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ABSTRACT: We present the derivation of the third subleading order (N3LO) spin-orbit
interaction at the state of the art of post-Newtonian (PN) gravity via the EFT of spinning
objects. The present sector contains the largest and most elaborate collection of Feynman
graphs ever tackled to date in sectors with spin, and in all PN sectors up to third subleading
order. Our computations are carried out via advanced multi-loop methods. Their most
demanding aspect is the imperative transition to a generic dimension across the whole
derivation, due to the emergence of dimensional-regularization poles across all loop orders
as of the N3LO sectors. At this high order of sectors with spin, it is also critical to extend
the formal procedure for the reduction of higher-order time derivatives of spin variables
beyond linear order for the first time. This gives rise to a new unique contribution at
the present sector. The full interaction potential in Lagrangian form and the general
Hamiltonian are provided here for the first time. The consequent gravitational-wave (GW)
gauge-invariant observables are also derived, including relations among the binding energy,
angular momentum, and emitted frequency. Complete agreement is found between our
results, and the binding energy of GW sources, and also with the extrapolated scattering
angle in the scattering problem, derived via traditional GR. In contrast with the latter
derivation, our framework is free-standing and generic, and has provided theory and results,
which have been critical to establish the state of the art, and to push the precision frontier
for the measurement of GWs.
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1 Introduction

The successful measurements in ground-based experiments of gravitational waves (GWs)
from compact-binary inspirals and mergers, since the first breakthrough detection [1] by the
Advanced LIGO [2] and Advanced VIRGO [3] collaboration, have been already providing
abundant and rich data [4-6]. Moreover, there is a rapidly-growing worldwide network of
GW detectors, including now also KAGRA in Japan [7]. The sources of these GWs, such as
black-hole (BH) binaries, spend most of their evolution time in the inspiral phase, where the
velocities of orbiting components are non-relativistic. Accordingly they have been studied
analytically via the post-Newtonian (PN) approximation of General Relativity (GR) [8].
This PN description forms the basis for the effective-one-body (EOB) approach [9],
which in turn enables to model complete theoretical waveforms. These are used to test
our knowledge of gravity in the strong-field regime [10, 11], and also of QCD in extreme



conditions from neutron-star (NS) binaries [12] or mixed NS-BH binaries [13]. Since in
reality all compact gravitating objects are rotating, it is essential to incorporate the effects
of spin into any theoretical waveform models beyond the basic accuracy of the first PN
(IPN) order [14]. For real precessing binaries with compact spinning objects the physics
gets dramatically more intricate and intriguing.

The experimental breakthrough in the measurements of GWs has ushered in an era of
booming activity in the analytical studies of the high-precision frontier of PN theory. In
the conservative sector recent efforts to push the state of the art have peaked at the high
perturbative order of 5PN in the point-mass sector via traditional GR [15-17], and via
effective field theory (EFT) methods [18, 19]. The point-mass 5PN results in [15, 16] have
been accomplished via a combined intricate deployment of traditional GR methods, with
crucial assumptions from the EOB approach, and available results from self-force theory,
see e.g. recent review in [20]. The work in [21, 22] then followed suit, and implemented the
same approach of [15, 16] to the spin-orbit sector, that is linear in the spins, at the 4.5PN
order.

Yet, at the present high orders of the precision frontier it is crucial to deploy various
independent methodologies in order to carefully push and establish the state of the art. The
EFT of spinning gravitating objects [23] constitutes a unique free-standing methodology,
which has indeed enabled the completion of the state of the art at the 4PN order [24-27].
In the present paper we derive the complete next-to-next-to-next-to-leading order (N3LO)
spin-orbit interaction at the 4.5PN order via the EFT of spinning gravitating objects, and
its automation introduced in the public code EFTofPNG [28], also building on [29-32]. This
paper is part of a series, which has recently accomplished the completion all sectors up to
the 5PN order [33-36]. In the radiative sector recent spin-dependent radiation effects that
have been approached with EFT techniques reached at the NLO in [37, 38], and NNLO

t [39], both at lower loop and spin orders.

In sections 2 and 3 of this paper, we present in full detail the formulation and evaluation
of the Feynman diagrammatic expansion in this sector, which contains the largest and
most elaborate collection of graphs ever tackled to date in sectors with spin, and in all PN
sectors up to the third subleading order. Our computations are carried out via advanced
multi-loop methods, and further development of the EFTofPNG code. The most significant
computational leap that is taking place in the present sector, is the need to switch on
a generic dimension and keep track of dimensional-regularization (DimReg) expansions,
across the whole derivation. This is due to the emergence of DimReg poles across all loop
orders in sectors as of the N3LO in PN theory.

In section 4 we extend the formal procedure introduced in [40] for the reduction of
higher-order time derivatives of spin variables via redefinitions, and present in full detail
the intricate reduction process required in the present sector. We find that this sector
uniquely requires to apply the redefinition of rotational variables beyond linear order for
the first time, as previously the linear order has been sufficient for all sectors with spin at
lower orders.

In sections 4.3 and 5, the full interaction potential in Lagrangian form and the general
Hamiltonian of the sector, are provided here for the first time. The Lagrangian potential



obtained via our framework enables a direct derivation of the physical equations of motion
(EOMs) for both the position and spin [23]. The full general Hamiltonian enables to explore
possible EOB extensions for this sector, and test the performance of such variants of EOB
Hamiltonians. The general Hamiltonian also enables to study the conserved integrals of
motion, which form a representation of the Poincaré algebra on phase space. Indeed, in [35]
we find the complete Poincaré algebra of the present sector, and thus verify the validity of
the general Hamiltonian derived in the present paper.

In section 6, we proceed to derive the consequent GW gauge-invariant observables,
namely the relations among binding energy, angular momentum, and emitted frequency.
We find complete agreement with the binding energy of GW sources, and also with the
extrapolated scattering angle in the scattering problem, derived via traditional GR [22].
Finally, all of the computations in our framework are also automated as extensions of the
public EFTofPNG code. The independent generic derivation and results presented in this
paper, and such development of the EFTofPNG code, have been essential to establish the
state of the art, and to push the precision frontier for the measurement of GWs.

2 EFT of spinning gravitating objects

In order to derive the spin-orbit interaction at this high order, we should consider the EFT
of spinning gravitating objects [23]. We start from an effective action of a two-particle
system at the orbital scale, that captures a compact binary inspiral [18]:

2
Seft = Sgr [g;w] + Z SppO‘d)? (2.1)

a=1
where Sy, is some bulk action of the gravitational field, and Sy, is a point-particle action
for each component of the binary, that is localized on their worldline with the parameter
A for the a-th component.
For the bulk gravitational action, which is given in terms of the field modes at the
orbital scale, g, (x), we take the Einstein-Hilbert action of GR, which we gauge-fix with
the fully-harmonic gauge:

1 1
S gu] = Sen + Sar = — Ay R+ — / i+ JDATY (2.2

where I'" = '/ g”?. Note that at this high non-linear order in the gravitational self-
interaction, the derivation must be kept in a generic dimension throughout, with d the
number of spatial dimensions, and a modified minimal subtraction (MS), see e.g. [41], for
the d-dimensional gravitational constant:

Gyg=Gn (\/ 4mre Ro)dig , (2.3)

with Gy = G Newton’s gravitational constant in 3-dimensional space, v Euler’s constant,
and Ry some renormalization scale. This is since dimensional regularization (DimReg) is
used to evaluate the integrals, and poles in the dimensional parameter ¢ = d — 3 appear
throughout, as shall be seen as of the next section.



We make consistent use of a d + 1 non-relativistic (NR) decomposition of the gravita-
tional field, similar to a Kaluza-Klein reduction over the time dimension [42, 43]:

N2 o
ds? = gudatdz” = e2® (dt — Aidxz) - e_ﬁqj%jdfdl“j, (2.4)

which defines the NR fields: ¢, A;, and ~;; = d;; + 04;. This beneficial parametrization has
been implemented first in sectors with spin in [44], and was incorporated all throughout the
EFTofPNG code [28]. The propagators of such NR fields contain temporal delta functions,
and the momenta integrals are then d-dimensional. These NR propagators get their rela-
tivistic corrections order by order via quadratic insertions with two time derivatives. In this
third subleading sector the propagators get up to three such perturbative corrections. The
d-dimensional propagators and their insertions, as well as the higher-point gravitational
vertices for our sector are all provided in the supplementary material to this publication
in human visual and machine-readable formats. They were all derived via the extension of
the FeynRul module of the public code EFTofPNG [28].

Finally and importantly, the point-particle action Sy, should also be considered. In the
present spin-orbit sector it is the effective action of a spinning particle which is minimally
coupled to gravity, in the form [23, 45, 46]:

Spp(N) = / d [—mx/ﬁ - ZPu (2.5)

with m the mass, u* the 4-velocity, p, the linear-momentum, and Qmv . SW, the generic
angular velocity and spin variables of the particle, respectively. These generic rotational
variables, together with the additional term in eq. (2.5) which contains the covariant deriva-
tive along the worldline, enable to switch the gauge of rotational variables. By contrast the
action presented in [47-50] does not have generic rotational variables, nor does it include
the generic last term in eq. (2.5).

Finite-size effects enter only at the 5PN order in the point-mass sector, and at the
6.5PN order in the spin-orbit sector of the effective action [30, 31]. Therefore from the
action in eq. (2.5) one can extract all the required mass and spin worldline-couplings, where
both play an important role in the spin-orbit interaction. Note that the spin couplings
are given in terms of the local spatial components of the spin tensor in the generalized
canonical gauge that we formulated in [23], so that the indices in all Feynman rules are
Euclidean. All the corresponding Feynman rules of the worldline couplings are provided
in the supplementary material to this publication in human visual and machine-readable
formats.

3 Diagrammatic evaluation

We then generated the Feynman graphs that contribute to this sector using the input of
Feynman rules within the EFTofPNG code. The graph distribution among the 4 orders
in G of topologies is shown in table 1. All in all, there are 1305 graphs in the present
sector, which is to date the largest collection of graphs ever tackled in PN sectors with



Order in G 1 2 3 4 Total
Number of graphs | 11 | 204 | 702 | 388 || 1305

Table 1. The graph distribution among topology orders in G in the N3LO spin-orbit sector.

spin, and also of all PN sectors up to third subleading order. The full list of graphs and
their corresponding values can be found in the supplementary material to this publication
in human visible and machine-readable formats. We present only the unique graphs with
spin coupling on worldline “1”, where there is another copy of similar graphs from the
exchange of worldline labels, 1 +» 2. The graphs are listed in the files according to the
enumeration (ni,ng,n3), where n; indicates order in G, ng serial number of topology, n3
serial number of graph within topology, see [30, 46] for the list of topologies at each order in
G. The highest-order topologies at G*, and their related integral structure, were analysed
in detail [30], where the relevant 388 graphs were evaluated using advanced multi-loop
methods.

Similar to [30], the analysis of the complete present sector also builds on the treatment
of the N2LO linear-in-spin sectors obtained in [25, 51] via EFT (also obtained in [52-54] via
traditional GR). Beyond the exponentiated volume of graphs in this sector, the majority of
graphs at order G are also the most computationally demanding. These include 91 graphs
in a 2-loop topology/integral (see figure 11 graph ¢3 in [46]), which requires reduction via
integration-by-parts (IBP). Together with 219 nested 2-loop graphs, and noting that at
this order in G the propagators also carry time insertions, these graphs were the most
time-consuming to evaluate. Moreover, graphs at order G' entail the highest load of time
derivatives, and require the maximal iteration ever implemented for the gauge of rotational
variables, see e.g. [40] for such iteration required at lower orders. It was then necessary to
further upgrade the automation of the diagrammatic evaluation in order to handle the full
present sector. The upgrades that were developed upon the EFTofPNG code involved mainly
projection methods due to the high-rank numerators of integrals [55-57], and IBP methods
to reduce the resulting scalar integrals [58], via our adaption of Laporta’s algorithm [59].
We corroborated the values of graphs using parallel evaluations arising from independent
development and implementation of codes.

The majority of graphs at each order of G concentrate on the highest-loop ones — as
defined in [30] in the “worldline picture”. Moreover, similar to what was observed at order
G* in [30], the evaluation of graphs yields DimReg poles in the dimensional parameter, e; =
d — 3, in conjunction with logarithms in r/Ry, for individual graphs. For example, out of
the 204 graphs at order G2, where there are only 2 possible topologies, 165 are in the single
1-loop topology, which at this high subleading order yields the aforementioned DimReg
poles with logarithms. Out of the 702 graphs at order G2, where there are topologies from
0- to 2-loop orders, 439 are of 2-loop order, and the majority of these 2-loop topologies
yield such DimReg poles and logarithms. The emergence of DimReg poles across all loop
orders in sectors as of the N3LO, makes the transition from sectors up to the N?2LO — an
especially critical one. This necessitates an overall switch to a generic dimension across



l | (NOLO | NOLO | N2LO | N3LO
S0 + +
st + ++ ++ | 4+

Table 2. The notation (n,!) and our PN-counting formula for general sectors (n,!) was introduced
n [29]. The overall sectors that have to be taken into account for the contributions to the present
sector through redefinition of variables. Sectors with “4” introduce only position shifts, whereas
sectors with “4+7” introduce redefinition of both position and rotational variables.

the whole evaluation, with an expansion in the dimensional parameter, €4, which stands
out as the most computationally-demanding aspect in the evaluation of this higher-order
sector. By contrast, in sectors up to the NNLO there is only a single 2-loop topology that
yields very few graphs overall, which actually requires to keep the dimension generic, while
otherwise the dimension can be practically specified already at the start of evaluation.
Moreover, in sectors up to the NNLO even these few graphs that are somewhat more
difficult to evaluate, never give rise to DimReg poles in their final result.

The systematic zero values in graphs of the 2 factorizable topologies at order G2,
which were already observed at the NNLO due to contact interaction terms, are also found
here [30, 51]. Moreover, similar to the analysis in [30], all the non-vanishing graphs in these
2 factorizable topologies are proportional to the transcendental number that is a Riemann
zeta value, ((2) = m2/6. The latter feature is also found in graphs of the single 2-rank
topology at order G2, that through IBP reduction contains a linear combination of the
factorizable and nested master integrals [30].

3.1 Unreduced action

Summing up all the graphs in this sector, we obtain the unreduced action. At this stage one
gets a very bulky action, which contains several large pieces of higher-order time derivatives.
The unreduced potential in the Lagrangian, —Vﬁg%o C L, can be expressed as:

6 .
VNoto = 2 3)3,1 +(1 ¢ 2), (3.1)
i=0
) : . L . o
where any piece V' contains only terms with a total of ¢ higher-order time derivatives
beyond the velocity and spin variables, and the indices n,! in the subscript correspond to
the sector (n,l), as in table 2. We present the full unreduced potential according to these
pieces in appendix A, and in the supplementary material to this publication. Notice that
all in all, there are now DimReg poles with logarithms at orders G2 — G*, and ((2) factors
at orders G3 and G*.

4 Reduction of action

At this stage the EFT computation is done, and we now need to reduce the raw generalized
action, which consists of several parts with higher-order time derivatives, to an action which



contains only the position, velocity, and spin variables. This reduction is carried out via a
formal procedure of variable redefinitions, which was formulated to also handle rotational
variables in [40]. To that end, it is useful to consider table 2 which summarizes the overall
redefinitions that have to be taken into account from all the sectors relevant to the present
one: we also need to take into account contributions to the present sector, which arise
from the application of any redefinitions that were required at lower-order sectors. As can
be seen in table 2, redefinitions at sectors without spin, which obviously consist only of
position shifts, start only at the NNLO, that is at the 2PN sector. This is not the case for
sectors with spin, in which position shifts are already required as of the LO at the 1.5PN
order, and additional redefinitions of rotational variables are also required as of the NLO.

Position shifts, A&, scale in both PN and spin orders as the sector in which they
were initially applied [40]. Thus simple power-counting shows that for the present sector
position shifts from the sectors of both point-mass, i.e. without spin, and of spin-orbit,
are only needed to be applied to linear order. This is in notable contrast to higher-spin
sectors, starting with the NLO quadratic-in-spin sector, that already requires to go beyond
the linear application of position shifts. Rotational redefinitions, w%, scale as v™1S~! with
respect to the sector in which they were initially applied [40]. Yet since their formulation
is inherently different than that of position shifts, it is not clear at this high order whether
redefinitions of rotational variables are needed to be applied beyond the linear order, which
has been sufficient for all lower-order sectors. To settle this question we extend the formal
procedure for redefinition of rotational variables from [40] beyond linear order — in the
following section.

4.1 Redefinition of rotational variables

We consider a redefinition of the Lorentz rotation matrix which relates local frames of the
spin. Such a redefinition is also a rotation parametrized in a matrix exponential of a small
anti-symmetric generator w:

AT = A (e)M (4.1)
and for the shift we get:
AN = AT %Aikwklwlj +0 (w?), (4.2)

with AjAY = A%wh and AgAY = FAFWMWY. Similar to [40] we take the redefinition of
the spin AS¥ to be arbitrary, as it is fixed in the end from considering the effect of the
redefinition of the Lorentz matrix on the rotational kinetic term in the Lagrangian:

1
LD -38908 ~V({Sa), ae{12), (13)
where Q¥ = —AF Ak and we suppressed the dependence in position and velocity variables.

Accordingly, in [40] we fixed AS to linear order in w:

ALST = Sk i gik ki (4.4)



and thus now we would like to fix AsS in the spin shift:
AST = AST 4 As 8 + O (w). (4.5)

We remind that the interaction potentials do not contain any dependence in A, but
only in spin variables, and thus we should only study the effect of the Lorentz shift on the
rotational kinetic term, and accordingly fix the spin shift which affects the potentials. We
find the shift in the kinetic term (up to the prefactor —1/2 in the action) as:

A (STQT) = ALSTQT — §T A AMART - SZ'J'A’“%(AlA’W' ) + AaSUQY
— A1 ST A AR AR — AlsijAki%(AlA’“j) — SijAlA’“‘%
—SU Ay AFTART SijAki%(AgAkj )+ O(w?)

— Gid i +A25ij9ij . (Silwlj . Sjlwli) [AkmwmiAkj +Akiﬁ (Akmwmjﬂ
dt
L d A 1 .. L d ,
_QigAkL i ® km, mj\ _ = Qij kl, Im, mijkj ki % kl, Im, mj
SAwdt(A w ) 55 [Aw w™ART A dt(Aw w )]

(A1AM)

+ (’)(w?’)
= Sl 4 A2SijQij + (Silwlj . Sjlwli) <ijwki + Qz’kwkj)
. (Sikwk:j . Sjkwkzi) Wi 4 §E QI iymd G ki ki
+%Sij (ijwklwli n Qikwklwlj) _ %Sij (wikwkj n wikwkj) + O
= SUWI 4 §UgkkT 4 (AQSU + Gkl — Sklwikwjl) Qv+ O(w3), (4.6)

where we used that A%*AJ¥ = §% and dropped total time derivatives. Therefore, to elimi-
nate dependence in Q% from the shift of the kinetic term, one should fix:

Ay ST = Gklik It B (Szkwﬂ - Sjkwd) wh. (4.7)

Thus the new spin redefinition to quadratic order is also fixed from the Lorentz shift. Note
however that here we have a new feature: beyond the spin shift in eq. (4.7) that affects
spin-dependent potentials through the spin variables, we find in eq. (4.6) a new addition
to the spin-dependent potentials, originating from the kinetic term:

1 .. . o
AV = 787 (@*wh — whoh). (4.8)

To recap, we obtained the generic redefinition of spin variables in eq. (4.7), and we discov-
ered a new addition to the spin potentials in eq. (4.8), once one goes beyond linear order
in the application of redefinition of rotational variables.

4.2 Redefinition of position and spin

As noted we now need to take into account all the contributions that arise via redefini-
tions applied in lower-order sectors, before we fix the new redefinition of variables that is
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from

LO St AT

Table 3. Contribution to the LO spin-orbit sector from position shifts in a lower-order sector.

needed to reduce our newly computed action from section 3.1. The reduction is carried out
consecutively over the sectors in table 2, according to their actual PN order, see [29] for
our PN-counting formula for general (n,[) sectors. Tables 3-8 summarize the build-up of
redefinitions that are applied at each of the 6 relevant sectors as noted in table 2, namely
the 5 at lower orders, and the present one. Each of the tables 3-8 specifies from which
sector the redefinition arose, and to which sector it is applied, so as to yield a contribution
to the sector under consideration. Note that in all these tables only the left column involves
new redefinitions that are newly defined in the sector under consideration, while all the
rest are redefinitions that were already fixed in lower-order sectors.

In sectors where redefinitions of both the position and rotational variables are required,
we present here the redefinitions, such that at each sector they were carried out first for the
position, and then for the rotational variables. One can of course carry out the redefinition
of rotational variables first, then of the position, in which case the redefinitions would be
modified, albeit eventually leading to physically equivalent results. The redefinitions of
position or rotational variables are fixed at each sector by iteratively eliminating terms
with the most higher-order time derivatives at each step, until no terms with higher-order
time derivatives are left [40]. After all the redefinitions for the sector are fixed, they are
summed, and can all be applied at once at higher-order sectors. To recap, the reduction of
higher-order time derivatives from the action is intricate. Yet once it is streamlined in an
automated algorithm, its run-time over all sectors is quite rapid.

Let us then present according to the above procedure all redefinitions over the relevant
sectors in order. First, for the LO spin-orbit sector at the 1.5PN order, our unreduced
action (our unreduced potentials are all computed directly with the EFTofPNG code), and
the position shift as noted in table 3, are identical to those we presented in [23]. Next, we
proceed to the 2PN sector, where our unreduced potential can be expressed as:

2 .
(4)
Vopn = > Vay, (4.9)
i=0

with n, in the subscript as the sector’s indices (n, 1), introduced in table 2, and with:

%3) 1 6 1 6
= ——myv] — —Mmav
RN T R T i
Gmim
_|_781 2 [101)%171 - Uy — 31)%1)% + 1077 - 172’[)% — 2(171 . 172)2 — 71)41L — 7’[)421
r

+67 - ity - 7 — 120 - ity - AV - Uy + 60 - 710 - fvs + v3 (v - 7)>
i (B - 71)2 = 3(81 - )2 (0 - )]
G2m1m2

2
e |70} — 14 - T + 803 + 2(51 - 7)) —

G2m12m2

T |8vf — 146 - %
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from

2PN AT

Table 4. Contribution to the 2PN sector from position shifts in a lower-order sector.

1 (PN | 1PN

from
LO st AZ
NLO S! | Az, AS

Table 5. Contributions to the NLO spin-orbit sector from position shifts and spin redefinition in
lower-order sectors.

+703 + 2(5 - 71)?]

G3m13m2 3G3m12m22 G3m1m23

- - - 4.10
273 73 2r3 7 (4.10)
where the kinetic term is included, and:
(1) R T N T G iy SENIDN 1= S S PG g
Voo = —gGmlmg {121}1 - a102 -1 — 1473 - idy - V2 + a1 - nvy — vide - 1 + 1407 - nuy - da
120 - i - dp + @ - AT - 7)? — @ - (T 7)), (4.11)
(2) 1 .
Vao = —gGmlmgr[wal Qg — dy - do - n} (4.12)
The position shift as noted in table 4 is then fixed as:
1
(AF1)ppy = Gmy (037 + 120, - 7701 — 147 - 770 — (7 - 7))
7G2m1m2 =
—=7
8r
%Gmgr 1562 - 62 7T . 4.13
+

Next, we proceed to the NLO spin-orbit sector at the 2.5PN order, where our unreduced
potential is identical to that we presented in [23]. As noted in table 5, in this sector new
redefinitions of both position and rotational variables are required. The position shift is
fixed here as:

SO L owa -
(AZ1)R1o = 8Tnlvlsl X VU1
Gmy

[2§1><ﬁ172~ﬁ—5’1><171+6§1><172}
2mar
Grag = oo G oo o = -
—4—[52Xn-vgn+452><m}2-n—1152ng}
r

—~GS, x i, (4.14)

~10 -
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3PN AT

Table 6. Contributions to the 3PN sector from position shifts in lower-order sectors.

whereas the spin redefinition at this sector is identical to that we presented in [23]:

Gm2

( Z])SO

NLO = — {31}31}{ + Ty - ﬁniv{ — Uy - ﬁniv% — (i <> ) } (4.15)

We proceed to consider the 3PN sector. Our unreduced potential can be expressed as:

4 G
Vapn = ) %/)3,07 (4.16)

i=0
where the explicit pieces are provided in appendix B. Notice there, that now DimReg
poles with logarithms show up in pieces with and without higher-order time derivatives.
Accordingly, the new redefinitions at this sector, as noted in table 6, are expected to also
include such poles, and they should be applied on the Newtonian potential, including its
piece that is linear in the DimReg zero, which reads:

o Gmlmg 1 ’I"

Note that this extra piece also contains a logarithm. Now, we also add to the unreduced
3PN potential the following total time derivative (TTD):

d | G3mims

1
TTD . i
AVapx” = o | =5, (3701 = 201 - 1) ( 3log ) +(1¢2), (418)

Ry

in order to ensure that we land on a reduced 3PN potential that contains neither poles nor
logarithms, after the redefinition of position. The new one that we fix at this sector reads:
3. ()

(AZ)gpy = Y ATz, (4.19)

=0

with the explicit pieces provided in appendix B.
We proceed to the N2LO spin-orbit sector at the 3.5PN order. Our unreduced potential

can be expressed as:

4 .
(i)
Vil =2 Vai +(1 ¢ 2), (4.20)

i=0
with the explicit pieces provided in appendix B. As noted in table 7, the new redefinitions
in the N2LO spin-orbit sector for both the position and spin variables can be expressed as:

(4)
(AT1)RPr0 = Z AZi(21), (4.21)

- 11 -
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(OP)N | 1PN | LO S! | 2PN

from

LO St AT
2PN AT

NLO S! AZ | AS

N2LO S! | A%, AS

Table 7. Contributions to the N2LO spin-orbit sector from position shifts and spin redefinitions
in lower-order sectors.

from to (OP)N | 1PN | LO S' | 2PN | NLO S! | 3PN
LO St AZ
2PN AZ

NLO S! (AA)? AZ | AS

3PN AZ

N2LO S! AZ | AS

N3LO St | AZ, AS

Table 8. Contributions to the N3LO spin-orbit sector from position shifts and spin redefinitions
in lower-order sectors.

o)
w80 = Z wi' 9.1y —(i ¢ ), (4.22)

with the explicit pieces provided in appendix B.

Finally, we arrive at the present N3LO spin-orbit sector at the 4.5PN order. As we
already noted in our unreduced action in section 3.1, there are DimReg poles with loga-
rithms that show up in our unreduced action in pieces with and without higher-order time
derivatives. Accordingly, the new redefinitions at the present sector, as noted in table &,
are also expected to include such poles, and thus similar to the 3PN sector (without spins),
these redefinitions should be applied on the LO spin-orbit potential, including its piece
that is linear in the DimReg zero, which also contains a logarithm, that reads:

AVS9 = elQsz(ﬁ x (5 — B)) - S <1 ~log (;{))) +(1e 2)1. (4.23)

r2

Also similar to the 3PN sector, we also add in advance to the present unreduced potential
a TTD:

d 1 2G3MQ3 —
TTD T -
AVisL0.50 = ~ [ ( — 3log Ro) <— W[Ssl X 7 - U1 (B0 - 1 — 120, - 7i)

1248 x 71 - T (Th - 7 + TV, - 1) — 205, x ¥ - UQ}
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G3 2 .
—% (351 x - 01 (1578 « 7 + 797 - 7)
.

— 128, x 7 - T2 (198 - 71 + T - @) + 1558 x ¥ @D]
+(1 4 2), (4.24)

which leads — after the redefinition of variables that we fix at this sector — to a reduced
potential that is free of poles and logarithms.

Now, as noted in table 8, we also need to recall the result of section 4.1, where we
extended the redefinition of rotational variables beyond linear order, and found a new
addition to the spin potentials in eq. (4.8), which scales as Sww. Examining the leading
redefinition with w, that appears in eq. (4.15), we see that it scales as v*, and thus we find
that it gives rise to a new addition in the present sector, which contributes the following
piece to the unreduced potential:

AV o = —?’G;Z”‘f[i X 71 (201 - Tgvd — (B - 1) — vl + 26, - ATy - 780 - Ty
—20) - iy - WE — 20 - To(T - 1) + 203 (Ta - 7)2) + Sy X 71 - To (V20 - o
—viv3 + U1 - Tavy — (U1 - Ta)® — 201 - 70Oy - 71 + 201 - 7ty - 7101 - T
F202 (T - 7)2 — 207 - Ta( - 79)2) — Sy X Ty - Go () - 7Y - Ty — Ty - 7Y - T
By - 703 + By - 710G — 20 - 3i(T - )+ 4T - (T - 7) — 20 - 7))

G*mo®ra L Lo I e e L
{Sl><n-v1(3v2-na1-v2+3v1'vgag‘n—ngag-n—?wg-nvl-ag

@y - i(Ty - )% — g - (T - 7)2) — Sy X 7t - @1 (30s - AT - Ty — 30a - 03
)

+171'7:L)(_‘2'T_L‘2*(_)2 ))+Sl X U7 - CL1(91)2+7(’02 n)2)
—gl X 1 42(33 ﬁﬁ 17 +3’U1a2~n—3?)1-172672-71—31)2-77[171-62
+51 T _’2"/_7:)2— ﬁ(UQ n) )—3§1 X ’(71 '172(361 '172—3’[71 'C_ig

1- ﬁc_ig )+Sl><a1 172(9 1 - Uy + 307 - ﬁﬁz'ﬁ+4(172'ﬁ)2)
—Sl X U1 - Ay (9171 Uy + 3071 - iUy - 71 + 4(172 . ﬁ)2) + 51 X Uy - dy (91)%
+G6 - i1 - 1 + (B 71)?)] + (14> 2). (4.25)
Finally, as noted in table 8, the new redefinitions for both the position and spin variables,
that are fixed in the present sector, can be written as:

5 ()

(AZ1)5L0 = 2 Afi(s), (4.26)
=0
2 (k)

Lo = Zwl 1) —(i € ), (4.27)

where the explicit pieces in these redefinitions are provided in appendix B. Notice there
that both the position shifts and the spin redefinitions in the present sector contain pieces
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that are proportional to the DimReg poles. All of the ingredients of the reduction process,
that was detailed in this section, are also provided in the supplementary material to this
publication in machine-readable format.

4.3 Generic action

After we carry out the full procedure of reduction described above, we get a generic action,
that is an action with no higher-order time derivatives beyond velocity and spin. It is
provided in appendix C, and in machine-readable format in the supplementary material to
this publication. Clearly this reduced action is much more compact than that which was
initially obtained from the EFT computation, see section 3.1 and appendix A. This final
action still displays a new important feature in the sectors with spin: the occurrence of a
transcendental number — the Riemann zeta value ((2) oc 72 — at orders G® and G*.

In contrast, we reached an action which is free from the DimReg poles and logarithms
that showed up in intermediate stages. This is thanks to the 2 TTDs in eqgs. (4.18), (4.24),
that we added in advance to the unreduced actions of the 2 relevant sectors at the N3LO,
which start exhibiting such poles. Thus the DimReg poles, which are clearly unphysical,
can be removed at the level of the action by adding TTDs to the unreduced (or reduced)
action, as we illustrated here prior to the reduction. Alternatively, one can just apply the
full reduction procedure, and then use — as is — the reduced action with the unphysical
DimReg poles (which would have appeared there at orders G3 and G*), for the extraction
of physical observables. The latter would obviously not contain such poles nor logarithms,
that drop out of physical observables.

As explained in [23] due to our generalized canonical gauge, the equations of motion
(EOMs) for both the position and spin are now readily obtained via a variation of the action
in eq. (C.1). Specifically for the spin, the generic form of the EOMs from the potentials
derived via our EFT of spinning objects [23] was provided there as:

= —4Sklisil [av d ov ] : (4.28)

o fdtv _dov
ISk dt oSk

Nij g cklisg
S =—48"6 5SH
such that only a variation of the spin potentials with respect to the spin variables is required
in order to get the precession equations.

5 General Hamiltonian

From the generic action in eq. (C.1), one can proceed to derive the full general Hamiltonian
in a straightforward manner, where one should make a Legendre transform only with
respect to the position variables. For this Legendre transform, we need to take into account
all the reduced actions resulting from the reduction procedure detailed in section 4.2: in
the point-mass sector from the Newtonian up to the 3PN order, and in the spin-orbit sector
up to the N3LO. We then obtain the general Hamiltonian for the present sector, which is
provided in appendix D, and in machine-readable format in the supplementary material to
this publication.
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5.1 Simplified Hamiltonian

Let us start by recalling some standard conventions useful to express simplified Hamilto-
nians, and subsequently various gauge-invariant relations, see also [40] for more details.
First we consider some quantities related with the masses of the binary, namely the total
mass m = mj + mg, the mass ratio ¢ = mj/mq, the reduced mass y = myms/m, and the
symmetric mass ratio v = mima/m? = u/m = q/(1 + q)%.

To simplify the general Hamiltonian it is customary to first specify to the center-of-
mass (COM) frame where p'= p) = —p2. The COM specification actually results in the
major simplification of general Hamiltonians. We then rescale all variables to become
dimensionless:

L g Sa

- r
i I =
Gm’ Gmyu’

T =

=[x

N
Il
Q

Il

1
Gmp’ (5.1)

with the orbital angular momentum L =riix p. The simplified Hamiltonian in the COM
frame then reads:

v Lz 79867  27m? 4797 752881 1497
Y = _L.|(S+8S 2 -
VLo T 5 ( )(( 1200 2 )” +< 24 3600 ) 50
LI (199109 277 (254077 6757 3
7 2400 2 1200 64 50
i 29u3 2631/ N 83 LS (1513 1012 N 109v
T 16 32 7\ 128 32 128
635261 Iy 67572 296233 6
— 5472 + — vt —
2400 16 1200 25
E 171/3 16951/ N 815v L* (71703 38712 N 471y
T 32 72 | 128 32 128
2 26303 70502 L 1ot L2 (1671 4717 | 375y
prt 32 8 32 7\ 128 32 128

o 20250° 32507 N 153v
Pr 128 32 ' 128
N (§/ L ) 79867 27> En 8597% 62191 303
1747224 1200 2 64 480 8
N L? (188609 N 272 . 20887 771 . 63
7 2400 2 160 128 16

+Q 291/ 297y +397y_471 +£6 2003 12302 151y 45
32 16 16 73

32 32 62 128

2024 1 ~ 1001
s _0 8_54 >2+ 777r_5683 00
32 160 16
E 17v3 3771/ N 1843v 63 L* (15303 531u2 N 5250 135
T3 4 32 8 72\ 32 32 64 128
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Y 263° 14010 L B 85
br 32 16 32 16

+E 330v%  1491v% 597y 135
F 32 64 64 128
42503 74502 223y 45
~6 =3
_ _ ' 2
T < 32 61 | 64 128))1 (5:2)

Note that the new addition to the potential from eq. (4.8) vanishes in the COM frame, and
thus does not affect this simplified Hamiltonian.

Second, it is also common to make the simplifying assumption that the spins are aligned
with the orbital angular momentum, namely that the conditions S,-it=25,- © = 0 hold for
both spins. Yet for the spin-orbit sector there is only a single spin in the interaction, which
only appears in the Hamiltonian in the overall coupling S, - L as can be seen in eq. (5.2).
Therefore the aligned-spins constraints do not affect the spin-orbit COM Hamiltonian, and
yield no further loss of information for generic spin orientations. For this reason, in the
simple spin-orbit sector, results obtained for the aligned-spins configuration can be trivially
extended to generic spin orientations.

At this point we remark that a simplified EOB Hamiltonian was reconstructed in [22]
via some ansatz, assumptions from the EOB approach, and available results from self-
force theory. That EOB Hamiltonian is similar to our simplified Hamiltonian in eq. (5.2)
in that they are both specified to the COM frame, and trivially satisfy the aligned-spins
constraints, by virtue of the simplicity of the spin-orbit coupling. Yet, the simplified EOB
Hamiltonian in [22] differs from ours: it is based on some EOB ansatz, namely it is not fixed
from theory, and it is specified to the so-called “quasi-isotropic” gauge, where dependence
in factors of L? is hidden, and which is not clearly well-defined.

Finally, an additional common simplification of the Hamiltonian in eq. (5.2) is to specify
it to circular orbits, with the necessary condition: p, = p'ii = 0 = p? = p2+L?/r? — L?/r?.
Notice that this assumption of circular orbits, namely of a constant orbital separation,
makes such a simplified Hamiltonian particularly useful in the inspiral phase, but not as
useful when the binary is approaching merger, and the PN approximation breaks down.

6 Gauge-invariant relations

Even when we implement the aforementioned necessary condition for circular orbits, the
resulting simplified Hamiltonians are still gauge-dependent since they depend on the radial
coordinate. To eliminate the latter, we solve for the additional condition for circular
orbits: p, = —0H(7, L)/0F = 0, to obtain #(L). We can then substitute this relation
back in the Hamiltonian to get the gauge-invariant binding energy e = H in terms of the
gauge-invariant angular momentum. In this manner, we obtain a gauge-invariant relation
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between the binding energy and the angular momentum, due to the present sector:

_ 350° 36002 (319372 1104095 L
(NO(D) = = [( At +< T >u+1512) ($1+ %)

— 7|\ 128 64 192 1152
20572 71021 123363 / ~ -
2 1
_ e . 1
+ (61/ + ( 16 96 )1/ + 198 ) (Sl/q—l—SQq)] (6.1)

This relation is a critical tool for comparing and evaluating the performance of different
analytical and numerical descriptions of the binary dynamics.

We can proceed to compute the angular momentum as a function of the orbital fre-
quency. From the latter it is useful to define the gauge-invariant PN parameter z = &2/3,
inferred from Kepler’s third law in the Newtonian limit, such that z=! measures the or-
bital separation. Yet, since the latter is now expressed in terms of the observable emitted
frequency, it is gauge-invariant. We can compute this frequency from Hamilton’s equation
for the orbital phase: d¢/df = @ = OH(7, L)/OL = 0. Then, using the definition of the
parameter x, and the relation we already found, 7(L), we obtain x(L), and inverting it we
get the relation between the angular momentum and the frequency, due to the contribution
of the present sector:

1 1243903 1773512 416569 359972 - -
— o 22y l(— Y4 Y 4 < - d )V> (51 +Sz>

L2 15552 288 576 96
7003 52112 13891 20572 243\ /-~ _
- - - ) 2
+< TR +< o0 2 >u+ 64>(51/Q+S2Q)] (6.2)

The final gauge-invariant relation that we derive here is the energy as a function of
the frequency. This binding energy, in conjunction with the energy flux as functions of the
frequency of the GWs, is used to derive the change in the frequency of the GWs over time,
namely the phasing of GWs. Plugging the relation L(z) in eq. (6.2) to the relation e(L) in
eq. (6.1), where the point-mass contributions up to 3PN should also be taken into account,
leads to the gauge-invariant relation, commonly referred to as the binding energy, for the
present sector:

) 3 1 2 1 2 2 - ~
(ONI0() = 21172, l(_ 6505 1979v +< 9679 20 )V_45> (51 +52)

3888 36 144 24
250% 110902 5650 135 /-~ -
+ <_ 304 24 8 16) (S1/a+ SQQ)] ‘ (6:3)

This binding energy is in complete agreement with that derived via traditional GR methods
in [22], which assumed input and results from the EOB approach, and from self-force theory.

As noted in section 5.1, due to the simplicity of the spin-orbit coupling, one can just
take the COM Hamiltonian in eq. (5.2), assume that the binding energy that it stands
for can be extended to a kinetic energy of scattering, and compute the scattering angle,
which assumes aligned spins [22, 60]. As detailed in [34], we carried out this computation,
and our consequent scattering angle is in complete agreement with that derived in [22]
via traditional GR methods, that assumed input and results from the EOB approach, and
from self-force theory.
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7 Conclusions

In this paper we derived the complete N3LO spin-orbit interaction at the 4.5PN order via
the EFT of spinning gravitating objects [23]. At the present high orders of loop and of
spin at the precision frontier, it is crucial to deploy various independent methodologies,
in order to push and carefully establish the state of the art of PN theory. The EFT of
spinning gravitating objects uniquely constitutes such a free-standing framework, including
its automation in the public code EFTofPNG [28], which has enabled the completion of the
state of the art at the 4PN order [24-27]. Together with the present paper, the EFT of
spinning gravitating objects has also uniquely enabled the recent completion of the new
precision frontier at the 5PN order in [33-36].

The sector studied in this paper contains the largest and most elaborate collection
of Feynman graphs ever tackled to date in sectors with spins, and in all PN sectors up
to the third subleading order. Our computations were carried out via advanced multi-
loop methods, and required further code development mainly for the projection and IBP
methods. The most significant computational leap, that took place in the present sector, is
the need to switch on a generic dimension, and keep track of DimReg expansions, across the
whole derivation. This is due to the emergence of DimReg poles across all loop orders in
sectors as of the N3LO in PN theory. This transition constituted the most computationally-
demanding aspect of the EFT computation in this work.

At this high order of sectors with spins, it was also critical to extend the formal
procedure, which was introduced in [40] for the reduction of higher-order time derivatives
from spin variables via redefinitions. We found that the present sector uniquely requires to
apply the redefinition of rotational variables beyond linear order, which has been sufficient
for all other sectors with spins at lower-orders, and even up to the 5PN order. As a
consequence, we found a new unique addition to the spin potentials, originating from the
rotational kinetic term. Though the reduction process for the present high-order sector
with spins is intricate, we found that once we streamlined it in an automated algorithm,
it was executed efficiently and rapidly.

In this paper we provided the full interaction potential in Lagrangian form, and the
general Hamiltonian of the sector for the first time. The Lagrangian potential obtained
via our framework enables a direct derivation of the physical EOMs for both the position
and spin [23]. The general Hamiltonian enables to explore possible EOB applications
extended to this sector, and test the performance of such variants of EOB Hamiltonians.
The general Hamiltonian also enables to study the conserved integrals of motion, which
form a representation of the Poincaré algebra on phase space. Indeed, in [35] we found
the complete Poincaré algebra of the present sector, and thus verified the validity of the
general Hamiltonian derived in the present paper.

We also derived consequent GW gauge-invariant observables, namely relations among
the binding energy, angular momentum, and orbital frequency. We found complete agree-
ment with the binding energy of GW sources, as well as with the extrapolated scattering
angle for aligned spins in the scattering problem, derived via traditional GR methods [22].
Yet, the approach implemented in [22] for the spin-orbit sector, following [15, 16], is an ad-
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hoc approach, which is limited to this specific sector. It relied on some EOB assumptions,
and available high-order results taken from self-force theory, and even required results at
the 4PN order (including the tail), which go beyond the N3LO, namely the subleading
order that was being targeted [22].

Moreover, the EOB Hamiltonian reconstruction that was carried out in [22] cannot
be extended beyond the spin-orbit sector, namely to higher orders in spin, not even to
the simple sector that is bilinear in the spins of the binary. This is since the derivation
in [22] assumes the aligned-spins simplification, whose results can be trivially extended to
generic spin orientations — only in the spin-orbit sector, due to the unique simplicity of
the spin-orbit coupling. Such an extension to generic spin orientations, which give rise to
rich physics that is present for real precessing binaries, and manifests as modulations of
the gravitational waveform, is impossible for all other sectors with spin.

By contrast, our framework is completely independent and generic: it provides a con-
ceptual methodology to tackle the various generic sectors that are needed to complete a
certain PN accuracy. It thus constitutes a unique elementary methodology to study PN
theory. Our framework is free-standing, and provides self-contained theory, derivations,
results, and technology, which are critical to push the precision frontier at the present high
orders. Finally, all of the computations in our framework are also automated as extensions
of the public EFTofPNG code. The independent generic derivation and results presented in
this paper, and such development of the EFTofPNG code, have been essential to establish
the state of the art, and to push the precision frontier for the measurement of GWs.
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A  Unreduced action

As noted in section 3.1 the unreduced potential can be written as:
0 0]
Vito =D Vai +(1 ¢ 2), (A1)
i=0

(4)
where any piece V contains only terms with a total of ¢ higher-order time derivatives,

namely beyond the velocity and spin variables, and the indices n,[ in the subscript corre-
spond to the sector (n,l) as indicated in table 2.
First, we have a piece without higher-order time derivatives:

(0) Gma g
1= [Sl X i1 - T (5vivy - Tovs — vi(T) - Ua)? — 5u¢ + 8y - o] — dvdv]
r

— 402 + 67} - Tovy — 5US — 9T - Wity - AV - Uy + 1507 - Avidh - fivs
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617 - ity - 71V - Uovs + 3viva(T) - 7)* — 60 - ity - 71(U) - Ta)? 4 3vivs (v - 71)?
197 - ity - v} 4 3(Ty - ) 2] + 3(0y - 7)%vs
+97) - i1ty - ftvy — 15T - fva (v - 1) — 1503 () - 7)2(V - 7)*
150 - w3 (g - 1) — 1503 (T - )% (T2 - 7)* + 35(d - 1) (T - 7)?)
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+5US — 977 - ﬁv%f}’g . ﬁv% — 37 - 172’1)%(’1)1 . )2 — 30U - Vs
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where the piece at order G*, namely on the last 3 lines, was computed in [30].
Then, we separate the piece with one higher-order time derivative into:

(1)
Vi3i1= (Va)31 + (V)3 s (A.3)

where

G?TLQ
(Va)sq = o [Slxn v1(12vlv1 AUy - 7 — 6T - @1Ts - TV - Uy — DUy - dy - Vo

—4172 . ’r_i171 . 77261 . 172 + U151 . 7_7:1)2 + 4171 . ’r_i171 . 5102 + 7171 . 51172 . ﬁv%

- 21 —



. 1721)5 — U%’U%dg -1 + 5771 . ﬁv%ﬁl . dg

3i
QL
=

—3171 . ﬁﬁl 1)2112 47)2

Tl - dy + AT - VST - o — T -

S

+3020y - iUy - Ao + 4Ty - 7
1

S

—41)%172 . ﬁ’[fg . 62 + 4171 -1 . 172172 . 52 - 12171 . 7_7:’03172 . 52 — 52 . ﬁvf

+dy - vy — 9T - fidy - [Ty - Tvs + 9Ty - Avity - fidy - 7 + 3v3dy - 7(T) - 1)
+3v3dy - 7i(Uy - )% — 9y - ATy - do(T) - 71)? + 3ty - da(Vy - )3

+120y - ATy - d2(Ty - 7)% — 3v3dy - ATy - 7)? — 120 - v - @1 (T - 7)>

—301 - @1 (Ty - )3 + 90 - 7Ady - Vo (T - 71)°

—3dy - w3 (U - 7)* — 150y - ftdy - (T - 1) 4+ 150 - fdy - 7A(Ts - 7))

—Sl X 11 - dq (32}11)2 vy - Uy — 207 - nv%vQ 51}11)2 m}2 + 27y - vy - vzv%

+20y - ﬁ(ﬁl . 172)2 — 37 - ﬁ’Ul — 277 - ﬁUQ — 37 - ﬁ’UQ + 97y - ﬁvg(ﬁl . ﬁ)2

+67 - v} (T - 1) + 3vi(Ty - 1) + 60 - w3 (T - 1) — 15(7) - )2 (T - 77)3)

+8) x @ -y (361}1171 Uy — 152}11)2 + 1277 - v2v2 301)1 71}% + 120 ~ﬁv%v2 -1
—87.71 . 'ﬁ:UQ . ﬁ’[fl . 172 + 7’[71 . ﬁffg . ﬁvg + 2’02 (171 . ﬁ) + 3’01 (172 . ﬁ)Q

+v3 (T - 1) — 6(v - 7)(Ty - 71)? — 30y - 7i(Ta - 71)?)

+8) X it - U (6T - 70 - Uaddy - Uy — B0y - 10y - V3 — dy - 7O - Vv

P T N S ) 25 S5 S 2 25 o0 2, Lo
+U1 - a1 - Vv + 2V - a1 - Uovy + VIU] - V2da - T + V]V502 - T — VU2 - NU] - A2
60 - [T} - Vo) - Ay — 20 - RS - Ay + 301 - TVITy - Ay + 4vivy - [Ty - o
+1277 - ﬁv%l_}é <oy — dy - fiv% + 97 - fidy - Ny - ﬁv% — 977 - ﬁU%UQ -fldy - T

—30) - Thdy - (T - )2 — 3v3dy - (T - 1) + 305 - A0y - @a(T) - 71)?
)% 4 30, - @y (T - 7T)3

+3ay - A0y - a(Ty - 1) — 30y - Ay - Vo (T - 7)% 4 3d; - Avs (v - 7)*

St
—~
S
31
w
|
[a—
=
St
§1
St
gl
—~
S

— 30, -

1150, - fidy - AT - 7)° — 150 - itdy - (T - 7)) — Sy x T - To (36020 - @
—ATy - @10 - Ty — 2038 - Ty — 60 - Tady - T + 1207 - d1v3 — @) - Tov
—2@%’171 - Qg — 601 - Vo¥y - A9 — 21}%’171 - a9 + 30%’172 - a9 + 12’0%172 - do

+03d@y - iy - 7 — 100, - @0 - @10 - 7 — 2, - Ay - A0y - Vo + 3a1 - s - 7H03
—302Ty - fiddy - 7T — 20) - AV} - Volp - T — 20 - WV - 71 + 20y - ATy - ATy - Ao
— 8 - ity - ity - @y + 201 - da(Ty - )% — 30y - Ao (T - )2 — @y - (T - 71)?
+9?72 . ﬁdg . ﬁ(ﬁl : n) — 3@1 (172 ﬁ)g) + §1 X 61 . '172 (81)%?71 . 172 — 91)%1)%
150 - Tovs + 6(T) - Ta)* — Qv — 8v3 + 5T - TV Ty - 71 + 4T - Tt - V) - Ua
+30 - Uy - ﬁv% + 31)%(171 . 7_7:)2 + 31)%(172 . ﬁ)z — U7 - 172(172 . ﬁ)Z

03 (Ty - )2 — (T - 1) (T - )% + 301 - (T - 71)%) + S1 X 7t - @o (2030, - 10y - T
430 - tvivs + 2030, - ftvs — 20 - 7A(Vy - Ua)? 4 30 - fivg — 6Ty - ATy - Ua(Vy - 7
—303 (U - 1) — 60 - w3 (T) - 1) — 9Ty - 713 (Ty - 1) + 15(37) - 7)3 (T - 77)?)
+81 X T - @ (2030, - Ty — 20302 + 2T - To)? — 35 — 30y - WP, - 7

4T - ATy - [AT) - To + AT - ATy - T3 — 201 - Vo (¥ - )2 + 203(¥ - 7)?

- 292 —



1303 (Ty - @) + 30y - (T - )% — 9(T - 7)2 (T - 7)2) — Sy X Ty - o (020 - o
o3 — 30y - ity - 7l — Ty - Ua(T) - )2 — v3(Vy - 1) + 3 - (T - ﬁ)?’)}
—GQg”QmQ (281 x i+ 5 (403 - 1 + 1220, - W0 - Gy + 1701 - Ga - 70

+14a, - 1V - Vo — 85U - fidy - Up + 1705 - ay - U + 10d7 - nv2 + 201)1a2 ﬁ
+3v2a2 <71 — 7477 - iU - do — 6Uy - iUy - do + 1200 - fivy - do

+6Ty - il - dy — 2960 - Ady - [Ty - 7T — 48T - [y - Ay - 71 + 128a) - 7A( - 71)?
—44dy - (T - @)% + 104d, - ATy - 7)?) 4 281 X 7 - @1 (907, - iv? — Toddy - 7t
—950) - [0y - Ty + 170y - 0y - T + 430 - w3 4 1205 - s — 36(0y - 7)3

+160, - (T - @)% — 407, - 7i(Ty - 71)%) — Sy x T1 - @1 (1040? — 437 - Ty — 4803
12060, - ity - 71 — 244( - 71)% + 12(0y - 7)%) + 481 x i - To(160%a, - 7t

+5T - A - dy — 197 - @1 Ts - 7@ — 34d) - A0y - Ty — T - Al - To + HTs - Ady - T
+13dy - vs — Tvidy - i + 4T, - vy - dy — 180y - Aty - o + 1120 - fidy - s - 7l
—52d; - (T - )% + 16dy - 7(T) - 7)? — 52ay - (T - 7)?) + Sy x Ty - To (617 - @
+168; - Ty — 201 - @y + 48Ty - @y — 26T - ) - 1 — 14dy - 7ivh - 7t — 687 - fidy - 7)
S| x @y - T2(390F — 280 - Ty — 6403 + 2300, - il - 71 — 186(7 - 71)>

—4(Ty - ﬁ)2) + 48} X 71 - do (97 - v} — 14030y - 7@ — 4T, - 710 - Ta

—

—97, - s — 20(0y - ) + 320 - 7(T - 1)%) + 281 X 01 - @2 (v? + 137 - O
+1203 — 56 - 70 - 7 + 34(1 - 71)?) + 251 x T - @ (70} — 8(71 - 7)?)]

szg—» - 25 = S oo o S oo o
~ o2 { 1xn~vl(6v1a1-n—|—21v1-nvl'a1—1921)1-a1212-n

+42dq - vy - Vg + 54V - Nidy - Vo + 50605 - fidy - Vo — 56d7 - m}2 + 1561}1 as - T
—5607 - Ul - 1T — 7521}2@2 -1+ 6071 - nv1 - do + 3047 - 7V - do + 4007 - Uy - da
19847, - ity - Gy — 9601 - idy - At - 7 + 12320 - ATy - fidy - 7t

—624ds - (0 - ) + 80d; - (T - 1) — 5924y - 7i(Ts - 71)?)

+8) X 7t - @y (150 - ftv? — 84030y - 7 + 90T - A0 - Ty + 4547, - 7T - T

—1124; - fivs — 10320 - ivs — 960 - (v - 71)% + 16007 - (v - 1) — 64(v - 7)*)
+8) X T - @1 (27007 — 4807, - Ty + 20803 — 1920 - ity - 7t + 9(7) - 7)?

+94(Ty - ﬁ)Q) + 48y X 7 - (601 - @10 - 7 + 31 - 701 - Ta + 86T - 7A@y - T

+34d; - nv2 47111 ao - 11+ 1957 - Uadsy - 71 + 521}2&2 n+ 29U - U - do

46305 - 7iv - dy + 4207 - Vs - do + 23005 - 1ivy - doy — 2477 - Ndy - iV - T

—5644) - ity - idy - 7 + 188y - (T - )% — 112d; - 7i(Ts - 71)?

1224y - (T - 7)%) + 28] X Ty - To (487, - @1 + 173a - Tp + 1407, - @y

—3467, - Gy — 247, - 7idy - 7t — 55, - ATy - 71 — 2200, - fdy - 71 + 2780z - Ady - )
+5) X @) - U2(6307 4 3987 - Ty — 44003 — 8027, - it - 7t — 54(7) - 71)?
+724(Ty - 71)%) + 481 X 7 - @2(30) - A? + ity - 7@ + 45T, - AT - T

~93 -



+ Ty - - Uy + 1777 - m)2 + 16205 - m)2 — 4(v - n) — 367, - 1i(y - ﬁ)z
+22v7 - (172 n) — 84(U2 . n) ) — Sl X U7 - (12(1711)1 — 51277 - U
+41002 — 2720, - iy - i + 42(0) - 1) + 266(Ty - 77)%) — 45 x Ty - da (407
34T - Ty + Tvj + 1520 - ity - 7 — 8(T - 7)? — 143(T - 7)?)

G3m12m2
45073
—7829v5 - ﬁ) — 95 X 71Uy (315761 -1+ 3ds - ﬁ) —95] x 1 -dy (532171 -1

+30 - 1) + 120008y x ¥ - @ + 1130081 x @ - 0 — 7005 x @ - @)

_l’_

GPmi®ma /1
T (e
—38) X i - @y (390 - 7t — 1570 - i) — 65y X 7i - o (74dy - 7 + dia - 77)
—6S) X 71 - do (197 - 7t 4 Ty - 1) + 200S) X @) - @1 + 3055 X @ - T
2G3msy? /1
BECE
+38) x it - @ (108, - it — 170, - i) + 35y X 7 - 0(8ay - 7t + 1113y - 77)
+38) X 71 - @ (630, - 7t 4 Ty - ) — 5S) X Ty - @1 — 2551 X @y - Ta

G3m23

45013
—879dy - ) + 951 X 7 - @1 (650 - 7 — 7910y - 1) + 35y x 7 - 12(827a; - 7@
+12454dy - 71) 4+ 185) X 7t - @ (16427, - 71 — 8917y - 71) — 25505, X ¥ - @1

— 63508 x @y - Uy — 186005, x ¥y - @o + 148005 x @y - 62}

—3log =) [351 x 71 - 51 (161 - 71 + 6735 - 7)
Ry

€

11055, x 7 - 52] T

~13081 X @ - d + 11081 x 0 - @ + (3651 x i - 51 (100 - 7

G3mama? [, o
% (381 x 7 - 41 (11680 — 9727)@1 - 7 — (16704 — 4237%)d - )
.

+38) x 71 - @ (4544 — 8287%) 7 - 7t — (7792 — 1717%) Ty - 77)

—38) x 7 - T2 ((10368 — 67572)d; - 71 — (13664 — 14221%)ds - 1)

+35) x it - ((4016 + 17177 - 7 — (2016 + 81072) 7, - )

+16(374 — 972) Sy x T - @) — 8(374 + 6372) S| x @y - U

—~28(908 — 97%) Sy x @ - @y + 4(4112 — 1537%) Sy x By - @2 + (1 ¢ 2),

(1251 x 71 51 (2398a1 - 73 + 401d5 - 77) — 351 X 77 - @1 (43587 -

(E —3]ogRLO) [35’1 X 5'51(551 'ﬁ_6762'ﬁ)

(A.4)

G 5
_ 87712 [Sl X 1 - U1 (3011)2 vy - Uy — 207 - nv%vQ - 51)11)2 nUQ + 20Uy - VY - vgvg
T
+2?72 . ﬁ(’[fl . 172) - 3172 . ﬁ’Ul - 2171 . ﬁUQ - 3172 . 7_7:’[)2 + 9172 . ﬁv%(z‘z’l . ﬁ)z
167 - v} (T - 71)? + 3vi(Ty - 1) + 60 - itvs (T - 1) — 15(37) - )% (Ta - 77)3)

+51 X 11 - Ugy (32}11)2 m)2 + 29 - vy - v2v2 — 20y - (07 - _'2)2 + 243 -m;;l

430, - vy — 90y - 7Av3 (T - )% — 302 (Ty - )3 — 60 - AV - Va(Ty - 77)°

2

—60) - w3 (v - 2

+ 15(9 - 1) (- 7)3) — 51 X U - Uo (2037} - Ty — V303

i)?
+21 -1721)% + 2(vy - ¥ ) — 97)1 — 71}‘21 + 57 ‘nvlvg -7+ 87 - Ny - U] - Vs

— 24 —



[ | X i 01 (218 - fiv} — 176030, - i 4 1520, - oy - O
19247, - it - Uy — 2167 - fivs — 20647y - v — 1607y - 7(T) - 1)?
43127 - 7(Ty - )2 — 128(Ts - 7)) + 851 x 7 - T (4020 - 7+ 201 - iy - B
+147T, - V) - Uy + 697, - w3 + 18Ty - vy — 167, - (v - 1)? — 2347, - 7Ty - )
F154(T, - 7)P) + AS) X Fy - 5o (2007 + 274F, - Tp — 25502 — 401F, - Gy - 7o

G*myma =
- ﬁ [S1 it - 51 (1295 - v} + 44030 - 1

—500) - AT - Ty — 220y - V) - Uy + 700, - A3 — 300y - Hvs + 168(7) - 1)
— 58400y - 7i(T - ) + 27201 - (T - 7)%) — 251 X 71 - o (30 - W} + 19020 - 7
1320 - AV - Ty + 6 - 710 - Vo + 30 - Avs — 270 - Avs + 52(v - 7)>

1967, - 7(T) - @)% + 1200 - 7i(Ty - 7)2) + Sy x Ty - T2 (340? — 187 - Ty

2

—22(51 - 71)? + 423(3 - 71)°)]
3

+5103 — 10204 - iy - 7 + 4(y - 71)? + 24(T - 71)?) |

G3m42 . .,
% (381 x 77+ 51 (274471 - 7i + 10270 - i) — 98y x 7 - (5297 -
567 - ) — 230651 x 7 - 0] +G3m23[21§ % i - 51 (1007, - 7 — 1130, - 71)
2 1 1 2 1507’3 1 1 1 2
+381 % 71 - T (55901 - 7 + 8687, - 77) — 23005y x T - 7]
2G3my® /1 5 5
+ (o - 3logRi0) (31 % 7 5108 -7 — 1705 - 77) + Sy x i1 - T(13 -

G3mi2ms /1 r b oL Lo
W(f — 3logR—O) [351 X 7 - 01 (970 - 7

+51172 . 7_7:) — 10§1 X 171 . 172} + c
210 - 7i) — 1281 x 71 T (197, -7 — 97 - ) + 9751 X T - 3o

G3 2.
% [Sy x i1 1 (5520 — 954m)3 -7 — (9392 — 207n%) 7 - )
—$) x 71+ (512 — 3787%)F, - 7 — (2416 — 10177%)5; - 7)
— (4816 + 277%) 5, x -172} + (14 2). (A5)

The pieces with further time derivatives are then:

(2)
Vi1 =

1 - . . .
—ﬁGmQ [(351 X 1 - U1 (2’[71 . 611]% — 2dy - Q72’U% — 2’[)%171 - dy + 2’[)%172 - an
—dy - ity - VS — T - Awddy - 4 201 - @o(Ty - )2 — 20y - do(T - )2
20 - Gy (T - 78)2 4 2 - To(Ta - 7)) + dy - A(T) - 7)® + dy - ATy - 7))
+3§1 X T

+307 - 7i(Ty - 7)) + 251 x T - d1 (18030 - 71 — 120 - it - Uy + 61 - 710

iy (0303 4 vl — 35y - iy - TvE — (T - )% — 03 (T - 1)

190y - v — 67, - 71Ty - )2 — (Ty - 7)%) 4 381 X 7 - Ta (1 - Tov3 + 0301 - dy

— 95—



25 L L s 52 o S5 9245 L o S i, N2 o S n2
—201 U + dg + dy - Vs + ivy + U - Mvids - T — Uy - da(V) - 1)* + 20s - do (V) - 1)
(1217'6?1’[)

%)

—d@y - To(Ty - 70)? — Gy - (T - 1) — Gy - (T - 7)°) + 351 X T - L7

[y
[\

S

U2
—2172'7_7:(%!:1 ~172—v%&'2'ﬁ+2 1 - T '&2—4ﬁl-ﬁﬁg~52+62‘ﬁ(vl .
—1—51 X Clil . 172(1812%172 -7 + 6 2 ﬁﬁl . 172 + 18’[71 . ﬁ’U%
+150, - 7w — 187 - 7i(ty - 1) + (To - 7)3) — 38} x 7t - do (v} - Ta
+o2v3 — 30 - ATy - 7 — Ty - To(T) - 70) — 03(Th - 7)? 4 3Ta - AT - 7)?)
+S) X Ty - @a(67) - WP — ity - 7t — 60 - [0 - Ty — 67 - Wvd — 2(7) - 7)°
+9172 . ﬁ('ﬁl . ﬁ)z) — 251 X 172 . GL:Q (3?71 . T_L'U% — (171 . ﬁ)?’)) + (3§1 X 17 - 171 (’U%U%
5 — 30 - Ay - vy — vi(Ty - 7)? — v3(Ty - 1) + 30, - 7A(Ts - 7)?)
—38) X 71 - Uy (T) - Tvd + vl — 301 - Aty - W03 — Ty - Ga(T - )% — 03 (Ty - 71)?
130 - 7t(Ty - 7)) + 38) X Ty - Ta (6020 - 71 4 605 - AT - To + 60 - 7H03
130y - v — 67, - (T - 1) + (Ta - 7)) + (351 x 7t - 71 (20302
41077 - @177 - dg + @y - Vo - do + 6’[)%(71 - Qo + 47 - Uady - do + 5’[)%(71 - A9
—11171 . 61172 . 52 + 861 . '172’172 . 52 + 21)%0,% + 0%51 . T_i(_lé -7 + 4171 . T_ii_fl . 51a2 -7
+301 - @10y - Ay - 7 — 30, - Ay - Toly - 71 + @1 - AVSAz - 7 — 3d) - Al - AV) - A2
—90) - ity - Ady - Gy + 301 - Ry - ATy - Ay + 4d) - ATy - ATy - Gy — 2a3(T) - 7)?
—2a2(Ty - /) — 90y - Ady - ATy - Al - ) + 351 X 7 - @1 (471 - Gyv3 — 3, - Tov?

— - — —

+5’U%Q71 - Qo + 477 - Vot - do + 4’0%271 o — 7’0%272 - Qo + 477 - Voo - d

—12030y - @y — 3@y - Aty - Vs + 20 - AV Ay - 71 + 3030y - fidy - 7 + 201 - Av3dy - 7
—611 - iUy - TiU - do + 88U - Tl - Tl + dy + 3Us - 62(771 . ﬁ)2 — 47 - 5:1(172 . ﬁ)2
+3ay - To(Ty - 71)2 — 9y - fdy - (T - 71)2 + 3y - AT - 7)?)

+3S) X @) - @1 (247 - @10y - 7@ — 120, - 7d@) - U 4 2d) - T3 — 303dy - 7l — v3dy - 7t

—

+120) - ATy - dp + 30s - V) - Ao — 110y - il - Gy — 4T - AT - Ao
+301 - ity - Ay - 7+ 2dg - 71(Th - 1) — 2 - (T2 - 7)?)

—38) X 7t - o (5@ - Talhy - Gg + TT1 - Vadiy - Gg + 303a1 - Ao — 301 - G102 - do
+4dy - Vot - do + 2’0%&% + 301 - d1Uy - Tdo - 11 + @y - U7 - Uado - 1T

—0) - Ay - Taly - 7 + @1 - RV3dy - T — @) - Ay - V) - @y — BT - Ay - A - Ao
+-30 - fidy - AUy - dg + 4dy - Ay - AV - d2
—203(% - 1) — 9T, - dy - Ay - Al - T) 4 351 X T - U2(12a2Ty - 7@ — @ - Tody - 71
—2dy - iV - Ay — SV - ) - Ay + 31 - Ay - Ay — 4T - a3 — 3dy - ATy - fidy - 71)
+35) X @y - U2 (240 - @10y - 7t — 60 - 7id) - Uy + 3dy - s — 3vidy - 7t

Ty - Tally - 7T+ v3dy - 7t 4 20, - V) - Ao — Uy - ATy - Gg — 9T, - 7ATs - o
+40y - ity - dy — 30y - 71ty - fdy - 71 + 3dy - A(T) - )% — 31 - 7V - 71)?)

—3§1 X 7 - 62 (6771 : 27251 . 172 — 3171 : 617)% + 261 : 1727)% — U%ﬁl . C_I:Q + 47)%272 . C_I:Q

24 - ATy - i - Ty — 20y - 7iiy - Ady - Ty + 301 - Ady - A3 + 24y - i1y - A3

— 96 —



30 - 03y - 71+ V) - da(Uy - 1) — ATy - Go(T) - 71)? + 30 - @1 (T - 1)

+3dy - (T - 7)° — 9Ty - Ay - 7A(Ty - 71)%) — 35y x T - @x(147) - AT, - @

+301 - @10y - 7+ 26y - AT - Uy — 30) - Ay - Vo + 202 - Ay - Ty — 24 - 703
+303dy - 71 — 20y - [0y - do + 8T - Ay - Ao — 30 - Ay - [Ty - 7 — 3o - (T - 7)?
+3d) - (T - 7)2) — 381 X @y - @2 (7T - Iv? + ity - 7@ + 4T, - 710 - Ta

— 20y - [T} - Vo + 5T - Avs — 20y - fivs — Iy - ATy - 7)* + 30 - ATy - 7))
+38) X Ty - @9 (30 - @10 - 7+ @) - ATy - Vo — Ty - 78y - o

@y - T0d — 30 - Ay - ATy - 1)) + (3S) X 7 - 0 (481 - @103 — 3dy - Tav

+5’U%271 - Qo + 477 - Vot - do + 4’0%171 -y — 7’0%272 - Qo + 471 - UaUs - do

—121)%172 . 62 — 361 . ﬁ’UQ . ﬁ'l)% + 2171 . ﬁv%dg -1 + 3'0%172 . ﬁag -7 + 2171 . ﬁv%ﬁg -1

=

T - @y (T - 71)?

+3a) - Ua(Ta - )2 — 9Ty - il - (T - )% + 3a1 - #(Ta - 7)) + 68) x 7 - @y (viv

—60, - ity - AV} - Gy + 80| - Ay - Ay - Ay + 30a - da (T - 1) —

+vs — 30, - Aty - fivs — v} (Ty - 7)? — v3(Ty - 7)? + 30, - A(Ta - 7)°)

4351 X F - @1 (12020, - i — 8Ty - 101 - Ty + 47 - 702

Ty - fvd — ATy 7(Ty - ) — (B - 7)%) + 351 X 7 - By(@1 - Tyv? — 671 - oy -

—2037 - Ao + 303Uy - Ao + 12030y - dy + 31 - [Ty - v — 3030 - Ady - 7t

—20) - i) - Tady - 7 — 20 - MWy - 71 + 20y - ATy - BTy - Ay — 8Ty - ATy - 71Ty - @

— 30y - o (T - )% — @y - Uo(Ta - 70)2 4 Oy - fHdy - 71(Ty - 1) — 3y - AT - 7)?)

+35) X B - 5(245, - @10s - 7@ — 205 - W@y - Ty + 381 - W02 — 302y - 7

+201 -17262~ﬁ+2@%62-ﬁ—2171 <UL - Ao — 209 - TIU] - Ay — 6V - iUy - doy

+8y - 7y -ty — 6 - MUy - Tids - T + 3ds - ﬁ(’L_)'l . ﬁ)2 — 3dq - ﬁ(’UQ . 7_7:)2)

135y x @) - T (12020 - 7i + 8T - 7T, - o + 126, - i

19T, - TR — 128, - (G - )2 + (B - 7)%) + 351 X - @a (30202 — 2T - Ta)?

—|—3U§ - 4171 : ﬁ’[fg . ﬁffl . 172 - 4171 . ﬁ’[fg . ﬁv% - 31)5(171 . ﬁ)z - 31)%(172 . 7_7:)2

O - )Ty - 7)2) — 35y X T - Go (701 - 0P + 9035y - 71 + 8T - AT - T

— A0y - AT - Vg 4 20 - Avh — ATy - ftvs — 9y - (U - 7)* + 60 - (T - 7))

381 X T - (3030 -7+ 201 - 151 - By + 201 - 0§ — 3Ty - (T - 71)°))]
G?mims

+67[(2§1 X 6-51(18771 -CLI:1 — 1051-?724-171-32 —451 - Uy - 11
r

AT - Ay - ) 4+ 481 X 7t - @1 (607 + 20, - Ty — Tod — 280 - @iy - 7t + (T - 1)
F14(T - 1)%) + 48y X Ty - @1 (24T, - 7i + Tp - ) — 481 X Ty - Tady - 7
48y x @y - o (167 - 71 — Ty - 7) + 251 X 71 - Ao (Tv? — 8(7 - 7)?)

1265 X T - Gty - 1) + (S) x 7t - 01 (1503 — 20 - Ty — 1003 — 687, - 71Ty - 71

—

+24(t - 1) 4 20(Ty - 71)2) + 251 X 71 - Ua (6vF — 4y - Up + 503 + 200 - ATy - 7

_97 —



—6(y - 7)2 — 10(Ty - 7)) + 251 x 1 - 02(257, - 7@ — 18 - 1))

+(138) x - 71 (a? — 4d@) - @y — 4dy - Ay - 1) + S) X 7 - @1 (1437 - @)

—68a7 - Uy — 144 - o — 1475 - do + 8077 - fidy - 77 — 128d7 - 7ivy - 7t

1167, - fidy - 7 + 4Ty - idy - 1) + Sy x Ty - @1 (21d1 - 7 + 8da - )

+48) X 71 - Ta(5a? + 4dy - Gy + 133 - fidy - ) — 128) X @y - Todly - 7

48| X 7t - @ (901 - @1 — 2ay - To — 2701 - Ay - 7 + 25d) - ATy - 7T)

1285 X T - dady - 7 + 251 X @y - G (617 - 71 — 9Ty - 1) — 248) X Ty - dadiy - 1)

(25, x - 5, (437, - @ — 348, - Ty — 165, - @y + 21T - Gp + 2801 - iy - 7

40@, - i - 71 — 340, - iGy - 7) + Sy x 7 - @1 (1602 + 385, - T

5302 — 1487, - Gy - 7t + 46(71 - )2 + 64(Tz - 7)) + 251 x 71 - @ (695, - 7

TGy - ) + A8, X 7t Ta(4dy - o + 95 - @y — 150 - @y — 65, - 7dy - 7

+10a, - i - 7i + 1501 - fidy - ) — ASy x T - (@, - 7 + 32 - 7)

12681 x @y - o (571 - 7 — 20y - 7) + 251 X 7 - Ga (1002 + Ty - Tp — 1502

647, - Ty - 71 — 5071 - 7)) + 28 X T - G2 (485 - 7i — 170 - 7l

G?moy?
24r

+28) X 71 - @1 (10T, - Ty — 120% — 87 - ity - 71 + 9(Ta - 7)?) — 928) X T - &1 - 7

—34§1 X 172 . 52171 . ﬁ)} + [(25_:1 X 17 - ’[fl (56‘?1 . 172 — 461 . ﬁ’[fg . 7_1:)

—28) X 7t - To (@1 - Vo — 360, - dg + 80 - da + 4dy - Al - 7T — 247 - fidy - I
— 4Ty - Ay - 71) — 281 X T - Ta(5dy - 7 + 12d2 - @) — 105} X @y - 0 (20 - 7t
1350, - ) + 48] X 71 - da (1607 + v3 + 487 - Aty - 7 — 32(v - )% + (T - 71)?)
1328, X Ty - @a(4T1 - 7 — 30y - i) — T281 X Ty - day - ) + (381 x - T (55 - B
8v2 — 4Ty - ATy - 7+ 6(Tp - 7)) — 251 X - Ty (T - Ty — 3502 + 4T, - 7Ty - 7
6L(Ty - )2) — 591 X Ty - Ba(3T1 - 7+ 705 - 7)) — (Sh x 7 - 5, (123, - @
+268a2 + 156@, - fidy - i) — Sy x 7 - @1(30d; - Ty + 517 - do

20Ty - Gy — 24, - 7Tl - 7t — 3120 - fidy - 7l + 3080, - Aidy - 1)

—788) X T - dydo - Tl — 4S) X 7 - T2(38d) - Go + 63a3 + 47d; - 7idy - 7)

165, X @1 - To (51 - 71 + 42dg - 1) — 251 X 7T - da (301 - @1 + 36, - Ta

320 - Gy — 60 - a0y - 7t — 18@) - 710y - 71 + 1407, - fidy - 1 — 120y - fidy - 1)
+38) X ¥ - @2(23a) - 7t + 40a, - ) - Sy X @y - @ig (1537, - 71 — 1887y - 1)

—168) X Ty - dody - ) + (S1 X 7t - (25 - Tp + 30 - @2

+200, - dg — 20d; - 7i0s - 7t — 3120 - fidy - 7t + 3080, - fids - 77)

48y x 71 - @1 (350 - Ty — 4802 — 287, - idhy - 7 + 36(Tz - 7)?)

028) X By - @10y - 7 — ASy X 7+ G (@1 - To — 140, - Ty + 30y - @ + 4Gy - AT - 7

—9517 - nay - 11+ 14175 - fids - ﬁ) — 51 X U1 - U (2551 -1+ 348ds - ﬁ)

_ 98 —



—35§1 X '172(171 -7l 4 2005 T_i) +2§1 X ﬁJQ(QU% + 1677 - U —U%

1220, - ity - 7t — 4(T - @)% — (Tp - 7)%) + Sy X T - G203 - 7 — 2287, -

- 2G? -
881 X Ty - Gy (301 - 1+ 357, - 7))] + #[51 X 75y (a@1 - 7)?

G2m22
67

—51 X 17 - 172(&'1 . 7_7:)2} +

{55;1 X 11 - 171(62 . fi)2 — 3§1 X 17 - 172(62 .

G3 2 N ) - . .
_;”8712@[21051 X 7l - dy 4 1425] x @ - — (1785] x 7 - @y — 875 x ﬁ.@)}
.
G3 2 1 - . - .
T ( — los g )[148 % i 4108, %7 5y — (55 %7y
g - o 2G3m23 1 r = I =, L.
+851X”'a2)}_7<2_310gﬁ0)[slXn'a1+(51><n-vl

G3m23
. . 18T2
+(30Sh x 71 01 + 228 x 71+ Ba) + (6081 x 71 - G1 + 2018 x 71 - @)

—i—glXﬁ-ﬁg)+(2§1Xﬁ-61+9§1Xﬁ-52)}— [30§1Xﬁ-(._il

CBmymy? ) ‘ .
— s [5T6(16 = 7)S) x i - i1 + (2(3296 — 2257°) ) x 7 - 7
T

C7(160 — 972) S, x 71 - B) + (18(416 — 297%)8) x 7 - @y

+3(1456 + 337%)S1 x 71 - )| + (1 > 2),

+3§1 X 171 . 5:2(?}% + (171 ﬁ)2)> + (51 X 77 - 171(3’172 . ﬁv% — (_’2 ﬁ)?))
(

5 R
—S1 X 7i - Tp(30y - vy —

— — - — — — —— — — — —

—(351 ><ﬁ‘Ul(Q’Ul.d’ld’Q-n—2a1-vgag.n—fmg.nal.a2+a1'nv2'*

— — — —

—171-6162-ﬁ+261-ﬁﬁl-a2—|—5vl-ﬁ&l-a2—2a1-ﬁﬁg-&g—&yﬁ@-ﬁ&g-

1
!

Oy - idy - iy - 1) — 38y x 7t - @y (02

—52'ﬁ(61'ﬁ)2)+3§1 ><171-61(2_’1-62—262'52—51'ﬁ&2'ﬁ)
+38) X 71 - @y (v3dy - Tt + V3dy - 7T — 3Ty - 7T - Ay + 30 - ATy - @2

VAT - By - @y — 3T, - A - Ally - 7) — 651 X 1 - &1 (671 - &2
*5’(_)‘2'62*2171'7752-7?*’(72-7?52'77) *65:1 Xa‘l‘a’l(vg‘{’(_‘Z‘ﬁ)Z)
381 X 71 - Go (@1 - Vol - 71 + 30y - Ay - Az — @y - Bl - dg + Ty - drdia - 7
—dy - 7Ty - Ay — 3Ty - Ay - Ao + 281 - ATy - Ao + @1 - ATy - Az - 7
—Ul‘ﬁﬁl'ﬁég'ﬁ)—3§1 ><51‘172(2&'1‘524-351'52—51-7_7:&2-77)

—351 X 61 '172(171 . C_l:2 — 2’(72 . 62 — 171 ﬁ(_ig ﬁ) — 351 X 61 '172(4171 . (_iz

vids - T — AU - V) - do + 407 - 1ivs - da

—

n

114 - @y — 6T - 7idia - 71+ Ty - fidy - 71) + 3G) X 71 - g (25 - fiddy - o — iy - 73

—1—51 . ﬁ(ﬁg . ﬁ)2> + 351 X U7 - 62(14171 . &1 — 4&1 - Uy + &1 - s - ﬁ)

+38) X @1 - @ (Tv? + 201 - Ty + 602 + 150, - Aty - 7t — (To - 7))

~99 —



+3851 X Uy - o (a1 - Ty — 1 - 780 - 1) + 31 X 7 - o (301 - G102 - 7 + @1 - 7101 - T
T 7@y Ty + @y TR — 30, - Gy - 7T - ) — 381 X T - 32201 - @y + @y - B
20, - Ady - 7 — 3y - WV - ) — 351 X @y - da (507 — Ty - Vg — v3 — 3Ty - AT - 7
+5(5 - 7)2) + 651 X T - (T Gy + 51 - 7@y 7)) + (351 x 7 5y (03 - 7
ATy Ty - i AT - Ty - Gy — - (T 7)2) + 351 X 7T - (30 - 0l

(T 7)) + 1281 x T - G (v2 + (T - 7)) — 38y x 7 - G (v2in - 7

— —

—24) - 710) - dg + 4 - Tivy - Ao — da - 7i( 1-ﬁ)2)+651><171-172(171~EL’2—2172‘ZL’2
— 0y - fidy - 1) + 27S) X @y - Vo (V3 + (T2 - 1)?) — 381 x 71 - Ao (3030 - 7
I DO (N NN SR
+20) - 71U - Vg + 207 - vy — 30s - A(V - 10)%) + 351 X Uy - d2(5vy — 207 - Ua
2 L L9 S s 52 L9
—2v5 — 601 - 0y - T+ 5(01 - 1)) — 651 X Ta - da(vi + (V1 - 7)?))
—(351Xﬁ-’[ﬁ(v%c_ig'ﬁ+vgag'ﬁ—3ﬁg'ﬁﬁl-62+3171-ﬁ272-672
A0y - ity - dy — 3Ty - 71ty - fdy - 71) — 351 X 71 - @1 (30 - ivg — (U - 1)3)
—651xﬁl-&’l(v§+(ﬁg-ﬁ)2)—35‘1xﬁ-62(171~z72c?2-ﬁ+v§c?2~ﬁ
—Uy - VY - Ay + 3V - TV - do + 4Us - 10 - do — 30 - iUy - fidy - 77)
—1—951><171'172(3172'52+2171'ﬁ&g'ﬁ—ﬁg'ﬁag'ﬁ)—2751XEL&'ﬁQ(U%
+('l72 . 7_7:)2) — 35 x1i- 52(2172 -7 - Uy + 307 - ﬁvg
S 9 ) d S 2 I 2
+20y - vy — 30 - 7i(Vs - 17) )+35’1 xv1~a2(7v1+6v1-vg—|—402
+158 - it - 7l — 3(Ty - 71)?) — 351 X ¥y - G2 (U - Vo + v3 + 30 - itk - 7))
—(6S1 x 7 - 1 (atdy - 71 — @1 - 71a3) + 351 x i - @ (40 - @1z - 7 — 3dy - Voo - 7
—9772-na1'62+361.ﬁ62‘52—451-ﬁa§—351-ﬁUQ-nag-n
—6S) x ¥ - @1 (7d1 - @ + a3 — @ - Adz - 1) + 651 x 7 - tody - a3
—351><61-172(961-52—2@%—351'ﬁ52'ﬁ)+331Xﬁ~52(3171~6152’ﬁ
—dy - 10y - do — BT - fidy - Ao + 4dy - TV - do — 30y - 7idy - ds - 1)
—|—3Sl><171'52(14&%—561-52+361-ﬁ62'ﬁ)+351X51'62(28171-61
—9(5:1'172—171-624—4172-624-961'ﬁﬁg-ﬁ-i-?)ﬁl'ﬁdg-ﬁ))
—(3S1 x @ - 01 (40 - @1da - 7i — 3dy - Vody - 7T — Vs - 7idy - Ao + 3dy - TNV, - Ao
- 2 S ad A J 2 =
—40 - flay — 3dy - 70 - My - 1) + 651 X 7 - dy (vidy - 7 + vydy - 7

—3Uy - iU} - Ay + 301 - 1103 - A + 4Ts - 1l - oy — 3V - TV - Ndy - 1)

w
ot
St
S
[\
S
~—

—351 X 171 . 51(12’171 '62 — 11272 . 52 — 4’171 ﬁc_fg T
+35] x ﬁUQ(al - Uady + M + by - Midy - Ao — 3d1 - Vs - dg + 407 ﬁa%
+3Gy - T - Gy - 7) — 351 x 1 - T2(561 - Go — a2 — 3Gy - Ay - 7)

=351 x dy - U2 (401 - do — 210y - do — 120 - fidy - 7T + 30Uy - Tdy - 1)

— 30 —



+35) X 7 - @ (20 - Ay - T — 31 - AR + 302y - 7 — 26, - 7T - G

V8T - ATy - Gy — g - AT - )2 + 331 - ATy - 7)2) + 351 X Ty - @(2871 - @
51 - Ty — 201 - @y + 8Ty - @y + 931 - WV - 7@ + 6T - iy - )

1351 x @) - @ (1402 + 85, - T + 1102 + 308, - iy - 7i — 3(Ts - 7)2)

381 X Ty - (@ - By — 3a - s - 7))

+ma2m2 (4688 x 7t - @y - 7 + 1281 x 7 - Goity - 71 + 3848y x i - Godly - 71
=4Sy x i -y — 25351 X @ - Gy + 6485 x @y - ) - (1448, x i - oz - 7
3848, X 71+ (26, - 7 — Ty - 71) + 4108) X T - Gy — 34051 x T - )
+(46851 X 7 - Tida - 7 — 5765’1 X 7 - Vody - 7 + 125’1 X 7l - da (U1 - 1T — 2003 - 77)
3475y X Ty - Gy — 2351 X Ty - Ga) + (93651 X 7 - G1d - i + 2451 x 7 - Gx(a@y - 7
26, - 71) — 6945 x @, - ag)} + 1G2m1m2(1 —2log RLO) (3281 x @y - in
408y x iy - @ — 8 x @1 - ) - (1681 X By - &1+ 551 X &1 -

+115’1 X U1 - ag) (325’1 X Uy - dq — 351 X dq - Uy + 43§1 X U1 - do

—851 X Uy - dg) — 8()51 X dy - ag} — fGng (1 —2log RLO) [(4051 R

485, X @1 - ) + (165 X 1 - G — BS1 X T - ) + (405 X T - G
551 X T - @2) + 8051 X @ - 62] + %G%lm [(1251 X 7 - @y - 7t
—248) X 7t - @y (4@ - 7 — Ty - 7) + 1448) X 71 - Gody - 7 + 3408) X @1 - @
1528 X &) - @ — 405) X @y - @) — (1281 x 7 - &1 (87 - 7 — 75y - 7)
2045, X i - Galh - 71+ 16451 X Ty - i + 1351 X &1 - Ty + 2551 X T - dia)
(60§1 X 7 iy - 7t + 128 x 7 - @1 (3T i = 9 - 1) — 608y X 71 - Gyity - 7
—1—1251 X 7 - do (1207 - 1 — 1305 - 11) — 40651 X U1 - a1 + 2131 X @1 - U
—1555’1 X U1 - dg + 2851 X Ty - dy) — (2451 X 71 -y (4dy - 7 — 9dy - 1)
965, X 71 - Gody - 7+ 3585 X a1 @)] + (1 ¢ 2), (A7)

]- al I haN Z hiN N — il - 5 — N — N
= —Gmor? {(Slxn'vl 81 - dy — dy - My - 1) + 351 X 7 - @1 (207 - dg — 205 - da

24
—Ul~ﬁ62~ﬁ>—251Xﬁl-alag-ﬁ—slXﬁ-52(561-@'2—61-ﬁ62-ﬁ)

—

+81x61-62&’2~ﬁ7331xﬁ.ﬁg(ﬁl-ﬁg—a’yﬁﬁyﬁ)—251xz‘;’l-ﬁgél-ﬁ

—3§1 X 61 ~&2(8171 ﬁ—ﬁgﬁ) —|—2§1 X 172-&'231 ~ﬁ)+(3§1 X ﬁ@l(ﬁgﬁg

S

—|—l72ﬁ62ﬁ)—|—651 X U1 - d1ds -1+ 951 X d1 - Uady - 1+ 2151 X @1 - Aoy -

—3S1xﬁ-62(171~d‘1+171-ﬁd‘1-ﬁ)—3S1xUl-d‘gdl-ﬁ—?)Slxd‘l-c?gUl-ﬁ

~—

—(35_:1 X 17 - (?2(11% + (271 . ﬁ)2) + 651 X U1 - 32271 . ’I_i) + (3§1 X 17 - 171(2171 . 52

~ 31—



—2’[_)'2-32—’(71'7752'77)—3§1Xﬁ'l_fg(l—ﬁ-52—262'62—51-ﬁ§2-ﬁ)
+3§1X171~172&'2-ﬁ+3§1><ﬁ'&2(61-172+1}%+3171~ﬁ172~ﬁ)

—3§1><U1 az(Svl 7 — 37y - n)+65’1><v2 ol - n) + (BSlxn 01 (U2 - da
—l—vg 7dy - n)—SSlxn vz(vg Qo + Uy - Tido - n)+951><111 Uado - T
—351Xn (J,Q(’U%—F(UQ‘TL) )+21Sl><7)1 QoUs - n—351><'l)2 QoUs - ﬁ)
—|—(3SlXn'a1(5a1'&2—61'ﬁ62'ﬁ)—651Xﬁ'61a2+651X51'6152'ﬁ
—3§1><ﬁ-ﬁg(?)élfl-62—&1-ﬁ62‘ﬁ)+3§1X&l-ﬁgﬁg'ﬁ

—1551 X (_il '5261 ﬁ) + (3§1 X ﬁ'ﬁl(551 . (L1:2 —51 ﬁfiQ ﬁ)
+6§1><ﬁ-61(2171-52—262‘&2—51'562'ﬁ)—3§1Xﬁl‘ﬁlég-ﬁ
—|—9§1Xﬁ-51(52'62+172'ﬁ62-ﬁ)+12§1Xﬁl-&'ld’g'ﬁ—gé‘lXﬁ'ﬁz(z}(_il'c‘_ig
—al-naz-ﬁ)+3§1Xal‘ﬁgég'ﬁ+27§1Xél'ﬁgﬁz'ﬁ+63§1Xéb'l-JQﬁg‘ﬁ
—3§1Xﬁ-52(61'52—361-ﬁ52~ﬁ)—15§1Xﬁl-agal'ﬁ

—351><a1 a2(16v1 7 — 3y - n)—|—651><v2 Tody - ) — (6Sl><n v1a2
—951><n a1 (s - do + Uy - idis - n)—GSlxvl a1ds - n—65’1><n Tya’
—275’1><a1 Uy - n—|—351><n o (Ty - dg — 40y - dg — 301 - fidy - 1)
—951><Ul G,QGQ n—6351><a1 CLQ’UQ )—(12§1Xﬁ-61a%

+3Sl X 1 - 62(56_1:1 . 62 — 351 . ﬁag . ﬁ) — 951 X 6_1'1 . 6262 . ﬁ)}

1 - 157 = -
fT8G2m1m2r {951 X 7 - a1 + 1451 X 17 - CLQ} — mG2m22rSl X 71 - o
1 1
—fG m1m2r<f — 2log R0>Sl X 1 - ag — fG meo T(E —2logRL0)Sl X 17 - a2
(192), (A.8)
(5) 1 308 = 5 5% o 5 o 0 n L S 5 5
V3,1:—5Gm2r [(351)(71‘&1 5T +3S5] X7 -dody -7+ 1151 X dy - doy
+§1X31-32)+(9§1Xﬁ-52_'1- G X U7 - ﬁ) (351Xn 17162 7
*35_:1)(7_1‘ 17252'ﬁ*9§1Xﬁ'&2272-ﬁ lg X’Ul CLQ*QSlXUQ CLQ)

+(9§1X’r_i 5152'ﬁ+3351X61 ) ( ﬁ'@gﬁl'ﬁ+351X61-52)
+(9§1 X 17 - 61&2 ST+ 335:1 X C_I:1 ) 9 X 17 - 5262 . ﬁ} + (1 Ad 2), (Ag)
(6) 1
Vi1 = —Gmor? 5’1 X 17 - a2+(1<—>2) (A.10)

’ 72

B Redefinition of position and spin

In this appendix we provide the explicit unreduced potentials, and redefinitions that are
fixed in order to reduce them, throughout the reduction process that is described in sec-
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tion 4.2. First we consider the 3PN sector. Our unreduced potential can be expressed as:
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where the kinetic term is included and:
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The redefinition of position that we fix for the 3PN sector can be written as:
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We proceed to consider the N2LO spin-orbit sector at the 3.5PN order. Our unreduced
potential can be expressed as:
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and we separate terms with one higher-order time derivative into:
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The new redefinitions in the N2LO spin-orbit sector of both the position and spin

variables can be expressed as:
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Finally, we consider the N3LO spin-orbit sector at the 4.5PN order. Following the
discussion in section 4.2, and in particular table 8, we implemented the following new
redefinition of the position and spin variables in the present sector:
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C Generic action

As noted in section 4.3, after our reduction process, we get the following generic action:
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D General Hamiltonian
As noted in section 5, we obtain the following general Hamiltonian for the present sector:
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