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ABSTRACT
Composite quantile regression is based on the convex combination of
single quantile quantile loss functions and enjoys many advantages
over single quantile regression. The Bayesian extension is based on the
finite mixture of asymmetric Laplace densities. This article mainly aims to
contribute to the theoretical justification of Bayesian composite quantile
regression from the perspective of Bayesian density estimation. As such,
we further show that the asymmetric Laplace distribution can be used
for Bayesian density estimation in general. We obtain upper bounds on
rates of convergence for mixtures of asymmetric Laplace densities. For
finite mixtures, we obtain the parametric rate up to a logarithmic factor,
and a slower rate for infinite mixture.
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1. Introduction

As an alternative to linear regression that models the conditional mean of a response variable
given a vector of covariates, quantile regression (Koenker 2005) is a popular method to model
the conditional quantile. Let 0 < τ < 1 be the quantile of interest and ρτ (x) = ∣∣τ − 1(x ≤
0)

∣∣|x| be the check-loss function. The quantile regression solves

min
θ ,β

n∑
i=1

ρτ (yi − θ − xT
i β), (1)

where yi is the response variable and xi a is p × 1 covariate vector. As a special case of quantile
regression, the median regression (τ = 0.5) is expected to be more robust against outliers
than the least squares (LS) estimator in linear regression. However, the relative efficiency of
the quantile regression estimator with respect to the LS estimator in linear regression can be
arbitrarily small (Zou and Yuan 2008).

The composite quatile regression (CQR) addresses the limitation of the quantile regres-
sion by combining multiple models of different quantiles of the dependent variable as
a function of covariates (Koenker 1984; Zou and Yuan 2008; Zhao and Xiao 2014). To
be more specific, CQR proposed solves the convex combination of K quantile regression
problems
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min
θ1,...,θK ,β

K∑
j=1

wj

{ n∑
i=1

ρτj(yi − θj − xT
i β)

}
, (2)

where 0 < τ1 < . . . < τK < 1 are the quantiles and
∑K

j=1 wj = 1 with wj ∈ [0, 1]. It is worth
mentioning that the regression slopes are the same across all quantiles and the conditional
quantiles differ mainly in their intercepts θj. The interpretation of β in CQR is similar to the
interpretation of the LS estimator while also providing a more complete characterization of
the conditional distribution of the dependent variable. Zou and Yuan (2008) showed that the
relative efficiency of the CQR estimator relative to the LS estimator is at least 70% if we set
wj = 1/K for all j, since the strengths of multiple quantile regression models are combined.
The lower bound of the relative efficiency prevents uncontrollable loss of efficiency as in the
quantile regression. See also Zhao and Lian (2016) for further discussions on the efficiency
of CQR. Lately, CQR has gained much popularity. Examples include extensions to neural
networks (Xu et al. 2017; Cannon 2018; Moon et al. 2021), local polynomial regression (Kai
et al. 2010; R. Jiang et al. 2012), extreme value analysis (Wang, Li, and He 2012), and big data
(Jiang et al. 2018).

In the frequentist setting, asymptotic properties of CQR have been carefully considered
in various studies. For example, Zou and Yuan (2008) established asymptotic normality and
relative efficiency of the CQR estimator if wj = 1/K for all j. Jiang, Jiang, and Song (2012)
established asymptotic normality of the CQR estimator for non equal weights. Zhao and Lian
(2016) established asymptotic normality after relaxing the assumption wj ≥ 0.

Despite CQR was initially proposed from a frequentist perspective, it can also be developed
from a Bayesian perspective. Huang and Chen (2015) pointed out that the minimization
problem (2) can be formulated as maximum likelihood estimation by assuming that the
response yi is a mixture of asymmetric Laplace distributions (ALD), i.e., yi has density

K∑
j=1

wjψσ ,τj(yi − θj − xT
i β), (3)

where

ψσ ,τ (y − μ) := τ(1 − τ)

σ
exp

{
−ρτ

(
y − μ

σ

)}
, for y ∈ R,

is the ALD density with location parameter μ ∈ R, asymmetry parameter τ ∈ (0, 1), and scale
parameter σ > 0. Hence, they proposed the Bayesian composite quantile regression (BCQR)
and developed an MCMC sampling procedure to obtain the posterior distribution of τ and β .
BCQR has been extended to handle various modeling scenarios (Alhusseini and Georgescu
2018; Adlouni, Salaou, and St-Hilaire 2018; Alsaadi and Alhamzawi 2022) and applied in
various contexts, such as spatio-temporal modeling (Yu et al. 2022), linear mixed models
(Tian, Lian, and Tian 2017), control law for stochastic systems (Ma et al. 2022), and extreme
values (Hu et al. 2021).

However, to the best of our knowledge, no theoretical justification has been presented
for CQR from the Bayesian perspective. We aim to bridge such gap in this article. Sriram,
Ramamoorthi, and Ghosh (2013) proved posterior consistency of the Bayesian quantile
regression estimator and derive the rate of convergence. However, they only considered one
quantile, instead of combining multiple quantiles as in CQR. Our result can be viewed as
an extension of their study to BCQR. One important addition to BCQR in this article is the
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addition of a prior on the number of components, i.e., K in (3). As such, the extension of
the procedure outlined in Huang and Chen (2015) to a data-driven selection of number of
mixture components is theoretically justified. The mixture of finite mixture approach outlined
in Miller and Harrison (2018) makes such an extension particularly easy and attractive for
practitioners.

To facilitate our proofs, we will treat BCQR as Bayesian density estimation based on
location mixtures of ALD, since minimizing (2) can be viewed as fitting the mixture (3).
A benefit of treating it as a density estimation problem is that density estimation is of
independent interest. Finite normal mixture is a popular model for density estimation, not
only in the frequentist context but also in the Bayesian context. Evans, Guttman, and Olkin
(1992) used a two-component normal mixture to model contaminated data and developed a
Gibbs sampler to sample from the posterior distribution. Diebolt and Robert (1994) also used
Gibbs sampling to fit a finite mixture with fixed number of components. Instead of assuming
the number of components is fixed, Phillips et al. (1995) and Richardson and Green (1997)
assumed a Poisson prior on K. The reader is directed to MacLahlan and Peel (2000) and
Frühwirth-Schnatter (2006) for Bayesian finite mixture models and reference therein. Beyond
the finite mixture, the mixtures of Dirichlet processes can be viewed as a mixture of infinite
components. Ferguson (1983) proposed the framework of normal mixtures of Dirichlet
processes. Escobar and West (1995) developed a corresponding sampling procedure to sample
from the posterior distribution such that Dirichlet mixture became feasible in practice. For
a review of various sampling methods, see Neal (2000). Since then, the mixtures of Dirichlet
processes gained much popularity in various applications. For example, Da Silva (2007) used
the Dirichlet process mixture to classify brain magnetic resonance images. Nguyen, Boyd-
Graber, and Altschul (2013) used the Dirichlet process mixture for protein analysis. Shen,
Tokdar, and Ghosal (2013) used the Dirichlet mixture to estimate multivariate densities. Ngan,
Yung, and Yeh (2015) applied the Dirichlet mixture to detect outliers in traffic data.

Another benefit of treating BCQR as density estimation is that fruitful results and tech-
niques, such as Gao and van der Vaart (2016); Ghosal and van der Vaart (2001); Ghosal
and Van Der Vaart (2007); Ghosal, Ghosh, and Ramamoorthi (1999); Scricciolo (2011), in
the Bayesian density estimation literature can be used. For the Dirichlet mixture of normal
densities, Ghosal, Ghosh, and Ramamoorthi (1999) proved posterior consistency. Ghosal and
van der Vaart (2001) derived the rate of convergence when the true density is a location or
location-scale mixture of normal densities. Ghosal and Van Der Vaart (2007) derived the
rate of convergence when the true density is twice continuously differentiable. Scricciolo
(2011) derived the rate of convergence for finite mixture and Dirichlet mixture of exponential
power densities. Dirichlet process mixtures of asymmetric Laplace distributions have been
considered by Yu et al. (2019); Kobayashi et al. (2021).

The article is organized as follows. Section 2 describes the set-up and introduces some
notation. Section 3 considers the case of finite mixtures, with Section 3.2 presenting the main
result for BCQR. Section 4 presents the result on infinte mixtures. Section 5 concludes the
article with discussion.

2. Preliminaries

Suppose that we have observations Y1, . . . , Yn from an unknown density function fF,σ on R

which is a location mixture of ALD distributions,
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fF,σ (y) :=
∫

ψσ ,τ (y − θ)dF(θ),

where F denotes the mixing distribution. Hence, fF,σ is the convolution of ψσ ,τ and F,

fF,σ = F ∗ ψσ ,τ .

We consider the cases where F is either a continuous distribution with infinite support points
or discrete with a finite number of support points. The discrete mixture distribution can be
represented as F = ∑k

j=1 wjδθj where δθj is the Dirac’s delta, denoting a point mass at θj. So,
(3) can be expressed as

fF,σ ,β(y) := fF,σ (y − xTβ) =
k∑

j=1
wjψσ ,τj(y − θj − xTβ), (4)

where we consider 0 < τ1 < . . . < τk < 1 to be fixed in the sequel. Note that in the sequel,
with some abuse of notation, we refer to fF,σ ,β(y) as fF,σ ,β to simplify notation. The scale
parameter σ and regression coefficient β are assumed to be distributed independently of F
on (0, ∞) × R

p. Let π denote the overall prior on M(R) × (0, ∞) × R
p, where M(R) is the

set of all probability measures on R. Then, π induces a prior on F := {fF,σ ,β : (F, σ , β) ∈
M(R) × (0, ∞) × R

p}, via the mapping (F, σ , β) �→ fF,σ (· − xTβ). We assume that the space
F is equipped with a metric d, either the Hellinger dH(f , g) = ( ∫

(f 1/2 − g1/2)2dλ
)1/2, where

λ is the Lebesgue measure on R, or the one induced by the L1-norm, ||f − g||1 := ∫ |f −
g|dλ. We want to assess the rate of convergence for the posterior distribution corresponding
to a prior π under the assumption that Y1, . . . , Yn are i.i.d observations from f0 = FF0,σ0,β0 .
Then, a sequence εn → 0 as n → ∞ is defined to be an upper bound on the posterior rate of
convergence relative to a metric d on F if, for some constant M > 0, the posterior probability

�{fF,σ ,β : d(fF,σ ,β , fF0,σ0,β0) > Mεn|(Y1, x1), . . . , (Yn, xn)} → 0 as n → ∞,

P∞
0 -almost surely or in Pn

0 -probability, where P0 denotes the probability measure correspond-
ing to f0.

Proofs for deriving the rates of convergence for ALD mixtures involves the packing
number. Let F ′ be a class of densities on R equipped with (semi-)metric d, the ε-packing
number D(ε, F ′, d) is the maximum number of points in F ′ such that the distance between
each pair is ε. The ε-covering number N(ε, F ′, d) is defined to be the minimum number of
balls of radius ε needed to cover F ′. The packing and covering numbers are related by the
inequalities

N(ε, F ′, d) ≤ D(ε, F ′, d) ≤ N(ε/2, F ′, d). (5)

Furthermore, for distances || · ||1 and dH , we have

N(ε, F ′, dH) ≤ N(ε2, F ′, || · ||1). (6)

See, e.g., Appendix C of Ghosal and van der Vaart (2016) for more details.
Note that the main theorems of this article closely follow those of Scricciolo (2011), both

in terms of proofs and assumptions. However, we acknowledge that adapting the proofs
to incorporate an asymmetry parameter is an extensive process. One obvious contributing
factor is that the behavior of an asymmetric density function requires proofs to account for
both sides of the mode separately. However, one particular issue, which leads to extensive
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and intricate calculations, is that there is no counterpart to Lemma A.4 in Scricciolo (2011)
for the asymmetry parameter of the ALD. Consequently, the triangle inequality, which
generally leads to significantly easier computations, cannot be applied with respect to the
asymmetry parameters. Thus, proofs involving, for example, the covering numbers, represent
an important contribution of this paper.

3. Finite mixtures

3.1. Fixed asymmetry

In this section, we consider finite mixtures where all the components have the same value of
the asymmetry parameter, which is assumed to be known. The density takes the form

fF,σ ,β =
k∑

j=1
wjψσ ,τ (· − θj − xTβ), (7)

where F = ∑k
j=1 wjδθj is a discrete measure with finite atoms where δθj denotes a point mass at

θj. The number of mixture components is a random variable K with pmf ρ(·). Given K = k, the
vector wk = (w1, . . . , wk)

T of mixing weights has conditional distribution πk on the (k − 1)-
dimensional simplex 
k := {wk ∈ [0, 1]k :

∑k
j=1 wj = 1}. Note that if we remove the part of

the location that is not in the mixture distribution in (7), i.e., xTβ , we would have the same
setting as in Section 3.1 of Scricciolo (2011) with the ALD replacing the EPD. Subsequently,
the hierarchical model can be described as

• K ∼ ρ, σ ∼ G and βj ∼ W, j = 1, . . . , p, independently;

• Given (k, σ , β) the r.v.’s θ1, . . . , θk
iid∼ � and wk ∼ πk independently;

• Given (k, σ , β , θk, wk), the r.v.’s Y1, . . . , Yn are conditionally independent and identically
distributed with density fF,σ ,β .

We make the following assumptions on the prior distributions of σ and β .

(A) The prior G for σ has a continuous and positive Lebesgue density g on an interval
containing σ0 and, for constants d > 0, γ , � ∈ (0, ∞], satisfies

G(s) � e−ds−γ

as s → 0 and 1 − G(s) � s−� as s → ∞,

where a � b denotes a ≤ Lb for some constant L. The inverse Gamma distribution
satisfies the above conditions.

(B) The common prior W for β is compactly supported on [−B, B]p for some constant B > 0,
i.e., W([−B, B]p) = 1.

The rate of convergence for finite mixtures with a known asymmetry parameter is stated
in the next theorem.

Theorem 1. Suppose that f0 = F0 ∗ ψσ0,τ (· − xTβ0) is a finite mixture of ALD with k0
components where τ is a known constant on the compact set [τ , τ ] ⊂ (0, 1). The covariates are
assumed to satisfy maxj∈{1,...,p} |xj| ≤ Cx. Assume that

(i) the priors G and W satisfy (A) and (B), respectively;
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(ii) the prior ρ for the number of components is such that, for constants b, Cρ > 0, 0 < ρ(k) <

Cρe−bk for all k ∈ N;
(iii) for each k ∈ N, the prior πk for the mixing weights is a Dirichlet distribution Dir(α1, . . . , αk)

where α1, . . . , αk are such that, for constants a, A > 0, D > 1 and for 0 < ε < 1/(Dk),
Aεa ≤ αj ≤ D, j = 1, . . . , k; (8)

(iv) The common prior � for the quantile specific intercepts has a continuous and positive
density on a interval containing the support of F0 and, for constants c, ϑ > 0, satisfies

�({θ : |θ | > t}) � e−ctϑ , for large t > 0. (9)
Then, the posterior rate of convergence in terms of dH is εn = n−1/2 log n.

Proof is given in Supplemental, Section 2.1.

3.2. Structured asymmetry

In this section, we consider BCQR specifically, which is defined as an extension of the
finite mixture considered in the previous section in terms of the asymmetry parameter. The
asymmetry parameter is now considered a vector with a unique element for each mixture
component, misspecified, in a finite sample, relative to the assumed true density. We thus
consider the mixture

fF,σ ,β ,τ (y) =
k∑

j=1
wjψσ ,τk(y − θj − xTβ).

The hierarchical model can be described as

• K ∼ ρ, σ ∼ G and βj ∼ W, j = 1, . . . , p, independently;
• Given K = k, the asymmetry parameters τ1 < . . . < τk are set as equidistant points on the

compact interval [τ , τ ] where 0 < τ < τ < 1 are known constants;
• Given (k, σ , β) the r.v.’s θ1, . . . , θk

iid∼ � and wk ∼ πk independently;
• Given (k, σ , β , θk, wk), the r.v.’s Y1, . . . , Yn are conditionally independent and identically

distributed with density fF,σ ,β .

Theorem 2. Suppose that f0(y) = F0 ∗ ψσ0,τ 0(y − xTβ0) is a finite mixture of ALD with k0
components where τ0 is a k0-dimensional vector with equidistant elements on [τ , τ ]. The
covariates are assumed to satisfy maxj∈{1,...,p} |xj| ≤ Cx. Assume that

(i) the priors G and W satisfy (A) and (B), respectively;
(ii) the prior ρ for the number of components is such that, for constants b, Cρ > 0, 0 < ρ(k) <

Cρe−bk for all k ∈ N;
(iii) for each k ∈ N, the prior πk for the mixing weights is a Dirichlet distribution Dir(α1, . . . , αk)

where α1, . . . , αk are such that, for constants a, A > 0, D > 1 and for 0 < ε < 1/(Dk),
Aεa ≤ αj ≤ D, j = 1, . . . , k;

(iv) The common prior � for the quantile specific intercepts has a continuous and positive
density, on an interval containing the support of F0 and, for constants c, ϑ > 0, satisfies

�({θ : |θ | > t}) � e−ctϑ , for large t > 0.
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Then, the posterior rate of convergence in terms of dH is εn = n−1/2 log n.

Proof is given in Supplemental, Section 2.2.

Remark. We make stringent assumptions on the vector of asymmetry parameters of f0 to simplify
the proof. These can be modified by upper bounding

∣∣∣∣fF,σ ,β ,τ − fF,σ ,β ,τ ′
∣∣∣∣

1 �
∣∣∣∣τ − τ ′∣∣∣∣

�1
, where

the inequality be shown via the mean value theorem.

4. Infinite mixtures

We now consider the case where the underlying factor may be infinitely many, i.e., the mixing
distribution F can be any distribution on R. As a prior for F, we use a Dirichlet process Dα

with base measure α. We treat τ as scalar, known and defined on a compact set [τ , τ ] ⊂ (0, 1).
A hierarchical model can be described as follows

• F ∼ Dα , σ ∼ G and βj ∼ W, j = 1, . . . , p, independently;
• Given (F, σ , β), the r.v.’s θ1, . . . , θn ∼ F;
• Given (F, σ , β , θ1, . . . , θn), the r.v. ei ∼ ψσ ,τ (yi − xT

i β);
• The observations are defined as Yi := θi + ei for i = 1, . . . , n.

Theorem 3. Let f0(y) = F0 ∗ ψσ0,τ (y − xTβ) with the true mixing distribution having either
compact support or sub-exponential tails, i.e.,

F0({θ : |θ | > t}) � e−c0t , for large t > 0,

for some constant c0 > 0. Further, assume that σ0 ∈ [σ , σ ] ⊂ (0, ∞) and τ ∈ [τ , τ ] ⊂ (0, 1). If
the base measure α has a continuous and positive density α′ such that for constants d > 0 and
0 < δ ≤ 1 satisfies

α′(θ) � e−d|θ |δ , for large |θ |,
the prior G for σ is supported on [σ , σ ] and has a continuous and positive density on an interval
containing σ0 and the prior W satisfies condition (B) where β0 ∈ [−B, B]p, then the posterior
rate of convergence relative to dH is

εn = n− 1
4 (log n)

5
4 .

Proof is given in Supplemental, Section 2.3.

5. Discussion

In this article, we have studied asymptotic properties of mixtures of ALD with a specific
interest in the composite quantile regression case, focusing on posterior convergence rates.
We find that with the addition of an asymmetry parameter and the extension to part of the
location being independent of the mixture, the convergence rates conform to those for the
symmetric Laplace case as outlined in Scricciolo (2011). Most importantly, the setting consid-
ered most realistic in terms of quantile regression in Theorem 2 had the same convergence rate
as the mixture considered in Theorem 1. For the finite mixture cases considered, we obtain
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parametric convergence rates up to a logarithmic factor, n−1/2 log n. For the infinite mixture,
we obtain convergence rate n−1/4(log n)5/4.

For future research in the direction of Bayesian density estimation, it is of interest to
extend Theorems 1 and 3 in terms of the asymmetry parameter, e.g., making it unknown and
extensions to mixing. For the finite mixture case, refinements outlined in Chapter 8 of Ghosal
and van der Vaart (2016) could be considered to obtain parametric rates of convergence.
Last, our work and that of Scricciolo (2011) can be combined by considering mixtures of
skewed EPDs of which both the EPD and ALD are special cases. In the direction of BCQR,
we consider two areas to be of particular importance. First, relaxing assumptions on the
asymmetry parameters. Second, and most importantly for applications, is to scale back the
scope and focus on posterior inference of the regression coefficient under more realistic data
generating procedures. Such work should be closer in line with that of Sriram, Ramamoorthi,
and Ghosh (2013) on single quantile regression, for example, by restricting attention to a fixed,
possibly small, number of mixture components.
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