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Abstract
Exceptional points (EPs) are spectral degeneracies of non-Hermitian (NH) systems where
eigenvalues and eigenvectors coalesce, inducing unique topological phases that have no
counterpart in the Hermitian realm. Here we consider an NH system by coupling a
two-dimensional semiconductor with Rashba spin–orbit coupling (SOC) to a ferromagnet lead
and show the emergence of highly tunable EPs along rings in momentum space. Interestingly,
these exceptional degeneracies are the endpoints of lines formed by the eigenvalue coalescence
at finite real energy, resembling the bulk Fermi arcs commonly defined at zero real energy. We
then show that an in-plane Zeeman field provides a way to control these exceptional
degeneracies although higher values of non-Hermiticity are required in contrast to the zero
Zeeman field regime. Furthermore, we find that the spin projections also coalescence at the
exceptional degeneracies and can acquire larger values than in the Hermitian regime. Finally, we
demonstrate that the exceptional degeneracies induce large spectral weights, which can be used
as a signature for their detection. Our results thus reveal the potential of systems with Rashba
SOC for realizing NH bulk phenomena.

Keywords: non-Hermitian semiconductor, open semiconductor, material junction,
Rashba spin–orbit coupling, exceptional points

(Some figures may appear in colour only in the online journal)

1. Introduction

The effect of dissipation, often seen as detrimental, has
recently attracted a paramount attention in physics due its
potential to induce novel phenomena with technological
applications [1–7]. Dissipation naturally occurs in open sys-
tems and is effectively described by non-Hermitian (NH)
Hamiltonians [8–10]. The most salient property of these
NH models is the emergence of a complex spectrum with

Original Content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

degeneracies known as exceptional points (EPs) [11–21],
where eigenstates and eigenvalues coalesce, in stark contrast
to Hermitian systems.While EPs were initially seen as a math-
ematical curiosity, it has been recently shown that they repres-
ent truly topological objects enabling topological phases with
no counterpart in Hermitian setups [3, 4, 7].

The concept of EPs and their topological properties have
recently been generalized to higher dimensions, giving rise to
exceptional degeneracies in the form of lines, rings, and sur-
faces as generic and stable bulk phenomena. These exceptional
degeneracies have already proven crucial to enable unique
topological effects [3, 4], such as enhanced sensing [22, 23],
unidirectional lasing [24, 25], and bulk Fermi arcs [26–38],
which do not have a Hermitian analog. Despite the numerous
theoretical and experimental studies, however, the majority
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of them has investigated exceptional degeneracies mostly in
optical and photonic systems [1, 2, 5, 6].

Material junctions have been shown to offer another power-
ful and experimentally relevant platform for the realization
of exceptional degeneracies [39–47]. Material junctions con-
stitute electronic open systems with a clear NH description
that is well-established in quantum transport [48]. In this
regard, open semiconductor-superconductor junctions have
been shown to host several classes of exceptional degeneracies
[41, 42, 47], which characterize distinct NH topological phases
without analog in the Hermitian regime. Notwithstanding the
importance of this study, it only focused on the impact of non-
Hermiticity on the superconducting properties, such as on its
particle-hole symmetry and energy gap, leaving largely unex-
plored the role of non-Hermiticity on the semiconductor. Of
particular importance in such semiconductors is their intrinsic
Rashba spin–orbit coupling (SOC) [49–51], which arises due
to the lack of structural inversion symmetry and induces a spin-
momentum locking [52, 53]. This property of the Rashba SOC
has been shown to enable a great control of the electron’s spin,
a crucial ingredient for several spintronics and topological
phenomena [54], already proven useful in recent experiments
[53–58]. However, despite the advances, the interplay between
Rashba SOC and non-Hermiticity still remains unknown, spe-
cially the potential of this combination for inducing excep-
tional degeneracies.

In this work we consider a realistic NH Rashba semicon-
ductor and discover the formation of stable and highly tun-
able bulk exceptional degeneracies. In particular, we engineer
an NH Rashba system by coupling a two-dimensional (2D)
semiconductor with Rashba SOC to a semi-infinite ferromag-
net lead, an easily achievable heterostructure using e.g. InAs
or InSb semiconductors [53–58], see also [59]. We discover
that EPs appear along rings in 2D momentum space and mark
the ends of lines formed by the coalescence of eigenvalues
at finite real energy. The emergence of eigenvalues at the
same real energy resembles the formation of bulk Fermi arcs,
which, although initially conceived at zero real energy, have
recently been generalized to finite real energies [60]. We also
show that the exceptional degeneracies found here can be con-
trolled by an in-plane Zeeman field but then higher values
of non-Hermiticity are required. Furthermore, we find that
the spin projections coalesce at the exceptional degeneracies
and can even develop larger values than in the Hermitian
phase due to non-Hermiticity. Finally, we find that the excep-
tional degeneracies induce large spectral features, which can
be detected, e.g. using angle-resolved photoemission spectro-
scopy (ARPES).

2. NH effective model

We consider an open system by coupling a 2D semiconductor
with Rashba SOC to a semi-infinite ferromagnet lead, as
schematically shown in figure 1. This open system is modeled
by the following effective NH Hamiltonian

Figure 1. Schematics of studied non-Hermitian Rashba system: a
2D Rashba semiconductor (orange) is coupled to a semi-infinite
ferromagnet lead (gray). A Zeeman field along x is applied (brown)
in order to control the emergent non-Hermitian degeneracies.

Heff = HR +Σr(ω = 0) , (1)

whereHR describes the closed system,which is Hermitian, and
Σr(ω = 0) is the zero-frequency retarded self-energy due to
the coupling to the semi-infinite ferromagnet lead. More spe-
cifically, the closed system corresponds to a 2D Rashba semi-
conductor described by

HR = ξk+α(kyσx− kxσy) , (2)

where ξk = ℏ2(k2x + k2y)/2m−µ is the kinetic energy, kx(y) the
momentum along x(y), µ is the chemical potential, α is the
Rashba SOC strength, and σj the jth Pauli matrix in spin
space, and without loss of generality we assume ℏ= m= 1.
The HamiltonianHR in equation (2) describes well the Rashba
SOC in 2D semiconductors, such as in InAs or InSb, which are
also within experimental reach [53–59]. As an external control
knob, we also consider that the closed system is subjected to an
applied magnetic field along x which produces a Zeeman field
B, denoted by the brown arrow in figure 1. The effect of this
Zeeman field is modeled by adding Bσx to HR in equation (2)
which induces a renormalization to the SOC term αkyσx.

The zero-frequency self-energy Σr(ω = 0) in equation (1),
whose independence of frequency ω is well justified in the
wide-band limit [48], is analytically obtained and given by
[45, 46]

Σr(ω = 0) =−iΓσ0 − iγσz , (3)

where Γ = (Γ↑ +Γ↓)/2 and γ = (Γ↑ −Γ↓)/2, with Γσ =
π|t ′|2ρσL , being t′ the hopping amplitude into the lead from
the 2D Rashba semiconductor and ρσL the surface density of
states of the lead for spin σ =↑,↓. It is thus evident that Γσ

characterizes the coupling amplitude between the lead and the
2DRashba semiconductor. For completeness, the derivation of
the self-energy given by equation (3) is presented in appendix.

The self-energy in equation (3) is imaginary and thus NH, a
unique effect emerging due to the coupling to the semi-infinite
ferromagnet lead. Thus, the imaginary self-energy renders the
total effective Hamiltonian Heff to be NH, introducing dra-
matic changes in the properties of the closed systemHR, which
is the focus of this work here. In particular, we are inter-
ested in investigating the interplay between non-Hermiticity
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and Rashba SOC in 2D semiconductors and how it leads to
the formation of bulk exceptional degeneracies.

3. Exceptional degeneracies

To identify the emergence of bulk exceptional degeneracies,
we obtain the eigenvalues and eigenvectors of the effective
Hamiltonian Heff given by equation (1). At zero Zeeman field
B= 0, they are given by

E± = ξk− iΓ±
√
α2|k|2 − γ2 , (4)

Ψ± =
1√
2

(
1

iγ±
√

α2|k|2−γ2

α(ky+ikx)

)
, (5)

where |k|2 = k2x + k2y and± labels the two distinct bands which
have a mixture of ↑ and ↓ spins. At finite Zeeman fields B,
the eigenvalues and eigenvectors can be obtained by replacing
αky → B+αky in equations (4) and (5). An immediate obser-
vation in the energies and wavefunctions is their dependence
on the couplings Γ↑,↓ via γ and Γ, already revealing a clear
impact of the NH self energy given by equation (3). This can
be visualized in figure 2, where we plot the eigenvalues and
eigenvectors as a function of momenta kx and ky at zero Zee-
man field. At Γ↑,↓ = 0, the system described by equation (1)
is Hermitian and its two eigenvalues in equation (4) are real:
they correspond to two parabolas shifted by±ksoc =±mα/ℏ2
that intersect at kx,y = 0, see gray curves in figure 2(a). Here,
their respective eigenvectors are orthogonal as expected for
Hermitian systems, see equation (5). While this Rashba sys-
tem is gapless at zero momenta, finite values of ky opens a
gap at kx = 0 even at zero Zeeman field. A finite in-plane Zee-
man field opens a gap at kx,y = 0, also known as helical gap,
where states are counter propagating and have distinct spins
[59, 61–63].

At any Γ↑,↓ ̸= 0, the two eigenvalues E± acquire finite
imaginary parts that strongly depend on momenta, see
equation (4). The formation of eigenvalues with imaginary
terms signals the emergence of NH physics as a pure effect
due to the ferromagnet lead [45–47]. The inverse of these ima-
ginary parts define the quasiparticle lifetime in the 2D Rashba
semiconductor, thus offering a clear physical meaning of non-
Hermiticity [48]. From the dependence of the eigenvalues on
γ in equation (4), we note that their imaginary parts exhibit
a non trivial behavior. In fact, at γ= 0, which is satisfied
when Γ↑ = Γ↓, the two eigenvalues acquire the same imagin-
ary part equal to −iΓ. This situation remains for γ ̸= 0 only
when |γ|< α|k|. At these conditions, therefore, quasiparticles
in the Rashba semiconductor have the same and constant life-
time.

The behavior of the eigenvalues becomes more interesting
when γ ̸= 0 and |γ|> α|k|, which then allows the two eigen-
values to acquire distinct imaginary parts. This is visualized in
figure 2(a) where we plot the real and imaginary parts of the

Figure 2. Exceptional degeneracies in 2D Rashba semiconductors
at zero Zeeman field: (a) Real (Re) and imaginary (Im) parts of the
eigenvalues as a function of kx depicted in solid blue and dashed red
curves at ky = 0. Green curve represents the absolute value of the
overlap between the two wavefunctions ψ+− = ⟨ψ+|ψ−⟩. Gray
curves show eigenvalues without non-Hermiticity, Γ↑/↓ = 0.
(b), (d) Real and imaginary parts of the energy differences
∆E= (E+ −E−) as a function of kx and ky. (c) represents ψ+− as
a function of kx and ky. Parameters: α= 1, Γ↑ = 3, Γ↓ = 0, µ= 1,
B= 0.

eigenvalues at zero Zeeman field and at ky = 0, see solid blue
and dashed red curves. Surprisingly, we observe that both the
real and imaginary parts simultaneously merge at finite energy
into a single value at special positive and negative momenta.
The regime with γ ̸= 0 and |γ|> α|k| not only affects the
eigenvalues but also the eigenvectors, which can be noticed
by inspecting their inner product or overlapψ+− = ⟨ψ+||ψ−⟩,
ψ± is given by equation (5). This overlap is depicted by the
green curve in figure 2(a), where we see that it reaches 1 at
the special momenta, a situation that can only occur if the
eigenvectors are parallel. Although unusual, the behavior of
eigenvectors and eigenvalues seen in figure 2(a) is common
in NH Hermitian systems. In particular, the spectral degen-
eracies occurring at the special momenta discussed here sig-
nal the emergence of EPs, whose formation can be understood
by noting that they occur when the square root in equation (4)
vanishes. At zero Zeeman field, the condition for the formation
of EPs is given by

α2(k2x + k2y)− γ2 = 0 , (6)

while at finite Zeeman field we have to change αky → B+
αky. At this EP condition, the eigenvalues and eigenvectors
become,

EEP
± = ξk− iΓ ,

ΨEP
± =

1√
2

(
1
iγ

α(ky+ikx)

)
, (7)
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where the values of momenta satisfy the condition given
by equation (6). Hence, the two eigenvalues (eigenvectors)
coalesce at EPs: instead of having two eigenvalues (eigen-
vectors), only one eigenvalue (eigenvector) remains at EPs,
see figure 2(a). For ky = 0, the EP occur at positive and neg-
ative momenta given by ±kEPx =±(γ/α)2 at B= 0, marking
the ends of the cyan region in figure 2(a). Between these two
EP points, the eigenvalues have the same real part determ-
ined by the quadratic dispersion ξk and different imaginary
parts determined by −iΓ± i

√
γ2 −α2|k|2, see cyan region in

figure 2(a). In relation to the eigenvectors, the fact that both
merge into a single eigenvector implies that they are parallel, a
situation that has no analog in the Hermitian regime but expec-
ted at EPs of NH systems [3]. This effect can be also seen in
the inner product (or overlap) between the two eigenvectors
⟨ψ+||ψ−⟩ in equation (5), where it reaches 1 at the EPs, see
green curve in figure 2(a). We remark that for EPs to emerge it
is crucial to have eigenvalues with different imaginary parts,
which is only achieved when Γ↑ ̸= Γ↓, thus pointing out the
necessity of a ferromagnet lead for the NH features discussed
in figure 2(a). In passing, we note that having bulk energy lines
due to eigenvalues with the same real part resembles the form-
ation of bulk Fermi arcs [26–36], although here they occur at
finite real energy in contrast to the common expectation at zero
real energy. In this regard, very recently, the definition of bulk
Fermi arcs has been generalized to any two eigenvalues with
the same real energy [60], suggesting that the bulk energy lines
found here might be an example of bulk Fermi arcs. However,
the detail properties of this NH bulk effect require a throughout
investigation which will be addressed elsewhere.

Furthermore, another property of the EPs determined by
the condition in equation (6) is that they occur along a ring
defined by α2(k2x + k2y) = γ2 at B= 0 or by α2k2x +(αky+
B)2 = γ2 at B ̸= 0. To support this idea, in figures 2(b) and
(d) we plot the difference between real and imaginary parts of
the eigenvalues, namely, Re∆E= Re(E+ −E−) and Im∆E=
Im(E+ −E−), as a function of kx and ky. In this case, the
blue regions indicate Re∆E= 0 and Im∆E= 0, with their
borders marking the occurrence of rings. To highlight these
rings, in figures 2(b) and (d) we also plot the condition given
by equation (6) in dashed cyan color. The nature of these rings
can be also seen in figure 2(c), where we plot the eigenvector
overlap, which acquires 1 exactly along them which implies
that the eigenvectors here become parallel as at the EPs dis-
cussed previously. This thus demonstrates that the rings seen
in figure 2 truly represent bulk exceptional degeneracies of NH
2D Rashba semiconductors and can be referred to as excep-
tional rings.

To induce the formation of the exceptional degeneracies,
or exceptional rings, it is sufficient the interplay between non-
Hermiticity and SOC, as clearly seen in equation (6). While
this conclusion is already evident in figure 2, to further support
it, in figure 3(a) we present Re∆E as a function of the SOC
strength α and coupling Γ↑ at finite momenta and zero Zee-
man field. We obtain that the region with Re∆E= 0 increases
following a triangular-shaped profile depicted in blue, which
is delimited by±

√
γ2/|k|2 indicated by cyan dashed lines. At

Figure 3. Tunability of exceptional degeneracies in 2D
semiconductors with Rashba SOC: (a), (b) Real part of the energy
difference∆E= (E+ −E−) as a function of α and Γ↑ at B= 0 and
B= 1. (c), (d) Same quantity as in (a), (b) but as a function of B and
Γ↑ at α= 1 (c), and as a function of α and kx at B= 0 (d).
Parameters: Γ↓ = 0, µ= 1.

fixed momenta, the SOC drives the formation of EPs, requir-
ing lower SOC when non-Hermiticity is small. By fixing only
one momentum coordinate, it is also possible to induce EPs, as
seen in figure 3(d). Furthermore, another possibility to control
the appearance of EPs is by an in-plane Zeeman field along x
as considered in figure 1. Thus, in figure 3(b) we show Re∆E
as a function of α and Γ↑ at finite B, while in figure 3(c) we
show Re∆E as a function of B and Γ↑. In this case, we identify
two relevant features. First, at finite SOC and finite momenta,
the non-Hermiticity needed to induce EPs needs to overcome
the effect of the Zeeman field B, thus requiring larger non-
Hermiticity than in the absence of B (figure 3(b)). Second, at
all fixed parameters, the Zeeman field drives the emergence of
EPs (figure 3(b)); the EPs here are marked by the cyan curves
which correspond to −αky±

√
γ2 +α2k2x . In sum, the bulk

exceptional degeneracies found in 2D Rashba semiconduct-
ors exhibit a high degree of tunability by SOC, momenta, and
Zeeman field, which could be relevant for their realization and
subsequent observation.

4. Spin projections

Having established the emergence of exceptional degeneracies
in the bulk of 2D Rashba semiconductors, now we turn our
attention to how the spins here behave under non-Hermiticity.
This is motivated by the fact that it is the spin an important
quantity for several phenomena in semiconductors, useful for
spintronics and topological phenomena. In particular, in this
part we focus on the spin expectation values, which here will
be referred to as spin projections and are obtained by

Sηj =Ψ†
ησjΨη (8)
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where Ψ†
η is given by equation (5) with η =± and σj the

jth spin Pauli matrix. Thus, Sηj represents the spin projection
along j axis associated to η =±. By plugging equation (5) into
equation (8), we obtain

S±x =
1

2α|k|2

[
kxγ± ky

√
α2|k|2 − γ2

]
,

S±y =
1

2α|k|2

[
kyγ∓ kx

√
α2|k|2 − γ2

]
, (9)

for the spin projections along x and y, respectively, while S±z =
0 along z. Note that here |k|2 = k2x + k2y and γ = (Γ↑ −Γ↓)/2
characterizes the amount of non-Hermiticity due to the ferro-
magnet lead, see equations (1) and (3). As before, the effect
of the Zeeman field along x considered in figure 1 can be
included by replacing αky → B+αky. The expressions given
by equation (9) are relatively simple and permit us to identify
the impact of non-Hermiticity on the spin projections by naked
eye. In the Hermitian regime, when γ= 0, the spin projec-
tions reduce to S±x =±ky/|k| and S±y =∓kx/|k|, as expected
[52, 53]. Note that S+y(x) and S

−
y(x) change their sign when kx(y)

varies from negative to positive values passing through kx(y) =
0, see gray and pink curves in figure 4(a) showing the behavior
of S+y . The sign of S±y(x) remains, however, upon variations of
ky(x), as depicted in gray and pink curves in figure 4(c).

For finite non-Hermiticity, characterized by γ ̸= 0, the
behavior of the spin projections S±x(y) is highly unusual. A
finite γ generates a linear in momentum term proportional
to kx(y)γ for Sx(y) and renormalizes the Hermitian component

with
√
α2|k|2 − γ2, see first and second terms in equation (9).

Both terms reveal a unique effect of non-Hermiticity. The first
part of S±x(y), proportional to kx(y)γ, is always real and appears
along the same direction of the spin projection, in contrast to
the Hermitian contribution where S±x(y) is only finite along y(x).

The second part of S±x(y) is real for |α||k|> |γ|, which then adds
up to the first part, but becomes imaginary for |α||k|< |γ|.
Thus, the appearance of an imaginary part in the spin projec-
tions for |α||k|< |γ| can be interpreted as a signal of their life-
time, which becomes highly anisotropic in momentum space.
At α2|k|2 − γ2 = 0, the second term in equation (9) vanish and
the spin projections S±j coalesce, namely, they merge into a
single value that is given by

S±,EP
x(y) =

kx(y)
2|k|2

. (10)

Interestingly, the condition α2|k|2 − γ2 = 0, which leads to
this spin projection coalescence, is the same condition that
determines the formation of exceptional degeneracies dis-
cussed in previous section, see equation (6). Thus, the coales-
cence effect of S±j can be seen as unique NH effect without
analog in Hermitian systems. We also note that along the lines
connecting these exceptional degeneracies, which correspond
to energy lines that resemble bulk Fermi arcs, the spin pro-
jections acquire a finite imaginary part with a natural physical
interpretation as discussed in previous paragraph.

Figure 4. Spin projection along y, S±y : (a), (b) Real (Re) and
imaginary (Im) parts of the spin projection, Re[S±y ] and Im[S±y ], as a
function of kx for distinct values of ky at B= 0 where solid (dashed)
curves correspond to the spin projections obtained with ψ+ (ψ−).
Also, light gray (brown) curves showing a sharp (smooth) transition
across kx = 0 correspond to Γ↑,↓ = 0 and ky = 0 (ky = 0.5).
(c), (d) Same as (a), (b) but now as a function of ky at distinct values
of kx. (e), (f) Real and imaginary parts of the spin-projection
differences∆Sy = S−y − S+y as a function of B and γ at finite
momenta kx,y = 0.5. The dashed cyan lines indicate the regimes
where exceptional points occur, which then mark the ends of
Re∆Sy = 0 (uniform blue region). Parameters: Γ↑ = 3, α= 1,
Γ↓ = 0, µ= 1.

In order to gain visual understanding of the spin projec-
tion coalescence, in figure 4 we plot the real and imaginary
parts of S±y as a function of momenta (a–d) and in the B− γ
plane (e,f). At ky = 0, the real part of the spin projections S±y
vanishes along a line of kx and the ends of such line mark
the EP momenta obtained from equation (6) and given by
|kEPx |= |γ|/|α|, see solid and dashed blue curves in figure 4(a);
see also equations (9) and (10). The imaginary part of S±y
undergoes a coalescence effect as well at the EP momenta
±kEPx but acquires large values between them and vanish at
kx = 0 (figure 4(b)). For ky > 0, the coalescence effect persists,
with smaller imaginary parts, but the real part does not vanish
anymore and, instead, develops a maximum at kx = 0 favor-
ing a large positive spin projection along y, see equations (9)
and (10). For ky < 0, the spin projection S±y has instead a
minimum at kx = 0, favoring a large negative spin projection
along y. The coalescence of spin projections is also observed
in figures 4(c) and (d), where we plot the real and imaginary
parts of S±y as a function of ky at fixed values of kx. At kx = 0,
no EP transition is observed in S±y because the square root term
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that gives rise to EPs is multiplied by zero and hence vanishes,
see blue curves in figures 4(c) and (d) and also equation (9).
However, for finite kx, the spin projections develop a clear EP
transition, revealing that their coalescence is a highly tunable
NH bulk effect.

The spin projection coalescence discussed above requires
finite momenta, Rashba SOC, and non-Hermiticity, a combin-
ation of ingredients inherent to NH Rashba semiconductors.
Furthermore, it is also possible to tune and control the spin pro-
jections by an in-plane Zeeman fieldB, e.g. along x as sketched
in figure 1, see also discussions below equations (2) and (9). To
support this idea, in figures 4(e) and (f) we present the Re and
the Im parts of the difference between spin projection along
y, Re∆Sy = Re(S−y − S+y) and Im∆Sy = Im(S−y − S+y), at fixed
kx,y as a function of B and γ. Here, the blue regions indicate
Re∆Sy = 0 and Im∆Sy = 0 and their borders show the excep-
tional degeneracies, indicated in cyan dashed curves. At fixed
non-Hermiticity (γ), the Zeeman field B induces the coales-
cence of spin projections S±y at EPs, which requires small
(large) B for weak (strong) non-Hermiticity. Therefore, Zee-
man fields offer another possibility for tuning and controlling
the spin-projection coalescence at exceptional degeneracies in
2D Rashba semiconductors.

5. Spectral signatures

In this part we explore the spectral function as a potential
way for detecting EPs in NH Rashba semiconductors, which
can be measured by tools such as ARPES [64–69]. The spec-
tral function can be obtained as A(k,ω) =−Im Tr(Gr−Ga),
where Gr = (ω−Heff)

−1 and Ga = (Gr)† are the retarded and
advanced Green’s functions, respectively [70, 71]. The expres-
sions for Gr(a) are not complicated, which allows us to write
down the spectral function as

A(ω,k) =−2Im

[
1

ω−E−(k)
+

1
ω−E+(k)

]
, (11)

where E±(k) are given by equation (4). Although this expres-
sion already reveals the behavior of the spectral function in our
system, it is useful to write it as

A(ω,k) =−2Im
∑
i=±

[
ω−ReEi
D(ω,Ei)

− i
ImEi

D(ω,Ei)

]
, (12)

with D(ω,Ei) = (ω−ReEi)2 +(ImEi)2. Now, we clearly see
that the spectral function in our system is a sum of two Lorent-
zians centered at ω = ReE± with their height and width char-
acterized by ImE±. It is thus evident in equation (12) that,
at the EPs and at momenta between them where eigenvalues
merge, instead of two Lorentzian resonances we only have
one.

The behavior of the spectral function can be further visual-
ized in figure 5(a), where we plot A as a function of ω and kx
at ky = 0, B= 0.5; the real and imaginary parts of the eigen-
values are shown in dashed blue and dashed red curves. We
also plot line cuts in figure 5(b) for distinct k-values span-
ning the momenta at which EP occur (yellow curves), and

Figure 5. (a) Spectral function A(ω,k) as a function of ω and
momentum kx. Here, also the real and imaginary parts of the
eigenvalues are shown in dashed blue and dashed red curves,
respectively. (b) Line cuts of A with EPs (yellow), region between
EPs (red), and region beyond (light blue). Parameters: Γ↑ = 3,
ky = 0, α= 1, Γ↓ = 0, µ= 1, B= 0.5.

momenta between EPs (red curves). The immediate obser-
vation is that A develops high intensity regions for a line of
momenta bounded by the EPmomenta, revealing both the pos-
ition of EPs and the formation of the finite real energy Fermi
arcs. At the EPs, marked by yellow lines in figure 5(b), the
spectral function undergoes a transition along k from hav-
ing two resonances to having a single resonance centered at
ReE1,2 ≡ ξk, see also equation (12). For momenta between the
EPs, the real parts stick together ReE1,2 ≡ ξk and a single res-
onance remains all over these momenta, see red curves. Inter-
estingly, the resonances between the EPs acquire very large
values which could be also useful for identifying the bulk
Fermi arc at real energies found here. Before ending this part,
we would like to mention that the length of the high intensity
region seen in figure 5(a) along k, which is the length of the
arc, not only permits to estimate the EP momenta but it also
allows to identify the amount of non-Hermiticity γ accord-
ing to equation (6). Alternatively, this feature could provide
a way to assess the strength of SOC α, provided γ is known as
dictated by equation (6). In sum, the spectral function reveals
unique features of EPs and offers a powerful route for their
detection.

6. Conclusions

We have demonstrated that the interplay between non-
Hermiticity and Rashba SOC in semiconductors gives rise to
the emergence of stable and highly tunable bulk exceptional
degeneracies. We have found that these degeneracies form
rings in two-dimensional momentum space and signal the ends
of lines forming due to the coalescence of eigenvalues at finite
real energy. Interestingly, the lines at finite real energies have
the appearance of bulk Fermi arcs but now at finite energies,
suggesting new possibilities for NH bulk phenomena [60],
whose detail properties, however, deserve a proper investig-
ation and will be addressed in a future study. We have also
shown that the exceptional degeneracies and bulk Fermi arcs
can be controlled by an in-plane Zeeman field, albeit larger
non-Hermiticity values are then needed. Furthermore, we have
discovered that the spin projections coalesce at the exceptional
degeneracies and can easily achieve higher values than in the
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Hermitian regime. We also demonstrate that the exceptional
degeneracies induce large spectral features along momenta
connecting them, unique features that can be directly detec-
ted by ARPES. Taken together, the results presented here put
semiconductors with Rashba SOC as an interesting arena for
the realization of highly tunable NH bulk phenomena.

We also note that there is reasonable evidence suggesting
that the system studied here as well as the main findings are
within experimental reach. In fact, very similar systems as
studied here have already been fabricated, including semicon-
ductors with SOC made of InAs [72–77] or InSb [78–82] and
ferromagnets producing sizeable Zeeman fields [83–89]. The
coupling between ferromagnet and semiconductor, here char-
acterized by Γσ, can be controlled by an appropriate manipu-
lation of both the spin-dependent density of states in the lead
and the tunneling between lead and semiconductor. While the
Zeeman field of the ferromagnet enables a distinct density of
states for different spins, thus producing different couplings
Γσ, the overall strength of such couplings can be tuned by
inserting a normal potential barrier of finite thickness between
the semiconductor and ferromagnet lead, e.g. by using a few
nm thick InGaAs layer [73]. We have estimated that, using
µL = 1meV, tz = 2meV, a ferromagnet with a Zeeman field of
the order of 3meV would be necessary to achieve the condi-
tions of distinct couplings of Γ↑ = 0.4meV and Γ↓ = 0, thus
giving γ= 0.2meV. Under these conditions and considering
ky = 0 and α= 20meVnm, which is in the range of the SOC
in InAs and InSb, we obtain that the EP conditions are satis-
fied for kx ≈ 0.7 nm−1 or k−1

x = 150 nm, which is clearly in
the range of reasonable length scales in these systems, such
as the length scale related to SOC [55]. We can thus conclude
that, despite the possible challenges, there already exist experi-
ments suggesting that the NH semiconductor and the EPs stud-
ied here represent a feasible idea.
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Appendix. Derivation of the self-energy

In this part we show how the retarded self-energy Σr given by
equation (3) is derived. At this point, we remind that our open
system is modeled by an effective Hamiltonian Heff given by
equation (1) that contains the Hamiltonian HR of an isolated

2D semiconductor and a self-energy due to its coupling to a
semi-infinite ferromagnetic lead, modeled by the Hamiltonian
HL. Thus, the open system we study consists of a 2D junction
along z: the closed system HR corresponds to a 2D semicon-
ductor, which can be seen of as having one site along z, while
the ferromagnetic lead is semi-infinite along z for negative z,
see figure 1.

As already pointed out in section 2, the self-energy Σr

depends on frequency under general circumstances and can be
obtained as Σr(ω) = V†grL(ω)V, where g

r
L(ω) = (ω−HL)

−1

is the retarded Green’s function of the semi-infinite lead and
V is the hopping matrix between the system and the lead.
Because V is only finite between the nearest neighbor sites
of the ferromagnet lead and the Rashba semiconductor, it is
possible to project the self-energy onto HR, which reads

Σr
1R1R(ω) = ⟨1R|V†|1L⟩⟨1L|grL(ω)|1L⟩⟨1L|V|1R⟩ , (A.1)

where 1L denotes the first site of the lead, closest to the
semiconductor, while 1R denotes the only site in the Rashba
semiconductor along the z-direction. We also set ⟨1L|V|1R⟩ ≡
V1L1R =−t ′σ0, where t′ is the hopping amplitude between
sites 1L in the lead and site 1R in the semiconductor. It is
interesting to notice that equation (A.1) implies that it is only
required the Green’s function of the lead at site 1L, which is
the surface lead Green’s function.

To find the surface lead Green’s function, it is important to
remark that as a result of the lead being semi-infinite along the
negative z-direction, it contains an infinite number of sites in
this direction, with the Hamiltonian for each site (iL) given
by the on-site terms as [HL]iLiL = ξLk σ0 +BLσz, where ξLk =
ℏ2k2/2m−µL is the kinetic term in the lead, with k= (kx,ky),
and chemical potential µL. Also, BL is the Zeeman energy,
which appears because the lead is ferromagnetic, but it might
be also due to an external magnetic field. Thus, to find the
lead Green’s function, it is important to take into account that
HL is an infinite matrix. Then, by using a recursive approach
[61], we find ⟨1L|grL(ω)|1L⟩= diag(gr↑↑,g

r
↓↓), with the diag-

onal entries given by

grσσ(ω) =
1
|tz|

ω− ϵσ
2|tz|

− i

√
1 −

(
ω− ϵσ
2|tz|

)2
 . (A.2)

for |(ω− ϵ
e(h)
σ )/2|tz||< 1. Here, ϵσ = ξLk +σBL. We can then

write the self-energy in spin space as

Σr
1R1R =

(
t ′2gr↑↑ 0
0 t ′2gr↓↓

)
, (A.3)

which involves real and imaginary terms due to the imaginary
part of the lead Green’s function. While under general circum-
stances, both real and imaginary parts impact the Hamiltonian
of the 2D Rashba semiconductor HR, only the imaginary term
gives rise to NH physics.

Here, we are here interested in the effect of the NH part of
the self-energy and for this purpose we it is useful to carry out
some approximations. First, we consider |(ω− ϵ

e(h)
σ )/(2tz)| ≪

|(µL −σB)/(2tz)|< 1, which can be seen to be a sort of wide
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band limit widely used in quantum transport [48, 90] that
permits us to neglect the dependence on both frequency and
momentum in the lead Green’s function grL. Notice that we
still assume values of B and µL to be large enough such that grL
develops different imaginary terms for different spins. Second,
we neglect the real part of the self-energy as it only intro-
duces shifts into the semiconductor Hamiltonian HR: we only
keep the imaginary term of the self-energy because it renders
NH the effective Hamiltonian Heff of the total system. The
possible energy shifts due to the real part of the self-energy
can be incorporated by an appropriate renormalization of the
semiconductor Hamiltonian by spanning over relevant para-
meter regimes. We can thus safely neglect the frequency and
momentum dependence of the self-energy and also its real
part, enabling us to only focus on the imaginary component
for inducing NH physics and EPs. Hence, we can approxim-
ate the self-energy Σr

1R1R in equation (A.3) as

Σr(ω = 0) =−iΓσ0 − iγσz , (A.4)

where Γ = (Γ↑ +Γ↓)/2 and γ = (Γ↑ −Γ↓)/2. Here we

have defined Γσ = π|t ′|2ρσL , where ρ
↑(↓)
L = [1/(tzπ)]√

1− [(µL ∓B)/(2tz)]2 is the spin-polarized surface density
of states of the lead. Equation (A.4) is presented as equation (3)
of the main text, where its impact for inducing EPs is further
discussed.
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