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1. Introduction

Imagine you have a set of bolts that you need to tighten or loosen. If you only
have a single wrench, you may find that it’s difficult to get the right fit for each
bolt. For some, the wrench may be too big, while for others, it may be too
small. In some cases, the wrench may not be able to reach the bolt at all. Now,
imagine that you have a set of adjustable wrenches, each with different sizes
and shapes. With this set of wrenches, you can adjust the size and shape of
the wrench to fit each bolt precisely. You can tighten or loosen each bolt with
ease, no matter its size or shape.

In this parable, the single wrench represents a standard distribution, which
has a fixed shape and parameters. Just as the single wrench is limited in its
ability to fit different bolts, a standard distribution may not be able to capture
the complexity of different types of data. As distributions are an essential tool
in the statistical toolkit, used to describe the probability of different outcomes
or values that a random variable can take, it is crucial that we have flexible
distributions. If such a distribution includes important special cases, its appeal
should be all the more apparent.

The drawback of flexibility is more parameters, making inference and esti-
mation more difficult, particularly with limited data. Additionally, if the model
is too flexible, i.e., has too many parameters, it may not be possible to obtain
reliable estimates of the parameters or make meaningful interpretations of the
model. Finally, interpreting the results of a flexible distribution can be more
challenging than with a simpler model, since the distribution may not have a
clear interpretation or correspond to any well-known distributional family. In
terms of wrenches and bolts, using a wrench designed to deal with any bolt
imaginable would most likely be difficult on even the most simple bolt. Using
an over-designed wrench (i.e., a distribution with too many parameters) to deal
with a simple bolt (i.e., a dataset with limited complexity) may be inefficient
and unnecessary.

The Exponential Power Distribution (EPD) is a family of probability distri-
butions that has been widely used in statistical modeling due to its flexibility
and versatility. The EPD is characterized by three parameters: location, scale
and shape. The location and scale parameters are similar to those in the normal
distribution and control the center and spread of the distribution. The shape
parameter controls the tail-behaviour.

The appeal of the EPD class is that it includes both the Laplace and normal
distributions as special cases, obtained via different values of the shape param-
eter. As the shape parameter is continuous, so is the deviation from Laplace
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and normal within the EPD class. The Laplace and normal are two fixed size
wrenches, whilst the EPD is one adjustable wrench striking a simple balance
between flexibility and complexity. With this in mind, it might not seem like
such a exaggeration when Pogdny and Nadarajah (2010) refer to the EPD as
“perhaps the most applicable model in statistics”.

Despite the potential benefits of using the EPD, the literature shows that
both Laplace and normal distributions still dominate the field. However, a
century ago, Wilson (1923) pointed out that the dominance of the normal dis-
tribution over the Laplace can be attributed to the mathematical properties of
x? compared to |x|. According to Wilson, x*> enjoys “all the laws of elementary
mathematical analysis”, whereas |x| is not analytic and presents considerable
mathematical difficulty in its manipulation. Moreover, the challenges are fur-
ther exacerbated by considering the enclosing EPD class with |x|”, which is
not necessarily convex. Therefore, it is likely that the mathematical difficul-
ties of the EPD, rather than its merits, are the main factors contributing to the
disparity in usage between the EPD and its skewed extensions in the literature.

This thesis expands on the understanding of the EPD, emphasizing its flexi-
bility and applicability in statistics. Paper I focuses on the robustness aspect of
the EPD, which is a classical theme on the discussion of normal vs. Laplace.
Paper II is theoretical, with focus on establishing asymptotically normal score
tests with particular interest in the null of Laplace and normal. Papers III to
V are thematically linked by the probabilistic interpretation of optimization of
a particular asymmetric loss function which is equivalent to maximum likeli-
hood estimation based on the skewed EPD (SEPD). Paper V stands out as it
is the only one that focuses exclusively on a particular member of the SEPD,
namely the asymmetric Laplace distribution.
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2. Background

2.1 The exponential power distribution

One of the cornerstones of statistical theory is the practice of enclosing dis-
tributions within larger classes, which facilitates statistical analysis in a more
general setting. Examples of such classes include the exponential family, el-
liptical distributions, and location and scale families. The exponential power
distribution (EPD) is a lesser-known example of such a class, despite its po-
tential usefulness in statistical analysis. A random variable from the EPD has
density function
P
} 2.1)

where —oo < I < oo is the location parameter, o > 0 is the scale parameter,
p > 0 is the shape parameter and Kgp(p) = (2p1/pF(l + l/p))*1 is the nor-
malizing constant. Special cases of the EPD include the Laplace (p = 1) the
normal (p = 2) and the uniform on [yt — &, it + G| (p — ). The standard EPD
with p = 1,2,4 is displayed in Figure 2.1. For a random variable X with den-

x—p
(03

K 1
fep(x;p,0,p) = E;(;(p) CXP{—p

Figure 2.1. EPD with u = 0, o = 1 for multiple values of the shape parameter

sity function (2.1), we have E(X) = u and E(]X — u|?)'/? = &. In addition,
the kurtosis of the EPD is given by k = I'(1/p)['(5/p)/(I'(3/p))? illustrating
that the thickness of the tails is controlled by p.

The main motivating factor for the usage of the EPD has been its special
case of normality. Subbotin (1923) first introduced the EPD as a generalization
of the normal distribution to model random errors. In the seminal work of
Box and Tiao (1973), the EPD is considered as the source of likelihood to
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evaluate assumptions of normality in Bayesian inference. The normal case is
contrasted with the platykurtic case, where p > 2, and the leptokurtic case,
where 0 < p < 2.

The EPD is also referred to as the generalized normal distribution, which is
more prevalent in engineering applications, such as those described by Kwitt
et al. (2010) and Lam and Goodman (2000), where Nadarajah (2005), Pogény
and Nadarajah (2010), derived some important properties of the distribution.

From a theoretical standpoint, the EPD is of interest in the context of hy-
pothesis testing, as it contains two important special cases obtained by mod-
ifying a continuous parameter. Tests based on the shape parameter, such as
Hy: normal vs H;: platykurtic or leptokurtic, are first to come to mind. How-
ever, the likelihood of a random sample with density (2.1) has to be treated
with some care as the logarithm involves the L,-distance with a known set of
issues, such as points of discontinuity and non-convexity.

Daniels (1960) first considered the efficiency of the maximum likelihood
estimator (MLE) of u in (2.1), treating 6 = 1 and 1/2 < p < 1 as known.
Theoretical difficulties are noted therein, and dealt with by considering differ-
ences rather than derivatives. Later, Rao (1968) utilized the EPD to investigate
estimation of the mean for a continuous density at a cusp, i.e., a point of non-
differentiability. In Section 8 of Le Cam and Yang (2000), a discussion based
on Rao (1968) for the EPD from the perspective of local asymptotic normal-
ity is provided, where technical concepts such as differentiability in quadratic
mean (QMD) is considered which served as an important starting point for
paper II.

Agré (1995) was the first to consider the asymptotic distribution of MLEs of
all parameters of the EPD by establishing the usual regularity conditions of the
likelihood.! However, the technical condition of dominated third derivatives
of the log-likelihood was only established for p > 2, effectively excluding the
leptokurtic members of the EPD. Hence, in the context of hypothesis testing,
we can only say that asymptotically normal Wald tests of the form Hy: normal
vs Hy: platykurtic can be constructed based on the EPD.

Leptokurtic distributions, i.e., those with heavier tails than the normal dis-
tribution, are of particular importance in the context of robust statistics. The
need for robust statistics arises when the assumptions of standard statistical
methods are violated by the presence of outliers or other deviations from nor-
mality. Many robust methods are designed to minimize the impact of outliers
on the analysis or to identify and down-weight these values when they are
present. The shape parameter of the EPD can, therefore, be used as a “Win-
sorizing” mechanism. Barron (2019) considered M-estimation by constructing
a loss function based on the log-likelihood of the EPD, where the continuous
shape parameter leads to a loss function nesting many others. This perspec-

ISee, e.g., Lehmann and Casella (2006) for details on the regularity conditions for asymptoti-
cally normal MLEs.
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tive, giving optimization a probabilistic interpretation by viewing a objective
function as a log-likelihood, has also led to what is referred to as the Bayesian
bridge (Polson et al., 2014). The EPD was also studied as a source of likeli-
hood in the Bayesian regression setting by Salazar et al. (2012); Ferreira and
Salazar (2014).

We now consider the multivariate extension. A random vector X € R”
has a n-dimensional multivariate exponential power distribution (MEPD) with
parameters g € R”, £ € R™", a positive definite matrix, and p > 0, if its
density function is given as (Gomez et al., 1998)

flsmEp) =KE Hep{ Sl ) e

where
e nl'(n/2)
nn/2r<1 + ﬁ)z”%'

The function (2.2) is a special case of the elliptically contoured distributions
with characteristic generator g(¢) = e /2; see, e.g. Fang et al. (1990). Some
special cases are the Laplace (p = 1/2), normal (p = 1) and uniform (p — o0).
A random variable X with density function (2.2) satisfies

2
2 (52)
nr(ﬁ)
The bivariate EPD is displayed for g = (0,0)” and a diagonal covariance ma-
trix for some interesting values of p in Figure 2.2.
If we consider restriction of the shape parameter to p € (0, 1], then the

MEPD can be conveniently reformulated in terms of a scale mixture of normal
distribution, as

E(X)=p and Var(X)=

FOiE,p) = /0 Ny 1, VE)dH (v), 23)

where N,(-;it,X) denotes a n-variate normal distribution and H,, is a one-
dimensional distribution function with density function

2500 (1 4 1)
r(1+4;)

Yy = 21*% cos (ﬂ'g), Op = Yptan (%)

hy(v) =

v”_3S<v_2;p, L7, 5,,), v>0, (2.4)

Here S<~ i 1, Y, 5,,) in (2.4) is the density function of a stable distribution
with characteristic function (Nolan, 1997)

(1) = exp {—ygmp [1 _itan (%)sign(t)} +i5,,z} .

13



0.3 0.3

(c)p=2

Figure 2.2. The density function of bivariate EPD displayed for p € {0.5, 1, 2}.
Special cases of bivariate Laplace in (a) and normal in (b).

There is a wide range of applications of the MEPD, such as probabilistic
deep networks (Gast and Roth, 2018), mixture modeling (Dang et al., 2015;
McNicholas, 2016), image analysis (Verdoolaege and Scheunders, 2011; Luo
et al., 2016; Nacereddine et al., 2019) and analysis of repeated measurements
(Lindsey, 1999).

2.1.1 Application to linear mixed models

Applications in repeated measurements are of particular interest. For this,
Paper I considers linear mixed models (LMM) based on the MEPD. A LMM

14



is defined as
yi:X,ﬁ—kZibi—i—ei, i=1,...,m, (2.5)

where y; € R is the response vector on the ith individual, X; € R"*k and Z; €
IR"*4 are the design matrices for the fixed and random effects respectively,
with B € R¥ and b; € RY. A standard setting of LMMs assumes b; and e; to
be independent and normally distributed as

bi NN!](O’\P)’ é; NNni(O’Gzlni)v

where ¥ € R?*? is a symmetric positive definite matrix and I,,, is the n; x n;
identity matrix. The major advantage of using normal models for LMMs is
that they allow for the simultaneous modeling of serial correlation and hetero-
geneity among individuals, which includes variance components or random
effects. This can be achieved by appropriately structuring the covariance ma-
trix.

If we instead assume MEPD, the above assumptions can be expressed as

, X; ZWYzZ! + 6’1, Z%¥ .
m NEpnM({ (ﬂ, [ 4 AT T],p),l:l,...,m. 2.6)

The usefulness of the scale mixture representation of the MEPD in (2.3)
should now become apparent. If we restrict p € (0, 1] and introduce latent
independent random variables {v;}/" ; with density (2.4), we can express (2.6),
conditional on v;, as

. . w7l | 2 ,
2] s~ (R 2 [0 2T o

0 ! ‘I‘Z,-T ¥
Some similar examples, where scale mixtures of normals are utilized for LMMs,
are the multivariate t-distribution (Pinheiro et al., 2001; Bai et al., 2016) and
Laplace (Yavuz and Arslan, 2018).

2.2 The skewed exponential power distribution

The skewed exponential power distribution (SEPD) is an extension of the sym-
metric EPD, with its pdf given as (Zhu and Zinde-Walsh, 2009)

Kep(p) exp{—l ﬂ|p} ifx<u

fsep(xip,0,p0) =4 ° @7
SEP Kep(p) exp{— p} if x> u,

(e

where 0 < a < 1 is the asymmetry parameter. Special cases are the asym-
metric Laplace distribution (ALD), skew-normal and EPD for @ = 1/2. The
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Figure 2.3. SEPD with u =0, o = 1 for multiple values of the shape and & = 0.2 and
0.7

density (2.7) is displayed in Figure 2.3 for some interesting combinations of p
and .

There are multiple parametrisations of (2.7) in the literature. The two
most important are outlined by Zhu and Zinde-Walsh (2009) and Komunjer
(2007). They have in common that the location coincides with the a-quantile,
ie., P(X < u) = a for a random variable X distributed as either of the two
parametrisations.

One frequent application of the SEPD is in financial modeling, where asset
returns often exhibit skewness and heavy tails. The distribution can be used to
model the distribution of returns and estimate the parameters of the distribu-
tion, which can then be used for risk management or portfolio optimization.
Examples are Zhu and Galbraith (2011), Nadarajah et al. (2014), Chu et al.
(2015).

The SEPD is used for constructing a score test for deviations from normal-
ity in terms of kurtosis and skewness by Desgagné and Lafaye de Micheaux
(2018). See also Desgagné et al. (2022) for an extension of the normality test
to include multiple values of the shape and skewness parameter in the null
hypothesis. Their work serves, in some ways, as an extension of paper II, but
can be viewed as complementary as a different theoretical approach is used.

For a random sample from the SEPD, maximum likelihood estimation of
the mean is closely linked to L,-quantiles which are based on the asymmetric
L, loss function (Chen, 1996; Daouia et al., 2019b)

Pap(u) = ot —=1(u <O)[ul?,  p=>1. (2.8)

L, quantiles include both usual quantiles, with p = 1, and expectiles (Waltrup
et al., 2015), with p = 2, as special cases. L,-quantiles are used extensively
in extreme value analysis, see, e.g., Usseglio-Carleve (2018); Daouia et al.
(2019a,b). Much like Bayesian quantile regression is based on the asymmet-
ric Laplace distribution (Yu and Moyeed, 2001), the SEPD can be used for
Bayesian L,-quantile regression. This thesis is not the first to note such a con-
nection (Bernardi et al., 2018; Yang et al., 2019), but is the first to explore the
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relationship from the perspective of L,-quantiles providing some important
modifications to previous results.

2.2.1 Bayesian composite quantile regression

The special case of p =1 in (2.7) and (2.8) is considered extensively in the
context of mixtures of quantile estimators in paper V, referred to as composite
quantiles. However, before any mixture of quantiles estimates is considered,
we first outline the usual single quantile regression model. For the usual re-
gression model with independent and identically distributed (iid) errors &;,

y,-:b+xiTﬂ+8,-, i=1,...,n,
the conditional quantiles of y are
Qy(T‘x) = b+xiTﬂ +F871 (T)

where T € (0, 1) denotes the quantile of interest and F; ! (-) denotes the quan-
tile function of the errors. Quantile regression is then defined as

(b,B(1)) = argm;anf(yi —b—x!B), 2.9)
=1

) 1=

where p¢ i (-) =: pz(-). The estimator (2.9) estimates the population parame-
ters (br, B)T where by = b+ F; (7).
It is well known that under mild regularity conditions (Koenker, 2005)

Vi)~ p(e) v 0.5 e ).

where C = limnﬁw%ZixixiT and f¢(-) is the density function of the errors.
Hence, the relative efficiency of the quantile regression estimator with respect
to the ordinary least square (OLS) estimator can be arbitrarily small depending
on the quantile and distribution of the errors.

To alleviate the issue of asymptotic variance of quantile regression, Zou
and Yuan (2008) proposed to simultaneously consider multiple quantile re-
gression models. Later, Zhao and Xiao (2014) considered optimal weights
for the loss functions, and we follow their definition of composite quantile
regression (CQR)

n K
argmin )" { Y wipo1 (i — be, —x?ﬁ)} : (2.10)
k=1

b‘L'l 7-~=bTK7ﬁ i=1

where 0 < 7; <...<1:K<1andwk>O,k:1,...,KandZ§(:1wj:1.Forthe

Bayesian setting, Huang and Chen (2015) considered a likelihood formulated

17



by the mixture of asymmetric Laplace distributions (ALD)

n

K 1— 1
H Zwk’rk(cyrk)exp{_apfk(yi_bfk_xzrﬁ)} . (211)
k=1

i=1

While paper IV deals with an extension of Bayesian CQR, paper V focuses
on a theoretical evaluation of Bayesian CQR, since prior evaluations were only
empirical. However, by establishing theoretical results for mixtures of the
form in (2.11), many results needed for considering more general mixtures of
ALD are derived. Contraction rates are a common topic for the study of the
asymptotics of large and infinite dimensional mixture models. The contraction
rate of a posterior distribution measures the speed at which the posterior dis-
tribution contracts around the true distribution as more data becomes available
and is viewed as elaborating on its consistency. Contraction rates are of partic-
ular interest because they imply the frequentist risk of posterior estimates, thus
bridging between Bayesian and frequentist estimation (Ghosal et al., 2000).
Furthermore, the rate is enlightening about the way the prior distribution acts
when constructing priors for high or infinite-dimensional problems (Rousseau,
2016).
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3. Research aims

The primary goal of this thesis is to broaden our understanding and expand the
areas of application for the (S)EPD through the development of new methods
and theoretical results.

Paper I explores Bayesian LMMs under the assumption that the errors are
MEPD, as opposed to the normality assumption. This work falls under the ro-
bustness branch of the EPD umbrella and focuses on hypothesis testing of the
fixed-effects coefficients. It is related to the EPD-based frequentist approach
for repeated measurements by Lindsey (1999).

Paper II examines score tests of the shape parameter of the EPD in both the
univariate and bivariate case, in the setting of local asymptotic normality.

Papers III and I'V focus on the SEPD and its relationship to quantiles. Pa-
per III establishes a way to estimate quantiles via the SEPD by utilizing the
link between Lj,-quantiles and standard quantiles. Paper IV focuses on L-
quantiles and extends Bayesian composite quantile regression to Bayesian
composite L,-quantile regression.

Lastly, Paper V focuses on the asymmetric Laplace distribution (ALD), a
special case of the SEPD, which is frequently used as a likelihood in Bayesian
quantile regression. The primary goal of Paper V is to establish theoretical
properties of Bayesian composite quantile regression.
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4. Summary of papers

4.1 PaperI

In Paper I we are interested in evaluating robustness of Bayesian tests for any
number of the fixed effects parameters in Model (2.5) being 0, namely,

Hy: (ﬁcl,...,ﬁq)T =0vs.H;: (BCI,...,ﬁCJ)T #0, 4.1

where {c,v};:l C{l,...,m}. To test (4.1) we associate with each hypothesis
models

.//() :wao(y|90), 6y €Oy and .//1 2ny1(y|91), 0, € ©

with corresponding prior distributions 7 (6p) and 7;(6)).

Standard Bayesian procedure is to compute the marginal likelihoods with
model choice subsequently carried out using Bayes factors. Rather than com-
puting computationally intensive marginal likelihoods, we consider testing via
a two-component mixture framework recently proposed by Kamary (2016)

o fo(y|60) + (1 — @) f1(y|61), ® € [0,1], 4.2)

where 6; are the parameters under H; with corresponding density f;. Posterior
inference is then constructed based on the posterior distribution of .

In a simulation study, we treat the shape parameter as a hyper-parameter and
consider the robustness of hypothesis testing of the fixed effect coefficients
under varying degrees of outlier contamination. We find that the posterior
distribution of ® is more robust for lower values of the shape parameter, in
terms of concentration around the hypothesis of the data generating process.

The shape parameter is included in the set of unknown parameters in two
applications to empirical data. In both cases, the proposed testing procedure
is compared to tests based on the Hotelling’s 72 statistic and model selection
via Akaike’s information criterion based on frequentist estimation.

4.2 Paper II

In Paper II, we propose a Neyman’s C(a) score test for the shape parameter
of the univariate and bivariate EPD. Previous work on establishing asymptotic
normality of the (S)EPD parameters show that classic regularity conditions can
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only be established for a subset of the parameter space, so that non-standard
methods need to be considered (Agrd, 1995; Zhu and Zinde-Walsh, 2009).

We use a Pitman-type local analysis, rooted in Le Cam’s local asymp-
totic normality (LAN), which confines the alternative hypothesis to a /n-
neighbourhood of the true parameter values. Fundamental to this approach
is evaluating the power function at a sequence of alternatives converging to
the null as sample size grows using Le Cam’s third Lemma; see, e.g., van der
Vaart (1998) for details. We follow Hall and Mathiason (1990) and consider
tests of the form

. . hy
Hy:p=po vs. Hi: P—Po+ﬁ
with unknown nuisance parameters A = (i, ¢)” also perturbed under the alter-
native as A, = A +h; /\/n, where h, and hy, are known constants. Of particular
interest is the null of Laplace and normal.

For the Laplace case however, a key assumption is violated if the location u
is unknown. Hence, theoretical results for testing the null of Laplace are only
established if u is treated as known. However, we find no practical difference
in the simulation study when 1 is estimated.

Thus, we establish asymptotic normality with unknown nuisance param-
eters for lighter tails than Laplace. In a simulation study we show that the
proposed tests, including that of Laplace, perform competitively relative to
previous tests in the literature. In applications to empirical data, the perfor-
mance of the EPD based score tests are assessed in relation to previous tests.

4.3 Paper III

In Paper III, we investigate quantile regression based on the SEPD. This idea
was initially proposed by Bernardi et al. (2018) motivated by the aforemen-
tioned property of the SEPD: the location satisfies P(X < u) = a. As in
quantile regression, Bernardi et al. (2018) fix « and estimate the remaining
parameters and consider the estimated regression coefficients to be quantile
estimators. However, their approach should only be considered quantile re-
gression in two special cases. Either, if the shape parameter is fixed as p =1
and/or the true asymmetry parameter is known and « is set to that value.

We, instead, note that the exponential term in (2.7) contains a slight modi-
fication of the L,-quantile loss function (2.8),

Jual? ;
s, ifu<o
Ppaln) =la— 1< 0) P’ ={ “p . (4.3)
-’ if u>0.
The L,-quantile based on (4.3) is defined as
qa(p) = arg géi]ngp.,a(Y —q). (4.4)
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If we restrict the shape parameter to p > 1, (4.3) is continuous and convex.
The solution of (4.4) is then a 0 of Ey y), (Y —g:(p)) where

—1
Ipp(y—qe(p)) [Pzl ify —go(p) <0

2V —aq:(p)) = = ° ’
Vel =a) = =5, 5 Sy g (p) > 0.

Hence, by the first order condition, T can be expressed as

1 —1
E|Y —g:(p)|""! ’
—1 +1 . 4.5
(EY—%@WINYS%@D ) @

Denote the result of (4.5) if g;(p) is replaced with g;(1) by 7. We will then
have gz = q(1); see Daouia et al. (2019b) for details.

Bayesian and frequentist estimation procedures are outlined where this idea
of the link between L, quantiles and standard quantiles is utilized. In a sim-
ulation study, we show that the proposed method greatly outperforms that of
Bernardi et al. (2018) in terms of estimating empirical quantiles. The pro-
posed methods perform worse for estimating quantiles as compared to stan-
dard quantile regression, which is not surprising. However, the proposed
methods are shown to perform better than standard quantile methods in many
settings in terms of mean square error.

The same tendencies are shown in application to empirical data, where we
find that the proposed method gives estimates with lower standard error but
estimates quantiles worse than standard methods.

4.4 Paper IV

In Paper 1V, we outline the extension of Bayesian composite quantile regres-
sion (BCQR) to L,-quantiles. For a random sample (y,x1),..., (Y, %), the
Tth L,-quantile regression estimate is

N A

(b, B) = argminbr’ﬁ Z Pr,p(yi —be _xiTﬂ)7 (4.6)
i=1

where pr ,(-) is the asymmetric L, loss function defined in (2.8). Following
Zhao and Xiao (2014) and Huang and Chen (2015), Bayesian composite L,-
quantile regression (BCLQR) is defined as

n
(bl’l geee abfkvﬁ) = argminb-;l ,A..,brK.ﬂ Z]
i=

K
{ Z WiPrp(Vi — by _xlTﬁ)} ’

k=1
4.7)
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where quantiles 0 < 71 <... < Tx < 1 and weights wy > 0, where 25-(:1 wj=1,
are defined as in (2.10).
For estimation we consider the likelihood for y with model matrix X as

n K
p(YIX,B,b,p,0) =]] (Z wep (vilxi, bz, , B, G,T,p)> , (438

i=1 \k=1

where p(-) denotes a new version of the SEPD defined to contain (2.8) in the
exponent

K: .
POlR,0,7,p) = = Fexp{=pzp(o (= 1))}, (4.9)

where K; 1 =T(1+1/p)(t~V/P + (1 —7)"1/P).

The parameter of interest is B which is given a Laplace prior to allow for
variable selection. In a simulation study we show that BCLQR outperforms
BCQR in terms of root mean square error. However, in some cases we found
that the proposed method performed worse in terms of variable selection. In
applications to empirical data we found that the proposed method performed
better in terms of mean absolute prediction error and generally had estimates
with lower standard deviation.

4.5 Paper V

In Paper V, BCQR is revisited from a theoretical perspective. Dirichlet mix-
tures of asymmetric Laplace distributions are treated in general from the per-
spective of Bayesian non-parameterics, with particular focus on the BCQR
model.

The models of interest are

fra=x"B) = [ Vosly—0—x"B)dF(0),

where Yo (- — 1) := p(-|u,0,7,1), as given by (4.9), is the density of the
ALD and F denotes the mixing distribution. We consider the cases where F
is either a continuous distribution with infinite support points or discrete with
a finite number of support points.

We make the non-Bayesian assumption of a true distribution

fOZ/WGQ,To(y_e_xTﬁO)dFO'

Focus is now on establishing a sequence &,, where €, — 0 as n — oo, such that,
for large enough M > 0

H{fF,G,B :d(fF,G,ﬁ7fF0,Go,ﬁo> > MgnKYlaXl),---a(YnaXn)} — 0,
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where d is either the Hellinger or L; distance.

We first consider the case where all the components of the mixture share
the same asymmetry parameters, i.e., 7| = ... = T; in (4.7) and (4.8) with
p = 1. For the finite and infinite mixtures, we find that &, = n~!/2 logn and
g, = n~"/*(logn)>/* respectively.

For the case directly based on BCQR, we consider the setting where 0 <
T1 < ... < 7 are fixed but misspecified in relation to the data-generating pro-
cess. We find that &, = n~1/2 logn, as with the finite mixture with a shared and
known asymmetry parameter.
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5. Future research

The main research objective in this thesis has been to explore topics where the
EPD offers interesting interpretations and applications, such as robustness,
hypothesis testing and L,-quantiles. Regarding EPD-based hypothesis tests,
a natural research topic is to extend the arc set by Paper II and Desgagné
et al. (2022) to consider asymptotic tests based on the multivariate EPD in
a general setting. From the perspective of linear mixed models, the mixture
framework for testing could be more extensively investigated under the class
of multivariate EPD, for example, by including random effects in the set of
hypotheses.

A majority of the papers concerns quantiles in some form. L,-quantiles and
their relationship to standard quantiles have been explored, but it remains to
further investigate their relationship and weaken the distributional assumptions
made in Paper III . Such work would make L ,-quantiles more accessible, since
currently, they are mainly used in extreme value analysis when the quantile
approaches its suprema.

Paper V can be extended to skewed exponential power distributions. Such a
model would encompass both composite quantiles and L, quantiles as special
cases. Moreover, it would consolidate the work on EPD and Laplace mixtures
(Scricciolo, 2011; Gao and van der Vaart, 2016) into a joint framework. Paper
V has already established many necessary results to deal with the asymmetry
parameter on the open unit interval.
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