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1 Introduction

10D super-Yang-Mills and 11D supergravity at linearized level have been shown to be el-
egantly described in a manifestly super-Poincaré covariant manner by the quantization
of the 10D and 11D superparticles, respectively, using pure spinor variables [1-3]. These
objects were introduced for the first time in the context of the superstring in [4], and then
generalized to the study of supermembranes in [5]. The full descriptions of maximally
supersymmetric gauge theories, including the aforementioned theories, on pure spinor su-
perspace were later discovered by Cederwall in a series of papers [6-10, 35], by making use
of the pure spinor superfield formalism. In this framework, the pure spinor actions take
strikingly simple polynomial forms in a fundamental pure spinor superfield ¥, and contain
all the Batalin-Vilkovisky fields of the theories in study.

The kinetic term of the pure spinor field theories presents the standard form “VQW¥”,
where @ is the ordinary non-minimal pure spinor BRST operator [29]. Consequently,
the propagator of these theories is proportional to the so-called b-ghost, a negative ghost
number composite operator satisfying the property {Q,b} = %2. This operator was first
constructed in the pure spinor superstring, and shown to play a crucial role for computing



several multiloop scattering amplitudes [11-13, 29]. Likewise, their properties have been
shown to be substantial to design a covariant map between the pure spinor formalism and
the conventional RNS setting [14, 15].

In a recent work [16], it has been shown that the pure spinor master action of 10D super-
Yang-Mills in the gauge bW = Qf2, for some 2, referred to as the generalized Siegel gauge,
reproduces the same scattering amplitudes as those obtained from the open pure spinor
superstring in the field-theory limit [17]. More interestingly, the kinematic numerators at
any multiplicity were found to be proportional to nested b-ghost expressions, and to match
the multiparticle superfields constructed in [18] up to generalized gauge transformations
and BRST-exact terms. These computations were possible to be methodically carried out
due to the existence of simpler alternative expressions for the 10D b-ghost [19-21]. Such
expressions make use of negative ghost number operators, referred to as physical operators,
satisfying a set of defining relations resembling the 10D super-Yang-Mills equations of
motion at linearized order. Remarkably, these very same operators were ingeniously used
to show that the Siegel gauge condition bW = 0, implies a Poisson algebra structure for
kinematic numerators, elegantly thus realizing the kinematic algebra of the Bern-Carrasco-
Johansson (BCJ) duality [22] from an action principle viewpoint.!

In this work, we introduce the 11D analogues of the physical operators above men-
tioned, and provide a novel compact formula for the 11D b-ghost, introduced for the first
time in [25], which will make computations involving the b-ghost more tractable and effi-
cient. To illustrate this, we show that {Q,b} = %2 and {b,b} = Q1, in a straightforward
and elegant way, as a consequence of the simple properties satisfied by the physical opera-
tors. In addition, we use our new formula to construct a ghost number two vertex operator
via a standard descent relation involving the ghost number three vertex operator. Up to
BRST-exact terms, the operator thus obtained is shown to match that introduced in [26]
using the Y-formalism [27] in 11D. Furthermore, we find that the ghost number three op-
erator satisfies the generalized Siegel gauge condition after letting the b-ghost act on it as
a second-order differential operator. Finally, we apply the perturbiner method [28] to the
pure spinor description of 11D supergravity, and by making use of our new formula for the
b-ghost, we readily solve the two-particle superfield equation of motion.

This paper is organized as follows. In section 2, we review the non-minimal pure
spinor construction of the 11D superparticle, and discuss the formulae found for the b-
ghost in [25] and [30]. In section 3, we introduce the 11D physical operators, and compute
their actions on the ghost number three vertex operator. We then write down a compact
formula for the 11D b-ghost in terms of the physical operators and, after full expansion, it is
shown to coincide with the original proposal in [25]. In section 4, we give some applications
showing how our new formula for the b-ghost considerably simplifies computations relevant
to scattering processes in 11D supergravity. We close with discussions and future directions
in section 5. Appendix A is devoted to a short review of the superspace equations of motion

! As discussed in [16], this statement is sensitive to the actual ability of computing pure spinor correlators
in a certain regularization scheme. Hence, higher-loop generalizations of this kinematic algebra might be
subtle due to the highly non-local behavior of pure spinor kinematic numerators.



of linearized 11D supergravity, and appendix B spells out the 11D pure spinor projector
used in this work.

2 11D Non-minimal pure spinor superparticle

The 11D pure spinor superparticle action in flat space is defined by [3, 5]

S = / dT[P*0; Xy + padr0® + wa0, A — %PQ] (2.1)

We will use letters from the beginning of the Greek/Latin alphabet to denote spinor/vector
SO(1,10) indices. The variables (X%, 0%) are the usual 11D superspace coordinates, and
(Pa, pa) are their respective conjugate momenta. The bosonic spinor A* satisfies the 11D
pure spinor constraint, i.e. Ay*A = 0. Its respective conjugate momentum w,, is thus only
defined up to the gauge transformation dw, = (Y*\)a0q, for any vector o,. Due to their
wrong statistics, they will be called ghosts and assigned to carry ghost numbers 1 and -1,
respectively. The 11D gamma matrices will be represented by (7%)qs, (v*)*8, and they
satisfy the Clifford algebra: (7%)ag(7%)® + (7%)as(7v%)*° = 2?62, We will raise and lower
spinor indices by using the antisymmetric charge conjugation matrix C,g and its inverse
C*#, which obey the relation C,zC?? = 39, so that (y)* = C*CH(y9)4, etc.

The Hilbert space is described by the BRST-cohomology of the operator Qo = A%dg,
where d,, is the Brink-Schwarz fermionic constraint [31] defined as

1
do=pa— 5" 0uPs 22)

Such a cohomology can be shown to be non-trivial up to ghost number 7, describing the 11D
supergravity states in its Batalin-Vilkovisky formulation. Concretely, the ghost number
0, 1, 2 and 3 sectors respectively host the gauge symmetry ghost-for-ghost-for-ghost; the
gauge symmetry ghost-for-ghost; the supersymmetry, diffeomorphism and gauge symmetry
ghosts; and the 11D supergravity physical fields. The higher ghost number sectors form a
mirror cohomology of those above described, and reproduce the 11D supergravity antifields.
In order to illustrate this, let us analyze the cohomology at ghost number three, U®) =
T = \*\ )\6Aa55. The physical state conditions then imply that

Q0¥ =0 — Do Agse) = (V) (apAase) (2.3)
NS QoA — 614@4[35 = D(aAB(S) (24)

where A = /\a)\ﬂAag, and A,p is any superfield. These equations match the linearized
equations of motion of 11D supergravity in superspace [32], we thus identify A,gs = Cagps,
where Cyp5 is the linearized version of the lowest-dimensional component of the 11D su-
pergravity super-3-form. In a particular gauge, one can show that ¥ has the following
f-expansion:

T = (Ay0)(M0) (AY°0) Cave + (AY™°0) (A1) (AYO) hae + (Ay*0) (M°0) (AY0) (07pctba)

— (A" 0)(M"0) (Mb) (Betba) + O(6°)
(2.5)



with Cape, hap, Y2 being respectively the 3-form, graviton and gravitino of 11D supergravity.
Indeed, they can be shown to satify the linearized equations of motion

004Cab =0, Ohye —20"0pheya + 00c(1"haa) =0, (Y"")agdpt)l =0 (2.6)
and gauge transformations
0Cabe = OaBoc Ohap = a(atb) > 5¢3 = 8(1'%6 (27)

where By, t, and x? are arbitrary gauge parameters.

In order to define negative ghost number pure spinor operators, one needs to introduce
the so-called non-minimal pure spinor variables [29]. These ones consist of two pairs of
conjugate variables (Ao, w?), (7a,s?), where A, is a ghost number -1 pure spinor variable
satisfying Ay?A = 0, and r, is a ghost number 0 fermionic spinor constrained via Ay%r = 0.
The 11D non-minimal pure spinor superparticle is then defined by the action [30]

< 1
5= / Ar{P*0; Xy + Pado 8 + wad A" + 00, o+ 5°0r0 — 5P (2.8)
together with the BRST operator

Q=0Qo+s (2.9)

where s = r,w®. Using the quartet mechanism [33], one can show that the cohomology of
Q@ will be independent of the non-minimal variables, therefore matching that of Q.

2.1 The b-ghost

As in 10D, it is possible to construct the so-called b-ghost, a ghost number -1 operator,
obeying {Q,b} = 3 P2 This object was originally constructed in [25], and shown to take
the complicated form

b= ;(XyabX)(Afy%Cd)Pc + ;ijj{cd [(mad)(wcdd) + 2\ NN Py (2.10)
+ @8] o) O NN P! | = 21 | O A O )N (211)
= 12[ g = ST O O ) Ny (212
ot L ep p O N [ O I = SO TN (N N (213)

where = (AY®A)(AMyap)), Nap = %(A’y“bw) is the usual ghost Lorentz current, and
(n)

apbo,a1by,...,a1b;
tion between each pair of indices. Remarkably, this operator was simplified in [30] to the

= (S\’Y[[aoboj\)(j\%lblr) . (S\fyanbn]]r), with [[ ]] denoting antisymmetriza-
simpler expression

_ 4 _ _ 2 _ _
b= P — — (M) (AN By — =(Ar) (AP Z, 5, (2.14)
n n



where the fermionic vector ¢, defined by

_. 1 - . 4 - 4 ,
S %<)\’yab>\)(A’yab72d) + ?Lg)),cd(A'yabcm)\)Nde + WL(%),CZ()\’YGI)CdG)‘)Nde
4 | (2.15)
_ 37772L5Ld),cd(>‘7awd6)‘)Nde
obeys (MY*A)Z;, = 0, and
Sa pe L3 cby YA 0bY c 2 3 ba 3%
) =5 T I\AY Yoar) — \AY Yoc - AT A c
{@:2%) = 5 + 2O A) = AN Qe IPT = 2 (A7) (Ap"A)%
45 be ay\y 2 < aby\y 2 3 cd Y AabY se
= 5 QTG + )TNy = 5 M) (e ) (A (Aped)Z
(2.16)

Using the identity (2.16), it was shown in [30], the simplified expression (2.14) indeed
satisfies the property {Q,b} = %PQ, and it is nilpotent up to BRST-exact terms.

3 11D Physical operators

In this section we introduce the 11D analogues of the operators studied in [10] in the 10D
case. These will be proven to be essential for a new formulation of the b-ghost exhibiting
its close relation to 11D supergravity.

3.1 Physical operators
The 11D physical operators will be defined as follows

[@Q,Ca] = —%da — (7"2)aCo (3.1)
[@.Ca} = sPut (0N, (3.2)
[Q, 2] = (M @) (3.3)
[Q, %] = E(M“”)“ﬂab (3.4)

These relations follow immediately from the linearized 11D supergravity equations of mo-
tion (see appendix A for a short review). The elipsis below (3.4) represent additional
equations which will not be relevant for our purposes. The system of equations above
displayed is solved by

C, = %Kaﬂwﬂ (3.5)
€ = ™) () + [, (3.6
o — f}wm h-{e.c) (3.7)
. —j(%’)CA)a(mr)@a (3.8)



where K,” is an 11D pure spinor projector defined as
1 - < 4 - - 2 -
Ko = - &(M“b)ﬂ (AN (Mabed)ar — %(M“”)B (M Da(MadA) — %(M“)ﬂ Aa(AYea)

1 -
B cd
+*3n>\ (A a(AveaN)

(3.9)

and the operators are constrained to satisfy
£2C, =0, (M*N)C, =0, (M) o®q = 0, RP®* =0 (3.10)

with fff and R,? taking the explicit forms
1 o
§2 = 5 (vane) A (AN (3.11)
1 1 1 1 -

Ro” = | = (")) = 2 (0" N ()0’ + 5 (00")a ()7 = S(0")ad? | Omed)
(3.12)

These objects were previously defined in [26] where they were shown to play an important
role in the construction of a ghost number -2 operator mapping the cohomology of the
ghost number three vertex operator into that of the ghost number one vertex operator.
They obey the useful relation (AMy®)&2 = 15577 + R,P.

The projector of eq. (3.9) satisfies the desired properties

NKL =N ()KL = ()P (n")sK. =0, KK’ =K,°  (3.13)

and its trace can be shown to match the dimension of the 11D pure spinor space, that is
K,“ = 23. This statement can easily be proven by rewriting K,? in the more compact
form

1 -
Ko =60+ Ewab%ﬁ(mb@)(ma (3.14)

A demonstration of the equivalence between egs. (3.9) and (3.14) is provided in appendix B.
Explicitly, the physical operators read

C. ?+ 3n(A7awa)(MbCA)(A%)a (3.15)
1 s bey 2 < be 2 3. bey
Co =MV (Mabed) = 5= (A7) (MYabew) + 72¢()"7 A)(MYabew)
3n 3n 3n (3.16)
4 YA ey YA de ’
+W()\’yacx\)()\’yb )\)()\’yd ) (AYpgew)
(I)a_g l yaby P aby cd aby cd
=3 MR 2 Gy ) () (M) + {5, " 2 (O™ %) ) Opeao)
(3.17)

53WﬁwWbr><wr><mdew>
76& |:12( T)P 774 (>‘7abr)(A’ch)‘)(A’YCd)\)(A’}/ef )(/\’Ydefd)

_ (1784 (S\,Yabr) ()\Pycb)\)(j\fyCdr) (S\’yefT) — 117§(5\7abr)¢(/\70b)\) (S\'YCdS‘) (5‘76]07’)) O"Ydefw)}
(3.18)



where ¢ = ()\fy“b/\)(/_\’yabr). These relations can be rewritten in a manifestly gauge invariant
form, as follows

1 < s 8 .oy 4 Yo
Ca:—iNab A cd)\ A abe a—*Nab A d o A . b\ _7NCd)\a A . A
o (A" A) (MYabed) o (M%) a(AYaar) o (AMVed)

(3.19)

2 _
= T (AN a(Myear
5y 7 Da(Mrea)

1 . 8 = pe=y =

Ca =5 Mared) M) 35 0" DAy r) Mseara )N + 55 (D) () Maneae VN

4 - _
+ 52 M) Graar) Ay I W) Ney
(3.20)

a217a7 270,77 1670,77 YA€
e =2 [n(m "NB = 5 AN ) Aead) = L5 O D) ) 0T 1) (Mg A) N

- :3(W’ﬁ)(Wdr)(Xr)(mbcdefA)Nef]
(3.21)
8

o 8 « 1 N\ .a 2 N .a \ . C N\ .a \.C \ e
d zgga L?z(m br)Pb—ﬁ()\fy r) (M dr)(mbcdd)—nj(m 51 (Al ) () (Mpede f ) NS

16 N . Q N\ . C N .e
200 Gy ) Mieaes IV

where J = A\%w,.
Now it is easy to calculate the action of the 11D physical operators on W. Let us start
with C,. The formula (3.14) immediately implies that

CoVU =Co + (MY apa (3.22)

where C, = MM\ Cys5, and p? = %(A’y“bc)aca(}ybc;\). Using eq. (3.22), one can compute
the action of C% on W. Indeed, one finds that

CoVU = Cy + (MacN)s® — Qpa (3.23)

where C, = MAC,ps, and s° = _%(5\71?65\)(00 — @Qpc). Similarly, the use of eq. (3.23)
allows one to show that

PN = % + (M\y'k) + Qs” (3.24)
where @ = A\%h,%, and k* = —2£5(P% 4+ Qs?). Finally, eq. (3.24) implies that the action
of ®* on V is given by

BT = B + (AY™)* fop + AV f + Qr” (3.25)

where (1)017: A?hﬁaa Jab = %(;\’7%5‘))\57—6 + %(S‘Vk[aj‘)(A’ka})aTa + %(S‘VCd;\)()"chab)aTa7
f= —%(Awab)\)()\vab)ﬁé, 7% = ®* + Qr%, and we used the alternative expression for R,”

1

B _ | L
Fa 12

2 1 1 M ea X
()\,Yabcd)a()\,yab)ﬁ + g()\’ykd)a()ﬁck)ﬁ 4 g)\a()\,},cd)ﬁ — E(A,ch)a/\ﬁ (AMYed )
(3.26)



3.2 A simple expression for the b-ghost

The physical operators recently studied allow us to write the following alternative expres-
sion for the 11D b-ghost:

b= §P“C +3 ()«y“d){) —f(m W) (M ®) (3.27)

or in a gauge invariant form

b= §pac 43 (wd)¢> _fNab(m,,@) (3.28)

It is easy to show that {Q,b} = %2. Indeed, the use of the defining properties (3.1)—(3.4)
imply that

{Q,b}:%P2 (wa)P B+ > (wa)Pbcp —f(wd)(ma )+ g()q“d)()«ya@)

1
= 5P2 (3.29)

One can also check that b is nilpotent up to BRST-exact terms. To see this, it is enough
to show that {b,b} does not contain any term independent of r, [30]. This easily follows
from the explicit relations (3.15)—(3.18), and the convenient rewriting

b= — = (™ X) Pa(3ipd) + o (D) P4 (Ayaped) + O(r)
1” - 21 (3.30)
= 527 MDAy d)Pa + O(r)

The constraint algebra {dq,dg} = —(7*)asPa, then shows our claim.

Finally, after expanding eq. (3.28), and do some algebraic manipulations, one finds
that

Lo 3 c . a 4 @ cdfa e 1 abcde
b=, A (M"Y d)Pa—FﬁLgc’)de()\’yb TNPN g L (e ) PN,

—i—iL(l) ()\ bcdef)\)PaN —i—zL(l) ()\ ad)(/\ bcdd) 7L( ) (/\ bcdeg)\)Nf ()\ ad)

371 be,da v ef ab,cd 2 2 ab,cd,ef 2 g\AY

2 cde a as c

,,73 L((zg)cd bg()"yb ¢ f)‘)N (Afy d) 3 3Lz(] )ab cd()"y ]kl)‘)(A7b dd)Nkl

16 (3 cde aij 32 3 aij cde,
3t Z(éiv)ab,cd,jg(Mb TN (X jkl/\)NklNef_37774Lz(j,)ab,cd,ef(/\7 IREN) (AyPeded \) Nig N

(3.31)

which, by simple inspection, coincides with the original expression displayed in (2.10).

Next we use the new form for the b-ghost, eq. (3.27), to calculate different quantities
relevant to the computation of scattering amplitudes in pure spinor worldline and field
theory.



4 Some applications

4.1 The ghost number two vertex operator

In [26], a ghost number two vertex operator was defined by letting a non-Lorentz covariant
b-ghost act on the ghost number three vertex operator W. The result was remarkably
shown to be independent of non-minimal variables up to BRST-exact terms. Here, we
define the ghost number two vertex operator following the same prescription of [26]

U@ = {b, 0} (4.1)

Notice that this computation would be pretty complicated to carry out by using the original
or simplified expressions for the b-ghost, egs. (2.10) and (2.14). However, the use of the
physical operators discussed in previous section provides a simple and efficient treatment
to the problem. Concretely, eqgs. (3.23), (3.24), (3.25) yield

3 3 1 3 3 3
U® = §P“0a+§()\fy“d)<l>a— 5J\fab(mabc1>)+q2 — 5Papa— 5()\’yad)8a—§()\”yaw)()\’ya/<&)
3 3 9
+§C‘18a\11+§¢>a(>\7aD)\IJ+§()«y“C’)(>\%<I>) (4.2)

On the other hand, the use of the 11D supergravity equations of motion allows us to show
the following identity

3 3 9 3 3 3
S CU0,W+ S8 (MaD) U5 (M C) (Ma®) = S PPCat SO d) B0 — 5 (1) (A7)
9 9 9
+Q [— 5C“Ca— §<I>a(/\’ya0)+§()\'yaC)<I>a

(4.3)

In this manner, one learns that

3 3 3
U =3P*C,+3(Ay2d) Py —3(M w)(Ma®)+Q {— §Pa,0a 5 (M) sq— 2 (AYw) (AYgk)

—gcaca—2@@(%0)@@%0)@4 (4.4)

The vertex (4.4) is manifestly Lorentz covariant and invariant under the pure spinor con-
straint, and its non-BRST-exact piece is remarkably independent of non-minimal variables.
Such a sector matches the vertex found in [26] using the Y-formalism in 11D.

4.2 Generalized Siegel gauge

The maximally supersymmetric theories admitting pure spinor field theory descriptions
exhibit a notable symmetry between fields and antifields in a single pure spinor superfield,
and thus cannot be quantized by using conventional gauge-fixing techniques. Indeed, it
was suggested in [35] that, in analogy with string field theory, the Siegel gauge b¥ = 0 may
be used as a consistent gauge-fixing condition in pure spinor master actions. A slightly
modified version, referred to as the generalized Siegel gauge, b¥ = Qf) for some 2, was



used in [16] in the context of 10D super-Yang-Mills to show that the scattering amplitudes
obtained from the field theory action, match those obtained from CFT techniques in the
open superstring [17].

The new expression for the 11D b-ghost (3.27) will now be used to show that the ghost
number three vertex operator ¥ satisfies the generalized Siegel gauge. This easily follows
from our results (3.23), (3.24), (3.25):

3 3 3 3 3
b = 58“0(1 + 5(MQD)<I>a + i(A’V“D)(Maﬁ) - 5(/\7‘1(%)0%@) - iwan(mczn)
3 3
+Q| = 30— 50" D) (4.5)

Using the transversality of Cynp, and the linearized 11D supergravity equations of motion
(see appendix A), one then concludes that

3 a 3 a 3 a 3 a
= 5 (Vah®) = 50%pa = 5 (A D)sa — 5 (M*05) (Mak) (4.6)

b‘IJ:Q[ 5

as stated.

4.3 The two-particle superfield

The pure spinor description of 11D supergravity was introduced by Cederwall in [9]. The
action is quartic in the pure spinor superfield ¥, and produces the following equation of
motion

QU + SN\ @ RN + SU{Q, THE — (M ) TYR U =0 (4.7)

where ®¢ is a physical operator introduced in section 3, and T is defined as

T = ;;,}(S\’yabj\)(/_\r)(rr)]\fab (4.8)

The use of the perturbiner method allows one to solve eq. (4.7) in terms of multiparticle
superfields. Concretely, the expansion

U= wpekrX (4.9)
P

where P denotes non-empty words pips...pm, With p1 < p2 < ... < pm, and kp =
kp, + kpy + ...+ kp,,, yields the following set of relations:

QU,, =0 (4.10)
K KR
Q\ijlpz = _’Q(A'yab)‘)q)aqul(ﬁb\ym - §\Ilp1{Qv T}\ijz - 5\111’2{@7 T}\I’m (4'11)

1
(Map)) 2" W@ U + - Wo{Q, TR

Q\Ilplpws:_ Z Kk

P=QUR
+ ) EMaN) T Trd T (4.12)
P=QURUS

~10 -



where P = Q1UQyU ... UQy, indicates a distribution of the words P into the non-empty
ordered words Q1, 9o, ..., Qs. The first equation is nothing but the linearized equation of
motion of 11D supergravity obtained from the 11D pure spinor superparticle cohomology.
The other equations define the multiparticle superfields of 11D supergravity after removing
all BRST-exact terms, as explained in [34]. To illustrate this, let us study the two-particle
superfield. Egs. (3.24), (4.10) imply that

Qi’plm = —K(Map )P PP (4.13)

P17 P2
where

‘i/plm =VUpp, + “()\Vab)\)sgl CDZQ - K()"Yab)‘)q)gl 822

a ~b K K (4.14)
+ £(AYabA) s, @Sp, — §\Ilp1T\11p2 - §\Ilp2T\11pl
Using that {Q,b} = %2, one finds that
= 2K
Vpipy = —]#b[(/\%b/\)@‘;l@%} (4.15)
P1ip2

It is not hard to check that the physical operators studied in section 3.1, shape the solution
of (4.15) as

b[(>‘7ab>‘)q)21 q)gz] = éplPZ =+ QAP1P2 (416)
where Ay, = —k%b(éplm), up to BRST-exact terms, and

P1P2

~ 1
Cplpz :i [()"ch)‘)hpl,abkgz q)pmc + Qphabkgz ng - (A%)é/\anhaa(;ng

(4.17)

+ ()\’ch)\)hpz,abkgl q)puc + sz,abkgl Cﬁl - ()\’Yb)é)‘aTm,aa&Cgf

with T, = % [(fyde)a‘sHabcd + é(fyadee)a‘sHbcde} (see [40, 41] for details). An easy way

of checking this is through the use of the equations of motion listed in appendix A. For
instance, egs. (A.6), (A.9), (A.14) lead to

1
2

+ Q[ - (Mb)akavaa“éC;ﬂ Te 2)}

Qépwz = [()"ch)‘)(km ) kpz)q)m,bq)pz,c - ()"Yb)é)‘an1,aa6k[a o

P2 p2

(4.18)

Eq. (A.15) then requires that

~ 1

QCPIPZ = D) [(AVbCA)(kpl ’ kp2)(1)p1,bq)l)2,c + (>‘7b)6>\aTP1,aa6QCg§

+ ()\’Yb)§>\an1,oca5[()"Y[bc)\)ha]qu - (AVab)B@gz]
. 5 b (4.19)
+ Q| — (Mp)sA Tp1 00 sz + (1 2)

1 C [} a
= 3| O N i ) 8 = DI Ty 0 1) 585, + (1 2)
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where we used that (Ayy)sTaa’ A\ = % (A% N) Hopge + ﬁ()\'yabc‘ief AN Hcgep|. The Fierz
identity (AYap)a(Ay2P%ef N) = —24(Ay[d),(Ay¢fIN), then states that

QCpp, = (/\'ch/\)(km 'kpz)(ppl,bq)pz,c (4.20)

5 Discussions

The main result of this paper is the introduction and construction of the 11D physical
operators, and the finding of an alternative formula for the 11D b-ghost, which significantly
simplifies algebraic computations in pure spinor superspace. As an exemplification of this
statement, we were able to show the defining properties: {Q,b} = %2, {b,b} = QQ, in a
systematic and quite simple way. Besides, we provided a few useful applications which will
be relevant for studying 11D supergravity interactions from the pure spinor perspective.
For instance, the two-particle superfield displayed in eq. (4.17) will be substantial for
calculating the 4-point amplitude in pure spinor superspace from the perturbiner method
applied to the pure spinor 11D supergravity field theory, see eq. (4.12). Higher-order
interactions will require a solid understanding of the different properties associated to
the physical operators, e.g. (anti)commutation relations, algebraic identities, and so forth.
Likewise, this knowledge might potentially be used for studying consistent deformations
of 11D supergravity, in analogy with the maximally supersymmetric Born-Infeld action
deduced as the only possible deformation of 10D super-Yang-Mills, satisfying the pure
spinor master action [10]. We plan to tackle these open questions in the near future.

It is exciting to see that the simplification of the 10D b-ghost gave rise to the un-
ravelling of a kinematic algebra which automatically realizes the color-kinematics duality
when external states are described by Siegel gauge operators. It would be interesting to
use the formulae presented in this work, and to investigate which kind of underlying al-
gebraic structure rules the 11D scattering amplitudes when vertex operators satisfy the
Siegel gauge condition. Furthermore, the fundamental role of the 10D b-ghost in loop-level
superstring scattering amplitudes suggests that multi-loop 11D pure spinor correlators will
require the use and efficient manipulation of this operator, task which might effectively be
carried out with the ideas developed in this paper.

It is also worthy pointing out that the simplified version of the 10D b-ghost has been
found to be related to a twistorial formulation of 10D super-Yang-Mills using pure spinor
variables [36-38]. This framework was showed to be equivalent to the supertwistor descrip-
tion of ambitwistor strings presented in [39]. It is tempting to use the formulae introduced
in this work for the 11D b-ghost, and propose a new twistor description of 11D supergravity
using pure spinors, with possible stringy realizations. We leave these problems and related
issues for future work.
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A Linearized 11D supergravity

This appendix briefly reviews the geometrical construction in superspace which directly
reproduces the 11D supergravity equations of motion at linearized order.

A.1 Equations of motion

Let us first set some notation. We will use capital letters from the beginning/middle of
the Latin alphabet to represent tangent/curved superspace indices, and lowercase letters
from the beginning (middle) of the Latin/Greek alphabet to denote tangent (curved) space
vector /spinor indices. The 11D supergeometry is then defined by the 1-form superfields
EA and Qg% referred to as the vielbein and spin-connection, respectively, and the super-

Bianchi identities
DT4 = EBRg?, DR, =0 (A.1)

where T4 = DEA is the super-torsion, R4? = DQ4P is the super-curvature, and D =

EAV 4 is the super-covariant derivative defined to act on the arbitrary tensor F4,  4,, Bi...Bn

as

Bi..Bn _ Bi..Bn c Bi...Bn C..Bny B
DFa,. At =dFa,.A, " — Q" Foas. At +.oo .+ FA A Qe+,

(A.2)

and d is the ordinary exterior derivative. Egs. (A.1) imply the familiar relations
VA, V) =-TagVe — 2943 Ve, (A.3)
Rapc” =2VaQpc” + Tas" Qrc” + Quupy " Qre” (A.4)

where [, } means graded commutator. The spectrum of 11D supergravity contains a 3-form
gauge field which can be promoted to the 3-form superfield F = E€ EBEAF g, satistying
the gauge transformation § F' = dL, for any 2-form superfield L. Its field strength takes the
form G = dF, and it satisfies the Bianchi identity dG = 0. In order to describe linearized
11D supergravity, one first writes the covariant derivative V4 = E AM Py, at linear order as

Va=Da—haPDp (A.5)
where Dy = EAMOy, hal = EAAME](\;)B = —ES)MEAMB, (EAM, EMB) are the back-
ground values of the vielbeins, and (ES)M7 E](\})A) are their corresponding first order

perturbations. Additionally, one imposes the conventional constraints Ta55 = Twf =
T = Gapse = Gaaps = Gabea = 0, and the dynamical contraints T,3% = (7%)ag,
Gapab = (Vab)ap- After plugging (A.5) into eq. (A.3), one obtains the following set of
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equations of motion [40, 41]

2D (ohg)" = 21’ () g)s + hs*(7")ap = 0 (A.6)
2D, )" = 2Q(ap)° + (1")asha’ =0 (A7)
Oaha” = Daha® — Tao” — Qaa” =0 (A.8)
daha® — Daha® — 1o (") g + Qua’ = 0 (A.9)
Oahp™ — Opha®™ — Tip™ =0 (A.10)

Bahy® — Opha® — 200,° = 0 (A.11)

The equations of motion associated to the components of the linearized version of the 3-
form superfield F', can directly be deduced from a 4-form superfield H defined from the
field strength G as

Hapep = EpEc"EgNE M Gunpq (A.12)
which can equivalently be written as Hapcp = 4DaCpepy + GT[ABECECD}, where

Capc = E[CP EBN E A}M Fynp, and T4 is the flat space-valued torsion. The expansion
of (A.12) then yields

4D, Cpsey + 6(7") (0pCase) = 0 (

9aCaps — 3D(aCaps) + 3(7") (a5Chas) = 3(Yab) (aphs)” (A.14
20,,Cjas + 2D(6Ch)ap + (1)apCeab = 2(7p")asPale + 2(Vab) (asli)’ (
30/aChija — DaCabe = 3(Viap)aphea” (

The defining relations for the physical operators studied in section 3.1 can then be easily

found from these equations. For instance, after multiplying by A*A?A%, eq. (A.13) implies

that
3QC: + DV = —3(M*")C, (A.17)

where C. = A*\? Coge, Co = AX\B Caap- Assuming that there exist the linear operators C,,
C, such that their action on the ghost number three vertex operator ¥ are described by
the relations: C.¥ = Cc+..., C,¥ = C,+. .., where ... denote shift symmetry terms [10],
then eq. (A.17) can be written in the operator form

1
Q. C| = _gde — (M")eCq (A.18)
which is exactly the relation displayed in (3.1). Similar arguments follow for the other

operators.

B 11D Pure spinor projector

The 11D pure spinor projector M,? was originally introduced in [25], and shown to be
given by

1 - 1 - - 1 -
Ma/B: — 06 Ca_ a/B ab cl ca c/B Cda
% = 3 310" () = 52 09 (™) i) (4o + 5 (M) (7)

+ 877106(S‘Vab)ﬁ<5‘7cd5\)(/\VGb)\)()\’yCd)a - 2;04(5‘%0)5(5"de5\)(A’Yab)\)(/\”yCd)a
(B.1)
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where a = A\. This expression can be rewritten in the more convenient way

1 - 1 - -
MCMB: p_ = c/B ca_i aﬁ ab cl Ca
0o = 10 (Me)” (M) 2W(M) (MY (A A) (M)

L 5 B(Yn X bed (B-2)
— (X . by . ) (~bede \y () o
+ o ) (real) 442 )
where we used the Fierz identity (v1%) sc(v*?) ya=—% (%) 5 (V%) ya—5 (V%) (5 (Vi) ) -

o
The application of the familiar 11D identity (y* (a8()se) = 0, and [26]

(V) (Yab)5¢ = 2(7) 0’ (a)5 +4(v) o (Ya)s” +4(7) a5 (Ya) P — 485,85 +4CosC?  (B.3)

imply the following useful relations

1 - _
—— (AMYap0) AT N (AYea ) (MVe ) e
8na( Yabw) (Ay ) (AVed ) (Ave)

= 8;&()"Yabw)(S\’Yab’YCde/\)(S‘VcdS‘)(>‘76)a + i@%w)(Ma)a
- i]()"yaw)(j"yacj‘)()\’}’c)a - Tll(w"yCdeA)(S\”yCdS\)()\rye)a

- L(5\’}/(111))()\’yab)\)(5\%175\)()\76)04

2na
1 B\ a, 3\ B\ c 1 Y A0CY
= nia()"}/a)‘)()"y bw)(/\’}/cb)‘)()"y )oz + ;(AfYaw)(AfY )‘)()"Yc)a (B'4)
Therefore, eq. (B.2) takes the equivalent form
1 R 1 - - -
Mo = 87+ = ()7 (Mead) M) + — (M h) (™) (M1 ) (A1)
1 ! _ L ! (B.5)
+ 87770[(AVab)/B(A’Yab’yCde)‘)()"chA)()"Ye)a

This equation differs from the 11D projector used in this paper K,°, eq. (3.9), in the
presence of the last two terms. However, these extra terms trivially satisfy the defining
properties of a generic projector, and their traces can readily be shown to vanish, meaning
they do not contribute to the dimension of pure spinor space. Indeed, if one defines

Ml,aﬁ = n%()"Vaj‘)()"Vab)ﬁ(j‘lycbj\)()"yc)m M2,o¢5 = 877%(>"7ab)5(j‘lyab'VCde)‘)(j"chj\)(>"7e)ou it
is not hard to convince oneself that

(M) My 0" =0, (M) g Mao” =
M, =0, Myo® =0 (B.6)

Thus, the only meaningful information is carried by the first two terms of M,”, namely
K, ”, which satisfies the properties of an actual projector, as discussed in (3.13).

B.1 Equivalence of egs. (3.9) and (3.14)

Now we will show that eq. (3.14) is identical to (3.9). Indeed, the use of the Fierz identity
(Ya) (a7 51 = = (V) (e (Y500 + (V8) (e (V)50 + (17) (0 Ci)p» allows ome to state

M aM™) = — M) a(MD), — %(M“’M)(vdk)a,} + M PR)a(Xy ),

1 be be (B7)
- 5()"7 /\)Cap - (\y )a/\P
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This can be rewritten in the convenient form

(Ma)a(M™)? = = 0" A) + (M)’ (M) = (WP R)a(A )P

Therefore, the projector K,” in eq. (3.14), can be cast as

1 o
Ko = ; (Ma)? (M) a = Aa(M)? + (AP0 X = 20081) 0 M) P | Aed)  (B.9)
Using that (A7%)%(Ayi)e = —g(AM)P (Ayap)e — 2AAP, one arrives at

1
6n

1 _
MO D) (Mg
+317 (A a(Ayea))

_ 4 _ 2 _
Ko = AY™)Z YN (Mabed)a — %uv*)a(AW(A%dn - %mcd)%(mw

(B.10)
which coincides with eq. (3.9).
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