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A B S T R A C T

Grain boundary energy (GBE) and its temperature dependence in body-centered cubic (bcc) metals are
investigated using ab initio calculations. We reveal a scaling relationship between the GBEs of the same grain
boundary structure in different bcc metals and find that the scaling factor can be best estimated by the ratio
of the low-index surface energy. Applying the scaling relationship, the general GBEs of bcc metals at 0 K
are predicted. Furthermore, adopting the Foiles’s method which assumes that the general GBE has the same
temperature dependence as the elastic modulus 𝑐44 [Scr. Mater., 62 (2010) 231–234], the predicted general
GBEs at elevated temperatures are found in good agreement with available experimental data. Reviewing two
experimental methods for determining the general GBEs, we conclude that the two sets of experimental GBEs
for bcc metals correspond to different GB structural spaces and differ by approximately a factor of 2. The
present work puts forward an efficient methodology for predicting the general GBEs of metals, which has the
potential to extend its application for homogeneous alloys without strong segregation of the alloying element
and facilitates GB engineering for advanced alloy design.
1. Introduction

During the last decades, tailoring the properties of grain boundaries
(GBs) by controlling alloying segregation/depletion and GB character
distribution, often referred to as ‘grain boundary engineering’ [1,2], has
been developed as an important strategy for improving the mechani-
cal properties of alloys. The atomic structures and energetics of GBs
are intimately related to various physical and mechanical properties
including plasticity, corrosion resistance, conductivity, and so on [3].
Particularly, the grain boundary energy (GBE, 𝛾gb) is a key parameter
in studying processes such as segregation, precipitation, diffusion, and
cracking, etc. [4,5].

Extensive experimental efforts have been devoted to determining
the GBEs, and two intrinsically indirect methods were often used. One
such experimental approach, the thermal grooving method (T.G.), deter-
mines the relative GBEs by measuring the angles of the equilibrium
thermal grooves at GB-surface triple junctions [6,7], as adopted in the
zero-creep and multiphase equilibrium techniques [8–10]. This method
requires knowledge of the free surface energy (FSE, 𝛾fs) to translate the
measured relative 𝛾gb∕𝛾fs ratio to the absolute GBE. Unfortunately, the
accurate determination of the FSEs by experiments is as challenging as
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for the GBEs. The thermal grooving method has been applied to deter-
mine the general GBEs in various face-centered cubic (fcc) metals [8,
9,11–14] and alloys [11,13,15], as well as in bcc metals [16–20]. The
same approach can also be used to study the orientation dependence
of the GBE for specific symmetrical tilt [21,22] and twist [23] GBs at
high temperatures. The results may be strongly affected by anisotropy
of the surface energy [24,25], surface faceting [26], GB motion during
annealing treatment [27,28], etc. Nevertheless, a reliable spectrum
of relative GBEs can be safely determined revealing, e.g., significant
modifications of the interface energies via external stimuli, such as
plastic deformation [29,30].

Another commonly adopted, in fact semi-empirical method for esti-
mating the GBE is the GB diffusion approach (Diff.), which determines
the GBE through a relationship between the measured GB and lat-
tice self-diffusivities [31–34]. The model was originally proposed by
Borisov [31] and elaborated later by Guiraldenq [32] and Gupta [33].
According to this approach, the GBE is estimated by the decrease in the
activation energy for GB diffusion compared to that for lattice diffusion.

In a previous study [35], Pelleg examined the GBEs for fcc metals
(Ag, Ni, 𝛾-Fe) obtained from the above T.G. and Diff. approaches and
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concluded that a good agreement can be generally reached. Gupta [33,
36] showed that the GBE and its temperature dependence for Au and
Au–Ta alloys can be satisfyingly obtained from the GB and lattice
self-diffusion data; as a by-product, one may estimate the segregation
energy of a solute. Recently, the GBE of Ni has been determined by
Haremski et al. [37] using the thermal grooving method and by Divin-
ski et al. [38] using the diffusivity data, and an agreement between the
two sets of data was reached. Extensions of the Diff. method towards
the determination of the GBEs in alloys, including multi-component
ones, were recently discussed, too [39,40]. However, for metals with
the bcc structure (e.g., 𝛼-Fe), the agreement between the two methods
was found worse. Difficulties also arise when applying Diff. method to
hexagonal close-packed (hcp) metals, in which it is not trivial to define
an effective density of GB atoms from the lattice parameters.

Despite that experimental techniques for determining GBEs exist,
the obtained values are usually widely scattered, and it is still cum-
bersome to conduct these experiments in alloys. Typically, the general
GBEs in alloys, as well as the composition and temperature dependence,
are not available. Alternatively, one can explore the use of atomistic
simulations, such as the empirical potentials and density functional
theory (DFT) calculations, to investigate GBs. GB studies for pure
metals using the embedded atom method (EAM) have led to a better
understanding of the atomic structures and their energetics. For exam-
ple, Holm et al. [41–43] calculated numerous GBEs in pure metals and
found a strong correlation between GBEs of the same crystallographical
type in different materials. In comparison to atomistic studies using
empirical potentials, DFT calculations are usually more accurate and
have better predictive power. However, due to the extensive compu-
tational cost, DFT calculations are usually limited to pure metals or
simple dilute alloys for low-index coincidence site lattice (CSL) types
of GBs. Zheng et al. [44] recently developed a database of GBEs using
high-throughput ab initio calculations, which includes ten types of low-
index GBEs for 58 elemental metals. It is important to note that DFT
GBEs are usually obtained at 0 K, and proper approximations for the
temperature effect should be considered when compared to the high-
temperature experimental values. The comparison is further impeded
by the fact that DFT simulations and experiments are usually done for
special and general GBs, respectively.

Theoretical study about the temperature dependence of GBE is rare.
Due to the large variety of GB structures, it is a challenging task to
compute the phonon contribution to the temperature-dependent GBE
using DFT calculations. A few attempts are available in literature. For
instance, Scheiber et al. [45] evaluated the temperature dependence of
GBE for several low 𝛴 index GBs in W using the quasiharmonic approx-
mation with explicit phonon calculations. The obtained GBEs showed
monotonous decrease with increasing temperature. Besides, there are
lso attempts to describe the temperature dependence of GBE through
aterials’ intrinsic parameters like elastic constants, shear moduli, and

ohesive energy. Foiles [46] compared the temperature dependence of
general GBE and shear moduli from empirical potential calculations

nd found that the GBE and shear modulus share approximately the
ame temperature dependence up to about 0.75𝑇m (𝑇m, the melting
emperature). Scheiber et al. assessed this method by comparing to
heir DFT GBEs for W, and they showed that the Foiles’s method works
ery well up to approximately 0.55 𝑇m for GBs with different 𝛴 values.
heng et al. [47] explored an alternative model to predict the temper-
ture dependence of GBE via the temperature-dependent specific heat.
owever, according to Scheiber [45], it can only provide a qualitative

rend. In addition to the numerical calculations with different crys-
allographic structures, recent studies have introduced mathematical
odels to predict GBEs, as demonstrated by Runnels et al. [48–50].
hey introduced a bond matching model to predict anisotropic GBEs
ith tilt and twist grain boundaries and extended it to both fcc and bcc
aterials. The scalability of this model across different metals allows

or universal application, and its performance has been shown to agree
2

trongly with available EAM data. s
Table 1
The structural properties of the studied [110] tilt GBs. In the last column we give the
umber of atoms within the supercell used to model the corresponding GBs.
Index Angle GB-plane Number of atoms

𝛴3 109.47◦ (1 1 1) 30
𝛴3 70.53◦ (1 1 2) 24
𝛴9 38.94◦ (1 1 4) 34
𝛴9 141.06◦ (2 2 1) 68
𝛴11 50.48◦ (1 1 3) 66
𝛴11 129.52◦ (3 3 2) 42
𝛴17 86.63◦ (2 2 3) 64
𝛴17 93.37◦ (3 3 4) 66
𝛴19 26.53◦ (1 1 6) 72
𝛴19 153.35◦ (3 3 1) 70

The purpose of this work is to establish a feasible and yet robust ab
nitio based method for quickly predicting the GBEs in bcc metals. We
tart by calculating the GBEs at 0 K for seven bcc metals (V, Cr, Fe,
b, Mo, Ta, and W) using first-principles calculations. Calculations

or all selected metals are performed for 10 types of tilt symmetric
B structures, including one twin boundary and nine GBs with high
isorientation angles. Analyzing the obtained results shows that the
BEs of the same GB structure in a pair of bcc metals are scaled
y a materials-dependent parameter 𝛿gb. The scaling parameters 𝛿,
articularly 𝛿gb for GBs introduced in the present work, have not to
e mixed with the GB width often denoted in the literature using a
imilar symbol. We compare the averaged ratio of GBEs with those
erived from other physical parameters, including the ratios of free
urface energy (𝛿fs), elastic constant (𝛿𝑎0𝑐44 ), shear modulus (𝛿𝑎0𝐺𝑉

), and
ohesive energy (𝛿𝐸coh∕𝑎20

), and find that the scaling prefactor (𝛿gb) is
best estimated by the ratio of the low-index surface energy. The same
scaling relationship is expected for the general GBEs from experiments,
which are discussed in detail. Surprisingly, we observe that the two
sets of experimental GBEs from the above-mentioned experimental
methods (T.G. and Diff.) differ by approximately a factor of 2, for
which we present a throughout discussion to understand the reason.
Furthermore, using the scaling relationship, we first predict the 0 K
general GBEs for various metals and then extrapolate the 0 K GBEs
to elevated temperatures by assessing the temperature dependence of
the shear modulus. The proposed approach yields GBEs at elevated
temperatures in reasonable agreement with the available experimental
data. Finally, we apply our method to predict the general GBEs of
Fe–Cr solid solutions and discuss the limitations when applying the
scaling method for predicting GBEs in alloys without considering GB
segregation. Thus, the current methodology is proposed for the case of
a non-segregating alloying element.

2. Methodology

2.1. GB properties

Ten symmetric tilt GBs with the [110] tilt axis are studied and listed
in Table 1. All the GBs are initiated from the tilt plane with certain
misorientation angles. The schematic of the atomic structures of the
studied GBs is presented in Fig. S1 in Supplementary Material (SM).

The GBE (𝛾gb, in units of J∕m2) is defined as

𝛾gb =
𝐸𝑠𝑐
gb −𝑁gb𝐸b

2𝐴gb
, (1)

where 𝐸𝑠𝑐
gb is the total energy of the supercell with two identical GBs,

𝑁gb is the number of atoms in the supercell (Table 1), 𝐸b is the
eference bulk energy (per atom) calculated from a bcc primitive cell,
gb is the area of the GB. The factor of 2 stands for the two GBs in the

upercell. We notice that in literature the reference bulk energy may be
btained in different ways, for example using a GB-free supercell of the

ame size as that for the GB (in order to minimize the error due to the
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calculation parameters like the 𝑘-point mesh) or using the incremental
method [51], which can result in slightly different GBEs. We have
compared our obtained GBEs with available data in the literature and
found good agreement (Section 3.1). Furthermore, considering that
the GBEs are obtained in consistent manner, our main findings and
conclusions are not affected.

2.2. Free surface, cohesive, and elastic properties

For the purpose to analyze the relationship between the GBEs and
other materials properties, the free surface energies, cohesive energy,
and elastic properties are also calculated. Specifically, the free surface
energy (𝛾fs, in units of J∕m2) is calculated by

𝛾fs =
𝐸𝑠𝑐
fs −𝑁fs𝐸b

2𝐴fs
, (2)

here 𝐸𝑠𝑐
fs is the total energy of the supercell with two free surfaces, 𝑁fs

is the number of atoms in the surface structure, 𝐴fs is the area of the
surface. The cohesive energy (𝐸coh, in units of eV/atom) is expressed
as

𝐸coh = 𝐸b − 𝐸iso, (3)

where 𝐸iso is the total energy of an isolated atom.
For a cubic structure, there are three independent single-crystal

lastic constants, 𝑐11, 𝑐12, and 𝑐44. Usually, the elastic constants at
he equilibrium volumes are calculated using an efficient stress–strain
nergy method [52]. A set of strains (𝑒 = 𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5, 𝑒6) is
sed to generate the small distortions of unit cell. The corresponding
tresses (𝑠 = 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6) caused by the applied strains are
btained from first-principles calculations for the deformed crystals.
ore details are described in Ref. [52]. The polycrystalline elastic

onstants, e.g., bulk modulus (𝐵) and shear modulus (𝐺), are calculated
by the Voigt–Reuss–Hill approach.

2.3. Computational details

All DFT calculations are performed using the Vienna ab initio simu-
lations package (VASP) [53] and the projector augmented-wave (PAW)
approach [54]. For the exchange–correlation (𝑥𝑐) functional we adopt
the generalized gradient approximation (GGA) parameterized by the re-
vised Perdew, Burke, and Ernzerholf functional for solids (PBEsol) [55].
The PAW potentials treat the 𝑝 semi-core electrons as valence electrons,
which means 11 valence electrons for V, Nb, and Ta, 12 valence
electrons for Cr, Mo, and W, and 14 valence electrons for Fe. It is
noted that including the semi-core 𝑝 electrons as the valence electrons
is important for accurate calculation of the surface energy for bcc
metals [56,57]. Cutoff energies are set to 500 eV for all the calculations.
For GB calculations, a careful k-point test for each GB is done for bcc
W (see SM Fig. S2), and the k-point convergence criteria is set to an
error in the GB energy of 0.02 J∕m2. The same set of k-meshes is then
adopted for other metals. Full geometry relaxation is performed and
the convergence criteria for electronic energy and force calculations
are 10−5 eV and 0.02 eV/Å, respectively. For free surface calculations,
the k-point convergence test for (100) and (110) planes are also carried
out and the convergence criteria is kept the same as that for GB calcu-
lations. For cohesive energy calculation, the isolated atom is placed in
a 15 × 15 × 15 Å cell, and the k-point mesh is set to 3 × 3 × 3. For
magnetic elements, Fe is treated as ferromagnetic (FM), whereas the
3

antiferromagnetic (AFM) Cr is treated as nonmagnetic (NM).
. Results

.1. GBEs for bcc metals

In Fig. 1, we present the calculated 𝛾gb for (a) Fe, (b) Mo, and (c) W
s a function of the [11̄0] tilt angle 𝜃, in comparison with the previous
FT values [56] as well as the EAM results [56]. The comparison
etween the present (𝛾Pres.gb ) and previous (𝛾Ref .gb ) DFT results for these
hree metals and for the ten GBs is also presented in Fig. 1d. The
nergies of the [11̄0] symmetric tilt GBs in bcc Fe, Mo, and W metals
xhibit a similar shape as a function of the tilt angle. There is a deep
usp located at the coherent twin boundary 𝛴3(112) (𝜃 = 70.53◦) and a
hallow cusp at the 𝛴11(332) (𝜃 = 129.52◦) GB. Fig. 1d shows that the
resent calculated GBEs have an excellent agreement with the former
FT values, with 𝑅2 ≈ 1.00 and a standard error of ∼ 0.005 J∕m2. The
revious EAM 𝛾-surfaces show a similar shape, and their GBEs for W
gree well with the DFT results, but the absolute values for Fe and Mo
re remarkably underestimated.

Fig. 2 compares the GB energies for all bcc metals considered
ere. The numerical values for all the studied bcc metals are listed
n Table S1 in SM, where we also included the available DFT values
or comparison. We observe that Group VI metals have high 𝛾gb while

Group V metals have relatively low 𝛾gb. Specifically, 𝛾gb of Fe in Group
VIII is intermediate between those of Group V and Group VI metals. For
Group VI metals, the highest values of 𝛾gb are found for W, followed
by Cr and Mo, respectively. The calculated GBEs for Group V metals
exhibit a similar ordering, viz., 𝛾Tagb ⩾ 𝛾Vgb ⩾ 𝛾Nbgb . We conclude that in
the same group, 5𝑑 metals have the highest values of 𝛾gb, followed by
3𝑑 and then 4𝑑 metals.

3.2. Correlation between the GBEs in different bcc metals

In the following we analyze the correlations between the GBEs of
the same GB structure in different bcc metals. Tungsten is taken as
the reference and the pairwise comparisons are presented in Fig. 3.
Previous DFT GBEs for twist and tilt GBs [44,56] are also presented in
the figure when available. For a pair of metals, all the data points locate
approximately on a straight line passing through the origin (as indi-
cated by the dashed lines in Fig. 3). When fitted with a linear function,
the mean absolute error (MAE) and the root mean square error (RMSE)
for most of the studied metals are less than 0.1 J∕m2, which implies a
strong correlation among the GBEs of the same structure. The slopes
(𝛿𝑀∕W

gb(f it)) from the linear fittings for the six pairs of metals are listed in
Table 2, together with the MAE and RMSE values. Similar observations
were reported by Ratanaphan et al. [43] using the embedded atom
method (EAM) in Mo and Fe for 400 GBs. Although the EAM GBEs were
strongly underestimated in comparison to the DFT results, a strong
linear correlation among the GBEs in the two metals was still revealed.
Similar correlations were also reported in fcc metals by EAM [41,43]
and DFT calculations [56,58].

Notably, in fcc metals, our recent study showed that the correlation
slope between the GBEs of a pair of metals is very close to the ratio
of the (111) surface energies [58], with a deviation usually less than
∼10%. In Fig. 3, the calculated FSEs for two low-index surfaces (100)
and (110) in different metals are presented. The numerical values of the
FSE ratios (𝛿𝑀∕W

fs ≡ 𝛾𝑀fs ∕𝛾
W
fs ) for the (100) and (110) surfaces are listed

in Table 2, the 𝛿𝑀∕W
fs(100) values are observed to be closer to 𝛿𝑀∕W

gb(f it) than the
𝛿𝑀∕W
fs(110) values. The deviations are the largest for V (28%) and Nb (23%),

and relatively small (<10%) for other studied metals. Both ratios of the
(100) and (110) FSEs are larger than 𝛿gb(f it). A clear comparison among
them is shown in Fig. 4a.

In literature, the scaling of the GBEs is usually related to physi-
cal parameters including the ratios of elastic constants (𝑎0𝑐44), shear
modulus (𝑎0𝐺V), cohesive energy (𝐸coh∕𝑎20), and twin boundary energy
(𝛾tw). Using EAM calculations, Holm et al. [41] reported that the

ratios of shear modulus 𝑎0𝑐44 and the Voigt average shear modulus
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Fig. 1. Comparison of the calculated GBEs (𝛾gb) between EAM (open symbols) and DFT (solid symbols) results for (a) Fe, (b) Mo, and (c) W as a function of the tilt angle (𝜃).
Figure (d) presents the comparison between the present (𝛾Pres.gb ) and previous (𝛾Ref .gb ) [56] GBEs obtained by DFT calculations using the PBEsol exchange–correlation functionals.
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Fig. 2. The calculated 𝛾gb as a function of tilt angle (𝜃) for bcc metals.

0𝐺V are the closest parameters to estimate the slopes of the GBEs
n selected fcc metals (Ni, Al, Au and Cu). However, in our recent
FT studies for ten fcc metals [58], we showed that the two ratios of
oduli may strongly deviate from the actual scaling relations of the
4

BEs in some other fcc metals, e.g., by more than 20% in Co, Rh,
nd Ir. The ratio of the twin boundary energy in fcc metals deviates
uite strongly from 𝛿gb(f it) for other GBs [58]. While in bcc metals,
atanaphan et al. [43] showed that the scaling of the GBEs in Fe
nd Mo obtained by EAM calculations is best estimated by the ratio
f the cohesive energies, and worstly represented by the ratios of the
hear moduli. In order to identify the best physical parameters that
ay correlate with the scaling factors of the GBEs for most metals, in

ig. 4 we also compare 𝛿𝑀∕W
𝐸coh∕𝑎20

, 𝛿𝑀∕W
𝑎0𝐺V

, 𝛿𝑀∕W
𝑎0𝑐44 with the actual slopes

𝛿𝑀∕W
gb(f it) using data from both DFT calculations and experiments. The

corresponding numerical values are found in Table 2 as well. For
all the studied metals, 𝛿𝑀∕W

fs values are consistently closer to 𝛿𝑀∕W
gb(f it)

ompared to 𝛿𝑀∕W
𝐸coh∕𝑎20

, 𝛿𝑀∕W
𝑎0𝐺V

, and 𝛿𝑀∕W
𝑎0𝑐44 , particularly for the ratio of the

(100) FSE. This is also the case for fcc metals [58]. The ratio of the
cohesive energy is close to the actual scaling factor only for Mo but
deviates quite strongly for most of the studied metals. Among the three
ratios of 𝛿𝑀∕W

𝑎0𝑐44 , 𝛿𝑀∕W
𝑎0𝐺V

, and 𝛿𝑀∕W
𝐸coh∕𝑎20

, 𝛿𝑀∕W
𝑎0𝐺V

is more likely to give a good
estimation of the actual scaling factor for all the studied bcc metals.
However, EAM results (Fig. 4b half solid symbols) show a different
trend, which is ascribed to the low accuracy of the obtained quantities.
We also observe that the 𝛴3(112) twin boundary energies in bcc metals
locate on the same line as other GBEs, in Fig. 3. This is different
for the coherent 𝛴3(111) twin boundary energy in fcc metals [58].
The ratios of 𝛴3(112) twin boundary energy in bcc metals (𝛿𝑀∕W

tw )
are listed in Table 3. Interestingly, these values are also very close
to 𝛿𝑀∕W

gb , although systematically underestimated, except Cr which is
mainly due to its slight overestimation of the nonmagnetic GBEs. Based
on the above observations, one can almost perfectly estimate 𝛿gb(f it) by
averaging 𝛿tw and 𝛿fs(100). A possible explanation could be that 𝛾fs and
𝛾tw represent the upper and lower limits for the GBEs, respectively, and
thus their average gives the closest mean slope for the GBEs.
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Fig. 3. Pairwise comparisons of the calculated GBEs, (100) and (110) FSEs for the studied metals taking W as the reference metal. The dash-dotted lines are the linear fittings to
the GBEs including the present results (squares) and the previous DFT GBEs (circles and diamonds) for both tilt and twist GBs from Refs. [44,56].
Table 2
Surface energies for the (100) and (110) facets (𝛾fs(100) and 𝛾fs(110), respectively, in units of J∕m2) and their ratios relative to that of W for the studied bcc metals. The ratios of
𝐸coh∕𝑎20, 𝑎0𝐺V, 𝑎0𝑐44, with the slopes (𝛿𝑀∕W

gb(f it)) from the linear fittings in Fig. 3 in bcc metals are listed for comparison. The mean-absolute error (MAE) and root-mean-square error
(RMSE) for the linear fittings are listed (in units of J∕m2). The deviation of 𝛿𝑀∕W

fs from 𝛿𝑀∕W
gb(f it) is shown in the parentheses.

𝑀 Ref. 𝛾fs(100) 𝛾fs(110) 𝛿𝑀∕W
fs(100) 𝛿𝑀∕W

fs(110) 𝛿𝑀∕W
gb(f it) (MAE, RMSE) 𝛿𝑀∕W

𝐸coh∕𝑎20
𝛿𝑀∕W
𝑎0𝐺V

𝛿𝑀∕W
𝑎0𝑐44

W PBEsol 4.40 3.63
PBEsol 4.36a 3.57a

PBE 4.02b 3.28b

EAM 3.90c 3.43c

Expt. 3.27d

V PBEsol 2.75 2.75 0.63 (28%) 0.76 (56%) 0.49 (0.10, 0.14) 0.74 0.28 0.18
PBEsol 2.67a 2.66a 0.61a 0.75a 0.74e

EAM 2.78c 2.64c 0.71c 0.77c 0.65f 0.29f 0.26f

Expt. 2.62d 0.67g 0.29h 0.27h

Nb PBEsol 2.57 2.27 0.58 (23%) 0.63 (32%) 0.47 (0.09, 0.11) 0.77 0.24 0.14
PBEsol 2.60a 2.30a 0.60a 0.64a 0.75d

EAM 2.72c 2.49c 0.70c 0.73c 0.78f 0.26f 0.19f

Expt. 2.66d 0.79g 0.27h 0.20h

Ta PBEsol 2.74 2.61 0.62 (9%) 0.72 (25%) 0.57 (0.10, 0.12) 0.91 0.48 0.56
PBEsol 2.76a 2.60a 0.63a 0.73a 0.92e

EAM 3.04c 2.78c 0.78c 0.81c 0.84f 0.47f 0.55f

Expt. 2.90d 0.86g 0.47h 0.56h

Cr PBEsol(NM) 4.13 3.70 0.94 (10%) 1.02 (20%) 0.85 (0.07, 0.09) 0.66 0.77 0.61
PBEsol(NM) 4.03a 3.59a 0.92a 1.01a 0.64e

PBE(AFM) 3.06b 3.10b 0.76b 0.95b

EAM 2.30c 2.20c 0.59c 0.64c 0.56f 0.67f 0.58f

Expt. 2.35d 0.57g 0.68h 0.58h

Mo PBEsol 3.54 3.10 0.81 (3%) 0.85 (9%) 0.78 (0.04, 0.05) 0.79 0.81 0.70
PBEsol 3.60a 3.12a 0.83a 0.87a 0.79e

EAM 3.13c 2.89c 0.80c 0.84c 0.69i 0.78f 0.79f 0.70f

Expt. 2.91d 0.79g 0.80h 0.76h

Fe PBEsol 3.12 2.92 0.71 (8%) 0.80 (22%) 0.66 (0.10, 0.12) 0.82 0.58 0.75
PBEsol 3.04a 2.92a 0.70a 0.82a 0.80e

EAM 2.51c 2.36c 0.64c 0.69c 0.49i 0.59f 0.52f 0.68f

Expt. 2.42d 0.60g 0.52h 0.68h

aRef. [57].
bRef. [59].
cRef. [60].
dRef. [61].
eRef. [62].
fRef. [63].
gRef. [64].
hRef. [65].
iRef. [43].
5
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Fig. 4. Comparison of 𝛿𝑀∕W
gb(f it) with the ratios of the free surface energies, cohesive energy, shear modulus, and elastic constant. The present DFT results are plotted as solid symbols

in (a). Shaded regions correspond to the deviations within 10% (light brown) and 20% (light olive), respectively. The relevant of ratios obtained from previous EAM are shown
in (b) for comparison. All numerical values are listed in Table 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
Table 3
Calculated twin boundary energies (𝛾tw, in units of J∕m2) for the studied bcc metals
and their ratios relative to that of W (𝛿𝑀∕W

tw ). Available DFT results from literature are
listed for comparison.
𝑀 𝛾tw-Pres. 𝛾tw-Ref. 𝛿𝑀∕W

tw

W 0.76 0.66 [56], 0.67∗ [44], 0.73∗ [66]
V 0.37 0.26∗ [44] 0.48
Nb 0.25 0.25∗ [44] 0.33
Ta 0.30 0.29∗ [44] 0.39
Cr 0.74 0.65∗ [44] 0.97
Mo 0.58 0.54 [56], 0.48∗ [44] 0.76
Fe 0.46 0.51 [56], 0.42∗ [44], 0.47∗ [67] 0.61

DFT twin boundary energies calculated using the PBE approximation are marked with
∗.

4. Discussion

As briefly mentioned in the Introduction, it is not straightforward
to compare the calculated (0 K, low 𝛴 index GBs) and experimental
(high temperatures, general GB) GBEs. It is essential to understand
the critical difference between the obtained results. In the following,
first we briefly review the two existing experimental methods for
determining the general GBE (T.G. and Diff.). We will show that using
these two methods, the calculated GBEs at elevated temperatures differ
significantly from each other, and the obtained GBE calculated based on
diffusivity data is almost two times of that from the thermal grooving
experiments. This is distinct from the case for fcc metals where the two
methods lead to consistent results [37]. The possible reasons for under-
standing the above discrepancy are discussed. Further, we will show
that the general GBEs for the studied metals at 0 K can be estimated
through the discovered scaling relationship using ab initio calculated
surface energies. Finally, we predict the temperature-dependent GBEs
using the Foiles’s method [46] for pure metals and alloys. Comparison
with the available experimental results in the literature shows satisfying
agreement.

4.1. Experimental GBE measurement: the thermal grooving method

As briefly introduced in the Introduction, a few methods using
experimental techniques are available to determine the GBEs (or the
relative GBEs). The most ‘direct’ experimental method measures the
geometry of GB grooves in thermal grooving experiments [6,68]. GBs
6

exposed on the surface can form thermal grooves when annealing
at elevated temperatures. According to Herring’s equation which de-
scribes force relations at the GB-surfaces triple junction, at equilibrium
conditions,
3
∑

𝑖=1
𝛾𝑖 𝒕̂𝑖 +

𝜕𝛾𝑖
𝜕𝜃𝑖

𝒏̂𝑖 = 0, (4)

where 𝛾𝑖 is the energy of the 𝑖th interface, 𝒕̂𝑖 and 𝒏̂𝑖 are forces tangential
and normal to the interfaces, respectively, and 𝜕𝛾𝑖∕𝜕𝜃𝑖 describes the
torques applied to the interfaces. The torque, due to the anisotropy of
the interfacial/surface tensions, tends to rotate the interfaces into po-
sitions of lower energy, approaching the equilibrium state. The torque
terms can usually be neglected at equilibrium [8,69], then the above
relationships are simplified as,

𝛾gb = 2𝛾fs cos (𝜙∕2), (5)

where 𝜙 is the dihedral angle at the groove, 𝛾fs is the free surface
energy of the material. Notice that in Eq. (5) the groove is assumed
symmetric and the FSEs of the two surfaces are identical, thus no crys-
tal orientation dependence of FSE is considered. The crystallographic
characteristics of the GBs in such measurements (e.g., for the purpose
of measuring the general GBE of a polycrystal material) are usually
not known in early zero-creep experiments using wires [20,68,70] and
in multiphase equilibrium experiments using film samples [8–10]. We
should emphasize here that not all types of GBs develop observable
thermal grooves. In fcc metals, the coherent twins usually do not de-
velop thermal grooves due to their low formation energies (i.e., usually
less than ∼100 mJ/m2) [71].

In general, the above Herring’s equations describe the relative rela-
tionships among the three interfacial energies at a triple junction. The
three interfaces can be types of GBs, precipitate interfaces, surfaces,
and solid/liquid interfaces [72]. At the GB/surfaces thermal grooves,
they are the GBE and FSE. From the measured dihedral angles at those
junctions, the relative ratios of GBE and FSE are calculated. When
FSE and its temperature dependence are given/measured, the absolute
GBE and its temperature variation can be obtained from the measured
groove angles at various temperatures. The above procedure has been
applied for various metals [8,13,17–19] and alloys [7,15].

Since only a limited number of GB grooves were measured, one
should be careful in interpreting the obtained GBE by Eq. (5). Usu-
ally, from the histogram of the measured groove dihedral angles and
the occurrence frequency, the median/mean value of the angle 𝜙 is
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obtained. Then the calculated GBE is considered as the representative
value for a general GB. Therefore, the larger number of the examined
GB grooves, the better the reliability of the obtained GBE. Recently,
Haremski et al. [37] measured the thermal groove angles in a large
population in Ni by atomic force microscopy. Particularly, the distribu-
tions of the dihedral angles (therefore the relative GBEs) were studied
in categories of high-angle GBs (HAGB), low-angle GBs (LAGB), and 𝛴3

Bs (including both coherent and noncoherent twin boundaries). It is
mportant to notice that the proportion of the distinct GBs in length
as measured to be ∼45% for 𝛴3 GBs, ∼45% for HAGBs, and ∼10%

or LAGBs. Within the 𝛴3 GBs, about half was coherent twin boundary.
rom the dihedral angle distribution for the HAGBs, the mean value of
he angle was calculated and the corresponding GBE was found to be
n good agreement with previous results from thermal grooving experi-
ents [8,20]. Notice that those early experiments [8,18–20] measured

he randomly picked GB grooves (usually for a number ∼50 or fewer)
nd calculated the median (or mean) of the dihedral angles from their
ccurrence frequency, and in some studies it was explicitly stated that
nly well-developed grooves (i.e., large GBE) were chosen [10]. Both
AGBs and 𝛴3 GBs showed a strong inverse relationship between the
ccurrence frequency and the GBE, i.e., the coherent twin is the most
opular one, which has the lowest energy. This observation is generally
pplied in fcc metals and alloys from a series of experimental stud-
es [73,74]. The mean GBE of LAGBs was found about half of that for
AGBs in Ni [37]. The coherent twin boundary energies for fcc metals
nd alloys are usually one order of magnitude smaller than that for
andom oriented GBs. In thermal grooving experiments, the coherent
win boundaries develop no vicious grooves if not, i.e., 𝜙 close to 180◦.
rom the above studies, one sees that the reported GBEs in fcc materials
ased on the thermal grooving method, particularly the early studies
hich examined a very limited number of thermal grooves [8,20],

hould be interpreted as the typical/representative value for the most
requently observed randomly orientated GBs (with large energies).
his observation is also supported by the fact that the GBEs for fcc
aterials from thermal grooving experiments closely agree with the

esults calculated by Borisov’s model, which will be discussed in the
ater sections. We emphasize here that the low-energy GBs like the
oherent twin can be easily excluded in thermal grooving experiments
or the determination of the general GBE in fcc materials, despite their
igh fraction (/occurrence frequency).

The situation is distinct in bcc materials. Using the 3D EBSD tech-
ique, the five degrees of freedom of the GBs can be identified and the
B character distribution was extensively studied in both fcc [75,76]
nd bcc [43] metals. Rohrer et al. [3] showed that a general inverse
elationship exists between the frequency (or the population) and the
BE. In bcc metals, the 𝛴3(112) twin is usually found having the lowest
nergy by both experiments [77,78] and theoretical studies [79,80].
owever, this twin boundary energy in bcc metals is about 1/5–1/4
f those of HAGBs, which remarkably differs from the case of fcc
etals, i.e., the fcc twin boundary energy is one order of magnitude

maller than the general GBE [10,81]. Furthermore, there are several
ow 𝛴 GBs with high number of coincidence sites having competing
ow energies as 𝛴3(112) [43]. Because of the high energy of the
win boundary in bcc metals, Nilles and Olson [77] showed that the
hermal grooving method can also be applied to determine the twin
oundary energy. Therefore, the grooves with the largest observed
ihedral angles are likely corresponding to (/close to) the 𝛴3(112) twin
oundary (or GBs with similar energies) in bcc metals. We re-examined
he thermal grooving results for bcc metals available in literature [18],
nd calculated the GBEs corresponding to the largest observed angles.
or W, Mo, Nb, and Ta, the energies are 0.79, 0.36, 0.44, and 0.56
∕m2, respectively, at 1500 ◦C, which compare well with the calculated
3(112) twin boundary energies (0.76 J∕m2 for W, 0.58 J∕m2 for Mo,
.25 J∕m2 for Nb, and 0.30 J∕m2 for Ta, obtained by DFT at 0 K
Table 3) and 0.66 J∕m2 for W, 0.47 J∕m2 for Mo, 0.30 J∕m2 for Nb,

2 ◦
7

nd 0.24 J∕m for Ta at 1500 C after considering the temperature p
ependence (i.e., assuming the same temperature dependence for twin
nd general GBEs, see discussions in Section 4.5)). However, in bcc
etals, the fraction of twin boundary is not significantly high, usually

ess than 1%–2% [82,83], comparing to the twin fraction of 20%–
0% in fcc materials (depending on i.e., the stacking fault energy).
he grain boundary plane distribution in a commercial interstitial-
ree steel revealed a relatively low anisotropy with a tendency for
rain to terminate on low index planes, and the most common grain
oundary plane was (111), despite the 𝛴3(112) boundary has the
owest energy [82,83]. Considering the general inverse correlation
etween the GBE and the measured population [3], the thermal grooves
xamined in bcc metals must include general high-angle GBs and the
ow-energy GBs like the 𝛴3(112) twin. This is significantly different
rom the fcc case where the low-energy twin boundary with the largest
opulation is always excluded from the groove angle statistics. From
statistical point of view, in bcc metals, the thermal grooves for GBs
ith lower energies should be more frequently met than those with
igher energies, thus, the groove angle distribution will be skewed to
he high angle direction, consequently, the median (/mean) angle from
he groove angle-frequency statistics will be systematically higher than
hose in fcc metals.

.2. Experimental GBE determination: the Borisov’s method

Considering that both the activation energy of diffusion and GBE are
ntrinsically related to the atomic binding forces within the GB region,
t was expected that a relation between the increased atomic mobility in
he self-diffusion at the GB and the GBE might exist. Borisov et al. [31]
irst treated this problem and showed that the GBE may be regarded as
alf the difference in the free energy of activation for atoms diffusing in
he GB and in the lattice. Assuming the arbitrary high-angle GBs with
width equal to one atomic diameter and with an average population

f one atom per unit cell (i.e., approximately by the lattice parameter
quared, 𝑎2), the GBE may be expressed as

gb =
𝑅𝑇

2𝑎2𝑁𝐴
(𝛥𝐺v − 𝛥𝐺gb), (6)

with 𝛥𝐺gb = 𝛥𝐻gb − 𝑇𝛥𝑆gb and 𝛥𝐺v = 𝛥𝐻v − 𝑇𝛥𝑆v, where 𝛥𝐻 and 𝛥𝑆
are the corresponding enthalpy and entropy terms (in units of J∕m2) for

B and lattice diffusion, respectively. The diffusion coefficients of GB
nd lattice are usually taking the Arrhenius form,

= 𝐷0 exp (−𝛥𝐻∕𝑅𝑇 ), (7)

here 𝐷0 is the temperature independent term. According the atomic
heory of diffusion, 𝐷0 = 𝑔𝜆2𝑓𝜈 exp𝛥𝑆∕𝑅𝑇 , where 𝑔 is the geometrical
actor, 𝜆 is the jump distance, 𝑓 is the correlation factor for tracer
iffusion, 𝜈 is the jump frequency. When it is assumed that the non-
xponential terms above are identical for both GB and lattice diffusion,
hen neglecting the differences in the vibrational entropies for GB and
olume diffusion and substituting Eq. (7) in the corresponding places
n Eq. (6), one can arrive at,

gb =
𝑅𝑇

2𝑎2𝑁𝐴
ln

𝐷gb

𝐷v
= 1

2𝑎2𝑁𝐴
[𝑅𝑇 ln

𝐷0
gb

𝐷0
v

+ (𝛥𝐻v − 𝛥𝐻gb)]. (8)

In the above expressions, 𝑁𝐴 is Avogadro’s number, 𝐷gb and 𝐷v are
iffusivity coefficients for GB and bulk diffusion, respectively. From the
bove equations, one notices that the linear temperature-dependence
f GBE is assumed and given by 𝑅∕(2𝑎2𝑁𝐴) ln(𝐷0

gb∕𝐷
0
v) and the 0 K

BE is given by (𝛥𝐻v−𝛥𝐻gb)∕(2𝑎2𝑁𝐴). More details about the physical
nderstanding of the above model can be found in Refs. [31,33].

Notwithstanding the assumptions made above, Eq. (8) was demon-
trated very successfully the calculation of the GBEs for fcc metals [35,
7,38], reaching a close agreement with those obtained from thermal
rooving experiments. However, large discrepancies between the two
ets of ‘experimental’ results are noted in the bcc and hexagonal close-

acked (hcp) metals [35]. Pelleg showed that in 𝛿-Fe the Borisov’s
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model overestimates the GBE quite significantly, which was ascribed to
a reason that the fortuitous cancellation of the non-exponential terms in
Eq. (7) in driving Eq. (8) is not satisfied in the bcc/hcp structures [33].
Obviously, it is problematic to define a reliable atomic density at the
GBs in hcp structure from a single lattice parameter as assumed for fcc
and bcc lattices (Eq. (6)) [35]. We emphasize here that Eq. (6) assumes
the same atomic density for the GB structure, i.e., one atom per 𝑎2, in
oth fcc and bcc materials, which is however not properly justified.

Another important aspect when applying the Borisov’s model and
nterpreting the obtained GBE values is related to the experimentally
easured self-diffusivity at GB 𝐷gb. The GB diffusivity is usually deter-

mined by the radiotracer technique [39,84] using samples with a large
fraction of high-angle GBs. 𝐷gb is calculated from the penetration pro-
file at a specific temperature using the sectioning method. For example,
when diffusion kinetics follows the C-type regime (where primarily GB
diffusion dominates), which is usually fulfilled at low temperatures and
short times of diffusion annealing, 𝐷gb = (−𝜕ln𝑐∕𝜕𝑦2)−1∕(4𝑡), where 𝑡 is
diffusion time, 𝑐 and 𝑦 are the tracer concentration in a section and
the penetration depth, respectively. In the course of deriving the above
relation between diffusivity and measured parameters, GB is treated
as a uniform and isotropic slab of material of width 0.5 nm within
which diffusion occurs with a large coefficient [85]. It is consistent
with experiments that the GB width was measured to be about 0.5 nm
in a number of fcc metals and alloys [39,40]. The special GBs like
𝛴3 and 𝛴11 [110] tilt GBs which are closed or relatively closed-
packed GBs lead to slower diffusivities compared to other high-angle
GBs with more open structures. Explicitly, Herbeuval [86] measured
the relative diffusivity of [110] symmetric tilt GBs in Al and found
minimum diffusivities at 𝛴3 and 𝛴11 boundaries. Therefore, despite
that these types of special GBs may occur more often due to their lower
GBEs [38], they do not contribute to the large difference in diffusivity
between GBs and bulk [87]; and their effect on the shallow part of
the penetration profile is not included when fitting the tails of the
penetration profile for the determination of diffusivity [38].

A remark is due here. It is often assumed that a kind of an ‘averaged’
GB diffusivity, i.e. an averaged value of the triple products, 𝑃 = 𝑠𝛿𝐷gb,
at elevated temperatures (the B-type kinetic regime) or that of the GB
diffusion coefficients, 𝐷gb, at low temperatures (the C-type regime), is
measured in a typical tracer experiment in a polycrystalline material
when the whole spectrum of GBs is present, from low-angle to high-
angle GBs including possible special grain boundaries. It is generally
not true and the situation depends strongly on the ratio of the GB
diffusion depth, 𝛬, and the grain size, 𝑑. In a typical GB diffusion
experiment for a coarse-grained polycrystalline material, 𝛬 < 𝑑 (often
𝛬 ≪ 𝑑) and a tracer diffusion experiment corresponds effectively to
diffusion in a set of parallel (and almost perpendicular to the outer
surface due to a homogenizing heat treatment) GBs. Using the parallel
sectioning of the whole sample, one averages effectively the concentra-
tion distributions around all different GBs (but not their diffusivities) and
determines the slope of the deepest part. That slope corresponds to the
contribution of the fastest GBs present in the polycrystalline material
and characterizes ‘general high-angle GBs’ [88]. A good reproducibility
of the results for GB diffusion in a polycrystalline material reported
by different researchers, e.g. for Ag GB self-diffusion in polycrystalline
Ag of nominally the same 5N purity, as it was discussed in Ref. [89],
confirms this viewpoint.

Consequently, the measured GB diffusivity corresponds to the high-
est value for the general high-angle GBs with open structures. When
adopting such GB diffusivity data to determine the GBE according to the
above Borisov’s equation, the obtained GBE should be interpreted as the
high-end value for the GBs with probably the most open structures [33,
8

39].
4.3. Experimental GBEs: the case of W

The two sets of the experimental GBEs for W are presented in
Fig. 5b. All numerical values are listed in Table S3 in SM. The experi-
mental GBEs from the two methods discussed above differ clearly from
each other, i.e., by approximately a factor of two, but exhibit a similar
decreasing trend with increasing temperature. Similar deviation is also
found for other bcc metals, see e.g. Mo and Fe in Fig. 6, for which both
two sets of experimental results are available.

Foiles studied the temperature dependence of GBE in Ni and showed
that the GBE and the elastic constant 𝑐44 share approximately the same
temperature dependence up to about 0.75 of the melting temperature.
Specifically, the relationship is expressed as,

𝛾gb(𝑇 ) = 𝛾gb(𝑇0)
𝑎(𝑇 )𝑐44(𝑇 )
𝑎(𝑇0)𝑐44(𝑇0)

, (9)

where 𝑎 is the lattice constant and 𝑎𝑐44 has the same unit as the GBE
(energy per area), 𝑇0 is a reference temperature and was originally
set at room temperature. Scheiber et al. [45] recently assessed the
approach in W and showed that the above model leads to a quantitative
agreement with the temperature dependence of the GBEs obtained
by ab initio calculations using the quasiharmonic approximation. Here,
using experimental 𝑐44 from Refs. [90–92] and 𝑎(𝑇 ) calculated from
the linear thermal lattice expansion method, i.e., 𝑎(𝑇 ) = 𝑎300(1 + 𝛼𝛥𝑇 )
with 𝛼 = 4.6 × 10−6/K and the room temperature lattice parameter
(𝑎300 = 3.16 Å) [64], we derive the temperature dependence of 𝑎𝑐44
(Fig. 5a) and apply the Foiles’s approach to obtain the temperature
dependence of the GBE (Fig. 5b). The two sets of experimental results
are fitted to Eq. (9) separately, and two GBEs at 0 K are obtained, 2.30
J∕m2 and 1.21 J∕m2, respectively for the Borisov’s method (Diff.) and
for the thermal grooving method (T.G.). The quality of the fittings is
very good with RMSE of 0.005 J∕m2 for T.G. and 0.008 J∕m2 for Diff.,
respectively.

Alternatively, one might simply fit the high-temperature experimen-
tal results by a linear function. In particular, in the Borisov’s method,
the temperature dependence of the GBE is in fact assumed linear. For
W, linear extrapolation of the high-temperature results from the two
sets of the experiments to 0 K results in 2.43 J∕m2 for Diff. and 1.08
J∕m2 for T.G., respectively. However, one will find that very often it
is impossible to derive the low-temperature GBE in this way when
high-temperature results are rare. In the following, we will assess an
alternative method for predicting the general GBE at 0 K based on
the scaling relationship of the GBEs in materials with the same crystal
structure, as revealed in Section 3.2 [41,43,58,81].

4.4. General GBE of bcc metals at 0 K

As demonstrated in Section 3.2, the GBEs of the boundaries with
the same structures in a pair of bcc metals are correlated by a material
dependent constant via 𝛾𝐴gb = 𝛿𝛾𝐵gb. Similar observation was made
between Fe and Mo with a large number of GBEs calculated by EAM
method [43]. In our recent DFT studies for fcc metals, similar results
were obtained [58]. The findings suggest that if the scaling factor 𝛿 is
obtained, for example, from fitting the calculated GBEs of a selected
group of GBs in a pair of metals as shown in Fig. 3, then 𝛿 may be used
for the prediction of other GBEs which have been studied in a reference
metal. As discussed in Section 3.2, we find that 𝛿 is approximately given
by the ratio of the low-index FSE in a more reliable way than other
previously proposed parameters like the ratios of cohesive energy or
shear moduli.

More interestingly, the scaling relationship may be used for the
prediction of the general GBE. As discussed previously, one may assume
that an experimental method for determining the GBEs of polycrystal
materials with the same crystal structure measures the general GBs with
the same effective structure. Therefore, the experimental general GBEs
will be scaled by the same 𝛿 as for the tilt and twist GBs, i.e.,
expt.𝐴 expt.𝐵
𝛾gb = 𝛿𝛾gb . (10)
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Fig. 5. (a) Temperature dependence of 𝑐44 [90–92] from experiments, and the product of 𝑎𝑐44 for bcc W. The temperature dependence of the lattice parameter is calculated using
he linear thermal lattice expansion. (b) The temperature dependence of the general GBE for W based on results from the Borisov’s method [93–95] and from the thermal grooving
xperiments [18,19,70]. In (b), the 𝛾Expt.−Diff .gb results (purple symbols) calculated using the diffusivities of alloying elements (Mo [96] and Co [97] tracers in W) other than the
elf-diffusivity are also included for comparison. Notice that these data points are not included for fitting to obtain the 0K GBE value. (For interpretation of the references to color
n this figure legend, the reader is referred to the web version of this article.)
Table 4
The predicted general GBEs at 0 K according to the scaling relationship. Here, 𝛾Pred.gb (𝛿𝑀∕W

fs(100)) and 𝛾Pred.gb (𝛿𝑀∕W
gb(f it)) are the predicted GBEs using the

(100) FSE ratio and the gradient of the linear fitted GBEs as the scaling prefactor 𝛿, respectively. The experimental general GBEs at 0 K for
W from Borisov’s (Diff.) and thermal grooving (T.G.) methods are used as the reference values, respectively. 𝛾Calc.gb is the equal-weight average
over the calculated large-angle GBEs excluding the 𝛴3(112) twin boundary energy. The relative errors relative to 𝛾Pred.−Diff .gb (𝛿𝑀∕W

fs(100)) are listed in
parentheses.

𝑀
𝛾Pred.−T.G.gb (𝛿𝑀∕W

fs(100)) (0 K) 𝛾Pred.−T.G.gb (𝛿𝑀∕W
gb(f it)) (0 K) 𝛾Pred.−Diff .gb (𝛿𝑀∕W

fs(100)) (0 K) 𝛾Pred.−Diff .gb (𝛿𝑀∕W
gb(f it)) (0 K) 𝛾Calc.gb (0 K)

(J∕m2) (J∕m2) (J∕m2) (J∕m2) (J∕m2)

W 1.21 2.30 2.61 (14%)
V 0.76 0.59 1.44 1.12 1.33 (−8%)
Nb 0.71 0.57 1.34 1.09 1.23 (−9%)
Ta 0.76 0.70 1.43 1.32 1.50 (5%)
Cr 1.14 1.03 2.16 1.96 2.27 (5%)
Mo 0.98 0.94 1.85 1.79 2.04 (10%)
Fe 0.86 0.80 1.63 1.52 1.68 (3%)
In our previous work, we showed that in fcc metals the above assump-
tion is not unreasonable and the predicted GBs are in a close agreement
with experiments [58]. The above assumption is also justified by the
observed GB character distribution [3]. Beladi et al. [83] showed that
the polycrystals with the same atomic structure have very similar
GB character distribution (GBCD) and GBE distribution characteristics.
Liu et al. found that GBCD in W is close to that in a ferritic steel [98].

Taking W as the reference, the general GBEs at 0 K for bcc metals
are calculated accordingly and listed in Table 4. Here, the ratio of the
(100) FSE (𝛿𝑀∕W

fs(100) in Table 2) is used as the scaling factor 𝛿. Depending
on which experimental GBE of W is referred to, T.G. or Diff., two sets of
general GBEs at 0 K are reported here. In principle, one may compare
the predicted results with the 0 K experimental values extrapolated
from high temperature results (as done for fcc metals in Ref. [58]),
however, such data points are very few for bcc metals, which makes
such extrapolation unreliable. As discussed in Section 4.2, the general
GBE estimated by the Borisov’s method corresponds to the GBs with the
largest energies, which implies that if we average the DFT calculated
GBEs for the large-angle GBs (𝜃), the obtained results should be com-
parable with 𝛾Pred.−Diff .gb (0 K). In Table 4, the mathematically averaged

GBEs (𝛾Calc.gb ) from the studied [110] tilt GBs in Fig. 2, excluding the
3(112) twin boundary, generally agree with the 𝛾Pred.−Diff .gb (0 K) values

with an error less than ∼10%. We may emphasize here that 𝛾Calc.gb in
Table 4 should only be considered as a rough estimation of the general
GBE towards the upper limit considering the limited number of GBs
included in averaging.
9

4.5. Predicting the temperature dependent general GBE for bcc metals

In the following section, we start with these predicted 0 K values
and follow the Foiles’s method to predict the GBEs at elevated temper-
atures, then we compare our predictions with available experimental
results at high temperatures. The calculated temperature dependence
of general GBEs for six bcc metals are presented in Fig. 6. Available
experimental data are shown as open symbols and their numerical
values are listed in Table S3 in SM. The predicted 𝛾gb at 0 K based
on the scaling relationship with 𝛿𝑀∕W

fs(100) in Table 4 are marked as the
stars in the plots. In general, good agreement is reached between the
predicted and experimental GBEs obtained at elevated temperatures.
Detailed discussions are given in the following.

For V, Nb, and Ta, we observe an anomalous behavior of the temper-
ature dependence, which is distinct from the nearly linear temperature
dependence of the GBE in fcc metals at high temperatures. This is
primarily because of the peculiar temperature dependence of the shear
constant 𝑐44. The general trend of the temperature-dependent 𝑐44 for
cubic metals typically shows a monotonically decreasing trend with in-
creasing temperature. However, previous experimental measurements
found that 𝑐44 values for transition metals of V [112], Nb [113], and
Ta [114] have a peculiar temperature behavior, which decreases as
𝑇 4 at low temperatures. Experiments reported that this anomaly in
temperature variation is mainly attributed to the Fermi surface, which
was demonstrated later by theoretical evaluations of the band struc-
ture [115]. Recent theoretical studies [116,117] have made efforts to
understand the anomalous thermoelastic behavior for these transition
metals at the atomic scale using DFT calculations and have shown that
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Fig. 6. Temperature dependence of general GBEs in bcc metals. The open symbols represent the measured general GBEs in Cr [19], Nb [18,99], Mo [17–19], Ta [18], and
e [13,16,20,100–105] using the thermal grooving (green) and Borisov’s (yellow) methods. Experimental data of diffusivity and GBEs are also available in Table S3 in SM. The
olid stars represent the predicted 𝛾gb at 0 K based on the scaling relationship using the ratios of the (100) surface energies as the scaling prefactor. For Cr, the 0 K general GBEs
re different for using the antiferromagnetic (AFM) and non-magnetic (NM) surface energies, respectively, emphasizing the magnetic effect on the GBEs. Here, the reference surface
nergies are taken from Ref. [59] and calculated with the PBE approximation. In (f), the GBE for fcc Fe at 0 K is predicted from the surface energies for Cu [59] and 𝛾-Fe [106],
nd the reference experimental GBE of Cu [58]. The temperature dependence (purple line) is estimated from the experimental temperature-dependent 𝑎(𝑇 )𝑐44(𝑇 ), where 𝑎(𝑇 ) and
44(𝑇 ) are from Refs. [107–109]. In (c) and (f) we also show the temperature dependence of the GBEs (dashed line) based on the theoretical 𝑎(𝑇 )𝑐44(𝑇 ) from Refs. [110,111]. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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he anomalous behaviors of 𝑐44 depend on the electronic entropy contri-
ution. Therefore, one should be careful when fitting the temperature
ependence of 𝑐44 in these metals. The temperature dependence of
he GBE might be also affected by the anomalous electronic structures
t high temperatures. We therefore employ the polynomial fitting of
4 for the collected experimental data. The detailed fitting results are
resented in Fig. S4a in SM. Based on the above fittings, we find that
he predicted temperature dependence of GBEs for Nb and Ta agrees
ell with available experimental measurements [18,99] in Fig. 6b
nd c.

For Fe, Cr, and Mo, the temperature variations of 𝑐44 were fitted to
he second order of temperature 𝑇 2. More details can be found in Fig.
4b in SM. Compared to the two sets of experimental results for Mo
Fig. 6e), the presently obtained theoretical predictions agree well with
oth T.G. [17–19] and Diff. [118,119] values. For Cr and Fe, attention
hould be paid to magnetism. We recall that the present calculations
or Cr GBEs and FSEs are nonmagnetic, whereas the antiferromagnetic
tate is physically more relevant for Cr, which is probably responsible
or the large deviation between the present prediction and the exper-
mental GBE at high temperatures [19]. In Table 2, the nonmagnetic
alculations yielded a larger (100) FSE (4.13 J∕m2) for Cr compared
o 3.06 J∕m2 [59,120] obtained for the AFM state and 2.53 J∕m2 [61]
rom experimental measurements. This is because of the reduced coor-
ination at the free surface and hence the increased magnetic moments
t the surface, leading to a lower FSE [120]. Similar magnetic effect
s expected for general GBs with reduced coordinations. However, one
otices that at the same NM state, the 𝛿𝑀∕W

gb(f it) and 𝛿𝑀∕W
fs(100) or 𝛿𝑀∕W

fs(110) values
re close to each other (see values in Table 2) which indicates that the
caling relationship is still valid for NM Cr as for other bcc metals. As
consequence, neglecting magnetism of Cr overestimates the scaling

refactor 𝛿𝑀∕W
fs(100), and the corresponding predicted general GBE at 0 K.

ndeed, when we adopt the AFM surface energy of Cr [59] to calculate
10
, the predicted GBE (dashed lines in Fig. 6d) agrees better with the
vailable experimental point at a high temperature.

The experimental GBEs for Fe (Fig. 6f) show the largest scatter in the
tudied bcc metals, especially for those calculated by diffusivity data. It
s due to the fact that there is a large scatter of 3–4 orders of magnitude
n the self-diffusivity of bcc Fe at identical temperatures [102–105,121–
24]. Those differences were associated with various factors, such as
he purity of specimens and the microstructure of GB region. Specifi-
ally, the purity of samples was shown to have significant effects on the
easured GB diffusivity in Ni [38,39]. Surholt [125] also demonstrated

hat the residual impurity of sulfur in high-purity polycrystalline Cu can
ignificantly affect the activation enthalpy of GB self-diffusion. Further,
ivinski [104] argued that dislocations attached to GBs can strongly

nfluence the measured GB diffusivity. With above points mentioned,
t is not surprising to see that the diffusivity-based GBE calculation in
cc Fe leads to very large scatter in Fe. Particularly, the 𝛾Diff .gb values
alculated based on the GB diffusivity data from James et al. [101] are
oticeably smaller than others, but close to the GBE values from the
hermal grooving experiments. However, considering the observation
hat in other bcc metals 𝛾Diff .gb is usually larger than 𝛾T.G.gb by a factor
2, the James’ diffusivity results are considered unreliable. The 𝛾Diff .gb

esults calculated with diffusivity data from Dinviski et al. [104],
ernardini et al. [102] and Hänsel et al. [103] agree with each other.
esults from Inoue et al. [105] data agree better with our predictions
t low temperatures, but deviate at temperatures around 𝑇C due to
he diffusivity anomaly of magnetism-origin. However, there are still
ebates on the transitions in the GB and bulk diffusivities at around
C [104,126]. The GBEs from thermal grooving experiments are only
vailable above 𝑇C, but they all show a good agreement with our pre-
icted results in both fcc and bcc Fe. Particularly, the two experimental
ethods lead to consistent results for fcc Fe.

Before we close this section, we may point out that instead of
sing the experimental 𝑎(𝑇 )𝑐 (𝑇 ) data for estimating the temperature
44
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Fig. 7. Predicted GBEs for Fe1−𝑥Cr𝑥 (0 ⩽ 𝑥 ⩽ 0.2) as a function of temperature. The
temperature-dependent GBEs for pure Fe and Cr are taken from the Diff. predictions
in Fig. 6(d) and (f). Here, the variation of the surface energies of Fe1−𝑥Cr𝑥 alloys with
respect to Cr concentrations is from Ref. [131]. The temperature dependence of the
GBE of Fe1−𝑥Cr𝑥 alloys is assumed the same as that for 𝛼-Fe. Available experimental
general GBEs for Fe-Cr alloys calculated by the Borisov’s method using the measured
diffusion coefficients by Fe and Cr tracers [132,133] are shown for comparison.

dependence, one may also use the 𝑎(𝑇 )𝑐44(𝑇 ) results from ab initio [45,
127,128] or empirical potential [46,129] calculations, so the proposed
approach for the general GBE prediction can rely less on experimen-
tal input except for the experimental data for the reference metal.
However, DFT calculations for considering the temperature effects on
elastic constants are usually complicated (see, for example, Refs. [45,
130]), here we adopt the available DFT results of elastic constants
in Refs. [110,111] and demonstrate for the cases of Ta and Fe. The
polynomial fittings to the elastic constants are plotted in Fig. S5 in SM.
In Fig. 6c and f for Ta and Fe, we present the predicted temperature-
dependent GBEs using the theoretical 𝑎(𝑇 )𝑐44(𝑇 ) (dashed lines), which
are in satisfying agreement with the results using the experimental
elastic constants.

4.6. Predicting general GBEs of Fe-Cr alloys

In a previous study, we demonstrated that the scaling relationship
between the GBEs in different metals is of particular importance for the
prediction of GBEs of alloys [58], considering the fact that both thermal
grooving experiments and diffusivity measurements involve treatments
at high temperatures which can result in significant GB diffusion and
segregation. Despite that the predicted general GBEs at 0 K for Fe–Cr–
Ni stainless steels were found in good agreement with the extrapolated
experimental data, one should interpret the results with caution be-
cause no alloying segregation at GB or surface was considered when
using the scaling method to predict the general GBE. With that said,
applying the current method for predicting the general GBE for ideal
solid solutions provides representative values for homogeneous alloys,
which is important for further studies. Considering that all segregation
processes tend to decrease the excess energy, here our predicted GBE
should be considered as the upper limit for the general GBE, which can
be improved when alloy segregation energies and profile are known.

In the following, we first predict the general GBEs at 0 K for Fe-Cr
ferritic steels according to the scaling relationship using the calculated
(100) surface energies and the experimental 𝛾Diff .gb of W at 0 K as the
reference. The temperature dependence of GBE is assumed the same
as 𝛼-Fe shown in Fig. 6f. The reason for the simplification is due to
the lack of experimental 𝑐44(𝑇 ) data for Fe-Cr alloys. The results for
Fe1−𝑥Cr𝑥 alloys are presented in Fig. 7 for Cr concentrations of 0.05,
0.10, 0.15, and 0.20. With increasing Cr, the general GBE gradually
11
increases between the Fe and Cr GBEs. This is contrary to the results
by molecular dynamics (MD) calculations in Ref. [134], where they
reported a decreasing trend of GBE with increasing Cr composition.
One should notice that ab initio calculations predict higher surface
energies and GBEs of Cr than the counterparts of Fe for the same
defect structures (see Figs. 2 and 3 and Ref. [120]), while the MD
calculations predicted the opposite trend [134]. The failure of the
empirical potential studies of GBEs highlights the importance of the
proposed method for predicting GBEs with accurate ab initio methods.

As the presented example above, once the concentration depen-
dence of FSE and temperature dependence of 𝑎𝑐44 are determined,
we can provide a parameterized function for predicting the GBE with
respect to both the chemical and temperature variations. Using the
calculated FSEs by Schönecker et al. [131], the following regression
function for the (100) FSE with respect to the composition in Fe1−𝑥Cr𝑥
alloys is obtained,

𝛾fs(100) = 3.117 + 1.348𝑥 − 2.667𝑥2 (J∕m2), (11)

with 𝑥 up to 0.2 (i.e., 20 at.% Cr). Then, adopting the same temperature
dependence for bcc Fe (see also discussion and calculation detail in
SM), the temperature-dependent general GBE of Fe1−𝑥Cr𝑥 alloys is
predicted,

𝛾gb(𝑥, 𝑇 ) = (1.629 + 0.704𝑥 − 1.394𝑥2) × (1 − 1.446 × 10−4𝑇

−5.396 × 10−9𝑇 2) (J∕m2).
(12)

The prediction is considered valid for 0 ⩽ 𝑥 ⩽ 0.20 and 0 ⩽ 𝑇 ⩽ 𝑇C.

5. Summary

Using ab initio calculations, we determine the GBEs of seven bcc
transition metals for 10 types of symmetric tilt GB structures. The
calculated GBEs show an excellent agreement with previous theoretical
results and establish a solid base for exploring the correlation among
the GBEs of different metals. Other physical properties, e.g., elastic
constants, cohesive energies, and surface energies for the selected
metals are also computed. Compared to the ratios of the GBEs of a pair
of metals, we find that the ratios of FSE of bcc metals have a better
agreement with the scaling prefactor 𝛿 than other parameters based
on shear modulus, elastic constant, and cohesive energy as proposed in
the previous studies. With the above findings, we propose a method for
predicting the general GBE at 0 K, which also enables the prediction of
general GBEs at finite temperatures when adopting the Foiles’s method
for treating the temperature dependence of GBE. We demonstrate the
proposed approach for the studied bcc metals and observe generally
good agreement with available experimental GBEs at elevated tempera-
tures. Furthermore, we carefully review the two common experimental
methods for assessing the general GBEs and find a huge difference
in the results from the approaches for bcc metals. The fundamental
reasons are carefully discussed. Finally, we discuss the application of
the proposed method for predicting the general GBEs in the ferritic Fe-
Cr alloys when no GB segregation is considered. The present systematic
study establishes an accurate and reliable ab initio model for predicting
the temperature-dependent GBE in bcc metals with the possibility to
extend its application in alloys when GB segregation is further studied.
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