.matmul (bppmm_inv, mM_sa), M_r)

78 bB = np.matmul (np.matmul (bppmm_inv, pM_sa), M_r)

79

80 # Compute the final reflection and transmission matrices

81 m_AA = norm*(np.matmul (M_c_p, aA)+np.matmul(M_c_m, bA)-M_i) #Reflection from left
82 m_AB = norm*(np.matmul(M_c_p, aB)+np.matmul(M_c_m, bB)) #Transmission to left

83 m_BA = norm*(np.matmul (M_c_m, aA)+np.matmul(M_c_p, bA)) #Transmission to right

84 m_BB = norm*(np.matmul (M_c_m, aB)+np.matmul(M_c_p, bB)-M_i) #Reflection from right
85 return m_AA, m_AB, m_BA, m_BB

ss def altfermi(n, hw, E, E_F): # make into a matrix with O and 1 to multiply the entire matrix M_nmp
89 return 0.5*(np.sign(E-E_F+n[:, np.newaxis]*hw)-np.sign(E-E_F+n[np.newaxis, :]*hw))**2

91 def herm(A):
92 return np.transpose(np.conjugate(A))

91 def shot_noise(N, F, sE_LR, sE_LL):
95 sELR = sE_LR[N:, N:]
96 sELL = sE_LL[N:, N:]

98 M_LLRR = np.matmul (np.matmul Cherm(sELR) [:, O][:,np.newaxis],sELR[O, :][np.newaxis,:]),(F*np.
matmul (herm (sELR) ,sELR)))

99 M_LLRL = np.matmul (np.matmul (herm(sELR)[:, O][:,np.newaxis],sELL[O, :][np.newaxis,:]),(F*np.
matmul (herm (sELL) ,sELR)))

100 M_LLLR = np.matmul (np.matmul (Cherm(sELL) [:, O][:,np.newaxis],sELR[0O, :][np.newaxis,:]),(F*np.
matmul (herm (sELR) ,sELL)))

101 M_LLLL = np.matmul (np.matmul (herm(sELL) [:, O][:,np.newaxis],sELL[0O, :][np.newaxis,:]),(F*np.
matmul (herm (sELL) ,sELL)))

103 M_nmp = M_LLRR+M_LLRL+M_LLLR+M_LLLL
104 return np.trace(M_nmp)
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def Transmission(s_RL, m, N):

return np.sum(np.absolute(s_RL[m+N, N:]
def ddE(A,E_F):
return np.diff (A)/np.diff (E_F)
def main():
V_O0 = -50 #meV
v_1 1 #meV
mev 1.602%(10%*x(-19))/(10%%3)
hvf =
hw = 4 #meV
L = 3000%(10**x(-10)) # m
N = 2 # Dictaded by N>V_1/hbaromega
n =

m = np.arange (N+1)
Bessel =
kind, over all index combinations
E_F = np.linspace(7.2, 8.2,
Esteps = [30000, 10000, 3000]

kys = [0.0008, 0.0009, 0.001]

cols = [’black’, ’red’, ’blue’]

fig, ax = plt.subplots(3,1,sharex=True)
fig.subplots_adjust (hspace=0)

spec.jv(nl[:,np.newaxis]-nlnp.newaxis,:],

) *x%x2)

(10**6) xconst .hbar/mev #10**6*const.hbar*6.2447*10**18

np.arange (-N,N+1) # Sideband indexing

200) # Incoming energy in meV

22

V_1/hw) # The bessel function of the first

for i, ky in enumerate (kys):
ky *= 10*x(10)
T =[]
S_LL = []
for E_0 in E_F:
k, phi, sn = free(n, E_O, hvf, hw, ky)
q, theta, sm = barrier(n, E_0, hvf, V_0O, hw, ky)
M_c_m, M_c_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i = Matrices(k, q, L, Bessel, sn,
sm, phi, theta)
s_LL, s_LR, s_RL, s_RR = Matrix(M_c_m, M_c_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i,
k)
T.append (Transmission(s_RL, 0, N))
S_11 = 0
Emax = E_O #+ Nx*xhw
E = np.linspace(0.001, Emax, Esteps[il])
dE = Emax/Esteps[il]
for e in E:
F = altfermi(m, hw, e, E_0)
kE, phiE, snE = free(n, e, hvf, hw, ky)
qE, thetaE, smE = barrier(m, e, hvf, V_0, hw, ky)
ME_c_m, ME_c_p, ME_r, ME_sa_m, ME_sa_p, ME_sb_m, ME_sb_p, ME_i = Matrices (kE, qE, L
, Bessel, snE, smE, phiE, thetaE)
sE_LL, sE_LR, sE_RL, sE_RR = Matrix(ME_c_m, ME_c_p, ME_r, ME_sa_m, ME_sa_p, ME_sb_m
, ME_sb_p, ME_i, kE)
S_11 += shot_noise(N, F, sE_LR, sE_LL)
S_LL.append (S_11*dE)
dS_LL = ddE(S_LL, E_F)
ax [0] .plot(E_F, T, ¢ = cols[i])
ax [1].plot(E_F, S_LL, c = cols[il], label=f’k$_y$={kys[il} 1/ )

ax[2] .plot (E_F[:-1], dS_LL, c¢ =
ax [0]
ax [1]
ax [1]
ax [2]
ax [2]

.set_ylabel (*$T$’)

.set_ylabel (’$\mathcal{N}$’)
.legend ()

.set_ylabel (’$d\mathcal{N}/dE_F$’)
.set_xlabel (’$E_F$ [meV]’)

cols[i])
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plt.show ()
4. QBT

import numpy as np

import scipy.special as spec

import scipy.constants as const

import matplotlib.pyplot as plt

def barrier(m, E_F, mu, V_O, hw, ky):
q = np.sqrt(2*mu*(1.602*x10%*(-22))*np.abs(E_F+m*hw-V_0)/const.hbar**2+0j-ky**2)
Theta2 = np.heaviside (E_F+mx*hw, 0.5)
Theta3 = np.heaviside(-E_F-m*hw, 0.5)
gamma2 = q/np.sqrt(q**2+ky**2)
gamma3 = ky/np.sqrt (gq*x*2+ky**2)
return q, Theta2, Theta3, gamma2, gamma3

def free(n, E_O0, mu, hw, ky):
k = np.sqrt (2*mux(1.602%10**(-22))*(E_O+n*hw)/const.hbar**2+0j-ky**2)
gammal = k/np.sqrt (k*x*x2+ky**2)
return k, gammal

def Matrices(k, q, ky, L, gammal, gamma2, gamma3, E_F, m, hw, Bessel, Theta2, Theta3):
M_c_m, M_c_p = M_C(k, q, L, gammal, gamma2, gamma3, E_F, m, hw, Bessel, Theta2, Theta3)
M_r = M_R(k, L, gammal)
M_s_m, M_s_p = M_S(k, q, ky, L, gammal, gamma2, gamma3, E_F, m, hw, Bessel, Theta2, Theta3)
M_i = M_I(k, L)
return M_c_m, M_c_p, M_r, M_s_m, M_s_p, M_i

def M_S(k, q, ky, L, gammal, gamma2, gamma3, E_F, m, hw, Bessel, Theta2, Theta3):
M_s_m = (Theta2[np.newaxis,:]*gamma2[np.newaxis ,:]J*((1+k[:,np.newaxis]/qlnp.newaxis,:])*np.exp
(-1j*q[np.newaxis ,:1*L/2) -(1-k[:,np.newaxis]/qlnp.newaxis,:])*np.exp(1j*qlnp.newaxis,:1*xL/2))+
Theta3 [np.newaxis ,:]*gamma3 [np.newaxis,:]*((1-k[:,np.newaxis]*ql[np.newaxis,:]/ky**2)*np.exp(-1j*
g[np.newaxis ,:]*L/2) -(1+k[: ,np.newaxis]*q[np.newaxis ,:]/ky**2) *np.exp(1j*q[np.newaxis ,:]J*L/2)))*
Bessel
M_s_p = (Theta2[np.newaxis,:]*gamma2[np.newaxis ,:]*((1+k[:,np.newaxis]/qlnp.newaxis,:])*np.exp
(-1j*q[np.newaxis ,:]*L/2)+(1-k[:,np.newaxis]/qlnp.newaxis,:]) *np.exp(1j*qlnp.newaxis,:]1*L/2))+
Theta3 [np.newaxis ,:]*gamma3 [np.newaxis,:]J*((1-k[:,np.newaxis]*ql[np.newaxis ,:]/ky**2)*np.exp(-1j*
g[np.newaxis ,:]J*L/2)+(1+k[:,np.newaxis]*ql[np.newaxis ,:]/ky**2)*np.exp(1j*qlnp.newaxis ,:]1*L/2)))*
Bessel
return M_s_m, M_s_p

def M_R(k, L, gammal):
return np.diag(2*gammal*np.exp(-1j*k*L/2))

def M_C(k, q, L, gammal, gamma2, gamma3, E_F, m, hw, Bessel, Theta2, Theta3):
M_c_m = (gamma2[np.newaxis,:]*Theta2[np.newaxis,:]+gamma2[np.newaxis,:]J*Theta3[np.newaxis,:])*
np.exp(-1j*(k[:,np.newaxis]-q[np.newaxis,:])*L/2)*Bessel/gammal [:,np.newaxis]
M_c_p = (gamma2[np.newaxis,:]*Theta2[np.newaxis,:]+gamma2[np.newaxis,:]J*Theta3[np.newaxis,b:])*
np.exp(-1j*(k[:,np.newaxis]+qlnp.newaxis,:])*L/2)*Bessel/gammal [:,np.newaxis]
return M_c_m, M_c_p

def M_I(k, L):
return np.diag(np.exp(-1j*kx*L))

def Matrix(M_c_m, M_c_p, M_r, M_s_m, M_s_p, M_i, k):

# Produce the inverses
M_s_p_inv = np.linalg.inv(M_s_p)
M_s_m_inv = np.linalg.inv(M_s_m)

# Compute the normalizing factor (Re(kn)/Re(km))~-1/2

x1 = np.real(k[:,np.newaxis])
x2 = np.real(k[np.newaxis,:])
norm = np.where(x2 == 0, 0, np.sqrt(x1/x2))

#norm = np.sqrt(x1/x2)



54 #norm = 1

56 # Combine the inverses accordingly
57 pM_s = M_s_p_inv+M_s_m_inv
58 mM_s = M_s_p_inv-M_s_m_inv

60 # Combine other stuff

61 aA = 0.5%np.matmul (pM_s, M_r)
62 aB = 0.5%np.matmul (mM_s, M_r)
63 #bA = aB

64 #bB = aA

67 # Compute the final reflection and transmission matrices

68 m_AA = norm*(np.matmul (M_c_p, aA)+np.matmul(M_c_m, aB)-M_i) #Reflection from left
69 m_AB = norm*(np.matmul (M_c_p, aB)+np.matmul(M_c_m, aA)) #Transmission to left
70 m_BA = norm*(np.matmul (M_c_m, aA)+np.matmul(M_c_p, aB)) #Transmission to right

1 m_BB = norm*(np.matmul(M_c_m, aB)+np.matmul (M_c_p, aA)-M_i) #Reflection from right
2 return m_AA, m_AB, m_BA, m_BB

3

5 return 0.5*(np.sign(E-E_F+n[:, np.newaxis]*hw)-np.sign(E-E_F+n[np.newaxis, :]*hw))**2

7 def herm(A):

74 def altfermi(n, hw, E, E_F): # make into a matrix with O and 1 to multiply the entire matrix M_nmp
78 return np.transpose(np.conjugate(A))

s0 def shot_noise(N, F, sE_LR, sE_LL):

81 sELR = sE_LR[N:, N:]

82 sELL = sE_LL[N:, N:]

83

84 M_LLRR = np.matmul (np.matmul (herm(sELR)[:, O0][:,np.newaxis],sELR[O, :][np.newaxis,:]),(Fx*np.
matmul (herm (sELR) ,sELR)))

85 M_LLRL = np.matmul (np.matmul (herm(sELR) [:, O][:,np.newaxis],sELL[0O, :][np.newaxis,:]),(F*np.
matmul (herm (sELL) ,sELR)))

86 M_LLLR = np.matmul (np.matmul (Cherm(sELL) [:, O][:,np.newaxis],sELR[O, :][np.newaxis,:]),(F*np.
matmul (herm (sELR) ,sELL)))

87 M_LLLL = np.matmul (np.matmul (herm(sELL) [:, O][:,np.newaxis],sELL[0O, :][np.newaxis,:]),(F*np.

matmul (herm (SELL) ,sELL)))

89 M_nmp = M_LLRR+M_LLRL+M_LLLR+M_LLLL
90 return np.trace(M_nmp)

92 def Transmission(s_RL, m, N):
93 return np.sum(np.absolute (s_RL[m+N, N:])=*x*2)

o5 def ddE(A,E_F):
96 return np.diff (A)/np.diff (E_F)

os def main():

29 V_O0 = -10 #meV

100 V_1 = 1 #meV

101 #mev = 1.602*(10**(-19))/(10%*3)

102 #mev = 1.602%10**x(-22)

103 mu = 0.001*const.m_e

104 #hvf = (10%*6) *const.hbar/mev #10**6*const.hbar*6.2447*10%*18

105 hw = 4 #meV

L = 3000%(10%*(-10)) # m

107 N = 2 # Dictaded by N>V_1/hbaromega
n
m

np.arange (-N,N+1) # Sideband indexing

= np.arange (N+1)

110 Bessel = spec.jv(n[:,np.newaxis]-n[np.newaxis,:], V_1/hw) # The bessel function of the first
kind, over all index combinations

111 E_F = np.linspace(4.6, 5.3, 200) # Incoming energy in meV

112 fig, ax = plt.subplots(3,1,sharex=True)

113 fig.subplots_adjust (hspace=0)

114 kys = [0.00095, 0.00096, 0.00097]

115 cols = [’blue’, ’green’, ’red’]
116 for i, ky in enumerate (kys):
117 ky *= 10*x(10)

118 T = [1]
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S_LL = []
for E_0 in E_F:
k, gammal = free(n, E_0, mu, hw, ky)
q, Theta2, Theta3, gamma2, gamma3 = barrier(n, E_O, mu, V_O, hw, ky)
M_c_m, M_c_p, M_r, M_s_m, M_s_p, M_i = Matrices(k, q, ky, L, gammal, gamma2, gamma3,
E_F, m, hw, Bessel, Theta2, Theta3)
s_LL, s_LR, s_RL, s_RR = Matrix(M_c_m, M_c_p, M_r, M_s_m, M_s_p, M_i, k)

T.append(Transmission(s_RL, O, N))

S_11 =0
Emax = E_O
Esteps = 500

E = np.linspace(0.001, Emax, Esteps)
dE = Emax/Esteps
for e in E:

F = altfermi(m, hw, e, E_0)

kE, gammalE = free(n, e, mu, hw, ky)
qE, Theta2E, Theta3E, gamma2E, gamma3E = barrier(mn, e, mu, V_O, hw, ky)

ME_c_m, ME_c_p, ME_r, ME_s_m, ME_s_p, ME_i = Matrices(kE, qE, ky, L, gammalE,
gamma2E, gamma3E, e, m, hw, Bessel, Theta2E, Theta3E)

sE_LL, sE_LR, sE_RL, sE_RR = Matrix(ME_c_m, ME_c_p, ME_r, ME_s_m, ME_s_p, ME_i, kE)
S_11 += shot_noise(N, F, sE_LR, sE_LL)

S_LL.append (S_11*dE)
dS_LL = ddE(S_LL, E_F)

ax [0].plot(E_F, T, ¢ = cols[il)
ax [1] .plot(E_F, S_LL, ¢ = cols[i], label=f’k$_y$={kys[il} 1/ )
ax [2] .plot(E_F[:-1], dS_LL, c = cols[i])

ax [0].set_ylabel (’$T$’)

ax[1] .set_ylabel (’$\mathcal{N}$’)

ax[1].legend ()

ax [2] .set_ylabel (’$d\mathcal{N}/dE_F$’)

ax[2].set_xlabel (’$E_F$ [meV]’)

plt.show ()

5. QBT with tilt

import numpy as np

import scipy.special as spec
import scipy.constants as const
import matplotlib.pyplot as plt

def barrier(m, E_F, mu, V_O, hw, ky, tau, tauy, mev):
E_.m = mev*(E_F+m*hw-V_0)-const.hbar*tauy*ky # Joules
ql = -tau+np.sqrt(tau**2+2*xmu*np.abs(E_m)/const.hbar**x2+0j-ky**2)
q2 = tau+np.sqrt(taux*2+2*mu*np.abs (E_m)/const.hbar**2+0j-ky**2)
Theta_p = np.heaviside(E_m-np.real(tau*const.hbar*ql/mu), 0)
Theta_m = np.heaviside(-E_m+np.real (tau*const.hbar*ql/mu), 0)
qTheta_p = np.heaviside(np.real(ql), 0)
qTheta_m = np.heaviside(-np.real(ql), 0)
return ql, 92, Theta_p, Theta_m, qTheta_p, qTheta_m

def free(n, E_O, mu, hw, ky, tau, tauy, mev):
E_n = mev*(E_O+n*hw)-const.hbar*tauy*ky
k1l = -tau+np.sqrt(tau**2+2*mu*np.abs(E_n)/const.hbar**2+0j-ky**2)
k2 = tau+np.sqrt(taux*2+2*mu*np.abs(E_n)/const.hbar**2+0j-ky**2)
#kTheta_p = np.heaviside(E_n-np.real (tau*const.hbar*kil/mu), 0)
return ki1, k2#, kTheta_p
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varsigmal (ky, 1):
return ky/np.sqrt(np.abs (1) **x2+ky**2)

varsigma2(ky, 1):
return np.abs(l)/np.sqrt(np.abs (1) **2+ky**2)

Matrices(kl, k2, q1, 92, ky, L, m, hw, Bessel, Theta_p, Theta_m, qTheta_p, qTheta_m,
sigmalkl, sigmalk2, sigmalql, sigmalq2, sigma2ql, sigma2q2):
M_c_A_m, M_c_A_p, M_c_B.m, M_c_B_p = M_C(k1, k2, ql, g2, L, Bessel, Theta_p, Theta_m, qTheta_p,
qTheta_m,
sigmalkl, sigmalk2, sigmalql, sigmalq2, sigma2ql,

sigma2q2)
M_r = M_R(k1l, k2, L, sigmalkl, sigmailk2)
M_sa_m, M_sa_p, M_sb_m, M_sb_p = M_S(k1, k2, ql1, g2, ky, L, m, hw, Bessel, Theta_p, Theta_m,
qTheta_p, qTheta_m,

sigmalkl, sigmalk2, sigmalql, sigmalq2, sigma2ql, sigma2q2

)
M_i_ A, M_i B = M_I(k1l, k2, L, sigmalkl, sigmalk2)
return M_c_A_m, M_c_A_p, M_c_B_m, M_c_B_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i_A, M_i_B

M_Ss(k1, k2, ql, 92, ky, L, m, hw, Bessel, Theta_p, Theta_m, qTheta_p,
qTheta_m, sigmalkl, sigmalk2, sigmalql, sigmalq2, sigma2ql, sigma2q2):

M_sa_pl = ((1+ql[np.newaxis,:]/k1[:,np.newaxis])*np.exp(-1j*ql[np.newaxis,:]J*xL/2)
+(sigmalk1[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ql[np.newaxis,:]1/k2[:,np.newaxis
])*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-ql[np.newaxis,:])*L/2)) #Klar

M_sa_p2 = ((1-ky**2/(k1[:,np.newaxis]*q2[np.newaxis,:]))*np.exp(-1j*q2[np.newaxis,:]1*L/2)
+(sigmalki[:,np.newaxis]/sigmalk2[:,np.newaxis]) *(1+ky**2/(k2[:,np.newaxis]*q2[np.
newaxis,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-q2[np.newaxis,:])*L/2))

M_sa_p3 = ((1+ky#**2/(k1[:,np.newaxis]l*ql[np.newaxis,:]))*np.exp(1j*qllnp.newaxis,:]1*L/2)
+(sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis]) *(1-ky**2/(k2[:,np.newaxis]*qll[np.
newaxis ,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]l+ql[np.newaxis ,:]1)*L/2))

M_sa_p = Bessel*(Theta_p[np.newaxis,:]J*qTheta_p[np.newaxis,:]*sigmalql[np.newaxis,:]*M_sa_pl
+Theta_m[np.newaxis ,:]*sigma2q2[np.newaxis ,:]J*M_sa_p2
+Theta_m[np.newaxis,:]*qTheta_m[np.newaxis,:]*sigma2ql [np.newaxis,:]J*M_sa_p3)

# Klar

M_sa_ml = ((1+ql[np.newaxis,:]/k1[:,np.newaxis])*np.exp(-1j*ql[np.newaxis,:]*L/2)
-(sigmalkl[: ,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ql[np.newaxis,:]/k2[:,np.newaxis
1)*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-ql[np.newaxis,:])*L/2))

M_sa_m2 = ((1-ky**2/(k1[:,np.newaxis]*q2[np.newaxis,:]))*np.exp(-1j*q2[np.newaxis,:]J*L/2)
-(sigmalkl[: ,np.newaxis]/sigmalk2[:,np.newaxis])*(1+ky**2/(k2[:,np.newaxis]*q2[np.
newaxis ,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-q2[np.newaxis,:])*L/2))

M_sa_m3 = ((1+ky#**2/(k1[:,np.newaxis]l*ql[np.newaxis,:]))*np.exp(1j*ql[np.newaxis,:]1*L/2)
-(sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ky**2/(k2[:,np.newaxis]*ql[np.
newaxis ,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]+ql[np.newaxis,:])*L/2))

M_sa_m = Bessel*(Theta_p[np.newaxis,:]J*qTheta_p[np.newaxis,:]*sigmalql[np.newaxis,:]*M_sa_ml
+Theta_m[np.newaxis ,:]*sigma2q2[np.newaxis ,:]1*M_sa_m2
+Theta_m[np.newaxis,:]J*qTheta_m[np.newaxis,:]*sigma2ql [np.newaxis,:]*M_sa_m3)

# Klar

M_sb_pl = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis]) *(1+q2[np.newaxis,:]1/k2[:,np.newaxis
1) *np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]+q2[np.newaxis,:])*L/2)
+(1-92[np.newaxis ,:]/k1[:,np.newaxis])*np.exp(1j*q2[np.newaxis,:]1*L/2))

M_sb_p2 = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ql[np.newaxis,:]/k2[:,np.newaxis
])*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-ql[np.newaxis,:])*L/2)
+(1+ql[np.newaxis,:]/k1[:,np.newaxis])*np.exp(-1j*ql[np.newaxis,:]J*L/2))

M_sb_p3 = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ky**2/(k2[:,np.newaxis]*ql[np.
newaxis,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]+ql[np.newaxis,:])*L/2)
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+(1+ky**2/(k1[:,np.newaxis]l*ql[np.newaxis,:]))*np.exp(1j*(qllnp.newaxis,:]1)*L/2))

M_sb_p = Bessel*(Theta_p[np.newaxis,:]*sigmalq2[np.newaxis,:]*M_sb_pl
+Theta_p[np.newaxis,:]J*qTheta_m[np.newaxis,:]J*sigmalql [np.newaxis,:]*M_sb_p2
+Theta_m[np.newaxis ,:]*qTheta_p[np.newaxis ,:]*sigma2qi[:,np.newaxis]*M_sb_p3)

M_sb_ml = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1+q2[np.newaxis,:]1/k2[:,np.newaxis
])*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]+q2[np.newaxis,:])*L/2)
-(1-q2[np.newaxis ,:]1/k1[:,np.newaxis])*np.exp(1j*q2[np.newaxis ,:1*L/2))

M_sb_m2 = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ql[np.newaxis,:]1/k2[:,np.newaxis
1) *np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]-ql[np.newaxis,:])*L/2)
-(1+ql[np.newaxis ,:]/ki[:,np.newaxis])*np.exp(-1j*ql[np.newaxis,:J*xL/2))

M_sb_m3 = ((sigmalkl[:,np.newaxis]/sigmalk2[:,np.newaxis])*(1-ky**2/(k2[:,np.newaxis]*ql[np.
newaxis ,:]))*np.exp(-1j*(k1[:,np.newaxis]-k2[:,np.newaxis]+ql[np.newaxis,:])*L/2)
-(1+ky**2/(k1[: ,np.newaxis]*ql[np.newaxis ,:]))*np.exp(1j*(ql[np.newaxis,:])*L/2))

M_sb_m = Bessel*(Theta_p[np.newaxis,:]*sigmalq2[np.newaxis,:]J*M_sb_ml
+Theta_p[np.newaxis,:]*qTheta_m[np.newaxis,:]*sigmalql [np.newaxis,:]J*M_sb_m2
+Theta_m[np.newaxis,:]*qTheta_p[np.newaxis,:]*sigma2ql[:,np.newaxis]*M_sb_m3)

return M_sa_m, M_sa_p, M_sb_m, M_sb_p

M_R(k1, k2, L, sigma_1kl, sigma_1k2):
return np.diag(2*sigma_1kl*np.exp(-1j*k1*L/2))

M_C(k1, k2, ql, 92, L, Bessel, pTheta, mTheta, gpTheta, gmTheta, sigmalkl, sigmalk2, sigmalql,
sigmalq2, sigma2ql, sigma2q2):
M_c_A_m = Bessel/sigmalk2[:,np.newaxis]*(mTheta[np.newaxis,:]*qpThetal[np.newaxis,:]J*sigma2ql[np
.newaxis ,:]*np.exp(-1j*(k2[:,np.newaxis]-ql[np.newaxis,:])*L/2)

+pTheta [np.newaxis ,:]*(qmTheta [np.newaxis ,:]l*sigmalql [np.newaxis ,:]1*np.exp(-1j*(k2
[:,np.newaxis]+ql[np.newaxis,:])*L/2)

+sigmalq2 [np.newaxis ,:l*np.exp(-1j*(k2[:,np.newaxis]l-q2[np.

newaxis,:])*L/2)))

M_c_A_p = Bessel/sigmalk2[:,np.newaxis]*(pTheta[np.newaxis,:]*qpThetal[np.newaxis,:]J*sigmalql[np
.newaxis ,:]*np.exp(-1j*(k2[:,np.newaxis]+ql[np.newaxis,:])*L/2)
+mTheta [np.newaxis ,:]*(gqmTheta [np.newaxis ,:]*sigma2ql [np.newaxis,:]*np.exp(-1j*(k2
[:,np.newaxis]-ql[np.newaxis,:])*L/2)
+sigma2q2 [np.newaxis ,:]l*np.exp(-1j*(k2[:,np.newaxis]+q2[np.
newaxis,:])*L/2)))

M_c_B_m = Bessel/sigmalkl[:,np.newaxis]*(mTheta[np.newaxis,:]J*qpTheta[np.newaxis,:]*sigma2ql[np
.newaxis ,:]*np.exp(-1j*(k1[:,np.newaxis]+ql[np.newaxis,:])*L/2)
+pTheta[np.newaxis ,:]*(gqmTheta[np.newaxis ,:]*sigmalql [np.newaxis,:]*np.exp(-1j*(kl
[:,np.newaxis]-ql[np.newaxis,:])*L/2)
+sigmalq2 [np.newaxis ,:]l*np.exp(-1j*(k1[:,np.newaxis]+q2[np.
newaxis,:])*L/2)))

M_c_B_p = Bessel/sigmalkl[:,np.newaxis]*(pTheta[np.newaxis,:]l*qpTheta[np.newaxis ,:]J*sigmalql[np
.newaxis ,:]*np.exp(-1j*(ki[:,np.newaxis]-ql[np.newaxis,:])*L/2)
+mTheta [np.newaxis ,:]*(qmTheta [np.newaxis ,:]*sigma2ql [np.newaxis ,:]*np.exp(-1j*(kl
[:,np.newaxis]+ql[np.newaxis,:])*L/2)
+sigma2q2 [np.newaxis,:]*np.exp(-1j*(k1[:,np.newaxis]-q2[np.
newaxis,:])*L/2)))
return M_c_A_m, M_c_A_p, M_c_B_m, M_c_B_p

M_I(k1, k2, L, sigmalkl, sigmailk2):

M_i_A = np.diag(sigmalkl*np.exp(-1j*(k1+k2)*L/2)/sigmalk2)
M_i_B = np.diag(sigmalk2*np.exp(-1j*(k1+k2)*L/2)/sigmalkl)
return M_i_A, M_i_B

Matrix(M_c_A_m, M_c_A_p, M_c_B_.m, M_c_B_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i_A, M_i_B,
k1, k2):

# Produce the inverses
M_sa_p_inv = np.linalg.inv(M_sa_p)
M_sa_m_inv = np.linalg.inv(M_sa_m)



130 M_sb_p_inv = np.linalg.inv(M_sb_p)
131 M_sb_m_inv = np.linalg.inv(M_sb_m)

133 # Combine the inverses accordingly

134 pM_sa = M_sa_p_inv+M_sa_m_inv
135 mM_sa = M_sa_p_inv-M_sa_m_inv
136 pM_sb = M_sb_p_inv+M_sb_m_inv
137 mM_sb = M_sb_p_inv-M_sb_m_inv

139 # Compute the normalizing factor (Re(kn)/Re(km))~-1/2

140 x1 = np.where(np.imag(kl) != 0, 0, k1) [:,np.newaxis]

141 x2 = np.where(np.imag(k2) != 0, 0, k1) [np.newaxis,:]

142

143 norm = np.where(x2 == 0, 0, np.sqrt(x1/x2))

144

145 # Combine other stuff

146 appmm = np.matmul (M_sb_p_inv,M_sa_p)+np.matmul (M_sb_m_inv, M_sa_m)
147 bppmm = np.matmul (M_sa_p_inv ,M_sb_p)+np.matmul (M_sa_m_inv, M_sb_m)

150 # Get the inverses

151 appmm_inv = np.linalg.inv(appmm)
152 bppmm_inv = np.linalg.inv (bppmm)
153

154 # Compute parts of final

156 aA = np.matmul (np.matmul (appmm_inv, pM_sb), M_r)
157 aB = np.matmul (np.matmul (appmm_inv, mM_sb), M_r)
158 bA = np.matmul (np.matmul (bppmm_inv, mM_sa), M_r)
159 bB = np.matmul (np.matmul (bppmm_inv, pM_sa), M_r)

161 # Compute the final reflection and transmission matrices

162 m_AA = norm*(np.matmul (M_c_A_p, aA)+np.matmul(M_c_A_m, aB)-M_i_A) #Reflection from left
163 m_AB = norm*(np.matmul(M_c_A_p, aB)+np.matmul(M_c_A_m, bB)) #Transmission to left

164 m_BA = norm*(np.matmul (M_c_B_p, aA)+np.matmul(M_c_B_m, bA)) #Transmission to right

165 m_BB = norm*(np.matmul(M_c_B_p, aB)+np.matmul(M_c_B_m, bB)-M_i_B) #Reflection from right
166 return m_AA, m_AB, m_BA, m_BB

168 def altfermi(n, hw, E, E_F): # make into a matrix with O and 1 to multiply the entire matrix M_nmp
169 return 0.5*(np.sign(E-E_F+n[:, np.newaxis]*hw)-np.sign(E-E_F+n[np.newaxis, :]*hw))**2

1 def herm(A):
2 return np.transpose(np.conjugate (A))

i def shot_noise(N, F, sE_LR, sE_LL):

175 sELR = sE_LR[N:, N:]

176 sELL = sE_LL[N:, N:]

177

178 M_LLRR = np.matmul (np.matmul (herm(sELR) [:, O][:,np.newaxis],sELR[O, :][np.newaxis,:]),(F*np.
matmul (herm (sELR) ,sELR)))

179 M_LLRL = np.matmul (np.matmul (Cherm(sELR) [:, O][:,np.newaxis],sELL[0O, :][np.newaxis,:]),(F*np.

matmul (herm (sELL) ,sELR)))

180 M_LLLR = np.matmul (np.matmul (herm(sELL) [:, O][:,np.newaxis],sELR[0O, :][np.newaxis,:]),(F*np.
matmul (herm (SELR) ,sELL)))
181 M_LLLL = np.matmul (np.matmul Cherm(sELL)[:, O][:,np.newaxis],sELL[O, :][np.newaxis,:]),(F*np.

matmul (herm (sELL) ,sELL)))

183 M_nmp = M_LLRR+M_LLRL+M_LLLR+M_LLLL

184 return np.trace(M_nmp)

185

186 def Transmission(s_RL, m, N):

187 return np.sum(np.absolute(s_RL[m+N, N:]) *x*2)
188

180 def ddE(A,E_F):

190 return np.diff (A)/np.diff (E_F)

191

192 def main () :

193 V_0 = -10 #meV

194 v_1 1 #meV

195 mev = 1.602%10%*(-22) # mev to joule converter
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mu = 0.001l*const.m_e
hw = 4 #meV
3000 (10**(-10))
= 2
np.arange (-N,N+1)
= np.arange (N+1)
Bessel = spec.jv(n[:,np.newaxis]-n[np.newaxis,:], V_1/hw) # The bessel function of the first
kind, over all index combinations
E_F = np.linspace(11.5, 12, 100) # Incoming energy in meV
figl, axl = plt.subplots(3,1, sharex=True)
figl.subplots_adjust (hspace=0)
kys = [0.00095]#, 0.00096, 0.00097]
colors = [’blue’, ’green’, ’red’]
linestyles = [’-’, >--7, >-.7]
Tauy = np.array([0,1,2]) *10%*4
Taux = [0]#np.array ([0, 100, 1000])
T = [[[[] for z in range(len(Taux))] for y in range(len(Tauy))] for x in range(len(kys))]
R = [[[[] for z in range(len(Taux))] for y in range(len(Tauy))] for x in range(len(kys))]
S_LL = [[[[] for z in range(len(Taux))] for y in range(len(Tauy))] for x in range(len(kys))]
dS_LL = [[[[] for z in range(len(Taux))] for y in range(len(Tauy))] for x in range(len(kys))]
for i, ky in enumerate (kys):

ky *= 10**(10)

for j, tauy in enumerate (Tauy):

for 1, taux in enumerate (Taux):
tau = taux*mu/const.hbar

8B =2
I

for E_O in E_F:

ki, k2 = free(n, E_0, mu, hw, ky, tau, tauy, mev)

ql, 92, Theta_p, Theta_m, qTheta_p, qTheta_m = barrier(n, E_O, mu, V_O, hw, ky,
tau, tauy, mev)

sigma_1k1 = varsigmal (ky, k1)

sigma_1k2 = varsigmal (ky, k2)

sigma_1ql = varsigmal(ky, ql)

sigma_192 = varsigmal (ky, q2)

sigma_2ql = varsigma2(ky, ql)

sigma_2q2 = varsigma2(ky, q2)

(M_c_A_m, M_c_A_p, M_c_B_.m, M_c_B_p, M_r, M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i_A

M_i_B) = Matrices(kl, k2, ql, g2, ky, L, m, hw, Bessel, Theta_p, Theta_m,
qTheta_p,

qTheta_m, sigma_1k1l, sigma_1k2, sigma_1ql, sigma_1q92,

sigma_2ql, sigma_2q2)

M_sa_m, M_sa_p, M_sb_m, M_sb_p, M_i_A, M_i_B,

s_LL, s_LR, s_RL, s_RR = Matrix(M_c_A_m, M_c_A_p, M_c_B_m, M_c_B_p, M_r
k1, k2)

T[il[j1[1].append(Transmission(s_RL, 0, N))
#R[i]J[j][1].append(Transmission(s_LL, O, N))

S_11 = 0
Emax = E_O
Esteps = 300

E = np.linspace (3.5, Emax, Esteps)
dE = Emax/Esteps
for e in E:

F = altfermi(m, hw, e, E_O0)

k1E, k2E = free(n, e, mu, hw, ky, tau, tauy, mev)
qlE, q2E, Theta_pE, Theta_mE, qTheta_pE, qTheta_mE = barrier(n, e, mu, V_O,
hw, ky, tau, tauy, mev)

sigma_1k1E = varsigmal(ky, k1E)

sigma_1k2E = varsigmal(ky, k2E)

sigma_1q1lE = varsigmal (ky, qlE)

sigma_1q2E = varsigmal(ky, q2E)

sigma_2qlE = varsigma2(ky, qlE)

sigma_2q2E = varsigma2(ky, q2E)
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(M_c_A_mE, M_c_A_pE, M_c_B_mE, M_c_B_pE, M_rE, M_sa_mE, M_sa_pE, M_sb_mE,

M_sb_pE, M_i_AE,
M_i_BE) = Matrices(k1E, k2E, qlE, q2E, ky, L, m, hw
Theta_mE, qTheta_pE,
qTheta_mE, sigma_1k1E, sigma_1k2E
sigma_1q2E, sigma_2qlE, sigma_2q2E)

, Bessel, Theta_pE,

, sigma_1qlE,

sE_LL, sE_LR, sE_RL, sE_RR = Matrix(M_c_A_mE, M_c_A_pE, M_c_B_mE, M_c_B_pE,

M_rE,
M_sa_mE, M_sa_pE, M_
M_i_BE, k1E, k2E)
S_11 += shot_noise(N, F, sE_LR, sE_LL)

S_LL[i][j1[1].append(S_11*dE)
dS_LL[i]J[j1[1] = d44E(S_LL[il[j]1[1], E_F)
ax1 [0] .plot(E_F, T[il[jl[1], color = colors[l], linestyle =
#ax1[0].plot(E_F, R[i]1[j]1[1], color = colors[l], linestyle =

sb_mE, M_sb_pE, M_i_AE,

linestyles[i])
linestyles [i+1])

ax1[1].plot(E_F, S_LL[il[jI1[1], ¢ = colors[1l], label=fr’$\tau_y=${tauyl} m/s’)

ax1[0].set_ylabel (’$T$’)
ax1[1].set_ylabel (’$\mathcal{N}$’)
ax1[2].set_ylabel (’$d\mathcal{N}/dE_F$’)
ax1[1].legend ()
ax1[2].set_xlabel (’$E_F$ [meV]’)
plt.show ()

main ()



