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ABSTRACT: The summation over spin structures, which is required to implement the GSO
projection in the RNS formulation of superstring theories, often presents a significant im-
pediment to the explicit evaluation of superstring amplitudes. In this paper we discover
that, for Riemann surfaces of genus two and even spin structures, a collection of novel
identities leads to a dramatic simplification of the spin structure sum. Explicit formulas
for an arbitrary number of vertex points are obtained in two steps. First, we show that the
spin structure dependence of a cyclic product of Szego kernels (i.e. Dirac propagators for
worldsheet fermions) may be reduced to the spin structure dependence of the four-point
function. Of particular importance are certain trilinear relations that we shall define and
prove. In a second step, the known expressions for the genus-two even spin structure mea-
sure are used to perform the remaining spin structure sums. The dependence of the spin
summand on the vertex points is reduced to simple building blocks that can already be
identified from the two-point function. The hyper-elliptic formulation of genus-two Rie-
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results into the language of Riemann v-functions, and applications to the evaluation of
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1 Introduction

In the Ramond-Neveu-Schwarz (RNS) formulation of superstring theory, supersymmetry
of the spectrum and of amplitudes is achieved by implementing the Gliozzi-Scherk-Olive
(GSO) projection. The gauge sector of the Heterotic string in terms of 32 Majorana-Weyl
fermions similarly requires an extension of the GSO projection to produce the Fgx Eg or the
Spin(32)/Zy anomaly free gauge groups. In both cases, the projections are implemented by
summing over the spin structures of the corresponding worldsheet fermions. On a Riemann
surface of genus ¢, the number of different spin structures is 229 and grows rapidly with
increasing genus.! For genus one, a plethora of readily available Jacobi 9-function identities
(see for example [1]) greatly facilitates carrying out the summation explicitly, as was shown
in [2-7] for computations with external NS-sector states and [8-10] for external R-sector
states. As soon as the genus exceeds one, however, the corresponding identities between

!We recall that, for arbitrary genus, a spin structure is even (resp. odd) if and only if the number of
Dirac zero modes of a single worldsheet spinor is even (resp. odd). The number of even spin structures is
2971(29 4 1) while the number of odd spin structures is 2971(29 — 1), amounting to 10 even and 6 odd in
genus two. For all points in the genus-two moduli space, and at generic points for higher genus, the number
of zero modes is actually 0 for even spin structures, and 1 for odd spin structures.



Riemann 9J-functions are considerably more involved and not necessarily available. As a
result, the need to carry out the summation over spin structures is often regarded as a
drawback of string amplitude computations in the RNS formulation.

In this paper, we shall introduce a collection of novel identities for genus-two Riemann
surfaces that dramatically simplify the sum over even spin structures in multi-particle
amplitudes. Our techniques apply to the spin structure sums for an arbitrary number
of massless external NS states such as gravitons and, with minor modifications, also to
massive external NS states. The even spin structure contribution to the chiral amplitude
of these states precisely corresponds to the even parity contribution to the chiral amplitude,
while the odd spin structure part corresponds to the odd parity part. Thus, our results
will apply to the even parity part of Type I, Type II, and Heterotic string amplitudes with
external NS-sector states.

In the modern approach to genus-two string amplitudes in the RNS formulation based
on chiral splitting and the super-period matrix [11, 12] (reviewed in the lecture notes [13]),
the even spin structure dependence enters via three different ingredients. Firstly, spin struc-
ture dependence enters through the measure factor, which is universal and independent of
the number of external states; it was evaluated in [14-16] and re-derived using purely al-
gebraic geometry methods in [17]. Secondly, spin structure dependence enters through the
Szego kernel (namely the Dirac propagator of the worldsheet fermions), which is used to
evaluate the correlators of the NS vertex operators and worldsheet supercurrent opera-
tors [18, 19]. Thirdly, spin structure dependence enters through the gauge-choice made for
the worldsheet gravitino field. Unitary gauge in which the gravitino slice is supported at two
spin-structure independent points ¢1, g2, was used successfully in the explicit calculation of
the 4-point functions in [18, 19] and again in the calculation of the 5-point functions in [20].2
The spin structure dependence of the Szeg6 kernels enters either via cyclic products of Szegd
kernels, or via a concatenated product of Szeg6 kernels along a linear chain stretching from
q1, to qo. It is the spin structure dependence of the cyclic product of Szegé kernels that will
be analyzed in this paper, while that of the linear chain will be relegated to a future paper.

The protagonist of this paper is the cyclic product of n Szegé kernels S5(z;, 2;), an-

chored at generic insertion points z;,z; € ¥ of worldsheet fermions (i,j = 1,2,--- ,n) on
an arbitrary genus-two Riemann surface > with an arbitrary even spin structure ¢, denoted
as follows,

Cs(21, 22, 2n) = Ss5(21, 22)S5(22, 23) - - - Ss(2n—1, 2n) S5 (2n, 21) (1.1)
We recall from [11, 23, 24] that the Szegd kernel S5(z,w) is a (3,0) form in z and in w

which, for even spin structure 4, is defined as the inverse of the chiral Dirac operator on X,
0:Ss(z,w) = 270 (z,w) (1.2)

For genus two and even spin structure J the inverse is well-defined throughout moduli space
since the Dirac operator has no zero modes. The explicit expression for Ss(z,w) will be
given in the hyper-elliptic formulation in (2.26) below.

2See also [21] for an earlier construction of genus-two 5-point amplitudes based on pure-spinor methods
and chiral splitting as well as [22] for their low-energy expansion and S-duality properties.



The first key result of this paper will be to prove that the spin structure dependence
of the cyclic products Cs5 may be reduced to a universal form which is independent of the
number n of insertion points. Specifically, we shall produce an explicit algorithm to reduce
all dependence of Cys on the spin structure ¢ to quadratic polynomials in z;-independent
universal building blocks Eg‘b symmetric in its SL(2,C) indices a,b = 1,2 to be defined
below. The remaining dependence on the points z; is through spin structure independent
functions and differential forms that we shall construct. We shall present explicit formulas
for this reduction of Cs in the cases n = 2,3,4,5,6,7,8.

The second key result of this paper will be to produce explicit formulas for the spin
structure sums of the remaining spin structure dependence, namely through quadratic
polynomials in egb. The spin structure sums will be carried out against the genus-two
superstring measure for the supersymmetric chiral part of the Type II or Heterotic strings
and against the measure for the fermions representing the gauge algebras for the Heterotic
strings. Actually, these sums reduce to those of the n < 4 case, which are well-known. Prior
to the present work, the spin structure sums for n < 5 had been carried out at the cost of
laborious calculations using the Riemann identities, Fay identities, and other specialized
relations [19, 20], while for n > 5 they were beyond the reach of available methods.

The constructions leading to the above results will be carried out in the hyper-elliptic
formulation of genus-two Riemann surfaces, which we summarize in section 2 below. A fun-
damental role will be played by the SL(2,C) group-theoretic structure of the hyper-elliptic
formulation. The results will subsequently be translated into the language of Riemann
U-functions, the prime form, and Thomae-type formulas in a companion paper [25].

The corresponding reduction of the cyclic products of Szegd kernels at genus one was
obtained by Tsuchiya in [5, 26], where the role of the eg" is played by the three branch
points es of the genus-one curve and the role of the trilinear relations is played by the cubic
equation 46% — g2es — g3 = 0 they satisfy. Along with [27] these references also present
partial results for genus two, and propose a reduction of the spin structure dependence of
Cs to polynomials of degree |n/2] in a quantity Pr;(€Q;) that is similar to our £4°. How-
ever, neither the further reduction of the spin structure dependence via trilinear relations,
nor a general algorithm for obtaining the coefficients of the polynomials in Pr;(£2s), nor
the explicit form of the spin structure independent terms, nor the summation over spin
structures beyond five points, was obtained there.

Organization. The remainder of this paper is organized as follows. In section 2, we
present a brief review of the hyper-elliptic formulation of genus-two Riemann surfaces,
including the Szego kernel for even spin structures, and the role of modular and SL(2,C)
transformations. In section 3, we formulate the problem of reducing the spin structure
dependence of the cyclic product Cs to the universal building blocks egb. In section 4,
we prove the trilinear relations. In section 5, we carry out the reduction of the spin
structure dependence of Cj to the universal form, explicitly for the cases n = 3,4,5,6 (see
appendix G for n = 7, 8), and in the form of a conjecture for the case of arbitrary n. Finally,
in section 6, we use the results obtained in the preceding sections for arbitrary n to sum
Cs over spin structures against the measure of the chiral supersymmetric sector and the



Heterotic chiral gauge sector. A crucial role will be played by finite-dimensional tensors and
representations of the group SL(2,C) of conformal automorphisms of the Riemann sphere
underlying the hyper-elliptic construction; its representation theory will be reviewed in
appendix A. Various derivations, proofs and examples are relegated to further appendices.

Main theorems. In order to complement the organization section above, we gather
here a summary of the main theorems where we obtain the reduction of the spin structure
dependence of cyclic products Cj of Szegd kernels and the spin structure sums over these
cyclic products.

e In Theorem 3.1 all spin structure dependence of the cyclic product Cs(1,---,n) of
an arbitrary number n of Szeg6 kernels is reduced to certain polynomials Q.

o In Theorem 3.2 all spin structure dependence for the two-point function Cs(i,7) is
reduced to a symmetric bi-holomorphic form Ls(i, j), which will be the fundamental
building block for all spin structure dependence of cyclic products of Szegd kernels
for arbitrary n. The bi-holomorphic form Ls(7,j) uniquely corresponds to a spin
structure dependent rank-two symmetric SL(2,C) tensor £s. A key ingredient in
the spin structure independent contribution for arbitrary n is a polynomial Z(i,7)
which is determined already by the two-point function. An explicit reduction of the
polynomials Qs to simple combinations of Ls(i,j) and Z(7,j) can be found in the
all-multiplicity conjecture (5.34).

e The trilinear relations in components of £5, obtained in Theorem 4.1 and Corol-
lary D.1, are simplified in the form of SL(2,C) covariant tensorial relations in Theo-
rem 4.2. This theorem guarantees that all spin structure dependence of an arbitrary
cyclic product of Szego kernels Cy(1,- - ,n) may be reduced to degree-two polyno-
mials in components of £5 with d-independent coefficients.

e The spin structure sums of monomials in £5 of degree < 2 against the measures rel-
evant to Type I, Type II and Heterotic strings are obtained in Theorems 6.2, 6.14,
and 6.15. The analogous sums for higher powers of €5 may then be deduced using
the trilinear relations, and are presented for the supersymmetric sector in Corollar-
ies 6.4—6.6.

e Using the spin structure sums over multi-linears in £5 we obtain the spin structure
sums of cyclic products of Szegd kernels for the supersymmetric sector in Theo-
rems 6.8 for up to five points; 6.9 for six points; 6.10 for seven points; and 6.11 for
eight points. Spin structure sums for products of cyclic products are evaluated for
the supersymmetric measure in Corollaries 6.12 and 6.13 for up to six points. The
resulting expressions contain Parke-Taylor type poles and the key polynomial Z (i, j).

2 The hyper-elliptic representation for genus two

Every genus-two Riemann surface ¥ is hyper-elliptic: it may be represented by a double
cover of the Riemann sphere C = C U {co} ramified over six branch points u;, - - - , ug € C.



Figure 1. The hyper-elliptic curve ¥ is represented in terms of a double cover of the Riemann
sphere C, with distinct points at infinity Pio,. A choice of branch cuts and canonical homology
cycles A1, 25,81, B, is indicated in terms of the cycles 2; = 2d; and Ay = Ay — Ay,

In the hyper-elliptic representation, every point z € ¥ may be parametrized by a pair
z = (x,s) where z € C and s? is given in terms of z and u, by,

6
s% = H(a: — Uy) (2.1)
r=1
Away from the branch points (u,,0) for r = 1,--- |6, every point = € C maps to two

distinct points (x,4s) in ¥ corresponding to the two possible signs of s given that s? is
fixed in terms of z and u, by (2.1). As a result, C maps to the two sheets of ¥ which
intersect at the six branch points (u,,0), as shown in figure 1. In particular, each sheet has
its own point at infinity Pi... The surface ¥ is invariant under the holomorphic involution
7 that interchanges the two sheets of ¥ and acts by Z(x, s) = (z, —s) where s obeys (2.1).

2.1 SL(2,C) transformations and tensors

In this paper, a fundamental role will be played by the group SL(2,C) of conformal auto-
morphisms of the Riemann sphere C which is isomorphic to the complex projective space
CP!. The points in CP! may be parametrized by a doublet x of complex homogeneous coor-
dinates subject to the equivalence relation ~ of rescaling by a non-zero complex number A,

1

C=CP'={x=|" ] €C\ {0}, with Ax ~x, A€ C\ {0} (2.2)
X

The group SL(2,C) of conformal automorphisms of C acts linearly on doublets,

ab
X — X v = € SL(2,C) (2.3)
cd
The tensor €45 = —¢&pq, normalized by €12 = 1, defines the anti-symmetric pairing x§ €45 xg,

and may be used to lower and raise doublet indices,?

Xy = Eqp X0 x? = —e® %, = x; e (2.4)

3Throughout, we shall use the Einstein convention for the summation over repeated upper and lower
doublet indices a,b = 1,2 or I, J = 1,2. The relation €,p = €4c €ba g°d along with €12 = 1 implies e? =1.



In the standard manner, the raising and lowering operations on doublet indices may be
generalized by tensor products to tensors of arbitrary rank.

In the coordinate patch on C where x2 = 0, we may parametrize a doublet x in terms
of the ratio = = x'/x? by choosing A = 1/x? in the definition of CP!. The doublets for a
generic point x and for the branch points u, for r = 1,--- 6 are then given as follows,

0 e

In this coordinate patch all of C is covered except for the point at infinity; the anti-
symmetric pairing reduces to the difference of their top entry, x§eq xg = x1 — x9; the
doublets transform as follows under SL(2,C),

x — (cx +d) 1 yx u, — (cu, +d)"tyu, (2.6)

which reduce to the familiar Mbius transformation rules for the top entries of the doublets,

ar+b au, +b
— — 2.7
_>c:c+d u—>cu7~+d 27)
The difference and the differential transform by,
x] — T2 — i dx—>d7m (2.8)
VU (e + d) (g + d) (cx + d)? '

while the function s(z), used to define the genus-two curve in (2.1), transforms as follows,

6
s(z) — m 72 = T (cu, + d) (2.9)

r=1

SL(2,C) transformations are generated by infinitesimal translations 7T, dilatations, and
special conformal transformations. The latter may be obtained from translations 7 by
applying the inversion S : * — —1/x and thus are generated by STS, while dilations
may be obtained from the commutator of 7 and STS. Thus, all infinitesimal SL(2, C)
transformations are generated by combining 7 and S, whose action on = and u, is given by,

Tx=ce¢ Tu, =€ Srx=—-1/x Sur = —1/u, (2.10)

Throughout, it will be convenient to verify SL(2,C) invariance or covariance properties
by analyzing the behavior under the transformations 7 and §. We may set ¢ = 1 and
recall that T acts as a vector field via Leibniz’s rule of differentiation. Since there is no
infinitesimal version of the inversion S, its action on products departs from the Leibniz
property of T,

T(a-b)=T(a) b+a-T®), Sla-b)=S8(a) S(b) (2.11)



2.2 Holomorphic Abelian differentials

A standard choice for the canonical homology basis of 2; and B cycles for the intersection
pairing J(A7,27) = J(B1,B;5) = 0 and J(™A;,Bs) = 077 on a genus-two surface ¥ with
I,J = 1,2 is depicted in figure 1. The space of holomorphic (1, 0)-forms is two-dimensional
and a standard basis w; may be normalized on 2-cycles as follows,

?4 wJ:(5]J ]{ WJ:Q[J (2.12)
91[ %I

where 277 are the components of the period matrix. By the Riemann relations the ma-
trix € is symmetric and has a positive definite imaginary part. A modular transformation
9M € Sp(4,7Z) maps the cycles 2; and B; into linear combinations with integer coefficients
that leave the intersection pairing J invariant, namely we have 9 J 9 = J with,

B B o fo-I AB
“ | =m 3= m = (2.13)
9 2 10 CD

The row-matrix of (1,0)-forms w and period matrix € transform as follows under 91,
w—o=wlCQ+D)!
Q— Q= (A0+B)(CQ+ D) ! (2.14)
The action of the modular group Sp(4,7Z) reduces to the action of the permutation group
G on the six branch points u,, as is shown in appendix 1.1.4

In the hyper-elliptic formulation, a natural basis of holomorphic (1, 0)-forms is provided
instead in terms of the forms @?(z) and @, (2) = £.,w@”(2) given by,

d d d d
ol =2 2= w = ad wy = e (2.15)
s s s s
where z = (z,s) and s is related to x by (2.1). The forms w® and w, are modular

invariant, since x and s are invariant under arbitrary permutations of the branch points.
They transform as a doublet under v € SL(2, C),

! w!

) — Jyy
w w

) (2.16)

where v was given in (2.3) and the multiplicative factor J, was defined in (2.9).
The basis forms w; and @, are linearly related to one another with z-independent, but
moduli dependent, coefficients ¢%; given by,’

OJ[(Z) = wa(z) O’a[ 5]] = ?( Wa Ua[ (2.17)
2

4The action of the modular group Sp(4,Z) on the branch points should not be confused with the action
of the automorphic group SL(2,C). Although SL(2,C) allows one to fix three of the six branch points at
arbitrary points in ® (leaving the remaining three branch points to parametrize the three complex moduli
of a genus-two surface), we shall refrain from making this choice, or any other choice, here and instead
maintain manifest SL(2, C) covariance by leaving all six branch points free. Doing so, the action of Sp(4, Z)
indeed reduces to the group Gg of permutations of the branch points, as stated in the body of the text.

SThroughout this paper, in order to clearly distinguish modular transformations from Mé&bius transfor-
mations, we shall use uppercase letters I, J, K, - - - = 1, 2 for indices in the Sp(4, Z) frame (such as A7, B, wr)
and reserve lowercase letters a, b, ¢, - -- = 1,2 for SL(2,C) doublet indices.



One may think of 0% as analogous to a zweibein relating Sp(4,Z) and SL(2,C) frames.
The transformations of o and det o under 9 € Sp(4,Z) are given by,

o — UGJ[(CQ—FD)_I]J[
deto — (deto)det (CQ+ D)~ ! (2.18)

which promotes det o (to be encountered in numerous equations of section 6) into an
Sp(4,7Z) Siegel modular form of weight —1. The transformation law of ¢ under SL(2,C) is

given by,
olr olr
= J,y
2 v 2
g1 g7]

deto — J2 (det o) (2.19)

The ubiquitous anti-symmetric bi-holomorphic form A, which is defined in terms of w; by,
Az, w) = wi(2)wa(w) — wa(2)wr (w) (2.20)
may be expressed in terms of the hyper-elliptic basis for z; = (z;, s;), as follows,

(xl — .%'2) da:l d.%‘g

A(z1,22) = (det o) (2.21)

S1 82
Therefore, as a function of z; = (x1,s1), the two zeros of the holomorphic (1,0)-form
A(z1,22) are at zo = (w9, s2) and its image under involution Zzy = (x2, —s2). The form
A(z1, 2z2) is a Siegel modular form of weight —1 under Sp(4,Z) in view of the factor det o.

2.3 The Szego kernel for even spin structures

The expression for the Szegd kernel for even spin structure in terms of J-functions and
the prime form may be found, for example, in [13]. Our analysis of the cyclic products
of Szego kernels Cy in (1.1) will start from the hyper-elliptic representation of the Szego
kernel, which we now review in detail.

For genus two there exists a one-to-one map between the 10 even spin structures,
generically denoted by §, and the ten inequivalent partitions of the six branch points wu,
for » = 1,--- ,6 into two disjoint sets A, B of three branch points,’

0=AUB A={ry,r3, 5} ANB=10
B = {7’2,7“4,7“6} AUB = {1,--- ,6} (2.22)

We take the opportunity here to express also the odd spin structures, generically denoted
by v, in terms of the hyper-elliptic representation. For genus two there exists a one-to-one
map between the six odd spin structures and the six branch points,

Vp = Uy r=1,---,6 (2.23)

which may be viewed as all inequivalent partitions of the six branch points into a set of
one branch point and its complement of five branch points. The functional extension of

5We note that for genus two all even spin structure are regular spin structures [23]. The choice of even
and odd labels for the subscript is a matter of convenient convention, following [16].



the space of hyper-elliptic functions, needed to give the Szegé kernel, is by the square roots
sa(x) and sp(x) of the following cubic polynomials,

sa(z)? = H (x — uy) sp(z)? = H (x — uy) (2.24)

reA reB

The relative sign in the square roots is fixed by requiring their product to be s(z), where
s(x)? was given earlier in (2.1),

sa(x)sp(z) = s(x) (2.25)

The Szeg6 kernel for even spin structure 6 and two arbitrary points z; = (x4, s;) € ¥ is
given by,

S5(21,22) =

sa(x1)sp(x2) + sp(w1)sa(xz) <dl‘1>§ (dﬂ32>; (2.26)

2119 51 89 ’
where we employ the familiar notation x12 = x12 = 1 — x2. The analytic structure of this
expression may be verified by noting that the denominator x12 produces simple poles at
(21, 81) = (22, =s2) but the pole at s;1 = —s9 cancels since the numerator vanishes in view
of the relation (2.25). The remaining normalization is such that the pole (dz; d.fL'Q)l/ 2 /219
has unit residue.

As mentioned earlier, Sp(4,7Z) modular transformations act on the hyper-elliptic rep-
resentation by the permutation group &g acting on the branch points. Since even and odd
spin structures are uniquely labeled by partitions of the branch points, the action of mod-
ular transformations on spin structures is induced from their action on the branch points.
As is well-known, and may be easily verified in terms of the representation via partitions of
the branch points, modular transformations map even spin structures to even spin struc-
tures and odd to odd. The precise expressions for these actions, along with the translation
in terms of half-integer characteristics, is provided in detail in appendix I.1 and [16]. The
action of an Sp(4,7Z) modular transformation maps the Szegd kernel Ss(z1,22) into the
Szegd kernel S5(z1, z2) where § is the image of ¢ under the modular transformation.

Finally the Szego kernel is invariant under SL(2,C) transformations,

vSs(21, 22) = Ss(21, 22) (2.27)

provided the points z1, 29, their differentials, the branch points w,, and the spin structure
in terms of the branch points are all transformed according to (2.7), (2.8), and (2.9).

3 Reduction of cyclic products of Szego kernels

In this section, we shall initiate the process of reducing the spin structure dependence of
the cyclic product Cs(z1,- - , z,) of Szegd kernels, defined in (1.1), to a universal structure
that is independent of the number of points n. This process will be carried out in a number
of steps, and with the help of several intermediary functions that we shall introduce and
discuss below. The proposed reduction of Cs will be carried out completely in this section
only for n = 2. But the structures uncovered for n = 2 will constitute the fundamental



building blocks for the reduction of the higher point functions in section 5, to be carried
out with the help of the results of section 4 on the trilinear relations.

To begin, we express the Szegd kernels in Cj in terms of the hyper-elliptic representa-

tion using (2.26), and organize the cyclic product as follows,”

n dx;
Cs(1,-+-,n) = Ns(1,--- ,n) 27 s
i—1 i,i+1 Si

n

Ny(1,-++,n) = [ (sa(i)sp(i+1) + sp(i)sa(i+1)) (3.1)
=1

where we identify the labels n+1 = 1. The simple poles at x; = x;41 arise through the
Parke-Taylor factor (z12x23 - - - xn,l,naznl)*l well-known from tree-level correlators. All the
dependence on the spin structure § = A U B resides in the cyclically invariant numerator
Njs. An equivalent but more useful expression for Ny is given as follows,

Ns(1,--n) = D" 50,(1)55,(2)56,(2)55,(3) -+ - 56, (n)55,, (1) (3.2)

0;,=A,B
i=1,,n

where o; takes the values A or B and &; takes the value opposite to o;.

3.1 Isolating the spin structure dependence of the numerators Ng

Each term in the expansion (3.2) of N has precisely n factors s 4 and n factors sg. Products
sA(i)sp(1) are equated with s;, which is independent of the spin structure. The number of
s; factors thus obtained must always be even when n is even or odd when n is odd. The term
with the largest number of s; factors is always twice the product of the n different s; factors.

Using the above observations we decompose Nj into a linear combination of prod-
ucts involving spin structure independent factors s;, - - - s;, times spin structure dependent
factors. To capture the latter, we define the following combinations,

Qs(it, -+ imlit, -+ s dm) = 54(i1)” -+ sa4(im)*sB(j1)* - - sB(jm)> + (A > B)  (3.3)

where the labels i1, - ,im,j1, -+ ,jm are all distinct from one another. The properties
of Qs follow from those of the polynomials s4(z)? and sg(z)? and may be conveniently
summarized as follows. The functions Qs(i1, - ,im|j1, - ,Jm) are,

e polynomial in x;,, -+ ,®;,,%;, - ,x;, of degree 3 in each variable;

e invariant under all permutations of i1, - - - ,i,,. and all permutations of ji,- -, jm;

o invariant under swapping the set {i1,- - , iy} with the set {ji, -+ ,jm}

"When no confusion is expected to arise, we shall often use the shorthand Ss(i,j) = Ss(2i,2;) in the
Szego kernels and elsewhere, so that, Cs(1,2,--- ,n) = Ss(1,2)Ss(2,3) - - - Ss(n—1,n)S5(n, 1).
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For n < 6, the decomposition may be easily worked out and we have,

Ns(1,2) = 2s152 + Qs(1/2) (3.4)
Ns(1,2,3) = 2518283 + {51Q5(2]3) + cycl(1,2,3)}
N5(1,2,3,4) = 251508350 + Qs(1,3]2, 4)

1
+{3132Q5(3|4) + 55153625(2’4) + CyCI(L 27 37 4)}

N5(1,2,3,4,5) = 25152838485 + {$1Qs(2,4]3,5) + s15253Q5(4]5)
+515284Q5(3[5) + cyel(1,2,3,4,5)}

N(S(]-a 27 37 47 57 6) = 2818283848586 + Q(S(L 3’ 5|27 47 6) =+ {51525354Q5(5|6)
1
+51525355Q5(4(6) + 581525455@5(3\6) + 5152Q6(3, 5[4, 6)

1
Fo159Q5(2,5/4,6) + 55154Q5(2.503,6) + exel(1,2,3.4,5,6)

The instruction to add cyclic permutations applies to every term enclosed by the same
curly brackets. The factors of % account for the symmetry of the configuration of points
under consideration and avoid overcounting when the cyclic images are added.

Theorem 3.1 For arbitrary n, the decomposition of N into a linear combination of poly-
nomials Qs with coefficients that are polynomials in the square roots s; are obtained as

follows,
[n/2]
N(s(l?'” )_281 8n+ Z Z Q5(i17“'7if|j17"‘7j€ H Sk
=1 1<i1<j1<<ig<je<n iy,

k#j1, z

The proof of this theorem is elementary and proceeds from the representation (3.2) of Nj
and by rearranging the summands in terms of ()5 of various orders.
The sum in (3.5) terminates after [n/2]|+1 terms, the last term being given as follows,

n even Qs(1,3,--- ,n—1/2,4,--- ,n) (3.6)
n odd 51Qs(2,4,,--- ,n—1]3,5,--+ ,n) +cycl(1,2,--- ,n)

3.2 The two-point cyclic product Cs(%,7) and its § dependence

The decomposition carried out in the preceding subsection isolates all dependence of the
cyclic products Cjs in the polynomial functions (5. In the present subsection, we shall show
that all spin structure dependence in the two-point cyclic product,

Q(;(’LL]) + QSZ'SJ' « dl’l d:L‘j
4:Eijxji S; Sj

Cs(i, j) = (3.7)

may be further isolated to reside in a symmetric bi-holomorphic form in z; and z;, that we
shall identify explicitly, and that will play a central role in the sequel.

- 11 -



Given an even spin  structure 0 corresponding to the partition
2
(uT’17u7"37u7’5
may be expressed as follows,

Ugreyy Uy 5 Uy 2.22) of branch points, the polynomials s%,s% and s
2 4 6 y A °B

sA(x)? = (2 — up) (T — Upy) (T — Ups) = 25 — 12 + anz — a3 (3.8)
sp(a)? = (z = uny) (@ —up,) (@ — upg) = 2° — fr2” + Pz — fi3
s(@)? = (x—u1) - (x — ug) = por® — p1a® + poa’ — psa® + paar® — sz + e

where aq, ag, as, 81, B2, B3 are partially symmetric polynomials in triplets of branch points,

Q1 = Upy + Upg + Ups B1 = Upy + Upy + Urg
Q2 = Up Upg + UpgUpg + Upg Upy Po = UpyUry + UpyUpg + UpgUry
Q3 = Up, Upy Uy B3 = Upy Uy, Upg (3.9)

and the following symmetric polynomials of the 6 branch points are defined by po = 1 and,®

P, = > Upy * " Up,, 1<m<6 (3.10)

1<r < <r, <6

The polynomials are related by the following identities,

= a1+ 3 pa = a1 83 + o3P + a2 B2
p2 = ao + B2 + a1 ps = 233 + a3 32
p3 = az + B3+ a1 f2 + asf pe = azf3 (3.11)

While the symmetric polynomials p,, are invariant under the full group &g of permuta-
tions of the six branch points, the partially symmetric polynomials a1, as, as, 81, B2, B3 are
invariant only under the subgroup 63 x &3 of G¢. This subgroup leaves the spin structure
J invariant, as does the swap (aq, ag, a3) <> (B1, B2, B3). The dependence of «;,, and 3, on
the spin structure ¢ will not be exhibited in order to avoid cluttering.

3.2.1 The auxiliary polynomial Ps(%,j)

To isolate the spin structure dependence of Cjy(i,7) further than we have already done so
far in (3.7), we shall use a convenient auxiliary polynomial function Ps(i,j) defined by,

Ps(i, §) = (sa(i)* = s4(5)%) (s8()* — s5(i)*) (3.12)
Expanding the product, we see that this function is closely related to Qs(i|j), as follows,
Ps(i,j) = Qs(ilj) — 57 — 5 (3.13)

The advantage of Ps is that it is automatically divisible by x?j since we have,

-\ 2 \2 2 2
sa(1)” —sa(d)” = zij(Xij + a1 j + o) Xij = aj + mixj + ]
2 -\ 2
sp(j)” — sp(i)” = 25i(Xi; + 61Yij + PB2) Yij=—x; —xj (3.14)
8More precisely, jtm denote the unique symmetric degree-m polynomials in the u; with i = 1,--- ,6 that

are at most linear in each branch point.

- 12 —



The spin structure dependence of these factors is simplified further in view of the fact that
they no longer depend on either as or 3. The disadvantage of using Pjs as an auxiliary
combination is that it does not enjoy good transformation properties under SL(2,C), in
contrast with Cs and Qs which transform homogeneously. Good manifest transformation
properties will be easily restored in the final results, as we shall see below.

Carrying out the product of the factors in (3.14) to obtain Py, we obtain,

Ps(i,j) = zijayi (Xz',j + 1Y+ az) (Xi,j + p1Yi; + ﬁz)
= T4jTj; (XZQJ + 1 X ;Yij + pe X + xixior — (v + xj)d3 + ¢4> (3.15)

The second line has been derived from the first line using the relations of (3.11) to combine
all spin structure dependence in terms of the following three partially symmetric polyno-
mials in the branch points,

2 = a1/
¢3 = 132 + azf
P4 = a2 (3.16)

where the subscripts of ¢u,, am, Bm indicate their polynomial degree in the branch points,
and we again keep the dependence on the spin structure implicit to avoid cluttering. The
key property of the polynomials ¢, @3, ¢4 is that they share the symmetry under the
group of permutations &3 x &3 X Zy with the even spin structure §. Recall that the two
G35 factors generate the permutations of the branch points that leave a,, and 3,, invariant,
respectively, while the Zo factor swaps «,, and (,, variables. Therefore the variables
P9, @3, ¢4 provide a minimal parametrization of the spin structure dependence, as will be
further clarified below. Substituting Ps into Q)5 and then into Cj, we obtain,

_ Ps(ig) + (sits;)?  deida;
4aijT i 8; 8;

Cs(i,4) (3.17)
Using the fact that the spin structure dependence of Py in (3.15) is localized in the last three
terms on the second line, namely those that involve the ¢,,, we obtain upon substitution
into the above formula for Cy,

d.’L’i dl‘j
4 Si 85

Cs(i,j) = (:ci:vjqﬁg — (@i + xj)p3 + ¢4> + spin structure independent  (3.18)

We readily observe that the spin structure dependence is entirely localized in a symmetric
bi-holomorphic form in z;, zj, as was announced at the beginning of this section, while the
double pole of C5(i, j) at x; = x; resides in its spin structure independent part.

3.2.2 Restoring manifest SL(2,C) invariance

A central guiding principle of this work is to organize the cyclic products Cs and their
spin structure sums into tensors of SL(2,C). A key advantage of tensorial equations in
irreducible representations of SL(2, C) is that they can be derived or verified from a single
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component. Moreover, SL(2,C) tensors will facilitate the translation of our results to
Y-functions and modular tensors in the Sp(4,Z)-frame in follow-up work [25].

While Cs(i, j) is manifestly SL(2, C) invariant, the use of the auxiliary function Ps(3, j)
in (3.17) has obscured this invariance at intermediate stages. In particular, the spin struc-
ture dependent bi-holomorphic form, identified in (3.18), is not SL(2,C) invariant. To re-
store manifest SL(2, C) invariance, we begin by recording the transformations of ¢2, @3, ¢4
and p,, for 0 < m < 6, under infinitesimal translations 7 and inversions & 9

T o = (T —m) -1 Stim = ()" t6—m /16

Tés = 3 S¢2 = ¢a/ 16

T3 = 2+ 3u2 Sés3 = —¢3/ 16

T by = 263 Séa = ¢2/ 6 (3.19)

where it is understood that pug = 1 and p—1 = 0. Using these transformation laws, along
with 7Tx; = 1 and the Leibniz property of 7, we readily evaluate the translation of the
holomorphic part in (3.18),

T(wiqubg — (.%'Z + a:j)¢3 + ¢4> = 3/1,1.%'Z':Cj — 3u2($i + .%‘j) (3.20)

The right side of the above equation is manifestly independent of ¢s, ¢3, ¢4 and thus inde-
pendent of the spin structure 6. It may be expressed as the translation of a spin-structure
independent combination that is uniquely determined as follows,

9 3
— 3z + ;) + ,u4> (3.21)

3
Bpizir; — 3pe(z +x5) =T (#2531'1‘1' ~ 10 5

5

Combining (3.20) with (3.21) we obtain a translation-invariant combination, that we shall
normalize and express as follows,

. . dxidr; ‘ .
L(i,7) = La(i,]) - 02 = 8 () () (3.22)
i 5j
where the components egb are given by,
1 3 1 3
m_t, 2 _ 1 _ 2
b5 = 91— oot = o2l — 5o
1 g 1 3
£12 P _ I 2
5= 493 0 — 1 (182 + azf) 0
1 3 1 3
02— S 2 _ = _ 2
5 = P2 gghe = 1B — oo (3.23)

and the holomorphic (1,0)-forms w, (i) were defined in (2.15).'° Expressed in terms of the
components of £s, the function Lg(i, j) takes the form,

Lg(i,j) = E};l — (ZL’l + l‘j) 6%2 + ziz; £§2 (3.24)

“Recall from section 2 that invariance under both 7" and S implies invariance under the full SL(2, C).

10Tt will be established in section 6 that the sum of £5 over all even spin structures against the unit
measure, namely Z s £s, actually vanishes. This property might alternatively have been used to justify the
addition of the spin structure independent terms in (3.23).

— 14 —



Combining the transformation laws 7w (z) = 0 and Twa(z) = —w;(2) with those of £3°

TR = 26}
Te = €5
T2 =0 (3.25)

we readily verify that T Ls(i,7) = TLs(i,7) = 0. Using the transformation properties of
®2, @3, ¢4 and pi,, under S given in (3.19) along with the transformation law Sz; = —1/x;
of (2.10), we also verify that Ls(é, ) is invariant under S. Since the combined invariance
under § and 7 implies invariance under the full SL(2,C) group, we conclude that the
symmetric bi-holomorphic form Ls(7, j) in (3.22) is SL(2, C) invariant.

In particular this means that Ls(7, j) and Lg(i, 7) may be expressed as combinations of
differences of the points x;, z; and the branch points. For a spin structure ¢ corresponding
to the partition (uy,, Upg, Upg [Ury, U, , Urg ), We may render this property explicit as follows,

. 1 o
La(i, ) = —go [ (@ = ur) @) — ) + (i 4 5)] (try =1,y — )
+eyel(1,3,5) } + perm(2, 4, 6) (3.26)
where perm(2,4,6) stands for the five remaining permutations of (2,4,6). The expression
may be readily verified to agree with (3.24) using MAPLE.

The expansion of Ls(i, j) in a basis of Abelian differentials wy(2;)w(z;) in the Sp(4,Z)
frame will drive the translation of our results into J-functions [25] and make contact with
the spin structure dependent building blocks Pr;(£2s) of Cs considered in [27].

3.3 Summary for the reduction of Qs(i|7) and Cs(z, j)
The result obtained earlier in this section may be summarized by the following theorem.
Theorem 3.2 The polynomial Qs(i|j) in (3.3) and the cyclic product Cs(i,7) admit the
following SL(2,C) covariant decompositions,

Qs(ilj) = 4wijwjiLls(i, j) +2Z(i, j)

.. .. Z(1,7) + s;8; de; dz;
Coli) = Loling) + 20Tt 503, dide,
a:ijxji SiSj

(3.27)

where the spin structure dependent symmetric bi-holomorphic (1,0)-form Ls(i,j) was de-
fined in (3.22) while the spin structure independent function Z(i,j) is given by,

Z(i,j) = poxizs — %(mng +ajad) + ,u;(
U3

20(3@ + 2l + 9zl + 9ztay) + -

T :c + xdx; + 327 jz) (3.28)
4

3 (7 + aF + 3xizj) — ’u;(xi—l—xj)+u6

An equivalent expression for Z(i,j) may be given in terms of the rank siz symmetric
SL(2,C)-tensors My and X;j,

Z(i,j) = M?IM% X?JI'.“bﬁ €arby " Eagbe (3’29)
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where 4y is the anti-symmetric invariant tensor of SL(2, C) normalized to 12 =1 and the
components of the tensors My and X;; are given by,

ML XU = 343

M2 é% X2 = ;(x‘?x + ziad)

M2 %M X%].Ul?? — ;(1‘31‘] + ZUZZL' + 322 ?)

M2 2%% Xz'1]'11222 = %(mf + x? + 922, + 9162‘1']2-)

M112222 1%”2 Xilj.12222 — %(xf + :c? + 3wixj)

M 122222 éul lej.22222 = %(%‘ + )

M222222 0 X%22222 —q (3.30)

To prove the theorem, we have already done most of the work by identifying the bi-
holomorphic form Lgs(i,j). It remains to show that Qs(i|j) — 42 Ls(, j) indeed gives
the expression for Z(i,7). We carry out this analysis by expressing )5 in terms of Py,

Qs(i]j) — 4wijajLs (i, 5)
= Ps(i,4) + s} + 87 — dwijwji Ls(i, j) (3.31)

3
= —.Z‘?j (XZ] + MlXZ'JYVi,j + /LQXi,j + —H2T5T 5 +

9 3
3 uﬂm+5m>+§+§

10

with X; ; and Y;; defined in (3.14). Using the relations x;; X;; = r3 — xj”

—z? + ZL‘? one readily observes that the terms of degree 6, 5, and 4 in z; and x; cancel

and mini,j =

with the corresponding terms in s? + s? to yield twice the expression for Z(i,j) given
n (3.28). Recasting the expression in terms of the tensors My and X;; is straightforward
and completes the proof of the theorem.

We close this subsection by noting that the tensor M; corresponds to a unique (up to
overall normalization) totally symmetric holomorphic (1,0)®% form given by,

Mi(1,--+,6) = M{ "7 14, (1) - - - t0g4(6) (3.32)
where w,(z) are the familiar (1,0)-forms. In terms of the branch points, M is given by,
dxj
My (L, - Z H Up(7)) 5. (3.33)
P€66 j=1 J

Setting the six points z; equal to z1, we have the relation M;(1,1,1,1,1,1) = 9 (z1)?,
where 1(z) is the (unique up to an overall normalization) holomorphic (3,0)-form da3/s?
whose six simple zeros are the branch points.

3.4 The function Pj for the general case

To isolate the spin structure dependence of the polynomials Qs(i1,- - ,m|j1, - ,jm) for
arbitrary values of m, we introduce a suitable generalization of the function Ps(i, 7) in (3.12)
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used for the case m = 1. The number of points appearing in Ps will be even, given by n =
2m, and cyclically ordered as follows, Ps(i1,J1,%2,72, " »im,Jm). We lighten the notation
by designating the points 41, j1, %2, J2, " * , tm, jm in this order simply by 1,2, -+, n, namely
arranged in the same cyclical order as the original cyclic product Cs. The generalized
function Ps(1,2,--- ,n) is then defined by,

Ps(1,--- ,n) = %(5,4(1)2 —54(2)Y) (s5(2)* — 5p(3)%) x -

% (sa(n—1)% = 54(n)?) (sp(n)* — sp(1)?) + (A< B)  (3.34)

2
ij» @ key advantage

of its n-point generalization (3.34) is its divisibility by the Parke-Taylor denominator

In the same way as Ps(i,7) in (3.12) is automatically divisible by x

x12%93 - - Tn1 of Cs(1,---,n). Note that the symmetrization in A and B will be essen-
tial, as this operation will guarantee that all the spin structure dependence of Ps can be
expressed in terms of the partially symmetric functions ¢9, ¢3, ¢4 in (3.16), as will be proven
in Lemma 3.4. In the remainder of this subsection we shall relate Ps to ()5 while in the
next subsection we shall state Lemma 3.4.

To relate Ps to ()5 we expand the products in (3.34) and use the relation sa(z)sp(z) =
s(z), to express the function Pj as a linear combination of the functions Q5 with coefficients
that are polynomials in s1,---,s,. The simplest example for n = 2 was already given
in (3.13). For the case n = 4 we have,

P5(1,2,3,4) = Qs(1,3|2,4) + s1s3 + s3s]
SR (Qs(213) + Qs(314) — Qs(219) +eyel(1,2,3.4))  (3.35)
where the cyclic permutations apply only to the last line. For the case n = 6, we have,
P5(1,2,3,4,5,6) = Q5(1,3,52,4,6) — sis3sz — 535155
+{35H(@5(2,413.0) + Qs(2.514,6) — Qo(2.413,5) ~ Qs(2.5[3.6) ~ Qs(3.5/4.6)
+ ~s1s1(Qs(2(5) + Q5(3(6) — Q5(2(6) — Q5(3[5))

_l’_

N — ]~

$353(Qs(415) + Qs(5/6) — Q5(416)) + cyel(1,2,3,4,5, 6)} (3.36)

Equivalently, one may express (5 in terms of Ps only by eliminating the ()5 functions with
fewer variables in terms of Pj functions with fewer variables. For example, the case n =4
reduces as follows,

1 1
Q5(1,3]2,4) = P5(1,2,3,4) — 5135(1,3)(33 + 5%) — 5135(2,4)(5% + 52)

1
ROE D oL, 23,0) + 33+ 3 (337
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while the case n = 6 becomes,
Qs(1,3,52,4,6) = Ps(1,2,--- ,6)+2{P5(1,2,4,5)(8§+sg)+cycl(1,2,--- ,6)}
FUP(1,23,4)(53 4 58) ~ Po(1,2,3,5)(s% +53) +eyel(1,2,++ 6))
S P(1,2)(353+ 5%3) — Py(1,3) (5393 +-363) +eyel(1,2,--6)}
+%{P5(1,4)(s%s§+s§s%)+cycl(1,2,--- ,6)}4—3%3%3%—1—3%333% (3.38)

where the scope of the cyclic permutations is delimited by the respective braces. For the
case of arbitrary values of n = 2m, we have the following proposition, which was inferred
by inspection of the MATHEMATICA results for low values of m.

Proposition 3.3 The expression for Qs in terms of the functions Py for arbitrary m is
given by the following relations,

Qs5(1,3,--- ,2m—1(2,4,--- ,2m) = 8783 -+ 83,,_1 + 8387+ 83, + Ps5(1,2,---,2m) (3.39)

1 it o . . .
+ 2 Z Z (=)t tioe Po(iy g e igg) B(d1, - s Jam—ac)
=1 1<iy<-<ige<2m

The d-independent function ®(j1,- - , jom—2¢) may be expressed in terms of the ordered set
of indices 1 < j1 < jo < -+ < Jom—or < 2m obtained by removing i1,42,- - ,io¢ from
{1727 e 72m}7
: : 2 .2 2 2 .2 2
(I)(jl’ o ’j2m*2£) = 55155 " Sjam_ni—1 + Sj255a " Sham—2e (3‘40)

We have proved the proposition using MAPLE for the values m = 2,3,4,5,6,7,8. An
analytical proof for arbitrary values of m remains outstanding.

3.5 Spin structure dependence of Pj

Having secured expressions for (s in terms of the Ps defined by (3.34) in the preceding
subsection, we shall now reduce the spin structure dependence of Pjs to a standard form.
By construction, Pj is divisible by the Parke-Taylor denominator xioxo3---x,1 in the
expression (3.1) for Cy. Its quotient will be denoted by Ils, i.e.

Ps(1,2,--- ,n) = x19223 - - Tp1 [5(1,2,- - |n) n even (3.41)

Using the relations of (3.14), we obtain an explicit expression for Il; in terms of the par-
tially symmetric polynomials «y, 5; in (3.9), which generalizes the case n=2 studied earlier
in (3.15),
I5(1,---,n) = (Xig+a1Yig+ a2)(Xsa+a1Ys 4+ ) - (Xp—10 + 1 Yn—1, + a2)
X (X2 + B1Yas + B2) (Xas + B1Yas + B2) - -+ (Xnjg + B1Yn1 + 52)
+(a ) (3.42)
Expanding the product on the first line above, we observe that the coefficient ¢%""**(X,Y)

of the monomial af*a5? is a symmetric polynomial in the variables X1 2, X34, -+, Xp_14
and Y172, )/3747 s )Yn—l,n which is
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e homogeneous of degree a; in Y
e homogeneous of degree n — a; — as in X;

« at most of combined degree 1 in X;; and Y; ; at fixed ¢, j.

Proceeding similarly for the coefficient 0%1’62 (X,Y) of the monomial 5?1 12’2, the expres-
sion (3.42) for II5 at even n = 2m can reorganized into

; bi,b b1 b b1 b
H(;(L... ,Qm) — Z 0211 aQ(X,Y)UBl Z(X,Y)(a‘fla?ﬂll 22+a11a225‘1“6§2>
ay,ag,by,b>0
a)+ag<m
b1 +bg<m

(3.43)
The coefficients 04 and op are manifestly independent of the spin structure. To narrow
down the precise nature of the spin structure dependence, we appeal to the following lemma.

Lemma 3.4 The spin structure dependence of 15 has the following properties.

(a) Every polynomial in the variables ai, a9, 1, B2, which are defined in terms of the
branch points in (3.9), that is invariant under (ai,02) <> (B1,52) may be ex-
pressed as a polynomial in the variables ¢o, 3, ¢4 defined in (3.16) with coefficients
n C[Ml’ T v:u6]'

(b) Equivalently, every such polynomial may be expressed as a polynomial in the variables
03 defined in (3.23) with coefficients in Clu1, - - - , ug).

(¢) The function Is(1,--- ,n) for even n = 2m is a polynomial in ¢a, P3, P4, whose allowed
monomials are subject to the following conditions,

52 dad Pyt 0 < Aa, A3, Mg Ao+ A3+ M <m (3.44)
In particular, this condition requires that Ao, A3, Ay < m.
(d) The same inequalities on A2, Az, A4 hold for the monomials,
(£32)72 (£12) s (11N 0 < A2, A3, Mg Ao+ A3+ M <m (3.45)
that can appear in the expansion of Ils.

The lemma is proven in appendix B by explicit construction. The practical significance
of the lemma is the following:

Corollary 3.5 All the spin structure dependence of lls, and thus of Py, Qs and Cs is local-
ized in a polynomial dependence on the functions ¢a, ¢3, ¢4 or equivalently on the functions
ng.

An alternative, manifestly SL(2,C) covariant proof of Corollary 3.5 may be found in
appendix C. In the next section we shall show that this structure may be further reduced.
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4 The trilinear relations

In this section, we shall produce and prove three powerful related theorems on the functions
¢a, ¢3, ¢4 and their tensorial cousins eg“’. In a nutshell, the theorems state that these
functions obey a system of polynomial equations of degree 3, whose coefficients are elements
of the polynomial ring C[uy, -, ug] and therefore independent on the spin structure .
We shall refer to these equations as the trilinear relations. The trilinear relations will be
essential in the simplification of the cyclic product of any number of Szeg6 kernels and its
spin sum, which is why we now proceed with their derivation.

The existence of polynomial equations for the functions ¢, ¢3, ¢4 and their tensorial
cousins ng is expected on general grounds. Indeed, since the branch points uy,--- ,ug are
the roots of the polynomial,

8(1‘)2 = 2% — 2”4+ ot — pza® + par® — psw + pg (4.1)

they are algebraic numbers over the ring Cluy,---,ug]. Since the combinations
ai, a2, B1, B2 and thus ¢o, ¢3, ¢4 are polynomials in the branch points, they are also alge-
braic numbers over the ring Clu, - - , pug] and therefore must satisfy polynomial equations
whose coefficients belong to C[uy, - - , pg]. Our third and last theorem of this section will
show that these trilinear relations have a simple and beautiful interpretation in terms of
SL(2, C)-tensors.

We shall begin with an elementary derivation of two of the trilinear relations, and
then use SL(2, C) representation theory to construct all the trilinear relations. Some of the
intermediate formulas get to be pretty lengthy and will be relegated to appendix D.

4.1 Elementary derivation of two trilinear relations

The variables a1, ag, as, 51, B2, B3 in (3.9) obey a set of equations that link them to ¢2, @3, ¢4
in (3.16) and the symmetric polynomials p, as follows,

ar + B1 = a1 = P2 a1f2 + af = ¢3
ag + B2 = p2 — P2 aoflo = ¢y a3 + azfa = s
az+ B3 = p3 — ¢3 a3f3 = e a3f +a1f83 = pig — ¢4 (4.2)

Solutions to this system of nine equations for six unknowns a1, as, as, 81, B2, B3 will ex-
ist provided ¢9, ¢3, ¢4 and u,, satisfy certain relations that are obtained by eliminating
i, a9, a3, B1, B2, B3 from the above system. Here we shall limit our attention to the deriva-
tion of only two equations that will suffice to establish all the trilinear relations.

We solve for aq, #1 using the first and third relations on the top line in (4.2) in terms
of p1,¢3 and «g, B2, and similarly solve for aj, 83 using the first relation on the bottom
line in (4.2) and the third relation on the middle line in terms of us — ¢3, us and g, B2,

ai(ag — B2) = —¢3 + p1an ag(ag — fB2) = —ps + (U3 — ¢3)2
Bi(ag — B2) = ¢3 — p1 B2 B3(az — B2) = pus — (U3 — ¢3)52 (4.3)

—90 —



Substituting the solution for aq,; into the second relation on the top line of (4.2), and
similarly substituting the solution for as, 83 into the second relation on the bottom line
of (4.2) leaves two equations involving s, B2,

(ag — B2)?¢2 = —(¢h3 — prc2) (3 — p1B2)
(a2 — B2)%16 = — (s — (13 — ¢3)a2) (15 — (3 — B3)B2) (4.4)

Both relations are symmetric under swapping as and S5 so that we may eliminate s and
P2 from them by using the first and second relations on the middle line of (4.2), to obtain,

(63 — 202 + 13 — 4p4)d2 = —3 + p1ds(p2 — d2) — 1 b
(¢35 — 2uags + 3 — 4pa)pe = —p2 + ps(pz — ¢3) (2 — ¢2) — (uz — ¢3)%ds (4.5)

We may recast these relations as giving ¢3 and ¢3¢, respectively, in terms of a polynomial
of degree two in ¢9, ¢3, ¢4 with spin structure independent coefficients in Cluq, - - , ugl.
Furthermore, we observe that all monomials may be rendered homogeneous of degree three
in the combined set of variables p and ¢ provided we insert appropriate powers of pg = 1.
The resulting expressions are then trilinear in the variables ¢ and p and will be referred to

as trilinear relations. They are given as follows,

¢ = 2203 — pi1dads + Apodads — pods — 3P + pipads — pia
G301 = —eds + f5d203 + 2130304 + U6t — HsisPe — Haps D3
— 34 + uopeda — [r3hie + Hapaits — [os (4.6)

The first relation is the first entry in the list of trilinear relations of Theorem 4.1 stated
below, while the second relation is the second to last entry.

4.2 The complete set of trilinear relations

The trilinear relation for ¢3 on the first line of (4.6) is seen to be invariant under the action
of the translation generator 7 of SL(2, C) using the rules of (3.19). But it is not invariant
under the action of the inversion S and instead maps it to a new relation,

0% = dpigpats — (1605 — Usd3da + 2uad; — pEDy + papisds — Hida (4.7)

which is the last entry in Theorem 4.1 stated below. Under a translation 7, the rela-
tion (4.7) is mapped to a descendant trilinear equation,

1 1 1 1
P33 = pehads + §M5¢2¢4 - §M5¢§ + pad3da + pzds — §M4M5¢2 + §M3M5¢3
1

1 1
—Hopeds — 5 alisGa — Hspada + 2 ies + o Hotaps — i/xw% (4.8)
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which is the next-to-last relation in Theorem 4.1. Further descendants are produced by
successive application of T in view of the relations,

TH(¢1) = 6 ¢307

T?(¢3) = 6 (40304 + ¢203) + O(4°)

T(63) = 24 (320304 + 23) + O(¢%)

TH¢3) = 72 (4205 + d304) + O(4°)

T°(4) = 720 ¢3¢3 + O(¢%)

T%(¢}) = 720 ¢3 + O(¢”)

T7(63) = O(¢%) (4.9)

where O(¢?) refers to terms of second, first and zeroth order in ¢, ¢3, ¢4. We have retained
only the contributions trilinear in ¢; the full relations will be deferred to Theorem 4.1.
Including the relation (4.7) from which we initiated the process of descent, we obtain a
total of 7 trilinear relations. The last of those relation, namely corresponding to 7%(¢3),
is proportional to the first line in (4.6).

It is manifest from the list of descent equations that not all trilinear monomials in
$2, @3, b4 are being produced in the descent. For example, ¢p3¢4 and ¢2¢3 are not produced
independently, but only appear in the combination 4¢3¢4 + ¢2¢3. However, the second
relation obtained in (4.6) precisely fills this gap. With the expression for ¢3¢4 included,
we obtain three additional linearly independent trilinear relations. Since the combination

Py — gZ)% satisfies,
T (p20a — ¢3) = 3oy — bpiaghs (4.10)

and contains no terms bilinear in ¢, it will be convenient to initiate the descent for the addi-
tional trilinear relations from the combination (g2 — ¢§)¢4, which is linearly independent
of the combination 4¢3¢4+ ¢2¢7 that is produced by the descent (4.9) starting from ¢3. We
then obtain three additional trilinear relations, corresponding to the following cubic terms,

(d200a — 63)Pm m=2,3,4 (4.11)

These results establish Theorem 4.1 below, which encompasses all trilinear relations.

Theorem 4.1 The functions ¢, @3, ¢4 obey the following trilinear relations,

b5 = 2403 — j11Pad3 + Apodads — pod3 — pEda + i1 pads — by
1 1 1
¢5 b3 = psds + pagods + §M1¢2¢4 — §u1¢§ + po¢304 — 5#1#4@ + 2p0 10502
1

1 1 1
— o3P — Hopa®3 + §M1M3¢3 - §M1M2¢4 - 5#?#5 + SH1H2Hs

¢35 s = pads — pspads + 2aada + pod3 — p1p3da + Suods
—dpopiepa + ppsde — 2piapads + p3de + 2popsds + i pads — popsds
—6p0ptas + Bl p3da — [3Pa + [ He — Hafi2fts — Hpata 30 + Hop
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P2 B3 = 2u3a3 + f11P3Ps — pods + Aptopiede — H3P2 — 11 f1ads
+240pa0 — pap3Ba — PIH6 + p1 st — Holt:

1 5 1 1 1 1 1
P2P304 = 5#5?% + ZM3¢2¢4 + ZM3¢§ + 5#1@21 - ZM3M4¢>2 — §M2M5¢2 + §M1M6¢2

1 1 1 1
+ope 3 — ZM?@:& + §MOM5¢4 - 5#1#4(254 — 1M2M3¢4

1 1 1 1
— S Hopapts + a3y + < 13 s — S U1 U216

2 4 4 2
¢35 = —§M5¢2 + padap3 + 1#3453 - 1#3(;52454 + p23ds — §M1¢4 + 5#2#5(252
3 3 3 3
—Hstad + S ped2 + Bopeds — ppisds — Haads — {150s + S posda
1 3 3 3 3 3
+§M1M4¢4 - ZM2M3¢4 - 5#0#4#5 + Zuzusm + 1#1#3#5 - 5#1#2#6

G20y = Buedh — 3pisdats + 2padada + padh — tadada + padi — Bpapisds
+3uspsde — i + 201 ped3 + tapsds — pHspads — Aopcds + P s da
—2papads + 3ds — p1jiais + P3HG — Halisps + fafi + popd

G304 = —peds + 5203 + 213d304 + 2u2picd — LapsDs
— 253 + Aptopieda — [130s — p3ke + apisis — [o3

1 1 1
$305 = lePads + §M5¢2¢4 - §M5¢§ + Hap3ps + 3] — §M4M5¢2 — H2fl6®3

1 1 1 1
+§M3M5¢>3 + 21 pe s — §M2M5¢4 — p13paPs + SH2kals — 5#1#?

B3 = diugpads — 16P5 — HsP3Ps + 2pad] — pEd2 + papisds — pida (4.12)

The first relation coincides with the first line of (4.6); the last relation with (4.7); the
next-to-last relation is (4.8); and the second to last relation is the second equation in (4.6).
All relations may be double-checked explicitly with MAPLE or MATHEMATICA.

The use of the SL(2,C) transformations of translation 7 and inversion S in the proof
of Theorem 4.1 points towards a group theoretic underpinning of the system of trilinear re-
lations, which is obscured in Theorem 4.1 but will be made manifest in the next subsection.

4.3 SL(2,C) structure of the trilinear relations

While the trilinear relations of Theorem 4.1 were firmly established in the preceding sub-
sections, their SL(2, C) structure is not manifest. In this subsection, we shall show that the
trilinear relations enjoy a simple and beautiful reformulation in terms of SL(2,C) tensors.

We begin by recasting the trilinear relations of Theorem 4.1 in terms of the components
22 of the SL(2,C) tensor £5, using their expressions (3.23) in terms of ¢, and f,,. The
results are rather bulky and are relegated to Corollary D.1 of appendix D. However, they
are not yet much more illuminating than the relations of Theorem 4.1 themselves.
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4.3.1 Decomposition of the trilinear tensor £5 Q €5 Q £;

To realize the SL(2, C) covariance in a manifest way, we consider the trilinear tensor product
Ls ® £s @ £5 whose components,

£§1a2 £§30«4 ESBGG (413)

precisely account for the terms in the trilinear equations that are trilinear in ¢. We recall
that the symmetric rank-two tensor £s itself transforms under the three-dimensional irre-
ducible representation of SL(2, C), denoted by 3. The rank six tensor €5 @£;®4£s of SL(2,C)
is symmetric under swapping the entries in each pair (a1, a2), (as,as), (as,as) and sym-
metric under the permutations of the pairs. One establishes, either by inspection of Corol-
lary D.1, or by direct counting, that the tensor £5&®£s24£5 has ten independent components,
and thus transforms under a ten-dimensional representation of SL(2, C). This counting pre-
cisely reproduces the number of trilinear relations listed in Theorem 4.1, as expected.

The representation £5 ® €5 Q £ is reducible as may be seen by constructing it out of
the tensor product of three identical copies of the three-dimensional representation 3 of
SL(2,C) under which £5 transforms. The branching rules are as follows, see appendix A.1
for further details,

L€ =5d1
bs RQUs Qs = TP 3 (4.14)

In the decomposition of the tensor product £5® £5 the representation 3, which would occur
in the tensor product of distinct vectors, is absent here in the tensor product of identical
vectors. The representation 5, and a second copy of the 3, are absent in the tensor product
Ls @ L5 ® L5 for the same reason.

The remaining representation 7 @ 3 accounts for the ten entries in Theorem 4.1 and
Corollary D.1. To see how this works, we start by rewriting the singlet in £5 ® £5 as follows

1
det (£5) = §£§1“2£21b26a1b16a2b2 = e} — 022 (4.15)

The representation 3 in the decomposition of £5®£5®£;5 corresponds to £5'“* det (£5), while
the 7 corresponds to the totally symmetrized tensor with components E((; 142 gl £a5a6)
Since both of these tensors are irreducible, one may obtain the components of each tensor
by successively applying the translation generator 7T to the corresponding highest weight

state, namely £5' det (£5) for the 3 and £} £}! £}! for the 7, as illustrated in the table below,

T(e“ 51 £5h) = 6.5 £5" €5 T(e5 €5 £5) = 4¢ L et et

T (657 65 €5') = 4457 £5° 45" T (65% 457 €5 ):2£22z +2£ 5 65

T (657 5% £57) = 3637 052 £3* T (€32 5% 65') =2¢ 2407 0 et

7—( £12 £12> _ 2£§2 £§2 3%2 7—( 22£ ) —9y £22 £12

T(65° €5 £5°) = €37 £5° 43 T(€57 €5 £5%) = 0 (4.16)
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Similarly, under inversion, one has,

8(£11 le e ) — +:u6 £22 £22 £22 S(£12£ ell) — MG £l2 £22 £22

S( ell e ) — _|_ 1 ell 222 £22 S( ) — + —1 812 212 e22

S( £12£ ) — —1 £12 elZZ S( 22£ ell) — —1 Ell el? 322

S(€2 612 012) = L1 pl2 g12 S(62 62 g1ty = L plt 22

S(£22 £22£ ) — —1 Ell Ell £12 S(£22£ ) — _’_Mﬁ 1 ell Ell gll (417)

One may verify by inspection that the trilinear relations for (£}')? and (£3?)? indeed map
into one another term by term under inversion. The corresponding behavior was already
established for the trilinear equations expressed in terms of ¢,, variables in Theorem 4.1.

4.3.2 SL(2,C)-tensor formulation of the trilinear relations

Having decomposed the trilinear tensor £5® €5 ®£;5 in the trilinear relations, it now remains
to find a similar representation for its contributions of homogeneity degree 2,1,0 in £s5. To
do so, we shall use the fact that the trilinear relations are homogeneous of combined degree
3 in £5 and p,, (inserting pp = 1 to achieve homogeneity, if needed). We shall also use the
existence of the tensor M which is homogeneous in u,, of degree 1, and whose components
were given in (3.30). Combining these group-theoretic properties, the general structure of
the trilinear relations thus takes the form,

Ls@Ls @ L5 = [My ®@4Ls @L5],.0 © M1 @M1 ®£5],., S M1 @M @M] (4.18)

7®3 7D3 7H3

where |- - indicates the projection onto the representation 7@® 3. We shall now obtain

753
the projections onto the two irreducible representations 3 and 7 in turn.

4.3.3 Projection onto the representation 7

The projection onto the 7 is obtained by symmetrizing the trilinear part E(a1a2 £33 E;E’%).

To obtain the components along the 7 of the bilinear, linear, and £s-independent terms,
we use the following decompositions,

M; ®£€; @ £ TR (B5d1) 707
M; ® M; ® £ TR (987 5) STBT
M; @ M; @ M; T®(1309@531) 767 (4.19)

where the right-most entry gives the multiplicity of the representation 7 in the decompo-
sition. The corresponding decomposition in components is readily obtained, and we have,

(a1a2 asae) biba(arazazas pasae) pbsb.
£6 £§3a4£6 == Cl M 25 £63 4€b1b36b2b4

biba(arazsaszay pas|bs pag)ba
+C M ( 'e(g ‘ eé ) Eb1b3€b2b4
(a1azasaq pasag) a1--agb1bs pbsb
+C3 M, £s " + Cy Myl 2L e by €y,
+Cs M, Mtf1a2a3a4a5a6 + Cf M§1a2a3a4a5a6 (4.20)
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where C1, - - -, Cg are coefficients that are not determined by SL(2, C) group theory, and the

bib2(a1az2a3as pas|bs pae)bs
eé '8(5

vertical bar in the superscript of M instructs to exclude bz from the

symmetrization in a1, --- ,ag. The tensors My of ranks 0, 4, and 8 are defined as follows,
M, = & Mbbe e
2 = 5 1 1 Ebiey " 85686
L\ cbybobsb
ai-aq 1b2b3ba(araz | rasas)cicacses
M2 = 5 Ml Ml €bier " " Ebscy
L obibo(
ai-a 1bo(a1-aq as--ag)cica
M21 8 — 51\/_[1 ]_\Z[1 Ebici1Ebacy (421)

The projections onto the 3 and 7 of the tensor product M; ® M1 ® M are given as follows
in components (the projections onto the remaining representations will not be needed),

Ma1az — |\ Iala2b152b3b4 McLezesca
3 - 1 2 EblCl e 81)404

ar-ag _ ngbiba(arazasas y rasag)cica
M3 — Ml M2 81)161 81)262 (4.22)

The components of these tensors are given explicitly in terms of u,, in appendix E.1, and
their generalizations M, to degree 4 < w < 6 in the u,, are introduced in appendix E.2.
A representation-theoretic method for counting the number of independent components of
the M&1"% -tensors at various ranks r and degrees of homogeneity w in p,, is explained
in appendix A.2. Our normalization conventions for (anti-)symmetrizing k indices include
a prefactor % to ensure overall weight one, for instance,

£ g3 = %(zgmegi’m R A ) (4.23)

To evaluate the coefficients Cy,- -+, Cg in (4.20), it suffices to examine the highest weight
component in the representation 7 of the tensorial equation, as all other components may
be deduced from it by successive application of the translation generator. To this end we
set the free indices to a; = --- = ag = 1 and evaluate (4.22) accordingly on this component,

(£[151)3 — Cl E%l (M%lan E%l . 2M%11112£(1§2 + M%11111£§2>
+C2 (M%lllll (£%2)2 _ QM%HHQ £§2£(151 + M%11122 (£§1)2>

+C4 (M%1111111£§2 o 2M%1111112£(152 + M%lllllsz%l)
+03 M%lllﬂ%l + 05 ]_v[2 M%lllll + 06 Mélllll (424)

We now match this expression with the first relation in Corollary D.1 by converting the
components of My into i, using (3.30). Identifying the terms proportional to £:14%? and

(£31)? readily gives C; = 1 and Cy = — 1. All other terms bilinear in £5 then automatically
match. Identifying the terms linear in €5 gives Cy = % and Cs = %. Finally, identifying
the terms independent of £5 gives C5 = 3% and Cg = —%.
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We note that the decomposition (4.20) may be recast in an alternative basis of tensors
using one or both of the following relations,

M?1b2(a1a2a3a4£§5\01 f;G)Q b1b2 (a1 a2a3a4e§5a6)£§102

€brc1€baey = Ml
~ (det £5)Mgrazas

a1---agb1b2 pcic
€b161€b2026b3g8(23h - 2M21 671 2’651 2€b1016b202
3 (a1---aa pasag)
— ML 4.25
SMYe (4.25)

€b1c1Ebaco

M?1b2b3(a1a2a3 M(114a5a6)010203£§h

4.3.4 Projection onto the representation 3

In addition to the totally symmetric combination in the 7, the tensor product £5 ® £s ® £
also contains the 3 which is obtained by anti-symmetrizing one pair of indices,

102080400500 (ot £5) €312 £935 (4.26)

where (det £5) is a singlet and our sign conventions for £ are fixed by €2 = €5 = 1,
leading to €4 = §¢0¢ — 626¢ and hence g4.6°¢ = —§2. The component decomposition is

as follows,

(det 65) egmz = Dy Mtit1a2b1---b4 e§162 egscz; Ebyer * Ebyes + Dy M, Etglaz
+Dy Mg b2 gec2 gy o+ Dy MG (4.27)

where the coefficients Dq,---, D4 are not determined by SL(2,C) group theory alone.
Identifying the terms bilinear in €5 we find D; = %; those linear in £% and £2% give
D3 = —%; those linear in Eél give Doy = —%; and those independent of £5 give D4 = —1%.
4.3.5 Summary of the tensorial representation of the trilinear relations

The results of the preceding subsections on the SL(2, C) tensorial structure of the trilinear
relations may be collected in the following theorem which is equivalent to Theorem 4.1.

Theorem 4.2 The component of the trilinear relations transforming under the 7 of
SL(2,C) is given as follows,

(a1a2 pazaq pasae) biba(a1--as pasae) pbzb
N S =M, L5 sy by Eboby

1

biba(a1--as pas|bs pae)ba
Ml £5 E(S €b1b3Eboby

99 9
% Mgal “ ESLB%) + Z Mglm%ble ESSIM €b1b3€baby

9 2T
g Mo M0 — T Mg (4.28)

—+

while its component transforming under the 3 of SL(2,C) is given as follows,

3 3
(det E(;) £§1a2 _ 5 Mtlllazb1---b4 eng 2(65304 Ebier ** Ebyes — é M, e§1a2
3 9
- Mg b2 paacagy oy — 16 Ms' (4.29)
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The proof of both was given in the derivations of the preceding subsections. The tensor
relation of (4.28) is equivalent to the seven linear combinations of the trilinear relations
of Corollary D.1 that descend from (£')3, while the tensor relation of (4.29) is equivalent
to the trilinear relation (D.2) for (det £5) £5! and its two descendants under SL(2,C). The
combined system of relations in (4.28) and (4.29) is equivalent to the system of trilinear
equations in Theorem 4.1 or equivalently in Corollary D.1.

Corollary 4.3 The trilinear relation for Eglazﬁgll”ﬂglc?, considered without any additional
(anti- )symmetrization prescription for the indices ai,as,by, by, c1, ca, transforms under the
reducible representation 7 ® 3 of SL(2,C) and can be assembled from (4.28) and (4.29),

araz pbiba pcrca _ 4 ayazbibef pcica pgh 1 ajazbibaef pci1g peah

_% (Mclllazln Clef£g202 —|—M‘111azblczefegzcl +M¢111 asbacy efggl Cz—l—MclllaQbQC?efﬁglq )Egh&_eggfh
+£ (Mglazblcl Egzcz —|-Mgl asbico ngCl +M1211a2b2c1 fglcz—i—Mgl“?b?nglglcl)
_ %Mglaﬂn b2£§102 _ %Mgf?l(m (€b1c1 Ebzcz +€b1cQ €b201)
+§Mgla2b1bzc1czd1d2£§1 €2 €dye;Edyey — gMgmzlnszl@ _|_i1\/121\/1(111(121)11)20162
4 16 32
9
_ %Mglm <€b1c1 ghec2 +5b102 cheet ) —i—CyCl(al az,b1b2,c1 02) } (4.30)

As indicated through the curly brackets, the cyclic symmetrization w.r.t. the three pairs
ajag, bibe, cicy of indices applies to the entire right-hand side (for instance adding the
images f%MgleClcgﬁglaQ and f%Mgmal‘mﬂgle of the term fg—gMglaleb?Eglcz on the
fourth line).

5 Isolating spin structure dependence for arbitrary n

In this section we shall use the results of section 3 on the generalized ()5 and Pjs functions
in (3.3) and (3.34) to extend the construction of the case n = 2 in subsection 3.3 to higher
values of n, starting with the low values n = 3,4,5,6. Explicit formulas for simplified
cyclic products Cs(z1,---,2,) at n > 6 will be relegated to appendix G. In each case
we shall obtain a decomposition of the cyclic product of Szegd kernels Cs in terms of a
polynomial in the universal spin structure dependent symmetric bi-holomorphic (1, 0)-form
L; in (3.22). The coefficients are spin structure independent and built out of the function
Z (i, j) introduced in Theorem 3.2, as well as simple combinations of a:i_jl and s;. We shall
show that each result simply and naturally matches the pole structure of Cs.

According to the discussion in section 3.1, the entire spin structure dependence of
Cs can be expressed in terms of the polynomials Qs in (3.3). We present a conjectural
all-multiplicity formula in section 5.6 decomposing the )5 into cyclic products of z;; and
polynomials in two-point building blocks Ls(i,7), Z(i,7). These expressions are the key
ingredient for the analogous decompositions of n-point Cj.
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As will be detailed in appendix H, cyclic products Cs(z1, - - - , 2, ) simplify further upon
symmetrization in the insertion points z1, - - - , z,. Symmetrized cyclic products for an arbi-
trary number of n > 4 points are holomorphic in all of 21, - - -, z,, see (H.16), (H.24), (H.27)
and (H.28) for their simplified form at n =4, 6,8 and 10.

5.1 The case n = 2 recalled

For completeness we begin by recalling the solution for n = 2 and cast it in a language that
will be used for n > 2. The results given by Theorem 3.2 may be re-expressed as follows,

Qs(ilg) = —4a; Ls(i, §) + 2 Z(i, 5)
Wi (i,
Cs(i,j) = Ls(i, ) + =22 5.1
(i,4) (i,4) 2wyt (5.1)
where the bi-holomorphic form Ls(7,j) and the polynomial Ls(7,j) were given in (3.22)
and (3.23), respectively. The spin structure independent combination W5 (i, j) is defined
by,

da:i dx g

Wi (i, ) = (sisj £ 2(i, 7)) (5.2)

Si S5
with Z(i,7) given in Theorem 3.2. We have additionally introduced the variant W5 (i, )
with opposite relative sign for later convenience, where both of W2+ and W5 obey the
symmetry Wit (i, 5) = Wit (4,4). Recall that Lj(i,) is a symmetric bi-holomorphic (1,0)
form while W5 (i, j) has a double zero as (zj,s5) — (¥, —s;) so that Cs(i,j) is regular in
this limit. Finally, the double pole of (5.1) as (z;,s;) — (2, s;) has residue —1, as expected
from the definition of Cs(i, 7).

5.2 The case n = 3

For n = 3, the numerator function Njs is given in terms of Qs(i|j) by the second line
in (3.4). Using the decomposition of Q5(#|7) in terms of Ls(i,7) and Z(i,j) in (5.1), we
readily derive the expression for Ns in terms of the latter objects,

Ns(i, j, k) = —4siasy, Ls(j, k) — 4sjai; Ls(k, i) — 4spx; Ls (i, )

+25;Z(j, k) + 2s;Z(k, i) + 25, Z (3, 5) + 2555k (5.3)
As a result, we have,
. rjpdr; T dxj N mgdr o, Wi(i, g, k)
Cs(i, 3, k) = ==L Ls5(j, k) — I Ls(k,i) — 2" L5(i,5) + ———2"
5,5, k) G s(d: k) 20y s(k. ) Daniy 5(4,7) PES——
dx; Ls(j, k) +dx; Ls(i, k Wa (i, 4, k
:{ Xy 5(.77 )+ Z 5 5(% )—I—cycl(i,j,k:)}—l— 3 (7’7.77 ) (54)
2:62']' 4xijxjk:vki

where the form W3 (i, j, k) (along with its variant W3 (i, j|k) to be encountered below) is
defined as follows,

dz; dz; dxy,

W3 (i, 4, k) = (Sz‘Z(j» k) +s;Z(k,i) + sk Z(i,j) + SiSjSk) (5.5)
Si S5 Sk

W3 (i, jlk) = (SkZ(Z,j) —5iZ(j, k) — s;Z(k,i) + sisjsk)4 ' .J k
Si 85 Sk
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Note that the combination W; (4,7, k) is invariant under all permutations of 4, j, k, while
Wy (4, j|k) is invariant only under swapping j, k as indicated by the vertical bar.

5.2.1 Pole structure

The denominators in (5.4) produce simple poles as (x;,s;) = (x;, £s;) in individual terms
of the expression (5.4) for Cs(i, 7, k). The residues of these poles may be evaluated with
the help of the following limits,

im  Ly(j, k) = +La(i, k)

(z,85)—> (@i, £s;)

lim Z(i,j) = s2

(@,85) = (@i, £s:)

(zjvsj)lgﬁfi,:tsi) ZU5:k) = 2. k) (5.6)
The + sign on the right side of the first line arises from the limit of the Abelian differential
dxj/sj — +dx;/s;. Using these limits, we readily establish that the poles as (z;,s;) —
(xi,s;) produce the expected residues Cj(i,k). The poles as (xj,s;) — (24, —s;) do not
occur in the original definition of Cjs(3, j, k) and must cancel in the sum of all terms in (5.4).
To verify this fact, we use the limits of (5.6) again and observe that all poles in the first three
terms of (5.4) cancel one another. In W;" the sum of the first two terms of the numerator
cancel one another using the last line in (5.6) and the fact that s; — —s;, while the last
two terms cancel one another using the second line in (5.6). In view of the cyclic symmetry
of Cs(i, j, k) all other spurious poles such as (x;,s;) = (2, —si) also cancel in (5.4).

5.3 The case n = 4

Inspection of the relation between N5 and Qs given in (3.4) for the case n = 4 reveals that
only the 2- and 4-point combinations Qs(1|2) and Q5(1, 3]2,4) are needed. The expression
for Qs(1|2) in terms of L;(1,2) and Z(1,2) was already given in (5.1), while the analogous
expression for Q5(1,3|2,4) is given by the following lemma.

Lemma 5.1 The polynomial Qs(1,3|2,4) is given in terms of Ls(i,7) and Z(i,7) as fol-

lows,

Qs(1,312,4) = Sz1omaswarar (Ls(1,2)Ls(3,4) + Ls(1,4)Ls(2,3))

+{223,2(1,3)Ls(2,4) - 423, Z(1,2)Ls(3,4) + cyel(1,2,3,4)}
+2 74(1,2,3,4) (5.7)

where the combination Z4 is defined by,
Zy(a,b,c,d) = Z(a,b)Z(c,d) + Z(b,c)Z(d,a) — Z(a,c)Z(b,d) (5.8)

The proof of the lemma is relegated to appendix F.1.
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Substituting the expression for Q5(1|2) given in (5.1) and Qs(1, 3|2, 4) given in (5.7) into
the relations (3.4) for n = 4 we obtain the following expression, after some simplifications,

1 1
C5(1,2,3,4) = 5Ls(L2)Ls(3,4) + 5 Ls(1,4)L5(2,3)

+{ W5 (2,3)Ls(4,1) + W5 (4,1)Ls(2,3) + Wy (1,3)Ls(2,4) + Wy (2,4)Ls(1,3)
8712734

+W2+(1, 2)Ls(3,4) + W, (2,3)Ls(4,1) + W5 (1,3)Ls(2,4)
4x1203
+W2+(1,2)W2+(374) + WoH(2,3)W,H(4,1) — Wy (1,3)W, (2,4)
8T12723T34T41

+ cyc1(1,2,3,4)}

(5.9)

see (5.2) for the definition of both W4 (4, j) and Wy (4, ).

5.3.1 Pole structure

The singularity structure of the cyclic product Cs(1,2,3,4) may be read off directly from
its expression in terms of the Szegd kernel S;(z;, z;) which has a single pole at z; = z;. The
only singularities of Cs(1, 2, 3,4) are simple poles when two neighboring points in the cyclic
product come together, and the residue is the corresponding three-point cyclic product,

Cs(2,3,4
C5(1,2,3,4) = ifiZ;) + regular in z1—z9 (5.10)

In particular, there are no poles when two non-neighboring points come together, a property
that is manifestly borne out by formula (5.9). The poles produced by the Parke-Taylor
factor between neighboring points z;, z; as (xj,s;) — (2, s;) are simple and their residues
precisely match the expected 3-point value of (5.10). The poles of the Parke-Taylor factor
between neighboring points z;, z; as (xj,s;) — (x;, —s;) are absent from (5.10) and must
cancel in the sum (5.9). To see this, we use the limits of (5.6) which imply,

lim Wi (i,5) =0

(wj,85)=(wi,—5:)

lim Wy (i,j) = 2dx? (5.11)

(5,85) = (@5,—51)
lim W5 (5 k) = W5 (i, k)
(zj,85)—>(wi,—ss)
The spurious poles all cancel one another in (5.9), as expected, since (5.11) leads to can-
cellations such as W3 (2,3)Ls(4,1) + W5 (1,3)Ls(2,4) — 0 under (z2,s2) — (21, —51).
5.4 The casen =25

Inspection of the relation between N; and )5 given in (3.4) for the case n = 5 reveals
that again only the combinations Q5(1|2) and Q;(1,3|2,4) are needed. The expression for
Q5(1|2) in terms of L;(1,2) was already given in (5.1), while Q5(1, 3|2,4) was obtained in
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Lemma 5.1. Substituting these expressions into Cs, we obtain,

T41 dxs

Cs(1,2,3,4,5) = { [L5(1,2)L5(3,4) +L5(1,4)L5(2,3)} (5.12)

4dx 45751

7 Ls(1,2)W5(3,4,5) + 233 Ls(1,3) Wy (4,5[2)
8 1122313445751

+W2+(1, 2)W5(3,4,5) — Wy (1,3)W5 (4,52)

32 X12723034% 4551
dzo dxydzsW, (1,3 dz1dzodrsdrsd
xo dag desWy (1, )+Cycl(1,2,3,475)}— r1drodrzdrsdrs
16 x190793T34T45T51 4 212293734457 51

where W;5 and WiF were introduced in (5.2) and (5.5), respectively. By rearranging all
numerator factors xlgj to cancel the denominators, we can manifest the pole structure
of (5.12) to be of the form

N2 NPn23a NP[123,45)
+ +
4x19 8712723734 8T12723% 45
NG)[12345]
16212023734045751

C5(1,2,3,4,5) = { + cyel(1,2,3, 4, 5)}

(5.13)

with numerators

NP[12) = day (Ls(2,3)Ls(4,5) + Ls(2,5)Ls(3,4))
+ dao (Ls(1,3)Ls(4,5) + Le(1, 5)Ls(3, 4))
NO[1234] = Ls(4,5) W5 (1,2,3)+Ls(3,5) W5 (1,2]4)
+Ls(2,5)W5 (3,4[1)+Ls(1,5)W5 (2,3, 4) (5.14)
NP[123,45) = Ls(3, W5 (5, 1,2) + Ls(2, )Wy (5,1]3) + Ls(1, 4)W; (2,35)
+ Lg(3,5)Wy (1, 2]4) + Ls(2,5)W; (3,4]1) + Ls(1,5)W5 (2,3, 4)

1 1
NOR2318] = { SIS (LW (3.4.5) - 5 W5 (LW (4,502
+ dzodrsdrs Wy (1,3) 4 cycl(1, 2, 3, 4, 5)} — 4dxdrodrsdrsdrs

Note that the last numerator N (®)[12345] associated with five simultaneous poles is in-
dependent on §, and the subtraction in the last line of (5.14) ensures that the overall
coefficient of dz; - - - das in N'®)[12345] is 1 rather than 5.

5.5 The case n = 6

The six-point relation between N5 and Qs given in (3.4) involves all of Qs(1|2), Q5(1, 3|2,4)
and Qs(1,3,5]|2,4,6). The expressions for Qs(1|2) and @Qs(1,3|2,4) in terms of Lg(i,7)
and Z(i,j) were given in (5.1) and Lemma 5.1, while the analogous expression for
Qs(1,3,5]2,4,6) is given by the following lemma, the proof of which is relegated to ap-
pendix F.2.
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Lemma 5.2 The polynomial Qs(1,3,5|2,4,6) is given in terms of the functions Lg(i,7)
and Z(i,j) as well as polynomials in z;; by the following formula,

Q5(1,3,5]2,4,6) = 32L5(1,2,3,4,5,6)
+ S{Z(l, 2)L5(3,4,5,6) — Z(1,3)L5(2,4,5,6) + %Z(l, 4)L5(2,3,5,6) 4 cyel(1, - - - ,6)}
+ 4{24(17 27 37 4)‘65(53 6) - Z4(]—1 2; 37 5)'65(47 6) + %Z4(13 27 47 5)£5(37 6) + CyCl(]., T 6)}
+275(1,2,3,4,5,6) (5.15)
where we employ the following combinations for the spin structure dependent terms,
55(1, 2) = $12$21L5(1, 2) (516)
L5(1,2,3,4) = 212723734701 [Lé(l, 2)Ls(3,4) + Ls(2,3)Ls(4, 1)}

£5(1,2,3,4,5,6) = w120a3734745756261 | Lis(1, 2)Lis(3, 4)Ls (5, 6) + L (2, 3)Lis (4, 5)Lis(6,1)

The bilinears in Z(i,j) have been regrouped into the form Z4 defined in (5.8), and we have
furthermore introduced

Z5(1,2,3,4,5,6) = Z(1,2)Z4(3,4,5,6) — Z(1,3)Z4(2,4,5,6) + Z(1,4)Z4(2,3,5,6)
— Z(1,5)24(2,3,4,6) + Z(1,6)Z4(2,3,4,5) (5.17)

Based on the expressions for Qs5(1]2), Q5(1,3]2,4) and Qs(1,3,5|2,4,6) in (5.1), (5.7)
and (5.15), the numerator for n = 6 points in (3.4) yields,

Co(1,-ee 6) = %Léu, 2)Ls(3,4)Ls(5,6) + %L(;(Z, 3)Ls(4,5)Ls(6,1)

NOn23)  AM92,34  NOn2,45) N9 [12345)
+ + + (5.18)
8T12T23 8712734 16x12745 16x12723734% 45
NO1234,56) N 9123, 456]
+ +
16x12w93134056 32712023 T45%56
N (©)[123456]

32x19T93T34T45T56T61

cycl(1,--- ,6)}

The numerators multiplying two simultaneous poles (zqp2cq) ! are bilinear in Lgs(i, j) and
may be most conveniently written as follows,
NO[123] = L5(3,4,5,6)W5"(1,2) + Ls(4,5,6, ) W5 (2,3) + Ls(2,4,5,6)W; (1,3)
NO[12,34] = Ls(2,3,5,6)W," (1,4) + Ls(4,5,6, )W, (2,3)
+ L5(2,4,5,6)W5 (1,3) + Ls(1,3,5,6)W; (2,4) (5.19)
NO12,45] = Ls(2,3,5,6)W," (1,4) + Ls(3,4,6, )W, (2,5)
+ Ls(1,3,5,6)W5 (2,4) + Ls(2,3,4,6)W5 (1,5)

— 33 —



in terms of the bilinear combination,

Ls(a,b,c,d) = Ls(a,b)Ls(c,d) + Ls(b, c)Ls(d, a) (5.20)

The numerators multiplying four simultaneous poles (g pxcqe fxgh)_l in (5.18) are linear

in Ls(7,7) and take the following form,

N [12345] = Ls(5,6)W;(1,2,3,4) + Ls(4,6)W; (1, 2,3]5) + Ls(3,6)W, (1,24, 5)

+ Ls(2,6)W, (3,4,5|1) + Ls(1,6)W,(2,3,4,5)

N®[1234,56] = Ly(4,5)W; (6,1,2,3) + Ls(4,6)W; (1,2,3]5) + Ls(3,5)W; (6,1, 2]4)
+ Ls(3,6)W, (1,24, 5) + Ls(2,5)W; (3,416, 1) + Ls(2,6)W, (3,4, 5[1)
+ Ls(1,5)W,; (2,3,4]6) + Ls(1,6)W; (2,3,4,5) (5.21)

N O[123,456] = Ls(3,4) W, (5,6,1,2) + Ls(3,5)W; (6,1,2]4) + Ls(3,6)W; (1,24, 5)
+ Ls(2, )W, (5,6,1|3) + Ls(2,5)W; (6,1]3,4) + Ls(2,6)W, (3, 4,5[1)
+ Ls(1,4)W, (5,62,3) + Ls(1,5)W, (2,3,4(6) + Ls(1,6)W;(2,3,4,5)

in terms of the following combinations,

W, (a,b,c,d) = Wy (a,b)Wy (¢, d) + Wyt (a, d)W,F (b, ¢) — Wy (a,c)Wy (b, d)
Wy (a,b,cld) = Wi (a,b)Wy (c,d) + Wy (a,d)Wy (b, c) — Wy (a, c) W5 (b, d) (5.22)

Wy (a,ble,d) = W5 (a, )Wy (c,d) + Wy (a,d)Wy (b,c) — W5 (a, c) W5 (b, d)

W, (alblc|d) = Wy (a, )Wy (¢,d) + W5 (a,d)Wy (b,¢c) — W5 (a,c)Wy5 (b, d)

In contrast to the lower-point analogues Wi in (5.2) and W55 in (5.5), the four-
point objects Wf come in four different variants that differ in relative signs.
The first variant W, (a,b,c,d) also captures the contribution Cs(1,2,3,4) = --- +
Wi (1,2,3,4)/(8712723234741) to the four-cycle with four simultaneous poles in the last line
of (5.9). The last variant W, (a|b|c|d) does not yet enter the six-point building blocks (5.21)
but will appear in the eight-point cycle in appendix G.2.

Finally, the numerator multiplying six simultaneous poles (712723731T45756T61) *
in (5.18) is independent on ¢ and given by,

1 1
NO)[123456] = {2W2+<1,4>W2+<2,3>W2+<5, 6) + S W5 (1, 4)W5 (2,6)W; (3,5)

— W5 (1,2)Wy5 (3,5)Wy (4,6) + cycl(1, - - - ,6)} (5.23)

+ W5 (1, 2)W57 (3, 4) W5 (5,6) + W5 (2,3) W57 (4,5)W5(6,1)

It can be formally obtained from the expression (5.17) for Zg(1,2,---,6) written as a
trilinear in Z(i, j) by promoting each Z(i,j) to Wy (i,j) if i—j is odd and to Wy (i, ) if
1—j is even.
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5.6 Higher multiplicity
The analogous decompositions of the cyclic product Cs(1,--- ,n) for the cases of n = 7,8
points are given explicitly in appendix G.

The examples above illustrate that the bottleneck in the simplification of cyclic prod-
ucts Cs(1,--- ,n) for higher multiplicity n stems from the Qs-functions with the highest
numbers of points in (3.6). This subsection is dedicated to obtaining a conjectural expres-
sion for Qs(1,3,--- ,n—1]2,4,--- ,n) at arbitrary n that generalizes the expressions (5.7)
and (5.16) at n = 4,6 and makes the simplification of Cs accessible at all multiplicities.

5.6.1 Towards higher-point building blocks

As a first step, we rewrite the examples at n = 2,4 in terms of the quantities L in (5.16),

Qs5(1,3[2,4) = 8L5(1,2,3,4) —4L5(1,3)Z(2,4) — 4L5(2,4)Z(1, 3) (5.24)
+4{Ls5(1,2)Z(3,4) + cycl(1,2,3,4)} + 2Z4(1,2,3,4)
which closely follows the structure of Q5(1, 3,5|2,4, 6) in (5.15) and guides the extrapolation

to higher multiplicity. We furthermore note that both Z; and Zg in (5.8) and (5.17) can
be identified as Pfaffians of anti-symmetric matrices with entries +Z7(i, 7), for instance

0 Z(1,2) Z(1,3) Z(1,4)

7Z4(1,2,3,4) = Pf -z 0 £(2,3) 22,4 (5.25)
~7Z(1,3) —Z(2,3) 0  Z(3,4)
~Z(1,4) —Z(2,4) —Z(3,4) 0

The recursive structure of Z4 and Zg in (5.8) and (5.17) can be straightforwardly uplifted
to define higher-point objects Zj at arbitrary even k of homogeneity degree % in Z(i,7),

k
Zk((ll,"‘ , Z JZ al,(L])Zk 2((12,(13,"' aa;f" ,CLk;) (526)

where the notation @; on the right-hand side instructs to omit the entry a;. One can
equivalently define Zj, as the Pfaffian of the k& x k matrix Z; with the following entries,

Z(ai,aj): 1§Z<]§k
Zx(ar, - ,ar) =Pf 2 (Zk)ij = —Z(ai,a;): 1<j<i<k (5.27)
0: 1=y

reducing to (5.25) at & = 4. As a higher-multiplicity uplift of the spin structure dependent
building blocks L in (5.16), we define (assuming even k > 4),

L5(1,2,--- k) = z12723 - -+ T 1k Th1 (5.28)
X [L(S(L 2)L5(37 4) T L(S(k_la k) + L5(27 3)L5(47 5) e L5(k7 1)]
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Just like the spin structure independent Z, the Ls are cyclically invariant at any multi-
plicity,

Zk(1727 7k) = Zk(2737 7k7 1) (529)

5.6.2 Results at n = 6, 8,10 points

By reorganizing the cyclic orbits of the six-point expression (5.15), we can bring it into the
following suggestive form associating all ordered subsets (a1, as,--- ,ax) of {1,2,3,4,5,6}
with even k to a factor of Z

Qs(1,3,52,4,6) = 32L5(1,2,3,4,5,6) + 275(1,2,3,4,5,6) (5.30)
_8 Z a1+a22(a1 a)Ls(1,--+ ,ag, - ,as, -+ ,6)
1<a1<a2
6
+4 Z (—1)mtaxtastasz, (q) ay a3,a4)Ls(1,--- ,ay, -~ ,a4,---,6)
1<ai1<az<agz<aq

Based on the k-point building blocks Zj and L; in (5.26) and (5.28), this can be generalized
to a natural guess for the analogous eight- and ten-point expressions

Qs(1,3,5, 7|2 4,6,8) = 128 £5(1,2, - ,8) +2Z5(1,2, - ,8) (5.31)
_ 39 Z a1+a22a1 a2)£6( ,C/LI,-'-,C/‘LE,"',S)
1<ai<asg
8
+8 Z (_1)a1+a2+a3+a4z4(alaa27a37a4)£(5(17'" 7537 7627"' 78)
1<a1<a2<az<aq
8
—4 Z (_1)a1+a2+m+a6Z6(a17"' aa6)£(5(1>"' 7613 aaga"' 78)
1<a1<a2<+-<ag
and
Q5(1,3,5,7,9]2,4,6,8,10) = 512 £5(1,2,- -+, 10) + 2Z10(1, 2, - - , 10) (5.32)

— 128 Z (_1)a1+a2Z(al)a2)[’5(17 T aaa T )@) T 710)

1<ai<asg
10
+32 Z (—1)“1+a2+a3+a4Z4(a1,ag,ag,a4)£5(1,--- ,a, ,@,-H ,10)
1<a1<az<az<aq
10
-8 Z (_1)a1+a2+-~~+a626(a17.“ 7a6)£5(17"' 7637 7687"' ,10)
1<a1<--<ag
10
+4 Z (_1)a1+a2+m+a828(a’17"' ,CLB)E(S(I,"' 7617 7(/]’57"' ,10)
1<a1<--<as
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In each term, the subsets of vertex points associated with Zp and L are ordered accord-
ing to the cycle 1,2, --- ,n, and the accompanying powers of +2 are fixed by analogy
with (5.30). Both (5.31) and (5.32) are numerically verified to reproduce the polynomials
in the definition (3.3) of Qs.

5.6.3 All-multiplicity conjecture

The examples of Qs at six, eight and ten points in (5.30), (5.31) and (5.32) motivate the
following all-multiplicity conjecture for k > 2,

Q5(173a T 72k71|254a T )Qk;) = 22k_1£(5(1a 2, ’Qk) + 2Z2k(]-7 2, an) (533)
2k
_ 92k=3 Z (_1)‘““‘“2Z(a1, a2)£5(1’ N TR DI ,Qk)
1<ai<asz
2k
_’_22k75 Z (_1)a1+a2+a3+a4z4(a17a27a37a4)[,5(17... LA1, cc,Qd, 72k)
1<a1<az<az<aq
+ ..
2k

+(—1)"8 > (—1)mtarteton-azy, (a1, az,- -, ask_4)
1<ai1<-<agg—4

—

X ‘66(17 ’a’ Ce Q4" ’2]{)
2%k
— (-1)*4 > (—1)mtartetan—27,, (a1, a2, -, agk—2)
1§a1<~~-<a2k_2

—

Xﬁé(la"' aaa cr,A2k—2, 0 0 72k)

More precisely, the terms in the ellipsis in the fourth line can be spelt out through the
following alternating sum over m (where again k > 2),

Qs(1,3,- -, 2k—1|2,4,--- ,2k) = 22P"1L5(1,2, - -+, 2k) + 2291,(1,2, - - -, 2Kk)

k—2 2k
+ Z (_l)mQQk—l—Qm Z (—1)a1+a2+m+a2m22m(a1, as, - - ;a2m>
m=1 1<ai<az<--<azm
Xﬁg(l,“',a,"',@,“-,"',(1/2;“"-,216‘) (5'34)
2k
—(-1)*4 > (—1)mtartetank—27, (a1, az, -, agk—2)
1<a1<az<-<agk—2
X Ls(1, -+ @1, @2, -  Q2k—2, - ,2k)

The term in the last two lines has an irregular prefactor —(—1)¥4 and thereby could not
be absorbed into an extension of the sum over m to m = k—1: such an extension would
give (—1)m22k—1=2m _ _(_1)¥2 instead of the desired factor of —(—1)F4.

It would be interesting to prove the above formulas for Qs(1,3,--- ,2k—1|2,4,--- | 2k),
for instance via induction or the SL(2, C) covariant techniques of appendix C.
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6 Evaluating the sums over spin structures

While the previous sections were dedicated to studying the cyclic products Cj of Szegd
kernels for a given spin structure ¢, we shall now investigate the summation of Cs over the
ten even spin structures . In particular, this sum will provide key parts of the parity-even
contribution to the genus-two chiral amplitudes for all perturbative superstring theories.

Our earlier results dramatically simplify these spin structure sums since Corollary 3.5
and Theorem 4.2 reduce all the spin structure dependence of the cyclic product Cjs of
an arbitrary number n of Szegé kernels to a linear combination of 1,£¢ and €257 with
spin structure-independent coefficients. Thus, the summation over spin structures of Cjs
has been reduced to the problem of the summation over spin structures of the three basic
ingredients 1,£%° and £3°£$%. In practice, it will be convenient to decompose the bilinear
combination into irreducible representations of SL(2,C), as was already done in section 4,
namely the representations 1 for (det€s) and 7 for the symmetrized tensor product with
components zga”egd), where symmetrization of the indices is indicated by the parentheses
in the superscript.

6.1 Summation measures

From a mathematical point of view it may be natural to carry out the summation over
the even spin structures with unit measure. The result is given by the following theorem,
whose proof may be obtained using the hyper-elliptic representation of egb and by summing
over all permutations of the branch points.

Theorem 6.1 The spin structure sums with unit measure may be obtained by reducing all
spin structure dependence to expressions bilinear, linear, and independent of eg” combined
with the following summation identities,

3 (1,68%) = (10,0) 3 det#; = 3 etet = M“de (6.1)
§ even § even 4 even
where the SL(2,C) scalar My and the rank-4 symmetric tensor M3*? were defined
in (4.21), and their components are given in (E.1) and (E.2) in terms of symmetric poly-
nomials iy, .

From a physics point of view, however, the measure against which the summation over
spin structures is to be carried out is not the unit measure. To obtain the five critical
superstring theories in R'%, or any flat toroidal compactification thereof, three different
measures are to be considered. The spin structure dependent parts of these measures on
the chiral amplitudes are given as follows,

Ts[d] supersymmetric sector
9[6](0)16 Heterotic Spin(32)/Zsy sector
9[61](0)89[62](0)®  Heterotic Fy x Eg sector (6.2)

The definitions and properties of Riemann ¥-constants, ¥y and other Igusa modular forms,
as well as the composite form Yg[d] are briefly reviewed in appendix I. Their hyper-elliptic
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representations may be obtained using the Thomae formulas of (I.15) and may be found
in (I.14), (I.15), and (1.20), respectively. For each sector, the full chiral measure is obtained
by dividing the above expressions by the Igusa cusp form Wqg.

The left- and right-moving sectors of Type II theories are both supersymmetric, while
for the Heterotic theories, only the right-moving sector is supersymmetric. The left-moving
sector of Heterotic strings, in the worldsheet fermion representation of the gauge degrees
of freedom, corresponds to the gauge group under consideration. The GSO projection
assigns independent spin structures to the left- and right-moving sectors of all the closed
superstring theories, and then sums over these spin structures independently of one another.
For the Eg x Eg Heterotic theory, the even spin structures §; and Jy in (6.2) are summed
independently. The measure factor Yg[d] is the top component of the chiral measure on
supermoduli space [15, 16, 28]. The corresponding bottom component also enters into the
calculation, but involves linear chains rather than cyclic products of Szegd kernels. The
evaluation of the spin structure sums of its contribution to n-point amplitudes is relegated
to future work.

6.2 Spin structure sums in the supersymmetric sector

In the supersymmetric sector, the spin structure summation is carried out against the
measure Yg[d] in (I.18), and the results are given by the following theorem, whose proof may
be obtained using the hyper-elliptic representation of egb and Yg[d], derived in appendix I,
and by summing over all permutations of the branch points.

Theorem 6.2 The spin structure sums with the supersymmetric measure Yg[d] in (1.20)
may be obtained by reducing all spin structure dependence to expressions bilinear, linear,
and independent of Kgb combined with the following summation identities,

> Tsl] = D Ys[o]£ =0

§ even § even
Tgld 1
Z \118[ } egb ecd — 1(det 0,)2 (gac&,bd + Eadgbc) (63)
0

d even

where the matriz c®; was defined in (2.17). Equivalently, by decomposing the tensor Egb Egd
into irreducible representations of SL(2,C), the spin sum (6.3) may be expressed as follows,

S rslo] e e =0 3

§ even § even

Ys[0]

10

det €5 = z(det 0)? (6.4)

A few comments are in order. Firstly, the vanishing relations on the first line of (6.3) feed
into the non-renormalization theorems for the genus-two amplitudes with 0, 1, 2, and 3
external massless states in Type I, Type II, or Heterotic strings. Secondly, one readily
verifies that both sides of the second equation in (6.4) transform as Siegel modular forms
of weight —2 since Yg has weight 8, W19 has weight 10, and det o has weight —1. Finally,
we have the following corollary, which immediately follows from Theorem 6.2.
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Corollary 6.3 Expressed in terms of the differential forms Ls(i,j) defined in (3.22), the
spin structure sums of Theorem 6.2 take the form [19],

ST Telo) = 3 Teld]Ls(1,2) = 0

§ even § even

3 I:;wLa(l,Q)Lg(S,él) = % (A01,3)A2,4) + A(1,4)A(2,3)) (6.5)

§ even 10

The anti-symmetric bi-holomorphic form A was defined in (2.20). On the second line, both
sides transform as Siegel modular forms of weight —2 as A is a modular form of weight
—1.

6.2.1 Summation over higher powers of £;

The basic spin structure sums of Theorem 6.2 may be generalized to summands that contain
higher powers of £5, which will contribute to the spin structure sums for higher-point cyclic
products. These spin structure sums follow from reducing the spin structure dependence
of the summands with the help of the trilinear relations in Theorem 4.2 to those powers
whose spin structure sums are given by Theorem 6.2. Organizing the spin structure sums
by the degree of homogeneity of the summand, we have the following three corollaries,
which will suffice to evaluate all the spin structure sums in the supersymmetric sector for
up to the eleven-point cyclic products. The tensors M;, My and M3 on the right-hand
sides below can be found in (3.30), (4.21) and (4.22), respectively.

Corollary 6.4 The spin structure sums of trilinear combinations of £s are given by,

37 Tslo] (det £5) £2192 = 0

6 even
Ys[0] (aras panas pasa 9 al-a
Z \;[]Eg 1 2£63 4£65 6) _ 6 (det 0—)2 M e (6.6)
§ even 10

These equations show that the spin structure sum of trilinears in €5 projects the triple
tensor product of identical tensors E?g =3@ 7 onto the 7 of SL(2,C).

Corollary 6.5 The spin structure sums of quadri-linear combinations of £s are given by,

Y56
;[ ] (det £5)% = % (det o) M
§ even 10
T 5 ala asa. 21 ajlasaza.
> Yslo) (det £5) Eg B )= = (det o) MgH220304
§ even \1110 16
’r 6 ala a7a al--Q,
5 XslO) gz gasas gusaa garan) _ 63 (4 g2 ppgneeas (6.7)
i 32

§ even

which shows that the spin structure sum of quadri-linears realizes all the irreducible repre-
sentations of SL(2,C) on the right-hand side 0f£3®4 =1685®9, associated with the tensors
M3* " of rank r = 0,4, 8.
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Corollary 6.6 The spin structure sums of penta-linear combinations of £s are given by,

Ts[d] 2 9 2
det £5)° €31 " = == (det o)~ M 21%2
T ala a3a asa 1 ai---agq ai--a

3 310] (et g5) (o192 gasas gaoa) _ %8 (det )2 MM — % (det )2 Mg a0
§ even

T5 ala a3a. arsa a7a aga 705 alazasa. a5 --a

Z 8[ ]K((S 1 2£63 4£65 6£57 8369 10) _ 10 (det0)2 1\/1(2 1a2a3 4M15 10) (6.8)
Uy 256

§ even
The spin structure sum again realizes all the SL(2,C) irreducible representations on the
right-hand side of 6?5 =3P 7311

Based on (6.3) and (6.6) to (6.8), the spin structure sums of cyclic products Cs of
up to eleven Szego kernels are readily available in a simplified form. The analogous spin
structure sums over six powers of eg” can be found in appendix J.1 which apply to cyclic
products of Szeg6 kernels up to thirteen points. We list spin structure sums over higher
powers of £% in appendix J.2.

All of the expressions in this section and appendix J may be proven using the basic
spin structure sums (6.3) and the trilinear relations in Theorem 4.2. In practice, we often
employ MATHEMATICA and MAPLE to compare the hyper-elliptic representation of the spin
structure sums with an Ansatz for modular tensors of suitable degree of homogeneity in
the branch points and corresponding SL(2, C) representation properties. The multiplicities
of the various representations in the respective Anséitze are derived from the methods in
appendix A.2 and can be read off from table 2. Matching high-degree polynomials in
the branch points (including the cancellation of denominators (u;—wu;)~! required by the
presence of \Iffol) is facilitated by fixing three branch points, say w4, us, ug, at numerical
values using SL(2, C) covariance. Matching the Ansatz as a function of arbitrary values for
the remaining branch points w1, us, u3 then provides an analytical proof of the Corollaries
by MATHEMATICA or MAPLE.

6.2.2 Summation over three and four powers of L;s

A major goal of this work is to set the stage for evaluating higher-point genus-two am-
plitudes of Type I, Type II or Heterotic strings, extending the five-point computations
in [20]. Here we shall specialize to the summation measure appropriate for the supersym-
metric chiral sector, and spell out the explicit form of spin structure sums with three and
four insertions of the tensor Ls(i,j) in (3.22) which follows from the Corollaries 6.3—6.6.
In this way, the spin structure sums of cyclic products Cs of up to eight Szegd kernels are
readily available in a simplified form.

The results for the spin structure sums involve a quadri-holomorphic form A(i, j|k,1)
that generalizes the bi-holomorphic form A(z;, z;) in (2.20), and is defined as follows,

A(i, gk, 1) = A®, k)AL + A(i, DA(G, k) (6.9)
which is easily checked to obey the following identities,
Al gk, 1) = A(F, ik, 1) = Ak, i, j)
At gk, D) + AG KL ) + AG g, k) =0 (6.10)
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We shall also use the following notation for the contractions of the tensors M5' ™" of (4.21)
of rank r = 4,8 with the basis of holomorphic (1,0) forms w,,

My(1, -+ ,r) = M3 ", (1) - - - g, (1) (6.11)
In terms of these quantities, we have the following Corollaries.

Corollary 6.7 The spin structure sums with the supersymmetric measure Yg[d] for the
product of three factors of L is given as follows,

>

§ even

Ts[6
s Ls(1,2)Ls(3,4)Ls(5,6) = % (det 0)? M;(1,2,3,4,5,6) (6.12)
10

where the contraction Mi(1,--- ,6) of M{"" with wg, (1) we,(6) is defined in (3.52).
The corresponding spin structure sum for the product of four factors of Ls is given by,

Ys[o 63
S0 1 (1,2) (3, 4) Lo (5, 6) L (7, 8) = 5 (Aot 0)?My(1,2,3,4,5,6,7,8)
d even 10
3
+ 16 {AQ1,2]3,4)M5(5,6,7,8) + A(1,2]5,6)Ms(3,4,7,8)

+ A(1,2|7,8)Ma(3,4,5,6) + A(3, 45, 6)Ma(1,2,7,8)
+ A(3,4]7,8)M3(1,2,5,6) + A(5,6(7,8)Ma(1,2,3, 4)}

3My

—22 __IA(1,2(3,4)A(5,6]7,8) + A(1,2]5,6)A(3,4]7,8
+80(det0)2{ (1,2[3,4)A(5,6]7,8) + A(1,2[5,6)A(3, 47, 8)

+ A(1,2]7,8)A(3,4]5,6) } (6.13)

The identity (6.12) will play a key role in the evaluation of the genus-two six-point ampli-
tude.

6.3 Supersymmetric spin structure summations for Cj

Using these summation formulas for €5 and Ls, we may readily collect the results for the
summation of the full cyclic products Cs of Szego kernels, and products thereof, against the
supersymmetric chiral measure. We group the results in terms of the following theorems.

Theorem 6.8 By combining the expressions in (5.1) and (5.4) with (6.3) we obtain the
vanishing of the cyclic product for zero, two, and three points upon spin structure sum,

S Tsld] = ) Ys[6]Cs(1,2) = > Ts[6] C5(1,2,3) =0 (6.14)

§ even § even 6 even

By combining (5.9) with (6.5), we obtain the spin structure sum for the 4-point func-
tion [19],

>

§ even

Ts[d]

C5(1,2,3,4) = —= A(1,3[2,4) = = (A1, 9A2,3) + A(1,2)A(4,3)) (6.15)
10 8 8
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By combining (5.12) with (6.5) we obtain the spin structure sum for the 5-point func-
tion [20],
Tg[d] dx1 A(2,413,5) + dag A(L,4)3,5)

——Cs(1,--- ,5) = + cycl(1,---,5 6.16
PO LI s yel(1,.5) (616

Both sides of the equations transform as Siegel modular forms under Sp(4,Z) of weight —2.

Theorem 6.9 The siz-point function in (5.18) introduces two types of non-vanishing spin
structure sums, both (6.5) over two powers of Ls(i,j) and (6.12) over three powers,

Ys[0] 9 ) 1 {m<6>[123]
W o5l -+ . 6) = — (det Mi(l.--- . 6) — —4 — ===
s \Ijl[) 5( ) ) ) 16( € U) 1( ) ) ) 39 T12 To3
©)[12,34 ©)[12,4
+§Jrt [ ’3]+m 12, 5]+cycl(1,~~,6)} (6.17)
T12 T34 2x12 245

where the numerators multiplying two simultaneous poles (TapTeq) ™ are given by

NO[123] = A(3,5[4,6)W, (1,2) + A(1, 5[4, 6)W,F (2,3)
+A(2,5/4,6)W; (1,3)
NO[12,34] = A(2,5[3,6)W, (1,4) + A(1, 5[4, 6)W,F (2,3)
+A(2,5/4,6)W, (1,3) + A(1,5]3,6) W, (2,4)
NO[12,45] = A(2,5[3,6)W, (1,4) + A(1, 4]3,6)W, (2,5)
+A(2,413,6)W, (1,5) + A(1,5]3,6) W, (2,4) (6.18)

and the functions Wi (i, j) are defined in (5.2).

The residues of the poles in x12734 or T19245 entirely stem from the limits Wy (4, 7) —
s;sj, while the linear part in Z(4,j) vanishes as 1 — 22 and x3 — x4 or x4 — x5. The
residues of the overlapping poles in x12x23, however, also receive contributions from the
Z(i,j), for instance A(3,5]4,6)Z(1,2) + A(1,5[4,6)Z(2,3) — A(2,5]4,6)Z(1, 3) reduces to
A(3,5]4,6)s3 as 21 — 2o.

Theorem 6.10 The spin structure sum of the seven-point function may be obtained from
the representation (G.1) of Cs(1,---,7) and again receives non-vanishing contributions
from both (6.5) and (6.12),

) ) )
') 06(17”'77):9m 12 mOp234  nO[123,45]

Ui 32x10  6dripaszra  64wi2 a0 Tas
- m0n23,56)  MO[123,67)  ND[12,34, 56]
64712 w23 w56  64x12 23 T67 64112 T34 Ts6
+ cycl(1,---,7) (6.19)

§ even

The instruction to add cyclic permutations applies to the entire right side of the formula.
The numerators are given by the following expressions,

ND[12] = (det 0)? [dz1 M;(2,3,4,5,6,7) + draM;(3,4,5,6,7,1)] (6.20)
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multiplying a single pole x1—21 and the following cyclically inequivalent cases for three simul-

taneous poles (xabxcdxef)_l,

NN [1234] = A(4,6]5, 7)W5 (1,2,3) + A(3,6]5, 7)W;5 (1,2[4)
+ A(2,6(5, 7)W5 (3,4[1) + A(L, 65, 7)W5 (2, 3,4)

ND[123,45] = A(3,6[5, 7)Wy (1,2|4) + A(3,6/4, 7)W5 (1,2, 5)
+ A(2,6]5, 7)W5 (3,4]1) + A(2,6]4, 7)W5 (1,5[3)
+ A(1,6]5, ) W5 (2,3,4) + A(1,6]4, 7)W5 (2,3]5)

N [123,56] = A(3,6[4, )W (1,2,5) + A(3, 5[4, 7)W; (1,2]6)
+ A(2,6]4, 7)W5 (1,5]3) + A(2, 54, 1) W5 (3,6[1)
+ A(1,6]4,7)W5 (2,3]5) + A(1,5]4, T)W5 (2, 3,6)

N (123,67 = A(3,5[4, 7) W5 (1,2/6) + A(3,5[4,6) W5 (7,1,2)
+ A(2,5]4, )W (3,6]1) + A(2,5/4,6) W5 (7,1]3)
+ A(1, 54, 1)W5(2,3,6) + A(1,54,6) W5 (2,3]7)

N [12,34,56] = A(2,6[4,7)W; (1,5]3) + A(2,5[4,7)W; (3,6]1)
+ A(2,6]3, ) W5 (1,4,5) + A(2,5]3,7)W5 (1,4/6)
+ A(1,6]4,7)W5 (2,3]5) + A(1, 5[4, T)W35 (2, 3,6)

+ A(1,6]3, 7)W;5 (4,5(2) + A(1,5]3, )W (2,6[4) (6.21)

As for siz points, some of the Z(i,j)-contributions to ng in (5.5) may cancel at the
residues of individual poles.

Theorem 6.11 The spin structure sum of the cyclic product of Szegé kernels for eight
points is given by,

Ys[d]

Z 705(1,-",8)—@

= det o)®> My(1,--- .8 6.22
) T 32(60) 2(1,---,8) (6.22)
even

1
n {332 (A(l, 2[3,4) Ma(5,6.7.8) + 5 A(1,2/5,6) My (3, 4, 7’8)>

4 3203(3350)2 (A(1,2y3,4)A(5,6]7, 8) + %A(1,2\5,6)A(3,4\7, 8))
H[IN®[123]  9n®)[12,34]  9n®)[12,45]  9ING)[12,56]
+ (det o) { + + + ]
64 T12 23 64 12 T34 64 T12 T45 128 T12 Ts6
(8 [12345] N8 [1234, 56 N [1234, 67
C128w19 o3 waa Tay 128019 Loz T3a Tag 128 L1 To3 T34 Ter
N8 [1234, 78] N®)[123, 45, 78] N®)[123, 56, 78]
128719 w3 Taa w7y 128 W19 Loz Tas 7y 128 T19T03 Tne T7s
N®[123,45,67]  N®[23,456]  N®[123,567]

128 1192 o3 w45 Te7 128 w12 o3 T45 Ts6 256 12 T23 Tse Tet

N®)[12, 34, 56, 78]
- T 4 c11,2,~-,8}
512212 w34 o6 T7s | ( )
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The expressions for the numerators N®) in the last five lines are lengthy and given in

appendiz G.3.

6.3.1 Spin structure sums of products of cyclic products

The spin structure sums over products of Cs at four and five points can be readily derived
from the representations (5.1) and (5.4) of the cyclic products Cs of length two and three
as well as the spin structure sum (6.5), and are given by the following corollary.

Corollary 6.12 The spin structure sums, with the supersymmetric measure, of the prod-
ucts of Cs(1,2) with the cyclic product of two and three Szegé kernels are given by [19, 20],

Ts[d] C5(1,2)C5(3,4) = 1A(1,2\3,4) (6.23)
§ even 10 4
T 1 A(2,3]4 A(1, 3[4
> T os,2,3)050,5) =  { LRI A AIND 4 a0,
§ even 10 8 212

There are three distinct factorized cyclic products contributing to the six-point function,
which may be evaluated using the above methods along with (5.9) and (6.12). The results
are given by the corollary below.

Corollary 6.13 The spin structure sums of factorized cyclic products of Szego kernels

contributing to the siz-point function are given by,

Tg[d 9
> ﬁ05(1,2)05(3,4)05(5,6) = — (deto)®* Mi(1,2,--- ,6) (6.24)
§ even \Ijlo 16
1 W, (5,6) W, (3,4) W5 (1,2)
_ {A(l, 213, 4) V2500 4 A1 915,60 V2B 4 A3, 455,6) 2’}
8 T56 T34 T12
as well as,
——(5(1,2,3,4)C5(5,6) = — (det Mq(1,2,---,6
el \Illo 5(777)5(7) 16(60) 1()7 7)+ 161'%6
{w;<2,3>A<1,4|5,6> Wy (4,1)A(2,3[5,6)
+
32112134 32112234
+ +
32712734 32112734
16x12293 16x12223
W27(1’3)A(2)4’576) }
1(1,2,3,4 2
T +eyel(1,2,3,4) p (6.25)
and finally,
Ts[d] NnO[2)45] N [12]56]
Cs(1,2,3)Cs(4,5,6) =
5%;% Uy il )Csl ) 16212245 16212756
NnO)[12]64]
_ 1(1,2 2
T + cyel(1,2,3) (6.26)
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where the instruction to add cyclic permutations applies to all terms on the right side of
the formula and we have used the following definition,

0)[12]45] = day day A(2,3|5,6) + day das A(2,3]4,6) (6.27)
+ dxo dxy A(l, 3|5, 6) + dxo dzs A(l, 3‘4, 6)

All other components of these expressions have been defined earlier.

6.4 Spin structure sums in the Eg X Eg sector

In the Eg x Eg Heterotic string the 32 Majorana-Weyl fermions are partitioned into two
16-element sets, with all fermions in the first set of 16 carrying the same spin structure
01 and all fermions in the second set of 16 carrying the same spin structure do, where &
and J, are independent of one another. The spin structure sum then consists of summing
independently over d; and J2. Thus, the entire spin structure sum required for the Eg x
Es Heterotic string factorizes into two independent spin structure sums for 16 fermions,
producing the measure factor 9[4](0)® noted in (6.2). The basic spin structure sums in a

single Eg sector are then given by the following theorem.

Theorem 6.14 The basic spin structure sums for a single Eg sector in the Heterotic Eg X
FEs string are given by,

(deta) > 0[3](0)* = 720(75 M — 4 M3) (6.28)
J even
(deto)* 3 o[ = 1350(15 M2 — 4 M, Mgb)
J even

(deto)* 37 9[8)(0)" (det £5) = 81(241\/13 — 300 Mo M, — 125 M6>

§ even
(deto)t 3 o[s)(0)3eietes? = 20 (25 M4 MY+ (200 M — 16M3)M5"—40 M, M5 )

§ even

where the tensors Mo, M3 were defined in (4.21), (4.22), and the tensors My, M5, Mg can
be found in appendix E.2.

The proof of Theorem 6.14 is obtained in the same manner as the proofs of Theorem 6.2
and Corollaries 6.4—6.6. We note that the combination 75M, — 4 M3 is proportional to
the Siegel modular form W4 defined in (I.11).

6.5 Spin structure sums in the Spin(32)/Zy sector

In the Spin(32)/Zy Heterotic string, 32 Majorana-Weyl fermions are all in the same spin
structure so that the chiral measure includes the factor of ¥[6](0)¢ in (6.2), and produces
the basic spin structure sums given in the following theorem.
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Theorem 6.15 The spin structure sums of the Heterotic Spin(32)/Zy string are given by,

2
(deto)® Y 0o = 129600(75 M, — 4M§) (6.29)
§ even
(det)® >~ 9[3](0)'° €5 = 243000(75 My — 4 M3) (15M5" — 4M, M)
§ even
(det)® >~ 9[3](0)!%€5€5" = 12150 ((64M3 — 2000M3M, + 15000M3)Mg"
§ even

+ (300M2+1875M,)M{MSY — 3000M, MM
+ 5625M{" M5 + 40M(AM3—-75M, )M )
(deto)® > 9[5](0)"(det £5) = 14580(75M, — 4M3) (24M35 — 300M2M, — 125M)

§ even

- g(det 0)10\1110

These results remain expressible in terms of the tensors My=23 in (4.21), (4.22) and
My=456 in appendiz E.2 as well as the Igusa cusp form ¥y in (1.11).

The proof of Theorem 6.15 is obtained in the same manner as the proofs of Theorem 6.2,
Corollaries 6.4—=6.6, and Theorem 6.14 above.

7 Conclusion and outlook

In this work, we have described and implemented a procedure that organizes the evalua-
tion of cyclic products Cs of an arbitrary number of Szeg6 kernels on a genus two Riemann
surface with arbitrary even spin structure §. The procedure drastically simplifies the de-
pendence on § and reduces all spin structure dependence to a degree-two polynomial in
the components E‘gb of a symmetric rank-two tensor £5 under SL(2,C). The tensor £s de-
pends on the branch points of the surface in the hyper-elliptic description but not on the
insertion points of the Szego kernels. The dependence of Cs on the insertion points of the
Szegd kernels is organized in simple SL(2,C) invariant building blocks that are identified
from the cyclic product of two Szego kernels and suffice to evaluate cyclic products with an
arbitrary number of Szegd kernels. The explicit form of this reduction can be assembled
from the all-multiplicity conjecture (5.34) combined with the trilinear relations among the
variables £2° in Theorem 4.2.

Our results dramatically simplify the summation of cyclic products of Szegd kernels
over even spin structures that arise in genus-two amplitudes of Type I, Type II and Het-
erotic strings. For a given string theory, only the spin structure sums over the ten mono-
mials in egb of degree 0,1 and 2 are needed and given in terms of branch-point dependent
SL(2, C)-tensors in (6.3), (6.28) and (6.29). In future work we will apply these advances to
the evaluation of genus-two superstring amplitudes involving six or more massless external
NS states which are currently uncharted territory in both the RNS and the pure-spinor for-
mulation. The construction of these higher-point amplitudes, in the formulation of [18, 19],
will also require similar reductions of the spin structure dependence for products of Szego
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kernels that form linear chains rather than closed cycles. The simplifications of such linear
chains may be obtained by methods similar to the ones used here, including the trilinear
relations, and they will greatly streamline the challenging steps in the assembly of the am-
plitudes. In a more immediate follow-up work [25], the building blocks of our results will be
translated into the language of genus-two theta functions and modular tensors of Sp(4, Z).

It is expected that, in the long run, the ideas developed here will lead to further
developments related to (i) string and field-theory scattering amplitudes; (ii) tests of the
S-duality of the low energy effective action of Type IIB string theory and its relation to
modular forms of higher genus; (iii) mathematical questions on iterated integrals on genus-
two surfaces; (iv) improving the understanding of the cohomology of chiral amplitudes at
fixed spin structure:

(i) The organization of supersymmetric chiral amplitudes at genus two as degree-two
polynomials in Bf;‘b can be viewed as a space-time supersymmetry decomposition of
the particle content in the loops. In a string-theory context, combinations of ng that
drop out from maximally supersymmetric spin sums may contribute to genus-two
amplitudes in K3, Calabi-Yau, and orbifold compactifications with reduced super-
symmetry [29, 30], see also [4, 7] for analogous studies of Szeg6 kernels at genus one.
In a field-theory context, each monomial in £2° can be associated with a different
combination of massless particle species in the two loops of the Feynman graphs that
arise in the low energy limit. This mechanism has also been studied in detail from
the viewpoint of ambi-twistor strings at genus one [31-33] and genus two [34-36].

(ii) The availability of explicit expressions for various amplitudes and their low energy
expansions has resulted in extensive checks on the S-duality of Type IIB superstring
contributions to the effective interactions, based on amplitudes with four external
states in [19, 37-39], and five external states in [22, 40-42]. The coefficients of
these genus-two low energy effective interactions may be reformulated in terms of
non-holomorphic genus-two modular graph forms [43, 44], which satisfy a wealth of
novel identities as functions on Torelli space [45]. Availability of the genus-two 6-
point amplitude will, for sure, add much insight into the structure of both the low
energy effective interactions and their significance to S-duality, as well as for the
understanding of genus-two modular graph functions.

(iii) At genus one, cyclic products of Szego kernels and their spin structure sums generate
coefficients of the Kronecker-Eisenstein series [6] which can be used to construct el-
liptic polylogarithms and homotopy-invariant iterated integrals on a torus [46]. Not
withstanding recent progress in [47], the construction of iterated integrals on Riemann
surfaces of genus two and beyond is largely an open problem, which is of relevance
to both mathematicians and physicists. Our simple spin-structure independent func-
tions of the insertion points, encountered in the cyclic products of Szegd kernels at
genus two, are expected to provide guidance for the construction of integration ker-
nels on Riemann surfaces beyond genus one. In particular, it would be interesting to
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extract higher-genus generalizations of Kronecker-Eisenstein coefficients from Szegd
kernels and to make contact with the proposal for their generating series in [26, 27].

(iv) The relation between super-holomorphicity and holomorphicity of chiral superstring
n-point functions for NS bosons on a genus-two Riemann surface was shown to be en-
coded in a hybrid of both de Rham and Dolbeault cohomologies in [48]. The reduction
procedure developed in the present paper is expected to drastically simplify the con-
structive algorithm provided in [48] for the chiral amplitude cohomology classes and
their representatives. Investigations of these questions are relegated to future work.
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A Synopsis of SL(2,C) representations

In this appendix we collect some simple basic formulas on tensor products and tensor
powers of irreducible representations of SL(2, C).

We denote the irreducible finite-dimensional representations of SL(2,C) alternatively
by the standard symbol D; or by its dimension written in bold face d = 2j+1 for half posi-
tive integer j. In this notation, the defining representation is denoted alternatively either by
D1 or by 2, while the vector representation is denoted either by Dy or by 3. The latter is ac-
tu?xlly the representation under which the vectors £5 transform, while the tensor M trans-
forms under the representation denoted by either D3 or 7. The branching rule for the tensor
product of two arbitrary representations D;, and Dj, is given by the standard formula,

Ji+j2
Dj, ® Dy, = @ Dy, (A.1)
k=[j1—ja|

where the sum proceeds in integer steps. For example, D1 ® D; = D;_1 © D; @ Dj41.

A.1 Tensor powers of irreducible representations

We shall often need the tensor power of an irreducible representation, such as the tensor
power of £s, the tensor power of M7, and the tensor product of n identical copies of an
irreducible representation d. We shall use the following notation for these tensor powers,

f?n:&;@”'@ﬁa
d®" =d®---®d (A.2)
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where each tensor product on the right contains n factors. The dimension of the represen-
tation d®” is generally smaller than d” because the tensor power involves identical tensors.
For example, the general rule gives 3 ® 3 =5 & 3 & 1. However, when the two factors in
the tensor product are identical tensors (as is always the case in a tensor power), the 3 in
the direct-sum decomposition is absent, and the dimension is reduced to 6. The following
lemma gives the dimension of the n-th tensor power d®” of an irreducible representation d.

Lemma A.1 The dimension D(d,n) of the tensor power d®" of an irreducible represen-
tation d of SL(2,C) is given by,

(A.3)

D(d,n) = dim (d®n) _ (d -; i; 1)

To prove the lemma, we denote the components of the tensor by d = (£1, -+ ,&4). The
components of the tensor power d®™ are then given by the monomials &, ---&; for all
possible distinct orderings 1 < i3 <19 < --- <11 < i, < d. To list all such monomials,
we begin with those whose first entry is £, of which there are D(d,n—1). The remaining
monomials cannot contain the component £; any more in view of the ordering we have
adopted, so their number is D(d—1,n), which gives the double recursion relation,

D(d,n) = D(d,n—1) + D(d—1,n) (A.4)
with the initial conditions D(d,0) = D(1,n) = 1. The solution is given by Pascal’s triangle,
which completes the proof of the lemma. The lemma implies the following corollary.

Lemma A.2 The decomposition of E?" into irreducible representations is given by,
f?n:Dn@Dn—Q@"‘@D* (A5)

each representation appearing with multiplicity 1. The representation D, equals Dy when
n is even and D1 when n is odd.

To prove this lemma we proceed as follows. From inspection of the contractions with
€qb it is clear that we must have the following inclusion,

Dy, & Dy_o®---® D, C L™ (A.6)
each representation appearing with multiplicity 1. Thus we must have,
1
dim(D,,) + dim(D,,—2) 4+ - - - + dim(D,) < dim(ﬁ?”) = §(n +1)(n+2) (A.7)

where the last equality on the right side uses the result of Lemma A.1. However, computing
the dimension of D,, ® Dy, _o @ --- @ D, shows that the inequality in (A.7) is actually an
equality which proves the lemma.

Explicit results for low values of n are given as follows,

©G1=3 £ =110703

2 =501 (°=13090501

(3 =733 T=150110703

-9as501 (F=17013098501 (A-8)
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n\h|0[1|2[3|4|5|6 |7 |8|9|[10|11]12|13|14|15|16|17 |18
1 j1|1(1|1|1]11
2 (1112|2334 3|3 |2 ]2]|1]|1
3 |1|1|2|3 (45| 7|7 |8 |8 |8 | 7| 7|54 |3]|2|1]1
4 (111|235 /6|9 (1013|1416 |16|18|16|16|14 |13 ]10| 9
o |1 |1]2]3]|5|7|10(12|16|19(23|25|29 (30|32 3232|3029
6 |1]1](2|3|5|7|11 |13 |18 |22|28(32|39 |42 |48 |51 |55|55]58

Table 1. The numbers of monomials pj, ptj, -+ - pj, with h =37, j;.

A.2 Representation theory of M,, tensors

In order to count the modular tensor with degree n in y; and components of homogeneity
degree h in u;, we enumerate the monomials i, pij, - - - pt5, with b =372 j; and 0 < j; < 6.
Since the spectrum of such monomials is symmetric under j; <+ pe—j, the distribution of
homogeneity degrees in u; at given degree n is symmetric around h = 3n. The counting is
spelled out for n < 6 in table 1 with the symmetry point h = 3n highlighted in red.!!

The next step is to organize these monomials in p; into irreducible representations
(irreps) of SL(2,C). The p; themselves at n = 1 form the tensor M;j in (3.30) in the
seven-dimensional representation 7. At n > 2, the entirety of degree-n modular tensors
furnishes the symmetric n-fold tensor product 7%:" which can be conveniently organized
into irreps of SL(2,C) by means of the entries of table 1:

(i) At given n, start from the average value of h = 3n and combine all the neighboring
entries at h = 3n+l, h = 3n£2,--- with the same counting of y;-monomials into
one irrep. If there are m; adjacent cells in table 1 with the same counting, this irrep

is the mq-dimensional one mj.

(ii) Remove the monomials in the above mj from the table (i.e. subtract one from the rel-
evant entries) and once more identify the largest sequence of identical entries centered
around h = 3n. The length mo of that sequence determines the next irrep mso.

(iii) Repeat the process of removing the entries of the irrep my identified in the previous
step from the table and combining the leftover entries with the same counting
centered around h = 3n into the next irrep my,;. The process terminates if the
removal of my reduces the leftover entries of the table to zero.

At n = 2 for instance, the entries 1,1,2,2,3,3,4,3,3,2,2,1,1 of table 1 lead to identify a 1
in step (i) which leaves 5 neighboring entries 3 after lowering the central entry 4 highlighted
in red to 3. Step (ii) then identifies a 5 whose removal from the table leads to 9 neighboring

"Erom a representation-theoretic viewpoint, the more natural quantity is h — h—3n. In this way, the
“average value” of h is mapped to 0 and the spectrum of h becomes symmetric under the “inversion”
h — —h of the shifted h.
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nNd| 1|3 |5 |7]|9 11|13 |15 |17 (19|21 |23 |25|27|29]31
1 0] 0710 1
2 1 0 1 0 1 0 1
3 0 1 0| 2 1 1 1 1 0 1
4 2101 2 1 3 1 3 1 2 1 1 0 1
5 0 2 1 4 2 4 3 4 2 3 2 2 1 1 0 1
6 310 4| 3] 6 3 7| 4 6 4 ) 2 4 2 2 1
7 04| 2 705 8 719 6 9 6 7 ) ) 3 4
8 4 1 7|5 (11| 7 | 13]9 |13|1012] 8 11| 7 | 8 5)

Table 2. Multiplicities of the decomposition of the tensor power 7€" into irreducible representa-
tions d of SL(2,C). For tensor powers n > 6, the multiplicities of (d > 33)-dimensional irreps are
beyond the space limitations of this table.

entries 2 which form a 9. By also removing the latter from the table, one is finally left
with a 13 and we reproduce the decomposition

792 =13090501 (A.9)

The spectrum of irreps m at given degree n in u; can be found in table 2. Note that the
total number of degree-n monomials is (”:6), ie. 7,28,84,210,462,924,1716,3003, - - - at
n=1,2,3,4,5,6,7,8, -, as indeed predicted by Lemma A.1 for the case d = 7.

All the irreps in table 2 correspond to modular tensors obtained from contracting the
n-fold outer product of M{*"® with e-symbols. However, the spin sums and trilinear
relations of £2° we shall be interested in always involve an even number of e-contractions.
Tensors with an odd number of e-contractions appear in the red entries of table 2 with odd
n—+ %. These tensors are not expected to play any role in organizing cyclic products of
genus-two Szego6 kernels. At n = 3, for instance, table 2 lists the irreps,

793 1900150130 11090 7070 3 (A.10)

but only the 19®15®11 P 7D 7D 3 representations are expected to enter the Szego-kernel
discussion. Indeed, the 9 and 13 correspond to 8- and 12-index tensors that follow from
Mjrazasppbib2 b [12¢6 yia contractions with an odd number of e-symbols.

B Proof of Lemma 3.4

To prove part (a) of Lemma 3.4, it suffices to prove the statement of the lemma for arbitrary
symmetrized monomials out of which an arbitrary a < [ symmetric polynomial may
be built. We shall produce a simple proof by explicit construction and parametrize the
symmetrized monomials in the expression (3.43) for II5(1,--- ,n) as follows,

oo 8 o+l ol 51 .
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with integers a1, a2,b1,b2 > 0 and «y, §5; defined in (3.9). Without loss of generality, we
may assume that ag > by, and factor out (Z)If, see (3.16) for the definition of the ¢y. It
remains to prove that the lemma holds for symmetrized monomials of the form,

aft ag? By + it B (B.2)
with co = as — ba > 0. We proceed by distinguishing the cases co = 0 and c¢s # 0.

e For co =0 we set ¢; = |a; — b1| and the symmetrized monomial (B.2) reduces to,

af Bt + Bitalt = gy (aft + B71) (B:3)

If ¢; = 0, then the reduction is complete, while if ¢; = 1 then the sum in the parentheses
equals w1 so that the reduction is again complete. If ¢; > 2 we use the following two-step
recursion relation,

of' + 7" = (o T+ 57T = da(af TP 4 BT ) (B-4)

which may be solved in terms of a polynomial in u; and ¢s. Thus, for ¢co = 0, the mono-
mial (B.2) may be expressed as a polynomial in ¢9, ¢3, ¢4 with coefficients in Cluq, - - , pg).

e For ¢y > 0 the reduction of the symmetrized monomial (B.2) is more involved. For
co > 2 we use the following recursion relation,

aftaf B + 7 520} = g (aftag B0 4 B p el )
—M1¢4(0¢1 a2 ANt 4 g g el 1)
+ou (0l aF 2B + A1 8520l (B.5)

x If by > co then all three lines on the right side will terminate after at most co iterations
in a term of the reduced form af ,6’ + 57! al when c; is even plus a term of the reduced
form af' B ay + BI a11 B2 when cy is odd, which includes the case ¢ = 1. The first
reduced form satisfies the recursion relation already given in (B.3). The second reduced
form satisfies the following recursion relations for ¢; = a1 — b1 > 0,

aftBlias + Bi1al By = o (aftas + 57 52) (B.6)
For ¢; > 2 the combination inside the parentheses satisfies the following recursion relation,
aftag + B1 B2 = m (041 g + B 152) + ¢2( T + BBy ) (B.7)

while for ¢; = 1, we have ajag + 5182 = p1(p2 — d2) — ¢3.

* If by < ¢o then the second and third lines in (B.5) will terminate as in the case b; > ca,
but the first line will terminate after by iterations in a term of the form a{* a2~ 459 g52~b1
with do = co — by > 0, which obeys the following recursion relation for ds > 2,

of 0 + 87 = (12 — 62) (03 0™t + 57 52

—¢u(afag> ™ + 41552 7) (B.8)
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and

oty + BBy = (2 — o) (a8 + B3) — a1y — Fitay (B.9)
It remains to exhibit the reduction of the last two terms on the right side, af*f2 + 7" .
For a1 = 1, this is just ¢3. For a1 > 2, we use the following recursion relation,

i By + Bt ag = d3(af' T+ BT — do(af Pan + A1) (B.10)

The reduction of the parentheses in the first term on the right was given in the second line
of (B.3) while the reduction of the parentheses in the second term was given in (B.7).

The proof of part (b) of the lemma follows immediately from part (a), using the
relations of (3.23) between ¢s, ¢3, ¢4 and £3°.

To prove part (c) of the lemma we use the fact that Il is a polynomial in ¢9, @3, P4
as guaranteed by part (a). The combination Ils also explicitly depends on the symmetric
polynomials g1, ps. To prove the formula on the total degree of a given monomial, we
reason by analyzing the degree of homogeneity in «y, 51 on the one hand and the degree
of homogeneity in ag, 82 on the other hand. Schematically, we have,

by — 3, asPa, B3
¢3 — a12, fraz
b2 — ai, a1p, B7 (B.11)

The maximum value that A4 can take is when all its as and [o are assembled into ¢4,

az+bo
2

giving the maximum value { . However, this number may be decreased by a number

0<ji< VQQLI’QJ when some of the ao and B2 are collected into ¢3. It will be convenient to

split up into the case where as + by is even or odd.

e For even as + by we have,

b b
Gt A3 < 2j A2<V1‘;1J_

The inequality for Ao is obtained by using the fact that the presence of 2j factors of ¢3

A <

</ (B.12)

takes up 2j factors of a3 and 1 combined, which amounts to j factors of ¢o. Adding up
these lines gives the following upper bound,

az + by

b by + b
Ao+ g+ < +{ari- 1J§a1+a2+ o + 2 o m (B.13)
2 2 2
where we have used the bounds a1 + as < m and b1 + by < m.
e For odd as + by we have instead,
by —1 b
Am%—j A3 <2j+1 A2§V1+1J—j (B.14)

For A3 we have added 1 in view of the fact that as 4 b2 is odd and the only way a term of
first order in ag and B2 can be produced in the iterative process outlined earlier is through
one factor of ¢3. Adding up these lines gives the following upper bound,

as +by —1 a1 +b a1 +ags +by+b 1
)\2+>\3+)\4§222+1+{12 ng ! 22 2 2+5 (B.15)
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Using again the bounds a; + az < m and b; 4+ by < m, we obtain Ay + A3 + Ay < m + %
Since Ao, A3, Ay and m are integers, this implies Ao + A3 + Ay < m which completes the
proof of part (c) of the lemma.

Part (d) of the lemma follows immediately from part of (¢) by using the relations
of (3.23) between ¢, ¢3, ¢4 and ng. This completes the proof of the lemma.

C Manifestly SL(2,C) invariant reduction of Qs

In section 3 we developed a systematic and efficient procedure by which all spin structure
dependence of the cyclic product Cs of an arbitrary number of Szeg6 kernels is reduced to
polynomials (s which, in turn, are expressed in terms of further reduced polynomials Fj.
In appendix F the polynomials Ps are shown to play a crucial role for the reformulations in
section 5 of the cyclic products of Szeg6 kernels solely in terms of the fundamental building
blocks Ls(i,7), Z(i,7), and standard Parke-Taylor factors built from w;;.

Efficient as the polynomials Ps may be in carrying through the reduction process
reviewed above, their use is responsible for giving up manifest invariance under SL(2,C),
i.e. invariance term by term, at intermediate stages of the reduction. Indeed, the factors
(54(1)2—54(5)?) and (sp(i)®>—sp(j)?), out of which Pj is constructed, do not enjoy tensorial
SL(2,C) transformation properties. However, the final expressions we obtain in terms of
Ls(i,j), Z(i,7), and Parke-Taylor factors are perfectly SL(2,C) invariant term by term.

This situation naturally raises the question as to whether a reduction procedure exists
that is manifestly SL(2,C) covariant at all stages of the reduction process, and avoids the
intermediate polynomials Pjs altogether. In this appendix, we shall outline precisely such
a construction which reduces Qs(1,3,---,2m—1]2,4,--- ,2m) to a degree-m polynomial
in tensor components ng with d-independent coefficients and thereby constitutes an alter-
native proof of Corollary 3.5. In practice, it remains to be seen whether the substantial
group-theoretic calculations required to complete this process are competitive with the use
of Py, whose efficiency has been established beyond a doubt in section 5 and appendix F.

C.1 The tensors A,B, X

To obtain good SL(2,C) tensorial expressions for Qs we begin by rendering the tensorial
properties of s4(i)? and sp(i)? manifest. We represent the spin structure § by a partition
AU B of the branch points, where A = {uy,, Ury, ur; } and B = {uy,, tr,, ur, } and ANB = ().
The partially symmetric polynomials a1, as, a3 and B, 82, 83, defined in terms of the
branch points in (3.9), and powers of the points x; may be arranged in terms of totally sym-
metric rank-3 tensors A, B, and X;, respectively. Their components are given as follows,

Al — o, Bl — 3, Xz‘lu _ xf’
1 1
A112 _ §a2 B112 5,62 Xz112 — %2
1 1
Al22 _ ga B122 — gﬁl X1122 =z
A?2 =1 B =1 X722 =1 (C.1)
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The combinatorial denominators are equal to the number of monomials in the sum. Each
one of these symmetric rank-3 tensors transforms in the 4 of SL(2,C). This property
may also be inferred from their representation as the following totally symmetrized tensor
products of the SL(2, C) doublets x, u, in (2.5),

X; = xg®3\ (C.2)

A=u, ®u,Qu,
4 4

B:u,,2®ur4®u,n64

The prescription |4 stands for the projection onto the 4, which is obtained by symmetriza-
tion. The pairings of A and B with X give the polynomials 54 ()% and sp(i)? in (2.24),

ajazaz A bibab: aiaza, -\ 2
X EB AN b CagboCaghy = Xi 7P Adrasay = Xi - A =54(1)

aiaza3bibab aijaza )2
X2 ghbabsg e b asbs = X% By, agas = Xi - B = sp(i) (C.3)

Note that the pairing of two tensors of even rank is symmetric, while the pairing of two
tensors of odd rank is anti-symmetric, so that we have X; - A = —A - X;.

C.2 Expressing Qs in terms of A, B, X;

In terms of the tensors A,B and X; the polynomial Qs(i1,- -+ ,im|j1, - ,Jm) defined
by (3.3) takes the form,

More abstractly, but equivalently, one may view this object as an SL(2, C) singlet formed
out of the following tensor products,

Qé(ila'" ,im’jl,"' 7]m) = (Xi1®"'®Xz‘m®Xj1®"‘®ij> '(A®m®B®m)’1 (0'5)

suitably symmetrized in A and B. The components in the decomposition of the tensor
products A®™ @ B®™ and X; ®---®X,;, ®X; ®---®@X;  into irreducible representations
may then be reorganized in terms of the functions Ls(i,7), Z(i,j) and products of powers
of xij-

C.3 Tensor product decomposition of A ® B

Since A and B transform under the 4 of SL(2,C), the tensor product A ® B decomposes
into the direct sum of the following irreducible representations 7 ®& 5 @& 3 ® 1. In this
decomposition, the 7 component is obtained by complete symmetrization, and is given by
the spin structure independent tensor M; introduced earlier in (3.30),

Mt111a2a3a4a5a6 _ A(a1a2a3Ba4a5a6) (C.G)

This relation may be readily verified by identifying the highest weight components, namely
ML — o = a3p3 = AMBI on both sides, and then using the translation operator
T to construct the full multiplets.
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The remaining components 5 & 3 & 1 of A ® B result from one, two, and three anti-
symmetrizations, followed by total symmetrization in the remaining indices, and may be
defined as follows,

N§1a2a3a4 — %Ab(a1a2Ba3a4)c Ebe

NngCLQ _ }Able(alem)ClCQ

A Ebic1Ebyca
1
b1b2b,
N5 = gA 10203 ge1c26s €bic1€bacaEbses (C7)

Also, we use the same letter Ny to designate the tensors of ranks 4,2 and 0, following the
familiar notation introduced earlier for the tensors M,,. The multiplets of these irreducible
representations are completely determined by their highest weight components, which are
given as follows,

1 1
N};Hl = 72(A111B112 — A112B111) = 6(0[3B2 — agf3)
1 1
N%l = 74(A111B122 + A2l _ 2A112B112) =3 (3azf1 + 3a1 83 — 2a232)

N(S — (A111B222 _ 3A112B122 + 3A122B122 _ A222B111)

1
5
= 5 (305 — 305 + a1f — arf) (8)

Comparison with the expression (3.23) for £' then gives the following relation,

N = —gng (C.9)

We note that M{'"* and N% are symmetric under the interchange of A and B, while
N§*2%3% and Ny are anti-symmetric. We may summarize the decomposition as follows,

AalaQaSBb1b2b3 _ Mtlllaza3b1b2b3 + {3€a1b1N§2a3b2b3 4 §€a1b1€a2b2N§3b3 (C.lO)

+2eMb1ga2b2.a3b3N ¢ symmetrized in (a1, ag, a3) and (bl,bg,bg)}

where the symmetrization is to be carried out independently on the triplets of indices
(a1, a2, a3) and (by, b2, b3).

Finally, symmetrization in A and B cancels all terms in ()5 that contain an odd
combined number of factors of N§'“***% and N;. For this reason, it will be useful to
express bilinear tensor products of N§'“?**** and Ny in terms of the purely even tensors
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M; and Nj'“?, which are given as follows,

1 5
N% = - —My— —dets
6 6 2 18 °
N Na1a2a3a4 _ _lMa1a2a3a4 lMa1a2a3a4b1b2£clcQ 2£(a1a2£a3a4)
) Ty 2 +6 1 ) 6b1c15b262+9 5 )
2 2
Na1a2a3a4Nb1b2bsb4 _ _Ma1a2a3a4b152b3b4+7Mala2f136b4b1b2£bsb4+7Mblbzb3b4a1a2easa4
1 ) 2 3 1 1) 3 1 ()
—?M?1a2a3blb2b3£g4b4 + ggalbl €a2b2 M(213a4b3b4 - §8a1b1 Eagbgeg03b3£§4b4)
4 1
_ b1 gazbs _azbs _asbs <27det£5—|—30M2) symmetrized (C.11)

where the symmetrization in the last entry above is to be carried out independently on the
quadruplets (a1, ag,as,as) and (b1, ba, b3, bs), and the tensors M5' ™" of rank r = 8,4,0
are defined in (4.21).

C.4 Tensor product decomposition of X; ® X,

Since X; and X; transform under the 4 of SL(2, C), the tensor product X; ®X; decomposes
into 7@ 5@ 3® 1. The 7 component is obtained by total symmetrization of X; ® X; and
coincides with the rank-six tensor X;; introduced in (3.30), and we have,

Xgpas = X (410209 X 94459 (C.12)

The remaining 5 & 3 & 1 corresponds to tensors of ranks 4, 2 and 0, respectively, obtained
from (partial) anti-symmetrization and will be denoted by Y;; with components,

1 4 .
Y;}megm _ §X¢(ala2X?“a4)cst
1 b1b
aias 1b2(a1~,a2)c1c2
Yij - ZXz' Xj €bic1Ebaco
1 b1b2b c1cacs
Yij = g}(2'1 2 Ble 2 551)16151)20251)303 (0‘13)

The multiplets of these irreducible representations are completely determined by their
highest weight components, which are given as follows,

1 1
Y%jnl Q(qulxjnz )(2112)(}11) 21‘1']'931%?
1 1
Yiljl ; (X,}HX}?Q )(2122)(}11 2)(1112)(]112) 4:13%:751-95]-

1 1
Yij = g (XHXG? - 3XGIEXGH 4 38X XGE - XPEXGH) = 2y (C14)

We see that each anti-symmetrization in X; ® X; produces a factor of x;;. Such factors
are indeed encountered in the decomposition of Q)s.
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C.5 Manifestly SL(2,C) invariant decomposition of Qs(1|2)

The above tensor-product decompositions greatly facilitate a manifestly SL(2, C) invariant
derivation of the expression Qs(i|j) = 4wijxj;Ls(4,5) + 2Z(i,5) in Theorem 3.2. The
symmetrization over A <> B directly projects the m = 1 instance of (C.4) to the 7® 3
parts of AcezcsBhid2ds ip (C.10),

Qs(ilj) = (X;-A) (X;-B) +(X;-B) (X;-A)
. 36 )
= X?mz% X21b2b3€a1c1 €agca€ase3€bidi Ebada€bsds (2 Milcz%dlde?j + g Ele 802d2N§3d3)
=27(i,j) —16Y{ eacerali’ = 22(i,j) — 43 Ls (i, )

We have identified Y?Jb and £§¢ via (C.13) and (C.9) in passing to the last line, and the
last equality follows from the rewriting of (3.24) as

o Ls(i, ) = AY 120 %y, can, (C.15)

C.6 Manifestly SL(2,C) invariant decomposition of arbitrary Q;

A key step in the above rewriting of Q;(i|j) is the tensor-product decomposition (C.10) of
AcreaesBdid2ds g1 its projection to the even part under A <+ B. The analogous treatment
of higher-point Qs will require an iterative use of (C.10) followed by a projection to terms
with an even combined number of factors N§'“2*% and Ns. At four points, for instance,
this will bring the spin structure dependence of (C.4) into the form of

Aa1a2a3Bb1b2b3AC10203Bd1d2d3 + (A AN B) (0.16)

—9 (Mrlz1a2a3b1bzb3 _9 €a1b15a2b2£gab3> (M§10203d1d2d3 _9cad 502d2£§3d3>

+ 2(3€a1b1Ngza3b2b3 + 2€a1b15a2b2€a3b3N6) (3€c1d1 N§2C3d2d3 + 2€c1d1€czd2€csd3N6>

where independent symmetrizations in the triplets of a;, b;, ¢;, d; are understood through-
out. On the one hand, a detailed analysis of the z;-dependence in the follow-up steps
of (C.16) and its generalization to higher points is beyond the scope of this work.
On the other hand, it is easy to explain via (C.16) that the entire d-dependence of
Qs(i1,- - ,im|j1, - »jm) can be arranged in a degree-m polynomial in £2°.

Based on the identities (C.11) for bilinears in N and N, the third line of (C.16)
boils down to a degree-two-polynomial in egb with d-independent coefficients. The same
kind of conversion can be found for the symmetrization of A®™ @ B®™ in A <+ B at higher
points m > 3 since each summand will have an even combined number of factors INj* 243
and Ny. All of them can be grouped into pairs of rank 0,4 or 8 which reduce to degree-two
polynomials in eg" with d-independent coefficients by virtue of (C.11). Contributions to
Qs(i1, -+ yim|j1, - ,Jm) from k such pairs are multiplied by a (m—2k) fold tensor power
of M{192796 — 2g0102£4304 05596 - This casts the entire dependence on the spin structure into
a polynomial in Egb of total degree m, separately for any number k£ = 1,2,---,|[m/2]| of
pairs in (C.11), and concludes a manifestly SL(2, C) invariant proof of Corollary 3.5.
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It would be interesting to prove the all-multiplicity conjecture (5.34) for the decom-
position of Qs into Z(i,j) and Ls(4,7) from the methods of this appendix. Already at
four points, it will require a variety of tensor rearrangements to derive the form (5.7) of
Qs(1,3|2,4) from the contraction of (C.16) with the rank-three tensors Xi, Xa, X3, X4.
A major challenge in the higher-point proof is to obtain the Parke-Taylor numerator
TijTjp -+ Tmi in the building blocks Ls of Qs defined in (5.28) from the rank-three tensors
X19298 in (C.4).

D List of trilinear relations

In this appendix, we rewrite the trilinear relations of the ¢,, in Theorem 4.1 in terms of
the SL(2, C)-tensor components £2°.

Corollary D.1 The variables £3° in (3.23) obey the following trilinear relations.

3:M4(£(151)2_M52¢1;1£(152 pe(£5°)? | pils' Opapsls' | Buopels' | papsts’

11 11,22 B
(&) 20 g THets 4 50 160 20 40
£12 2@22 1622 3 2 2
~ uzpels”  psls”  Bpapels”  3py | Opspaps  3pops  8luspe | Opzpiatie
80 16 20 2000 ' 1600 320 6400 400
(g2 _ 12 (€52 s €5°  ps(85°)®  pists €5 | polsts”
40 20 8 8 4
| Hanals'  papsy | ppelst | 3pALs  papsls” | papelst  papsts”
800 80 8 200 40 40 80
Opuapicl” Bpspd  Opips | papaits pups  Opispisis . 3ppias
160 8000 ' 12800 = 800 128 1600 160
£ (012 psls 5" 3ua(ls))? | pslshst  pe(£5%)?
20 20 4 4
1l pelst | Spspals’  papsts”  pspsl” | papels”
1600 ' 4 400 40 160 20

3p3pa | popzps B p3pe | Spafie

32000 1600 64 400 80

(eL1)2g22 _ 12 (£:1)?  psts'es” L (£5°)° n pals €5 Busls*es? n 5p6(£5°)? n p3ls'
o 10 4 4 5 4 4 160
 papaly’ n papsls'  pels | pspalst  popsts n papelss  pils
50 16 4 80 20 8 100
n 3uspisly” ~ 3u3p n fio i L Folsis  papatis HE 15k n uipisprs  3ftafl
160 6400 ' 1000 800 160 64 80 320 80
I SO T YR SRR i
s 8 4 80 16 4 8
mapalst | 3pskst 3u365% | popals’  papstst | 3usls’  popsts | 3uipels
160 32 1600 80 16 16 160 32
273 Bpopspa | 3papi | 3psps  3papsps  3paps  3papepe | 2Tuspe
128000 3200 1600 1600 1280 320 320 640
pigizgez _ (85)° 3pals' 650 ps(€5)? | Tusls 50 Bpali5 | ps(£57)°  popsts'
570" 8 20 16 80 20 8 400
Lidst petst pEe Openals® | pols’  psindst | papsts et
160 32 80 400 16 400 160 32
3 1 2 2
3 uopiapa  Bpapy  Bpzfs | papsfs  Hafts  f1f2fie " sz e (D.1a)

25600 16000 1600 1600 256 320 320 640
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2pn (057 s 67 Bus(6)” | ity

12
(¢") 4 4 20 20
ppsls | pals' Buopsls®  ppals®  p3ly pels
160 20 400 0 1600 4

Bpop3 | papspa g pipe | 3paie

32000 1600 400 64 80
T N S Y L oL

o1 (g2 _
o (&) 4 s 1 T3 EET? 100
n Buapsls' | papsts’ _ piypaly’ " pisls” n u3e5° B piapaly’ n ppsls
160 80 20 8 160 50 16

4 6400 ~ 1000 800 80 160 320 64 80

el Bugpd | pdua | Faksia pE papeps | Opaps | ik 3piaps

312@22)2 _ 5(15151152 _ Ml(eflsz)g + le}sle? _ M2£<152£(2$2 M3(£<252)2 _ M1N2E}Sl
g\ 4 8 8 20 40 80
Opsly' | 3u3es° pupsts’  pals” | papsty  pnpads” (D.1b)
160 200 40 40 800 80 '
sl BBy 9pud | pupa Opsita  jps | Bt

8 8000 ' 12800 ' 800 1600 128 160
(€5°)° _mnls’€5 | po(85)®  pils' | Buals’  pnpets®  Ousts”

@@= -

4 4 20 16 20 40 80
L MBS Ol Buali  3p | Omapps  SLpE  Bpipa  Opapia
50 160 20 2000 1600 6400 320 ' 400

The following combination constructed from det £5 will also be useful,

(det €)1 — M2(f§1)2 3 3#:%5%)1&1;2 M4f§51£§2 N 2#4(5@2)2 LY. 3#6(25§2)2
 pelst n pipslst  popals n 1p3ls" | mpels®  popsts’
2 16 50 1600 8 40
L papals®  papels  papstst  pdls Bpaps i3 D.2)
200 20 40 100 0 32
_mpaps | ppsps  paps | popsps | peid  3uiia
160 320 100 ' 1600 ' 1000 8000

E Modular tensors M,,

This appendix gathers definitions and components of the modular tensors M,, constructed
from symmetric polynomials p,, in the branch points u;. The outer products of M; and
the My,<¢ tensors in this appendix span the irreducible representations of SL(2,C) in the
decomposition of 7%<=6 noted in the black entries of table 2.

E.1 List of components of tensors My and Mg

In this appendix we provide the expressions in terms of polynomials in p,,, for the compo-

nents of the scalar Ma; of the rank 4 and rank 8 totally symmetric tensors May; and of the

rank 2 and rank 6 totally symmetric tensors Mg, defined in (4.21) and (4.22), respectively.
The scalar My is given by,

s 2 13
6 15 40

M2 = pope — (E.1)
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The tensor M5 transforms under the 5 of SL(2,C), and its components are given by,

2 2
MLl _ H2He M35 | [ M2222 _ MoR4  Pips [
2 15 30 75 2 15 30 75
M%nz _ HiMe  H2fs + K314 Mémz _ HoHs — H1p4 i Hap3
12 60 300 12 60 300
ML122 — Li% _ H2H4  HoMe (E 2)
2 300 150 6 '
The components of Mg are given as follows,
MLl — Haple Mj M22 — Hop2 /ﬁ
2 15 36 2 15 36
Ml-12 H3He  H4Hs Mi2-2 — Hops — H1H2
2 40 180 2 40 180
ML122 _ H2H6 | H3ps L?L Mi2-2 _ HOH4 | Faps L%
2 70 840 630 2 70 840 630
ML-1222 _ MHG | H2[t5  [13f4 ML112-2 _ HOMs | Hifta  [12143
2 81 T 315 840 2 81 315 840
2
MLI112222 Hole | Hips | HaHa  H3 E.3
2 70 180 ' 3150 _ 1400 (E-3)
The components of the tensor M5'*? are given by,
ML _ 2HoMaps | pupsie | Apdae  pop3 | pupaps | peisps | 2ueid  pspa
3 15 20 225 18 90 900 1125 ' 1500
M2 _ HOHSHG _ [uliafie _ poMaps  papsps | pops | papd  1Tpapspa i
3 20 90 90 90 150 ' 150 4500 1000
9o 2foMopic  Hopafs | AUopi  Mipe | papieis  papspa (504 | 23
15 20 225 18 90 900 1125 ' 1500

Finally, the components of M5' "¢ work out as follows,

Hi11 . HOME  papsie  popaple | M3Me | Mopd pspaps | @
6 36 450 300 | 180 300 | 1125
iti2 _ MoMsfe | fieiafis  H3Ms | M3ME pafaplc | Pafiaps
36 300 900 ' 4500 90 900
M2 HOMAHS | HOME | pafisis  fapsps | pde  pipa | Thopi  papaps
3 450 180 2250 300 375 5625 ' 11250 900
ML1222 _ _ HOM3HG | floflafts 2uop3pa p1p3 s n 1315 4 Mapaps 13 + p i
3 150 300 5625 450 ' 4500 ' 300 7500 ' 4500
Ml2222 _ _Holaflo | HEH6  papsa  popsps | popd  paps | THgpa papens
3 450 180 2250 300 375 5625 ' 11250 900
Milz2222 _ Holfls | Hopspa  JwE 3l Hobaps | jizia
3 36 300 900 ' 4500 90 900
2 2 2 3
Mi222222 _ MoH6 _ HoMiKs _ HoHafta | MoM3 | KiMa  [1H2H3 H2 E5
3 6 36 450 300 180 300 ' 1125 (E-5)

We note in every multiplet the invariance under inversion which swaps the top and bottom
component along with the other pairs.
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E.2 Higher-rank tensors M,, at 4 < w < 6

Similar to the modular tensors M,—23 introduced in (4.21) and (4.22), we shall here
introduce shorthands M,—4 5 ¢ that are used in higher-order computations such as section 6
or (H.28). At degree four in the p,,, we have,

1
My = —Mgra2aataoibebsbag o e Eaibe
2
1. bb
ailazasay __ 1b2(a1a2 rasaq)cica
M, M, M,

= 5 gblclebZCQ (E'G)

with highest weight components,

M, — i pedps  Tpdid  papsed | popd  ppsps | pnpdps
30000 5625 | 22500 4500 | 1125 4500 900
_ Hapiapas _ polisiiapts fopa i N 3pe  pp2pstis
900 300 180 ' 1125 300
L HoM3ps  pRHaps  popapiapis  popapisis 1o (B.7)
300 180 450 36 12

M};m _ N%N?; lm& B M%ME) i H2p3apts M%M%

_ N popdpe  p3apis
30000 11250 9000 ' 3000 3600 ' 4500 2250

_ apspas foli e L Mkt ls  popiaisiis 13 N fop2pid
1800 450 360 180 144 90

We furthermore employ a two-tensor at degree five and a scalar of degree six,

araz _ \faiazb1bap geice
M5 sz M3 €byc1Eboco

1
Mg = §M§1“2Mglb25alblsa2b2 (E.8)

with highest weight components,

v M3ka | 2pop3pd  papd papspd | Apopd | pepdps  Tudpzpapis
M = — + - - + -

225000 84375 84375 16875 16875 = 135000 67500

N (i1 p3 pa s N papiapips  Apopiapdis N p3HE ppops iy N VLAY
6750 3375 3375 4500 1350 675
Tdids  pnpdps  Apdpans | 13mpapspas | popdiaps i
67500 3000 16875 13500 4500 540
n 2uopi2iitis  H1l3 sk + piuapspe  1Tpoppspis s | Mot papis i
1125 1350 270 2700 270
_ Hepdps  pRuapd | Buopdug  pompspd  pipand (£.9)
108 540 675 60 45 '
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as well as
M= — M5 pepspa 33Tphpdpd  19mpsud | Apsud | 53uipspspd | popsid
1000000 ' 125000 20250000 1350000 @ 1265625 1012500 = 84375
 pdui Spopopd  19p3udus u1u§u54_53u§u3u4u5__11u1u2u§u4u5__uou§u4u5
922500 253125 1350000 @ 45000 1012500 162000 90000
_ Bmpspips | Wpipspdus  popepsiins | Trompdns _ pous | 1lppspsyd
101250 81000 67500 20250 22500 ' 81000
2,,2,,2 2,,2 2 2 2 2 2 2,,2,,2 3
_ MTHEHE | pouepipd | pRHopapd | poM3HAS  HoMiMspap | HRHGKS  Homipals
8100 ' 54000 8100 4050 1350 900 1620
%m£+@%%_mm@%_m%%_&%wgﬂm%wwmﬂ@@wa
360 ' 84375 90000 10000 253125 67500 54000
mm@mw+ﬁmﬁ%7&w%@qﬁwwmw@@ﬁ%@%+MW%W6
1800 4050 50625 13500 3375 20250
 pipapspspe  23popdpapispe | 13popipdpspe g papspe | 11 pop pogiagis e
1350 13500 3600 1620 4050
_ Hipspapsps | podip3pe  papapdne  PIESKG | SHoH3HE | piHspg
180 324 135 900 3375 360
_ HOMLHZHBHG _ [GIS1G  HOMTHAME | AHgHapaps
180 400 135 225

_l’_

+

(E.10)

F Proof of the lemmas for Qj;

In this appendix, we provide the proofs for the Lemmas 5.1 and 5.2 that reduce Qs(1, 3|2,4)
and Qs(1,3,5/2,4,6) to the spin structure dependent polynomial Lg(7,5) and the spin
structure independent polynomial Z (i, j).

F.1 Proof of Lemma 5.1

Lemma 5.1 provides an expression for Q5(1, 3|2,4) in terms of Lg(¢, 7) and Z(4, j), which we
prove in this appendix. The starting point consists of the expression (3.35) for Qs(1,3|2,4)
in terms of Ps(1,2,3,4) and Qs(i|j) for various values of i, j; the relation between Ps and
II5 in (3.41); and the expression for IIs in terms of the partially symmetric polynomials
a1, ag, B1, B2 given in (3.42). Combining these relations, we obtain the following expression
for Qs5(1,3|2,4) in terms of I15(1,2,3,4) and Qs5(i|j),

Qs(1,32,4) = 1972350741 15(1,2,3,4) — 5183 — s3s7
+(557@s2) + Qs(310) — @s(20) + eyel(1.23,0)) (P
where Il is given in terms of «aq, as, 51, B2 by,
I15(1,2,3,4) = %(XIQ +a1Yi2 + 042) <X2,3 + p1Ye3 + 52) (X3,4 +o1Y34 + 042)
X (X4,1 + p1Yaq1 + /32) + (o <> B) (F.2)

The polynomials Qs(i|j) on the second line of (F.1) may be readily expressed in terms
of Ls(4,j) and Z(4,j) using Theorem 3.2. Furthermore, Lemma 3.4 prescribes that the
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spin structure dependence of II5(1,2,3,4) may be expressed as a polynomial in eg” whose
total degree is 2. Combining these observations shows that all spin structure dependence
of Qs(1,3|2,4) may be reduced to a degree-two polynomial in £°. Below we shall extract
the terms bilinear, linear, and independent in £5.

F.1.1 Terms bilinear in £

The contributions to (F.1) bilinear in £s5 can arise only from II5 and are readily extracted
from (F.2). They may be regrouped entirely in terms of the functions Ls of Theorem 3.2,

Q(S(L 3‘27 4)

= 8212%23734%41 (L(S(l» 2)Ls(3,4) + Ls(1,4)Ls(2, 3)) (F.3)

€

F.1.2 Terms linear in £

The contributions to (F.1) linear in £5 may be parametrized by a symmetric rank-two
SL(2,C) tensor H®, which is independent of the spin structure d,

Qs(1,3[2,4)| = HM%2(1,2,3,4) 2% ¢, 4 €ann, (F.4)

&

The coefficients of €5 in Qs(i|j) and I15(1,2,3,4) are homogeneous of degree 1 in the sym-
metric polynomials i, (including o = 1 for homogeneity where needed), so that the tensor
H must be homogeneous of degree 1 in p,, or equivalently, using (3.30), in the tensor M;.

Homogeneity of the tensor H in M allows us to parametrize H*1%2 as follows,

H (1,2, 3, 4) = M2 HO2I96 (1 98 4) gy 0 Epee (F.5)

where the tensor H; depends on x1, 9,23, x4 but is independent of u,,. To determine
the components of H and H;, we proceed as follows. The symmetric rank-two tensor
H transforms under the 3 of SL(2,C). As a result H is determined completely by the

lowest weight component H?? or equivalently by H?zlqm%. The components of H%Q‘cl“'cﬁ
may be determined in turn by successively applying the translation generator 7T to its

component H?Q‘HHH. As usual, the remaining components of H; may be determined by

applying the inversion generator S. Finally, the components H%2|111111 may be obtained
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from Qs(1,3/2,4) in (F.1) by extracting the terms linear in £5 and proportional to jg,'?

H?2|111111 = 2232322, — daladad, + cycl(1,2,3,4)
H22|211111 _ (xlxg, + x1x§)$24 _ 2($1$2 + x1x2)x34 + cycl(1,2,3,4)

2 4
H?2|221111 _ 5(301353 + zya8 + 3adad)ad, — g(,’I}le + z123 + 3x3xd)a2, + cycl(1,2,3,4)
H?ZIQQQ111 — E(9551" + 5 + 92323 + 92125) 23, + cycl(1,2,3,4)

1

_5(335% + a3 + 9xiwy + 9r23) s, + cycl(1,2,3,4)

2 4
2222220 _ g(ﬁ 4o 4 3wya)ad, — 5(95% + 23 + 3xyw9) 23, + cycl(1,2,3,4)
H22|222221 = (w1 + x3)734 — 2(z1 + 2)234 + cycl(1,2,3,4)
H22|222222 — 222, — 422, + cyel(1,2,3,4) (F.6)

Appealing to the components of the tensor X;; which were defined in (3.30), we may

. . . . 12|c1+-c 11|cy--c
recast the above expressions and its corresponding expressions for Hy le1-¢6 and H, fex---cq

as follows,
H?'Cl”'cﬁ = 2X§y 3, — 4XSL 3, + eycl(1,2,3,4)
H}2|c1---06 _ X%}, ($2 + LU4)ZL‘24 XC1 Co (.733 -+ [,U4)JJ§4 + cycl(l, 2, 3, 4)
Hi”q...cﬁ = 2X {47 :r2x49624 4X T x3x4x§4 + cycl(1,2,3,4) (F.7)
The coefficients of 73, X13 and 2%,X15 contract with the tensor £5 to form the combinations
L;, and contracting with the tensor M; to produce H, we obtain,
H“ e (15 2,3, 4) £b1b2 €a1b1€azby
= 1\/Ia1 a6 (2Xb1 b61’24L5(2, 4) 4Xb1 b6l‘34L6(3> 4)>5a1b1 *E€agbg T Cyd(lv 2,3, 4)
=27(1,3)23,Ls(2,4) — 42(1,2)a3,Ls(3,4) + cycl(1, 2, 3,4) (F.8)

where we have used the definition of Z(z, 7) in (3.29) to present the result in its final from
on the last line above. In summary, we have,

Q5(17 3|27 4) o

8

=27(1,3) 23, Ls(2,4) — 4Z(1,2) 22, Ls(3,4) + cycl(1,2,3,4)  (F.9)

F.1.3 Terms independent of £5

Extracting the terms independent of £5 from the expression for Qs(1,3|2,4) given in (F.1),
we observe that they are homogeneous of degree 2 in p,, (including pp = 1 for homogeneity

12The tensor H; is symmetric in its first two indices and separately symmetric in its last six indices but it
is not symmetric in all its indices. Therefore, it corresponds to a reducible representation of SL(2, C), whose
dimension is 21, and which is readily identified as 9® 7 @ 5 of SL(2,C). One verifies that 7’Hf2‘222222 =0
as expected. One also readily verifies that the tensor H; is not totally symmetric by evaluating for example

the component H22‘222221 — H12|222222 2(x1 + a3 —x2 —xa)(T1 + 22 — 23 — 24)(T1 + T2 — T2 — 23) #O.
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where needed) and thus are also homogeneous of degree 2 in M;. Collecting all terms and
expressing the result in terms of the tensors M; and X;;, we find,

Qs(1,3(2,4) o= 2(M; - X12)(My - X34) + 2(Mj - X23)(My - X41)
é
—2(M1 . X13)(M1 . X24) (FlO)
Expressing the contractions M - X;; = lezl---aﬁxi?;"'b%alm *++Eaghg 10 terms of Z(i, j)

using (3.29), we obtain our final expression for the £s-independent contribution Z4 in (5.8),

Qs(1,312,4)| =22(1,2)2(3,4) +22(2,3)Z(4,1) — 2 Z(1,3) Z(2,4) (F.11)

£

Assembling all contributions to Qs(1, 3|2, 4), we recover the result of (5.7) and thereby have
completed the proof of Lemma 5.1.

F.2 Proof of Lemma 5.2

The function Qs(1,3,5|2,4,6) is given in terms of Il5(1,--- ,6) = II5(1,2,3,4,5,6), as well
as Qs(7, |k, 1) and Qs(i]j) by (3.36) and (3.41) for n = 6, and takes the following form,

Q5(1,3,5(2,4,6) = v192937347 4556261 Ls(1, - -+ ,6) + s1s3s2 + 5357955

— (553 Qs(2.403.6) + Qu(2.5/4,6) — Qs(2,413,5) — Qs(2.503,6) — Qs(3.5/4,6))
+15353(Q(215) + Qu(316) — Qs(216) — Qs(3]5)) (F.12)

1
+ §S%S§(Q5(4|5) + Q5(5/6) — Qs(46)) + cyel(1,2,3,4, 5,6)>
Since the functions Qs(i|j) and Qs(i, j|k, ) were already expressed in terms of Ls(7, j) and
Z(i,j) in equations (5.1) and (5.7), it remains only to show that IIs(1,--- ,6) may also be
decomposed in terms of these functions. The starting point is formula (3.42) for the case
n =6,

II5(1,---,6) = (X12+a1Yia+ o) (Xsa+a1Yss + ) (Xs6 + a1Yse + a2)
X(Xa3 + B1Ya3 + B2)(Xas + B1Yas + B2) (Xe1 + B1Ys1 + S2)
oo B) (F.13)

By Lemma 3.4 all spin structure dependence of Ils(1,--- ,6) resides in a polynomial in
ng of degree 3, containing trilinear, bilinear, linear and £s-independent terms. The re-
duction of the dependence of Il5 on a1, as, 81, B2 to its expression in terms of £5 may be
carried out with the algorithm used in appendix B, and is best performed using MAPLE or
MATHEMATICA.

F.2.1 Terms trilinear in £

From the outset the case n 6 involves an important new twist, whose presence will

persist to all higher orders n > 3. Indeed, the trilinear relations of Theorem 4.2, written
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out in components in Corollary D.1 of appendix D, guarantee that all trilinear dependence
on £5 may be reduced to a polynomial in £5 of degree 2. Thus, we are faced with a choice as
to how the final expressions for Ils(1,--- ,6) and Qs(1,3,5/2,4,6) should be presented. A
propitious choice turns out to be one that naturally generalizes the structure of Qs(i|j) and
Qs(i,j|k, 1), namely whose top power is represented by a sum of cyclic products of Ls func-
tions. As no trilinear contribution to Qs(1,3,5|2,4,6) arise from Qs(i|j) and Qs(1, j|k,1)
all trilinear terms arise from Ils(1,--- ,6) and may be brought into the following form,

Q5(1,3,5(2,4,6)

o 32x12 T23 T34 T45 T56 T61 (F.14)
5

x (Ls(1,2)Ls(3,4)Ls(5, 6) + Lg(2, 3)Ls(4, 5)Ls (6, 1))

as seen the first line of (5.15). Actually, the straightforward reduction of the product
in (F.13), following the algorithm of appendix B, will produce, in addition to the trilinear
contribution of (F.14), also a single term proportional to (£22)3. The precise form of this
extra term will, in general, depend on exactly how the reduction is carried out as different
reduction algorithms may dissimulate the trilinear relations in different ways. Whatever
the extra terms may be, it will be our choice to convert all trilinear terms, other than
those collected in (F.14), into a degree two polynomial in £5. In the sequel, we shall
assume that these operations have been carried out.

F.2.2 Terms bilinear in £

Having eliminated the (£2?)3 term using the trilinear relations, as explained above, we
isolate the contributions bilinear in £5. This process yields a unique answer. The terms
bilinear in €5 transform under the representation 3 ® 3 of SL(2, C) with identical 3-vectors.
This representation reduces to 15, namely the singlet det (£5) and the totally symmetrized
combination. Accordingly, the terms bilinear in £5 may be parametrized as follows,

Qs(1,3,5(2,4,6) =Ky det (£5) + Kgo20s04 ghibzglsbag gy (F.15)

2
eé

where the SL(2,C) scalar Ky and the symmetric rank-four tensor K5 depend only on z;
and fi,,. Inspection of the terms in Qs(i|j), @s(7, 7|k, 1) and II5(1,--- ,6) shows that their
dependence on i, is via a homogeneous polynomial of degree 1, so that they must be
linear in the tensor M;.

o Fwaluating the contribution of Ks. To determine the symmetric tensor Ks
in (F.15), it suffices to start from its lowest weight vector K222 which we obtain using
MAPLE analysis, and immediately re-express in terms of the functions Z(i, j) as follows,

K222 = 16 Z(1,2) w34 45 56 T3 — 16 Z(1,3) 24 T45 T56 Te2

+8 Z(1,4) X23 L35 T56 L62 +CyC1(1, e ,6) (F.lﬁ)

Cyclic permutations cycl(1,---,6) = cycl(1,2,3,4,5,6) are to be applied to both lines. To
obtain the other components of the symmetric tensor Ky, we use the familiar methods of
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group theory: we obtain Ki'!! from K2*2? by applying the inversion generator S,

K%nl =16 Z(l, 2) T34 45 T56 L3 L3 L4 s T — 16 Z(l, 3) T24 T45 T56 L2 L L4 5 T
+8 Z(l, 4) X923 L35 Tse L2 L2 L3 Ts L + CyCl(l, SRR 6) (F17)

and then use the T generator to obtain the remaining descendant components,

K2 = 4 7(1,2) 234 £45 56 263 (T4 T5 T6 + T3 T5 T + T3 T4 Tg + T3 24 T5)
—4 Z(1,3) w24 T45 T56 Te2 (T4 5 T6 + T2 Ts Te + T2 T4 Te + T2 T4 T5)
+27Z(1,4) x93 x35 T56 Tez (T2 T5 Te + T3 Ts Te + T3 To Te + T3 T2 T5)
+cycl(1,--,6)
3K = 8Z(1,2) w34 245 756 T3 (T34 + T35 + T3T6 + TaT5 + TaT6 + T5Te)
—8 Z(1,3) w24 45 T56 Te2 (T224 + T2X5 + T2T6 + T4T5 + T4T6 + T576)
+4 Z(1,4) w23 235 T56 T62 (T3T2 + T375 + T326 + T2Ts + 226 + T5T6)
+cycl(1,--+,6)
K{?22 = 4 Z(1,2) 234 245 T56 T3 (3 + 24 + 25 + 26)
—4 Z(1,3) 24 T45 T56 Te2 (T2 + T4 + T5 + T6)
+2 Z(1,4) w23 235 56 T2 (T3 + 2 + T5 + T6)
+cycl(1,---,6) (F.18)
It is readily verified that 7 K{??? = K2222 from this last explicit expression, as expected.
Expressing the result in terms of the functions Ls(i,j) and Z(i,7), we obtain,

: 16
K 200 G0 ey, agby = 5 T34T45 756763 2(1,2){L5(3,4)Ls(5,6) +cyel(4,5,6) |

16

5 e2assore2 Z(1,3){La(2,4)Ls(5,6) +cyel(4,5.6) }

8
+5 eanesasore Z(1,4) {Ls(2,3)Ls(5,6) +cycl(3,5,6)
+cycl(1,---,6) (F.19)

The instruction to add cyclic permutations applies to the entire expression on the right
side.

o Fvaluating the contribution of Ki. The singlet contribution K; is homogeneous of
degree one in pu,, and may be expressed as the contraction of M; with a tensor Kg which
has rank 6 and only depends on x;,

K, = Mtlllu.aﬁKgr-.bGEalbl “ - Eaghe (FQO)

The lowest weight component K2??222 of the tensor Ko may be obtained using MAPLE,

8 4

222222 2 2 2 2 2
8
2 2 2 2 2 2
+§ T1g 23 T35 T51 + 3 T12 T3 T35 Ty — 3 T12 T4 T45 Ty
+cycel(1,---,6) (F.21)
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Since it is a sum of products of differences x;;, we manifestly have T K322 = ( as
expected. By inversion, we get,
KL _ 2 2 33 8 2 2 33 4 9 2 3.3
0 = T3 1272334 Ta1 U5l T 5 L12193 134 T4y T5le — 3 L12 124 a5 T51 L3L6
8 o 2 33,8 2 2 3.3 4 2 2 3.3
+§ X9 T23 T35 T51 Ly lg + g T12 T3 X35 Ty LTylg — § 12 Loyg 45 Ty L3Tg
+cycl(1,---,6) (F.22)

The descent to obtain the remaining components of Kg by successively applying the gener-
ator T follows the pattern of the descent in the expression for Z(i,j) and may be verified
by a direct MAPLE calculation, resulting in

8 4
Ky = —szueneyen(@2es+o2ea) 2(5,6) - 112221245251 (212245 + 224 751) Z(3,6)
8
+§$12$239€359€51(9€12x35 +x23751) Z(4,6)+cycl(1,---,6) (F.23)

Upon multiplication with det (£5), the contributions (z; xx; + 2k ;) in the round brackets
may be combined with the determinant via

wig v det (£5) = L (i, j)Ls(k, £) — Ls(i, k)Ls(j, £) (F.24)
and we obtain,
8
K1 det&; = 51'12.%23.%'341'412(5,6) (L5<1,4)L5(2,3)+L§(1,2)L5<3,4) —2L5(1,3)L5(2,4))
4
3 T12w2uta5751 2(3,6) (L5 (1,5)Li(2,4) +Ls(1,2)Ls(4,5) 2L (1, 4)Lis(2,5)

8
5 P12a235751 2 (4,6) (L5 (1,5)Li5(2,3) + Ls(1,2)Lis(3,5) — 2L (1, 3)Lis(2,5)
+cycl(1,---,6) (F.25)
To combine this expression with the contribution arising from Ky, we cyclically permute
the arguments so that the functions Z are evaluated at Z(1,2), Z(1,3), and Z(1,4) only,
8
Kidetls = §$34$45$56$63Z(1,2) (L5(3,6)L5(4,5)+L5(3,4)L5(5,6) —2L5(3,5)L5(4,6)>
4
5 Paots2v23w35 2 (1,4) (L (3. 5L (2,6) Ly (5,6)Ls (2,3) — 2L (2,5)Lis(3,6))
8
5 eastsoreraZ(1,3) (Ls(2,4) L5 (5,6) + Ls(4,5)Lis(2,6) — 2Lis(4,6) L (2,5)
+cycel(1,---,6) (F.26)

o Assembling the terms bilinear in £5. Combining the contributions from Kj
in (F.26) and K5 in (F.19), we have,

Qs5(1,3,5|2,4,6)

=8(Z(1,2 4 —Z(1 2,4
» = 820.2)£5(3.4.5.6) = 201.3)£5(2.4.5.6)

1
+§Z(1,4)£5(2, 3,5,6) + cycl(1,2,---,6) (F.27)

where Ls(a, b, c,d) is defined in (5.16).
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F.2.3 Terms linear in £;

The terms linear in Ls may be read off directly from the MAPLE calculation, and we have,

Qs(1,3,512,4.6)| ,

)

= 42}, L5(1,2)(Z(3,4)2(5,6) + Z(3,6)Z(4,5) - Z(3,5)Z(4,6))
+4at3 Ls(1,3) (Z(2,4)2(5,6) + Z(2,6)Z(4,5) — Z(2,5)2(4,6))

~223, Ls(1,4)(Z(2,3)2(5,6) + Z(3,5)2(2,6) — Z(3,6)2(2,5))
+cycl(1,---,6) (F.28)

where the instruction to add cyclic permutations applies to all three lines. These contri-
butions are represented via permutations of +£474(1,2,3,4)Ls(5,6) in (5.15).

F.2.4 Contributions to Qs(1,3,5|2,4,6) independent of £;

The terms independent of £5 may be read off directly from the MAPLE calculation,

Qs(1,3,5[2,4.6)| , gZ 1,2)Z(3,4)Z(5,6) — 72(1 4)Z(2,5)Z(3,6)

)

+Z(1 2)Z(3,6)Z(4,5) + Z(1,3)Z(2,5)Z(4,6)
~22(1,2)Z(3,5)Z(4,6) + cycl(1,- - - ,6) (F.29)

which matches twice the expression (5.17) for Zg(1,2,3,4,5,6).

G Simplified cyclic products Cs for 7 and 8 points

In this appendix, we generalize the simplified results of (5.1), (5.4), (5.9), (5.13) and (5.18)
for the cyclic products Cs(1,--- ,n) = Cs(21,- -, z,) to higher multiplicity n, with n =7
in appendix G.1 and n = 8 in appendix G.2. Furthermore, we gather the numerators N
of the eight-point spin structure sum (6.22) in appendix G.3. Throughout the points z; are
represented in the hyper-elliptic representation by z; = (z;, ;).

G.1 Seven points

The spin structure dependence of the cyclic product of seven Szegd kernels may be iso-
lated based on the expressions for Q;s(1|2), Qs(1,3]2,4) and @Qs(1,3,5]2,4,6) provided
n (5.1), (5.7) and (5.15), respectively, leading to,

NOn2  NOp2sg NO[23,45) N7 [123,56]
+ + +
4x19 16z12723734 16212723745 16x12723756
NOn23 671 N On2,34,56) N [123456]
+
16x12223767 16212034756 32112723734 T45% 56
N (12345, 67] N (1234, 567] N
+ cycl(1, ,7)
32x19T93T34T45T67  32T12T23T34T56T67
N([1234567]

642012723734 T45T56 L6771

05(1,...,7):{

(G.1)
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The numerator function on one simultaneous pole is given by,

NO12) = day (Ls(2,3)Ls(4,5)Ls(6,7) + Ls(2,7) Ls(3,4) Ls(5,6))

+ dxzo (L(s(l, 3)Ls(4,5)Ls(6,7) + Ls(1,7)Ls(3,4)Ls(5, 6))

(G.2)

The numerators on 3 simultaneous poles are conveniently expressed in terms of Ls(a, b, ¢, d)
and Wi defined in (5.20) and (5.5),

N [1234]

NV [123, 45]

N{T[123, 56]

as well as,

N{[123,67) =

N{[12,34,56] =

= Ls5(4,5,6,)W3"(1,2,3) + Ls(3,5,6, )W (1,2]4)

+ L5(2,5,6, )W, (3,4|1) + Ls(1,5,6, 7)W5(2,3,4)

= Ls(3,5,6,T)W; (1,2/4) + Ls(3,4,6, )Wy (1,2,5)

+ Ls(2,5,6, )W, (3,4]1) + Ls(2,4,6,7)W;5 (1,5/3)
+ Ls(1,5,6, T)W5H(2,3,4) + Ls(1,4,6, )W, (2,3]5)

= Ls(3,4,6, 7)W3"(1,2,5) + Ls(3,4,5, 7)W; (1,2/6)

+ Ls(2,4,6, )W (1,5|3) + Ls(2,4,5, )W (3,6/1)
+ Ls(1,4,6, )W (2,3[5) + Ls(1,4,5,7) W5 (2,3,6)

Ls(3,4,5, )Wy (1,2|6) + Ls(3,4,5,6)W5H(7,1,2)

+ Ls(2,4,5, )Wy (3,6[1) + Ls(2,4,5,6) W5 (7,1]3)
+ Ls(1,4,5, )W, (2,3,6) + Ls(1,4,5,6)W, (2,3]7)
Ls(2,4,6, )W (1,5|3) + Ls(2,4,5,7)W5 (3,6]1)

+ Ls5(2,3,6, )W5H(1,4,5) + Ls(2,3,5,7) W5 (1,4]6)
+ Ls(1,4,6,7)W5 (2,3]5) + Ls(1,4,5, )W (2, 3,6)
+ Ls(1,3,6, )Wy (4,5|2) + Ls(1,3,5,7) W5 (2,6[4)

For the next set of numerators, on 5 simultaneous poles,

N [123456) =

NV [12345,67]

N{D[1234,567) =

Ls(6, )W (1,2,3,4,5) + Ls(5, ) W5 (1,2, 3,4/6)
+ Ls(4, W5 (1,2,3]5,6) + Ls(3, 7)W5 (4,5,6[1,2)
+ Ls(2,T)W5 (3,4,5,6/1) + Ls(1, )W (2,3,4,5,6)

= Ls(5,7)W5 (1,2,3,4]6) + Ls(5,6)W5(7,1,2,3,4)
+ Ls(4,T)W5 (1,2,3]5,6) + Ls(4,6)W5 (7,1,2,3]5)
+ Ls(3, )Wy (4,5,6[1,2) + Ls(3,6)W5 (7,1,2/4,5)
+ Ls(2,T)W5 (3,4,5,6|1) + Ls(2,6)W;5 (3,4,5|7,1)
+ Ls(1, )W (2,3,4,5,6) + Ls(1,6)W5 (2,3,4,5|7)

Ls(4,)W5 (1,2,3|5,6) + Ls(4,6)W;5 (7,1,2,3|5)
+ Ls(4,5)WF(6,7,1,2,3) + Ls(3, )Wy (4,5,6\1,2)
+ Ls(3,6)W5 (7,1,2/4,5) + Ls(3,5) W5 (6,7,1,2(4)
+ Ls(2,7)W5 (3,4,5,6[1) + Ls(2,6)W5 (3,4,5]7,1)
+ Ls(2,5)W5 (6,7,1]3,4) + Ls(1, )W5(2,3,4,5,6)
+ Ls(1,6)W5 (2,3,4,5|7) + Ls(1,5) W5 (2,3,4/6,7)
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we need new building blocks Wg—L that generalize the Wf in (5.22). They are defined by,
Wi (a,b,c,d,e) = %{W;(a, W (¢, d, ) + Wy (b, )Wy (d, e, a)
+ Wi (e, WS (e,0,b) + W5 (d, )W (a,b,¢) + W3 (e, )W (b, d) |
(. B _ _
- 5{W2 (a, )W (d, elb) + Wy (b, d)W; (e, alc)
+ Wy (c,e)Wy (a,bld) + Wy (a, )Wy (b, cle) + Wy (b, €)Wy (c,d\a)}

+ dxgdz.degWy (bye) + depdzgdr. Wy (a,¢) + dxgdzcdr. Wy (b, d)
+ dxodepdzgWy (c,e) + dapdzde. Wy (a,d) — 4dx,dayde.degde, (G.6)

as well as
Wy (b, dle) = %{W;(a, bYWy (e, dle) + Wy (b, )Wy (d, ale) + W' (¢, )Wy (a, ble)
+ Wy (d, €)W (a,b,) + Wy (e, )Wy (b, c,d) }
{5 (@, )W (b eld) + Wy (b, )W (e, cla) + W5 e €)W (a, bld)
+ Wy (0, )W (b c,¢) + Wy (b, )Wy (¢, dla)}

+ d:cadazcd:ch;r(b, e) + drpdrgdx Wy (a,c¢) + drgdr.dr. Wy (b, d)
+ dxodryde Wi (e, e) + deydr.dz Wy (a,d) — 4dzdryde.degde.

1
Wy (a,b,cld,e) = §{W2+(a, bYWy (d, ele) + W5t (b, )Wy (d, e|a) + Wy (¢, d)Wy (a,ble)
+ W5 (d, )W (a,b,¢) + Wy (e, )W (b, cld) |
1
- §{W2_ (a,)Wi(b,d,e) + W5 (b,d)Wy (e, cla) + Wyt (¢, e)W; (a, b, d)
+ W5 (a, YW (b, c,0) + Wy (b, )Wy (a, dle) |

+ dxad:rcdxdW;(b, e) + drpdrgdx. Wy (a,c) + dxadxcdmeW;(b, d)
+ dzodryde Wi (e, e) + deydr.de Wi (a,d) — dde,deydr.degde. (G.7)

Finally, the numerator on 7 simultaneous poles is given by

7 , 7
N([1234567) = (H%) <slsg---37+ > Z(ij)s1 S8y st

j=1 S 1<i<j

7
+ Z Zy(3,j ke, )s1 -+ 88y 5h 8187 (G.8)
1<i<j<k<l

+ {31Z6(2,3,4,5,6,7) + eyel(1, - - - ,7)})

where the notation §; in the first two lines instructs to omit the factor of s;, and Z4, Zg
are defined in (5.8), (5.17).

G.2 Eight points

The spin structure dependence of the cyclic product of eight Szeg6 kernels is isolated
using the expressions for Q5(1|2), Qs(1,3|2,4), Qs(1,3,5/2,4,6) and Qs5(1,3,5,7|2,4,6,8)
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provided in (5.1), (5.7), (5.15) and (5.31), respectively, leading to the following expression,

Cs(1,---,8) = %L(;(l,2)L5(3,4)L5(5,6)L5(7,8)+%L5(2,3)L5(4,5)L5(6,7)L5(8,1)

{Nég)[m] N02,34  NP[2,45] MR 2,56)  NGP[12345)
+ + + + +
8T12T23 812734 8712745 16x12w56 327127237347 45

NO1234,56) N P[1234,67) . N®) 1234, 78] +/\/'5(8)[123,45,78]
32w12793034T56 3271272373467 32X12T23T34%78  32T12T23T45T78
N123,56,78) NO[123,45,67] N P[123,456) N P[123,567]
s Vs A T
3271272375678 32T12T23Ta5Te7  32T12X23T45T56  04T12723T56T67
N [12,34,56,78] N [1234567] N (123456, 78]
5 n 5 n 5
128112734T5678 64712023734 T45T56T67 64712023347 4575678
(®)112345,678 (®)11234,5678
N | ,678] + N (1234, ] +cycl(1,2,---,8)}
641127230340 45T67078  128112103734056 67278
N®)[12345678] (@9)
1282120937340 45756 67078781 '

The numerators along with two simultaneous poles are,
NI123] = Wi (1,2)Ls(3,4,5,6,7,8) + Wy (1,3)Ls(2,4,5,6,7,8)
+ W5 (2,3)Ls(4,5,6,7,8,1)
N12,34) = Wi (1,4)L5(2,3,5,6,7,8) + Wy (1,3)L5(2,4,5,6,7,8)
+ Wy (2,3)L5(4,5,6,7,8,1) + Wy (2,4)Ls(1,3,5,6,7,8)
N[12,45) = Wi (1,4)L5(2,3,5,6,7,8) + Wy (1,5)Ls(2,3,4,6,7,8)
+ Wy (2,5)L5(1,3,4,6,7,8) + Wy (2,4)Ls(1,3,5,6,7,8)
N12,56] = Wi (1,6)L5(2,3,4,5,7,8) + Wy (1,5)Ls(2,3,4,6,7,8)
+ W, (2,5)Ls(1,3,4,6,7,8) + W5 (2,6)Ls(1,3,4,5,7,8) (G.10)
where W5 are defined in (5.2) and we introduced,

Ls(a,b,c,d, e, f) = Ls(a,b)Ls(c,d)Ls(e, f) + Ls(b,c)Ls(d, e) Ls(f, a) (G.11)

see (5.20) and (5.22) for the analogous definition of Ls(a, b, c,d) and W;E. The numerators
along with four simultaneous poles are given by,

N [12345] = W, (1,2,3,4)Ls(5,6,7,8) + W, (1,2,3]5)Ls (4,6, 7,8)
+ Wy (1,2]4,5)Ls(3,6,7,8) + Wy (3,4,51)Ls(2,6,7,8)
+W,;H(2,3,4,5)Ls(6,7,8,1)

NP [1234,56) = W, (1,2,3]5)Ls(4,6,7,8) + W, (1, 24,5)Ls(3,6,7,8)
+ W, (3,4,5|1)Ls(2,6,7,8) + W, (2,3,4,5)Ls(6,7,8,1)
+ Wi (1,2,3,6)Ls(4,5,7,8) + W, (6,1,2]4)Ls(3,5,7,8)
+ Wy (3,4]6,1)Ls(2,5,7,8) + Wy (2,3,4]6)Ls(5,7,8,1)

NO[1234,67) = Wi (1,2,3,6)Ls(4,5,7,8) + Wy (6,1,2]4)Ls(3,5,7,8)
+ Wy (3,4]6,1)Ls(2,5,7,8) + Wy (2,3,4]6)Ls(5,7,8,1)
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NP [1234, 78] =

NP [123,45,78] =

NP[123,56,78] =

NP [123,45,67] =

as well as,

N®[123, 456] =

N123,567] =

NP[12,34,56,78] =

+ Wy (1,2,3|7)Ls(4,5,6,8) + Wy (1,2[4,7)Ls(3,5,6,8)
+ Wy (3,4,7|1)Ls(2,5,6,8) + W, (2,3,4,7)Ls(5,6,8,1)
Wy (1,2,3|7)Ls(4,5,6,8) + Wy (1,2[4,7)Ls(3,5,6,8)

+ W, (3,4,7|1)Ls(2,5,6,8) + W, (2,3,4,7)Ls(5,6,8,1)
+ Wi (8,1,2,3)Ls(4,5,6,7) + W, (8,1,2]4)Ls(3,5,6,7)
+ Wy (3,4/8,1)Ls(2,5,6,7) + Wy (2,3,4|8)Ls(5,6,7,1)
W, (1,2]4,7)Ls(3,5,6,8) + W, (8,1,2[4)Ls(3,5,6,7)
+ Wy (1,2,5|7)Ls(3,4,6,8) + W, (1,2,5,8)Ls(3,4,6,7)
+ Wy (3,4,7|1)Ls(2,5,6,8) + Wy (8,1]3,4)Ls(2,5,6,7)
+ W, (113|5|7)Ls(2,4,6,8) + W, (5,8,1|3)Ls(2,4,6,7)
+W;(2,3,4,7)Ls(1,5,6,8) + W, (2,3,4/8)Ls(1,5,6,7)
+ W, (7,2,3|5)Ls(1,4,6,8) + W, (2,3|5,8)Ls(1,4,6,7)
Wi (1,2,5|7)Ls(3,4,6,8) + W, (1|3|5|7)Ls (2, 4,6,8)

+ W, (7,2,3|5)Ls(1,4,6,8) + W, (8,1,2,5)Ls(3,4,6,7)
+ W, (5,8,1]3)Ls(2,4,6,7) + W, (2,3]5,8)Ls(1,4,6,7)
+ Wy (1,216,7)Ls(3,4,5,8) + W, (3,6,7|1)Ls(2,4,5,8)
+W;(2,3,6,7)Ls(1,4,5,8) + W, (8,1,2]6)Ls(3,4,5,7)
+ W, (8,113,6)Ls(2,4,5,7) + Wy (2,3,6|8)Ls(1,4,5,7)
W (6,1,2|4)Ls(3,5,7,8) + W, (6,1]3,4)Ls(2,5,7,8)
+ W, (2,3,4/6)Ls(1,5,7,8) + Wy (1,2[4,7)Ls(3,5,6,8
+ W, (3,4,7|1)Ls(2,5,6,8) + W, (2,3,4,7)Ls(1,5,6,8
+ W, (1,2,5,6)Ls(3,4,7,8) + W, (5,6,1|3)Ls(2,4,7,8

(
(

= =

+ W, (2,3]5,6)Ls(1,4,7,8) + W, (1,2,57)Ls(3,4,6,8
+ W, (11315|7)Ls(2,4,6,8) + W, (7,2,3|5)Ls(1, 4,6,8)

~—

W, (1,2]4,5)Ls(3,6,7,8) + W, (6,1,2|4)Ls(3,5,7,8)
+ Wi (1,2,5,6)Ls(3,4,7,8) + W, (3,4,5|1)Ls(2,6,7,8)
+ W, (6,1]3,4)Ls(2,5,7,8) + W, (5,6,1|3)Ls(2,4,7,8)
+ Wi (2,3,4,5)Ls(1,6,7,8) + W, (2,3,4]6)Ls(1,5,7,8)
+ W, (2,3]5,6)Ls(1,4,7,8)

Wi (1,2,5,6)Ls(3,4,7,8) + W, (5,6,1|3)Ls(2,4,7,8)
+ W, (2,3]5,6)Ls(1,4,7,8) + Wy (1,2,5|7)Ls(3,4,6,8)
+ W, (113]5|7)Ls(2,4,6,8) + W, (7,2,3|5)Ls(1,4,6,8)
+ Wy (1,216,7)Ls(3,4,5,8) + W, (3,6,7|1)Ls(2,4,5,8)
+ W, (2,3,6,7)Ls(1,4,5,8)

Wi (1135|7)Ls(2,4,6,8) + Wy (5,8,1|3)Ls(2,4,6,7)

+ W, (3,6,7|1)Ls(2,4,5,8) + W, (8,1/3,6)Ls(2,4,5,7)
+ Wy (1,4,5|7)Ls(2,3,6,8) + W, (1,4,5,8)Ls(2,3,6,7)
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+ W, (6,7]1,4)Ls(2,3,5,8) + W, (8,1,4|6)Ls(2,3,5,7)
+ W, (7,2,3[5)Ls(1,4,6,8) + W, (5,8]2,3)Ls(1,4,6,7)
+W;(2,3,6,7)Ls(1,4,5,8) + W; (2,3,6[8)Ls(1,4,5,7)
+ W, (4,5]7,2)Ls(1,3,6,8) + W, (4,5,82)Ls(1,3,6,7)
+ W, (6,7,2/4)Ls(1,3,5,8) + W, (2/4]6|8)Ls(1,3,5,7)

Finally, the numerators on six simultaneous poles are,

NP [1234567] =

NP [123456, 78] =

as well as

NP [12345,678] =

N [1234, 5678] =

Wg(1,2,3,4,5,6)Ls(7,8) + Wy (1,2,3,4,5|7)Ls(6,8)
+Wg(1 2,3,4/6,7)Ls(5,8) + Wy (1,2,3]5,6,7)Ls(4,8)
Wy (4,5,6,7[1,2)Ls(3,8) + Wy (3,4,5,6,7|1)Ls(2,8)
+W6 (2,3,4,5,6,7)Ls(1,8)
Wi (1,2,3,4,57)Ls(6,8) + W (1,2,3,4]6,7)Ls(5,8)
+ Wy (1,2,3]5,6,7)Ls(4,8) + Wy (4,5,6,7|1,2)Ls(3,8)
+ Wy (3,4,5,6,7]1)Ls(2,8) + W (2,3,4,5,6,7)Ls(1,8)
+ Wi (8,1,2,3,4,5)Ls(6,7) + Wy (8,1,2,3,4|6)Ls(5,7)
+ W5 (8,1,2,3]5,6)Ls(4,7) + W (8,1,2/4,5,6)Ls(3,7)
+ W5 (3,4,5,6(8,1)Ls(2,7) + Wy (2,3,4,5,6|8)Ls(1,7)

)

b )

Wy (1,2,3,4]6,7)Ls(5,8) + Wy (1,2,3|5,6,7)Ls(4, 8)

+ Wy (4,5,6,7|1,2)Ls(3,8) + Wy (3,4,5,6,7|1)Ls(2,8)
+ Wi (2,3,4,5,6,7)Ls(1,8) + Wy (8,1,2,3,4|6)Ls(5,7)
+ W5 (8,1,2,3]5,6)Ls(4,7) + Wy (8,1,2/4,5,6)Ls(3,7)
+ Wy (3,4,5,6/8,1)Ls(2,7) + W5 (2,3,4,5,6[8)Ls(1,7)
+ W5 (7,8,1,2,3,4) Ls(5,6) + Wy (7,8,1,2,3|5)Ls (4, 6)
+ Wi (7,8,1,2[4,5)Ls(3,6) + Wy (3,4,5|7,8,1)Ls(2,6)
+ Wy (2,3,4,5|7,8)Ls(1,

7)

6)

6)

W5 (1,2,3]5,6,7)Ls(4,8) + Wy (4,5,6,7]1,2)Ls(3,8)

+ W5 (3,4,5,6,7]1)Ls(2,8) + W (2,3,4,5,6,7)Ls(1,

+ W5 (8,1,2,35,6)Ls(4,7) + Wy (8,1,2[4,5,6)Ls

+ W5 (3,4,5,6]8,1)Ls(2,7)
)L5(4,6)
)L5(2,6) +

(

(

( 7
+W6 (7,8,1,2,3[5)Ls(4,6

W ( 6) +

(

(

+ W6 (7,8,1,2/4,5)Ls
3,4,5|7,8,1)Ls(2,6) + Wy (2,3,4,5|7,8)Ls
+W6 6,7,8,1,2,3)Ls(4,5) + Wy (6,7,8,1,2|4)Ls(3,
+ W5 (6,7,8,1]3,4)Ls(2,5) + Wy (2,3,4]6,7,8)Ls(1,

(3,7
+ W5 (2,3,4,5,6/8)Ls(1,7
(3,6
(1,6

)

8)
)
)
)
)
5)
5)

Apart from the building block of the six-point cyclic product in (5.23),

Wi (1,2,3,4,5,6) =

WoH(1,2)W5 (3, 4) W, (5

_W;(3a4)W5(17 ) 276)
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’ ) + W2 (273)W;_(4’5)W2—i_(6’ 1)
_W2+(1’2)W2 (375> 2 ( ) ;(2’3)W27(476)W27(175)
( (4a5)W27(276)W27(173)

(G.13)

(G.14)

(G.15)



(G.16)

\)\}\)\/
- < © =

N NN
N N N

A~ ~ o~ —~

we employed three additional variants in (G.14) and (G.15), namely,

(6,1)

2

W.

(2,3)W,(4,5)

+
2

(5,6) + W.

2

W.

(1,2)W5(3,4)

+
2

(1,2,3,4,5|6)

6

(1,5)

Wy

(2,4)

2

(3,6)W,

+ Wy

A~ Y~ I~

(L,3)W5 (4,6

2

Ww.

2 (2,5)

+

(6,1)

2
2 (2,3)W,7(4,6)W,7(1,5)

(4,5)W.

2

(5,6) + W5 (2,3)W.

+
2

(1,2)W,(3,4)
- W;(172)W2+(375)W2+(476) -

+
2

(1,2,3,4/5,6)

6

(6,1)

2

W.

(4,5)

+
2

(5,6) + W5 (2,3)

5 (3, )W,

2 (L2)W,

(1,2,3|4,5,6)

6

(3,6)W5 (2,4) W5 (1,5)

+ Wy

(G.17)

~~ Y~ o~ o~ —~ I~

(4,6

Wy

(1,3)

2

(2,5)W

+ Wy

Finally, the d-independent numerator of the Parke-Taylor factor in (G.9) is given by

J

1<i<y

8 dxj) {

— 8152..
1 Sj

j<k<l

J

N®)[12345678] = <

(G.18)

.88

1<i<

8

J

1<i<
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G.3 The spin structure sum of the eight-point Cj

This appendix gathers the numerators N®) in the eight-point spin structure sum (6.22).

The numerator functions with two simultaneous poles are given by,

The remaining numerators all have four simultaneous poles and are given by,

9n(®)[123,45,78] =

as well as

N®[123]

n®12,34] =

N®[12,45] =

N®[12,56] =

n®[12345) =

N [1234,56] =

98 [1234,67) =

N[1234, 78] =

Nn®[123, 56,78

+ W (2,5)M(1,3,4,6,7,8) + W5 (2,

= W5 (1,2)M;(3,4,5,6,7,8) + W, (1,3)M1(2,4,5,6,7,8)
+ W5 (2,3)M1(4,5,6,7,8,1)

= W5 (1,4)M;(2,3,5,6,7,8) + W, (1,3)M;(2,4,5,6,7,8)
+ W3 (2,3)M(4,5,6,7,8,1) + W, (2,4) M, (1,3,5,6,7,8)

W (1,4)My(2,3,5,6,7,8) + Wy (1,5)My(2,3,4,6,7,8)

W5 (1,6)M1(2,3,4,5,7,8) + Wy (1,5)M;(2,3,4,6,7,8)

+ W5H(2,5)M(1,3,4,6,7,8) + W, (2,6)M;(1,3,4,5,7,8)

Wi (1,2,3,4)A(5,7(6,8) + W, (1,2,3]5)A(4, 7/6,8)
+ W, (1,2]4,5)A(3,7]6,8) + W, (3,4,5[1)A(2,7]6,8)
+ W;H(2,3,4,5)A(6,8|7,1)

W, (1,2,3]5)A(4,7]6,8) + W, (1,2]4,5)A(3,7]6,8)

+ W, (3,4,5|1)A(2,7]6,8) + W, (2,3,4,5)A(6,8]7,1)
+ W, (1,2,3,6)A(4,7]5,8) + W, (6,1,2|4)A(3,7]5,8)
+ W, (3,4]6,1)A(2,7]5,8) + W, (2,3,4]6)A(5,8|7,1)
W, (1,2,3,6)A(4,7]5,8) + W, (6,1,2[4)A(3,7]5,8)
+ W, (3,4)6,1)A(2,7]5,8) + W, (2, 3,4]|6)A(5,8]7,1)
+ W, (1,2,3|7)A(4,6]5,8) + W, (1,24, 7)A(3,6/5, 8)
+ W, (3,4,7]1)A(2,6]5,8) + W, (2,3,4,7)A(5,86,1)
W, (1,2,3]7)A(4,6]5,8) + W, (1,2]4,7)A(3,6]5,8)

+ W, (3,4,7|1)A(2,65,8) + W, (2,3,4,7)A(5,8]6,1)
+ W,;H(8,1,2,3)A(4,6]5,7) + W, (8,1,24)A(3,6]5,7)
+ W, (3,418, 1)A(2,6[5,7) + W, (2,3,4]|8)A(5,76,1)
W, (1,2]4,7)A(3,6]5,8) + W, (8,1,2]4)A(3,6]5,7)

+ W, (1,2,5|7)A(3,64,8) + W, (1,2,5,8)A(3,6[4,7)
+ W, (3,4,7]1)A(2,65,8) + W, (8,1]3,4)A(2,6(5,7)
+ W, (1]3]5]7)A(2,6]4,8) + W, (5,8,1|3)A(2,6[4,7)
+W,;H(2,3,4,7)A(1,6]5,8) + W, (2,3,4]8)A(1,6]5,7)
+ W, (7,2,3|5)A(1,6[4,8) + W, (2,3|5,8)A(1,64,7)

+ W, (7,2,3]5)A(1,6[4,8) + W, (8,1,2,5)A(3,64,7)
+ W, (5,8,1|3)A(2,6[4,7) + W, (2,35,8)A(1,6/4,7)
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+ W, (1,216, 7)A(3,5/4,8) + W, (3,6, 7]1)A(2,54,8)
+W,;(2,3,6,7)A(1,5[4,8) + W, (8,1,2]6)A(3,5]4,7)
+ W, (8,1]3,6)A(2,54,7) + W, (2,3,6/8)A(1,5[4,7)

N®)[123,45,67) = W, (6,1,2|4)A(3,7]5,8) + W, (6,1]3,4)A(2,7]5,8)
+ W, (2,3,4]6)A(1,7]5,8) + W, (1,24, 7)A(3,6)5,8)
+ Wy (3,4, 7[1)A(2,6]5,8) + W, (2,3,4,7)A(1, 6|5, 8)
+ W, (1,2,5,6)A(3,7|4,8) + W, (5,6,1|3)A(2,7]4, 8)
+ W, (2,3]5,6)A(1,7)4,8) + W, (1,2,57)A(3, 64, 8)

+ W, (1]3[5]7)A(2,64,8) + W, (7,2,3|5)A(1, 6[4, 8)

N(®[123,456] = W, (1,2]4,5)A(3,7]6,8) + W, (6,1,2]4)A(3,7]5,8)
+ Wi (1,2,5,6)A(3,7)4,8) + Wy (3,4,51)A(2,7/6,8)
+ W, (6,1]3,4)A(2,7]5,8) + W, (5,6,13)A(2,7[4,8)
(2,
(2

—

+W;(2,3,4,5)A(1,7(6,8) + W, (2,3,4/6)A(1, 7|5, 8)
+ W5 (2,3]5,6)A(1,7]4,8)

N [123,567] = W, (1,2,5,6)A(3,7|4,8) + W, (5,6,1]3)A(2,7[4,8)
+ W, (2,3]5,6)A(1,7)4,8) + W, (1,2,57)A(3, 64, 8)

+ W, (113[5]7)A(2,64,8) + W, (7,2,3|5)A(1, 6[4, 8)
+ W, (1,216, 7)A(3,5]4,8) + W, (3,6, 7]1)A(2,54,8)
+ W;(2,3,6,7)A(1,5]4, 8)

N®[12,34,56,78] = W, (1]3[5|7)A(2,64,8) + W, (5,8,1]3)A(2,6[4,7)
+ W, (3,6, 7|1)A(2,54,8) + W, (8,1]3,6)A(2,5[4,7)
+ Wy (1,4,5]7)A(2,6]3,8) + W, (1,4,5,8)A(2,6]3,7)
+ W, (6,7)1,4)A(2,5]3,8) + W, (8,1,4]6)A(2,5|3,7)
+ W, (7,2,3|5)A(1,6]4,8) + W, (5,8]2,3)A(1,6[4,7)
(2,
(
(

— =

+ W, (2,3,6,7)A(1,5]4,8) + W, (2,3,6[8)A(1,5]4,7)
+ W, (4,5|7,2
+ W, (6,7,2/4

4,5,82)A(1,6/3,7)

)A(L6KL8)+IVZ
) ) 2/41618)A(1,5[3,7) (G.21)

(
A(1,5[3,8) + Wy (
H Symmetrized cyclic products of Szego kernels

The purpose of this appendix is to obtain an SL(2,C) group-theoretic decomposition of
the symmetrized cyclic product of Szegd kernels, which we define as follows,

CP™(1,2,--+ ,n) = % Z Ss(o(1),0(2)) S5(0(2),0(3)) - -- Ss(a(n),o(1))
T oe6,
= (nil)! Y. S5(1,0(2)) S5(0(2),5(3)) - - Ss(a(n), 1) (H.1)

where &,, is the group of permutations of n elements, and we have inserted the customary
n! normalization factor. By construction, C5"™ is a symmetric function of its arguments
Z1,+++ ,2n. The expression in the second line follows from the cyclic invariance of the

- 79 —



product over Ss(o(j),o(j+1)) in the first line. The simplicity of the function C3™ is
illustrated by the following lemma.

Sym (

Lemma H.1 The symmetrized cyclic product C; ,+ -+ ,n) vanishes for n odd and is a

holomorphic (1,0) form in each point z; for even n > 4. It may be decomposed as follows,
C3 (L, ym) = AT o, (1) -+ @, (1) (H.2)

where A'7" is a z;-independent rank n symmetric SL(2, C) tensor whose components are
polynomials in fi, .

The proof proceeds as follows. If n is odd, the sum over permutations of every con-
catenated product includes also the product where the cycle is traversed in the opposite
direction. But since Sy is odd under interchange of its arguments, and the number of Szeg6
kernels in the product is odd, we conclude that the whole sum must vanish.

For even n in turn, we start from the sum over permutations &,,_1 of {2,3,--- ,n} in
the second line of (H.1). To show holomorphicity in the z; for n > 4, it suffices to show
that C5"™ has no poles in z; at the point 23 since the function C3"™ is symmetric in all z;.
The pole in z; at z9 receives contributions from those permutations ¢ € &,,_1 that have
either 0(2) =2 or o(n) = 2,

(2, ) = S22 S g0, 0(3)) - Sy{o(n), 1) (1.3)
( UEG’!L 2
Z Ss5(1,0(2)) -+ Ss5(0(n—1),2) + regular in 21—z
' ceS,_o
where ¢ in the first sum permutes the points z3, - - - , z,, while ¢ in the second sum maps the
points za,-- -, z,—1 to the points z3,--- , z, and then permutes those points as in the first

sum. To evaluate the residue at the pole, we set zo = z; under the two summation signs,
and verify that the sums cancel one another. Being a holomorphic (1,0)-form in each z;,
it is immediate that C;ym admits the decomposition into the basis of holomorphic (1,0)
forms w, of a single variable. Since each Szegd kernel is SL(2,C) invariant, so is C’;ym
and therefore Aj is a tensor under SL(2,C) whose z;-independence will become clear from
Lemma H.3 below. This completes the proof for even n > 4. The degenerate case of n = 2,
however, does not admit any distinction or cancellation between terms with o(2) = 2 and
o(n) =2, and we find a double pole in C3™(1,2) = —S5(1,2)% as z1 — zo.

H.1 SL(2,C) building blocks of symmetrized cyclic products

Henceforth, we shall assume that n = 2m > 4 is even with m € N. In the hyper-elliptic
representation, this object takes the following form,

“dx;
C;Ym<1727...7n):A5<172’...7n)H d

i=1

Si

1), 0'(2), T 70(”))

A5<1727"'7n n
2 n' o6y (Zo() — 0(2)) w (To(n) — To(1))

(H.4)
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where we have introduced Ny earlier, and repeat it here for convenience,

n

N5(1,2,-++ ,n) = [ (sa(@)sn(i+1) + sp(i)sa(i+1)) (HL5)

=1

The following lemma gives a simplification in terms of the polynomials )5 introduced

earlier,
Qs(in, -+ vimljt, -+ 1 jm) = s54(i1)? - 54(im)* sB(1)* - B (jm)”
+sp(i1)? - 5p(im)? sa(1)* - s4(jm)? (H.6)
Lemma H.2 The function As admits the following expression as a rational function of
X1, , &y in terms of the polynomials Qs where n = 2m is even,
1 3) ... “Dla(2 4) ...
Moy = 3 GO, o Dlo@ o o)
o ll 2" (To(1) — To(2) * (Tom) — To(1))

With the above arrangement of arguments, the polynomial Q5 shares the cyclic sym-
metry of the Parke-Taylor factor. It is also invariant under permutations of the left set of
m arguments and the right set of m arguments separately, but these symmetries are not
shared by the Parke-Taylor factor.

The function Ay may be decomposed into permutation sums of the form,

al an

€T ceer
0'(1) a'(n)
Flay, - ,ap)(21,- - 2p) = (H.8)
JgG:n (550—(1) - 370(2)) e (xcr(n) - xo’(l))

Introducing the symmetric degree-m polynomials /-e%?) in n variables x1,--- ,x, which are

at most linear in each x;,

/ién) =1

K“gn) =21+t

Hén) = 12+ -+ Tp—1%y

R (H.9)

we list the transformation properties of F' under SL(2,C),
n
TF[G/17-.. 70,”] = ZaiF[ala"' 7ai_]~7"'an]

1
SFlay, - ,an] = (kM) F3—ay, -+, 3—ay] (H.10)

We shall now establish the following lemma, valid for 0 < a; < 3, which is the only range
of the exponents required here since the degrees of the polynomials 534 and SQB is three.

Lemma H.3 The function Flai, - ,a,)(z1, -+ ,2,), for exponents 0 < a; < 3, and sum
of exponents N = a1+ ---+ a, with 0 < N < 3n and n > 4 even, has the following
properties,
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1. F is a symmetric function of x1,--- ,xy which is homogeneous of degree N — n;

2. F is holomorphic in x1,--- ,Tyn;

3. F wanishes for odd n when the array [a1,- -+ ,ay| is invariant under a; — ay—; rever-
sal;

4. F wvanishes for N < n;
F wvanishes for N > 2n;
6. For n < N < 2n the function F equals the symmetric polynomial Iig\?)_n times an

R

integer that depends on the array [a1,- - , ay].

Item 1 holds by construction. To prove item 2, we reorganize the sum over permuta-
tions by first summing over the group of cyclic permutations &, of order n,

A

Flay, - an)(z1, - 20) = Flay, -+ an)(2501), -+ Zo(m))
Lo (To1) = To2) ** (To@m) — Toq))
c€G,/Cy
F[alv". ’an](xla...xn) e Z xZEl) x;?n) (Hll)

peEC,

We then proceed as for the proof of the holomorphicity of C3*™ around (H.3). To prove
that F' has no poles in z;, it suffices to prove that it has no poles in x1 at x5 in view of
item 1. To do so we fix o(1) = 1, in which case the poles at x5 arise from ¢(2) = 2 and
o(n) = 2. Thus, the residue of the pole in x; at x5 is given by,

A

F[alv'” 7an](x27x27x0(3)7'” 7xa(n))
Resy, =, Flat, - ,an)(x1, - 2p) =
T1=T2 [ ] n) 06%22 (29 — CCU(S)) e (xa(n) — x2)

(H.12)

. Z F[alv e aan] (1"27 .5[70-(2), T 71"0'(n71)7 LUQ)

0€G,_2 (2 — x0(2)) T (xcr(nfl) — x2)

The cyclic property of F guarantees that the two sums on the right cancel one another for
n > 4, which proves item 2. If F is also invariant under reversal of the ordering of the
exponents, then we use the same argument as we did for the product of the Szeg6 kernels to
conclude that F' vanishes for odd n, which proves item 3. To prove item 4, we use the fact
that a holomorphic rational function F' of the x; which is homogeneous of degree N —n < 0
must vanish since F' admits a Taylor expansion at x; = 0. Item 5 then follows from item 4
by using the action (H.10) of inversion. Finally, to prove item 6, we use the fact that F is
at most of degree 1 in each variable x;. To see this, it suffices to fix all variables but z; and
let x; — oo. The numerator is of degree at most 3 in x; since a; < 3, and the denominator
is always of degree 2. Hence, F' grows at most linearly in x; as x; — oo. Since F' is a
symmetric polynomial in the z;, at most linear in each x; and of degree N — n, it must be

proportional to Iig\Tfl)_ -

H.2 Procedure of evaluation

To evaluate the functions As in (H.4) and (H.7), for any given even n it suffices to evaluate
either the highest or lowest weight components, A%"'Q or A};"'l, respectively, which are
related to one another by inversion. Consider the case of highest weight A%'"l which is the
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component of degree zero in each one of the z;. Using Lemma H.3, we see that this compo-
nent must arise entirely from those contributions in s that are of total combined degree
n in the variables z;, namely from linear combinations of the following permutation sums,

Flay, - ap)(z1,- -+, 2n) a+-tap=n (H.13)

But this function evaluates to a combination that is, in fact, independent of the x;. Thus, to
evaluate it, we may take advantage of a convenient choice of the z;, such as x; = j for j =
1,---,n. This renders evaluation essentially straightforward. Alternatively, to compute
A%"'Q directly, instead of by inversion from A%'“l, we may retain in )5 those contributions
that are of total combined degree 2n in the variables x;. The result of summation against
the Parke-Taylor factor will then produce terms that are all proportional to the product
x1---2,. One may again set x; = j for all j = 1,--- ,n to evaluate A%"'z upon dividing
by an extra factor of n! in order to account for the evaluation of the factor x - - - xy,.

We do not have a closed formula for arbitrary values of n, but it is possible to evaluate
this quantity for low values of n, which we consider to be even.

H.2.1 Evaluating A5 for n =4
For n = 4, the function Ag takes the form,

54(1)%55(2)%54(3)%sp(4)? + (A + B)
24 3l 192933441

As(1,2,3,4) = + perm(2,3,4) (H.14)

where the sum is over all the six permutations of 2,3,4. To compute A§222, it suffices
to retain in the numerator only the terms that have combined degree 8 in the x;. Upon
summation over all permutations, they will give a term proportional to /@(ln) = I1X2T3%4,

and provide the component A%QQQ. MAPLE gives,

2031 A% = 605 — 120004 + 4p1ds — 8uads + Apiopa — 2p1 s + 2445
21 3IAGM = 6¢% — 120600 + Apisds — Buacs + dpopis — 2usps +2p3  (H.15)

It is readily verified that 7A3??2 = 0, and that the two entries are related to one another

AG2%3% may be obtained from

by inversion, as expected. The remaining components of
A%Hl by successively applying 7. Eliminating the ¢,, and u,, variables in favor of egb
via (3.23) as well as the tensors M; and My in (3.30) and (4.21), the expression for all the
components of the tensor As becomes,

Aglaz%% _ E((;alaQBZSM) . %Mclllaga3a4b1b2 £§1625b1c15b202 . %Mgmzaaazx (H.lﬁ)

H.2.2 Comparison with earlier reductions of Cs at n = 4

The holomorphicity of the symmetrized cyclic product is not manifest from the decom-
position of Cs(1,2,3,4) in (5.9). We shall now pinpoint the non-trivial identities between
M., Z(a,b) and rational functions of z;; needed to establish the agreement of (5.9) with
the expression for the tensor A§'**“3* in (H.16),

AP, (1), (2)my (3)500,(4) = 3 [Ca(1,2,3,4) + C3(1,2,4,3) + C5(1,3,2,4)]
(H.17)

— 83 —



where we have used the reflection symmetry Cs(1,2,3,4) = Cs5(1,4,3,2) to simplify the
symmetrization (H.1) to three terms.
In order to match the contributions to (H.17) linear in €5, one needs to demonstrate

that,
1
- §X1a1X2a2X3a3X4a4
"6

aiazazasbibs peica
Ml £6 €b1c1€baco

—|—cycl(2,3,4)}
12234

1(Z(1,3)Ls(2,4)—Z(2,3)Ls(1,4 Z(1,3)Ls(2,4)—Z(1,2)Ls(3,4
L (1)L (24)-Z(23Ls(14) | Z(13)Ls(2,4) <,>5<,>+Cycl<l,z,3,4>}
6 31212 13732
2 2
_ Z(l,2)L5(3,4)IE34+Z(374)L5(172)x12 +Cy01(2,3,4) (H18)
6213732724741

where the components x;,, of the two-vectors (1, —z;)! in (2.4) arise from o, (i) = xiai%.

The differences within the numerators in the second and third line ensure that the residues

of the poles in z;; cancel. Upon isolating the coefficients of £, this is equivalent to,

_xéaxz)x§4Z(1, 2) + x\"x)22,7(3,4)

Mclzbcl cacsey
3T1332224%41

X1c1 X209 X3c3X4cy =

+ cycl(2,3,4) (H.19)

which we have verified via MATHEMATICA.
The contributions to (H.17) independent on £s in turn agree if,

1(Z(1,3)2(2,4) }
Md1ez2a3a4 _ ) ’ 1(2,3,4 H.20
*la1 %20z 8a; Haa 2 6{ T12T23T34T41 +eyell ) (1.20)
1 { 20,3)2(2,4) - 20,92(2,3) | 20,2234 - 2(0,92(2 3)}
6 L12X23T34T41 L13L32X24T41

which is readily established via MATHEMATICA as well.

Finally, the contributions to (H.17) bilinear in £s are readily seen to match, which

completes our comparison of the two different expressions for C5"(1,2,3,4).

H.2.3 Evaluating As for n = 6
For n = 6, the function As takes the form,
54(1)%s5(2)%54(3)%sp(4)?s4(5)%s5(6)? + (A « B)

20 5! 2190933445 T56T61
+perm(2,3,4,5,6) (H.21)

A5(1,2,3,4,5,6) =

where the sum is over all the 120 permutations of 2,3,4,5,6. To compute A§22222, it

suffices to retain in the numerator only the terms that have combined degree 12 in the

x;. Upon summation over all permutations, this will give a term proportional to Hén) =

T1Tox3T4x526, and provide the component A§22222. MAPLE gives,

2951 AF##222 = 120p0¢2¢4 — 12001003 + (120042 — 80F) da + (32182 + T2p10413) b3
+(72papt0 — 4811 i3 + 1663) b2 + 96136 — 16110411 15
—560p2/ts + 8T pug — 24403 + 2441 piopiz — 16413 (H.22)
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A(2;22222

We have chosen a final form for in which no terms cubic or trilinear in ¢s, ¢3, ¢4

occur. This is done by eliminating ¢3 in favor of terms of order at most two using the
trilinear equation for ¢3. Note that we have included the factors of g = 1 to render the
relation homogeneous, and allow for its immediate inversion,

2051 AGHT = 120069200 — 1201693 + (120pap16 — 80pE) do + (32pap15 + T2u3116) 63
+ (724216 — 48pu3pis + 16413) da + 960415 — 16401 15416
—562papts + Buaps — 244603 + 24papuaps — 1643 (H.23)

Converting ¢,, into £s5, and pu,, into M,, tensors, we obtain,

1 45 3
Agl"'% = Z(det E(S) M(lll"'% + % Mgal a4£§5a6) + 5 Mgl.“%blnglw‘gblcl€b262
27 15
“TM Malma(j 9 Malv-a(; H.24
+ 160 2V 16 3 ( )

H.2.4 Evaluating A5 for n = 8

For n = 8, the function As takes the form,

~ sa(1)?sp(2)?s4(3)%sp(4)?s4(5)?sp(6)?sa(7)*sp(8)? + (A > B)
28 7\ 19293344556 T67 L7881
+perm(2,3,4,5,6,7,8) (H.25)

A§(1,2,3.4,5.6,7.8)

where the sum is over all the 7! permutations of 2,3,4,5,6,7,8. To compute A%HIHH it

suffices to retain in the numerator only the terms that have combined degree 8 in the x;.
Upon summation over all permutations, this will give a term independent of x; and provide
A \APLE gives,

the component
2% - TVAGHH = (4082p2p16 + 3367 — 1008p3415) 65 + (672414 p15 — 604813116) P304
+(280443 + 3360pa116) 93 + (6720416 — 19604:3) pacba
—10080p5 116 h2b3 + 1512041565
+ (3888136 — 6336p2ptapis — 2004 — 17280p% — 6084
+1392p3 045 4 240001 115416 ) P4
+ (288011148 + 5088uapis 16 — 2304pu3puapis — 3124303 — 4803 15) b3
+ (11764113 + 9072315006 — 18144410115 — 4032415 116) o
—288111 pu3d — 108841 prapusie — 360p1 13 + 5328312
—5232pa 3115 16 + 2368243 116 + 26442143 + 3845 pasis
176303 — 544psps s + 27205 — 960papd + 472043 g (H.26)
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which can be converted to the following tensorial expression:

Adias :—g(detz MG s 136Mblbz(a1a2a3a4Ma5a6a7a8)b3b4£glc2£§3C45b1016b262€b3636b4c4
n ;Mblbg(a1a2a3a4a5as Qg oy oy % {2501 gasas garos)
_ gM(alw %anas) B %Mgle(alwMa3a4ma8)£q(325b101Ebzcz
+ fMQMgala?“%egm) + = S Mozt gacag, o
B 42478M M1 | %Mé“”"’“S““MSS“GWS) - %M(‘”“QM“S‘“ ) (H.27)

H.2.5 Evaluating A; for n = 10

The strategy of the previous sections leads to the following expression for the ten-point
instance of the A tensor in (H.2)

Aoz _ 494MZM(CLl %Bamgeagaw) n 1561\/[(a1 a6ea7a8Ma9a10)b1b2£01C2gbwleszQ
_ @Mgal-..aa garos eggam) n %Méalazagcm £§5a6M¢117~~-a10)b1b2 €%y e\
n 156M(a1 GO\ -a10)b1babsbs EI205% ey e e e
+gMg‘“"‘“8Mi‘gaw)bl”m”%gl@emablclab2025b3035b4c4 i 48(det£5)M(a1 M)
—|—%MgMg‘“'"%M’f'"aw)blbgﬁglczablqabm+ 5 S Y S ¥ <L,
_ %Mgal---agM;gaw)blbzecmeblcl%62 B 13394541\/1(a1 LIVEE alo)b1b2£01025b1615b202
igM Mgal ageaga10)+ ;222Mga1 Ao a8£a9a10)+%M(al a6Ma7a8£a9a10)
4165058M2M§a1 v ;gizMéalmMgww)
12258 o) % e san) (H.28)

where the tensor My in the last line generalizing M, M3 in (4.21), (4.22) is defined by (E.6).

I Hyper-elliptic form of the superstring measure

In this appendix, we translate the genus-two superstring measure for even spin structures,
which was derived in the language of Riemann ¥-functions [14, 16], into the language of the
hyper-elliptic formulation used in this paper. We begin by reviewing key results on Riemann
J-functions for arbitrary spin structures, and use the Thomae formulas to carry out the
translation. The Riemann ¢-functions with arbitrary characteristics « are defined by,

IR(CI) = 3 exp (in(n + &) Qn + 1) + 2mi(n + #)(C+ 1)) (L1)

nez?

where Q takes values in the Siegel upper half space Hs, the two-component vector ¢ € C?
is often taken to live in the Jacobian variety of a genus-two surface, and x = [k/, k"] is
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an array of column matrices x, k" € {0, %}2 The parity of the ¥-function, and the spin
structure «, is defined to be the parity of the integer 4x’-x”. For every odd spin structure v,
there exists a Riemann identity between the ¥-constants 9¥[d](0|2) of even spin structures d,

>_(v]8)0[5)(0])* =0 (L.2)

)

where the pairing (k|\) = (A|k) between two arbitrary characteristics k = [k/, k"] and
A =[N, \] is given by,
(k|\) = exp {4mi(k'\" — N'k")} (1.3)

For arbitrary half-integer characteristics x, A\, needed here to represent spin structures, the
pairing is symmetric and takes the possible value (k|\) = £1.

I.1 Modular transformations

Genus-two modular transformations form the group Sp(4,Z) which is defined as follows,

A B '~ N N 0—-1I
M = € Sp(4,Z) MIM=7 J= (L.4)
C D 10
Its action on the period matrix is given by,
Q—Q=(4Q+ B)(CQ+ D)™ ! (L5)

and on an arbitrary spin structure x may be found in [23],

P P A _-B K 1. ABt
— = + — diag (1.6)
K R -C D K 2 CD?
The congruence subgroup I'(2), defined by,
I'(2) = {9 € Sp(4,Z) such that M =TI (mod 2)} (L.7)
is a normal subgroup of Sp(4,Z), whose quotient gives the following isomorphisms,
Sp(4,Z)/T'(2) = Sp(4,7Zs) ~ &g (1.8)

where Zjy is the cyclic group Zy = {0,1} and &g is the permutation group on 6 elements.
The group I'(2) leaves each spin structure invariant, while Sp(4,Zs) acts transitively on the
set of spin structures, transforming even into even and odd into odd spin structures. In fact,
one may view this action of &g directly on the six odd spin structures, and then deduce the
action on even spin structures by expressing each even spin structure as a partition of the
six distinct odd spin structures into two subsets of three distinct odd spin structures each.

The following product of pairings forming a closed 3-cycle of arbitrary spin structures,

e(k1, K2, K3) = (K1|K2)(K2|rs)(K3|K1) (L.9)
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is invariant under Sp(4,Z) and thus under Sp(4, Zz). For an arbitrary triplet of distinct odd
spin structures vy, 12, 3, the product obeys e(vq,v2,v3) = —1. While Sp(4, Z2) acts transi-
tively on even spin structures, its action on a triple (d1, d2, d3) of distinct even spin structures
decomposes into two distinct orbits, referred to as a syzygous triple when e(d1, d2,03) = +1
and an asyzygous triple when e(dy, d2,d3) = —1.

Finally, the ¥-function transforms as follows under Sp(4,Z),

I[5](0]92) = €(8,9) det (CQ + D)39[8](0|2)
8

9[6](0]Q)® = det (CQ + D)*9[6](0|Q) (1.10)

provided the half-integer characteristics ¢ transforms into 6 according to (1.6) (see [49], page
85). The factor €(d, 9) is independent of Q and satisfies (8, 91)® = 1. Its explicit expression
is complicated and may be found in [49], but will not be needed here. The last equation
shows that 9[8](0]Q2)® is a Siegel modular form of weight 4 under I'(2), while 9[§](0]2)*
transforms as a Siegel modular form, up to a sign factor (also referred to as a multiplier
system). In the Riemann identities (I.2) this sign is compensated for a corresponding
sign produced by the transformation of the pairing (v|J) so that the system of Riemann
identities transforms into itself under modular transformations.

I.2 Igusa classification of Sp(4,7Z) modular forms

We define the following combinations of ¥-constants involving even spin structures [49],
1
Wi = 5 > 9[6]* W9 = [[9[0]? (1.11)
6 0

as well as the combination,

Uo= X o6 bs) D16 96 0155 (112)

61,02,03
e(81,52,03)=1
where the sign factor o(d1, d2, d3) are chosen to be consistent with modular transformations.
The syzygous triplets are given in [49] and explicitly in appendix B of [50] in the basis of
spin structures adopted from [16]. The functions W (), ¥10(Q2), ¥s(2) are holomorphic
in  and transform as follows under Sp(4,7Z) modular transformations,

Wy (Q) = det (CQ + D)* Wy ()
\Iflg(Q) = det (CQ + D)lo \Iflo(Q)
T6(Q) = det (CQ + D)5 Ts(Q) (1.13)

so that they are Siegel modular forms of weights 4k, 10 and 6, respectively. It is well-know
that Wg(Q) = U4(Q)? and that U19(Q) is a cusp form, namely it vanishes on the separat-
ing degeneration. At weight 12, there are 3 linearly independent modular forms, namely
W3 W2 Wiy, Igusa has shown that the space of Sp(4,Z) modular forms is a polynomial
ring generated by Wy, Wg, U1g, U15 and a generator W35 whose square W2 is a polynomial
in \114, \Ifﬁ, \1’10, \1’12.

— 88 —



1.3 The Thomae formulas

The J-constants for spin structures given by a partition 6 = A U B of the branch points
may be expressed in terms of the hyper-elliptic representation by [23, 51],

9[6](0)® = (det o) ™* H (ui — uj)? H (up — uy)? (I.14)
i<jEA k<leB
The action of Sp(4,Z2) ~ Gg is given on the Y-constants by (I.10), while on the branch
points it is given by permutations. The results are summarized in the following table,
where the overall sign has been arbitrarily chosen to be + for the first entry,

(det 0)29 [y +va+u3](0)* = +(us —ug) (ug —us) (ug—us) - (ug—us) (ug—ug ) (us—ue)
(det 0)?9[v1+vo+ra)(0)* = +(ur—usg) (w1 —us) (ug—us) - (uz—us) (uz—ug ) (us—ug)
(det 0) 29[y 4+vo+u5](0)* = +(uy—ug)(ug—us) (ug—us) - (us—ug)(us—ug) (us—ueg)
(det 0)29 [y +va+1](0)* = +(us —ug) (ug —ug) (ug—ug) - (uz—ug)(ug—us ) (ug—us)
(det 0)?I[v1+v3+r4](0)* = —(ur—uz) (w1 —us) (us—us) - (ug—us) (ug—ug) (us—ug) (I.15)
(det 0)?9[v14+v3+r5)(0)* = —(us—uz) (w1 —us) (us—us) - (ug—ug) (uz—ug ) (g —ug)
(det 0)?0[v1+v3+16)(0)* = —(us —us3) (w1 —ue) (us—ug) - (ug—ug) (ug—us ) (g —us)
(det )29 [y +va+us](0)* = —(ug —ug) (ug —us) (ug—us) - (ug—us3)(uo—ug ) (uz—up)
(det 0)29 [y +va+16](0)* = —(ug —ug) (ug —ug) (ug—ug) - (ug—us3)(ug—us ) (uz—us)
(det 0)?9[v14+vs+16)(0)* = —(ur—us) (w1 —ue) (us—ue) - (ug—us) (ug—ug) (uz—1uy)

The matrix o in these formulas was defined in (2.17). We may now use these expressions
to translate various modular forms that are given by sums of products ¥-constants into the
hyper-elliptic formulation. For example, the Igusa cusp form Wi of [49] may be defined
either as the discriminant of the curve, or as the product over all even ¥-functions squared,

Uy = H 9[6](0)% = (det o) 10H — uj)? (I.16)

§ even 1<j

As derived from the formulas for 9[6](0)*, the right-most expression would be determined
only up to a sign. This sign may be fixed, however, by inspection of the various degener-
ations, and was determined to be + in [16]. This guarantees that the right-hand side is
positive for real values of the branch points u;, as is the left side since the period matrix is
then purely imaginary and the entries of o are real.

1.4 Translating the superstring measure Yg

For an even spin structure § with the following decomposition,

§=> v (1.17)

€A
the superstring measure Yg[6] = 9[6](0)* Z¢[6], in the notations of [16], is given as follows
in terms of Riemann 1J-constants,

Tg[(ﬂ = Z <Z/Z"I/j> H 19[1/@ + vj + Ub](0)4 (118)
i<jeA b#1,j
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The modular transformation law of Yg[d](Q2) is given by,
Ts[0](Q) = det (CQ + D)® Yg[6](Q) (1.19)

The quantity Tg[d] may be expressed uniquely in terms of the hyper-elliptic representation:
since the number of ¥* factors in each term is even the overall sign choice, that was made
earlier in the translation, drops out. Denoting the partition of the branch points uq,--- , ug
corresponding to the spin structure § by A = {a1,a2,a3} and B = {by, by, b3},

3
(det 0')8 Tg[é] = (al — a2)4(a2 — ag)(ag — al) H b — b H a] — bk CLQ — bk)
k=1

1<i<;j<3
+ cycl(ay, ag, as) (1.20)

Although the expression on the right side might appear to be asymmetrical in A and B, it
actually is invariant under swapping A and B.

J Higher-order spin structure sums

This appendix generalizes the spin structure sums of section 6.2.1 involving the supersym-
metric measure Yg[d] in (I.20) to higher orders in £;.

J.1 Six powers of €5

Similar to the presentation of the spin structure sums over four and five powers of £5 in (6.7)
and (6.8), we project six powers of £5 into the irreducible representations 1 &5 @& 9 @ 13
of SL(2,C). The four independent spin sums are given by

i Ys[d] 189 ., 117
(det £ — Mj} M 71
(det o)? zv: v = 556 [T (J.1)
1 Ys[ wraz gasar) 423 oo .
o Z ;[](detf(g)Qf((;l 2£63 4):37231\/[41 2344—%1\/121\/[21 2azaq

in terms of My scalars and tensors defined in (E.6) as well as

((11 a2ea3a4£0«50«6£a7a8)
deta 2 R
é even
459 243 (ar1az2a3a asagarag) (araz-a arag)
MMmagag 7M1234M5678 MIQ 6M78 J2
256 + 128 + 64 (J:2)
(a1a2£a3a4£a5a6£a7a8£a9a10£a11a12)

det

_ 4511825 Mga1a2"'a8 Mggaloallalz) - % Mga1a2..-a5Mg7a8~..a12) + ?)AT; M2Mgalaz~.~a6M(117a8...a12)
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J.2 Higher powers of £;

The following spin structure sums illustrate the appearance of the higher-weight scalar Mg
and the two-tensor M¢® defined in (E.8), namely

1 Ts]6] , 405 . 639 4833
det £5)* = ——M3 — ~—M,M,; + ——M 1.3
(det o)? 5;% Ty (deths)” = oMo — o5 MoMu + oMo (J3)
1 Ts]6] s 14823, 9315 , 64395, 125145
det £5)° = — M4 — 2" MM + 2 M2 4+ "2 M,M
(det )2 szen Ty (det €5)” = 5353 M2 ~ 705 MeMa + oo Mi+ — g6 MoMs
as well as
1 Ts]6] w243 1269 .
@oto)? 2 gy, (detls) 65 = TE MG 4 o MM (34
§ even
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